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THE GABOR WAVE FRONT SET IN SPACES OF
ULTRADIFFERENTIABLE FUNCTIONS

CHIARA BOITI, DAVID JORNET, AND ALESSANDRO OLIARO

ABSTRACT. We consider the spaces of ultradifferentiable functions S, as introduced by Bjorck
(and its dual S!)) and we use time-frequency analysis to define a suitable wave front set in
this setting and obtain several applications: global regularity properties of pseudodifferential
operators of infinite order and the micro-pseudolocal behaviour of partial differential operators
with polynomial coefficients and of localization operators with symbols of exponential growth.
Moreover, we prove that the new wave front set, defined in terms of the Gabor transform, can
be described using only Gabor frames. Finally, some examples show the convenience of the use
of weight functions to describe more precisely the global regularity of (ultra)distributions.

1. Introduction

The wave front set is a basic concept in the local theory of linear partial differential operators
and it extends the one of singular support of a distribution. It deals with the analysis of the
singularities of a function (or distribution) and, at the same time, describes the directions along
which the high frequencies (in terms of the Fourier transform) responsible for those singularities
propagate. In the classical context of Schwartz distributions theory it was originally defined by
Hormander [21]. There is a huge literature on wave front sets for the study of the regularity
of linear partial differential operators in spaces of distributions or ultradistributions in a local
sense; see, for instance, [21, 23, 24, 25, 34, 15, 1, 2, 35, 7, 6] and the references therein.

In global classes of functions and distributions (like the Schwartz class S and its dual) the
concept of singular support does not make sense, since we require the information on the whole
R?. However, we still can define a global wave front set to describe the micro-regularity of a
distribution, where the cones are taken with respect to the whole of the phase space variables.
In fact, in [22] Hormander introduced two different types of global wave front sets: the C'*
wave font set, in the Beurling setting, for temperate distributions v € §’, and the analytic wave
front set, in the Roumieu setting, for ultradistributions &’ of Gelfand-Shilov type, addressed
to the study of quadratic hyperbolic operators. Unfortunately, these global versions of wave
front set have been almost ignored in the literature, whereas they will represent the key point
of our discussion. Only very recently, Rodino and Wahlberg [35] recovered the concept of
C> wave front set of [22] and showed that it can be reformulated in terms of the short-time
Fourier transform, which treats simultaneously the variables and covariables of a function (or
distribution) in order to quantify the energy of a signal at some time xy and some frequency
&y. Since the wave front set has to do with a simultaneous analysis of points (variables) and
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directions (covariables), it is very natural to try to apply methods of time-frequency analysis
in connection with the wave front set. Indeed, in [35] the authors use this advantage to show
also that the original wave front set introduced by Hormander can be described merely with
the information given by a Gabor frame, which is a fundamental tool in the theory of time-
frequency analysis with applications in signal processing and related issues in function space
theory and numerical analysis. Besides, recent applications of Gabor frames concern also the
analysis of partial differential equations and pseudodifferential equations (see the references
quoted in the introduction of [35] for more information). On the other hand, Nakamura [29]
introduces the homogenous wave front set for the study of propagation of micro-singularities for
Schrodinger equations, and it turns out to be equal to the Gabor wave front set [37]. Cappiello
and Schulz [12] recover the analytic wave front set of [22], defined in terms of a very general
known version of the FBI transform as introduced originally by Sjostrand [39], show that it
can be written using the Gabor transform (with Gaussian window) and study some cases not
treated by Hormander for Gelfand-Shilov ultradistributions of Gevrey type.

The modern theory of general linear PDEs has been largely addressed to local problems, i.e.,
to the study of solutions in a suitable small neighbourhood of a point in R?. More recently,
several authors have considered the study of (pseudo)differential operators from a global point
of view; see, for example [22; 30, 29, 37]. The Fourier transform and pseudo-differential cal-
culus find in R? their natural setting. In fact, some problems in Quantum Mechanics, Signal
Analysis and other applications in Physics and Engineering are represented by the study of
solutions in the whole Euclidean space R?. Motivated by these connections, the theory of time-
frequency analysis has become a very suitable tool for a better understanding of the study of
(pseudo)differential operators in the global setting and, in particular, in the Schwartz class S
(see [35]) or in Gelfand-Shilov spaces of Gevrey type (see [12]).

In the present paper we work in the classes of ultradifferentiable functions S, (R?), where
w is a weight function in the sense of Braun, Meise and Taylor [11], which we assume to
be also subadditive, in order to have a consistent definition of modulation spaces given by
exponential weights. Hence, we recover in particular the classes as introduced by Bjorck [3],
with the difference that we impose that the composition of the weight and the exponential is
convex, which allows the use of convex analysis techniques. The classes under consideration are
suitable for our purposes, since they are invariant under Fourier transform and provide a big
scale of spaces that contain as a particular case the Schwartz class when the weight function
is w(t) = log(1 +1t), t > 0. We have seen in the literature the benefits of time-frequency
analysis when applied to such classes (see [19]), even in combination with the global theory of
(pseudo)differential operators (see e.g. the paper by the same authors [8] and the references
therein, or [32, 33| when the classes are defined by sequences in the sense of Denjoy-Carleman;
see [27] for a detailed study of the structure of these spaces when defined by sequences). We
have to mention also that our classes always contain compactly supported functions (they are
non-quasianalytic) and we recover Gelfand-Shilov spaces of Beurling type of index s > 1 when
the weight function is w(t) = t!/* (i.e. a Gevrey weight).

The purpose of our paper is to define the Beurling version of the analytic wave front set
found in [22, 12| (where the authors only treated the Roumieu case) in the setting of S/ -
ultradistributions, show that it can be described in terms of Gabor frames (as it is done in the
setting of temperate distributions in [35]) and apply it to the study of the global regularity
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of (pseudo)differential operators of infinite order (in [35] the authors cannot treat operators of
infinite order, since they have symbols with polynomial growth). So, we extend, among other
results, part of the work [35] to the ultradifferentiable setting and treat the Beurling case, which
is new in the literature (the authors in [22, 12] treat the Roumieu case only for Gelfand-Shilov
ultradistributions).

From [19], we know that a function f € S, (RY) can be characterized in terms of the growth
of its Gabor transform, i.e. of its short-time Fourier transform. We use this fact to extend to
the ultradifferentiable setting some known properties of the Gabor transform in the frame of
the Schwartz class S, that we could not find in the literature for S,,, and we add them here for
the reader’s convenience (see Section 2).

In Section 3 we consider the global w-wave front set WF/ (u), for w-tempered distributions
u € S/ (R?), defined as the complement of the points zy € R?\ {0} for which there exists an
open conic set [' containing 2, such that

sup 3|V u(z)| < +oo, VA >0,
zel

where V,u is the Gabor transform of u with respect to the window ¢ € S, (R?) (we prove that
the definition does not depend on the choice of ¢). This definition of wave front set seems
natural since the Gabor transform allows to analyze simultaneously the ultradistribution with
respect to variables and covariables.

However, in many applications to signal processing and related topics, often Gabor frames
come out to be the most appropriate tool (see, for instance, [14, 20]). For this reason it is
also useful to consider a Gabor w-wave front set WFS (u), defined in terms of the decay of the
Gabor coefficients (u, II(\)p) of the ultradistribution u € S’ (R?) (see Definition 3.3), where
(N p(y) = @220 p(y — A) with A = (A;, A2) in a suitable lattice A. Actually this is equivalent
to analyze the decay of the Gabor transform of v on a conical set intersected with A, so that
it is natural to study the relation between these two wave front sets. One of the main results
of this paper, Theorem 3.17, is that WF/,(u) = WF%(u) for all u € S/ (R%), if the lattice is
sufficiently dense. In the particular case of w(t) = log(1+t) we recover the results of [35] about
wave front sets of tempered distributions.

In order to examine Gabor w-wave front sets, we need suitable modulation spaces with
exponential weights, in the setting of w-ultradistributions. To this aim we prove in Section 3
those results about modulation spaces which differ from the classical ones (cf. e.g. [18]).
Moreover, we prove two natural properties for the Gabor w-wave front set. Namely, for an
ultradistribution u € S’ (RY), we show that WF/ (u) is empty if and only if u € S, (R?), and
that it is not affected by translations and modulations (time-frequency shifts), as expected in
the global setting.

In Section 4 our results in the former sections are applied to study the global regularity of
some kind of pseudodifferential operators of infinite order with our global wave front set. For
a global symbol a(z, ) with exponential growth in the second variable, defined in the spirit of
[15] (see Definition 4.2), we consider the Kohn-Nirenberg quantization

~

a(z, D) f(x) = (2m) / @0 (3, &) F(€)de.

Rd
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which is well defined for f € S, (R?). We analyze the kernel of the Gabor transform of this
pseudo-differential operator to prove that

WF/, (a(x, D)u) C conesupp(a),

where conesupp(a) is the conic support of a(z,£), as defined in [22] (see also Definition 4.10).
As far as we know, this is new in the literature. As a consequence, we have that the Kohn-
Nirenberg quantization a(z, D), for a symbol a(z,§) € S,(R?*?) with compact support, is a
globally w-regularizing pseudo-differential operator, in the sense that for every u € S’ (R%) we
have that a(z, D)u € S, (R%).

We also study the micro-pseudolocal behaviour of a linear partial differential operator with
polynomial coefficients using purely the properties of the Gabor transform (Proposition 4.13)
and also of a very general type of localization operators (Theorem 4.15), obtaining in the
Beurling setting the analogous result of [12, Proposition 3.3|. Finally, in Section 5 we calculate
the wave front set of some concrete ultradistributions and show, in particular, the usefulness of
working with different weight functions, as in Example 5.4, where we analyze the global w-wave
front set of some ultradistributions for different weight functions w.

2. Preliminaries and the short-time Fourier transform in
S, (R%)
Given a function f € L'(R?), the Fourier transform of f is defined as
FD =€) = [ e sla) de
with standard extensions to more general spaces of functions and distributions.
Definition 2.1. A non-quasianalytic subadditive weight function is a continuous increasing

function w: [0,400) — [0, +00) satisfying the following properties:
(@) w(ts +12) Sw(th) +wlta) Vi, ta > 0;

) /1+OO ﬂdt < +00;

w [
(7) Ja € R,b>0 st w(t)>a+blog(l+t) Vt>0;
(0) pu(t) :=w(e') is conver.

