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Abstract:The rootedmaps theory, a branch of the theory of
homology, is shown to be a powerful tool for investigating
the topological properties of Feynman diagrams, related
to the single particle propagator in the quantum many-
body systems. The numerical correspondence between the
number of this class of Feynman diagrams as a function
of perturbative order and the number of rooted maps as
a function of the number of edges is studied. A graphi-
cal procedure to associate Feynman diagrams and rooted
maps is then stated. Finally, starting from rooted maps
principles, an original definition of the genus of a Feyn-
man diagram, which totally differs from the usual one, is
given.

Keywords: Feynman Diagrams, Rooted maps, Many-body
systems

PACS: 03.70.+k, 02.40.Pc

The problem of a correct and convenient counting of
connected Feynman diagrams was often raised by Alfredo
Molinari during his lectures in many-body physics. This pa-
per took origin from his inquires on the subject and is dedi-
cated to his memory.

1 Introduction
Important progress has been made in recent years in de-
veloping the interplay between theoretical physics and
graph theory (Floer [1–3], Fukaya [4–7], Schaeffer [8–13]).
Mathematicians and physicists worked to combine theo-
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ries of planar trees and rootedmaps with the enumeration
of Feynman diagrams for field theories, essentially quan-
tum electrodynamics (QED), quantum gravity and quan-
tum computing (Atiyah [14], Witten [15, 16], t’Hooft [17],
De Wolf [18], Di Francesco [19]). The problem of counting
Goldstone Diagrams has already been solved, Rossky and
Karplus [20], but it is a rather difficult task to list all pub-
lications about Feynman diagrams counting. Here, we fo-
cus the attention on the combinatorial point of view stud-
ied in depth by Kucinskii and Sadovskii [21]. A graphical
approach was followed for instance by Kleinert, Pelster,
Kastening and Bachmann [22]. A more physical approach
was followed by Riddell [23] and then by Brouder [24–
26]. A strictly theoretical physics point of view in this field
was explored instead by Cvitanović, Lautrup and Pearson
[27], with conclusions identical to the ones of Arquès and
Béraud [28, 29]. These results will be discussed in the fol-
lowing Sections.

The matter discussed here could be useful for auto-
mated Feynman diagram calculations, for example in the
context of diagrammatic Monte Carlo [30] as well as for
the recent attempts to automatizemany-bodyperturbation
theory calculations [31].

We shall present an original method to transform a
Feynmandiagramof the perturbative series expressing the
single-particle propagator inmany-body theory into a well
defined rooted map. At variance with quantum electrody-
namics, where Furry’s theorem [32] entails the cancella-
tion of certain classes of diagrams, in the many-body ap-
proach the only cancellation occurring concerns the so-
called disconnected diagrams: indeed in the many-body
problem every connected diagram makes its contribution
to the total amplitude (or Green’s function). This renders
the counting of Feynman diagrams somewhat more diffi-
cult.

In last years, it has been discovered that the number of
Feynman diagrams with regard to the perturbative order
and the number of rootedmaps as a function of edges (and
regardless to genus and number of vertices) is the same.
The strength of the numerical relation between Feynman
diagrams and maps may suggest important links between
general relativity and quantum mechanics, provided that
we are able to trace, through the shape of the Feynman di-
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agram, the topological properties related to its opposing
party rooted map.

The analytical and/or numerical evaluation of higher
order terms in a perturbative series becomes more and
more complicated: thus one could come to the conclusion
that the exact enumeration of the corresponding Feynman
diagrams is not so useful. Facing this doubt we would like
to quote Cvitanović, Lautrup and Pearson [27]: “In trying
to understand the behavior of field theory at large orders
in perturbation theory, one finds that the number of dia-
grams contributing is an important effect. It is the cause
of the combinatorial growth of amplitudes for superrenor-
malizable theories.” Hence we will proceed in the major
task of this article, which is the investigation of a rule to
enumerate Feynman many-body diagrams at various per-
turbative orders.

The paper is organized as follows: in Section 2 we
shall briefly recall the main definitions and properties of
topological maps, including the various enumerations of
rooted maps (with or without taking into account specific
characteristics of them). In Section 3, after a very short
reckoning of the many-body single-particle Green’s func-
tion and its perturbative expression, we shall make ex-
plicit the connection between the corresponding Feynman
diagrams and the rooted maps obtained from them. More-
over the topological properties of the considered Feynman
diagrams, in particular the genus, will be discussed. Fi-
nally Section 4 will present our conclusions, leaving orig-
inal details concerning the construction of the third (and
higher) order Feynman diagrams to the Appendix.

2 Topological maps and rooted
maps

A map is, roughly speaking, a partition of a closed, con-
nected two-dimensional surface into simply connected
polygonal regions by means of a finite number of simple
curves (or edges) connecting pairs of points called vertices
in such away that the curves are disjoint from one another
and from the vertices. The enumeration of planar maps
(maps on the sphere or on the projective plane) has been
extensively investigated since 1960, in particular by W. T.
Tutte [33–35]. W. G. Brown then counted several types of
maps on the projective plane and began investigating the
torus, but did not obtain an explicit formula for counting
maps on the torus [36–38].

Walsh and Lehman [39–41] presented the first census
ofmaps on oriented surfaces of arbitrary genus in the early
70’s. Amapwas defined to be a rooted one (see section 2.1)

if one edge is distinguished, oriented and assigned a left
and a right side. But since these authors worked on ori-
ented (or, equivalently, orientable) surfaces, it suffices to
distinguish and orient one edge-end because its left and
right side are determined by the orientation of the surface.
They considered two maps to be equivalent if they are re-
lated by an orientation preserving homeomorphism, ac-
cording to Cairns [42] and Tutte [34], which leaves fixed
the distinguished edge-end (called the root). We will use
this work in order to show a graphical correspondence be-
tween maps and Feynman diagrams in the realm of quan-
tum many-body theory.

