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UNIVERSALITY OF GROUP EMBEDDABILITY

FILIPPO CALDERONI AND LUCA MOTTO ROS

Abstract. Working in the framework of Borel reducibility, we study various
notions of embeddability between groups. We prove that the embeddability
between countable groups, the topological embeddability between (discrete)
Polish groups, and the isometric embeddability between separable groups with
a bounded bi-invariant complete metric are all invariantly universal analytic
quasi-orders. This strengthens some results from [Wil14] and [FLR09].

1. Introduction

We work in the framework of analytic (i.e. Σ
1
1) equivalence relations, that is

we consider pairs (X,E) consisting of a standard Borel space X together with an
equivalence relation E on it which is analytic as a subset of X2 (we refer the reader
to the beginning of Section 2 for the definitions of standard Borel spaces, analytic
sets, and other preliminary notions). Since the seminal papers [FS89, HKL90],
analytic equivalence relations are usually compared via the quasi-order of Borel
reducibility: if (X,E) and (Y, F ) are Σ

1
1 equivalence relations, we say that E is

Borel reducible to F (E ≤B F in symbols) if there is a Borel function f : X → Y
such that for every x, x′ ∈ X

x E x′ ⇐⇒ f(x) F f(x′).

We also write E ∼B F when the two Σ
1
1 equivalence relations E and F are Borel

bi-reducible, i.e. E ≤B F and F ≤B E.
Over the last two decades Borel reducibility played a prominent role in the field

of descriptive set theory: on the one hand it provides an efficient tool for measuring
the complexity of various classification problems arising from different areas of
mathematics (see for instance [GK03, FLR09, Sab16]); on the other hand, the
abstract analysis of the structure of Σ1

1 equivalence relations under ≤B turned out
to be extremely challenging, yielding to a great variety of results and sophisticated
techniques involving e.g. measure theory, ergodic theory, and so on.
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2 F. CALDERONI AND L. MOTTO ROS

Harrington was the first to point out the existence of ≤B-maxima1 in the class
of all analytic equivalence relations: such elements are called complete, and can be
regarded as the most complicated analytic equivalence relations — any assignment
of complete invariants for them can be turned into an assignment of complete in-
variants for any other Σ

1
1 equivalence relation. Harrington’s example came from

an abstract construction specifically designed to obtain a complete Σ
1
1 equivalence

relation, but some years later Louveau and Rosendal isolated in [LR05] many natu-
ral examples coming from various areas of mathematics. The approach undertaken
in [LR05] consists in studying analytic quasi-orders, i.e. reflexive and transitive
binary relations (rather than equivalence relations). One can extend the notion
of Borel reducibility to this broader context verbatim: given two Σ

1
1 quasi-orders

(X,P ) and (Y,Q), we say that P is Borel reducible to Q (P ≤B Q in symbols) if
there is a Borel function f : X → Y such that for every x, x′ ∈ X

x P x′ ⇐⇒ f(x) Q f(x′).

In the mentioned paper it is shown that, up to a natural coding, the embeddability
relation between countable graphs is ≤B-above (i.e. complete for) all analytic quasi-
orders, and this easily implies that the bi-embeddability relation between countable
graphs is a complete Σ

1
1 equivalence relation. (Indeed, it can be shown that every

complete Σ
1
1 equivalence relation can be construed as the symmetrization of a Σ

1
1

quasi-order which is complete in its class, so the technique of Louveau and Rosendal
is as general as possible.)

A strengthening of completeness for Σ
1
1 quasi-orders was isolated in [FMR11],

where it is shown that for any Σ
1
1 quasi-order R there is an Lω1ω-sentence ϕ (all

of whose models are graphs) such that R is Borel bi-reducible to embeddability be-
tween countable models of ϕ. This means that not only the embeddability relation
on countable graphs is as complicated as possible, but also that it has a stronger
universality property: it contains in a natural way (i.e. as an Lω1ω-elementary sub-
class2) a faithful copy of every Σ

1
1 quasi-order. The above result naturally leads

to the following definition of invariant universality. (By the Lopez-Escobar theo-
rem [Kec95, Theorem 16.8], if X is a space of countable structures and E is the
isomorphism relation on it, than any B as in Definition 1.1 is an Lω1ω-elementary
class.)

Definition 1.1 ([CMMR13]). Let S be a Σ
1
1 quasi-order on some standard Borel

space X and let E be a Σ
1
1 equivalence subrelation of S. We say that (S,E) is

invariantly universal (or S is invariantly universal with respect to E) if for every
Σ

1
1 quasi-order R there is a Borel subset B ⊆ X which is invariant with respect to

E and such that the restriction of S to B is Borel bi-reducible with R.

It immediately follows from the definition that if (S,E) is invariantly universal,
then S is a complete Σ

1
1 quasi-order. Of course, to avoid trivial pathologies one

should consider only “meaningful” pairs: for example, when S is induced by some
notion of morphism between certain objects, it makes sense to pair it with the
equivalence relation induced by the associated notion of isomorphism. In particular,
when S is some kind of embeddability relation, then E is usually taken to be the

1Clearly, by definition of maximum all these elements are Borel bi-reducible to each other.
2An Lω1ω

-elementary class (of countable structures) is the collection of countable models of a

given sentence in the infinitary logic Lω1ω
.
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induced isomorphism relation: when this is the case, we drop the reference to E
and simply say that S (instead of the pair (S,E)) is invariantly universal.

The notion of invariant universality has been extensively studied in the pa-
pers [CMMR13, CMMR]. Perhaps against intuition, it turned out to be a quite
widespread phenomenon: essentially, all the Σ

1
1 quasi-orders that were known to

be complete turned out to be invariantly universal when paired with the natu-
rally associated equivalence relation (including, for example, embeddability between
graphs, topological embeddability between compacta, isometric embeddability be-
tween metric spaces, and linear isometric embeddability between Banach spaces).
Despite the great diversity of the examples considered, all these invariant universal-
ity results were obtained via a unique technique, which can be applied only when
the equivalence relation E is Borel reducible to an orbit equivalence relation (see
Theorem 2.2 below). In all the above mentioned situations, this extra condition
was granted for free, but it can become a serious obstacle when E is e.g. a com-
plete Σ

1
1 equivalence relation, as it is the case when considering topological groups.

