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Abstract

Bacteria associated with oceanic algal blooms are acknowledged to play important roles in carbon,
nitrogen, and sulfur cycling. They influence the climate, mediate primary production, participate in bio-
geochemical cycles, and maintain ecological balance. A greater insight on the control of the interactions
between microalgae and other microorganisms, particularly bacteria, would be helpful in exploring the
role of bacteria on algal blooms in lakes. The present study is to investigate the effects of bacteria on the
occurrence of algal blooms in lakes. We propose a nonlinear mathematical model by taking into account
interactions among nutrients, algae, detritus and bacteria in a lake. We assume that bacteria enhance
the growth of algal biomass through remineralization only. Equilibria are analyzed for feasibility and
stability, substantiated via numerical simulations. Increase in uptake rate of nutrients by algae and bac-
teria death rate generates transcritical bifurcations. We perform a global sensitivity analysis to identify
the important parameters of the model having a significant impact on the densities of algae and bacteria
in the lake. Our findings show that massive algal production might occur in the presence of bacteria,
and microalgae-bacteria interactions can be beneficial to the massive production of microalgae. Further,
the effect of time delays involved in the bacterial decomposition conversion of detritus into nutrients is
studied. Chaotic oscillations may arise via equilibrium destabilization on increasing the values of the
time lag. To support chaos occurrence, the Poincaré map is drawn and the Lyapunov exponents are
also computed. The findings, critically important for lake restoration, indicate that hypoxia in the lake
can be prevented if detritus removal is performed on a regular basis, at time intervals smaller than the
critical threshold in the delay with which detritus is decomposed into nutrients.

Key words: Mathematical model, Nutrients, Algae-bacteria interactions, Delay, Chaos, Lyapunov
exponent, Global sensitivity.

1. Introduction

In marine and freshwater ecosystems, phytoplankton transform inorganic carbon of water into organic
matter that enters the food web or sinks to the sediments. Approximately one-half of such matter is
directly utilized by heterotrophic bacteria, through the water column and at the level of sediments,
and newly converted into inorganic compounds: COs and nutrients (1). Seasonally in sea and lakes,
phytoplankton increase in number determining the so-called blooms, and their requirement of COq
and nutrients, such as nitrogen and phosphorous, increases consequently (2). Blooms of algae, that
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are sometimes a signal of dangerous eutrophication of waters, are even correlated with a subsequent
increase in activity of heterotrophic bacteria that convert algal organic production into bacterial biomass,
releasing COy and regenerating nutrients associated with algal organic matter (3). With more food
available as a consequence of algal blooms, bacteria grow and use up the dissolved oxygen in the water
(3). Thus, the content of dissolved oxygen decreases and create hypoxic areas where aquatic life is not
longer possible (4). Indeed algal blooms are considered one of the most critical emergence affecting
water bodies across the world (5; 6; 7; 8; 9; 10). Moreover, under eutrophic conditions harmful species of
phytoplankton such as toxic cyanobacteria are facilitated and can cause serious adverse effects on animals
and humans. They have been reported to kill aquatic life, taint drinking water, contaminate fish and
shellfish, making catch inedible (11; 12; 13; 14). Eutrophication negatively affects local economies and
ecosystem services such as fishing, tourism, recreation and real estate (15; 16).

Phytoplankton and bacterioplankton interact continuously: their communities are closely interre-
lated in terms of abundance and functions (17). Moreover, heterotrophic bacteria satisfy their carbon
requirement not only by using phytoplankton derived matter but also by degrading all organic com-
pounds released into the aquatic ecosystems by human activities, and therefore nutrients produced by
bacteria from sewage are another resource supporting the algal growth (3). Bacteria can also compete
with planktonic algae for the same inorganic resources, principally at the earliest and terminal stages
of a bloom when nutrients are become limiting (3). Clearly, phytoplankton blooms create environmen-
tal conditions favouring the increase in the bacterial growth and production (18). Bacterial and algal
biomasses are generally correlated at the height of the bloom, while algae prevail during the earliest stage
when nutrients are scarce. Bacteria remain abundant when blooms decline as they continue to utilize the
organic substances released by dying and dead algae (19). Two distinct phases can be recognized in the
release of organic compounds by phytoplankton. In the earliest stages of a bloom, algae release soluble,
low molecular weight compounds which can act as chemical attractants for bacteria. In the declining
stage, phytoplankton release higher molecular weight macromolecules such as polysaccharides, proteins
and lipids, that can be assimilated by bacteria.

Heterotrophic bacteria assimilate and remineralize the organic matter firstly by converting it to the
dissolved phase thanks to the action of their extracellular and cell-surface enzymes. Then such dissolved
molecules are readily transported across the cell wall and transformed into bacterial biomass. In lab
cultures flavobacteria and roseobacter have been seen to directly attack viable algal cells (20). However,
their interactions with phytoplankton are essentially mutualistic, as they provide algae with nutrients,
vitamins and growth promoting factors, such as the auxins. But at the end of a bloom when nutrients
become limiting, symbiosis can be converted in competition as roseobacteria in particular produce al-
gicidal compounds favouring the decline of algae community (21). The interactions between these two
communities are areas of recent studies (22; 23), which shed light on the complex role of heterotrophic
bacteria in algal growth and survival. They not only decompose organic matter allowing the nutrient
recycling, but also promote algal growth by complex communication mechanisms and nutrient exchange
(24). Indeed not only macro-nutrients such as nitrogen, phosphorus and carbon are exchanged between
them but also micro-nutrients such as vitamins and other growth-promoting molecules (25; 26).

Several studies have been conducted to explore the role of nutrients on the bloom of algae in
lakes/ponds (6; 7; 8; 9; 10). Deeper insights into the role of heterotrophic bacteria may have important
applications in the strategies to control algal blooms in aquatic ecosystems. Moreover, nowadays algae-
bacteria interactions are considered as promising in biotechnology, as recent studies highlighted the posi-
tive role of bacteria for massive algal cultivation for biotechnological applications (20; 22; 23; 27; 28; 29).
However, in (6; 7; 8; 9; 10) models on the recycling of detritus into nutrients do not explicitly account for
the role of bacteria. It is well documented that bacteria play a potentially important role in structuring
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algal species (30). Thus, the possible effects of bacteria on the population dynamics of algal species
must be considered in the modelling process. Therefore, in this paper, our aim is to assess the effect of
algae-bacteria interactions on the dynamics of algal population.

In many processes of real phenomena, the present dynamics of the state variables depends not only
on the present state of the processes but also on their past history (31). These processes are generally
modeled by time delays which are known to trigger instabilities (32; 33). The potential effects of nutrient
recycling on the ecosystem has been studied (6; 34; 35), but it is not an instantaneous process. The time
needed by bacteria to transform the mass of dead algae into nutrients has not been explicitly taken into
account, in general, but it should, in order to represent a complete nutrient cycle (36). Plankton-nutrient
interaction models with both instantaneous and delayed nutrient recycling show that the stability of the
positive equilibrium is lost after the input rate of nutrient crosses a threshold value and oscillations
emerges through Hopf bifurcation (37). A planktonic resource-consumer model exhibiting a temporal
delay in the formation of nutrients from the dead plankton is presented in (38), where the nutrient inflows
at a constant rate. The system may destabilize due to this temporal lag. Other similar investigations
involve e.g. delays on nutrient cycling in phytoplankton-zooplankton interactions in an estuarine system
(39), discrete time delays in the conversion of detritus into nutrients, for which upon crossing a threshold,
the system may switch finitely many times back and forth from stability to instability, but eventually
becoming unstable (40). Control measures have therefore been considered in (41): the presence of two
time delays may produce a stabilizing effect on the system dynamics. In view of these considerations,
here we study the effects of time delays on the algae-bacteria interactions, due to the time lags needed
for the bacterial conversion of detritus into nutrients (36; 38; 40; 41). The possibility of Hopf-bifurcation
is explored by taking the time delay as a bifurcation parameter.