At the end of the past century, Arquès and Béraud
[28, 29] presented a different approach in the study of
maps: they enumerated rooted maps without regard to
genus - the genus of a map is essentially the genus of the
embedding surface. They showed the existence of a new
type of equation for the generating series of these maps
enumerated with respect to edges and vertices: the Ric-
cati’s equation. Bymeans of Riccati’s equationArques̀ and
Béraud obtained a differential equation for the generating
series of rooted trees regardless of the genus and as a func-
tion of edges which leads to a continued fraction for the
generating series of rooted genus-independent trees and
to a beautiful, unexpected relation between both previous
generating series of trees and rooted maps. We will show
that there exists a one to one relation between the number
of rooted maps on orientable surfaces regardless to genus
and with respect to edges and the number of Feynman di-
agrams for the one particle exact propagator as a function
of perturbation order.

As we pointed out before, Walsh and Lehman [39–41]
studied enumeration of rooted maps by genus, edges and
vertices. Bender, Canfield and Robinson [43–46] studied
in depth rooted maps on the torus and on the projective
plane.

Moreover, many years ago J. Touchard [47] studied a
problem of geometric configuration that actually corre-
sponds to the enumeration on rooted maps, even though
at the end of his work there seems to be a contradictory re-
sult. Work is presently going on on rooted maps (see for
example Courcelle and Dussaux [48], Krikun and Maly-
shev [49–51], Shaeffer and Poulalhon [52–54], Jackson and
Visentin [55], Yanpei [56]).
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2.1 Definitions

2.1.1 Topological maps

A topological map M (see Figure 1) on an orientable sur-
face¹ Σ ⊂ R3 is a partition of Σ in three sets:

– A finite set of points of Σ, called the vertices of M;
– A finite set of simple open Jordan arcs² lying on Σ,

disjoint in pairs³, whose extremes are vertices, de-
noted as the edges of the map;

– A finite set of faces. Each face is homeomorphic⁴ to
an open disc. Its border is the union of vertices and
edges.

Obviously wemay build an orientation on Σ since we have
chosen the surface Σ to be orientable. An oriented edge of
the map is a half-edge. Evidently to each half-edge are as-
sociated its starting vertex and its ending vertex (and the
underlying edge). The genus of the map M is the genus⁵ of
the host surface (also known as embedding surface).

Figure 1: Two examples of topological maps on orientable surfaces:
left, the easiest topological map (single vertex on a sphere, no
edges and one face); right, an example of a map on an orientable
surface of genus 2, familiarly called a cow. In this second map we
can locate three vertices, six edges and one face.

1 A regular surface is orientable if one can give an orientation on it;
roughly speaking, a regular surface S ⊂ Rn is denoted as an ori-
entable surface if each tangent space Tu in u ∈ S can be connected
with any other Tu with a continuous function preserving the orienta-
tion of Tu .
2 A Jordan arc is an arc homeomorphic to a straight line segment.
3 If a Jordan arc contains one ormore vertices inside, it splits into two
or more edges.
4 A homeomorphism is a bijective and bicontinuous function con-
necting each point of Σ with each one of Σ′; it ensures that starting
object topology is kept.
5 The genus of a surface is, in a simple counting, the number of its
holes: e.g. the three-sphere has genus 0, the torus has genus 1 and so
on.

2.1.2 Rooted maps

Amap is called a rooted map if a certain half-edge is spec-
ified among the set of the half-edges. This peculiar half-
edge, becomes the root half-edge of the map. In short, the
initial vertex is the root of the map and we can refer to it
as the origin of the map. Here we meet the first important
analogy with Feynman diagrams: there exists an “initial
vertex”, which corresponds, in quantum many-body the-
ory, to the initial point in space-time whence we start to
calculate the propagator. See Figure 2 and Figure 3.

The mathematical definition of rooted map is a lit-
tle more subtle. Actually, two rooted maps with the same
genus, associated with two surfaces Σ and Σ′ are isomor-
phic - i.e. can be regarded as a single rooted map - if the
following conditions are satisfied:

– There exists a homeomorphism between the two sur-
faces Σ and Σ′;

edges

vertices

faces

Figure 2: Example of a topological map on an orientable surface.

root half−edge
root vertex

Figure 3: Example of a rooted map on an orientable surface of genus
0.

Brought to you by | Dipartimento di Storia-Bibl.
Authenticated

Download Date | 5/15/18 12:15 PM



152 | A. Prunotto et al.

– This homeomorphism preserves the orientation of
the surface;

– It maps vertices, edges, faces and the root half-edge
of the first map into the homologous elements of the
second one.

In fact it is the entire isomorphic class of rooted maps of
the same genus that will be called a rooted map.

A final remark: Walsh and Lehman (among many
other authors) showed also that counting rooted maps on
the projective plane or on the sphere is topologically equiva-
lent. Although mathematically trivial, the consequence of
this remark will be extensively used in this work while dis-
playing the maps in figures: for the sake of simplicity, in-
deed, every rooted map on the sphere will be drawn as a
rooted map on the plane.

2.1.3 Euler-Poincaré invariant

One of the fundamental theorems of topology states that
for any given map with V vertices, E edges and F faces -
and embedded on a surface with g holes - there exists the
following invariant:

V − E + F = 2 − 2g = χ(g), (1)

found as a generalization of the polyhedral formula; in
Eq.(1), χ(g) is the Euler characteristic (or Euler number),
sometimes also known as the Euler-Poincaré character-
istic. The polyhedral formula is related to the number of
polyhedron vertices V, faces F, and polyhedron edges E
of a simply connected (i.e., genus 0) polyhedron (or poly-
gon).⁶ Thus the genus of maps and rootedmaps can be de-
rived from it. The only compact closed surfaces with Euler
characteristic 0 are the Klein bottle and torus (Dodson and
Parker [57]). We will often meet this concept in the follow-
ing sections.