We then define w(¢) = w([¢]) for ¢ € C.

We denote by ¢} the Young conjugate of ¢, defined by
po(s) ==sup{st —p, ()},  s=>0.
>0

Note that ¢ is increasing and convex, and ¢’ = ¢, by Fenchel-Moreau Theorem (see for
example [10]). Moreover, ¢ (s)/s is increasing since

©,(0) = Stgg(—%(t)) <0
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and therefore, for 0 < s; < s9, by the convexity of ¢} :
s s s s s
erlo0 = ot (Lt (1-2)0) = Lo + (1- 2) 2000 = Lot
S9 S9 So S2 59
It will be also useful in the sequel the following inequality
(2.1) 21 0(3) < ¢73L(3), Ve Ny, A > 0.

Estimates of this kind are well known (see, for instance, [11, 5]), usually stated under slightly
different conditions on w. We give here a short proof of (2.1) for the sake of completeness. By
definition of ¢} for ¢, (t) = w(e') and by the subadditivity of w:

#uls) = sup{ts — pu(t)} 2 sup{ts — @, (1)} = sup{(o +1)s — pu(o + 1)}

t>0

= s+sup{os —w(ee’)} > s+ sup{os — 3p,(0)} = s+ 3¢, <f) _
>0 >0 3

Therefore, for s = j/A and multiplying by A:
« (7 : < (J
= > -
pYo (/\) > 7+ 3 ¢, <3)\) ,

27'@3)‘('9:’(%) < @AS&Z(%),

and hence

Definition 2.2. We define S, (R?) as the set of all u € S(RY) such that
(1) YA > 0,a € N : sup @ |D%(z)| < +o0,
Ra

(i) VA > 0,a € N¢ : sup *©|D%(€)| < 400,
R4

where Ny := NU {0} and D* = (—i)l*l9>,

As usual, the corresponding dual space is denoted by S'(R?) and is the set of all linear
and continuous functionals u : S,(RY) — C. An element of S'(R?) is called an w-tempered
distribution.

In [8, Thm. 4.8] we provided the space S,,(R?) with different equivalent systems of seminorms.
For example, for u € S,(R?), the family of seminorms

* (1o * (18]
(2.2) pap(u) == sup sup ]mﬁDau(:c)]e_A‘p“(T)_“‘p“(T),
a,BeNd zeR?
for A\, p > 0. On the other hand, it is not difficult to see (using, for instance, [8, Lemma 4.7(ii)])
that the family of seminorms

(2.3) qrpu(w) == sup sup |Dau(x)|ef)‘%(%)+“w(x), A >0,

aENg z€RC

defines another equivalent system of seminorms for S, (R?).

We recall that S, (RY) € S(R?) and for their correspondent dual spaces we have the inclusion
S'(R?) C 8 (R?). Moreover, the Fourier transform is a continuous automorphism from S, (R?)
to S,(R?) and from &/ (R?) to S (R?).
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The condition (/) of non-quasianalyticity in Definition 2.1 ensures the existence of functions
with compact support in S,(R?). To be more precise, let us briefly recall (see [11, 4]) the
definition of the space £ (2) of w-ultradifferentiable functions of Beurling type in an open
subset  of RY. It is the set

Ey(Q) 1= {f € C®(Q): VK CCQ, ¥YmeN

« (1o
sup sup [D* f(z)|e ™ (0) < +oo}.
aeNd ze K

To define then the space of w-ultradifferentiable functions of Beurling type with compact sup-
port, we first consider, for a compact set K C (2,

(2.4) Dy (K) :={f € ) () : supp f € K}.

This space is not trivial because of (8) of Definition 2.1. Finally, we set the space of test
functions as follows

D () = ind lim D, (K).

Then the following continuous inclusions hold (see [17, 3]):
D) (RY) C 8,(R?) C € (RY).
Example 2.3. An example of non-quasianalytic subadditive weight function is
w(t) =t s> 1.

In this case £)(2) is the space 7 () of small Gevrey functions (see [24]), D(,)(€2) is the
space of small Gevrey functions with compact support. The space S,,(R?) is the Gelfand-Shilov
space of Beurling type ¥ (R?) (see [31]).
Other examples of admissible weights are given by
w(t) =log? (e’ 4 1), g >1.

In this case we recover, for § = 1, the class £(£2) of C* functions, the class of D(2) of C*
functions with compact support in Q and, for S, (R%), the classical space S(R?) of rapidly
decreasing functions in RY.

We refer, for instance, to [11, 1, 2] for more examples. We also refer to [9] for the comparison
of the spaces &), D(,) with the analogous ones defined by sequences in the sense of Denjoy-
Carleman (in the Roumieu case as well; see at the beginning of Section 4 for more information).

Let us denote by T, M, and II(2), respectively, the translation, the modulation and the
phase-space shift operators, defined by

Tof(y) = fly—2), Mef(y)=e“9f(y), W)f(y) = MTf(y) = ¢ fy — ),
for z,y,& € R? and 2z = (z,&).

Definition 2.4. For a window function ¢ € S,(R?) \ {0}, the short-time Fourier transform
(briefly STFT) of f € S (RY) is defined, for z = (x,£) € R*, by:

(2.5) Vof(2) == (f,11(2)p)
(2.6) = /.1 W)y — x)e 8 dy,
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where the bracket (-,-) in (2.5) and the integral in (2.6) denote the conjugate linear action of
S! on S, consistent with the inner product (-, ).

By [19, Lemma 1.1}, for f, ¢, v € S, (RY) we have the following inversion formula:

2.) WA 10) = o7 [ VeI 0
In particular, for ¢ = ¢ € S,,(R%) \ {0}:

1
2 ) = Gy

We recall, from [19], the following results:

/de Voo f (2)(H(2)) (y)dz.

Theorem 2.5. Let ¢ € S,(R?) \ {0} and f € S, (R?). Then V,f is continuous and there are
constants ¢, A\ > 0 such that

(2.9) VL f(2)| < ce?® vz € R*.

Proposition 2.6. Let ¢ € S,(R?)\ {0} and assume that F : R* — C is a measurable function
that satisfies that for all X\ > 0 there is a constant C'\x > 0 such that

|F(2)] < Cye B Vz € R,
Then

defines a function f € S, (RY).

Theorem 2.7. Let p € S,(R?) \ {0}. Then, for f € S'(R?), the following are equivalent:

(i) f € Su(RY);
(ii) for all X\ > 0 there ezists C\ > 0 such that

Vo f(2)] < Che () vz € R,
(iii) V,f € S, (R*).

The following lemma is well known for functions in S(R?), and hence in S, (R%). So we omit
its proof.

Lemma 2.8. For f,p € S,(RY) we have that
Vo (n.y) = @n)2e) f(—)B()  ¥(n,y) € R™.
As a consequence, we can deduce the following result.
Proposition 2.9. Let ¢ € S,,(R%)\ {0}. Then
V,: Su(RY) — S, (R*)

18 continuous.
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Proof. Let us first remark that if f € S,(R?) then V,f € S,,(R*) by Theorem 2.7.
Since S,, is a Fréchet space, to prove the continuity of V,, we consider a sequence {f, }nen C
S.,(R?) such that

(2.10) fo— fE€SLRY)  inS,(RY

and prove that V,f,, = V,.f in S, (R*).
Indeed, (2.10) implies that

¢ [ (=) @) — M F(—y)P(n)  in Su(R*)
and hence, by Lemma 2.8,
Vofn = Vof  in S,(R2).
Applying the inverse Fourier transform, which is continuous on S, we have that
Voo = Vof  in S,(R*).
and the proof is complete. O

The short-time Fourier transform also provides a new equivalent system of seminorms for

S, (R).
Proposition 2.10. If ¢ € S,(R%) \ {0}, then the collection of seminorms
Vi llon i= sup [V, f(2)]eX),
zeRQd

for X >0, forms an equivalent system of seminorms for S, (R%).
Proof. Set
SuRY) = {f € SRY) : |V, fllwa < +oo VA > 0}.

By Theorem 2.7 the sets S, (R?) and S,,(R?) are equal. We have to prove that they have the
same topology.
By the inversion formula (2.8) we have that, for z = (x,£) € R*® and \, u > 0,
5 (5

(R G2 Dy p o)

el I EINPE H ORI

= e ee(§)e et () / Vel (@91 1y’ Dy ply — @)l dade
(2.11) <o (D)2 [ s ol e ()

'y<oz
Qe DYy — x)|e (5 21 dadg

for some C' > 0.
We shall now need the following inequality

(2.12) e e (h) < e ®, >0, jeN,,
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that is well known for ¢ > 1 with C), = 1 (see, for instance, [8, Lemma 4.7(i)] or [15]), and is
trivial for 0 < ¢ < 1 with C, = 740 since o* is increasing.
Substituting (2.12) and (2.1) into (2.11), by the subadditivity of w we have

—Asow(' ‘) Ww( )yyﬁpaf )| < C, Z( )Qlal/ ’Vgof(x’g)’euw(w)euw(yfw)

<L
(2.13) JElDI(y — 2)e (5 dadg.
Since ¢ € S,,(R?), by (2.3), for every A, u > 0 there is a constant Cy ,, > 0 such that for all
v € Nd and y € RY,

vl

(2.14) IDIo(y) e < Cy e (),

From (2.14) with 3\ instead of A and y — z instead of y, we have that for every pu, A > 0 there
exists a constant C), y > 0 such that

een (8222 Doy < CmZ( ) o

<«

ol

[ Ve et e (58 () e

Joo— v\

By (2.12) we have |§||a*7| < Oy T35
have that

(2.15) ¢i(a) +¢L(0) = wi((a+b)—

Therefore, for a new constant C), x > 0:

). Since ¢} is convex and ¢ (0) < 0, we

)+¢Z((@+b) o (a+1b), ab>0.

e

()01 Dy )
< CMZ( )2—04 /R Ve (@, ©)le e Ddadg

<«

< C%/\/ |V<pf(z)’6(M+3)\+m)w(z)efmw(z)dz
R2d

(216) S O,:,)\HVQOwa,u—i-IS)\—i—m?

for C \ = Cunx [pea e~ dz, which is finite if m > (2d + 1)/b, where b is the constant in
condition (7y) of Definition 2.1.

