View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Institutional Research Information System University of Turin

On the dynamics of a charged particle in

magnetic fields with cylindrical symmetry
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Abstract

We study the motion of a charged particle under the action of a magnetic field with cylindrical
symmetry. In particular we consider magnetic fields with constant direction and with magnitude
depending on the distance r from the symmetry axis of the form 1+ Ar~" as r — oo, with A #0
and v > 1. With perturbative-variational techniques, we can prove the existence of infinitely many
trajectories whose projection on a plane orthogonal to the direction of the field describe bounded
curves given by the superposition of two motions: a rotation with constant angular speed at a unit
distance about a point which moves along a circumference of large radius p with a slow angular
speed €. The values p and ¢ are suitably related to each other. This problem has some interest
also in the context of planar curves with prescribed curvature.
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clidean space, prescribed curvature.
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1 Introduction and statement of the result

This paper concerns the dynamics of a particle in a magnetic field. This subject is quite important in
several areas of physics, such as condensed matter theory [8], accelerator physics [13], magnetobiology
[10] and plasma physics [I7]. However, despite the relevance and the variety of contexts, it seems that
for this problem, in concrete magnetic fields, only few rigorous results are available in the literature
(see [1} 21 A1 12} [18]).

From classical physics, in presence of an external magnetic field B, the motion ¢ — ¢(t) € R3 of a
particle of mass m and charge e is driven by the Lorentz force, according to the equation

arXiv:1902.00513v1 [math.DS] 1 Feb 2019

mg = eg A\ B. (1.1)

When B is a constant field, namely B = Bv for some versor v and B positive constant, the system is
integrable and trajectories are helices with axis a line of the field and Larmor ray given by rp = %,
where v is the speed orthogonal to the field direction. More precisely, the projection ¢, (¢) of ¢(t) on
a plane orthogonal to ¥ moves on a circle of radius rz, with constant angular speed |e| B/m.

The situation can drastically change if one considers a variable magnetic field, even in the case of
constant direction and magnitude close to a constant. In this work we consider a class of magnetic
fields with cylindrical symmetry, namely we assume that B has a constant direction, which can be
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taken as the third axis, and the magnitude of B depends just on the distance from the third axis. This
means that

B(q1,q2,43) = (0,0, B(q1,42)) V(a1,42,43) € R? (1.2)
with B depending just on \/¢? + ¢3. For B of the form (.2)), problem (L)) reduces to the system

G1 = =B(q1,q2)42
G2 = —=B(q1,92)01 (1.3)
gs = 0.

In this case, again the component of ¢(¢) in the direction of B, i.e. ¢3(t), describes a uniform motion,
but the projection of ¢(t) on the horizontal plane follows a trajectory which in general can be far from
being circular or closed or also globally bounded, even when B is close to a constant.

Considering that the study of the dynamics of a single charged particle in a magnetic field con-
stitutes a first elementary model for the motion of plasma, the search for trapped trajectories (in the
directions orthogonal to the magnetic field) seems properly motivated. For this reason we are inter-
ested in motions ¢(t) whose projection on the horizontal plane, given by t — (q1(t), q2(t)) =: G(t) € R?,
draws a globally bounded, possibly closed, planar curve. We will say that such motions are bounded.
When the projection §(t) defines a closed curve, we will say that the corresponding motion is periodic.

With respect to this goal, we can reduce ourselves to study the planar system defined by the first
two equations of ([([3]). Setting v(t) = §(—mt/e), the planar system for ¢(t) becomes

{v:R—)RQ (1.4)

= iB(v)b

where we identify R? with the complex plane; the multiplication by the imaginary umit yields a
counter-clockwise rotation of 7/2.

Actually, we can change the system in ([4]) into an equivalent scalar problem of geometrical
type, concerning curves with prescribed mean curvature. To this aim, recall that for a regular curve
u: R — R? of class C2, the curvature at u(t) is given by

ialt) - ii(t)

A= T

(1.5)
If v solves (L4) then |0| is constant (this can be obtained just multiplying the equation by o, that
implies & [6|2 = 0). In particular, if a solution v of (L) verifies also 6| = 1, then B(v) equals the
curvature of the curve parametrized by v. On the other hand, if u: R — R? is a bounded solution to

% = B(u) (1.6)
then one can find an increasing diffeomorphism g of R onto R such that u o g solves (L4 (see Lemma
24). In this way, for a vector field B with cylindrical symmetry, i.e., of the form ([L2]), we can covert
the problem of bounded trajectories of ((LT]) into the geometrical problem about bounded curves with
prescribed curvature B = |B].

There are many contributions to the issue of planar K-loops, i.e., closed curves in the Euclidean
plane, with prescribed curvature K (see [3, [4, O] 1T], 14, 15, 16]). Among them, we mention a couple
of results more linked to our work: in [II] it is proved that if the prescribed curvature function K is
strictly monotone in a given direction, with non zero derivative, then no (immersed) K-loop exists.
In [I4] it is shown that if the prescribed curvature function K is positive, radially symmetric and is
non-increasing as a function of the distance from the radial symmetry point, then any simple K-loop
is in fact a circle.



In this work are interested in bounded, non round, possibly periodic motions with “high energy”
for a class of mappings B: R? — R which are radially symmetric (with respect to u € R?) and with a
behavior at infinity of the form

A
B(u)~1+W as |u| = oo, ueR?, (1.7)
u
with v > 0 and A € R\ {0}. Moreover, we consider a special class of curves, defined (in complex
notation) as
U57p(t) _ peiat +eit

with p > 1 and 0 < || < 1. Such curves are obtained as a superposition of two motions: a counter-
clockwise rotation with constant angular speed at a unit distance about a point which moves along a
circumference of large radius p with a slow angular speed ¢ (see Fig. 1). The slow rotation is counter-
clockwise if ¢ > 0, or clockwise if € < 0. Observe that p — 1 < |v. ,(t)] < p+ 1 for every t € R, and

that the (support of the) curve parametrized by v, , does not change after rotations of angles 12%2 or
2%, because v, satisfies
TiE T 2
e%sv(t)_efsv(t)_u<t+ - T > . (1.8)
—€

In particular v, , is closed if and only if € is rational.