2.2 Enumeration of rooted maps

2.2.1 Arquès and Béraud approach

Arquès and Béraud, starting from Tutte’s results, discov-
ered a generating function for the rooted maps series [28]
namely the series which gives rise to the number of rooted

6 It was discovered independently by Euler andDescartes in 1752 and
it is also known as the Descartes-Euler polyhedral formula. The for-
mula also holds for some, but not all, non-convex polyhedra and it
has been generalized for n-dimensional polytopes by Schläfli in 1868.

maps for a given number of vertices and edges. They
proved that the generating series of rooted maps is the so-
lution of the following Riccati’s differential equation:

M(y, z) = y + zM(y, z)2 + zM(y, z) + 2z2 ∂M(y, z)
∂z ,

where y and z are respectively the number of vertices and
edges. They have also shown that the generating series of
rooted maps with respect to the number of edges only is so-
lution of the differential equation:

M(z) = 1 + zM(z)2 + zM(z) + 2z2 ∂M(z)
∂z .

Thanks to this relation,Arquès andBéraud found the “nice
continued fraction form” for the generating series M(y, z)
of rooted maps with respect to the number of vertices and
edges:

M(y, z) = y
1 − (y+1)z

1− (y+2)z

1− (y+3)z1−...

,

with an important corollary: the generating series M(y, z)
of rootedmaps with respect to vertices and edges is the so-
lution of the following generalized Dyck’s equation:

M(y, z) = y + zM(y, z)M(y + 1, z).

By means of this corollary, the same authors found the ex-
plicit formula for the number of rootedmaps with n edges:

M(n) = 1
2n+1

n∑︁
i=0

(−1)i
∑︁

k1+...+ki+1=n+1⏟  ⏞  
k1 ,...ki+1≥0

i+1∏︁
j=1

(2kj)!
kj!

.

The anchor conditions which appear in the second sum-
mation show that we have to sum over all the possible par-
titions of the integer n + 1 in i + 1 integer numbers. In the
following Table 1, the first terms of this formula are shown.

Table 1: The number of rooted maps M(n) on an orientable surface
as a function of the number of edges n and regardless to genus,
according to Arquès and Béraud [28], up to 4 edges.

n M(n)
0 1
1 2
2 10
3 74
4 706
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2.2.2 Walsh and Lehman approach

Walsh and Lehman [39] began their work by studying the
combinatorial equivalent of maps: this approach allowed
them to deal with the map enumeration from a combina-
torial point of view (rather then a topological one). Then
they gave a simple application of counting rooted maps
regardless to genus. Later on, they generalized the Tutte’s
recursion formula [33] for higher genus for counting slic-
ings and introduced the concept of dicing which actually
is a “contracted slicing”: in short, they considered the
map obtained from slicings by contracting each band to
a point. Thus a “dicing” is a map whose vertices are dis-
tinguished by labeling each vertex with a different natu-
ral number (di). In order to summarize this important re-
sult, let us introduce the number of dicings of a genus g
surface whose vertices are of degree d1, . . . dv: we define
it as Cg(d1, . . . dv). The authors proved that the following
recursion formula holds:

Cg(d1, . . . dv) = (2)
v−1∑︁
i=1

diCg(d1, . . . di−1, di + dv − 2, di+1, . . . dv−1)

+
∑︁

k + m = dv−2⏟  ⏞  
k≥0,m≥0

Cg−1(d1, . . . dv−1, k,m)

+
∑︁

D1 ∪ D2 = d1 + . . . dv−1⏟  ⏞  
D1∩D2=ϕ∑︁

h+f=g

∑︁
k + m = dv−2⏟  ⏞  

k≥0,m≥0

Ch(D1, k)Cf (D2,m).

This formula reduces to the Tutte’s recursion formula [33]
when g = 0. For further details, such as the explicit com-
binatorial meaning of dicings or the proof of uniqueness
of the solution of the Walsh and Lehman’s recursion for-
mula, see [39]. Bymeans of (2), they computed the number
of dicings given the degree of each vertex and the genus.
In particular, Walsh and Lehman extracted an explicit for-
mula for maps with one face. Finally, they obtained a re-
lation between the number of dicings and the number of
rooted maps. This relation allows to calculate the num-
ber of rooted maps with respect to the genus, the num-
ber of vertices and the number of edges. In other words,
they obtained the following relation: if we denote with

Cg(d1, . . . dv)⁷ the number of dicings and an explicit ex-
pression is known for it, the number of rooted maps of
genus g, with v vertices and e edges is:

2e
v!

∑︁
d1+d2+...dv=2e

Cg(d1, d2, . . . dv)∏︀v
i=1 di

.

Summing over all the descending sequences (d1, . . . , dv)
which add to 2e gives the number of rootedmaps of genus
g with e edges and v vertices. In this way they were able
to fill the Table I of Ref. [39]. An extract of this result is
shown in Table 2. Interestingly, if we sum the number of
maps with n-edges (i.e. independently of the genus g), we
obtain the sequence 1, 2, 10, 74, 706, . . . i.e. the number of
rooted maps as a function of the number of edges and re-
gardless to genus, as found byArquès andBéraud [28] (see

Table 2: The number of rooted maps with e edges and v vertices by
genus g up to 4 edges. From [39], p. 215. The last (supplementary)
column corresponds to Table 1 and contains the first terms of the
Arquès-Walsh sequence: 1, 2, 10, 74, 706, . . .

e v g = 0 g = 1 g = 2
∑︀

per edges
0 1 1 1
1 1 1 2

2 1
2 1 2 1 10

2 5
3 2

3 1 5 10 74
2 22 10
3 22
4 5

4 1 14 70 21 706
2 93 167
3 164 70
4 93
5 14

7 The problem actually is to find an explicit expression for the term
Cg(d1 , d2 , . . . dv). Walsh and Lehman for instance found an explicit
form for the rootedmapswith one face,where d1+. . .+dv = 4g+2v−2,
which leads to the very interesting formula:

M(n, v, g)one face =
(2v + 4g − 2)!