Indeed, the (topological) embeddability relation between Polish groups is complete
by [FLR09, Corollary 34], but the same proof also shows that the (topological)
isomorphism relation between Polish groups is a complete Σ

1
1 equivalence relation.

Thus, on the one hand the completeness of embeddability invites to check whether
it is indeed invariantly universal (when paired with the isomorphism relation), on
the other hand the completeness of the isomorphism relation seems to forbid the
use of the only known technique for proving invariant universality, a situation we
are facing for the very first time.

In this paper, we will confirm the general trend uncovered in [CMMR13, CMMR]
(“all complete Σ

1
1 quasi-orders are indeed invariantly universal”) by showing that

also the embeddability relation between Polish groups is invariantly universal. To
overcome the technical difficulty explained above, we use a construction due to J.
Williams who showed in [Wil14] (using small cancellation theory techniques) that
the embeddability relation between countable graphs Borel reduces to the embed-
dability relation between countable groups, so that the latter is complete for Σ

1
1

quasi-orders. After introducing some preliminary notions and results in Section 2,
in Section 3 we strengthen Williams’ result by showing that the embeddability re-
lation between countable groups is in fact invariantly universal (Theorem 3.5), a
result which may be of independent interest. In Section 4 we then show how to
adapt this construction to deal with Polish groups (Subsection 4.1) and separable
groups endowed with a complete bi-invariant metric (Subsection 4.2): in all these
cases, we obtain that the relevant embeddability relation is invariantly universal
(Theorems 4.4, 4.7, and 4.8).

2. Preliminaries

A topological space X is Polish if it is separable and completely metrizable. If A
is a countable set, the spaces 2A and NA viewed as the product of infinitely many
copies of 2 and N with the discrete topology, respectively, are Polish. In this paper
we mainly deal with spaces of the form 2N

n

, for some integer n, or 2G, where G is
a countable group. A Polish group is a topological group whose topology is Polish.
A well known example is S∞, the group of all bijections from N to N, which is a
Gδ subset of NN and a Polish group with the relative topology.
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A standard Borel space is a pair (X,B) such that B is the σ-algebra of Borel
subsets of X with respect to some Polish topology on X . Given a Polish space X ,
the space F (X) of closed subsets of X is a standard Borel space when equipped
with the Effros Borel structure (see [Kec95, Section 12.C]). If G is a Polish group,
then the space Subg(G) of closed subgroups of G is a Borel subset of F (G), and
thus it is standard Borel as well.

A subset of a standard Borel space is Σ
1
1, or analytic, if it is the image of a

standard Borel space via a Borel function. In particular, a binary relation defined
on a standard Borel space X is analytic if it is a Σ

1
1 subset of X×X . A co-analytic

set is a subset of a standard Borel space whose complement is analytic.
A quasi-order is a reflexive and transitive binary relation. Any quasi-order Q on

a set X canonically induces an equivalence relation on X , which is denoted by EQ,
defined by setting x EQ y if and only if x Q y and y Q x (for all x, y ∈ X). If Q is
analytic, then so is EQ.

If a Polish group G acts on a standard Borel space X in a Borel way, then we
say that X is a standard Borel G-space and we denote by EX

G
the orbit equivalence

relation induced by the action of G on X . Such equivalence relation is analytic.
The stabilizer of a point x ∈ X is the subgroup

Stab(x) := {g ∈ G | g · x = x},

where g · x denotes the value of the action on the pair (g, x).
Given two binary relations R and R′ on standard Borel spaces X and Y , re-

spectively, we say that R Borel reduces (or is Borel reducible) to R′ (in symbols,
R ≤B R′) if and only if there is a Borel function f : X → Y such that for every
x, y ∈ X

x R y ⇐⇒ f(x) R′ f(y).

Such an f is called (Borel) reduction (of R to R′). The relations R and R′ are
Borel bi-reducible (in symbols, R ∼B R′) if R ≤B R′ and R′ ≤B R.

Louveau and Rosendal proved in [LR05] that among all Σ1
1 quasi-orders there are

≤B-maximum elements: such quasi-orders are (by definition of maximum) Borel
bi-reducible to each other, and are called complete Σ

1
1 quasi-orders. In [LR05] the

authors proved that several Σ1
1 quasi-orders which naturally occur in mathematics

are indeed complete: among those, the first prominent example is the embeddability
relation between countable graphs that we briefly describe below. Let XGr be the
space of graphs on N. By identifying each graph with the characteristic function of

its edge relation, XGr can be construed as a closed subset of 2N
2

, and thus it is a
Polish space. Given S, T ∈ XGr, set S ⊑Gr T if and only if S embeds into T , i.e. if
and only if there is an injective function f : N → N such that m and n are adjacent
in S if and only if f(m) and f(n) are adjacent in T (for every m,n ∈ N).

Theorem 2.1 ([LR05, Theorem 3.1]). The relation ⊑Gr on XGr of embeddability
between countable graphs is a complete Σ

1
1 quasi-order.

In [FMR11] and [CMMR13], the authors modified the proof of Theorem 2.1 in
order to find a Borel G ⊆ XGr with the following properties:

(i) each element of G is a combinatorial tree (i.e. a connected acyclic graph);
(ii) the equality and isomorphism relations restricted to G, denoted respectively

by =G and ∼=G, coincide;
(iii) each graph in G is rigid, i.e. it has no nontrivial automorphism;
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(iv) ⊑G, the restriction of ⊑Gr to G, is a complete Σ
1
1 quasi-orders.

The standard Borel space G is used to test whether a pair (Q,E) satisfying the
conditions of Definition 1.1 is invariantly universal. In fact, the following result
gives sufficient conditions to ensure the invariant universality of a pair.