1 2
e=3 e=13 e Q

Fig. 1 - Curves parametrized by ve,, for different values of . If € = % with m,n € N, m < n, then

Ve,p is periodic of period 2nm and, for p large enough, parametrizes a closed curve with (n —m)
curls and has a rotational symmetry of an angle 2w /(n —m). If € € Q then the range of v, , fills
densely the annulus of radii p — 1 and p + 1.

Considering curves v, , is motivated by the observation that we look for solutions to (L) living
far away, where B is close to the constant value 1, in view of (7). Hence we expect to find solutions
made by almost uniform circular motions of unit radius. Moreover, since we are interested in bounded
trajectories and we deal with a planar problem characterized by radial symmetry, it seems reasonable
to look for solutions of (I.6]) as perturbations of v, , in the normal direction, i.e., of the form

0
u=v.,+ ¢N., where N, ,:=—2=
Ve, ]
and ¢ is a scalar mapping. The discrete symmetry with respect to rotations of angles fifs or 12_:5 is

preserved asking ¢ to be periodic of period 12%5 In fact, ve can prove the following result:

Theorem 1.1 Let B € C*(R%;R) be a radial function satisfying:

(B1) B(u) =14 Alu|=™" + A1|u|=" +o(Ju|=771) as |u| — oo, with A, A; € R, A#0, and 1 <~ < 7;



(B2) |[VB(u)| =0 (|u|_mi“{7+1’71}) as |u| — oo.

If A > 0 then there exist positive constants g, u, a1, as such that for every e € (0,€) there are p. > 0
and a solution us of [I4]) such that:

alel "7 < pe Sarlel T and ue —vep.lon < ple] 7

If A <0, then the same conclusion holds true with e € (—¢,0). Moreover, in both cases, the curve
parametrized by ue is invariant with respect to rotations of angles f—fi and 12—; and is closed if € is

rational.

The assumption v > 1 as well as the conditions (B;) and (B2) precise the behavior of B at infinity.
As by-product of Theorem [[I] we remark that in general the uniqueness result proved in [14] and
previously quoted is true just for simple loops.

Going back to the problem of trajectories of a charged particle in a magnetic field with cylindrical
symmetry, as a consequence of Theorem [[LT] we obtain:

Corollary 1.2 Let B: R?* — R3 be a vector field of the form (1.2) with B € C*(R?;R) radial function
satisfying (B1) and (Bz). Then there exists a family of motions for the Lorentz equation (I1l) whose
projections on the horizontal plane, up to reparameterization in time, correspond to the solutions u.
given by Theorem [L 1]

The proof of Theorem [[.1]is based on the Lyapunov-Schmidt reduction method, combined with a
certain variational argument. Firstly, in order to get rid of the parameter ¢, we define

ey (t) = v, <i> and n.(t) = N, (1 4 8) (1.9)

and we look for solutions to (6] in the form
U= Uep+ PNep (1.10)
with ¢ periodic of period 27. Plugging (LI0) into (L) yields the following nonlinear problem for ¢:

{ p: R = R, 27-periodic

1.11
K:&P(SD) = B(ua,p + (pna,p) ( )

where K. , is the second order differential operator defined by

. 2
K (90) o 7’% (uE;P + SDnE;P) ’ % (U’E;P + SDnE;P) (1 12)
&,p T 3 . .
‘% (ue,p + S‘ma‘,p)’

Then, we identify the operator obtained by linearizing problem (LIT]), in the limit &€ — 0. The resulting
operator, acting among spaces of periodic mappings, turns out to have a two-dimensional kernel. After
detaching its kernel, we can invert it and convert problem ([.I1]) into a fixed point problem, where
the contraction principle can be applied. Actually, because of the two-dimensional kernel, we arrive
to solve (ILI)) for |¢| small enough and for every p sufficiently large in a suitable interval of values
depending on e, apart from a couple of Lagrange multipliers. This is performed in Section

In order to remove the Lagrange multipliers, we exploit the variational nature of problem (L.II).
In fact, (LII]) corresponds ultimately to the Euler-Lagrange equation of a suitable energy functional.
One of the Lagrange multipliers can be eliminated by taking variations with respect to the parameter
p. This leads to an equation for p with respect to €, which can be solved in correspondence of some



pe taking e > 0if A > 0or e <0if A <0, as in the statement of Theorem [T The other Lagrange
multiplier comes from the rotational invariance and it disappears for free as soon as the first one
vanishes. This part of the proof is accomplished in Section [l

From the technical point of view, the argument used in the proof of Theorem [I.1] shares some
features with other works. In particular, we mention a higher dimensional version of the problem,
about surfaces in R? with prescribed mean curvature, shaped on collars of spheres arranged along a
circumference with large radius, in order to construct a surface with genus 1. This kind of problem has
been recently studied in [5 6] for a class of mean curvature functions with a behavior at infinity like
(T2 but in the Euclidean 3-space. We also quote the paper [19], where somehow similar techniques
were already implemented to find multiple solutions to the nonlinear Schréedinger equation with a
radially symmetric potential again with a behavior like ().

2 The curvature operator

As described in the Introduction, the problem is redirected to the search of solutions to (L) in
the form u = u. , + ¢n. , where u. ,(t) = pei/(17¢) 4 /(=2 'n_ (¢) = di. ,(t)/|te,,(t)| and the
unknown is the function ¢: R — R which is asked to be 2m-periodic. Hence the problem for u, in
turn, is converted into the following nonlinear equation for ¢:

Ke,p(¢) = B(ue,p + pnc ) (2.1)

where K. , is the second order differential operator defined by ([LIZ) and B: R? — R is a radially
symmetric C' function satisfying (B1) and (Bs). Notice that if u = u. , +¢n. , and ¢ is 27-periodic,

then by (L8) and (T3) _ _
u(t+27) = etsult) = e s u(t). (2.2)

In this Section we study the operator K. ,, considered from the space of 2m-periodic functions of
class C2, denoted C?(R/27Z), into the space of 2r-periodic continuous functions, denoted C°(R/27Z).