The rest of the paper is organized as follows: in the next section, we formulate the model. In Section
3, we study the dynamics of nutrients-algae system only, while in Section 4, we include detritus also,
then in Section 5, we consider the input rate of nutrients from external sources as zero. In Section 6, we
analyze the full model, and in Section 7, we show that system’s equilibria are related via transcritical
bifurcations. In Section 8, we consider the modified model to account for time delays in the decomposition
and regeneration processes. Hopf-bifurcation at the coexistence equilibrium are studied in Section 9.
In Section 10, we validate our analytical findings through numerical simulations. A global sensitivity
analysis is performed to identify the most influential model parameters that have significant impact on
algae and bacteria. We conclude with a wrap-up discussion.

2. The mathematical model

Currently there are more than 500 hypoxic systems covering over 2,40,000 km? around the globe
(42). In China, several lakes such as lake Chaohu, Lake Taihu and Dianchi had been examined and
data showed that they were in eutrophication (43). Algae, heterotrophic bacteria and Archea are the
primary producers and decomposers, respectively, making them the structural pillars of the ecosystem
and its foremost functional entities. Pseudomonas diminuta and Pseudomonas vesicularis, two obligate
aerobes, stimulated the growth of the green microalgae Scenedesmus bicellularis and Chlorellu sp., with-
out releasing any growth-promoting substance (44). Indeed, under controlled conditions with a limited
concentration of inorganic carbon, Mouget et al. (44) found that the presence of P. diminuta stimulated
the photosynthetic activity of S. bicellularis. These authors suggest that aerobic bacteria can enhance
algal productivity by attenuating the photosynthetic oxygen tension around algal cells. Moreover, bac-
teria may become an important source of carbon from algal growth, especially under conditions of COs
limitation (45). Finally, they can promote algal growth by releasing vitamins and other growth factors
or by modifying some physico-chemical property of the aquatic environment such as the pH (46). In
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most cases the association between algae and bacteria leads to mutual interactions (47). Indeed algae
provide oxygen and organic molecules to support bacteria growth, despite in some phases of algal bloom
their interaction may include resource (e.g. nutrients) competition. However, most types of interactions
between algae and bacteria in the planktonic zone are scantily studied. The ones studied often reflect
the importance of undertaking such studies (3). Here, we consider the growth of algae due to bacteria
only via nutrient regeneration on decomposition of organic matter, no other mode is considered (3; 44).

Consider a lake which is being eutrophied due to overgrowth of algae and other biological species
caused by discharge of nutrients from domestic drainage as well as from water run off, etc., and also from
nutrients formed from detritus upon bacterial decomposition. We consider four dependent variables in
the lake, namely; concentration of nutrients (nitrogen, phosphorus, etc.), N (ng/L), density of algal
populations, A (ug/L), density of detritus (formed due to death of algae), D (ug/L), and density
of bacteria, B (ug/L), at any time ¢ > 0. Algae in lakes consist of diverse assemblage of all major
taxonomic groups. Many of these forms have different physiological requirements and differ in their
response to light, temperature and concentration of nutrients. Here, we do not consider the effects
of light and temperature on the algal growth and assume that the algal population fully depends on
the availability of nutrients in the lake. It is assumed that nutrients are continuously discharged into
the lake from different sources (domestic drainage, water run off from agricultural fields, etc.) at a
constant rate, being naturally depleted and utilized by algae. The utilization rate of nutrients by algae
is assumed in the form of a Holling type-II term and the growth rate of algal populations is proportional
to the same interaction term. Algae are removed by natural death, higher predation and intraspecific
competition and then are turned into detritus which either naturally depletes or is decomposed by the
bacterial pool, this being expressed once more via a Holling type-II function. Depletion of detritus
occurs due to biochemical processes performed by anaerobic and aerobic bacteria that convert it into
nutrients. Conversion by anaerobic bacteria does not need dissolved oxygen (DO), but the latter is
required in the aerobic processes for nutrient degradation. This results in the depletion of DO level
in the water body. However, in this paper the bacteria decomposition process is considered without
explicitly writing an equation for DO level. After decomposition by bacteria, detritus are recycled
into nutrients (remineralization) and the bacterial population increases due to this conversion process.
Further, the density of bacteria increases in the aquatic environment due to other types of detritus,
different from the algal one. Bacteria natural mortality is taken into account as well as due to other
causes, such as enzymatic attack, temperature variations, UV radiation, photo-oxidation, etc. (48).

Algal bloom has pushed the problem of the quality and quantity of water available for consumption
to alarming levels, so that nowadays the existence of aquatic life is threatened (10; 49; 50). Large
amounts of decaying biological materials in the water bodies lead to oxygen depletion, and this results
in fish population collapse, as the oxygen saturation level has an effect on growth and feed conversion
ratios of fish. Due to low levels of DO, frequently associated with phenomena such as heat waves, cloudy
weather, organic overload, algae die-offs, or heavy thunderstorms (51), the whole aquatic ecosystem is
significantly affected and survival of the aquatic species is threatened. Incorporating fish populations
and DO levels in the model formulation would be more realistic, but would by far increase the complexity
of the model and therefore is not considered here. Other related studies have in part considered these
issues, see (52; 53).

The schematic diagram for the interactions among nutrients, algae, detritus and bacteria is depicted
in Fig. 1. The resulting system, in which all the parameters are assumed to be positive and constant,



aUN | 8181NA
q O _ Biz Jr_Bn_N e O
kip + kD 1ty (0, A + B1o4?)
: /: _ : : IJUB_
il e i r
a,D kip + k1D [ uB

Figure 1: Schematic diagram for the interactions among nutrients, algae, detritus and bacteria.

s reads:
dN B1NA k1 DB
S5 = g-aN- ,
dt B2+ BN kia+ kD
dA 0,51 NA
4 OANA a0 pea,
dt B2 + BN
dD kiDB
— = A A% —ayD — ———— 2.1
at (a1 A+ BroA%) — g ko £ kD’ (2.1)
dB Mki1DB
dt a Mo+ k1o + k11D
175 The biological meaning of the parameters involved in the system (2.1) and their values used for

we numerical simulations are given in Table 1. The constant 7 represents the conversion of dead algae into
wr detritus due to natural death, higher predation and intraspecies competition (6; 54). For the biological
ws  soundness (i.e. boundedness of the trajectories) of the model, the bacteria natural death rate is assumed
7o to be higher than its growth rate due to detritus types other than algal one, i.e., pg — p is positive. Also,
10 the following two conditions must hold

6161 — o > 0, (22)
k1 — kn(,u() — /.L) > 0.
w1 Biologically, to satisfy condition (2.2), the total benefit to the algal biomass on consumption of nutrients

122 must exceed the natural death rate of algae. If this condition fails, the growth rate of algae becomes
13 negative and thus as time increases algae disappear. Similarly, condition (2.3) means that the bacteria
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population growth caused by detritus decomposition must be greater than the difference between the
natural death rate of bacteria and the bacterial population growth due to other types of detritus. If the
condition does not hold, then the bacteria population declines, and eventually vanishes as time increases.
To have a meaningful model, the algal and bacterial populations must thrive, thus the conditions (2.2)
and (2.3) must hold.