Theorem 2.2 ([CMMR13, Theorem 4.2]). Suppose that Q is a Σ
1
1 quasi-order on

a standard Borel space X and let E ⊆ Q be a Σ
1
1 equivalence relation on X. Then,

(Q,E) is invariantly universal provided that the following conditions hold:

(i) there is a Borel reduction f : G → X of ⊑G to Q;
(ii) f is also a Borel reduction of =G (equivalently, of ∼=G) to E;
(iii) there are a co-analytic E-invariant rng(f) ⊆ Z ⊆ X, a Polish group H, a

standard Borel H-space Y , and a Borel reduction h : Z → Y of E ↾ Z to EY
H

such that the map

G → Subg(H), T 7→ Stab(h(f(T )))

is Borel.

Recall that Z ⊆ X is E-invariant if it is a union of E-classes. Notice that in
the original formulation of Theorem 2.2 (cf. [CMMR13, Theorem 4.2]) the set Z is
required to be Borel, which seems a stronger condition. However, our statement
is equivalent to the original one because if Z is co-analytic and E-invariant, then
by the separation theorem for analytic E-invariant sets (see [Gao09, Lemma 5.4.6])
there is an E-invariant Borel rng(f) ⊆ Z ′ ⊆ Z which satisfies condition (iii).

If Y is an S∞-space of countable structures (with S∞ acting on Y with the usual
continuous logic action, so that the induced equivalence relation is the isomorphism
on Y ), then the stabilizer Stab(y) of any y ∈ Y is the group Aut(y) of automor-
phisms of y. In many applications of Theorem 2.2, the situation is considerably
simplified by the fact that X itself is a space of countable structures and E is the
isomorphism relation: in this case, one could verify condition (iii) of Theorem 2.2
setting X = Z = Y and h equal to the identity map, so that it suffices to check the
Borelness of the map

G → Subg(S∞), T 7→ Aut(f(T )).

3. Embeddability between countable groups

Let XGp be the set of groups whose underlying set is N. Every such group can
be identified with the (characteristic function of the) graph of its operation, hence

XGp can be viewed as a Gδ subset of 2N
3

, and thus it is a Polish space. Let ⊑Gp

be the Σ
1
1 quasi-order of embeddability on XGp. Jay Williams showed in [Wil14,

Theorem 5.1] that ⊑Gr ≤B ⊑Gp, which combined with Theorem 2.1 yields the next
result.

Theorem 3.1 ([Wil14]). The relation ⊑Gp is a complete Σ
1
1 quasi-order.

The Borel reduction used in [Wil14] maps each graph T ∈ XGr to the group
GT = 〈v0, v1, . . . | RT 〉 generated by the vertices of T , which we denote by {vi | i ∈
N} to avoid confusion, and the following set of relators RT encoding the edges of
T : for every T ∈ XGr, RT is the smallest subset of the free group on {vi | i ∈ N}
which is symmetrized (i.e. closed under inverses and cyclic permutations, and such
that all its elements are cyclically reduced) and contains the following words (for
distinct i, j ∈ N):
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• v7i
• (vivj)

11, if (vi, vj) ∈ T
• (vivj)

13, if (vi, vj) /∈ T .

A piece for the group presented by 〈V | R〉 is a maximal common initial segment
of two distinct r1, r2 ∈ R. It is immediate to check that for every T ∈ XGr, the set
RT satisfies the following small cancellation condition:

(C′
(
1
6

)
) if u is a piece and u is a subword of some r ∈ R, then |u| <

1

6
|r|.

Groups 〈V | R〉 whose set of relators R is symmetrized and satisfies the C′
(
1
6

)

condition are called sixth groups.

Theorem 3.2 ([LS01, Theorem V.10.1]). Let G = 〈V | R〉 be a sixth group. If w
represents an element of finite order in G, then there is some r ∈ R of the form
r = vn such that w is conjugate to a power of v. Thus, if w is cyclically reduced,
then w is a cyclic permutation of some power of v with vn ∈ R for some n ∈ N.

The next lemma (which is already implicit in the proof of Theorem 3.1) is a nice
consequence of Theorem 3.2 and shows that all automorphisms of the group GT

constructed by Williams are canonically induced (up to inverses and conjugacy) by
the automorphisms of the graph T .

Lemma 3.3. Let T ∈ XGr and θ : GT → GT . Then θ ∈ Aut(GT ) if and only if
the following two conditions hold:

(i) θ(ww′) = θ(w)θ(w′) for all w,w′ ∈ GT ;
(ii) there are ρ ∈ Aut(T ), t ∈ GT , and ǫ ∈ {−1, 1} such that

(3.1) θ(vi) = tvǫρ(i)t
−1 for all i ∈ N.

Clearly, the ρ, t and ǫ in condition (ii) are unique. Automorphisms θ ∈ Aut(GT )
for which ǫ = 1 in (ii) are called positive, while automorphisms θ ∈ Aut(GT ) for
which ǫ = −1 in (ii) are called negative.

Proof. Assume first that θ ∈ Aut(GT ). Condition (i) is satisfied by definition of
automorphism, so it is enough to show that condition (ii) is satisfied as well.

Claim 3.3.1. Let θ ∈ Aut(GT ) and ı̄ ∈ N. Suppose that there are u ∈ GT and

k̄ ∈ Z with |k̄| < 7 such that θ(vı̄) = uvk̄̄ u
−1 for some ̄ ∈ N. Then k̄ ∈ {−1, 1}

and there are a map ρ : N → N and m ∈ Z with |m| < 7 such that ρ(̄ı) = ̄ and for
all i ∈ N

(3.2) θ(vi) = uvmρ(ı̄)v
k̄
ρ(i)v

−m
ρ(ı̄)u

−1.

Proof of the claim. Set ρ(̄ı) = ̄, so that (3.2) is already automatically satisfied for
i = ı̄ (independently of the value ofm that we will choose). Let θu ∈ Aut(GT ) be the

inner automorphism g 7→ u−1gu. Clearly, θu ◦ θ ∈ Aut(GT ) and (θu ◦θ)(vı̄) = vk̄
ρ(ı̄).