Such spaces are Banach spaces endowed with their natural norms. In fact K. , turns out to be defined
in

N = {p € C*(R/27Z) | |t p + ¢hrc p + ¢ p| >0 on R}. (2.3)

Lemma 2.1 The operator K., is of class C* from N into C°(R/2xZ). In particular

KL, (@] = te o ()" +bep(9)V +cop(0)t Vo €N, Vi € C*(R/27Z), (24)
where -
_du-ng,
aa,p(@) = W,
% e, —dii-me,  3(it-i)(u-n.,)
bE,P(w) = |u|3 - |’LL|5 5 (25)
e, —dine,  3(i- i) (i)
CE,p(SO) - |U|3 - |’LL|5 3

and u = Ue,p + PN p.

Proof. The operators ¢ — i%(uap + ¢n, ,) and ¢ — dd—;(usyp + ¢n. ,) are bounded linear operators
from C?(R/27Z) into C°(R/27Z,R?). Hence they are of class C*°. As the mapping (v, w) [ is of
class C* in (R?\ {0}) x R?, the regularity of K. , as well as the expression of K. , follows by standard
differential calculus in Banach spaces. ([l



The differential operator Lo: C?(R/27Z) — C°(R/27Z) defined as
Lop:=¢+¢ (2.6)
will play a key role in the argument, because of the following fact.

Lemma 2.2 Fizing 0 < a; < az and § € (0,1), one has that K. ,(0) — Lo as € — 0, uniformly with
respect to p € Se 1= [a1]e| 7%, asle| %], in the space of bounded linear operators from C?*(R/27wZ) in
C°(R/27Z). More precisely, for || # 0 small enough, and for every p € S. one has

1K ,(0) = Lo)gllco < Clelpllplle= Vo € C*(R/2nZ) (2.7)
where C depends only on a1, as, and §.
Proof. Since

tie p  (Ue,p - Ue,p)ite, p

n.,= —>— -
=f |tie, o [thep|?
n., = tUep |Ua7p| ile,p + (Ue,p - Ue,p)itie p + 2(Ue p - e p)ilic p + 3(u8,p <lie,p) “ile
TP e [tte, | [the |
one has that
. . 2 . 2
ille,p * D p = |Ue, p Ue,p - Nep =0 We,p - Dep = ( =2 aép) - | -E7p|
|t |the, |
Tlap : fla,p = _7“%7? Bew ma‘,p ’ fla,p =0 iufs,p ‘e, = Us,;{ e (2-9)
|the o |tte o
. . iiffs,p . 'Uls,p . . |ﬁ‘€7P|2 (’U’Eqp } ﬁ&ﬂ)z
Ne, N = ———7— n., -n.,=0 ‘N, = —
TR T T, P M B T i T T e, P
By 24), 23) and (29) one infers that
KL, 0)lp] = a2 ;¢ + b2 0+ o (2.10)
where
a® = 1 - _dswp ) usﬁp pEo - 2(11679 ) ﬁs,p)z - 2|ﬁ67p|2|ﬁ67p|2 + 3(“1679 ) ﬁs,p)z
O ) e ol 7 7 [tie, p|°
Fix 0 < a1 < ag and § € (0,1). Taking into account that
lie,p|? = (1 — )72 [1 + 2epcost + (ep)?] liie,p|? = (1 —e)~* [1+ 2e2pcost + e*p?]
le,p - ile,p = —(1 — &) "2epsint i, - tiep = (1 — )73 [1 4 (e%p — ep) cost — e3p?]
for |e| sufficiently small and non zero, p € S, and o € R the following estimates hold:
|||u87p|0 - (1 - 5)_0"00 < C|‘€|p7 |||’u87p|a - (1 - E)_zauco < C|5|2p7
H'ds,p : ﬁs,p”co S O|5|l77 Hiﬁs,p . aE,P - (1 - 6)73"00 S O|€|pa (211)
|||.ds,p|a - (1- 5)_30||Co < O|€|3p, ||us,p ) .dsp -(1- 5)_4"00 < Clelp,
where C' depends only on aj, az,d. By means of (ZTI1]) one obtains that
lag, = 1lco < Clelp, 02 lloo < Clelp, |2, = Lco < Clelp,
The conclusion follows from these estimates and from (ZI0)). O



Thanks to Lemma [Z2] the operator Ly defined by (Z8) will constitute the leading term of the
curvature operator, in the limit € — 0. It is well known that

ker(Lo) = {p € C*(R/27Z) | Lop = 0} = span{cost, sint}.
Moreover, for an arbitrary continuous bounded function f: R — R, the equation Lo = f admits a
two-parameter family of global solutions, which turn out to be periodic if and only if
2 27
f(t)costdt = f(®)sintdt =0. (2.12)
0 0

Justified by that, we introduce the decomposition

C*(R/27Z) = span{cost,sint} + X where X' :={f e C*(R/27Z) | 2I2) holds},

C°(R/27Z) = span{cost,sint} + Y+ where Y+ := {f e C°(R/27Z) | @I2) holds}.

Hence the operator Ly is a bijection from X+ onto Y+, it is linear and continuous and, by well known
facts, also Lo_l : Y+ — X1 is so. Therefore there exists a constant Cy > 0 such that

lelloz < Collflloe VfeY+ (2.13)

where ¢ is the unique solution of Lo = f in X+.

In the remaining part of the work we aim to prove the following result.

Theorem 2.3 Let B € C1(R%;R) be a radial function satisfying (B1) and (Bz). There exist positive
constants €, ay, az, po such that if A > 0, then for any e € (0,%) there exist p. € [a1|€|_ﬁ,a2|e|_ﬁ]
and ¢. € C2(R/27Z) solving (Z1) and such that ||z c2 < pole|72. If A < 0 the same conclusion
holds true but for € € (—€,0).