22gv!(v + 2g − 1)!
∑︁

i1+...+iv=g⏟  ⏞  
i1 ,...iv≥0

v∏︁
j=1

1
1 + 2ij

.

This is the number of rootedmaps of genus gwith one face, v vertices
and v + 2g − 1 edges and, by duality between vertices and faces, it is
also the number of rooted maps of genus g with one vertex, v faces
and v + 2g − 1 edges. Compare this expression with the M(n) of the
next section.
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Table 1). We will refer to this sequence as to the Arquès-
Walsh sequence.

3 Feynman diagrams and rooted
maps

As anticipated in the Introduction, the main purpose of
the present work lies in the connection between count-
ing rooted maps and enumerating Feynman diagrams in
the perturbative series which expresses the single par-
ticle Green’s function (or propagator) within the non-
relativistic many-body theory of a system of fermions (par-
ticles with half-integer spin).

Without any pretense of completeness, we recall here
only the starting point, key formulas and definitions,
which lead to the perturbative expression one can rep-
resent in terms of Feynman diagrams. The reader is ad-
dressed, e.g., to the Fetter andWalecka texbook [58] or the
more recent ones byDickhoffandVanNeck [59] andbySte-
fanucci and Van Leeuwen [60] for a comprehensive deriva-
tion of the pertinent formulas.

The physical system is described by an Hamiltonian
operator

Ĥ = Ĥ0 + Ĥ1

where Ĥ0 corresponds to a non-interacting (solvable) sys-
tem, while Ĥ1 contains the (two-body) interaction be-
tween the constituents of the system.

The single-particle Green’s function is then defined by

iGαβ(x, y) =
< Ψ0|T[Ψ̂Hα (x)Ψ̂

†
Hβ (y)]|Ψ0 >

< Ψ0|Ψ0 >
(3)

where |Ψ0 > is the exact ground state of the system, Ψ̂Hα
(Ψ̂†Hβ ) are field operators in Heisenberg representation, de-
stroying (creating) a particle in a specific space-time point
with the appropriate spin projection. T is the time-ordered
product, forcing the operator with the latest time to be
placed on the left. The quantity in Eq.(3) also represents
the propagation of the interacting particle from point x ≡
(x, tx) to y ≡ (y, ty) (or vice versa).

Perturbation theory leads then, with the help of a few
celebrated quantum fields theorems, to the expression:

iGαβ(x, y) =
∞∑︁
m=0

(︂
− i~

)︂m 1
m!

+∞∫︁
−∞

dt1 · · ·
+∞∫︁
−∞

dtm (4)

< Φ0|T[Ĥ1(t1) · · · Ĥ1(tm)Ψ̂α(x)Ψ̂†β(y)]|Φ0 >connected

where m is the order of the perturbative term and all op-
erators are in Interaction representation, |Φ0 > being now

the ground state of the non-interacting system. Notably it
can be shown that the series extends only to the connected
terms, namely those terms where the interaction Hamilto-
nians are connected to the “fixed” external points x, y, or
equivalently to the fermion propagator running from y to
x. The terms of Eq.(4) and their enumeration can be put
into a one to one correspondencewith Feynmandiagrams,
according to the rules explained in the Appendix.

A detailed enumeration of Feynman diagrams accord-
ing to their physical properties (and as a function of the
perturbative order) is presented in the work of Cvitanović,
Lautrup and Pearson [27]. In particular, Table I contains
the reckoning of several subtypes of QED diagrams. The
first two columns show the effect of the Furry’s theorem
which cancels a large number of diagrams in QED. Con-
versely, in many-body theory, all the diagrams which ap-
pear in the first column (“Exact electron propagators with-
out Furry’s theorem”) can contribute to the total ampli-
tude⁸. The reason why in many-body theory the Furry’s
theorem is not active lies in the different nature of the vac-
uum in the two approaches: the Dirac sea with an infinite
number of negative energy states in QED and the (unper-
turbed) ground state of N particles in many-body theory
(Fermi sea). Clearly vacuum loops diverge in QED and are
removed by standard renormalization procedures. Since
these divergences do not occur in many-body theory, the
number of Feynman diagrams (as a function of the pertur-
bative order for the exact electron propagator) without tak-
ing into account Furry’s theorem is

1, 2, 10, 74, 706 . . .

Remarkably, it corresponds to the Arquès-Walsh se-
quence, i.e. to the number of rooted maps regardless to
genus and vertices as a function of the number of edges.
The numerical correspondence is quite striking and it is
suggestive that between this two objects, the physical ones
(Feynman diagrams) on the one side and the mathemat-
ical ones (rooted maps) on the other side, there exists a
topological connection. Our aim is then to explore this
topological equivalence. This goes beyond a simple count-
ing of these objects (which corresponds to compare the Ar-
quès formulas on pages 6-10 of [28] with the ones of Cvi-
tanović [27] on page 1943). The purpose is rather to dis-
cover how a Feynman diagram is related to a rooted map.

8 In this Table, Cvitanović, Lautrup and Pearson use a different nota-
tion: they refer to the perturbative order of a Feynman diagram as to
the number of interaction vertices: this is indeed customary in QED,
where the fundamental interaction Lagrangian refers to the electron-
photon coupling. In this framework the exchange of a photon be-
tween two electrons is viewed as a second-order term.
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It is in fact the topology of these objects which entails their
physical content (while an exact match between these for-
mulas is rather of a mathematical interest).