For every i ∈ N \ {ı̄} the element (θu ◦ θ)(vi) must have order 7 in GT , hence
there are some ρ(i) ∈ N, a reduced w ∈ GT , and l ∈ Z with |l| < 7 such that
(θu ◦ θ)(vi) = wvl

ρ(i)w
−1. Possibly w may start with some power of vρ(ı̄): if this is

the case, let ψi be some inner automorphism such that (ψi ◦ θu ◦ θ)(vi) does not
start with vρ(ı̄), i.e. set for g ∈ GT

(3.3) ψi(g) = v−m
ρ(ı̄)gv

m
ρ(ı̄)
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for m ∈ N maximal such that w = vm
ρ(ı̄)w

′. Thus (ψi ◦ θu ◦ θ)(vi) = zvl
ρ(i)z

−1, for

some reduced word z which does not start with a power of vρ(ı̄). Now notice that

(ψi ◦θu ◦θ)(vı̄vi) = vk̄ρ(ı̄)zv
l
ρ(i)z

−1 must have finite order (either 11 or 13, depending

on whether (vı̄, vi) ∈ T or not), and it is cyclically reduced because z−1 does not end

with any power of vρ(ı̄). Consequently, by Theorem 3.2 the element vk̄ρ(ı̄)zv
l
ρ(i)z

−1

must be a cyclic permutation of some power of vnvm for some n,m ∈ N, which yields

in turn that z must be the identity of GT . Therefore (ψi ◦ θu ◦ θ)(vı̄vi) = vk̄ρ(ı̄)v
l
ρ(i),

and the order of this element is either 11 or 13: this implies that ρ(̄ı) 6= ρ(i) because

otherwise vk̄
ρ(ı̄)v

l
ρ(i) would have order 7. Moreover, the only possible values for k̄

and l are k̄ = l ∈ {−1, 1} because otherwise vk̄ρ(ı̄)v
l
ρ(i) would have infinite order.

Summing up, we proved that k̄ ∈ {−1, 1} and that there are a function ρ : N → N,
and an inner automorphism ψi, for every i ∈ N \ {ı̄}, such that ρ(i) 6= ρ(̄ı) and

(3.4) (ψi ◦ θu ◦ θ)(vi) = vk̄ρ(i).

We now claim that ψi ◦ θu ◦ θ = ψj ◦ θu ◦ θ for all i, j ∈ N \ {ı̄}. To prove this, it
suffices to show that ψi ◦ θu ◦ θ and ψj ◦ θu ◦ θ agree on the generators. Clearly they
agree on vı̄ because by (3.3) for an arbitrary i ∈ N \ {ı̄} we have

(3.5) (ψi ◦ θu ◦ θ)(vı̄) = ψi(v
k̄
ρ(ı̄)) = vmρ(ı̄)v

k̄
ρ(ı̄)v

−m
ρ(ı̄) = vk̄ρ(ı̄),

independently of the integer m in the definition of ψi. Next let i, j ∈ N \ {ı̄} be
arbitrary. By (3.4) and (3.3) one has

(ψi ◦ θu ◦ θ)(vivj) = vk̄ρ(i)v
p

ρ(ı̄)v
k̄
ρ(j)v

−p

ρ(ı̄)

for some p ∈ Z because

(ψi ◦ θu ◦ θ)(vj) = (ψi ◦ ψ
−1
j ◦ ψj ◦ θu ◦ θ)(vj) = (ψi ◦ ψ

−1
j )(vk̄ρ(j)).

If p 6= 0 then vk̄ρ(i)v
p

ρ(ı̄)v
k̄
ρ(j)v

−p

ρ(ı̄) would have infinite order because ρ(i) 6= ρ(̄ı) and

ρ(j) 6= ρ(̄ı): but since the order of vivj is finite and ψi ◦ θu ◦ θ ∈ Aut(GT ), this
cannot be the case. Therefore p = 0 and

(ψi ◦ θu ◦ θ)(vj) = vk̄ρ(j) = (ψj ◦ θu ◦ θ)(vj).

Since all the ψi are the same, by (3.4) and (3.3) there is a fixed m ∈ Z (independent

of i) such that (θu ◦ θ)(vi) = vm
ρ(ı̄)v

k̄
ρ(i)v

−m
ρ(ı̄) , so that

(3.6) θ(vi) = uvmρ(ı̄)v
k̄
ρ(i)v

−m
ρ(ı̄)u

−1

for every i ∈ N \ {ı̄}. But as observed at the beginning of this proof, equation (3.6)
holds also for i = ı̄, hence we are done. �

Consider now θ(v0). Since θ(v0) must have order 7 in GT , Theorem 3.2 implies

that there are some n ∈ N and w ∈ GT such that θ(v0) = wvk̄nw
−1 with k̄ ∈ Z such

that |k̄| < 7. Therefore we can apply Claim 3.3.1 with ı̄ = 0,̄ = n, and u = w to get
a map ρ such that condition (ii) of the lemma is satisfied for ǫ = k̄ and t = uvm

ρ(0):

thus it only remains to show that ρ ∈ Aut(T ).
First observe that the orders of vivj and vρ(i)vρ(j) are both equal to the order of

vǫ
ρ(i)v

ǫ
ρ(j). In the former case one can use the fact that (θt ◦θ)(vivj) = vǫ

ρ(i)v
ǫ
ρ(j) and

that θt ◦ θ is a group automorphism, where θt is the map g 7→ t−1gt. In the latter
case, if ǫ = −1 one can use the fact that vρ(i)vρ(j) and vρ(j)vρ(i) have the same order
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because the edge relation of a graph is symmetric, and that the latter has the same
order of (vρ(j)vρ(i))

−1 = v−1
ρ(i)v

−1
ρ(j). Thus vivj and vρ(i)vρ(j) have the same order. In

particular, ρ is injective because if ρ(i) = ρ(j) then vρ(i)vρ(j) has order 7, so that
vivj has order 7 as well, and thus i = j by definition of RT . Moreover

i, j are adjacent in T ⇐⇒ vivj has order 11

⇐⇒ vρ(i)vρ(j) has order 11

⇐⇒ ρ(i), ρ(j) are adjacent in T.

