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60 Universidad Autónoma de Chiapas, México
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Abstract

We report a multi-resolution search for anisotropies in the arrival directions of cosmic
rays detected at the Pierre Auger Observatory with local zenith angles up to 80◦ and energies
in excess of 4 EeV (4 × 1018 eV). This search is conducted by measuring the angular power
spectrum and performing a needlet wavelet analysis in two independent energy ranges. Both
analyses are complementary since the angular power spectrum achieves a better performance
in identifying large-scale patterns while the needlet wavelet analysis, considering the param-
eters used in this work, presents a higher efficiency in detecting smaller-scale anisotropies,
potentially providing directional information on any observed anisotropies. No deviation
from isotropy is observed on any angular scale in the energy range between 4 and 8 EeV.
Above 8 EeV, an indication for a dipole moment is captured; while no other deviation from
isotropy is observed for moments beyond the dipole one. The corresponding p-values obtained
after accounting for searches blindly performed at several angular scales, are 1.3 × 10−5 in
the case of the angular power spectrum, and 2.5 × 10−3 in the case of the needlet analysis.
While these results are consistent with previous reports making use of the same data set,
they provide extensions of the previous works through the thorough scans of the angular
scales.

1 Introduction

The study of anisotropies in the arrival directions of Ultra-High Energy Cosmic Rays (UHE-
CRs) as a function of energy is a very important element in elucidating their origin. Identifying
such anisotropies is not a simple task since they are weakened by the deflection of cosmic rays
in Galactic and extragalactic magnetic fields. The study is further complicated by the fact that
the strength of the deflection depends on the cosmic-ray mass composition.

Such anisotropies may occur over a wide range of angular scales, and dedicated analysis
tools are required to capture and summarise the main features of the angular distributions. In
the TeV-PeV energy range for instance, Galactic Cosmic Rays (CRs) show complex patterns
revealed thanks to the large statistics collected in the last decade by dedicated experiments in
both hemispheres. At large scales, anisotropy contrasts at the 10−4 − 10−3 level are now well
established [2–7]1. The dipole moment is generally considered with special interest to probe
the particle density gradient shaped by the diffusion of CRs in interstellar magnetic fields on
scales of the scattering diffusion length. However, additional effects may enter into play to shape
the dipole parameters actually observed, such as the anisotropic diffusion induced by the local
ordered magnetic field whose strength is such that circular motions predominate over random
scattering. In this case, the observed dipole results from the projection of the density gradient
of CRs onto the direction of the ordered magnetic field [8, 9]. Besides, smaller but significant
anisotropy contrasts at the 10−5−10−4 level have also been captured at intermediate and smaller

1For a recent review, see e.g., ref. [1].
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scales [4, 10–13]. These complex patterns whose positions appear randomly distributed may be
the consequence of the particular structure of the turbulent magnetic field within the last sphere
of diffusion encountered by CRs. With a density gradient, this turbulence is indeed expected
to connect regions of higher density to regions of lower density as seen from Earth, and vice
versa [14,15]. The angular power spectrum, as measured by the IceCube Observatory [10,13], is
then a natural tool to capture the main output of the complex stochastic process producing the
arrival direction distribution of CRs, and may help in the future to model and constrain the local
turbulent magnetic field [16]. Note also that the power spectrum at small scales measured at
TeV energies may also highlight relevant signatures to probe and study the electric field induced
from the motion of the heliosphere relative to the plasma rest frame where the electromagnetic
field can be considered as purely magnetic due to the high conductivity of the medium [17].

Overall, the measured angular power spectrum is thus, nowadays, a valuable analysis to
probe and understand the propagation of TeV-PeV CRs in the local environment, in terms of
both the regular and turbulent magnetic fields. This is essentially because invoking a random
nature for the arrival direction distributions of CRs allows for a stochastic modeling of non-well
known or unknown source positions and propagation mediums; in opposition to CMB studies
where the power spectrum results from primordial and fundamental fluctuations.