It is easy to see that S, (R?) is a Fréchet space. Indeed, the estimate (2.16) implies that the
identity operator I : S,(R?) — S,(R%) is continuous. Hence, any Cauchy sequence {fn}nen
in S,(R%) is a Cauchy sequence in S,(R%). So, it converges in S,(R?) to some f (because
S.(R?) is complete). From Proposition 2.9, {V,,f,, }nen converges to V., f in S,,(R??). Therefore,
{ fu}nen converges to f in S, (R?).

We can apply the open mapping theorem to conclude that I is an isomorphism and hence
the two topologies on S, (R?) coincide. O

Now, we can prove the following
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Proposition 2.11. Assume that ¢,y € S,(R?) \ {0} with (x,7) # 0. Then the following
assertions hold:

(a) If F: R* — C is a measurable function that satisfies, for some ¢, A > 0,
(2.17) |F(2)] < ce™@  Vze R,
then

S.RY 3 g s (f.g) = / F(){I(2)7, p)d=

R2d

defines an w-tempered distribution f € S’ (R?).
(b) In particular, if F = Vyf for some f € S/ (RY), then the following inversion formula
holds:

(2.18) ot

(2m) (v, )
Proof. From (2.17) we have, for all p € S, (R?),

ol [ IPEI Ve

c / eAw(z)erw(z) |V7QO(Z> |efmw(z)dz
R2d

[ vetenind

IN

(2.19) < IV,pllonin

for some ¢ > 0 and m > (2d + 1) /b, where b is the constant in condition () of Definition 2.1.
From Proposition 2.10 the inequality (2.19) implies that f defines a continuous linear func-
tional on S, (R?), i.e. f € S/ (RY). This proves (a).
In particular, if F' =V, f for some f € S/ (RY) then F satisfies (2.17) by Theorem 2.5 and
hence (2.18) defines an w-tempered distribution f € S/, (R%) given by
~ 1

(f,0) = )0 Ja Vpf(2)((2)y,0)dz Yo € S,(RY).

However, from (2.7) we have that

B 1
7T nd,A)

and then (see also [18, pg 43] for vector valued integrals)

1 e
o= ——— [ Vo )
9= G / S TI(2)0)
1
e e W LRI

= (f.¢), ¢ ESRY).
Therefore f = f and (b) is proved. O

[ el
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Let us now recall the definition of the adjoint operator of V,,. We consider, for ¢ € L?(R?),
the operator

A, LA(R*™) — L*(RY)
defined by

A F = /R2d F(2)I(z)pdz.

This is the adjoint operator of V,, : L*(R?) — L*(R?*®) since, for all F' € L*(R*¥) and
h € L3(RY),
AR = [ PO hids = (F.Voh) = (VEB)
R2d
In particular, for ¢ € S,(R?) and F € S, (R*)) we can define the adjoint operator V}F =
A F. We observe that Vi F € S,(RY). In fact, if G(z,£,t) := F(z,&)p(t — ) € S,(R*), we

can write A,F' as a partial Fourier transform:

(2.20) A F(t) = /R . F(x,8)p(t — 2)e' " drdé = (Fo)G) (¢, €,1)

(m/,£/7t):(077t,t) )

Since S, (R3?) is invariant under partial Fourier transforms (see, e.g. [8, Remark 4.10]) and
restrictions to linear sub-manifolds we deduce that

(2.21) Vi S,(R*M) — S, (RY)

©
is continuous.
Moreover, the inversion formula (2.7) gives, for o, 1, f € S,(R?) with (o, 1) # 0,

Vel = gy L, VeSO Ied = 2
.C. 1
(2.22) WVJVQ/’ = I, (za).

More in general, if ¢ € S,(R?) \ {0} and F' is a measurable function on R??, we define the
adjoint operator

(2.23) VoF = / F(2)I(z)pdz,
R2d
where the integral is interpreted, if necessary, in a weak sense, i.e.
<V;F, g) = / F(2)I(2)p, g)dz = / F(z)m(z)dz = (F,V,g)

R2d R2d
for g € S,(RY).
In particular, if p,1 € S,(R?) \ {0} with (p,v) # 0, by Theorem 2.5 and Proposition 2.11
we can define the adjoint operator (2.23) for F =V, f with f € S/ (R?) and obtain that, for all
g € Su(RY),

(2.24) V2Vol.o) = [ Ve GHIE)e gz = (20,0 f.),
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e, 1
(2m) e, )

We can now prove the following proposition in a standard way.

Proposition 2.12. Let ¢,1,v € S,(R?) with (v,1) # 0 and let f € S/ (R?). Then

1

W(\W\*I‘/@v!)(z)y z=(z,§) € R™.

Vef(2)] <

3. The w-Gabor wave front set

In this section we consider a global wave front set for w-tempered distributions from two different
points of view. The first one is defined in terms of rapid decay of the STFT in conical sets, that
is a natural approach to analyze the regularity of an ultradistribution with respect to variables
and covariables simultaneously. The second one is described in terms of the rapid decay of the
Gabor frame coefficients, and is more related to applications to signal processing and related
topics (see, for instance, [35, 14, 20]).

One of the main results of this section is to prove that these two points of view lead to the
same global wave front set, so that it is actually sufficient to consider the decay of the Gabor
transform in conical sets intersected with a suitable lattice.

Definition 3.1. Let u € S/ (R?) and ¢ € S,(RY)\ {0}. We say that zo = (z0,&) € R*\ {0}
is mot in the w-wave front set WF (u) of u if there exists an open conic set I C R\ {0}
containing zo and such that

(3.1) sup MOV u(z)| < +oo, VA > 0.
zE

We observe that WF/ (u) is a closed conic subset of R??\ {0}. Moreover, it does not depend
on the choice of the window function ¢, as the following proposition shows.

Proposition 3.2. Let u € S (R?), p € S,(RY) \ {0} and 2o € R* \ {0}. Assume that there
exists an open conic set I' C R?!\ {0} containing zo such that (3.1) is satisfied. Then, for
any ¥ € S,(RY) \ {0} and for any open conic set T" C R*\ {0} containing zy and such that
"N Syy_1 C T, where Soq_1 is the unit sphere in R*?, we have

(3.2) sup ™| Vyu(z)| < 400, YA > 0.
zel”

Proof. From Proposition 2.12 we have that
(3.3) Vou(z)] < @m) el 2(Veul * [Vapl)(z) ¥z € R*.

Moreover, since ¢ € S,(R%), from Theorem 2.7 we have that for every u > 0 there exists
C, > 0 such that

(3.4) | Vp(2) <O, VzeR™



C. Borri, D. JORNET AND A. OLIARO 13

Then
(Vo #[Vag)(2) = [ Wtz = )] - [Vl )1

= / |Vou(z — 2')] - |Vypp(2)|dz’ —i—/ (Vou(z — 2')| - |Vyp(2')|dz'
(2")<e(2) (2)>e(2)

(3.5) =11+ I,.
Let us choose € > 0 sufficiently small so that
zel', |z| =1, () <elz) = =z-7€T,
and hence, from (3.1), the subadditivity of w and (3.4):

I < C,\/ e’M(Z’Z/)|V¢<p(z’)|dz'
(#")<e(2)

< Cxe_m(z)/ eWFML | () |em™ ) gy
R2d

(3.6) < Che B XS0, z€el, 2| > 1.

if m > (2d 4 1)/b, where b is the constant in condition (y) of Definition 2.1.
On the other hand, from Theorem 2.5 and (3.4), for m > 0 big enough:

béc/ M Vo) 2!
(2')>e(z)

< Ce)\w(z)/ €(A+m_ﬂ)w(2/)|v¢§0(2,)|e“w(z’)6_mw(z')dzl
(2')>e(2)
(3.7) < M) AN M) (Ot mop Bew(e) 0

for some ¢ > 0, if u > A +m, A = w(1) and B. = ([1/¢] + 1)7!, since for (z') > (z) by the
subadditivity of w:

o) < () < (160) < ([2] 1) i
(-

where [x] denotes the integer part of z € R.
Since ¢ is fixed, the arbitrariness of g > A+ m in (3.7) implies that for every N > 0 there
exists a constant C'y, > 0 such that

(3.8) I < Cye @G 5 e R¥
This gives the conclusion. U

Given a, 3 > 0, consider the lattice A = aZ® x fZ* C R?*’. For a window ¢ € L*(R%)\ {0}
the collection {II(0)p},ea is called a Gabor frame for L*(R?) provided there exist constants
A, B > 0 such that

AlfIZe < DKL @) < Bllfll7e,  f e LARY

geA
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(see [18] for the analysis of the conditions on « and f for which {II(0)¢},ca is a Gabor frame).
Now, we define the Gabor w-wave front set.

Definition 3.3. Let ¢ € S,(R%) \ {0} and A = apZ? x ByZ? C R*? q lattice with ag, By > 0
sufficiently small so that {I1(c)p}een is a Gabor frame for L2(RY). If u € S (RY), we say that
2 € R?4\ {0} is not in the Gabor w-wave front set WFS (u) of u if there exists an open conic
set ' C R*\ {0} containing 2o such that

(3.9) sup ™V u(o)| < +oo YA > 0.

oceANl’

Our next goal is to prove that WF/ (u) = WF&(u). To this aim we need some properties of
modulation spaces adapted to our setting. We prove those results that differ from the classical
ones already known in S(R?) (see [18]).

We consider, for A € R\ {0},

(3.10) my(z) = e, ox(z) = A, z € R".
The weights m(z) are vy-moderate, in the sense that
ma(21 + 22) < va(z1)ma(z2),

for every A\ # 0 and 21, 2o € R™. This is immediate from the subadditivity of w.
We denote, following [18], the weighted LP? spaces by

LPa(R*) = {F measurable on R* such that

1Pl o= ([, ([ 1P oPmatz, o) a) ™ < oc),

for 1 < p,q < 400, and

Lﬁf(Rw) = { F measurable on R?? such that

||F||L;‘;3;1 = </Rd (esssup |F(£L‘,§)|m>\($’€))qd€>l/q < +oo},

zeRd

LE(R*) = { F measurable on R?? such that

1/p
[Pl = esssup (| [F(z.§)Pma(w,rdr) < 400},
A £eR R4
for 1 < p,q < 400 with p = +00 or ¢ = 400 respectively.
By [18, Lemma 11.1.2] these are Banach spaces for all 1 < p,q¢ < +oo. Moreover, for
F e Lht (R*) and H € Lllf//’f,IA (R24), where p’ and ¢’ are the conjugate exponents of p and ¢
respectively (i.e. %—I—I% =1lifl<p<+oo,p =+cifp=1,p =1if p= +oo, and the same

for q), then F'- H € L*(R??) and
/ F(z)H(z)dz
R2d

If 1 < p,q < +o0, the dual of L2 (R*?) is given by Lﬁ’l/’fr; (R24),

(3.11) < N F ez 1 e -
mx
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From [18, Proposition 11.1.3] we have the following Young inequality for weighted LP*? spaces.
For F' € b4 and G € L}

vy

(3.12) I1F' % Gl < Cl[F || |Gl

for some C' > 0.