Finally, we show that ρ is surjective, i.e. that for every n ∈ N there is i ∈ N with
n = ρ(i). First notice that if vn is conjugate to a power of vm, then n = m. Indeed,
if vn = uvkmu

−1 for some u ∈ GT and k ∈ Z, then vmvn = vmuv
k
mu

−1. It follows
that u is a power of vm, because otherwise vmuv

k
mu

−1 would have infinite order,
contradicting the fact that vmvn has finite order by definition of RT : therefore
vmvn = vmuv

k
mu

−1 = vmv
k
m (which also implies k 6= −1, 6 because vmvn is not the

identity). But vmv
k
m can only have order 7, whence n = m. Now fix an arbitrary

n ∈ N. Since θ−1(vn) has order 7, by Theorem 3.2 there are i ∈ N, u ∈ GT , and

k′ ∈ Z such that θ−1(vn) = uvk
′

i u
−1, whence vn = θ(u)θ(vi)

k′

θ(u)−1. On the other
hand, θ(vi) = tvǫ

ρ(i)t
−1 by Claim 3.3.1, and substituting this value of θ(vi) in the

previous equation one sees that vn is conjugate to the (ǫk′)-th power of vρ(i): thus
n = ρ(i) by the observation above.

For the converse implication in Lemma 3.3, assume that θ satisfies (i) and (ii).
Since (i) states that θ is a group homomorphism, we are left with proving that θ
is a bijection. Consider the inner automorphism θt, where t is as in (ii), sending g
to t−1gt, so that (θt ◦ θ)(vi) = vǫ

ρ(i) for every i ∈ N: it clearly suffices to show that

θt ◦ θ is a bijection. For every nontrivial w = vi0 . . . vin ∈ GT one has

(θt ◦ θ)(v
ǫ
ρ−1(i0)

. . . vǫρ−1(in)
) = w,

therefore θt ◦ θ is surjective. As for injectivity, recall from the proof of [Wil14,
Theorem 5.1] that since ρ is an automorphism of T , then the map θ′ induced by
vi 7→ vρ(i) is an injection from GT into itself. Thus if ǫ = 1 we are done because
θt ◦ θ = θ′; if instead ǫ = −1, then θt ◦ θ is the composition of θ′ with the map
induced by vi 7→ v−1

i , and since the latter is clearly injective we are done again. �

Remark 3.4. Let T, S ∈ XGr. If ρ : T → S is an isomorphism, t ∈ GS , and
ǫ ∈ {−1, 1}, then the natural extension to the whole GT of the map

(3.7) θ(vi) = tvǫρ(i)t
−1.

is an isomorphism between GT and GS . Conversely, the proof of Lemma 3.3 can
be straightforwardly adapted to show that every isomorphism θ : GT → GS is
canonically induced by some isomorphism ρ : T → S as above, i.e. that there are
t ∈ GS and ǫ ∈ {−1, 1} such that θ satisfies (3.7). In particular, this shows that
T ∼= S ⇐⇒ GT

∼= GS .

We are now ready to prove the main result of this section.

Theorem 3.5. The relation ⊑Gp is an invariantly universal Σ1
1 quasi-order (when

paired with the relation ∼=Gp of isomorphism on countable groups). In particular,

for every Σ
1
1 quasi-order R there is an Lω1ω-elementary class of countable groups

such that the embeddability relation on it is Borel bi-reducible with R.
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To fit the setup used in the above statement, each group GT must be coded as an

element GT of XGp (the space of groups on N) via some bijection φT : GT
1–1
−−−→
onto

N.

In general, the specific coding is irrelevant, the only requirement being that the map
G sending T to GT , i.e. to the unique group isomorphic to GT via φT , be a Borel
map from XGr to XGp. However, for our proof it is convenient to further require
that for every T ∈ XGr, all generators of GT and their inverses are sent by φT to
some fixed natural numbers (independently of T ), and that for every reduced word
w, all its subwords are sent by φT to numbers smaller than φT (w) (this technical
conditions will be used in the proof of Proposition 3.6). Thus for every T ∈ XGr

we fix a bijection φT : GT → N such that

• φT (1GT
) = 0;

• φT (vi) = 3i+ 1;
• φT (v

−1
i ) = 3i+ 2;

• for every n ∈ N and for all subword w of φ−1
T (n), φT (w) < n.

(Notice that words different from the identity, the generators and their inverses are
sent to numbers of the form 3i+ 3.)

Let ⋆T : N × N → N be the binary operation on N such that GT = (N, ⋆T )
is isomorphic to GT via φT , that is: n ⋆T m := φT (φ

−1
T (n)φ−1

T (m)), for every
n,m ∈ N. Let <N(N) be the set of all injective t ∈ <NN, where <NN is the set of
finite sequences of natural numbers. Given t ∈ <N(N), let Nt = {g ∈ S∞ | g ⊇ t}.
Clearly the set {Nt | t ∈ <N(N)} is a basis for S∞. Consider the maps

σ : XGr → Subg(S∞), T 7→ Aut(T )

and
Σ: XGr → Subg(S∞), T 7→ Aut(GT ).

Proposition 3.6. Let T ∈ XGr and s ∈ <N(N). Then Σ(T ) ∩Ns 6= ∅ if and only
if the following conditions hold:

(1) for every n,m ∈ dom(s), if n ⋆T m ∈ dom(s) then s(n ⋆T m) = s(n) ⋆T s(m)
(2) there is r : {i | 3i+ 1 ∈ dom(s)} → N such that

(a) σ(T ) ∩Nr 6= ∅
(b) there are k, k′ ∈ N and l ∈ {0, 1} such that k′ is the inverse of k with

respect to ⋆T (i.e. k ⋆T k
′ = 0) and

∀i ∈ N (3i+ 1 ∈ dom(s) → s(3i+ 1) = k ⋆T (3r(i) + 1 + l) ⋆T k
′).

Proof. First assume that Σ(T ) ∩ Ns 6= ∅, i.e. that there is some h ∈ Aut(GT )
such that h ⊇ s. Since h is a homomorphism, if n,m ∈ dom(s) are such that
n ⋆T m ∈ dom(s) then

s(n ⋆T m) = h(n ⋆T m) = h(n) ⋆T h(m) = s(n) ⋆T s(m),

which proves (1). To prove (2), set θ := φ−1
T ◦ h ◦ φT . Since θ ∈ Aut(GT ), by

Lemma 3.3 there are ρ ∈ Aut(T ), t ∈ GT , and ǫ ∈ {−1, 1} such that for every i ∈ N

θ(vi) = tvǫρ(i)t
−1.