At higher energies, the expected increase of anisotropy does not compensate, yet, the decrease
in the collected statistics with increasing energy, so that only a few indications of dipolar patterns
have been reported. Among these indications are i) a consistency of the phase measurements in
ordered energy intervals showing a transition at EeV energies that may be indicative of genuine
signals [18, 19], ii) an amplitude of the first harmonic in right ascension standing out from the
noise with a p-value of 6.4 × 10−5 above 8 EeV in the regions of the sky covered by the Auger
Observatory, translating into a dipolar amplitude of (7.3± 1.5)% under the assumption that the
only significant contribution to the anisotropy is a dipolar pattern [20], and iii) a dipolar signal
with an amplitude d = (6.5 ± 1.9) % standing out from isotropic expectations with a p-value of
5 × 10−3 above 10 EeV obtained with full-sky coverage from a joint analysis of data collected at
the Auger Observatory and the Telescope Array [21,22].

Dipolar fluxes are expected in many scenarios of UHECR origin [23–28]. Quadrupolar type
anisotropies are also expected in the case of an excess along a plane such as the Galactic or
super-galactic planes, which are plausible source regions at high energies. Although the actual
sources of extragalactic UHECRs are still to be identified, their distribution in the sky is ex-
pected to follow, to some extent, the large-scale structure of the matter in the Universe. The
angular distribution of UHECRs is then expected to be closely connected to the sources and
the propagation mode, and to be influenced by the contribution of nearby sources. The Milky
Way could thus be, to first order, embedded into a density gradient of UHECRs that should
lead to at least a dipole moment. Even for a pure dipole gradient at the entrance of the Galaxy,
magnetic deflections are expected to give rise to higher-order multipoles, although with small
amplitude [25]. This, in combination with possible contributions from random configurations
of point sources to the cosmic-ray flux that could also be affected by random configurations of
magnetic deflections, shows the importance of a multi-resolution analysis of the arrival directions
of UHECRs [29–32]. In this work therefore, we extend previous anisotropy searches to higher
multipoles by measuring the UHECR angular power spectrum and performing an analysis, based
on the needlet wavelet [33] for energies in excess of the saturation energy of detection efficiency
when considering events with zenith angles up to 80◦, namely above 4 EeV. The benefit of us-
ing two methods in this paper is that both of these, widely used in astrophysical analyses, are
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complementary. While the angular power spectrum achieves a better performance in identifying
large-scale patterns, the needlet-wavelet analysis method, considering the parameters used in
this work, presents a higher efficiency in detecting smaller-scale anisotropies, potentially pro-
viding directional information on any observed anisotropies. We note that the needlet-wavelet
analysis method could achieve a similar or potentially higher dipole efficiency by adjusting the
parameters. However this would be at the cost of sensitivity to smaller scales which would go
against the intention of this work.

The paper is organised as follows: the angular power spectrum and the needlet analysis are
presented in Section 2 with their global estimators to assess the anisotropies in different angular
scales, taking into account the incomplete and non-uniform sky coverage. The data set recorded
by the Pierre Auger Observatory and used in this work is described in Section 3. The results
of both analyses are presented in Section 4, while the conclusions of this work are discussed in
Section 5.

2 Anisotropy searches in different angular scales

To uncover possible anisotropies in the UHECR flux, we perform two complementary multi-
resolution analyses: the widely-used angular power spectrum analysis, and a wavelet analysis
previously used to search for patterns in the cosmic microwave background [33, 35, 36]. Both
analyses as well as their global estimators are briefly presented in the next two subsections.