Table 1: Parameter values (hypothetical) in the system (2.1)

Names | Description Unit Value | Reference
q Input rate of nutrients to the lake from domestic pg/L/day | 0.05 (8)
drainage and water run off from agricultural fields
g Per capita loss rate of nutrient due to sinking 1/day 0.01 (10)
from the epilimnion down to the hypolimnion and thus
making these nutrients unavailable for algae uptake
51 Maximum uptake rate of nutrients by algae 1/day 0.85
P12 Half saturation constant pg/L/day 1
Bi1 Proportionality constant — 10
7r Remineralization of detritus into nutrients — 0.3
kq Maximum decomposition rate of detritus by bacteria 1/day 0.5
k12 Half saturation constant ug/L/day 1
k11 Proportionality constant — 0.3
01 Algal growth due to nutrients uptake — 5
o Natural mortality and higher predation of algae 1/day 1/3
B1o Algal mortality due to intraspecific competition L/ug/day | 0.01
m Algal conversion into detritus — 0.2
o) Sinking rate of detritus to the bottom of the lake, 1/day 0.006
being buried into the sediments at the lake bottom
I Bacterial growth due to other types of detritus 1/day 1.85
1o Natural death rate of bacteria 1/day 2
A1 Bacterial growth due to detritus — 0.5

3. Ecosystem with nutrients and algae only

Considering a special case of system

into account, then we have the following subsystem

(2.1) where only the dynamics of nutrients and algae is taken

o s

dt 1 0 B2 + BN’

dA 0,6, NA ,

— = —— 0 A- A, 3.1
dt B2 + BN ! bro (3:1)

3.1. Boundedness
The feasible region for system (3.1) is given in the following lemma.

Lemma 3.1. The region of attraction for all solutions of system (1) initiating in the positive quadrant

is given by (55):

where 6,

Q1 = {(N,A) e R? :

0<N+P<q/on},

min{ag,a1}. The region Q4 is closed and bounded in the positive quadrant of the two
dimensional plane. Consequently, the system (3.1) is dissipative and any solution is defined for t > 0.
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3.2. Equilibria
System (3.1) has two feasible equilibria: (i) The algae-free equilibrium Eq¢ = (gag ', 0), always feasible,
—x% —x  —k —x% Z* —%
and (ii) The interior equilibrium E° = (N ,A"), where N = frala1 + o4 ) —and A isa
(0161 — Briar) — Bi1ProA

positive root of the following equation:

_ Al + froA)

7(4) = -

[(0181 — Br1on) — B11B10A] — Broao (o + BioA). (3.2)

From equation (3.2), we note the following
1. f(0) = q(6181 — B111) — Braci g, which is positive provided
q(0151 — Priar) > Przarag. (3.3)

2. f(A) <0, where A = M.
B11B10

3. f'(A) <0, VAe(0,A).

Thus, equation (3.2) has exactly one positive root in the interval (0, A) and the interior equilibrium E
is feasible provided condition (3.3) holds.

3.3. Stability
3.3.1. Local stability
The Jacobian of system (3.1) is

(TR

J= O (Biz + fuiN)? B2 + BN

oihad o
(Br2 + P11 N)? Bi2 + BN ! 10

At equilibrium Ey, the eigenvalues are

o 0181q _
" Br2ag + Piig

One eigenvalue is negative while the other is negative if condition (3.3) does not hold. Thus, the

aq.

equilibrium E is related via transcritical bifurcation to the equilibrium E".
The characteristic equation at the equilibrium E s

—x A —x A
M+ | g+ Biod +Mﬂ2 + 104 040+Mf*2
(P12 + BuN ) (P12 + BuN )
01515124 BN _
(Brz + BuN )2 Bz + fuN"

Since the linear and constant terms are positive, in view of Routh-Hurwitz criterion, the roots are either
negative or have negative real parts. Thus, the equilibrium E' s unconditionally stable.
The results can be summarized in the following theorem.

Theorem 3.1. 1. The algae-free equilibrium Ey is related to the interior equilibrium E" via a tran-
scritical bifurcation.

2. The interior equilibrium F*, if feasible, is unconditionally locally asymptotically stable.
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3.8.2. Global stability
As far as global stability of the equilibrium E" is concerned, we have the following result.

Theorem 3.2. The coezistence equilibrium E*, if feasible, is globally asymptotically stable inside the
region of attraction 0y provided the following condition holds:

2
— 4
B1511q | < Broco . (3.4)
(B120m + B11q)(Br2 + BN ) 01
Proof. We consider the following as a Lyapunov function candidate
1 =%\ 9 —% — A

where m is a positive constant to be determined. The time derivative of U along the solutions trajectory
of the system (3.1) is

) B1P12A ey .
v=- % N—-N — A— A
|f)z (512 + ,811]\7)(612 + BN )1 ( ) m1510( )
mi61 51512 BN

__ — | (N=N)A-4".
(Bi2 + BuiN) (B2 + fuN ) Pz + BuN ]( ! :

Set m; =N~ /01, U is negative definite inside €1 provided condition (3.4) holds. [ ]

4. Ecosystem behavior in the absence of bacteria

If we consider the case when no bacteria is present in the aquatic environment, then system (2.1)
takes the following form

AN N BiNA
ey L L

dt 1 0 Bi2 + BN

dA 0181 NA 2

— = ——  —mA- A=, 4.1
dt Bi2 + BuN ' Fro (4-1)
dD

E 7T1(O£1A + ﬂ10A2) — aD.

4.1. Boundedness

The feasible region for system (4.1) is given in the following lemma.

Lemma 4.1. The region of attraction for all solutions of system (4.1) initiating in the positive octant
is given by (55):

Qo ={(N,A,D)eR%: 0<N+P+D<q/s,},

where 6, = min{ag, (1 —7)ay, as}. The region Qs is closed and bounded in the positive cone of the three
dimensional space. Consequently, the system (4.1) is dissipative and any solution is defined for t > 0.
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4.2. Equilibria
System (4.1) has two feasible equilibria: (i) The algae-detritus-free equilibrium Ey = (gag*,0,0),
always feasible, and (ii) The interior equilibrium E* = (N*, A*, D*), where
e = Bra(ar + BroA*) B — m A% (aq + B0 A*)

B (6181 — Br1a) — Br1BroA*’ o

and A* is a positive root of the following equation:

g(A) = |qg— w (0151 — Bricua) — Br1BroA] — Broao(ar + BroA). (4.2)

From (3.2), we have
1. g(0) = q(01 81 — B111) — P21 g, which is positive provided
q(0181 — Bria1) > Braaag. (4.3)

_ 0.8 —
2. g(A) <0, where A = M.
B11B10
3. ¢(A) <0,V A€ (0,4).
Thus, the equation (4.2) has exactly one positive root in the interval (0, A). Thus, the interior equilibrium
E* is feasible provided condition (4.3) holds.

4.8. Stability
4.3.1. Local stability

The Jacobian of system (4.1) is

B . )
. (Br2 + P11N)? Bi2 + N
J = 01615124 b1/ N o1 —280A 0

(Bi2 + B11N)? Bi2 + BN
0 st (a1 + 251014) —Q2
At equilibrium EO, the eigenvalues are
016149
— 1, —Q2.

0 Bhao + Biig
Two eigenvalues are negative while the other is negative if condition (4.3) does not hold. Thus, the
equilibrium Eo is related via transcritical bifurcation to the equilibrium E*.
One eigenvalue at the equilibrium E*is —ap, while the other two are roots of the quadratic

. A . A*
)\2 + A o + ﬁl()A* + L/\Q + Bl()A* g + LAQ
(Br2 + B11N*) (Br2 + B11N*)
0181 B12A" BN~

(Brz + 311]\7*)2 B2 + B N*

Since the linear and constant terms are positive, in view of Routh-Hurwitz criterion, the roots are either
negative or have negative real parts. Thus, the equilibrium E* is always stable.