Remark 3.4. It is easy to see that for every A € R\ {0} and 1 < p,q < +00 we have
2d g (To2d

Su(R*) C L (R™).

Moreover e #() e L4 (R*) for 1 > 0 large enough, since my(z) = e and e~ <
e (1 4 |z|)74 for any A > 0, by condition (v) of Definition 2.1.

Definition 3.5. Let ¢ € S,,(RY) \ {0}, and mx(z) as in (3.10) for some A # 0. For 1 < p,q <
+00, the modulation space Mb? (R?) is defined by

) ay ._ dy . d
M7 (RY) = {f € SL(RY) : V,.f € L} (R*)},
with norm || fl[azs = Vi fllLza . We denote then My, (RY) := MPP(RY).

Observe that Definition 3.5 is similar to the definition of modulation spaces in [18]; the
difference is that here M7 (R?) is a subset of S.,(RY), and we take a window ¢ € S,(RY),
while in [18] the modulation space MP:(R%) is a subset of S'(R?) and the window belongs to
S(R?) (or a subset of (M!)* for a suitable weight v, in a suitable space of ‘special’” windows
Sc(R%)). Moreover, here we always need weights of exponential type. We refer to [40, 41]
for modulation spaces in the setting of Gelfand-Shilov spaces, among other type of spaces of
ultradifferentiable functions and ultradistributions.

The definition of M*:? is independent of the window ¢, in the sense that different (non-zero)
windows in S, (R?) give equivalent norms. Indeed for p,1 € S, (R%), p,1 # 0, we have from
Proposition 2.12; applied with v = w, that

(3.13) Ve lizs, < g W V| [Vl < ClVfllma
IVeetoll 1 . ) ) .
where C' = B wHQ* , as we can deduce from Young inequality (3.12) (observe that C' is finite
72

by Proposition 2.9 and Remark 3.4). Then, by interchanging the roles of ¢ and 1) we have that
Vof € LE1 if and only if Vi, f € L1, and the corresponding modulation space norms of f with
respect to the two windows are equivalent.

Remark 3.6. From Theorems 2.7 and 2.5 and Proposition 2.11 we have that
= (M3 R, SLRY) =My (RY).
A>0 A<0

The inversion formula of Proposition 2.11 holds also in modulation spaces, as stated below.

Proposition 3.7. Let v € S,(RY) be a not identically zero window, and consider, for a mea-
surable function F on R??, the adjoint VXE defined as in (2.23). Then:
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(i) The operator V¥ acts continuously as
* ) 2d , d
Vi L (R - M (RY),
and there exists C > 0 such that
IV Ellazg < ClIVey

1 H D,q
LU)\ F Ly o

where @ is the window in the corresponding M7}? norm.
(ii) In the particular case when F =V, f, for g € S,(R), and f € MV, if (v, g) # 0 the
following inversion formula holds:
1
f:—/ V,f(2)Il(z)ydz.
)0y, ) Jaas /)
Proof. (i) We start by proving that V*F is an element of S/, (R?). For ¢ € S,(R?) we have
from (3.11),
[(VIE ) = [V < PNz VAl o
mx
< HFHLe,;gH@““’(Z)VywlooHe_“‘”(’z)HL’;’/q/ :
mx
this expression is finite for p > 0 sufficiently large, as we can deduce from Theorem 2.7(ii)
and Remark 3.4. Then from Proposition 2.10 we have that VI F' is a well defined element of
S/ (R??). From Theorem 2.5 we have that VL,V F'is a continuous function; it is explicitly given
by

V@) = (VG ETEE) = [ ) VTR dy dr.

R2d
Writing z = (z,£) we have

[VVIF(2,8)] =

/ Flym V(e =y, € = e dy dn
R2

< (I [V ) (z, €).
Then, from Young inequality (3.12) we obtain

(3.14) IV Fllagzg = VoV Fllg < CIFig IVl
and this expression is finite since Vv € S,(R*) C L} (R*?) for every X € R from Remark 3.4.

(ii) We first observe that, by (3.13), V, f € LE:?. Then, from point (i), f= mv;ﬂ/gf €
M7V Since MY C S, we have that f = f by (2.25). O

Theorem 3.8. Let 1 < p,q < oco. We have
(Mp’q )* _ Mp/’q/
mx

1/my?

and the duality is given by

) = /R V(R de

for f € MP? and h € M¥"

mx 1/my-
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Proof. The proof of this result relies on the duality of weighted LP¢ spaces, and it is the same
as in Theorem 11.3.6 of [18]. O

Proposition 3.9. For 1 < p,q < oo we have that S,,(R?Y) is a dense subspace of M7

Proof. We first observe that, from property () of the weight function w (see Definition 2.1) we
have that, for ;> A big enough, e #) ¢ Lr4 by Remark 3.4. Hence, for every f € S.(R?)
we obtain
Iz = Ve fllins < Ve f(2)e P lalle @ g -
From Proposition 2.10 we have
S.(RY ¢ M b,

with continuous inclusion. It remains to prove the density. We denote by K, := {z € R* :
2] < n}, and we fix ¢ € S, with |[p||7, = (2m)~%. Consider f € M%? and define

Fo=V,f xr, and f,=V]F,.

From Proposition 2.6 we have that f, € S,(R?). Moreover, using (2.25) and Proposition 3.7
we obtain

1o = Fllagzs = V2 F = V2V llaz
< CF = Vo fllize
= C||V<pf||L£’,;§ (R24\ K )~
So, || fn — f||Mgﬁ§ tends to 0 for n — oo, which completes the proof. O

We recall now from [18] some basic facts about amalgam spaces.

Definition 3.10. We indicate with (5;1 (Z*?) the space of all sequences () g nezd, With a, € C
for every k,n € Z2, such that the following norm is finite

ol = (3 (X lawlrma ) Q/p) 7

neZd “keZd
Definition 3.11. Let F' be a measurable function on R?*¢, and define

agn, = esssup |F(k+z,n+E)|.
(z,€)€[0,1]27

We say that F € W(LR1) if the sequence a = (agn)pneze belongs to (20 (Z*Y). The space
W (LE:) is called amalgam space, and has the norm defined by

1Fllweng) = llallag

Let ¢ € S,(R?) and A = opZ? x ByZ? a lattice with ag, By > 0 sufficiently small so that
{Il(0)plsen is a Gabor frame for L?(R?). We indicate with m, the restriction of the weight
(3.10) to the lattice A, in the sense that

ma(k,n) == my(aok, Bon).

We recall the following result (see Proposition 11.1.4 of [18]).
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Proposition 3.12. Let F' € W(LP?) be a continuous function, and ag, By > 0. Then F|y €
21 and there exists a constant C = C(«ap, fo, A) such that

my’
HF’AHff’;;q < CHF|’W(L£’,;§).
A
Now, we study the Gabor frame operator associated to the lattice A, given by

(3.15) Sod = S TU@)ATI()0,
ogeA
for v, f € LA(RY).
We write as usual S, = D,C,, where C,, is the ‘analysis’ operator, acting on a function f
as

(316) C@f - <f7 H(U)Qp% S A7
and Dy is the ‘synthesis’ operator, acting on a sequence ¢ = (Cgn )k nezd a8
(3.17) Dyc= Y crnIl(ok, Bon)e).

knezd

We analyze the action of the previous operators on the modulation spaces M%:?. The proofs
of the next two results are very similar to [18, Thms. 12.2.3, 12.2.4], so we omit them. We just
remark that, since p € S, C S, we have that V,p € S; then by Proposition 12.1.11 of [18] we
have Vo € W(L,, ), and so we can apply Theorem 11.1.5 of [18].

Theorem 3.13. Let ¢ € S,,(RY) and A a lattice as before. Then the operator
Cp : MBI(RY) — (27 (Z77)
is bounded for every A € R\ {0}, ap, By >0, and 1 < p,q < oc.
Theorem 3.14. Let v € S,(R?). Then we have:
(i) The operator
Dy : 29 (2*%) — MPb1(RY)
is bounded, for every 1 < p,q < 00, ag, By >0, and A € R\ {0}.
(ii) For every c € Ef%’f; and f € M) we have that
(3.18) (Dyc, f) = (c,Cyf), for1<p,qg< o0
and
(3.19) (Cyf,c) = (f, Dyc), for1 < p,q < oc.

(iii) For p,q < oo, we have that Dyc converges unconditionally in M%? ;if p = q = oo, then
Dyc converges unconditionally weak™ in M7y, .

Now, we study the Gabor frame operator (3.15). We recall (see [18, Prop. 5.1.1 and 5.2.1])
that if we take a window ¢ € L*(R?) and a lattice A such that {II(c)¢},ecn is a Gabor frame
for L?(R%), the operator (3.15) is invertible on L?(R?). Moreover, if we define the dual window
¥ of ¢ by ¢ := 5,1, we have that for every f € L*(R?),

f=> _(f1(o))T(0)y)

oeEN
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with unconditional convergence in L?(R?). We observe also that if ¢ € S,(R?) then the dual
window ¥ € S,(R?) by [19, Thm. 4.2].

Lemma 3.15. Fiz ¢ € S,(RY)\ {0}, and let ¢ € S,(R)\ {0} be the dual window of p. For
f e MPI(RY), X e R\ {0}, we have

f=DyCof = (f,T(0)p)TI(0))
oc€eA
and
f=DyCyf = (f,T(o))TI(a)e,
ocEA
with convergence in MY forp,q < oo, and weak™ convergence in M‘l’jm i the case p = q¢ = o0.
Proof. We first consider the case p,q < oco. From Proposition 3.9 we have that there exists a
sequence f, € S,(R?) such that f, — f in M2 as n — oo. Since S,(R?) C L*(R?), we have
that
(3.20) fn=DyCysfn = DyCyfn.