2.1 Angular power spectrum

As emphasised in the introduction, the flux of cosmic rays in the energy range analysed in this
paper is known to be isotropic within the sensitivity of the previous and current observatories
located in both hemispheres and dedicated to study EeV and trans-EeV cosmic rays, exception
made, if confirmed by future data, of a relatively small dipole with an amplitude around 6.5%
above ≃ 8 − 10 EeV. The flux of cosmic rays can thus be considered, to first order, as essentially
isotropic over the entire sphere with eventual small anisotropies. In this regard, it is convenient to
decompose the angular distribution of cosmic rays observed by an experiment in some direction
n, Φ(n), by separating the dominant monopole contribution from the anisotropic one, ∆(n), as

Φ(n) =
N

4πf1
W (n) [1 + ∆(n)] , (1)

where W (n) is the relative coverage of the observatory varying from 0 to 1, f1 =
∫

dn W (n)/4π
the fraction of the sky effectively covered by the observatory, and N the total number of observed
cosmic rays. In this way, the multipolar expansion of ∆(n) into the spherical harmonics basis
Yℓm(n) reads

∆(n) =
∑

ℓ>0

ℓ
∑

m=−ℓ

aℓmYℓm(n), (2)

where the aℓm coefficients encode any anisotropy fingerprint.
The partial-sky coverage of the Auger Observatory encoded in the W (n) function prevents

the multipolar moments aℓm to be recovered in a direct way through the customary recipe
making use of the orthogonality of the spherical harmonics basis [37]. Indirect procedures have
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to be used, one of them consisting in considering first the ‘pseudo’-multipolar moments

ãℓm =

∫

dn W (n)∆(n)Yℓm(n), (3)

and then the system of linear relationships relating these pseudo moments to the real ones.
Assuming a bound ℓmax beyond which aℓm = 0, these relations can be inverted allowing the
recovering of the moments aℓm. However, the obtained resolution on each moment does not
behave as

√

K/N (with K a numerical factor depending on W , K = 4π for W (n) = 1 for
instance) as expected from naive statistical arguments, but increases exponentially with the
particular bound ℓmax assumed to truncate the multipolar expansion2 [38].

Hence, given the current exposure of the Observatory to cosmic rays above 4 EeV, the
estimation of the individual aℓm coefficients cannot be carried out with relevant resolution as
soon as ℓmax > 2. However, based on analysis techniques previously developed in the CMB
community [39], it is possible, under some restrictions detailed now and further discussed below,
to reconstruct the angular power spectrum coefficients Cℓ =

∑ℓ
m=−ℓ |aℓm|2/(2ℓ + 1) within a

statistical resolution independent of the bound ℓmax [40]. The starting point is to consider
that the observed distribution of arrival directions is a particular realisation of an underlying
stochastic process which can be assumed Gaussian in a conservative way, and which is thus
entirely characterised by its first two moments 〈∆(n)〉 and 〈∆(n)∆(n′)〉. In the absence of
knowledge of this stochastic process, the simplest non-trivial situation is to consider that the
anisotropies cancel in ensemble average and produce a second order moment that does not
depend on the position on the sphere but only on the angular separation between n and n′. In
this case, the underlying aℓm coefficients vanish in average and are not correlated to each other
(i.e. diagonal covariance: 〈aℓmaℓ′m′〉 = Cℓδℓℓ′δmm′) so that the Cℓ coefficients can be viewed as
a measure of the variance of the aℓm coefficients. In this situation, it can then be shown that the
pseudo-power spectrum C̃ℓ =

∑ℓ
m=−ℓ |ãℓm|2/(2ℓ + 1) (which is directly measurable) is related to

the real power spectrum through

C̃ℓ =
∑

ℓ′

Mℓℓ′Cℓ′ , (5)

where the operator M describing the cross-talk induced by the non-uniform exposure between
genuine modes is entirely determined by the knowledge of the exposure function. The power
spectrum can thus be recovered from the inversion of M . Interestingly, for a two-point function
of the exposure3 W(cos γ) never vanishing as in the case of the Auger Observatory, M−1 is

2Formally, Equation (3) implies that the multipolar moments aℓm are related to the pseudo-multipolar moments
ãℓm through a convolution kernel whose coefficients depend only on the W (n) function:

Kℓmℓ′m′ =

∫

dn W (n)Yℓm(n)Yℓ′m′ (n). (4)

The resolution on each recovered moment is then
√

4πf1[K−1]ℓmℓ′m′ /N , the inverse matrix K−1 depending on
the bound ℓmax.