Now, we summarize the results in the following theorem.

Theorem 4.1. 1. The algae-free equilibrium EO is related to the interior equilibrium E* via a tran-

scritical bifurcation.

2. The interior equilibrium E*, if feasible, is always locally asymptotically stable.
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4.8.2. Global stability
For global stability of equilibrium E*, we have the following result.

Theorem 4.2. The interior equilibrium E*, if feasible, is globally asymptotically stable inside the region
of attraction Qs provided the following conditions hold

2
B1511q _ N < Qﬁloao, (4.4)
(B126n + B11q)(Bi2 + B11N*) 01
~ 2B100a N*
il + Bro(a/0n + A%)]? < 7610012 . (4.5)
Proof. We consider the following as a Lyapunov function candidate
V:%(N—]V*)Z—f—ml (A—E*—E*ln;?)Jr";Q(D—ﬁ*){ (4.6)

where m and mgy are positive constants to be determined. The time derivative of V' along the solutions
trajectory of the system (4.1) is

B1B124 e n Sk
(Bua + B1iN) (Bra + 511]/\\7*)‘| (N — N*)2 —mqB10(A — A*)? — myas(D — D*)?
mi61f1f BN _
(Bi2 + BuiN)(Biz + BuiN*)  Bia + BuN*
+mgmy oy + Bio(A+ A*)|(A — A*)(D — D*).

Setting my = N~ /01 and my = 1, V is negative definite inside € provided conditions (4.4) and (4.5)
are satisfied. [

Vz—la0+

] (N — N*)(A — A%)

5. No nutrients input from external sources

In all the previous cases, as well as in the full model to be analyzed in the next section, the equilibria
always show a nonnegative value for the nutrients. This is evident mathematically and biologically,
as their continuous input from external sources prevents them to disappear. To better focus on this
situation, we now examine the case in which this inflow is prevented. It turns out anyway, that no
nutrient-free equilibrium can be achieved as it will be apparent from the analysis below. The biological
reason is that nutrients are replenished by the detritus decomposed by bacteria, and only if one of these
two population vanishes, they are also doomed. But in turn, the disappearance of either detritus or
bacteria is ultimately related to the total ecosystem collapse or no nutrients production: for no detritus
to be generated, the algae must vanish; if bacteria are absent, no conversion to nutrients occurs, and
detritus can only sink to the bottom layers of the lake. Assume therefore that nutrients present in the
lake are only due to recycling of detritus upon bacterial decomposition. In this particular case, we set
g = 0, and hence equation (2.1) reduces to

dN k1 DB piNA

At ket kD YT Bt puN’

% = % — a1 A — B1oA?,

ddf? = m(a1 A+ B1oA?) — asD — lﬁf:—%’ (5.1)

10



w0 5.1. Equilibria

281 System (5.1) has two feasible equilibria:

22 1. The origin Eog = (0,0,0,0), which is always feasible.
23 2. The interior equilibrium E* = (Kf*7 ﬁ*, 5*7 E*), with

Nt Bra(01 + BroA*) B _ ki2(po — )
(6181 — Brian) — Br1BroA*’ Aky — ki1(po — p)’
B — T A (a1 + BroA*) — K12z (po — )

o — Arkr — k11 (po — 1)

x and A* is a positive root of the equation
03A3 +CQA2 +01A+CO = 0, (52)
265 where

3 = BoBui(l — mmi6){Akr — kyi (o — 1)},

c2 = —Pro(1 — wmib1){ A1k — ki1 (o — 1) }(0181 — 2B1100),

c1 = —k120201 811810 + {Aik1 — k11 (po — 1) }HBr2Br001a0 + a1 (1 — wm161) (0181 — Bricu)],
co = —bh[kr2az(po — p) (0181 — Briar) + Braarao{Aikr — ki1 (po — 1) }]-

25 In view of assumptions (2.2) and (2.3), equation (5.2) has exactly one positive if the following condition
257 holds:

elﬁl — 26110&1 > 0. (53)

28 Clearly, D* is positive in view of assumption (2.3), while N* and B* are positive if respectively the
20 following condition hold

kigaa(po — 1)

0,8, — - A* >0, A" (a1 + BioA*) —
(0181 — Briar) — Bi1bio T A" (a1 + B10A") b — Fu (o — 1)

> 0. (5.4)

20 5.2. Local stability of equilibria

201 In this section, the local stability analysis of equilibria of the model (5.1) is performed. The Jacobian
w2 of (5.1)is J = [J;;], ¢, = 1,2, 3,4, with nonvanishing explicit entries given by
jll<a0+51512f1> Jo—_ BN 5 mhiknpB
(B2 + BuN)? )’ Bi2 + fuN’ (k12 + k11 D)%’
T k1D 7 01818124 4 081N
Ju=——"— Joy=—"""—— J=—""— —a1 — 20104,
YTkt kuD T (Bt BuN)?2 P B+ puN Ao
~ ~ klk‘lzB T le
J3g = 20B10A), J33 = — — ), Jy=——
52 = milen + 2104), i (ag - (k2 + kD)2 )’ o kiz + k11D’
43 = 7%12 n kHD)Q, 44 = 7]{12 T kuD Ho — ).
203 1. The Jacobian J evaluated at the equilibrium Eo leads to the eigenvalues —ag, —a1, —as and
204 —(po — ). Since all the eigenvalues are negative, the equilibrium Ej is stable.
205 2. The Jacobian J evaluated at E* leads to the matrix Jgz. = [a;j], 3,5 = 1,2,3,4. Some entries of

206 Mmatrix jE simplify as follows: (Jz. )22 = d22 = —B10A", (J5.)aa = Gag = 0.

11



297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

The associated characteristic equation is given by A\* + gl A3+ Avg)\g + Zg)\ + 24 = 0, where
Ay = — (@11 + ao2 + azz), Az = a11(a22 + a33) — d22G33 — 434043 — G12021,
Az = a11(a22G33 + 34043) + A22G34043 + G21(A12033 — A13G32),
Ay = a21(012G34043 — A14034G43) — 011022034043
Clearly, A is positive. Employing Routh-Hurwitz criterion, we have the following theorem.
Theorem 5.1. 1. The equilibrium Eo is always stable.