Setting r = ρ ↾ {i ∈ N | 3i + 1 ∈ dom(s)}, one clearly has ρ ∈ σ(T ) ∩Nr, so that
σ(T ) ∩Nr 6= ∅. Moreover, setting l := − ǫ−1

2 , for every i such that 3i+ 1 ∈ s

s(3i+ 1) = (φT ◦ θ)(vi) = φT (tv
ǫ
ρ(i)t

−1) = k ⋆T (3r(i) + 1 + l) ⋆T k
′,

where k = φT (t) and k′ = φT (t
−1).
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Conversely, assume that both (1) and (2) hold. By (a) of condition (2) there is
ρ ∈ Aut(T ) such that ρ ⊇ r. Define

h(0) = 0,

h(3i+ 1) = k ⋆T (3ρ(i) + 1 + l) ⋆T k
′,

h(3i+ 2) = k ⋆T (3ρ(i) + 2− l) ⋆T k
′,

and then extend h to the whole N via the operation ⋆T , i.e. if n = φT (v
ǫ0
i0
. . . vǫcic )

with ǫ0, . . . , ǫc ∈ {−1, 1}, set h(n) = h(φT (v
ǫ0
i0
)) ⋆T . . . ⋆T h(φT (v

ǫc
ic
)). By (b) of

condition (2), the maps h and s agree on the codes for generators. Moreover, the
way φT was defined ensures that if n = φT (v

ǫ0
i0
. . . vǫcic ) belongs to dom(s), then so

do all of φT (v
ǫ0
i0
), . . ., φT (v

ǫc
ic
); thus h ⊇ s by condition (1). Then one easily checks

that θ := φ−1
T ◦ h ◦φT satisfies (i)–(ii) of Lemma 3.3 with the chosen ρ, t = φ−1

T (k),
and ǫ = 1 − 2l. Therefore θ ∈ Aut(GT ), whence h is an automorphism of GT

witnessing Σ(T ) ∩Ns 6= ∅. �

Corollary 3.7. Let B ⊆ XGr be a Borel set. If σ ↾ B is Borel, then Σ ↾ B is Borel
as well.

Proof. For s ∈ <N(N), the preimage under Σ ↾ B of the generator {G ∈ Subg(S∞) |
G∩Ns 6= ∅} of the Effros Borel structure of Subg(S∞) is {T ∈ B | Σ(T )∩Ns 6= ∅}.
By Proposition 3.6, this is the set of graphs T ∈ B satisfying conditions (1)–(2) of
Proposition 3.6, which are all readily Borel with the possible exception of part (a)
of condition (2): but if σ ↾ B is a Borel map, then also that one becomes Borel,
hence we are done. �

Proof of Theorem 3.5. It is enough to show that (⊑Gp,∼=Gp) satisfies conditions (i)–
(iii) of Theorem 2.2. Since GT and GT are isomorphic for every T ∈ XGr, the map
f : G → XGp, T 7→ GT reduces ⊑G to ⊑Gp by Theorem 3.1 and thus (i) is proved.
Part (ii) follows from the fact that =G and ∼=G coincide and from Remark 3.4, which
still holds after replacing GT with GT .

Finally, we prove (iii). Since XGp is a space of countable structures and we are
considering the isomorphism relation ∼=Gp on it, we are in the simplified situation
described after Theorem 2.2, so that it suffices to show that the map Σ ↾ G : G →
Subg(S∞), T 7→ Aut(GT ) is Borel. Since every T ∈ G is rigid, the map σ ↾ G : G →
Subg(S∞), T 7→ Aut(T ) is constant, hence Borel. Therefore Σ ↾ G is Borel as well
by Corollary 3.7 and we are done. �

4. Topological groups

In this section we study two different quasi-orders between topological groups.
The reduction defined by Williams in Theorem 3.1 plays a key role, but it is conve-
nient to encode the groups GT in a different standard Borel space. This variation
allows us to prove the main theorems of this section in a simpler and direct way.

The countable random graph Rω (see [Rad64]) is a countable graph such that for
any two finite sets A,B of vertices, there is a vertex x such that

∀y ∈ A (x Rω y) ∧ ∀z ∈ B ¬(x Rω z).

An explicit definition ofRω (up to isomorphism) is the following: fix an enumeration
of all prime numbers {pn | n ∈ N} and set for every m,n ∈ N \ {0, 1}

mRω n ⇔ pm | n ∨ pn | m.
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Notice that each T ∈ XGr can be embedded into Rω in such a way that the map
XGr → 2Rω , T 7→ T ′ associating to every T an isomorphic subgraph T ′ of Rω is
continuous. (This can be done due to the property which defines Rω.)

Given T ∈ XGr, let GT be the group associated to T defined as in the previous
section (see the praragraph after Theorem 3.1). Let SG(GRω

) be set of all subgroups
of GRω

.3 The space SG(GRω
) can be construed as a closed subset of 2GRω by

identifying each group with the characteristic function of its domain, and thus it is
a Polish space with the induced topology inherited from 2GRω . Consider the variant
of G

G̃ : XGr → SG(GRω
), T 7→ G̃T ,

where G̃T is the subgroup of GRω
(isomorphic to GT ) whose generators are those

appearing in T ⊆ Rω . Notice that the map G̃ is Borel as well.
Given a class H of Polish groups, we say that W ∈ H is universal (for H) if

every H ∈ H topologically embeds into W . The subsequent lemma will be used
(twice) to define Borel reductions with target in hyperspaces of topological groups.
In the following, we turn GRω

into a topological group GRω
by endowing it with

the discrete topology, and every subgroup H of GRω
in the corresponding (discrete)

topological subgroup H of GRω
(in particular, G̃T is obtained by endowing G̃T

with the discrete topology).

Lemma 4.1. Let H be a standard Borel space of Polish groups, and assume that
there is a universal group W ∈ H. If ϕ : GRω

→ W is a (topological) embedding
into W , then the map

XGr → Subg(W ), T → ϕ[G̃T ]

is Borel.