From Theorems 3.13 and 3.14 we obtain D,C, f, — Dy,C,f and D,Cy f, — D,Cy f in M7,
and so from (3.20) the result is proved.

We now pass to the case p =g =oc. Let f € M7, and g € Mik. We have to prove that
(321) <f> g> = <D1/JCSOf7 g> = <D<PC¢fa g>
From (3.18) and (3.19) we have that

<quof, g> = <f7 D@C¢g>a

from the previous point we have that D,Cyg = ¢g in M 11w so the first equality in (3.21) is

proved. The other is similar. O

Remark 3.16. Let v € S (R%), and ¢,¢ € S,(R?) as in Lemma 3.15. Then for every
0 € S,(R?) we have

(3.22) (u,8) =Y (u,IL(0)p)(IL(0), 6).

We have indeed that from Remark 3.6 there exists A < 0 such that v € M7 = M7j, . Then,

1
vy

(u,g) = > (u.T(0)p)([(0)¢, g).

geA

from Lemma 3.15, for every g € M

From Proposition 3.9, the previous formula then holds for g = 6 € S,,(RY), so we have (3.22).
We can now prove the main result of this section.
Theorem 3.17. If u € S/ (RY) then
W, (u) = WFS (u).
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Proof. The inclusion WFS (1) C WF/ (u) is trivial, so that we only have to prove that
WF/ (u) € WFS (u).

Let 0 # 29 ¢ WF%(u). So, there exists an open conic set I' € R?**\ {0} containing o such that
(3.9) is satisfied. By Remark 3.16 we have that, for ¢ € S,(R?) \ {0} and ¢ = S_lp € S,(R?)

its dual window,

w, ) =Y Veu(o)(I(o)g,v) Vi € Sy(RY).

geA

We denote

Z Vou(o)l(o)p

ceAnl’

Z Vou(o)ll(o)p

o€A\T

Clearly V,u(z) = V,ui(z) + Vyus(z). Denoting o = (01,03) € R? x R, by (2.12), (2.1), the
subadditivity of w and (2.14), we can estimate, for every o, 5 € N¢, A\, u > 0:

—A%(%)e—“%(%)|xﬁaau1($)|
Baa( i{o2,x) _A¢*<M) _mpz(@)
Z ‘Vu ‘SC 0 ( 90(37_0'1»‘6 “\xJe I

cAn
o—lal) (18l =25 (51) 1 5. yla—r] Mo (151 olal
< > Veu IZ |z Ple™ee U ()l 07 gz — o) e 1N )2
ceAND’ e

<C, Z |Vu |Z( )2_|°‘|€“w(x)|8795(x—01)|(02>°‘_7 3>\<pw(%)

oceANT y<a
<C, Z \Vou(o \Z( )2 o] ppw(o1) grw(z—0o1) 0@ (x_01)‘<02>|a77|6—3/\¢;(%)

ceAnl’ v<a
< O Y Wil 30 (%) oo X)) g

ceANT’ v<a

for some C,,Cy , > 0.
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For N = 6\ we apply [5, Prop. 2.1(g)], then (2.12) and (3.9), and finally obtain, for some
constants depending on A\ and p, and m > 0 big enough:

7)‘909.)(' ‘)e—u%( ‘B')p;ﬂa“ul(wﬂ

<G Y Woulo (a)z 1) 032 (1)

oceANl’ 7<a v
'y<oc

< Chp Z \Vou(o ( )2 laf ppw(01) (6Aw((02))

ceAnl’
< Chu Y [Vpu(o)|elrroNstiontmetio) g mme(io))
ceANDl’
(3.23) <O Y e <oy, zeR

ceAnl’

This proves that u; € S,(R?) (here, we consider the seminorms given in (2.2)). Therefore, from
Theorem 2.7, V,u; € S,(R??) and for every A > 0 there is a constant C > 0 such that

(3.24) MOV (2)) < C V2 e R¥

Let us now fix an open conic set IV C R?¢\ {0} containing z, and such that IV N Syy_; C T
Then

(3.25) inf —e>0

0¢U€A\F
zel’

and |0 — z| > ¢lo| for 0 #0 € A\ T and z € I".
From the subadditivity of w we have

MOV < Y MO Voun(0)] - [(T1(0)2, (=)
oceA\I’

(3.26) < C Y @Y G — ),
oc€A\T

— =z
o]

for some C, A > 0, because of Theorem 2.5 and since ([18, pg 41])

(3.27) (I(0)@, T(2))| = e =772V, 5(z — 0)] = |V (z — o).

Since ¢ € S, (R?), from Theorem 2.7 we have that for every u > 0 there is a constant C}, > 0
such that

V,@(2 — )| < Ce =)
and hence, substituting in (3.26):

(3.28) NV uy(2)] < CC, Z eMAw(@) gA—p(z—0)
ceA\T
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However, for z € IV and 0 € A\ T we have |0 — z| > ¢|o| and therefore, by the subadditivity
of w, we have that

cr=o(21) ([ ) ([ )

Substituting in (3.28) we obtain, for M = ([1/¢] + 1)~! and p > X sufficiently large:

(3.29) NV uy(2)] < CC, Z WM =)o) < zel’
oceA\I’

for some C > 0.
From (3.24) and (3.29) we finally deduce

sup e |V u(z)| < +oo, A >0,
zel”

and hence zg ¢ WF, (u). O
From Theorem 3.17, in what follows we use WF/ (u) for WFS (u) and any u € S’ (R9).
Proposition 3.18. For every u € S (R?) we have WF',(u) = 0 if and only if u € S,,(R?).

Proof. Suppose that u € S, (R?), and fix a window function ¢ € S, (R%) \ {0}; from Theorem
2.7 we have that for every A > 0 there exists C'y > 0 such that

Vou(z)| < Cre ™), Vz € R*.

Then for every open conic set I' C R?\ {0} condition (3.1) holds, so WF/ (u) = 0.

Suppose now that WF’ (u) = (). From Definition 3.1 we have that for every z € R??\ {0} there
exists an open conic set I'; C R??\ {0} containing Zz such that for every A > 0 there exists
Cyz > 0 satisfying

Vou(2)] < Cyze @ Vzels

Let Tz = ['x N Syq_1. We have that {Y, z € R* \ {0}} is an open covering of Syy_1; since
Soq_1 is compact and I'z is conic, there exist 21,. .., 2z, € R??\ {0} such that

I, u---ul,, =R*\{0}.
We then have that for every A > 0,
V,u(2)] < Cre™ vz € R*

where Cy = max{C_.,,...,Chr.,.,|Vou(0)]e’©}. From Theorem 2.7 we finally have u €
S.(R?). O

We now prove that the wave front set WE/, is not affected by the phase-space shift operator.

Proposition 3.19. For every w = (y,n) € R*! and for every u € S, (R?) we have
WEF. (I(w)u) = WF, (u).
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Proof. Since II(w) = M,T,, it is enough to prove that translation and modulation do not affect
the wave front set. Concerning translation, we have that for z = (z,&) € R??,

Vo(Tyu)(2) = (Tyu, T(2)¢) = (u, T-11(2)p) = e "WV g
writing ¢ = T_,p € S,(R?) we have that
Vo (Tyu) ()] = [Vipu(z)],

and since the wave front set does not depend on the window (Proposition 3.2) we have
WF! (T,u) = WF/ (u). Concerning modulation, we have

V(M) (2) = (Myu, TH(2)g) = (u, M_yTI(2)g) = €90Vay_u();
then, writing 6 = M_,¢ € S,(R?), we get
Vo (Myu)(2)| = [Vou(2)],
and as before we conclude that WF:J(Mnu) = WF/ (u). O

The results obtained in Sections 2 and 3 are true in the quasi-analytic case also, i.e. when
we consider that w(t) = o(t), as t — 400, instead of condition () of Definition 2.1. However,
in the following we will consider weights satisfying (/), i.e. there are compactly supported
functions in S, (RY).

4. Applications to (pseudo-)differential operators

In this section we analyze the action of several operators of pseudo-differential (or differential)
type on the global wave front set WF/ (u) of u € S/ (R?). In particular, we obtain regularity
results for pseudo-differential operators of infinite order in the Beurling setting. Note that, in
the classical Schwartz space S(R?), Rodino-Wahlberg treat in [35] pseudo-differential operators
with symbols of polynomial growth.

In order to study the behaviour of the w-wave front set of pseudo-differential operators of
infinite order we need nuclearity of S, to apply the kernel theorem. It is known that S, is nuclear
for many weight functions w. For example, whenever they satisfy the following condition:

(4.1) dH>1Vt>0, 2w(t) <w(Ht)+ H.

Bonet, Meise and Melikhov [9] proved that under such a condition the classes of ultradifferen-
tiable functions defined by sequences in the sense of Komatsu satisfying the standard conditions
(MO), (M1), (M2) and (M3), and the classes defined by weight functions in the sense of Braun,
Meise and Taylor [11] coincide. Hence, under condition (4.1) our results are true also for spaces
defined by sequences instead of weights (see, for instance, Langenbruch [27] for a complete
study of the structure of many global weighted spaces of (ultra)differentiable functions and
ultradistributions defined by sequences in the sense of Komatsu).
First, we state the following property:

Lemma 4.1. If the weight function w satisfies (4.1) then
(4.2) logt = o(w(t)), ast— +oo.
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Proof. Let H > 1 be the constant of (4.1). We fix ¢ > 0 such that w(c) > H. For t > cH there
exists m € N such that
cH™ <t < cH™!.
By (4.1) we have, for all z > 0,
2%w(z) < 2w(Hx) +2H < w(H?*x) + 2H + H.
Hence, by induction on k& € N, we obtain

kw(r) <w(H*z) + (2814282 ... + D H.

Therefore,
logt 1 Hmtl 1log H +1
lim 19BL o gy Lo8(eH™) oy (mt DlogH floge
t=oo wW(t) = Mo w(cH™) m%0 om [w(c) ~HE_B_ ... 2_m]

(m+1)log H +logc

3o om [wlc) — H + Z]

We start by defining the following symbol class.
Definition 4.2. For m € R we define
Sm = {a € C®(R*™) : VYA, u > 0 3C\,, > 0 such that

Lo 18]

020 a(, €)| < Oy e (5) 2 (G eme© () € R™, 0, B € NI},

Let us remark that when w(t) = log(1+t) then S contains the classical Hérmander symbol
classes of global type and finite order SV, for all p € [0, 1], and, in particular, it coincides with
St (see [25] and the arguments of [15, Example 2.11 (1)]). However, in the present section, we
are not considering this extreme case by Lemma 4.1. We extend the results of [35] for symbols
of type (0,0) with infinite order.