2. The equilibrium E*, if feasible, is locally asymptotically stable provided the following conditions are
satisfied:

Av4 > 0, Alevg — Avg > 0, Avs(glg2 — Avg,) — A?;‘Ll > 0. (55)

6. Mathematical analysis of full model (2.1)

6.1. Equilibrium analysis

System (2.1) has the following three equilibria:

1. The algae-detritus-bacteria-free (or nutrients-only) equilibrium, Ey = (goy 1.0,0,0), which is
always feasible.

2. The bacteria-free equilibrium, Fy; = (N1, A1, D1,0), with

Biz2(a1 + B1o41) D, — 71 (a1 Ay + BroA?)
(6181 — Br1a1) — Bi1fioAr’ ! o

and A; is positive root of the equation

F(A) = |q- w [(0181 — Br1oa) — B11P10A] — Praag (o + BroA) = 0. (6.1)

N; =

Note that in equation (6.1), F/(0) > 0 if

(0181 — Pria1)g — Praciag > 0, (6.2)
while setting
A— 0161 — P
B11810

we find F(A) < 0 and F'(A) < 0 for A € (0, A). This implies that there exists a unique positive root
A = A; of equation (6.1) in the interval (0, A). Hence feasibility of E; reduces to asking condition (6.2).
3. The interior equilibrium, E* = (N*, A*, D* B*), with

Bi2(a1 + BioA*) D — ki2(po — )
(6181 — Br1ia1) — B11B1oA*’ Mk1 — ki1 (po — i)’

kisa —
[71'1 (a1 A" + /61014*2) - Alki22k(1/j(z,uo M)M)}

N* =

B* =
Mo — 1

and A* is positive root of the equation

G(A) = {fh + <7T7T1 - 911> a1 A+ <7T7T1 - 911> 510142] [(0181 — Br1on) — P11 B10A]

—Brzao(a1 + BroA) =0, (6.3)

12
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ki2aa(po — 1)

Ak — Ky (po — p)
Positivity of N* and B* imply respectively the feasibility conditions

where ¢; = q —

(0151 — Brian)qn — Praaiag > 0, (6.4)

k _
WﬂalA*+4%0A*%__Alkffigﬁuoﬁno > 0. (6.5)

In addition, requiring
q[Mki — kii(po — p)] — kieman(po —p) > 0, (6.6)
ensures that D* > 0 and together with (6.4) implies that G(0) > 0. Further, letting

9151 - 511011

-
511510

we find G(A) < 0 and G'(A4) < 0 forA € (0, A).
Thus there exists a unique positive root A = A* of equation (6.3) in the interval (0, 4).

6.2. Local stability of equilibria

In this section, the local stability analysis of equilibria of the model (2.1) is performed. The Jacobian
of (2.1) is J = [J;;], 4,5 = 1,2, 3,4, with nonvanishing explicit entries given by

J11:—<a+ﬁ1512A> J12:_ﬁ17N JlZM
0 (P12 + B11N)?2 )’ Bra+ BN " (k12 + k11 D)?’
wk1D 01818124 0161 N
Jy=—, = Jpo=—"———— — a1 — 26104,
Yk knD M (Br2 + B11N)? 2 Bi2 + BN 1= 2w

klk‘1gB le
= m(on +2hod), Jss (a2 o +k11D)2> M T kD
B (ki + kD)2 M T ki + kD po = 1)
Theorem 6.1. 1. The equilibrium Eqy is unstable whenever the equilibrium FEy is feasible.

2. The equilibrium E- is unstable whenever the equilibrium E* is feasible.

3. The equilibrium E*, if feasible, is locally asymptotically stable provided the following conditions are
satisfied, where the relevant quantities are defined in the proof:

Ay > 0, A1Ay — Az > 0, A3(A1A2 — A3) — A§A4 > 0. (67)
Proof. 1. The Jacobian J evaluated at the equilibrium FEj leads to the following eigenvalues:

015149

—Qo, 5 — — a1, —a2, —(o — K)-
Bra2ag + Bi1q ( )

The second one is negative (or positive) provided condition (6.2) does not hold (or hold). Thus, the
equilibrium Ej is stable (or unstable) whenever the equilibrium F; is not feasible (or feasible).
2. The Jacobian J evaluated at the equilibrium F; immediately gives two eigenvalues

ki (T Ay + maB10AT)
kiaa + k11m1 (a1 Ay + BroA?

—ag, )—Om—m

13
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348

while the remaining two are roots of the following equation with all positive coefficients:

B1B1241 015151241 B
Brz + BiN1 )2 mﬁlf\ﬁﬂlz AN =0 (68)

Clearly, roots of equation (6.8) are either negative or with negative real parts. Thus, the matrix Jg, has
three eigenvalues which are either negative or with negative real parts and one eigenvalue is negative (or
positive) provided condition (6.5) is not satisfied (or satisfied). Therefore, the equilibrium E; is stable
(or unstable) whenever the equilibrium E* is not feasible (or feasible).

3. The Jacobian J evaluated at E* leads to the matrix Jg- = [a;5], 4,5 = 1,2,3,4. Some entries of
matrix Jg- simplify as follows: (Jg+)aa = ase = —P104%, (JE+)aa = aaa = 0.

The associated characteristic equation is given by A* + 4123 + A30% 4+ A3\ + A, = 0, where

A%+ <ﬁ10A1 +ap + ) A+ Brodr +

A1 = —(a11 + a2 + asz), Az = ai1(ae + as3) — ageass — a34a43 — Q12021
A
Ay

a11(a22a33 + a34a43) + a20a34a43 + a21(a12a33 — a13a32),

a21(a12034043 — A14034G43) — A11022034043.

Clearly, A; is positive. Using the Routh-Hurwitz criterion, roots of the characteristic equation are either
negative or have negative real parts iff conditions (6.7) are satisfied. [ ]

7. Transcritical bifurcation

Considering Ey and F; taking ($; as a bifurcation parameter, then at 81 = B7, an exchange of
feasibility and stability properties between these two equilibria occurs. This is a clear indication of the
presence of a transcritical bifurcation at the critical threshold gF. We now rigorously prove that indeed
this is the case.

Observe that the eigenvalues of the Jacobian matrix

D 0
Bizaw + Bi1q
J(E07BI) = 8 0 0 8 3
T100 — Q9
0 0 0 —(po — )

are given by
m = —ag, N2 =0, N3 = —ay and Ny = —(po — ).

Thus, 72 = 0 is a simple zero eigenvalue and the other ones are real and negative. Hence, at 81 = S5
the equilibrium Ej is non-hyperbolic and the assumption (A1) of Theorem 4.1 in (56) is verified.

Now, denote by w = (wy, wa, w3, ws)? a right eigenvector associated with the zero eigenvalue 7, = 0,
explicitly given by

frg we =1, wy = e and wy = 0.

~ ao(Braao + Br1q)’ lo%

w1 =

Furthermore, the left eigenvector v = (v1,vs,v3,v4) is v = (0,1,0,0), so that w.v = 1.
Now, the coefficients a and b defined in Theorem 4.1 of (56)

- & fi - P fi
a= Y Ukwiij(Eo,ﬂf), b= Y Ukwim(]foﬂf),

k,i,j=1 k,i=1
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may be explicitly computed. Taking into account system (2.1), it follows that

_ 01q
Bra2ag + B11q

Bracpon

pr— > 0.
01¢%(Br2c0 + B11q)

a

—2B10, b (7.1)

Now a > 0 if and only if
Braagor
614?(Br2co + f119)

In view of previous considerations, we have the following theorem.

> 2f10.

Theorem 7.1. Consider system (2.1) and let a and b as given by (7.1), where b > 0. The local dynamics
of system (2.1) around the equilibrium Ey are totally determined by the sign of a.

(i) If a < 0, when By < By with B1 =~ 55, Ey is locally asymptotically stable, and there exists a negative
unstable equilibrium E1; when 1 > B7 with 1 = Bf, Ey is unstable, and there exists a positive locally
asymptotically stable equilibrium FE.

(ii) If a > 0, when (1 < ] with p1 =~ B, Ey is locally asymptotically stable, and there exists a positive
unstable equilibrium Ey; when B1 > B} with p1 = 87, Eo is unstable, and there exists a negative locally
asymptotically stable equilibrium FE1.

Proof. Tt follows from (56) Theorem 4.1 pp. 373, and Remark 1 pp. 375. ]

Corollary 7.1. Consider the model (2.1) and let a and b as given by (7.1) where b > 0. At 51 = 7,
the system (2.1) undergoes a transcritical bifurcation. If a < 0 the bifurcation at 5y = 87 is supercritical
(or forward). On the other hand, if a > 0, the bifurcation at $y = B} is subcritical (or backward)

bifurcation.