Proof. Since G̃ is Borel, it is enough to prove that the function SG(GRω
) →

Subg(W ) mapping H to ϕ[H ] is Borel, i.e. that given a nonempty open set U ⊆ W ,
the preimage of BU = {F ∈ Subg(W ) | F ∩ U 6= ∅} is a Borel subset of SG(GRω

).
This is clear, as for every H ∈ SG(GRω

) one has ϕ[H ] ∈ BU if and only if h ∈ CU

for some h ∈ H , where CU = {g ∈ GRω
| ϕ(g) ∈ U}. �

4.1. Polish groups. We denote by XPGp the hyperspace of all Polish groups,
which may be construed as follows. It is well known that there are Polish groups W
which are universal, i.e. such that all Polish groups topologically embed into W . For
example, one may let W be the Polish group Homeo([0, 1]N) of all homeomorphisms
of the Hilbert cube (see e.g. [Kec95, Theorem 9.18]), or the Polish group Isom(U)
of isometries of the Urysohn space U (see [Gao09, Theorem 2.5.2]). For the sake of
definiteness, we set W = Homeo([0, 1]N) so that we may let XPGp be the standard
Borel space

Subg(Homeo([0, 1]N)).

Given two Polish groups H and H
′, we write H ⊑PGp H

′ when H topologically
embeds into H

′. In the next theorem we give an alternative proof of the fact
that topological embeddability between Polish groups is complete (compare this
with [FLR09, Corollary 34]).

3The space SG(GRω
) is different from Subg(G). While SG(GRω

) is defined as the space of all

subgroups of GRω
, the space Subg(G) is the space of closed subgroups of the Polish group G.
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Theorem 4.2. The relation ⊑PGp is a complete Σ
1
1 quasi-order.

Proof. By Theorem 2.1, it suffices to show that ⊑Gr ≤B ⊑PGp. Since Homeo([0, 1]N)
is universal, there is a topological embedding ϕ : GRω

→ Homeo([0, 1]N). Consider
the map

(4.1) f : XGr → XPGp, T 7→ ϕ[G̃T ],

which is Borel by Lemma 4.1. Since every function between discrete Polish groups

is continuous and G̃T is isomorphic to GT , one has that for every T, S ∈ XGr

T ⊑Gr S ⇐⇒ G̃T ⊑Gp G̃S ⇐⇒ G̃T ⊑PGp G̃S ⇐⇒ f(T ) ⊑PGp f(S),

hence f reduces ⊑Gr to ⊑PGp. �

Remark 4.3. Notice that our proof of Theorem 4.2 uses non-Abelian groups, while [FLR09,
Corollary 34] further shows that the topological embeddability between Abelian
Polish groups is complete as well.

Theorem 4.4. The relation ⊑PGp is invariantly universal (when paired with the
relation of topological isomorphim ∼=PGp).

Proof. It is enough to show that the pair (⊑Gp,∼=Gp) satisfies conditions (i)–(iii)
of Theorem 2.2. Set g = f ↾ G, where f is as in (4.1). We already proved that
g reduces ⊑G to ⊑PGp in Theorem 4.2, hence (i) holds. To see (ii), notice that g
witnesses that =G ≤B

∼=PGp. In fact, since =G ≤B
∼=Gp (cf. Theorem 3.5) and

each GT is isomorphic to G̃T , then for every T, S ∈ XGr,

T =G S ⇐⇒ G̃T
∼=Gp G̃S ⇐⇒ G̃T

∼=PGp G̃S ⇐⇒ g(T ) ∼=PGp g(S),

where the second equivalence holds because every function between discrete Polish
groups is continuous.

Finally, we prove (iii). Let (ψk)k∈N be a sequence of Borel selectors for XPGp, i.e.
each ψk is a function from XPGp = Subg(Homeo([0, 1]N)) to Homeo([0, 1]N) such
that ψk(G) ∈ G for every G ∈ Subg(Homeo([0, 1]N)), and for every such G the set
{ψk(G) | k ∈ N} is dense in G. Recall that we may assume that ψk(G) 6= ψk′(G)
for all k 6= k′ whenever G is infinite. Let {Un | n ∈ N} be a countable basis for the
topology of Homeo([0, 1]N). Let

(4.2) Z = {G ∈ XPGp | ∀k∀k′ (k 6= k′ → ψk(G) 6= ψk′ (G))

∧ ∃n (1G ∈ Un ∧ ∀k (ψk(G) ∈ Un → ψk(G) = 1G))},

where 1G is the identity of G. Notice that every G ∈ Z needs to be infinite because
all its elements of the form ψk(G) are distinct. We also claim that if G ∈ Z, then
1G is an isolated point. In fact, if this is not the case then for every n ∈ N such that
1G ∈ Un there would be x 6= 1G such that x ∈ Un. Since G is Hausdorff, one could
then pick some open set V with x ∈ V and 1G /∈ V . Since the point x witnesses that
the open set V ∩ Un is nonempty, there would be some ψk(G) ∈ V ∩ Un, which is
necessarily distinct from 1G because 1G /∈ V . But then ψk(G) ∈ V ∩Un ⊆ Un and
ψk(G) 6= 1G. Since n was arbitrary, this contradicts G ∈ Z. Since a topological
group is discrete if and only if its unity is an isolated point, G ∈ Z if and only if
it is infinite and discrete. Therefore Z is ∼=PGp-invariant and the definition given
in (4.2) directly shows that Z is a Borel set.
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Let h be the forgetful map Z → XGp associating to each G ∈ Z the group
h(G) = (N, ⋆G) with underlying set N and ⋆G defined by setting

k ⋆G m = n ⇐⇒ ψk(G)ψm(G) = ψn(G).