3The two-point function of the exposure is the average over position and orientation on the sphere of W at
angular separation γ defined as

W(cos γ) =

∫ ∫

dndn
′

8π2
W (n)W (n′)δ(n · n

′

− cos γ), (6)

the normalization factor being chosen such that W = 1 for W = 1.
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shown in the Appendix to take the form

M−1
ℓℓ′ =

2ℓ′ + 1

2

∫ 1

−1

d cos γ

W(cos γ)
Pℓ(cos γ)Pℓ′(cos γ), (7)

where the standard notation Pℓ(cos γ) stands for the Legendre polynomials. Under this form, it
is explicit that the inversion operation of Equation (5) is unambiguously defined, independently
of the bound ℓmax.

We now discuss in more details the implications of the hypothesised two first moments
of the stochastic field modeling the angular distribution of cosmic rays, namely 〈∆(n)〉 = 0
and 〈∆(n)∆(n′)〉 = ζ(n · n′) (with ζ any function). These conditions are often referred
to as conditions of stationarity and expressed in the reciprocal space as 〈aℓm〉 = 0 and
〈aℓmaℓ′m′〉 = Cℓδℓℓ′δmm′ . Although the underlying process governing the stochastic distribu-
tion of the aℓm coefficients is unknown, these conditions can describe or approximate numerous
benchmark scenarios of interest. One of these benchmark scenarios, widely-used in the litera-
ture, relies on drawing sources at random with a granularity in accordance with some density
that might depend on the redshift. Whatever the propagation regime, the ensemble average
angular distribution is isotropic by construction and the particular anisotropies in each realisa-
tion are due to the fluctuations of the positions of the most contributing local sources. Even
with some types of structure for the local sources on top of the contribution of the numerous
distant sources, the random localisation of the observer and a diffusive propagation regime allow
a stationarity description of the process, to first order at least. On the other hand, since the
stationarity conditions are obviously not comprehensive of all stochastic processes, there are
scenarios preventing the power spectrum to be fairly captured with the method used here. For
instance, one can think of an observer and sources randomly distributed within a thick disk
on local scales. In the case of a ballistic or quasi-ballistic propagation regime, some moments,
predominantly the quadrupolar ones, would not average to zero. Another example of scenario,
that would induce significant non-zero correlations between several moments and thus break
the condition 〈aℓmaℓ′m′〉 = Cℓδℓℓ′δmm′ , is the one of a unique ‘hot-spot’ at some small or inter-
mediate angular scale on top of an isotropic distribution on the whole sphere. These kinds of
scenarios would be better probed and captured by other analysis techniques, such as the wavelet
one presented farther.

Overall, given the coverage of the sky at our disposal for this study, making use of the
stationarity conditions requires the assumption of the absence of intermediate-scale and small-
scale structures in the uncovered region of the sky. Since the sensitivity of previous or current
experiments covering the Northern hemisphere is smaller than the one reached in this report (for
instance, ≃ 5.5 times more exposure here than in the recent search performed at the Telescope
Array [41]), the non-detection of such structures in the Northern hemisphere4, as reported
in energy ranges covering the ones considered in this study for instance in [21, 43–45], does
not prevent the possibility of a hot spot with an amplitude below the current limits. In this
case, the ’hidden’ hot spot would influence to a larger extent the large-scale moments, and the
stationarity conditions would tend to cancel some multipoles, essentially the quadrupolar ones.
In this sense, an unbiased estimation of the power spectrum requires full-sky coverage.

4The focus here is on energies between 4 and 8 EeV and above 8 EeV, so the discussion is not affected by the
hot spot above 57 EeV reported by the Telescope Array Collaboration in [42] due to the steepness of the energy
spectrum.
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To facilitate the introduction to the angular power spectrum technique, only idealised quan-
tities have been presented up to here. The finite sampling of the angular distribution induces
Poisson fluctuations and requires the introduction of the following estimator for the ãℓm coeffi-
cients [40]:

ãℓm,data =

∫

4π
dn Yℓm(n)

dN/dn − (N/4πf1)W (n)