Then we consider the Kohn-Nirenberg quantization defined by

(4.3) a(z, D) f(x) := (2m)™ /Rd a(z, ) f(€)d¢,  ae ST, f e SR,

The above Kohn-Nirenberg quantization is well defined since f € S.(R?) and hence for every
A > 0 there exists Cy > 0 such that

ja(z,&)] - [F(§)] < e O Cpe
which is integrable in R? if we choose A > 0 sufficiently large. Moreover,
a(z,D): S, — S8 CS..
If S, is nuclear, we can apply the kernel theorem to the linear operator
Voa(z, D)V : S,(R*) — S, (R*)
and find a unique distribution K € &’ (R*?) such that

(4.4)  Via(z, D)V;F(y',1) = (2m) RMK(y/,n’;y,n)F(y,n)dydn VEF € S, (R™),
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in the sense that
(45)  (Vea(z, D)V F,G) = 2m)"K (', n'59,m), Gy, ) Fly.m) VG € Su(R™).
If u € S,(RY and F = V,u € S,(R*) for ¢ € S,(R?) with [|¢]|z2 = 1, then, from (2.22),
Vea(z, Dyuly', 1) = (2m)Via(z, D)V Vou(y',n')
= K (W' 'y, m)Vou(y, n)dydn

and we can compute the kernel directly:

Lemma 4.3. Fora € S™, ¢ € S,(R?) with ||p||z2 =1 and u € S,(R?) we have that

(4.6) Vi(a(z, D)u)(2") = K(Z, z2)V,u(z)dz,

R2d

where, for all z = (y,m),2' = (y/',n') € R*,
(4.7)  K(Z,z) = (2m) e / 8w~z (¢ — n)e(w — y)dwdg.
RQd

Proof. Let F € S,(R*!) and consider the Kohn-Nirenberg quantization (4.3) of Vi F € S,(R?):

afz, DV F(z) = (2m)~ / ¢ a(z, € VIF(€)d.

Then, by the definition of short-time Fourier transform and (4.3):
Veala, DVZF( ) = [ (atae, DIV )il = e

(4.8) (2m)~ /Rd/w ) fo* (©)p(x — e @M dedu.
So, fixed z,¢ we have, by (2.23),

e a(z, VEF(E)ple — y)e )

= [ e ala VP = e

/}P\)d/ﬂwng a(z, §)F(y,n)e'™ Mp(z' —y)

e o — e @) dydnda.

Since a € S™, F' € S,(R*) and ¢ € S, (R%), we have that for every Aj, Ao, A3 > 0 there exists
a constant C'y > 0 such that, by the subaddititvity of w:
la(z, ) F (y, e (" — y)e(x — )]
< Ch O M) A ) sy

< 0 o= () o= Fwln) g—haw(e)+Aau () = Asw(@)+ X (v).
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Choosing A\; > 2)\; > 0 sufficiently large we can apply Fubini’s theorem with respect to the
variables y,n and 2/, obtaining:

e Ha(z, OVIF(€)p(x —y)e o)

= / ™8 a(x, &) F(y,n)
R2d
. </d ei<x’7n>gp(x' _ y)e”xl’@da:’) 90(17 _ y’)e’“x’"/)dydn
R

= [ e e F )
R2d
. </d ei<y+s,n>€—i<y+s7£>w(s)ds) g0(:1: _ y’)e_“x’”/)dydn
R

:/ e @8 q(x, &) F(y,n)evme e
R2d
([ e atots ) e e ayan
(4.9) :/ @8 q(x, ) F(y,n)evme=iwd)
R2d

P& —n)pla —y)e T dydn.
Since a € S™, F' € S,(R?) and ¢ € S,(R?), for every puy, po, 13 > 0 there exists a constant
C), > 0 such that, by the subadditivity of w,

la(z, &) F(y,n)p(€§ — n)p(r — )|

< C“emw(ﬁ)e—mw(y)e—mw(n)e—uzcu(€)+uzw(77)6—usw(ﬂc)Jru:w(z,f’)7

so that, for ps, 1 > po sufficiently large, the above function is integrable in R‘({f ) and

substituting (4.9) into (4.8) we can apply Fubini’s theorem to obtain:
Vea(z, D)V F(y',n') =

= a7 [ Fape
( / e (e~ a (2, ) B(€ ~ n>de§) dyd.
R2d

Applying the above result to F = V,u for some u € S,(R?), since ||¢[/z2 = 1 and hence
VIF = V;Vou = (2m)%u by (2.22), we have

Vo(a(z, D)u)(y',n') = /M K\ 1’ y,m)Veuly,n)dydn,
R
for

K ym) = (2m)2eion / 8~ Da (e, €)3(E — n)ple — F)dade,
RQd

which concludes the proof of the lemma. O
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In the next result the following property on the weight function w, which can be proved as
in [8, Lemma 4.7(ii)] (for instance), will be useful: from for every o, u > 0 and ¢t > 1,

(4.10) inf o9t (5) < e (n-Pl®-5
j€Ng -

where a € R and b > 0 are the constants of condition () in Definition 2.1.

Proposition 4.4. If a € S™, m € R and K € C*(R*) is defined by (4.7), then for every
A > 0 there exists a constant Cy > 0 such that

(411) |K(Z/, Z)| S C«)\e—/\w(y_y’)6(m—>\)w(77—77/)emw(77’), 5y = (y’ 77)’ Z/ — (yl’ 77/) c RQd.

Moreover, if a(z) = 0 for z € T'\ B(0, R) for an open conic set T C R?**\ {0} and for some
R >0 (here B(0, R) is the ball of center 0 and radius R in R*®), then for every open conic set
[ C R?@\ {0} such that I" N Syq_1 € T we have that for every A > 0 there exists a constant
Cy\ > 0 such that for all 2’ = (y',n') € I and z = (y,n) € R*,

(4.12) |K(Z,2)] < Oy e =) g=Mo(n—n') =22 (y) =22 ()

Proof. By the linear change of variables ¢’ =& —n and 2’ =z — ¢ in (4.7) we have

K(',z2)= (277)—21161'(1/777)/ 6i(<z/+y/’£/+">_<y’€/+n>_<z/+y/’”/>)a(I/—I—y’,f'—i—n)@({')mdx'df’
R2d
— (QW)*Zdei(<y’m>*<y’m’>)
. / G+ )=~V g (o 4 o € ) B(E ) @V dE
R2d

and hence, setting © = 2/ and £ = ¢

(4.13)  |K(¢,2)| = (2m)™

/ eI g 4y € + ) B(E) () dade]
R2d

Writing, for M, N € Ny,
t@m=—n'+)+(E&y'—y)) — (n—n +&7M1 - Ax)Mei(<x,nfn’+£>+(€,y’fy>)
= (=) N =0 + €71 =AML = AN eHEV Y

and integrating by parts in (4.13), we have

(4.14) |K(2,2)] = (2m) 2y — /)2 / e &Y=\ L (of o, 3 €)dde
]RQd

Y

where
AN,M(y/an/777ax7€>
— (1= A" [ —of + 7M1= A (ale + ¢, €+ )Rl )]

For a € S™, since ¢, 3 € S,(R?), we use the definition of symbol (Definition 4.2) and the

seminorms (2.3) to obtain that for each A, u, N, ¢/, A, i’ > 0 there is a positive constant
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C = Cy px e such that for every M, N € Ny:

Avar(y'sn'sn, 2,8 < C Z _@N Z M<$>|%|<n_n/+£>—2M—\w|

a3 1,! o1los!
Y1t+y2+y3+v4a=2N Y23 o1+oo=2M 1:02

oo oo (B8h) gmen (15H) materm Nt () —wrwte)

(4_15) % eA"wi(li?/‘)e—u”w(m).

We observe that
(4.16) (n—n'+&7" <V2n—n)"Ne),
and, hence,

(n—mn'+ §>—2M—\72| < 2(2M+|72|)/2<77 _ 77’>—2M—|’Y2|<€>2M+|72|.
By (2.12) and by the subadditivity of w, for all A > 0:

(4.17) ()l < () et < Hor () potirlel) < o M0 () i)
for C5 = (D),

Analogously
(4.18) (&)l < Cxeﬂwi(%%iw@.

Substituting (4.17) and (4.18) into (4.15), choosing y' = Adm+1, 0 =XA+1, p=X\=
N = X" = X and applying (2.15) we obtain a constant C\ > 0 such that for all M, N € Ny:

2N)! 2M)!
M@z, €] < Cyavayeey 3 BV pav s B o

Iva 314! o1los!
Mn+r2+y3+74=2N 234 o1+toe=2M 122

o e () e (221) () — ) ~2M =l (£)2M (&) —s(@) gmistn—n) g
< Cy(dv2)PMaN s (B) ren ()
> <77 _ 77/>_2M <€>2Me—w(§)—w(:c)emw(n—n’)emw(n’)‘
By [8, Lemma 4.5] we have that for every X' > 0 there exists C'yy > 0 such that
P\N,M(yg 77,7 n, 1, £)| < C«/\le)ﬂpz(%y) e)x’w?f, (2%//[) <77 _ 77/>—2M <£>2M€—W(E)—w(x)emw(n—nl)emw(fi')'

Now, we turn to formula (4.14) and we have that for all A there is a constant C, > 0 such
that for every M, N € Nj:

K(,2)| £ Caly — o) 2N M) (5 — ) 720 (50) gt g

(4.19) x ( /R d e*w@)dx) ( /R d<£>2M6’°’(©d£>.

We observe that the integrals are convergent (the second one, for all M € Ny) by Lemma 4.1.
We take the infimum on N and M separately and use the property that the infimum of the
pointwise product of two sets of positive numbers is the product of the infimums of the two
sets. Therefore, we apply (4.10) for o = 2 to obtain (possibly) a new constant C such that:
(4.20) IK(,2)| < C«/\e*(/\*%)w(y*y’)ef(/\f%)w(nfn’)emw(n—n’)emw(n’)

9
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which proves (4.11) by the arbitrariness of A.