Now modify h by imposing that h(g(T )) = GT for every T ∈ G, i.e. set h(H) :=
Gg−1(H) for every H ∈ rng(g). Notice that the resulting map, which will be denoted
again by h, is still Borel because g is a Borel injective map, whence rng(g) is a Borel
subset of Z and the map rng(g) → XGp, H 7→ Gg−1(H), being the composition of

the Borel maps g−1 and G, is Borel. Now consider the logic action of S∞ on XGp:
the stabilizer of h(g(T )) with respect to this action is just Aut(h(g(T )), which
equals Aut(GT ) by the way we modified h. Therefore the map T 7→ Aut(h(g(T )) is
Borel by (the proof of) Theorem 3.5 and we are done. �

4.2. Separable groups with bounded (bi-invariant) metric. In this section
we study the quasi-order of isometric embeddability between separable complete
metric groups (briefly: Polish metric groups) with bounded bi-invariant metric. In
order to define the standard Borel hyperspace of (codings for) such groups we can
use the existence of a sufficiently universal object4 for this class. Recently Doucha
proved the following theorem.

Theorem 4.5 ([Dou16, Theorem 1.1]). For every positive real K > 0, there is a
Polish metric group DK with bi-invariant metric dK bounded by K, which contains
a closed isometric copy of every separable group with a complete bi-invariant metric
bounded by K.

Therefore we can use DK as the universal object, and regard

XK
PMGp = Subg(DK)

as the standard Borel space of all Polish metric groups whose metric is bi-invariant
and bounded by K.

We say that H isometrically embeds into H
′, and write H ⊑K

i H
′, if there is

an isometric group embedding from H into H
′.

Theorem 4.6. For every K > 0, the relation ⊑K
i is a complete Σ

1
1 quasi-order.

Proof. Fix K > 0. Endow GRω
with the discrete metric with value K, that is set

d(x, y) = K for all distinct x, y ∈ GRω
. By Theorem 4.5 there exists an isometric

embedding ϕ : GRω
→ DK . Let f : XGr → Subg(DK) be the map sending T to

ϕ[G̃T ]: we claim that f Borel reduces ⊑Gr to ⊑K
i , so that the result follows from

Theorem 2.1.
By Lemma 4.1 the map f is Borel. Notice that each f(T ) is isomorphic to

GT when viewed as a countable structure, i.e. when forgetting the metric and the
resulting topology. Since any one-to-one function between groups in the range of f
is automatically an isometry (because all such groups are equipped with the discrete
metric with constant value K), we have that for every T, S ∈ XGr

T ⊑Gr S ⇐⇒ GT ⊑Gp GS ⇐⇒ f(T ) ⊑K
i f(S). �

Theorem 4.7. For every K > 0, the relation ⊑K
i is invariantly universal (when

paired with the isometric isomorphism ∼=K
i on XK

PMGp).

4Actually, the only property that we need is that GRω
embeds into it — see the proof of

Theorem 4.6.
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Proof. Fix K > 0. Let g be the restriction to G of the map f defined in the proof
of 4.6. It suffices to show that conditions (i)–(iii) of Theorem 2.2 are satisfied. The
fact that g reduces ⊑G to ⊑PGp is proved in Theorem 4.2, hence condition (i) is
fulfilled. Notice that g also witnesses that =G Borel reduces to ∼=i

K (condition (ii)).
Indeed, for every T, S ∈ XGr

T =G S ⇐⇒ GT
∼=Gp GS ⇐⇒ g(T ) ∼=i

K g(S),

where the former equivalence follows from the proof of Theorem 3.5, while the latter
equivalence holds because g(T ) is isomorphic to GT as a group, and the metric of
g(T ) is discrete with the same constant value for every T ∈ G.

Finally, we prove that also condition (iii) holds. Let (ψi)i∈N be a sequence
of Borel selectors for the Polish subgroups of DK , so that for every nonempty
H ∈ Subg(DK) = XK

PMGp the sequence (ψi(H))i∈N is an enumeration (without

repetitions if H is infinite) of a dense subset of H . Set

Z = {H ∈ XK
PMGp | dK(ψn(H), ψm(H)) = K for distinct n,m ∈ N},

where dK is the metric of DK . It is immediate to check that Z is a Borel subset of
XK

PMGp. Notice also that every H ∈ XK
PMGp is infinite, and actually it coincides

with {ψi(H) | i ∈ N} because every point ψi(H) is isolated in it (by the definition
of Z). It follows that Z is also ∼=K

i -invariant.
Arguing as in the last paragraph of the proof of Theorem 4.4, modify the forgetful

map h : Z → XGp so that h(g(T )) = GT for every T ∈ G. The resulting map

is Borel and reduces ∼=K
i to ∼=Gp. Moreover, the stabilizer of each h(g(T )) with

respect to the logic action is exactly Aut(GT ) by the definition of h, therefore the
map T 7→ Aut(h(g(T ))) is Borel by the proof of Theorem 3.5 and we are done. �

An alternative approach to study the isometric embeddability between Polish
metric groups with a bounded bi-invariant metric is to use the setup of continuous
logic (see [BYBHU08]). In this context, each separable metric group G = (G, dG)

would be identified with a code cG = (c0G, c
1
G) ∈ RN

3

× RN
2

by fixing a dense
subgroup {gi | i ∈ N} of G and setting for every i, j, k ∈ N

c0G(i, j, k) = dG(gigj, gk) and c1G(i, j) = dG(gi, gj).

The set G of codes for Polish metric groups turns out to be a Gδ subset of

M(L) = RN
3

×RN
2

, the space of L-structures (in continuous logic) of the language
L consisting of a ternary relation symbol (the one corresponding to the graph of
the group operation) and a binary relation symbol (the one corresponding to the
distance of the group) — see [BYDNT16] for more on this. Theorem 4.7 can be
recasted in this setup as follows: for every K > 0 and every analytic quasi-order R
there is a Borel set B ⊆ G invariant under isomorphism (consisting of Polish metric
groups with a bi-invariant metric bounded by K) such that R is Borel bi-reducible
with the embeddability relation on B. By the Lopez-Escobar theorem for continu-
ous logic proved in [BYDNT16], we then get the following elegant reformulation of
Theorem 4.7 (compare it with the second part of Theorem 3.5).

Theorem 4.8. Let K > 0. Then for every analytic quasi-order R there is an
Lω1ω-sentence ϕ of continuous logic all of whose models are Polish metric groups
with bi-invariant metric bounded by K and such that R is Borel bi-reducible with
the embeddability relation on the models of ϕ.
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