Proof. Tt is a straightforward application of Theorem 7.1.

Remark 1. Toking po as a bifurcation parameter, we can prove the existence of a transcritical
bifurcation between equilibria Ey and E* of the system (2.1) using the same approach as above.

In Table 2, we listed the equilibria of the systems (2.1), (3.1), (4.1) and (5.1), and the conditions for

their feasibility and stability.

Table 2: Equilibria and conditions for their feasibility and stability
Models Equilibria Feasibility conditions Conditions for LAS
(3.1) Eo = (qagl,O) Always feasible q(0181 — Bria1) — Bizaiag < 0
E" = (W’ZZ*) q(0181 — Bi1a1) — Biaarag > 0 Always stable
(4.1) Eg = (qaai, 0,9) Always feasible q(0181 — Bria1) — Bizaiag < 0

B* = (N*, A, D*)

q(0181 — Br1a1) — Przarag >0

Always stable

Eo = (0,0,0,0)

Always feasible
kizoa (o — p)

Always stable

E* = (N*,A*,D*,B*) | mA*(a; + B1oA*) - — =20 P/ 59 A1 >0, A1A; — A3 >0
Atk1 — k11(po — p) o o~
(0151 — Pr11) — B11f10A* > 0 As(A1Ay — Ag) — ATA4 >0
0181 —2B1101 >0
(2.1) Eo = (g 1, 0,0,0) Always feasible q(0181 — Bria1) — Br2aiap < 0
kizaz(po — p

Ey = (N1, A1, Dy1,0) q(0181 — Br1a1) — Brzarag > 0 m (a1 Ar + BroAr”) < _zazlio Z )
) Atk1 — k11 (po — p)

E* = (N*,A*,D*,B*) | mi(a1A" + B10A*?) 120210 = 1) >0 A1>0, 1Az — A3 >0,

 Avkr — ki (po — p)
(0181 — Pr1ia1)qr — Brzarag > 0
q[A1k1 — k11 (po — p)] — kiamas(po —p) > 0

A3(A1As — Az) — A2A4 >0
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Remark 2. Since the inflow rate of nutrients in the aquatic system plays an important role in
determining the dynamics of the system, Table 2 allows to assess how system dynamics is affected by
changes in the input rate of nutrients. Note that the equilibrium Ey is always feasible and stable while
the equilibrium E* is feasible if conditions (5.3) and (5.4) are satisfied, and is stable provided conditions
in (5.5) hold. That is, if conditions (5.3), (5.4) and (5.5) are satisfied, the equilibria Ey and E* are
feasible and stable simultaneously. This ensures bistability. The bistability behavior of system (5.1) is
shown in Fig. 2. Thus, by completely stopping the input rate of nutrients in the lake, we may achieve
the algae-free system or algae-persistent system depending on the current value of the algal density.
Recall that when q # 0, the algae-free equilibrium is stable only when the algae-persistent equilibrium is
not feasible. Qwverall, in order to preserve the aquatic system, the inflow rate of the nutrients coming
from various sources must be controlled. Moreover, for the systems without bacteria, (i.e. systems (3.1)
and (4.1)), the coexistence equilibrium is always locally asymptotically stable and globally asymptotically
stable under certain conditions.

8. Effect of time delay

In this section, we modify our model (2.1) by incorporating a discrete time delay which represents
the time lag involved in the conversion of detritus into nutrients due to bacterial decomposition and the
corresponding growth in the bacterial population. For instance, we consider the same lag (7) in these
two processes. With this modification, we have the following system of delay differential equations:

e A e ]

Y = G - Al - fua’)

%}Et) = m(alA(t)JrﬂloAz(t))aQD(t)m, (8.1)
N e e )

The initial conditions for the system (8.1) take the form

N(¢) =1(9), P(d) =v2(0), A(®) =v3(9), D(9)=va(¢), —T<¢<0,

where ¢ = (1,12, %3,14)T € Cy such that ¥;(¢) >0, i = 1,2,3,4V ¢ € [-7,0] and C, denotes the
Banach space C([—7,0],R%,) of continuous functions mapping the interval [—7, 0] into R . The norm

of an element ¢ in C; is denoted by ||¢| = B 53£<0{| U1(9) |, | w2(9) |, | ¥3(@) |, | ¥a(@) |}. For biological

feasibility, we further assume that 1;(0) > 0 for i = 1,2,3,4.
In the following, we carry out the local stability analysis for the interior equilibrium E* and show
that the system (8.1) undergoes a Hopf-bifurcation around this equilibrium.

9. Hopf-bifurcation analysis

To study the stability behavior of the equilibrium E* in the presence of time delay, we linearize the
system (8.1) about the equilibrium E* and get

dy
o =LY+ MY (-7, (9.1)
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where

Vii. Vi 0 Viu 0 0 Mz O n(-)
Vor Va2 O 0 00 0 O a(’)
L M = dY() =
0 Vi Vaz Vi | 00 o o | Y0 d()
0 0 0 o0 0 0 My 0 b(-)
with
5151214* > 51N* mkiD*
Vii=— g+ ——— ), Vig=———"F""——| =1
H ( O (Biz + B11N*)? 2 Bra+ BuN*" M kyg + kyy D*
0 A* . .
Vor = (51215‘1’;13]\”)27 Vag = —f10A", Vag = mi(aq + 2B1047),
klklgB* ]{71D* FklklgB*
Van — — o MhRE ) oy, = M g TMIMIZE
33 (az + (ks +k11D*)2> , V34 Fio + k11 D*’ 13 (k1 +k11D*)27 43

Mki1k12B*

(k12 + k11 D*)?’

Here, n, a, d and b are small perturbations around the equilibrium E*. The characteristic equation for

the linearized system (9.1) is given by
M4 AN + AN + A\ + (BoA? + Bid + Bo)e ™ =0,
where

Az = — (Vi1 + Voo + Vag), Ax = Vi1 Vag + Voo Vag + Vi1 Vag — ViaVar,
A1 = ViaVo1Vag — Vi1 Voo Vas, By = —VayMys,

(9.2)

Bl = ‘/22V34M43 + V11V34M43 - ‘/21V33M13, BO = V12‘/21V34M43 + V14V21‘/32M43 - V11‘/22V34M43.

Equation (9.2) is transcendental in A, so that it has infinitely many complex roots. To understand the
local stability behavior of the equilibrium E*, we need to assess the signs of real parts of the roots of
equation (9.2). This is a complicated task in the presence of the time delay. Therefore, equation (9.2)

is first analyzed in the absence of time delay and then conditions for local asymptotic stability behavior

of the equilibrium E* are deduced when time delay is present.

For 7 = 0, Theorem 6.1 provides the conditions under which all the roots of equation (9.2) are either
negative or with negative real parts. For 7 > 0 by Rouche’s Theorem and continuity in 7, the sign of
roots of equation (9.2) will change across the imaginary axis, i.e., if equation (9.2) has purely imaginary

roots. Hence, putting A = iw (w > 0) in equation (9.2) and separating real and imaginary parts, we get

w* — Agw® = —(Bg — Bow?) cos(wt) — Bywsin(wr),
Asw® — Ajw = —(By— Byw?)sin(wr) + Byw cos(wr).