Noting that, by (28) and II)), supg<|c|<z [ne,p.[|c2 < 00, Theorem [Tl is an immediate conse-
quence of Theorem 23] whereas Corollary easily follows, by the next elementary result:

Lemma 2.4 If u: R — R? is a classical solution of (I.0)), then there exists an increasing diffeomor-
phism g of R onto R such that u o g solves [I)).

Proof. Let u(t) be a solution to (L6). The arc length £(t) = fg |i(7)| dr is a C*, invertible mapping
and denoting g(s) its inverse, the function v = u o g satisfies

" Jalg(s)P [a(g(s)]3

In particular [v'| =1 and v - v’ = 0. Then v” is parallel to v’ and, in view of (L)), v solves (L4). O

3 The finite-dimensional reduction

In this Section we tackle equation (ZI]) and we prove that it admits solutions for |e| small enough and
non zero and for every p sufficiently large, up to an extra term which is a linear combination of sint¢
and cost. More precisely, the following result holds true:



Theorem 3.1 Fiz 0 < a1 < ag and § € (0,1). Then there exists g > 0 depending on a1, az and §
such that for every 0 < |e| < eo and for every p € [a1le|™°, azle|~°] there exists ., € C*(R/27Z)

solving
Kep(#ep) = Blucp + @cpmz p) = AL cost + A2, sint (3.1)
where
1 1 2
Aep = ;/ (Ke.p(e,p) — B(ue, p + e pne,p)] cost dt
L (3.2)
2, = p / [Kep(pe.p) — Blue,p + pe pnc,p)) sint dt .
0
Moreover
[pepllcz < polel” (3.3)

where ¥ = min{yd, 1 — 0} and po is a constant depending on a1, as and § but not on € neither on p.

Let 0 < a3 < ag and § € (0,1) be fixed and let us introduce some notation. For every € # 0 we
define
S, = [a1|e|_5,a2|5|_6] )

We will always take p € Sc. Then, we fix 1 € (O, %] satisfying
2 < arer? and agel ™ < 1. (3.4)

Hence for every € € [—e1,21] \ {0} one has that S. C (2, ]e|™!). In particular we recover the following
inequality, extensively used in the sequel: for € € [—e1,¢1] \ {0} and p € S., it holds

1< Cule] ™8 < Jue ()] < Cale| ™ WteR, (3.5)

for some positive constants C; and Cy depending only on a1, as and d.
Let us introduce the operator B. ,: C*(R/27Z) — C°(R/27Z) defined by

BE;P(SD) = B(ua,p + (pna,p) .

The operator B. , is well defined because B is radial and (2.2 holds. Moreover it inherits the same
regularity of B, i.e., it is of class C'. In particular

BL ,(9)[¥] = ¥VB(uc,p + pne ) -ne, Voo, € C*(R/20Z). (3.6)
Finally, we define the operator F ,: N'— C°(R/27Z) by setting
Feplp) = Bz p(#) = Ke p(#) + Log - (3.7)
In view of the regularity of B: , and by Lemma 2] F , is of class C' in N'. Moreover

fs,p(()) = B(usyp) - K(us,p) )
FLo(0)e] = ¢V B(uc,p) - 0, — KL ,(0)[¢] + Lop Ve € C*(R/2nZ)
with K defined in (T3]).

The following estimates will be useful. From now on, with the symbol | - || without subscript we
will denote the norm in the space of bounded linear operators from C?(R/27Z) into C°(R/27Z).



Lemma 3.2 There exist g € (0,e1] and My > 0 such that for every 0 < |e| <eg and p € S; it holds

1F=,0(0)|co < Molel?
1

17 (@)l < sa, ! lellos < polel

where Cy is the constant in (2I3)), 7 := min{~d,1 — §} and po := 8CyMj.

Proof. We have that
[Fe.p(O)llco < [Blue,p) = 1llco + 1K(ue,p) =1l co -

(3.8)

(3.9)

(3.10)

Since, by (B1), B(v) = 14+ AJjv|™" + o(Jv|™7) as |v] = oo, using also (B.0), one can find gy € (0,e1]

such that
| B(ue,p) — 1fjco < 2|A|C’1_V|(€|”‘S Vp € S., Ve € [—eo,e0]\{0}.

On the other hand, by (ZI1)) we obtain

1K (usp) = Uigo < Clel'™ Vp €S, Ve [~eo,e0]\ {0}

(3.11)

(3.12)

where C'is a constant depending only on a1, as and §. Hence BI0)-BI12) imply B.]), for some My

depending on |A|, Cy, and C. Let us show (3.9). We have that
172, O < IV B(ue,p)llco + KL, (0) = Lol
By (B2) and (2.I1]) we have that
IVB(uc,p)llco < Clel ™07} vpe 5., Ve € [~er,a1] \ {0}
Moreover Lemma yields that
1L ,(0) = Loll < Clelp < Cle|'™° Wp e Se, Ve € [—er,ea] \ {0}
By BI3)-@BI3) and taking a smaller ey € (0,e1], we obtain that

sup [|FL,(0)] =0 as ¢—0.
PES:

Now we show that

sup |7 () = FL,(0)] =0 as e =0,
SEM.

where M. := {p € C*(R/27Z) | ||¢|lc> < pole[7}. Indeed, from @BH)-B7) it follows that
IF2,0(0) = FL, (Ol < IVB(uep + ¢me p) = VB(ue p)llco + KL, () = KL ,(0)]
Moreover, from (Bs)
IVB(ue,p + ¢me,p)| < Clue,p + ‘Pnsyp)rmin{'ﬁlm} < Clue,p| - |@|)7min{7+1’71}

and using (B8] and the bound for p € M., we deduce that

C
IVB(ue,p + ¢nep)l|co < (C1le] =8 — po|e[F)mintr+im} -

This estimate together with (B14]) yields

sup [|[VB(ue,p + ¢ne,p) = Blueyp)lco -0 as € =0
€S:
VJPEME

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



Now we show that

sup IKL,(9) = KL, (0)] < Cle[7 Ve € [—e1,e1] \ {0} (3.20)
pe €
pEM,

By (24I), ve have that

1KZ,0(2) = KL o) < llae.p(#) = ac,p(0)llco + llbe,p() = be,p(0)llco + llez p() = c2p(0)llco  (3.21)

where ac ,(¢), be ,(¢) and cc ,(p) are defined in (ZT). Setting ®. , = ¢n. ,, we write
i