3.1 Connection between diagrams and maps

On thephysical side, the startingpoint is the bookRef. [58–
60], where the Feynman diagrams (at first and second-
order) are explicitly drawn⁹. On themathematical side, the
starting point is the work of Tutte [34], where the (planar)
rooted maps (up to 2 edges) are also explicitly drawn¹⁰.
Figure 4 shows the easiest (non-trivial) examples of Feyn-
man diagrams (left) at first-order of perturbation: diagram
a (also known as “shell”) contains no loopswhile diagram
b (also known as “tadpole”) contains one loop. Figure 4
(right) shows also the first 2 non-trivial rooted maps with
one edge and one vertex (map c) and two vertices (map d).
We will use the two diagrams and the two maps to illus-
trate a graphical, step-by-step association (which will be
indicated as the quotient procedure) - for the first-order di-
agrams (or for the rooted map with one edge) - between
these two kinds of objects.

3.1.1 Quotient procedure (first-order)

The following steps illustrate an intuitive way to associate
a rooted map to a given Feynman diagram (at first order).
They do not represent a rigorous proof of the association,

no loops

a

one loop

b

two vertices

d

one vertex

c

FEYNMAN DIAGRAMS (first order) ROOTED MAPS (one edge)

Figure 4: The easiest (non-trivial) Feynman diagrams and (non-
trivial) rooted maps as they appear in Refs. [58] and [34], respec-
tively. Interaction lines are represented with dashed lines, propaga-
tion lines with solid ones.

9 The work of Cvitanović [27] will help us to enumerate and distin-
guish the physics properties of Feynman diagrams at any order.
10 The work of Walsh and Lehman [39] (summarized in Table 2) will
help us with the detailed enumeration of the rooted maps according
to their number of vertices, edges and the genus of the embedding
surface.

but they will help us to investigate the topological equiv-
alence between diagrams and maps. As a preliminary re-
mark, we recall that for each Feynman diagram, an “ini-
tial” point and a “final” point can always be defined with-
out any ambiguity: these points represent the initial and fi-
nal positions in spacetime between which we evaluate the
Green’s function¹¹.

– Starting from a Feynman diagram (step A of Figure
5), we connect its initial (i) and final (f ) points, ob-
taining a new object: the closed graph (step B). The
obtained (oriented) arc will be defined as the rooted
arc¹². All the propagation-line arrowswill be left out,
except for the one on the rooted arc.

– Starting from the point i = f in the closed graph,
we travel the rooted arc (e.g. counterclockwise) till
the first interaction line and we shift the rooted arc
arrow on it. Then, all the interaction lines will be
drawn as solid lines and all the propagation lines
will be drawn as dotted lines, obtaining the quo-
tient graph (step C). The (unique) solid line carry-
ing the arrow will be referred as to the rooted edge.

– All the dotted lines in the quotient graph are col-
lapsed to a unique vertex each. The result is a rooted
map (step D).

i

f

A. FEYNMAN DIAGRAM

rooted edge

C. QUOTIENT GRAPH D. ROOTED MAPB. CLOSED GRAPH

i = f

rooted arc

A. FEYNMAN DIAGRAM

i

f

rooted edge

C. QUOTIENT GRAPH D. ROOTED MAPB. CLOSED GRAPH

rooted arc

i = f

Figure 5: (Top) Association of the first-order Feynman diagram a to
the rooted map c of Figure 4 by means of the quotient procedure.
(Bottom) Association of the first-order Feynman diagram b to the
rooted map d of Figure 4. The “initial” (i) and “final” (f ) points are
shown.

11 These points are easily distinguished in the diagram, since they
are the only vertices of a propagation line that are not connected to
an interaction line.
12 The rooted arc can be obtained either connecting i and f lefthand-
wise or righthandwise (so that the rooted arc results oriented counter-
clockwise or clockwise, respectively). This choice will not affect the
results, provided that we apply the same rule for all the diagrams.
Here we will use the first one.
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3.1.2 Quotient procedure (second and higher order)

If we try to apply the previous steps to the second-order
diagrams in Ref. [58] (see Figure 6 and 7), we have no diffi-
culties till the diagram number 10. The peculiarity of such
a diagram can be seen under two perspectives. First, its
quotient graph contains a crossing (such a characteristic
never occurred in all the other graph). Second, we already
know that there should be nine (planar) rootedmaps with
two edges (these are themaps drawn by Tutte): butwe also
know (see again Table 2) that one and only one rootedmap
with two edges should be embedded on the torus. This
means that another step must be added to the quotient
procedure: the quotient graph should be embedded on an
orientable surface with the minimum number of holes as it
is needed to remove all the crossings (step E). We show in

Figure 6: Association of the second-order Feynman diagrams (as
they appear in [58]) with the two-edges rooted maps (on the sphere)
as they appear in [34] by means of the quotient procedure. In the
first column, the Feynman diagrams at second perturbative order
(i.e. with 2 interaction lines) are shown. In the second and third
columns the related closed graphs (with their rooted arc) and quo-
tient graphs (with their rooted edge) are shown. The last column
contains the resulting rooted maps. The list continues in Figure 7.

Figures 8 and 9 some intriguing examples of order higher
than two.

7

6

8

9

10

Figure 7: Continues from Figure 6. Notably, the rooted map related
to the Feynman diagram n.10 is embedded on a torus.
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Figure 8: The quotient procedure applied to a third-order Feynman
diagram. Once we have embedded its quotient graph on an ori-
entable surface (for example a sphere, frame C), we collapse the
dashed lines into vertices (here v1 and v2), while maintaining the
relative positions of the interaction-line extremes a, b, c . . . on their
dashed lines (see pictures D-E-F). In order to remove the crossings
between the resulting edges, we add a hole into the surface.
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Figure 9: The quotient procedure applied to a fourth-order Feynman
diagram. In order to remove the crossings in the quotient graph,
one hole is not enough. The associated rooted map results actually
embedded on the cow.