Squaring and adding equations (9.3) and (9.4), we obtain
(wh = Aw?®)? + (Azw® — Ayw)? = (By — Bow?)? + Biw?.
Simplifying equation (9.5) and substituting w? = 9, we get the following equation in 1:
U () = ¢* + Cap® + Cop® + Crp + Cp = 0,
where

C3 = —2Ay + A2, Oy = A3 —2A,A3 — B2, Cy = A +2By,By — B?, Cy = —B2.
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as  The existence of positive roots of equation (9.6) is addressed in the following lemma, whose proof follows
ns by Descartes’ rule, (57).

a7 Lemma 2. The polynomial equation (9.6) has

a18 (1) at least one positive root if

(a) C53>0, Co<0, C; >0, Cy <O.
b) C3 <0, C3 <0, C; >0, Cy<0.
¢)C3<0, Co>0,Cy >0, Cyp<O.
d) C3 <0, Cy >0, C; <0, Cy<0.

a0 (2) exactly one positive root if

(a) C3 <0, C3<0, C; <0, Cy <O0.
b) C3 >0, Cy <0, C; <0, Cy<0.
¢)C3>0, Co >0, C; <0, Cp<O.
d) C3>0, Cy >0, C; >0, Cy <0.

420 For other choices of the coefficients of equation (9.6), the positive root cannot be guaranteed.
21 Now, we can characterize the system behavior:

Theorem 9.1. Assume that the equilibrium E* is locally asymptotically stable for 7 = 0 and that one
of the conditions (1) or (2) given in Lemma 2 holds. Let 1y = wi be a positive oot of (9.6). Then,
there exists T = 19 such that the equilibrium E* is asymptotically stable when 0 < 7 < 19 and unstable
for T > 19, where

= — tanfl B1w0(w61 — AQW%) + (BO - ngg)(Agwg — Ale) + kfﬂ',
wo (By — Baw?)(wg — Aw?d) — Biwo(Azwd — Ajwo) wo

w2 fork=0,1,2,3---. Furthermore, the system will undergo a Hopf-bifurcation at E* when T = ¢ provided
423 \II’(w%) > 0.

2 Proof. Since v = w? is a solution of the equation (9.6), the characteristic equation (9.2) has pair of
o5 purely imaginary roots +iw?. It follows from equations (9.3) and (9.4) that 7 is a function of w3 for
ws k =0,1,2,3---. Therefore, the system will be locally asymptotically stable at E* for 7 = 0, if the
w7 conditions (6.7) hold. In that case by Butler’s lemma, the equilibrium E* will remain stable for 7 < 7,
a8 such that 7y = Ig1>1101 T, and unstable for 7 > 7y, provided that the transversality condition holds. The

w0 transversality condition is given as

o [ARON) T v
dr T=T0 B%wg + (BO - BQw%)z

s Note that U/(w3) # 0 if Lemma 2 holds. Hence, the transversality condition is satisfied and a Hopf
s bifurcation occurs at 7 = 7 i.e., a family of periodic solutions emanate from the equilibrium E* as the
s delay parameter, 7, passes through its critical value, 79, (31).

433 .

(9.7)

s 10. Numerical simulations

435 Here, we report the simulations performed to investigate the system behavior using the Matlab
s variable step Runge-Kutta solver ode45. In spite of importance of clean water on the Earth, quantitative
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data on water pollution are scanty and, therefore, we are unable to check the validity of the model and
its outcome with the field data. However, to visualize different analytical results and to have some
insights from it, we have numerically simulated the system (2.1). The (hypothetical) parameter values
are chosen within ranges defined in the existing literature (6; 9; 40).

First of all, we choose some important parameters of the model (2.1) and see their effects on the
equilibrium values of nutrients, algae, detritus and bacteria in the lake. For our purpose, we select ¢, 51,
B10, k1, p and pp and analyze the behavior of model’s variables by varying two parameters at a time viz.
(g,k1), (po, B10) and (u, B1) integrating up to time ¢ = 100 days, when the system is stabilized. In each
figure, the surface represents the value of the population at a (dynamic) equilibrium, i.e. steady state or
persistent oscillation. When two surfaces are shown, they indicate the maximum and minimum values
that these variables attain in the limit cycle. When they collide, it means that a stable equilibrium is
attained, while when they differ, the solution oscillates.

Fig. 3 shows the system behavior as functions of ¢ and k;. On increasing the input rate of nutrients
in the lake, the equilibrium values of all the populations increase. In this case, sustained oscillations in
time are found (34; 58). For low values of ki, the bacteria vanish but this population increases with an
increase in k1. On the other hand, the detritus is high for low values of k1, but as ki increases, bacteria
decompose it at a high rate leading to a detritus-free environment.

In Fig. 4, we vary po and S19. For low values of the bacteria mortality rate pg, the bacterial
population is at high level but disappears on increasing the values of po. Consequently the density of
detritus increases at a high rate. On increasing the algae intraspecific competition rate 5y, the algal
population decreases to a very low level while the nutrients increase as there are less algae that utilize
them. Here too persistent oscillations are observed in all the panels.

Fig. 5 considers the parameters p and (;. Increase in [; causes a significant decrease in the
concentration of nutrients but an opposite behavior for algae and detritus. For low values of 3y, these
populations vanish altogether. Bacteria thrive only for larger values of y and increase more with an
increase in 1. Again, we can observe persistent oscillations for all variables of the model.

We show the transcritical bifurcation between the equilibria Fy and F; also numerically, varying the
uptake rate of nutrients by algae, 81, in Fig. 6(a). For low values of §; (i.e., no nutrients consumed
by algae), the nutrients remains at a fixed level but their concentration suddenly drops as /31 crosses its
critical value. Also, there is a transcritical bifurcation between the equilibria E; and E*, shown varying
the natural death rate of bacteria, g, in Fig. 6(b). Actually, the coexistence equilibrium E* can stably
achieved for the parameters values as given in Table 1, not shown.

To see the effect of the delay involved in the conversion of detritus into nutrients and the growth
of bacterial populations, we set the system at a stable focus in the absence of time delay (7 = 0). We
gradually increase the value of time delay 7 and observe the solution trajectories that still produce a
stable focus at 7 = 10 days, not shown. By increasing the time delay to 7 = 15.2 days, the system
(8.1) exhibits limit cycles, Fig. 7. Next, we increase the values of time delay to 7 = 20 days and found
that the system exhibits period doubling solutions, Fig. 8. The system shows chaotic behavior for
further increase in time delay (7 = 21.5 days), Fig. 9. For better visualization, we draw the bifurcation
diagram of the system (8.1) by varying the bifurcation parameter T € [10,22], Fig. 10. It is clear from
the figure that the chaotic regime is reached via a stable focus for 7 < 14.5, limit cycle behaviour for
14.5 < 7 < 15.9, period doubling oscillations for 15.9 < 7 < 20.2, and higher periodic and chaotic
oscillations for 7 > 20.2. However, we could not provide bifurcation diagram for 7 > 22, because the
solutions trajectories of the system (2.1) blow up after 7 > 22. Recall that systems in the absence of
bacteria (systems (3.1) and (4.1)) are bounded while the systems in the presence of bacteria (systems
(2.1) and (5.1)) are unbounded. Further, we draw the Poincaré map of the system (8.1) in the A— D — B

19



483

484

485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

515

516

517

518

519

520

521

522

523

524

525

526

space fixing N = 0.8, for 7 = 21.5 days, Fig. 11. The scattered distribution of the sampling points
implies the chaotic behavior of the system. We also draw the maximum Lyapunov exponent of the
system (8.1) for 7 = 21.5 days, Fig. 12. To draw the maximum Lyapunov exponent, we first simulate
the delayed system (8.1). Then considering the times series solutions of each component, we compute the
Lyapunov exponents by using the algorithm of (59; 60). In the figure, positive values of the maximum
Lyapunov exponent indicates the chaotic regime of the system. Therefore, we can conclude that the
system (8.1) shows chaotic behavior for 7 = 21.5 days.