€
as,p(‘ﬂ) - as,p(o) = E(us,p + (i)s,p) - a(us,p)] ‘g p,
bE,P(SD) - bE,P(O) = 27’ [E(ai,P + (i)s,p) - a’/(us,p)} 'ﬁs,p - i[g(us,p + (.bs,p; ﬁs,p + és,p) _fl;(lus,p, ﬁs,p)] 'ns,p
- 3[5(%,9 + Qe p, e, + Pe,p) — e, ﬁs,p)] ‘Ne p,
Caﬁ(‘%’) - Cs,p(o) = i[E(QE,P + (i)s,p) - a(usﬁp)] A, — i[E(QE,P + (i)s,pv lig,p + és,p) - g(ﬁs,pv ﬂs,p)} e,
— 3[(tie,p + Pepy fle,p + P p) — Cllte,p Gle )] M,
where

v w (v - w)v

a = — b = — | =
CL(’U) |’U|3 ’ (’U,’LU) |’U|3 ) C(’U,’LU) |’U|5

By [28) and (2I1), there exists a constant C' > 0 independent of € and p, such that ||n. ,|c2 < C for
every € € [—eg,£0] \ {0} and for every p € S.. From this it also follows that

Y(v,w) € (R*\ {0}) x R?.

lone pllce < Cle|? Ve € [—e0,20] \ {0}, Vp€S., Vo€ M..

Moreover, by (1)), there exists a compact set K C (R?\{0})xR? such that (1., (t)+s®c ,(t), iic,,(t)+
s®.,(t)) € K forallt € R, s € [0,1], € € [~c0,0] \ {0}, p € S- and ¢ € M.. Using these facts as well
as the regularity of the functions a, b and ¢, by the mean value theorem, we infer that

lac,p () = ae,p(O)llco < Clef™, [lbe,p(9) = bep(0)|co < ClelT, lee,p() = cep(0)]loo < Clef” (3.22)

for every e € [—eq,e0] \ {0}, p € S and ¢ € M., and C positive constant independent of ¢, p and

. Hence BZI) and B22) imply B20), and BIT) follows from FI8)-B20). Finally B9) is a
consequence of ([B.I0) and [B.I7), for a possibly smaller eq. O

Proof of Theorem [31l By @B1), 1) is equivalent to
Lop = Fep() - (3.23)

We aim to rewrite (3.23) as a fixed point problem in C?(R/27Z). Since range(Ly) = Y+, we consider
the projection of F. ,(p) on Y+, given by

Fep(9) = Fep(0) + AL (@) cost + A2 (p)sint,

where
1 1 271' 2 1 27‘( .
)\Eﬁp(cp) == Fep(p) costdt, )\E)p(gp) == Feplp)sintdt.

™ Jo ™ Jo
Observe that

1Fep(@llco < 41Fep()llco Vo € N

A ) (3.24)
||]:€,p(901) - fa,p(‘@)HCO < 4”]:6,/)(301) - fa,p(‘@)”@“’ Vo1, 02 €N
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Then we set
Q:pi=Ly o Fep,
so that if ¢ € C?(R/27Z) solves
¢ = Qe,p(p) (3.25)

then it satisfies Lop = F. ,(¢) and thus (3I). We can solve ([3:25) in a suitable neighborhood N of 0
in Y*, whose size is determined by the estimate of the “error” F.(0) according to Lemma More
precisely, we set

Ne={pe X NN [ lgllcz < polel}

where N is defined in ([2:3) and 7 and pg are given by Lemma By construction, fg,p(cp) eyt
Moreover L5': Y+ — X+, Therefore, Q. ,(¢) € Xt for every ¢ € N. and, thanks to (ZI3) and

(m?

1Qc,p(@)llc2 < 4Co[|Fe p(@)llco Vo € Ne (3.26)
||Q€,p(802) - Qa,p(‘Pl)HC? < 400”]:57/3(901) - fa,p(%"2)||00 Vo1, 02 € Ne (3.27)

where Cj is the constant in (ZI3). If o1, 2 € N then, also sp; + (1 — s)p2 € N; for every s € [0,1]
and

— 8Cy

thanks to (39). Hence, (3.27) and (3:28) imply that Q. , is a contraction in .. Moreover, if ¢ € N
then, by (88) and (8:28)), and recalling that puo = 8Cy My,

1
[ Fe,o(p1) = Fep(2)llco < Jnax, 72 ,(sp1 + (1 = s)p2)lllpr — palle < =-llwr — walle> (3.28)

5, 1 polel?
[Fe.n(@)llco < [ Fep(0)llco + [[Fe.o(@) = Fep(0)llco < Mole|” + =-[l¢llc <
8Co 4Cy
and then, by @B28), || ,(¢)llc2 < polel?, namely, Q. ,(N:) C N.. Hence the assumptions of the
contraction principle are satisfied and we can conclude that Q. , admits a fixed point in N-. O

4 The variational argument

In this Section we complete the proof of Theorem 2.31 The starting point is the result stated in
Theorem B.1] according to which for every || # 0 small enough and for every p € [a1|e| ™%, asle| ]
there exists ¢, , € C?(R/27Z) with ||¢: |2 < pole|™P{781=0} satisfying

Ke,p(@e,p) = B(ue,p + @ phe p) = )\;)p cost + )\jp sin ¢

where the Lagrange multipliers )\;p = )\;p(cpg)p) are given by (82). Up to now, aj,a2,d € R are
arbitrary fixed constants with 0 < a; < az and § € (0,1), and pg is a constant depending on aq, as
and ¢ but not on € neither on p.