N/4πf1
, (8)

where dN/dn is the observed distribution of arrival directions. In terms of statistical perfor-
mances, the Poisson fluctuations induce an irreducible noise on the estimated power spectrum
coefficients such that

Cℓ,data = Cℓ +
4π

N

f2
1

f2
, (9)

with f2 =
∫

dn W 2(n)/4π; while for isotropic samples the resolution obtained on each recovered
power for each mode ℓ behaves as

σ(Cℓ,data) =

(

4πf1

N

)

√

2

2ℓ + 1
M−1

ℓℓ . (10)

Note that to obtain these uncertainties, stationarity conditions are used explicitly.
Besides searching for anisotropies at each individual scale, it is also important to define a

global anisotropy estimator, which computes the departure of all observed Cℓ in relation to those
expected from an isotropic distribution and at the same time penalises statistically the search
over many angular scales. This estimator, inspired by [46], is given by

D2 =
1

ℓmax

ℓmax
∑

ℓ=1

(

Cℓ,data − 〈Cℓ,iso〉
σℓ,iso

)2

, (11)

where Cℓ,data, 〈Cℓ,iso〉 and σℓ,iso are, respectively, the Cℓ observed in the data, the average and
standard deviation from isotropic Cℓ expectations, all of them evaluated at a given scale ℓ. In
practice, we obtain the 〈Cℓ,iso〉 and σℓ,iso values using simulated isotropic skies with the same
number of events and exposure as for the data. The choice of a Confidence Level (C.L.) of
99% defines a threshold D2

iso,99% to accept or reject the isotropy hypothesis: distributions whose

values of D2 are lower (larger) than this D2
iso,99% are considered isotropic (anisotropic) at the

99% C.L..

2.2 Needlet method

The needlet is a type of spherical wavelet that was introduced to search for patterns in the
cosmic microwave background (CMB) [33]. The needlet may be viewed as a filter which enhances
existing global and localised anisotropies of a given size. The needlet is composed of multiple
scales (i.e. filters), which are sensitive to angular structures of different sizes, ranging from large-
scale to small-scale structures. Among the variety of wavelets implementations, the properties
of the needlets are particularly well suited for the study pursued here [33]: they are exactly
localised on a finite number of multipoles that can be specified for a particular analysis, they are
quasi-exponentially concentrated in pixel space, and they are directly embedded on the sphere
and thus do not rely on a tangent plane approximation, similarly to the wavelet implementation
used in [34]. The principle of the analysis presented below is thus to expand the data set onto
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spherical harmonics and to convolve the expansion with the different needlet scales so that
anisotropies of various sizes can be found. The end result lies in an output sky map in which
existing anisotropies are enhanced.

As in the case of the angular power spectrum approach, the pseudo-spherical harmonic
coefficients ãℓm are used. These harmonic coefficients are derived in the same way with the
exception that the event map is weighted by the inverse of the Auger coverage (where the
coverage is non-zero) before expansion. For the representation of the data on the sphere and for
the harmonic expansion the HEALPix package [47] is used. The coefficients are then convolved
with the needlet wavelet, renormalised and transformed back into pixel space. The result of
the analysis is a filtered sky map Sk from which a global anisotropy estimator S is derived (cf.
Equation (11)). The process is described in more detail in the following.

Needlets may intuitively be viewed as a convolution of the projection operator
∑ℓ

m=−ℓ Ȳℓm(θ, φ)Yℓm(θk, φk), where θk and φk denote the coordinates of the centre of the pixel
k of the HEALPix scheme (see Equation (12)), with a suitably-chosen window function b(.). In
our case this is the needlet kernel5 b(ℓ, B−j) with its different the scales j, which is shown in
Figure 1 as a function of the multipole moment ℓ. At a fixed maximum multipole moment, the
width of the needlet scales and consequently the number of available j-scales is determined by
the parameter B. The properties of b ensure a quasi-exponential localization property of the
needlet [33].