10.1. Sensitivity analysis

We perform the global sensitivity analysis following the techniques of (61; 62) to identify the most
influential parameters that have significant impact on some important output variables of the system
(2.1). We calculate partial rank correlation coefficients (PRCCs) between the parameters ¢, 81, k1, 7, 01,
A1, poand po from system (2.1) with algae and bacteria in the lake as output. Nonlinear and monotone
relationships were observed with the input parameters of the model (2.1), which is a prerequisite for
computing PRCCs. Using the Latin Hypercube Sampling (LHS), we drawn 200 samples from the
biologically feasible regions of the parameters of interest. The bar diagram of the PRCC values of
the densities of algae and bacteria against these parameters is depicted in Fig. 13. PRCC values of
these parameters with the responses suggest that the parameters ¢, 51, 61, p and pg have significant
correlations with the density of algae, Fig. 13(a). The parameter #; has maximum positive correlation
with the density of algae. The bacteria mortality has negative correlation with the density of algae while
other parameters have positive correlations. For the density of bacteria, the significant parameters are
B1, 01, A1, 1 and pg, Fig. 13(b). The growth rate of bacteria due to detritus of other type than algal
one, i, has maximum positive correlation with bacteria. The death rate of bacteria, g, has negative
correlation with bacteria whereas other parameters have positive correlations.

11. Discussion

Marine microbes play important roles in aquatic systems, especially marine ones. They influence
the climate, mediate primary production, participate in biogeochemical cycles, and maintain ecological
balance (63). The microbes that make up harmful algal blooms are being studied closely by scientists
(64). Because of high diversity and complexity, the interaction between algae and bacteria has become the
concern of many researchers. Scientists have explored the relationships between algae and bacteria from
different perspectives, including the physical, biological, environmental and chemical processes involved
(64). Microbes, which exist as free-living forms as well as securely attached to algal cells, have now
been demonstrated to modulate algal growth rates and transitions between life history stages, influence
toxin production, and even induce the rapid lysis of algal cells (65). However, given the complex array
of interactions that have evolved between them, some ecological functions and related mechanisms have
not yet been fully elucidated.

In this paper, we have investigated the effect of bacteria on the dynamics of algal blooms in lakes.
A nonlinear mathematical model has been proposed by taking nutrients, algae, detritus and bacteria as
state variables. The model exhibits three non-negative equilibria; Ey, F; and E* that are related to
each other via transcritical bifurcations. Equilibria Fy and E; are linked on varying the parameter [y,
the latter arising when the bifurcation parameter $; crosses from below its critical value. On the other
hand, the equilibria F; and E* are tied by the parameter pg, the former arising when the bifurcation
parameter pg crosses from below its critical value. For higher values of g, bacteria vanish and hence the
density of algae in the lake increases up to a limit value. The partial rank correlation coefficient (PRCC)
technique is performed to assess the sensitivity of the ecosystem with respect to the model parameters.
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The main parameters influencing the system behavior appear to be ¢, 81, k1, m, 61, A1 and p. They
present positive correlations with the densities of algae and bacterial population.

The effect of time delay on algal bloom into the lake has also been investigated. The time delay has
been introduced to model more realistically the formation of nutrients from detritus and the subsequent
growth of bacteria, that are not instantaneous processes. Previous studies show the occurrence of limit
cycle oscillations through a Hopf-bifurcation by varying the delay parameter (9; 40). However, to the
best of our knowledge, in the context of algal bloom models no study is carried out for the delayed
systems showing chaotic dynamics. In the present investigation, we found that as the delay parameter
increases, the system (8.1) exhibits a transition from stable focus to limit cycle oscillations to period
doubling oscillations to chaotic dynamics. The density of algae in the lake may increase drastically and
in that case a massive death of fishes may occur as a consequence of low levels of dissolved oxygen. To
avoid this unpleasant outcome, the detritus of the lake should be removed before the critical value of
delay parameter is reached. Longer delay in this action may cause fluctuations in the density of algae
for a long time and cause hypoxia in the lake. These findings are thus of critical importance for the
practice of lake restoration.

The role of space in ecological interactions has been identified as an important factor (66). Spatial
patterns are ubiquitous in nature and modify the stability properties of ecosystems at a range of spatial
scales. Spatial variability of algae is very common in aquatic ecosystems. Several attempts have been
made to explain such spatial variation using different types of mathematical models (67; 68). To further
extrapolate the results of the present study, extensions of the model presented here might be worth
investigating, incorporating perhaps diffusion and advection, that play a crucial role in the spatial
movement of algae in water bodies. A second issue concerns the parameter values used. Here they are
taken as hypothetical, but tuning them using real data would a be very interesting step. At present
however, for lack of the field results, is not possible. This investigation might be undertaken in future
researches.
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Figure 2: Figure shows bi-stability behavior of the system (5.1). The trajectories with different initial conditions lead to
different attractors. Parameters values are same as in Table 1 except 01 = 15.5, a1 = 0.3, w1 = 0.23 and A1 = 0.26.
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Figure 3: The equilibrium values of nutrients, algae, detritus and bacteria as functions of ¢ and k; with initial conditions
(0.12,1.15,0.1,0.06). Rest of the parameters values are same as in Table 1.
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(0.12,1.15,0.1,0.06). Rest of the parameters values are same as in Table 1.
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Figure 6: Transcritical bifurcations between equilibria (a) Ep and Eq, left to right, when p = 0.8 and (b) E* and Eq,
left to right, when p = 1.85 and the other parameters values are same as in Table 1. Initial conditions are chosen as
(0.12,1.15,0.1,0.06).
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Figure 7: System (8.1) shows limit cycle oscillation for 7 = 15.2 days. Initial conditions are chosen as

(0.3543,0.8983,0.6913,0.1825). Parameters values are same as in Table 1.
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Figure 8: System (8.1) shows 2-periodic solutions for 7 = 20 days. Initial conditions are chosen as

(0.3543,0.8983,0.6913,0.1825). Parameters values are same as in Table 1.

32



8
9 6
G
-]
Z
2
0 0 ‘ ‘ ‘
0 500 1000 1500 2000 0 500 1000 1500 2000
Time Time
6
0 S 4]
£ g
= O
o @
@) M2t
0 ‘ ‘ ‘ 0
0 500 1000 1500 2000 0 500 1000 1500 2000
Time Time
Figure 9: System (8.1) shows chaotic oscillations for 7 = 21.5 days. Initial conditions are chosen as

(0.3543,0.8983,0.6913, 0.1825). Parameters values are same as in Table 1.
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Figure 10: Bifurcation diagram of the system (8.1) with respect to 7 € [10,22].
Initial conditions are chosen as

imum values of the oscillations are plotted in blue and red colors, respectively.
(0.3543,0.8983,0.6913, 0.1825). Parameters values are same as in Table 1.
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Figure 11: Poincare map of the system (8.1) in the A—D—B space (N = 10) for 7 = 21.5 days. Initial conditions are
chosen as (0.3543,0.8983,0.6913,0.1825). Parameters values are same as in Table 1.
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Figure 12: The maximum Lyapunov exponent of the system (8.1) for 7 = 21.5 days. Initial conditions are chosen as
(0.3543,0.8983,0.6913, 0.1825). Parameters values are same as in Table 1.
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Figure 13: Effect of uncertainty of the model (2.1) on (a) algae and (b) bacteria. Significant parameters are marked by *.
Initial conditions are chosen as (0.12,1.15,0.1,0.06). The mean values of parameters are chosen as in Table 1.
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