Here we prove that for a suitable choice of a1, az2,d € R with 0 < a1 < az and 0 € (0,1), for every
e # 0 small enough and with a suitable sign (the same of the coefficient A in the assumption (By))
one can find p. € [a1]e|™°, agle| ] such that AL, = A2 ) = 0 when p = p.. To this aim, we exploit
the variational nature of equation (LL6) which in fact corresponds to the Euler-Lagrange equation
associated to a certain energy functional.

The present Section consists in three parts: firstly we introduce the energy functional associated
to (LH) and we discuss its properties useful for the sequel. Then we tackle the equation )\; , = 0and
we prove that is admits a solution p = p. under some conditions. Finally we show that as soon as
Aép = 0, then also )\g)p =0.

11



4.1 The energy functional

Since B is radially symmetric of class C, there exists a C! map b: [0,00) — R such that B(v) = b(|v|)

for every v € R?. Set
v

[v]
Q) = W/o b(s)sds (veR*\{0}).

Then @ is a vector field with a continuous extension on R?, of class C! in R? \ {0} and satisfying

divQ = B on R?
Q(e"v) =eQv) VA eR, YveR2

For every ¢ € R, ¢ # 1, let

Wh = {u e WEHR,R?) | et cu(t) = u(t + 2r) Vt € R}

loc

Qo ={ueWh' |ut)A0Vt€R, 4#0 ae inR}.
Notice that u. , + ¢n. , € Q., as p € Se, ¢ € N: and [¢| small enough. Set
2
&) ::/ (] + Q(u) - i) At Vu € Q. |
0
One has that:

Lemma 4.1 The functional & is of class C' in Q. and

27 - h
&' (u)[h] = / (ILITI + B(u)it - h) dt Yue€Q., Yhe Wht.
0

If in addition v € C?, then
2m
&' (u)[h] :/ (B(u) — K(u))iu-hdt Yhe Wt
0

with KC as in ([LH).

Proof. We can write

2w

2
E(u) = ZL(u)+ < (u) where ZL(u):= /0 |e|dt and & (u) = Q(u) - iudt.

0

In a standard way one shows that .Z is of class C! in Q., and

27 o 7
L' (u)[h] = / “|T|h dt YueQ., Vhe Wht.
0

Moreover, if u € C?, an integration by parts yields

- _a(2m)-h(2m)  a(0)-h(0) [T a (a-d)a
2 Wl = =) o, <|u| faP? > hdt.

Since u(27) = et 4(0) and h(27) = et h(0), and using the decomposition

w-h. du-h_,

h= — i+ ——
At A

12
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one obtains

DT /e N[
. h
L' (W)[h] = —/ % dt Vhe Wil
0 u
Let us study the regularity of the functional /. Fix u € Q. and h € W1, For € # 0 small enough
one has that u + eh € Q. and there exists ro > 0 such that |u(t) + eh(t)| > ro > 0 for all ¢t € R. One
can write
A (u+teh) = (w)  [*7 Qu+eh) — Q(u) o

= Cdudt + Q(u+ €h) - ihdt .
€ 0 € 0

Since @ € C'(R?\ {0}, R?) and, in particular, @ and DQ are locally uniformly continuous in R?\ {0},

by standard arguments, using also the embedding of W1(0, 27) into C([0,27]), one can prove that

Qu+eh) — Qu)
€

lim
e—0

= DQ(u)h and 1i_r)%Q(u +¢eh) = Q(u) uniformly in [0, 27].

Therefore, by the Lebesgue Dominated Convergence Theorem, we infer that

lim A (uteh) — () _ [* DQ(u)[h, it dt + - Q(u) - ihdt
e— € 0 0
- " DQu)[h, i) dt — O " DQ)[i, ih] dt + Q(u(27)) - ih(27) — Q(u(0)) - ih(0)

27
:/ B(wh - indt,
0

where the second equality is obtained by integration by parts, whereas, for the last one, one uses
u(2m) = e%u(O), h(2r) = ette h(0), (@I) and the algebraic identity

Mv -iw — Mw -iv = (tr M)v -iw  Vo,w € R?,
where M is any 2 x 2 matrix and tr M denotes its trace. The remaining part of the result can be

proved in a standard way, following the same procedure as in [4] (see also [1]). O

4.2 The equation \! =0

Fix a1, as > 0 such that

|Aly\ "+
0<ar <|— < as (4.2)
and .
0= ——
O

and let ¢ be given by Theorem 3.1l One has:

Lemma 4.2 There exists € € (0,e9] such that if A > 0 then for every ¢ € (0,2) there exists p. €
1 1
Se[a1le]™7¥2, agle|~ 7] for which AL, =0. If A <0 the same conclusion holds for every e € (=,0).

Proof. According to (B.2), the equation Al , = 0 can be written in the form

27 27
/ Ke p(e p) costdt = / B(ue,p + @e,phe,p) costdt. (4.3)
0 0

13



Our goal is to show that, taking § = ﬁ, one has:
2m
/ Ke p(e.p) costdt = —2mep + Fi(e, p) (4.4)
0
2m
B(te,p + @z phe,p) costdt = —Aymp™ 7~ + Fy(e, p) (4.5)
0
with F; continuous functions such that
sup |Fi(e,p)| = o (le]'™°) as e—0, i=1,2. (4.6)

PES.

Assuming for a moment that ([@Z4)—(H) hold true, let us complete the proof of the lemma. From
EA)—(ED), dividing by ep, equation [3]) becomes

Ay
- =) (@)
with F continuous function such that
sup |F(e,p)] =0 as € =>0. (4.8)

PES.