Now, we want to prove (4.12). To do so, we apply (4.16) only to (n — 1’ + &)™ in (4.15)
and, by the same computations to get (4.19), we have that if a(z) =0 for z € I\ B(0, R), for
every A > 0 there is a constant C > 0 such that

K (2, 2)] < Caly — o) 2N e () () — gy =M Aol (35) gmestn=n) g

(4.21) x / 0 — (€ + ) ~Me@ (€)M (O dd,
D

y'in

where
Dy y = {(z,6) e R*: (z+y,&+n) € (R*\T)U B(0, R)}.

We now want to estimate (4.21) for 2’ = (v',n') € I" and z = (y,n) € R*%. By [35, pg 643]
we know that

(422) ()(0) <C@)*(n = (€+n)*,  Z €T\ B(0,2R),z € R* (x,§) € Dy,

for some constant C' > 0.
We plug (4.22) into (4.21) and apply [5, Prop. 2.1(g)] to obtain, for 2’ € I"\ B(0,2R) and
2z € R¥
K(2,2)] < CMPCy(y — ) ~2Vea(R)
x (n — 1)~ Me3ea(38) 3 (5F7) gy =M/ 390 (5F) (gry=M/2

o gmen—n) gmas(n') / ()M ()M =) =00 e
Dyr iy

Proceeding as in the case before (taking the infimum in M and N separately), we obtain,
from (4.10), that for every A > 0 there exists another constant Cy > 0 such that

|K(Z/a Z)| S C)\€_<)\_%)w(y_y/)e_(%_%)w(n_n/)
X 6_(%_%)“1(:’/)6_(%_%)w(n,)emw(nfn/)emw(n/)

< Oye M) g A=) = 2ho(y) o ~2hr)

)

for A\ =2 —2—mand 2 € I"\ B(0,2R),z € R*. The estimate (4.12) for |2’| < 2R follows
from the case before, so the proof is complete. O

Remark 4.5. For a € S™, m € R, and K € C*(R*?) defined by (4.7) the integral in (4.6) is

well defined also for u € S/ (R?). In fact, (2.9) and (4.11) imply that there exist C, A > 0 and
that for every A > 0 there exists C'y > 0 such that

IK(2, 2)Vu(z)| < CCpe Wy Hm=Xwin=n) gme(n') Ao (y)+Xe(n)

(423) < CCAeA“(y )+ (m+Nw(n )e()\f)\)w(y)+(m+)\f)\)w(n) c Ll (Rzi(y,n)>

if A > max{\, m+ A}, by (4.2).

We now want to extend Lemma 4.3 for u € S’ (R?). To this aim we first need the next two
results.

Proposition 4.6. The space S,,(RY) is dense in S’ (RY).
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Proof. Let us consider the inclusion
i: S,(RY) — S (RY)
feilf) )= | f@)ele)de Vo SuRY).
R
To show that the image is dense we take T € (S;(Rd))/ such that T'|g = 0 and prove that

T = 0 (Hahn-Banach theorem for locally convex spaces).
Since S, (RY) is reflexive, there exists a unique f € S,,(R%) such that

T(e)= | [@)ple)de =0, Ve SR,

because of T'|s = 0. Therefore f =0, ie. T =0. O
Proposition 4.7. Let ¢ € S,,(R?)\ {0}. Then

Voo SL(RY) — S, (R*)
18 continuous.
Proof. We already know that

Vi Su(R*) — Su(RY)
is continuous by (2.21). It follows that

(Vo) + SLRT) — S, (R*)

)= V,, because, for f,g € S,(R?),

is continuous and moreover (V*)*

P/ 1S, (R4

(Vo) fo9) =, Vo9) = (Vof, 9)-

(
Since S,(R?) is dense in S/,(R?) by Proposition 4.6, we have that (V})* is the continuous
extension of V,, to S’ (R%) and, hence, V,, is continuous on S/,(R?) also. O

Now, we need amplitudes a(z,y, £), instead of symbols a(z, &).

Definition 4.8. Given m € R, we say that a(z,y,£) € C°(R3?) is an amplitude in the space
Sotaf for every A, > 0 there is Cy , > 0 such that

\8;78;6?a(x, Y, 6)‘ < C)Hue)“p*(‘ai—ﬂ)‘*‘#@*(%)emw(g)?
for all (z,y,€) € R and a, B, € NL.

Now, proceeding in a similar way to that of Proposition 1.9 and Theorem 2.2 of [15], one can
prove that if a(x,y,&) € S is an amplitude as in Definition 4.8, the operator acting on S,,
given by the iterated integral

A= [ ([ e osma)a fes.,

is well defined and continuous from S, into itself. The operator A is called pseudo-differential
operator of type w with amplitude a(x,y,&). Moreover, A can be extended continuously to
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the dual space A : S', — &’ in a standard way (see [15, Theorem 2.5]). In particular, the
Kohn-Nirenberg quantization defined in (4.3) is a pseudo-differential operator with amplitude

a(x,y, &) = (2m)p(x, €),

where p(z,§) is a symbol as in Definition 4.2.
As a consequence of the above considerations and of the estimates of the kernel in Proposi-
tion 4.4, we obtain the following result:

Corollary 4.9. Let a(z,£) € S™ a symbol as in Definition 4.2, p € S,(RY) with |||z = 1
and u € 8" (RY). Then, for K(2,2) as in (4.7), we have

(4.24) Voa(z, D)u(z') = K(Z', 2)V,u(z)dz,

R2d
for all ' € R,

Proof. Since V,, operates on &/, from the previous comments it is clear that V,a(x, D) can
be extended to S’ (R%). We take u € S’ (R?). By Proposition 4.6, there exists a sequence
{tn fnen C Su(R?) which converges to u in 8, and, hence,

(4.25) » K(2', 2)Vyun(2)dz = Vya(z, D)u,(2') — Vypa(z, D)u(2') in S (R*?).
We want to prove that
(4.26) K(Z, 2)Vyup(z)dz — K(Z, 2)V,u(z)dz
R2d R2d

using Lebesgue’s dominated convergence theorem. First, it is easy to see that {V,u,(2)}nen
converges pointwise to V,u(z) for every z € R?® from the definition of the short-time Fourier
transform.

Now, since {uy,}nen is bounded in &' (R?), it is equicontinuous there. So, there exist a
constant C' > 0 and a seminorm ¢ on S,,(R?) such that

[(un, ©)] < Cqlp), ¢ € SLRY).

This yields a uniform estimate of the inequality (2.9) (see the proof of [19, Theorem 2.4]) in
the sense:

4.27 Vou,(2)] < ée;\w(z), zeR¥ neN,
( .

for some C, X > 0 independent of n and 2. From (4.27) and (4.23) we have that K (2/, 2)V,u,(2)
is dominated by a function in L!(R??).
Therefore (4.26) is satisfied and hence, from (4.25),

Vpa(z, D)u(z') = K(2, 2)V,u(z)dz

R2d
also for u € S/ (R?). O

We recall the notion of conic support from [35]:
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Definition 4.10. For a € D'(R*) the conic support of a, denoted by conesupp(a), is the set
of all z € R**\ {0} such that any open conic set T C R?*?\ {0} containing z satisfies that

supp(a) N T is not compact in R*.
We have the following
Proposition 4.11. If m € R, a € S™ and u € S’ (RY), then
WF/, (a(x, D)u) C conesupp(a).

Proof. Let 0 # 2y ¢ conesupp(a). This means that there exists an open conic set I' € R?*?\ {0}
containing zy and such that a(z) = 0 for z € '\ B(0,R) for some R > 0. Then, from
Proposition 4.4, for every open conic set IV C R*\ {0} with [V N Sy3_; C T we have that the
kernel K (2', z) defined by (4.7) satisfies the estimate (4.12) for all 2/ € IV and 2 € R*.

We argue as in Corollary 4.9 and use (4.12) to obtain that formula (4.24) holds for all 2" € TV
and therefore there exist C, A > 0, and for every A, N > 0 there exists Cy.n > 0 such that, for
all 2/ e T,

Vilal@ D) < [ IKE ) Vu(a)ld:

< O e 2N 20Nl

/ ei(HN)w(yfy,)e,(HN)w(nfn’)lku(y777)|dyd77
R2d

< OO0y ye 2MNwy) g =20+ N)w(r)
. / ¢~ Ot N)y=1) = Ot N)l=1) i) gy i
R2d

It follows, by the subadditivity of w, that
Vea(z, D)u(z")] < CCA,N€72(A+N)w(yl)672()‘+N)°’(77/)

/ e~ MHNw)+ At N)w(y') o =t N)wn)+O+Nw () gAely) +20() gy g
R2d

(4.28) < OOy ye ) =) / O 0) (AN gy
R2d

< C/\e_’\w(yl)e_’\w(",) < C)\e—)\w(z’) Vo = (?/777,) el”

for some C > 0 if we choose N sufficiently large so that the integral in (4.28) converges.
This proves that zo ¢ WF/ (a(x, D)u) by Definition 3.1, and the proof is complete. O

Since our weight functions are non-quasianalytic, we can obtain the following consequence
of Proposition 4.11.

Corollary 4.12. Leta € S,,(R?*?) with compact support, and consider the corresponding pseudo-
differential operator a(z, D), cf. (4.3). Then a(x, D) is globally w-regularizing, in the sense that
for every u € 8" (R?) we have a(x, D)u € S, (R?).

Proof. Tt is easy to see that a € S°. Consequently, the corresponding pseudo-differential op-
erator a(x, D) can be extended to S’ (R?). Since the support of a is compact, we have that
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conesupp(a) = (. From Proposition 4.11 we get WF! (a(z, D)u) = (. We apply Proposition 3.18
to conclude. O

In the next part of the section we consider other kind of operators, proving that their appli-
cation to ultradistributions does not enlarge the wave front set. We start from the operators
with polynomial coefficients.