3.1.3 Quotient procedure (full third-order)

Let us consider the third-order diagrams derived in the Ap-
pendix. We have first applied the quotient procedure to all
the shell diagrams shown in Figure 8 the remaining third-
order diagrams can be found in the Appendix, where a
simple method to build Feynman diagrams at any order
is also presented. It was needed to recover the exact shape
of each of the 74 diagrams at third-order. Actually, a pub-
lication where these 74 Feynman diagrams are explicitly
drawn is not available, at variance with the second-order
diagrams, which can be easily found in the literature. We
can immediately observe that there are 10 diagramswhich
contain unremovable crossings between the interaction
lines (we are talking about number 2, 3, 6, 7, 8, 9, 10, 11,
12, 14) and 5 diagrams without crossings (number 1, 4, 5,
13 and 15). Thanks to Table 2, we could predict that there
could be only five diagrams on the sphere. If we apply the
quotient procedure to the diagramsof Figures 10, 11 and 12,
wefind indeedfive andonly five rootedmaps on the sphere
(diagrams number 1, 2, 3, 13 and 15 in the abovementioned
figures). Let us analyze the number of vertices of this
maps: we find that all of them have one vertex. But if we
check our Table 2, we discover that on the sphere there are
just five rooted maps with 3 edges and only one vertex. This
also ensures the validity of the the quotient procedure and

1

2

3

4

5

Figure 10: Closed and quotient graphs of “shells“ Feynman dia-
grams and their related rooted maps, obtained by means of the
quotient procedure. Feynman diagrams which are not embedded on
a sphere are related to a map on the torus.

hence the validity of the one-to-one correspondence with
rooted maps on the sphere at this stage.¹³

We show all the quotient graphs of the remaining
third-order Feynman diagrams in Figures 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23.

3.1.4 Remarks

Comparing the Tutte’s rootedmaps and the list of first, sec-
ond and third-order Feynman diagramswe can easily con-

13 Notice that - if the quotient procedure is right - there could not be
other maps with 3 edges, one vertex and genus 1, related to the five
Feynman diagrams. In fact, if we check the Walsh work [39] on page
215, we do not find any other map with these features.
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7

6

8

9

10

Figure 11: Closed and quotient graphs of “shells“ Feynman dia-
grams and their related rooted maps (continued).

11

12

13

14

15

Figure 12: Closed and quotient graphs of “shells“ Feynman dia-
grams and their related rooted maps (continued).

16

17

18

19

Figure 13: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.

20

21

24

23

22

Figure 14: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.
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25

26

27

28

29

Figure 15: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.

clude that every Feynman diagram of the n-th order with
l loops - and without crossing either between any interac-
tion lines or between interaction and propagation lines -
is related to one (and only one) rootedmap embedded in a
sphere-like surfacewith n edges and l+1 vertices. Through
the quotient procedure, in fact, an additional loop is cre-
ated (the one which contains the root edge) but all the
propagation lines, after the shrinking procedure, become
a point. For this reason the l loops become l + 1 vertices
(which are actually points). Moreover, through the same
procedure, the interaction lines of the original Feynman
diagram are not modified so that they directly become the
edges of the map. We can check the validity of this proce-
dure by verifying that we have just obtained:

– 2 rootedmaps on the sphere starting from the 2 Feyn-
man diagrams at first order; among these 1-edge
maps, we have obtained: 1 rooted map with 1 vertex
and one map with 2 vertices.

31

32

33

34

30

Figure 16: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.

– 9 rooted maps on the sphere starting from the 10
Feynman diagrams at second-order; among these 2-
edgesmaps there are 2mapswith one vertex, 5maps
with 2 vertices and 2 maps with 3 vertices.

– 54 rooted maps with 3 edges on the sphere start-
ing from the 74 Feynman diagrams at third-order. 5
of them have just 5 vertices, 22 of them have 2 ver-
tices and other 22 have 3 vertices; finally we have
obtained, among this class of maps with 3 edges, 5
maps with 4 vertices.

This is a remarkable result because it is in perfect agree-
ment with the works by Bender and Canfield and with the
ones by Walsh and Lehman (see Table 2).
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35

36

37

38

39

40

Figure 17: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.

3.2 The genus of a Feynman diagram

Finding the embedding of a graph was shown to be a NP-
complete problem (see for instance Carsten [61]). However,
the existence of a precise association between Feynman
diagrams and maps (based on the quotient procedure)
strongly suggests that Feynmandiagramsand rootedmaps
are isomorphic mathematical object. Thus, it becomes
natural to define the genus of a Feynman diagram as the
genus of the related rooted map, i.e. the genus of the ori-
entable surface in which the related rooted map is embed-
ded.However, this definition is quite different from the one
given in the work by J. S. Kang [62], where the genus (G) of
the Feynman diagram is defined as

V − P + I = 2 − 2G. (5)

42

43

45

46

44

41

Figure 18: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.

51

50

49

48

47

Figure 19: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.
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53

57

56

55

54

52

Figure 20: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.

58

62

61

60

59

Figure 21: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.

63

64

65

66

67

68

Figure 22: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.

69

74

73

72

71

70

Figure 23: Closed and quotient graphs of other third-order diagrams
and their related rooted maps.
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HereV is thenumber of vertices, P thenumber of prop-
agators and I the number of the closed loops. This defini-
tion is followed bymany authors like Gross,Mikhailov and
Roiban [63], Nayak [64] or Schwarz [65]. We propose, in-
stead, a definition which start from the well known Euler
characteristic of a rooted map:

v − e + f = 2 − 2g, (6)

where v is the number of the vertices of the map, e the
number of its edges and f the number of its faces. Then
we substitute the number of vertices with v = l + 1:

(l + 1) − e + f = 2 − 2g, (7)

where l is the number of loops in the associated Feynman
diagram, f and g are respectively the number of faces and
the number of holes of the related rootedmap (namely the
genus of the orientable surface in proper sense). Thus the
genus of Feynman diagrams provided by Eq.(7) is similar
to the one of formula (5) only in the sense that both equa-
tions derive from the Euler-Poincaré formula. But the num-
bers G and g associated to the same diagram are usually
different and only accidentally coincide, as reported in Ta-
ble 3.