A value of B = 2.0 is used in the analysis which gives a reasonable range of scales (six in
our case, see Figure 1 and Section 4.2) and is a good trade-off between a tighter localization in
harmonic space versus in pixel space. This choice is based on extensive Monte-Carlo sensitivity
studies to various kinds of anisotropy scenarios such as dipole, quadrupole, catalogue-based and
point-source scenario6. We choose the respective values to give an overall good sensitivity to
detect anisotropies across the various scenarios. For example, a lower value of the (threshold)
parameter in Equation (14) leads to a better sensitivity to large-scale structures but to a lower
sensitivity to small-scale, localised structures such as point sources. As can be seen in Figure 1,
small j-scales are sensitive to large-scale structures and vice versa.

Figure 1: Needlet kernel b(ℓ, (B = 2.0)−j) as a function of the multipole moment ℓ at different needlet
scales j.

5For details on the construction of the needlet kernel see [33].
6The same holds true for the parameter choice in Equation (14).
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The needlet is convolved with the (pseudo) harmonic coefficients for each scale j individually.
After the convolution a backwards transformation is performed, resulting in a set of ‘power’ sky
maps βjk. The signal power β in each pixel k (in the HEALPix scheme) and scale j is then
given by [48]:

βjk =
√

λ
∑

ℓ

b(ℓ, B−j)
ℓ
∑

m=−ℓ

ãℓmYℓm(θk, φk). (12)

Here θk and φk denote the coordinates of the centre of the pixel k of the HEALPix scheme and√
λ is a normalisation factor given by λ = 1/Npix, where Npix is the number of pixels on the

sphere.
To combine the different scales and to search for deviations from isotropy in the sky map,

each individual scale j is normalised as described in the following:

• First, a large set of isotropic sky maps with a given number of observed events is simulated
as would be detected by an observatory with a given exposure.

• Second, from this set the mean pixel power 〈βjk,iso〉 and the pixel power fluctuations σjk,iso

of each pixel k in each scale j are determined. In the case of a uniform sky exposure, the
means and the variances would be identical for all pixels. On the other hand, in the case of
non-uniform/incomplete exposure, they depend on the declination and/or right ascension.

• Third, each pixel power value is replaced by the pixel significance (as in [36])

Sjk =
|βjk − 〈βjk,iso〉|

σjk,iso
× sgn(βjk), (13)

where sgn(βjk) is the signum function defined as follows:

sgn(βjk) =















−1 if βjk < 0,

0 if βjk = 0,

1 if βjk > 0.

• Fourth, to reduce the still remaining background in the individual scales, each pixel which
satisfies

|Sjk| < 3 (14)

is assigned a value of zero. The result is a normalised, filtered set of sky maps Sjk. As
with our choice of the needlet width B, this value is chosen to give good sensitivity to
anisotropies over a wide range of scales, determined using Monte-Carlo simulations.

• Fifth, a combined filtered sky map is created by summing up all scales j of interest

Sk =
∑

j

Sjk . (15)

Depending on the intended analysis, one may only use one or two scales (e.g. j = 0) or
all scales which are sensitive up to a given multipole moment ℓ to perform an undirected
search, i.e. over all angular scales, for anisotropy.
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• Finally, to determine the anisotropy level of a given filtered sky map, we define the S
anisotropy estimator in analogy to the D2 estimator (Equation (11)):

S = log

(

∑Npix

k=1 |Sk|
NS

)

, NS > 0, (16)

where NS is the number of pixels where Sk does not vanish.

The S-values of a different set of isotropic test sky maps are combined to create an expectation of
the S-value distribution in case of isotropy. The method to determine whether a given signal sky
map deviates from isotropy at a given C.L. is identical to that for the angular power spectrum.
Note that when only one single j-scale is analysed, no pixel of a given sky map might pass the
threshold introduced in Equation (14). In this case, a flat distribution in the S-distribution of
sky maps not passing the cut is assumed.