Theorem 4.13. Let m > 0 be an integer, and consider

A(z, D) = Z Capr™DP,

lo+B8|<m

where c,p € C. Then for every u € S.,(R?) we have

WF! (A(z, D)u) € WF/ (u).
Proof. We fix a window function ¢ € S, (R%), and, for v € NI we write ¢, for the function

pu(a) = 2"p().
For every o € Nd and 2z = (y,n) € R?? we obtain by induction on |a| that
(4.20) 1= Y (0)yr e,
v<a

We have indeed that for || = 1, writing 1; for the multi-index in N¢ having 1 in the j-th
position and 0 elsewhere, we have

2il1(2)p = y;ll(2)p + 11(2) 1,5

we suppose now that (4.29) is true for every |a| = n, and prove it for & with |&| = n+ 1. There
exists j € {1,...,d} such that & = a+ 1;. Then by the inductive hypothesis we have

3 () e

v<«

=3 (8) e, + i)

v<a

=yt G+ 5| (0) 4 (, 0 )|

r<a

v#0

=> (OZ) v (),

v<a

and so (4.29) is proved. From the definition of short-time Fourier transform we have
Vo(z%u)(2) = (2%u, I1(2)@) = (u, 2°11(2)¢)

and so by (4.29) we get

(430) Viau)(:) = 3 ()0 Vi)
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Concerning differentiation, since
Vo(D%u)(2) = (DPu,T1(2)p) = (u, D (IL(2)))
a direct computation shows that
(4.31) Vo (DPu)(z) = (B ) 7"V puu.
s W
From (4.30) and (4.31) we finally obtain

la+B|<m
a /8 o—V -
(4.32) = D Zw(»( )y 0" Vong, u(y, ).
ot Bl<m 1< s
u<pg

On the other hand, it is not difficult to see that for every u,v € Nd, Dy, € S, (R?).
Suppose now that 29 = (yo,m0) & WF/, (1), 20 € R??\ {0}. Then, there exists an open conic
set ' C R\ {0} containing 2y and such that

sup e |V u(z)| < +oo, A> 0.
zel

From Proposition 3.2 we have that for every u, v € N& and for every open conic set IV C R\ {0}
containing zy and such that IV N Sy C T,

(4.33) sup e [V, u(z)| < +oo VA > 0.

zel”

From (4.32), for every k > 0 we get

w\z o ﬁ —kw(z)|,,o—v, B— w(z
O DE S S (5 (1)l B o),

lat-B|<m v<a
u<p

Since |a — v| + |8 — pu| < m, from (4.2) we have that for any m € N, mlog(t) < w(t) for t > 0
large enough. So, t" < e“® for ¢ > 0 large enough, and hence

sup e "y 7| < 400,
z€R2d
for every v < o and p < . Therefore, from (4.33) we obtain
sup e |V, (A(x, D)u)(z)| < +oo, A>0,
zel”

which means that 29 ¢ WF, (A(x, D)u), and the proof is complete. O

We now want to prove an analogue of Theorem 4.13 for the case of localization operators.
We recall here the definition of such operators and prove some results that are needed for our
purpose. Given two window functions ¥,v € S,(R?) \ {0} and a symbol a € S/ (R??), the
corresponding localization operator Ly, is defined, for f € S, (RY), as

(4.34) Lo f = Vi(a-Viyf).
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From Proposition 2.9 we have that
LY Su(RY) — S (RY).

We want now to consider symbols in a smaller class than S’ (R??), in order to apply the
corresponding localization operator to distributions. We have the following result.

Lemma 4.14. Let a(z), z € R*, be a measurable function such that there exist ,C > 0 such
that

(4.35) la(2)] < Ce™ ) vz € R*.
Then

(4.36) LY Su(RT) — S, (RY)
and

(4.37) Ly SL(RY) — S, (RY)

are continuous.

Proof. Let f € S,(R%). From Theorem 2.7 we have that for every A, p > 0 there exists C > 0
such that

e Dla(2)[|Vy f(2)] < CreHT 6,
and so, choosing A > p + 7, we have that a - V,,f € L3y (R?9) for every p > 0, where m,, is
defined by (3.10). From Proposition 3.7 and (4.34), we have that Ly, f € M7 (R%) for every
p >0, and then, from Remark 3.6, L} f € S,(R?). To prove the continuity of L,  on S, (R?)
we fix ¢ € S,(R?)\ {0}, p > 0, and we observe that from (3.14) (with p = ¢ = o0) and (4.35)
we get

sup |V¢(pr,7f)(2)‘@ﬂoJ(z) = sulgd |Vng;k(a . wa)|epw(z)
z€R

2z€R2d
< OlVirlley, sup la(z)Vif(2)]e™
z€R2d
< O sup |Vipf(z)]em ),
z€R2d
From Proposition 2.10 we have that (4.36) is continuous.
Let now f € S, (R?). From Remark 3.6 there exists A < 0 such that f € M;: (R?); then,
choosing p = —|7| — |\| we have
PV ()] < CePH I < oo

for every z € R*, so a -V, f € Ly (R*?). Then by Proposition 3.7 we have Lg,_f € M7, (R?),
and from Remark 3.6 we finally have Lj _ f € S/ (R?). Observe now that for every u € S, (R?)
and v € S, (R?) we have

(Lyyu,v) = (Vi(a- Viu),v) = (u, Vi(@- Vov)) = (u, L] 4v).

Then L = (L ,)*; since @ satisfies the same estimates as a, the continuity of (4.37) follows
from that of (4.36). O
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Theorem 4.15. Let 1,7y € S,(R?) \ {0}, and let a be a symbol satisfying (4.35). Then for
every u € S (RY) we have

WE. (L% u) € WF(u).

Proof. Let zo ¢ WF/,(u), 2o € R* \ {0}. Then there exists an open conic set I' C R??\ {0}
containing zy such that

sup | Vyu(2)| < +oo YA > 0.
zel

From (4.35), since A is arbitrary we have

sup e a(2)Vyu(2)| < +00 VA > 0.
zel

For window functions ¢,y € S,(R?) we can then repeat the same procedure used in the proof
of Proposition 3.2. First, we observe that from the definition of localization operator

Vo(Ly u) =V, Vi (a- Vyu).
Now, it is not difficult to see that
Vol (e €)= [ (a Vo) (s, ) VAT s,

R2d
V,(L(2)p)(s,m) = Vypy(z — 5,& — m)e "4,
and hence
|V¥’<L;,’7u)’ <la- Vyul|*|Vyyl.

Consequently, for every open conic set IV C R??\ {0} containing zp and such that "N Syq 1 C T
we have (see the proof of Proposition 3.2)

SU1P e’\w(z)|V<p(Lfmu)(z)| < +o00, A> 0.
zel”

This implies that 2y ¢ WF,(L§ _u) and the proof is complete. O

5. Examples
In this section we compute the Gabor wave front set for some particular u € S’ (R?) (see also
the examples in [35]).

Example 5.1. Consider the Dirac distribution v = ¢ € &' (R?) for every weight w. We have
that

Vod(x,€) = p(—a).
Since V,,6(0,€) = ¢(0), choosing ¢ in such a way that (0) # 0 we have
{0} x (R*\ {0}) € WF,(6).

Let now (z¢,&) € R??\ {0} such that z, # 0, and consider an open conic set containing (zg, &)
of the form

D= {(z,€) e R*\ {0} : [¢] < Clz[}
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for C' > 0. From the subadditivity of w, there exists C; > 0 such that, writing z = (x, ),

sup O V,6(2)] < sup X4 o(—)] < 400

zel’ zER?
since p € S,(RY). Then (z0,&) ¢ WF,(J), and so WF/,(0) = {0} x (R?\ {0}). From
Proposition 3.19 we have that for every T € R?, writing d; for the Dirac distribution centered
at T,

(5.1) WE(62) = {0} x (R {0}).

Example 5.2. Let u = 1 be the function identically 1, that belong to S’ (R?) for every weight
w. A direct computation shows that

V(1) = e8I 5(=¢);
since ¢ € S,(RY) we can proceed as in Example 5.1, obtaining that for every weight w,

WF/ (1) = (R?\ {0}) x {0}. From Proposition 3.19 we then have that for every £ € R?
and for every weight w,

(5.2) WEL(e'09)) = R\ {0}) x {0}.

Example 5.3. We consider now the function u(z) = €**/2, for € R and ¢ € R\ {0}. Observe
that v € S/ (R) for every w. Choosing as window function the Gaussian ¢(t) = et*/2 that
belongs to S, (R) for every w, we have, as in Example 6.6 of [35], that there exists C' > 0 such

that
\Vou(z,&)| = Cexp (—%) )

Then, proceeding in a similar way as in the previous cases we have
(5.3) WF/ (u) = {(z,cz) : x € R\ {0}}
for every weight w.

We observe that in the cases (5.1) and (5.2) the Gabor wave front set gives rougher informa-
tion since it does not take into account translations and modulations, while for the case (5.3)
it gives finer information, since it identifies the so-called instantaneous frequency, that is the
only direction along which the time-frequency content of u does not decay. For a comparison
of the Gabor wave front set of the element considered in the previous examples with other type
of global wave front set (at least in the frame of tempered distributions) we refer to [35].

We observe now that in the previous examples the considered distributions have the same
wave front set for every weight w. In general the Gabor wave front set may depend on w, as
shown in the next example.

Example 5.4. Let w and o be two weight functions, such that w(t) < o(t) and S,(RY) N
D(RY) € S,(RY) ND(R?). We then fix a function f € S, (R?) with compact support such that
[ ¢ S,(R?). From Proposition 3.18 we have

WF.(f) = 0.

Fix now a window ¢, € S,(R?) with compact support such that ¢y = 1 on supp(f). From the
definition of short-time Fourier transform, we then have that the orthogonal projection on R¢
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of the support of V,, f(z,£) is compact. Let now zg = (xo,&) € R?*? with x5 # 0, and fix an
open conic set containing zg of the form

L= {(z,€) € R*\ {0} : [¢] < Clal},

for C' > 0. We then have that I' N supp(V,, f) is compact, so the condition (3.1) is satisfied for
every A > 0. Then (zg,&) ¢ WF._(f) for every x¢ # 0. Consider now a point of the type (0, &)
with & # 0, & € R?%. From the fact that ¢y = 1 on supp(f), we have

%J@Oz/f“%@%@ﬁ=ﬂa

Since f ¢ S,(R?), we have that there exists A > 0 such that

sup e’ 9|V, £(0,€)| = +oo,
£cRd

so (3.1) cannot be satisfied in an open conic set containing (0, &), and then (0,&) € WF. (f).
We then have that

WE, (f) = {0} x (R'\ {0});
in particular WF. (f) # WF_ (f).
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