Table 3: Comparison between the Kang’s definition of the genus
G of a Feynman diagram Eq.(5) and the genus g calculated by our
definition Eq.(7), with regard to the Feynman diagrams (n.1, n.2, . . . )
represented in Figure 6 and Figure 7.

diagrams vertices-propagators+loops= 2 − 2G
n.1 4 − 5 + 1 = 2 − 2G → G = 1
n.2 4 − 5 + 1 = 2 − 2G → G = 1
n.3 4 − 5 + 1 = 2 − 2G → G = 1
n.4 4 − 5 + 1 = 2 − 2G → G = 1
n.5 4 − 5 + 0 = 2 − 2G → G = 3

2
n.6 4 − 5 + 2 = 2 − 2G → G = 1

2
n.10 4 − 5 + 0 = 2 − 2G → G = 3

2

diagrams (loops+1)-edges+faces= 2 − 2g
n.1 2 − 2 + 2 = 2 − 2g → g = 0
n.2 2 − 2 + 2 = 2 − 2g → g = 0
n.3 2 − 2 + 2 = 2 − 2g → g = 0
n.4 2 − 2 + 2 = 2 − 2g → g = 0
n.5 1 − 2 + 3 = 2 − 2g → g = 0
n.6 3 − 2 + 1 = 2 − 2g → g = 0
n.10 1 − 2 + 1 = 2 − 2g → g = 1

4 Summary and conclusions
In this work we have shown, up to third-order in perturba-
tion theory, the perfect agreement between the number of
Feynman diagrams as a function of the perturbative order
and the number of rooted maps on orientable surfaces as
a function of the number of edges (and regardless to genus
and to the number of vertices on the map).

This result has been obtained by establishing a graph-
ical correspondence between Feynman diagrams and
rooted maps on the sphere and on oriented surfaces of
higher genus. The quotient procedure presented here con-
tains definite and unambiguous rules which allow to ob-
tain the rooted map corresponding to a generic Feynman
diagram. In this connection it is worth pointing out that in
the Appendix we define a simple but effective procedure
for building Feynman diagrams at any order in perturba-
tion theory from a purely graphical point of view.

A new definition of the genus of a Feynman diagram
has alsobeengiven: the genusof a Feynmandiagram is the
number of holes of the surface in which the corresponding
rootedmap is embedded. Hence onemight conjecture that
Feynman diagrams and rooted maps are the same topo-
logical object. The information about the physics is totally
embodied in the number of vertices, edges, faces andholes
of the embedding surface and their mutual relations.

It should be stressed that in this work we have consid-
ered Feynman diagrams entering into the perturbative ex-
pansion of the single-particle propagator within a many-
body context. Other classes of diagrams, for example in
the two-body propagator or the polarization propagator,
as well as in the diagrammatic representation of the per-
turbative contributions to the ground/excited state energy
of the system (Goldstone diagrams) are crucial for the cor-
rect determination of the observables. Starting from the
results of the present work it should be possible to cal-
culate some specific class of diagrams such as “ladder or
skeleton”, “RPA”, and “irreducible” diagrams bymeans of
rooted maps theory. In the present work we concentrate
on the single particle propagator: here the most interest-
ing development is the internal resummation of proper
(non-separable) self-energy diagrams, which leads to the
Dyson (integral) equation. The perturbative expansion is
thus manipulated in such a way to include some class of
diagramsup to infinite order. In particular it couldbe inter-
esting a comparative approach to “non-separable maps”,
but this goes well beyond the scope of this paper.
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Appendix A

Building Feynman diagrams
Let us build the Feynman diagrams for the single-particle
Green’s function at the m-th order in perturbation theory.
For any given diagram there is an identical contribution
from all similar diagrams that merely differ in the permu-
tation of the space-time labels in the interaction Hamilto-
nian.

In m-th order there are m! ways of choosing the se-
quence of the interactionHamiltonians by applyingWick’s
theorem [66]. All of these terms give the same contribution
to the Green’s function, so that we can count each diagram
just once and cancel the factor 1

m! in formula (4). Note that
this result is true only for the connected diagrams, where
the external points x and y are fixed.

Let us now revisit the rules for building all the Feyn-
mandiagrams contributing to single-particle Green’s func-
tion.

1. Draw all topologically distinct connected diagrams
with m interaction lines and 2m + 1 oriented
lines representing Green’s functions. This procedure
can be topologically simplified by observing that
a Fermion line either closes on itself or runs con-
tinuously from y to x. Each diagram represents all
the m! different possibilities of ordering the set of
space variables. If there is a problem concerning the
precise meaning of topologically distinct diagrams,
Wick’s theorem can always be used to verify the enu-
meration.

2. Label each vertex with a four-dimensional space-
time point.

3. Each solid line between the two points represents a
free single-particle Green’s function.

4. Each dashed line represents an interaction (more
precisely its matrix element in spin-space).

5. Integrate over all internal space an time variables.
6. There is a spin matrix product along each continu-

ous fermion line, including the potential at each ver-
tex.

7. Affix a sign factor (−1)l, where l is the number of
closed fermion loops in the diagram.¹⁴

14 The overall sign of the various contributions appearing in the di-
agrams is determined as follows: every time a fermion line closes on
itself, the term acquires an extra minus sign.
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8. To compute G(x, y) assign a factor
(︁
i
~

)︁m
=

(−i)
(︁
− i~

)︁m
i2m+1 to each m-th order term.

The foregoing statements provide a unique prescrip-
tion for drawing and evaluating all Feynman diagrams
that contribute to theGreen’s function in coordinate space.
Each diagram corresponds to an analytic expression that
can be now written down explicitly with the Feynman
rules. The calculation of Green’s function becomes then a
relatively automatic although non-trivial process.