3 Data set

The Pierre Auger Observatory [49], located in Malargüe, Argentina, is the world’s largest
cosmic-ray observatory. Its design comprises a surface detector (SD) made up of an array of
1660 water-Cherenkov detectors spread over 3000 km2 overlooked by an air-fluorescence detector
(FD) comprising a total of 27 telescopes. The SD samples the particle components of extensive
air showers on the ground with a duty cycle of nearly 100%. Although the FD has a smaller duty
cycle of ∼15%, its calorimetric measurement of the shower energy deposited in the atmosphere
is very important for the calibration of the SD energy reconstruction.

The data set used in this work is the same used in [20] for which two Rayleigh analyses, one in
the right ascension and one in the azimuth angle distributions, were performed. It is composed
of events detected with the SD of the Pierre Auger Observatory from 2004 January 1 to 2013
December 31 with zenith angle θ up to 80◦. Vertical and inclined events are defined as those
events with zenith angle smaller than 60◦ and from 60◦ up to 80◦, respectively. The set of events
was divided in two energy bins: 4 ≤ E/EeV < 8 and E ≥ 8 EeV. This choice for the size of the
energy bins, although arbitrary, follows from previous studies dedicated to large-scale anisotropy
searches where a bin size such that ∆ log10 E = 0.3 was selected for 17.4 ≤ log10 (E/eV) ≤ 18.9.
This choice was aimed at guaranteeing a bin size larger than the energy resolution to avoid to
weaken the sensitivity of a search for an energy-dependent anisotropy. For log10 (E/eV) ≥ 18.9,
the single bin choice is dictated by the low statistics. With these energy ranges we have exploited
the fact that the surface detector of the Pierre Auger Observatory is fully efficient for vertical
events with an energy above 3 EeV [50] and for horizontal events with an energy above 4 EeV [51],
making the determination of the exposure straightforward as systematic uncertainties on trigger
and other effects become negligible. The corresponding total exposures are 37,142 km2 sr yr
for the vertical events and 10,887 km2 sr yr for the inclined events. The total number of events
used in this work for both energy ranges are summarised in Table 1.

For vertical events, a quality cut requires that all six water-Cherenkov detectors7 surrounding
the station with the largest signal were operational at the time the event was recorded. On the

7A hexagon of water-Cherenkov detectors defines an elemental cell whose geometric aperture, especially im-
portant for the exposure calculation, is acell(θ) = 1.95 cos θ km2 under incidence at zenith angle θ [50].
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Energy range (EeV) θ < 60◦ 60◦ ≤ θ ≤ 80◦

4 - 8 39,049 11,368

> 8 15,418 4,379

Table 1: Number of events for vertical and inclined data sets for different energy ranges used in this
work.

other hand, for inclined events we require that six stations around the station closest to the core
position were active at the time of detection. In all cases, the arrival directions of cosmic rays
are determined from the relative arrival times of the shower front in the triggered stations.

The primary energy estimator for vertical and inclined events is reconstructed based on simul-
taneous measurements from water-Cherenkov detectors and the fluorescence detector forming
hybrid events. For vertical events, the signal value at the ground at a distance of 1000 m from
the shower axis, S(1000) is set up as a reference. As S(1000) decreases with zenith angle due
to the attenuation of the shower particles and geometrical effects, the shape of the attenuation
curve from the data is employed to convert S(1000) to S38, that may be regarded as the signal a
particular shower with size S(1000) would have produced had it arrived at a zenith angle of 38◦.
Finally, S38 is related to the almost-calorimetric measurements from the FD [49]. The energy
reconstruction of an inclined shower is based on the universal shape of the muon distribution
and the scaling between muon number density and shower energy [52]. The measured signals
are fitted to the expected muon density at the ground via: ρµ(n) = N19 × ρµ,19(n), where n is
the arrival direction of the primary particle, N19 is the shower size and ρµ,19(n) is a reference
muon distribution, conventionally chosen to be the average muon density for primary protons
with energy 10 EeV simulated with the QGSJetII-03 hadronic interaction package. Using N19

as the energy estimator, the energies of the inclined events are calibrated using a reconstruction
similar to the vertical one [49].