Observe that for p € S. one has that |e[p?*2 < a]™. Hence, in order that [#7) admits a solution, &
must have the same sign as A. Considering the case A > 0 and defining G.(p) := 2 — Eﬁ%, by (&2)
we have that

Go(ar)e] ) =2 - Aya; T = a_ <0< ay =2 — Aya; " = G(azle]?).
Since ot are independent of ¢ and (@8] holds, there exists € € (0, o] such that
Ge(arle| ™) — F(g,a1le| %) < 0 < Ge(agle| %) — F(e,azle| %) Ve € (0,8). (4.9)

Since the mapping p — G.(p) — F(e, p) is continuous on S, by (£9), it must vanish at some p. € S,
for every ¢ € (0,€), namely (7)), and thus also ([A3) are satisfied when p = p.. If A < 0 one can
repeat the same argument, taking ¢ € (—%,0). Thus the lemma is proved. It remains to check (4]

and (Z5).
Proof of ([AA4). Setting

Rep(p) i= Ke p(p) — Ke p(0) = KL ,(0)[¢] Vo eN, (4.10)

we can write

27 27 27
/ Ke,p(e,p) costdt = / (Lope,p) cost dt + / (KL,,(0) = Lo)[spe,p] cos t dt
0 0 0 (4.11)
2 2 27 :
+ Re p(e,p) costdt—ap/ (Ke,p(0) — 1) dt—i—/ (Ke,p(0) —1)(ep+ cost)dt.
0 0 0
Integrating by parts twice we readily get that
27 27
/ (Lope,p) costdt = / @e,p (Locost) dt =0, (4.12)
0 0
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because cost € ker(Ly). Moreover, by (Z7), since p € S. and ¢, , satisfies (B3], we have

27
/ (KL ,(0) = Lo)[pe,p] costdt| < Cle['—*7 .
0

Therefore we can write
27
/ (KL ,(0) = Lo)[pe,p] cost dt = |e|' " TT Ky (e, p) (4.13)
0

where K is a continuous function, uniformly bounded with respect to p € S; and € € [—eg, o] \ {0}.
In order to estimate the third integral on the right-hand side of ([£.I1l), we observe that, fixing ¢ and
t € R, by (£I0) we can write

1 1
Repl@)t) = Rep0)0) + [ RL s ds = [ (KL, (s50) = KL, (0) [l ds.
Hence, taking ¢ = ¢. , and using (3.3) and (B20), we obtain

||R€>p(80a7p)||00 < Sl[lopl] HK:;,p(SSO&P) - K;,p(O)H ||9087p||02 < C|5|2:Y-
se|0,

This estimate allows us to write

27
Re p(pe,p) costdt = |5|2aK2(5,p) (4.14)

where K> is a continuous function, uniformly bounded with respect to p € Se and ¢ € [—¢g¢,¢0] \ {0}-
By (BI2) we have that

27
/ (Ke,p(0) = 1)dt| < Cle|* ™
0

and then )
“f”/ (1= K2 p(0) dt = [e]* =) Ky (e, p) (4.15)
0

where K3 is a continuous function, uniformly bounded with respect to p € Se and ¢ € [—¢g¢,¢0] \ {0}-
In order to estimate the last integral on the right-hand side of ([@ITl) we apply Lemma[T] with B =1
and Q(v) = §. In particular we set

2m
éo(u) := L(u) + (u) where op(u) = %/0 w-indt.

By Lemma 1] we have that

0

(9_p (€0 (ue,p)] = gé(us,p)[hs]

iet

where h.(t) = e-<. Since u. ,, he € €., we obtain

(1- 5)(% [60(ue,p)] = /0 7T[lC(u;._-)p) — 1](ep + cost) dt (4.16)

with K as in ([LH). We claim that

(1- 5)(% [Go(ue p)] = —2mep + |e|* °Kule,p) Vp€S., Ve€[—eo,c0]\{0}. (4.17)
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where K4 (e, p) is a continuous function, uniformly bounded with respect to p € S; and € € [—eg, £0] \
{0}. Therefore, by [@II)-IT), since min{l —J+7,25,2—-2§,2—0} >1—4§ for = ﬁ and v > 1,
H4) is true.

Proof of [{f-17). Recall that &y(u) := Z(u) + 2 (u). A simple computation shows that

(1-— E)%[Ao(u&p)] = —2mep. (4.18)

It remains to estimate the part of the energy associated to the length functional .Z. A direct compu-
tation yields

2m
(1—-e)ZL(uc,p) = V1 +e2p2 + 2epcostdt.
0

Notice that e € [—eg,e0] \ {0} and p € S. implies |ep| < agep™® =: 79 < 1, thanks to (34), and the
integral on the right-hand side in the above formula is well defined. It is convenient to introduce the
auxiliary function

2T
G(r) :z/ V1+2rcost+r2dt V|r|<1.
0
A threefold application of the derivation theorem for integrals depending on a parameter yields that
G is of class C3 in (—1,1), with
27 ok

0
G® (r) = a—g(r, t)ydt Vr| <1 (k=1,2,3), where g(r,t) = v/ 1+ 2rcost+r2.
0 T

In particular G'(0) = 0, G”(0) = 7 and % is uniformly bounded with respect to ¢ € [0,27] and
|r] < rg. Therefore
G'(r) =7mr +r2H(r) Vr € [—ro, 1o

where H is a continuous function on [—rg,ro]. Since (1 — )L (us,) = Glep), p € Sc and € €
[—£0,¢c0] \ {0}, we obtain that

(1- e)a%[f(us,p)] = e |ep+ |s|2<1—5>fi(s,p)] Ve € [~e0,20) \ {0}, Vpe S, (4.19)

where H(e,p) = p2|e|?)H(e6) is a continuous function, bounded uniformly with respect to ¢ €
[—€0,0] \ {0} and p € S.. Thus (@I7) follows from (I8)) and @I9).