Appendix B

First and second-order diagrams
As an example of the Feynman rules, we show the com-
plete first-order contribution to the Green’s function in Fig-
ure A1.

The corresponding second-order contribution re-
quires more work and, according tomany-body textbooks,
we can assert that there are 10 second-order Feynman
diagrams (see Figure A2).

1 2

Figure A1: First-order diagrams.

6

3
4

7

8
9

10

5
1

2

Figure A2: Second-order Feynman diagrams [58].

Historically speaking, Feynman diagrams are not the
first graphical approach to a complex physics problem.
First efforts weremade in the integration of dynamical sys-
tems in the realm of thermodynamics and statistical me-
chanics. An interesting example of this approach is the one
developed by Ursell and Mayer [67, 68] in order to deter-
mine the partition function of an interacting gas, known
as the cluster expansion.

Appendix C

Third-order diagrams
Even though the number of Feynman diagrams for the
electron propagator has been found out many years ago,
it seems that a graphical enumeration of third-order di-
agrams (or beyond) has never been done. Nevertheless,
in order to make a comparison with rooted maps, which
are essential in characterizing the topological properties of
orientable surfaces, the graphical identification and enu-
meration of the diagrams may be an useful tool. Thus
we looked both to the number of Feynman diagrams at
third-order and to the structure of each diagram. For this
purpose, we have devised an easy procedure for drawing
all topologically distinct Feynman diagrams at any order.
First of all we built the 10 second-order diagrams starting
from the “shell” and the “tadpole” diagrams of first order.
This way we can enumerate the first three numbers of the
puzzling “quantum many-body theory integer sequence”
(perturbation order N versus number of quantum many-
body theory diagrams).

We show the building procedure (see Figure A3) ap-
plied to first-order diagrams in such a way as to obtain the
(already known) second-order ones and in general to show
how to apply it for higher orders:

1. Consider the “shell” diagram.
2. We draw one bold point in the middle of a prop-

agation line: it will become the tadpole tail of a
new second-order diagram; of course we can draw
a bold point in three different positions¹⁵, so that we
should built three new different second-order quan-
tum many-body theory diagrams, starting from the
first-order shell one.

15 Often we refer to the set of segments representing Green functions
and connecting the initial and final vertices straightforwardly as the
root line.
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3. Then we have to put two bold points on any propa-
gation line, and they will become the shell extremes
of a new second-order diagram.

4. Repeat steps 1,2 and 3 startingwith the “tadpole” di-
agram.

The procedure is the same for higher orders: to obtain
the mth-order diagrams one has to apply it to every dia-
gram of the (m−1)th-order. The result of our building pro-
cedure applied to the first-order diagram of Figure A1 are
the 10 second-order diagrams of Figure A2. For the third-
order, we have to start from the 10 distinct diagrams of the
second-order, and so on...

This way, we can build all Feynman diagrams: we no-
tice that the extreme of an interaction line can only be at-
tached to a propagation line, hence to the “points” system-
atically added in the lower order diagram. Obviously sim-
ilar diagrams may arise from this procedure: therefore at
the end of the process, we have to discard topologically
equivalent diagrams, which are such if there exist a con-
tinuous transformation in the plane between each part of
the two diagrams (see Figure A3). The physical meaning
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STEP 2

STEP 1

STEP 2

1 2 3
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Figure A3: Examples of the graphical construction for the second-
order Green’s function diagrams, starting from the two diagrams at
first-order: “Shell” and “Tadpole”. In step 1 we put one bold point
in the middle of a propagation line; then we add a tadpole where
we have just put that point. In step 2 we add, analogously, two bold
points and connect them with a dashed line representing a new
shell interaction. Obviously these points must be put in every avail-
able position. We thus obtain 18 diagrams but it is easy to observe
that 8 of them (the ones shown inside rectangular boxes) appear
twice and must be discarded as topologically equivalent to other
diagrams (in agreement with Feynman rule number 1).

1 2 3 4 5

6 7 8
9 10

11 12 13
14 15

Figure A4: “Shells” Feynman diagrams of third-order. Interaction
vertices are added only on the root of shells diagrams of preced-
ing order. These diagrams are simply computed by the Touchard
formula: if m is the perturbative order (i.e. number of shells), the
number of shells-diagrams is (2m − 1)!!.

of this rules directly stems from the Wick’s Theorem [66]
applied to the propagator.

We now show the results of the above established pro-
cedure for building all third-order diagrams. As expected,
we have obtained 74 different diagrams: 15 of them - we
loosely refer to them as to “shells” diagrams, - can be enu-
merated by a very easy formula since they contain only
shells and no tadpoles¹⁶. At the m-th perturbative order
their number is:

Fshell(m) = (2m − 1)!! = 1 · 3 · 5 · 7. . . .

This formula was extracted by Touchard in an old
strictly mathematical work [47], and recently rediscovered
by several physicists among whom Kuchinskii [21].

Checking all topologically equivalent diagrams, we
found that there exist 42 additional diagrams which are
obtained by adding a shell or a tadpole in every avail-
able position right in the root line (see Figures A5 and A5).

16 In this class of graphs, interaction vertices lie on the same prop-
agation line directly connecting the initial and final vertices of the
many-body Green’s function diagram.
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Figure A5: (a) Third-order Feynman diagrams. (continued)
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Figure A5: (b) Third-order Feynman diagrams (continued).
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Figure A5: (c) Third-order Feynman diagrams (continued).

Moreover there are 18 diagrams derived from second-order
diagrams by adding a tadpole (or a shell) onto a tadpole
- or a shell between the root line and a tadpole (Figure
A5). The complete set of the single-particle Green’s func-
tion Feynman diagrams at third-order (in addition to the
ones in Figure A4) is illustrated in Figures A5a, A5b and
A5c.
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