Proof of ([@H). It is convenient to write

A Bl (1))
Bv) =14+ — 4.20
(w) =1+ ot ops (4.20)
where
B :=min{l,v1 — v} € (0,1]
and Bj: R? — R is a continuous radially symmetric function, defined by ([20), satisfying
o(1) ity >y+1
Bi(v) = . as |v| — oo.
1) { Ay +o(u)f~l) ify <y 41 [
By (£20), we have that
27 27
t
/ B(u51p+g057pn51p)costdt:A/ OO gt
0 0 luepl”
m 1 1 T Bi(ue,p + @e pic,p) (4.21)
—|—A/ cost( — ) dt—i—/ 1Wleip T Pesp S’pﬁ costdt.
0 [ue,p + Pepliep|? [t 0 |uep+ e pne 7t
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In order to estimate the first integral on the right-hand side of ([@21l), we write

27 27
cost cost
——dt=p"G1(p~') where Gi(r :/ .
/0 |ua7plv P 1(p ) 1( ) o (1—|—2TCOSt+T2)§

Notice that as p € S- and € € (0, &g], one has that 0 < p~! < al_leg =:71 < 1. A double application of

the derivation theorem for integrals depending on a parameter yields that Gy is of class C? in (—1,1),
with

27 21T 92
0g1 0°g1 cost
Gh(r) = = (r,t)dt d G/(r)= t)dt wh t) = )
1(r) /0 or (r,) o 1) o Or? () ere gi(rt) (1+ 2rcost +172)2

In particular G1(0) = 0, G1(0) = —y7 and 6(;‘721 is uniformly bounded with respect to ¢t € [0, 2] and

|r| < 7. Therefore
Gi(r) = —ymr +r2Hy(r) Vr € [—ri, 7]

where H; is a continuous function on [—7r1,71]. As a consequence
™ cost ~
/ ———dt =—ymp T+ p P H (p7) = —ymp T 4 [P0 Bi(e,p) (422)
0

where Bj (p) is a continuous function, bounded uniformly with respect to & € [—£g, 0]\ {0} and p € S..
The second integral on the right-hand side of (ZZI]) can be estimated as follows. By the mean value
theorem, and using (33) and B.3), for every ¢ there exists s € [0,1] such that

‘|u67p(t) + %,p(t)ns,p(t)l’” - |u€,p(t)|77| < ”Y|Us,p(t) + S@syp(t)ns,p(t)r’yil||Sﬁs,p||c2 < O|5|6(7+1)+?

Therefore

2

1 1 -

/ < - > costdt = ||’ 0TV By (e, p) (4.23)
0 [Ue,p + Pe,plep| T |ue,p|”

where By is a continuous function, uniformly bounded with respect to € € [—£o,20] \ {0} and p € S..
The estimate of the last integral on the right-hand side of (£21]) can be accomplished in different ways
according that 3 > v+ 1 or 73 <+ 1. Let us examine firstly the case y1 > v+ 1, in which § =1
and Bi(v) = o(|v|) as |v| = oo. Since |uc ,(t) + ¢e,p(t)ne ()| > Cle|~° for every ¢, we have that

2
B
/ 1(Ue,p + @sypnsﬁ; costdt‘ < C|g|5(7+1) sup  |Bi(v)|.

0 |tep+ Pepne | [el2Clel=*

For § = ﬁ, one has that 6(y+1) =1— 4 and

2w

B o)

/ 1(ue,p + S"a,pnafg costdt = |e|' 0 Bs(e, p) (4.24)
0 |Us,p + @Eypniqph

where Bs is a continuous function, such that SUP e 5. |£~33(5, p)| = 0 as € = 0. Therefore in this case,
by (@Z2I)-E24)), since min{dé(y +2), d(y+1)+7} >1 -4 for § = ﬁ and v > 1, @) is proved.
Finally let us consider the case 43 < v + 1, in which 8 € (0,1] and Bi(v) = A; + |v[*~'Ba2(v) with
Bs(v) — 0 as |v] — co. We split the last integral on the right-hand side of (21 as follows:

o 2w

B 1 1

/ 1(Ue,p + Pephe ) costdt = A, / [ - costdt
0 |tep+ e pne |78 0 [Ue,p + e, ple,p| 178 fue, [ 1P

27 27
cost Bs(ue. , + n
+A1/ i dt—i—/ 2(Uep + Pep E’J’:i costdt.
0 |u57p|’Y 0 |Us,p + ‘Ps,pns,ph

(4.25)
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The first two integrals on the right-hand side of ([@28]) can be studied as ([£23]) and [@22), respectively,
with v+ 8 instead of v, whereas the third one is like (£24]), with Bs instead of By. In conclusion, since
v+ B > v, @24) holds true even for v; < v+ 1. Hence, noting that min{dé(y+1)+7, 6(y+2)} >1-4¢
for § = ﬁ, (A21)-(#24) imply (45). O

4.3 The equation \? =0

The fact that the second Lagrange multiplier )\g , vanishes whenever the first one does is discussed
below and is a consequence of the invariance under rotation.

Lemma 4.3 If u = u. , + ¢n. , solves K(u) — B(u) = Asint, with K defined in (LH), and ¢ € N,
then A = 0.

Proof. Since @ solves [@1)) and | (e®u)| = [u] for every 6 € R, one has that
E€u)=Ewu) YIeR.
Hence, by the C! regularity of & (Lemma [E.T),

d

0:@

[co("((eieu)} = &' (e"u)[h] where h=ic". (4.26)
As eu, h € Q., by Lemma E.1 and by the symmetry of B, one has that
) 2 ) ) ) ) 2
&' (eu)[h] = / [B(eu) — K(e“u))ien - ie®udt = / [B(u) — K(uw)]u - udt. (4.27)
0 0

Using the assumption K(u)—B(u) = Asint, integrating by parts and taking into account that |u(27)| =

|w(0)], by (£26) and ([£27)) we obtain
2
0= )\/ |u|? cost dt . (4.28)
0

Recalling that u = u. , + ¢n. ,, with |uc ,|*> = p? + 1+ 2pcost and |n. ,| = 1, from ([£2]) it follows
that

2m 2m
A [2p/ cos? t dt + / (<p2 + 2puc - De p) costdt] =0. (4.29)
0 0

Finally, we observe that, since ¢ € N,

2m 2
/ (9> + 2¢u. , 1. ) costdt‘ <C (|5|2min{75’1_5} +(p+ 1)|5|min{76’1_6}) < 2p/ cos? t dt
0 0

for |e| # 0 small enough, and then (Z29) implies A = 0. O
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