To avoid spurious effects due to array growth as well as the dead periods of each detector,
we correct the exposures by considering the variations in the number of active elemental cells.
The small tilt of the array of about 0.2◦ towards a direction 30◦ from the East to the South
(φtilt = −30◦) modulates the effective elemental cell area. To correct for these two effects, each
event must be weighted by a factor given by

[∆Ncell(α0)]−1 × [1 + 0.003 tanθ cos(φ − φtilt)]
−1 , (17)

where ∆Ncell(α0) is the relative variation of the total number of active cells as a function of
the local sidereal time8, α0, while θ and φ are the local arrival direction coordinates of the
primary particle [53,54]. Moreover, the data set for the vertical events has the energy estimator
corrected for weather and geomagnetic effects [53,54] while the energy of the horizontal events
has not been corrected for these effects since the geomagnetic field is already accounted for in
the shower reconstruction and the weather conditions do not influence the horizontal events as
they are dominated by muons at ground level [52].

Whether systematic effects affecting anisotropy searches at large scales are under control can
be checked by performing a first harmonic analysis for fictitious right ascensions calculated by

8For practical reasons, α0 is chosen so that it is always equal to the right ascension of the zenith at the center
of the array.
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contracting/dilating the time of the events in such a way that a solar day lasts about four minutes
less or longer. The corresponding time scales are the solar and anti-sidereal ones. This is because
weather and array size variations have the largest effect in producing spurious modulations at
the solar time scale, while a seasonal variation of the solar distortions of the event rate could
produce a spurious modulation at the anti-sidereal time scale [55]. Analyses presented in [20]
for the two time scales, with the same data set used in the present work, show that no spurious
effects appear for any of the energy bins.

4 Results

The results achieved by measuring the angular power spectrum and by performing a needlet
analysis on the Auger data set are described in the next two subsections. Both analyses can
be performed up to an ℓmax corresponding to the angular resolution of the experiment which
is of the order of ∼ 1.5◦ for events with 3 < E/EeV < 10 and goes down to ∼ 1◦ for events
E > 10 EeV [56]. This corresponds roughly to an lmax of 128 and a corresponding Healpix
parameter Nside of 64 resulting in 49,152 pixels on the sphere9. However, the expected deflection
of even the highest energetic protons is around ∼ 3o [57] through the galactic magnetic field
(GMF) alone, according to the two most recent GMF models [58,59]. Considering this minimum
expected smearing of UHECRs and additionally aiming to increase the per-pixel statistics as
well as to reduce the computing time, we choose the next lower Nside resolution of 32. Thus the
harmonic expansion is performed up to ℓmax = 64 (∼ 2.8o) which marks the end of sensitivity
of the needlet scales j = 0 − 5 and is also recommended for the chosen resolution [60].

4.1 Angular power spectrum

In the following we evaluate the angular power spectrum in two energy ranges: 4 ≤ E/EeV < 8
and E ≥ 8 EeV. Shown in the left panel of Figure 2 is the angular power spectrum obtained for
the first energy bin. The points are observed to fluctuate randomly around the mean noise level
expected from Equation (9), 〈Cℓ,iso〉 = 1.7× 10−4, so that no deviation from isotropy is detected
at any scale. The uncertainties in the angular power spectrum are evaluated considering the
Cℓ variances arising from isotropic distributions given by Equation (10), which are strictly valid
under stationarity conditions. The colored band region, obtained from Monte-Carlo simulations,
stands for the 99% C.L. lower and upper bounds that would result from fluctuations of an
isotropic distribution. Note that the negative values are a residual artefact of the incomplete
coverage of the sky resulting from negative elements of the M−1 matrix coupled to particular
fluctuations of the pseudo-power spectrum.

In the right-hand panel, the D2-value distribution from 500,000 isotropic simulations is
shown. The black arrow shows the D2-value of the Auger data set and the red arrow represents
the 99% C.L. under the hypothesis of isotropy. Of all isotropic sky maps about 90% have either
the same or a higher significance (lower p-value) and hence, as anticipated from the left-hand
panel, no deviation from isotropy is detected.

The results for the E ≥ 8 EeV energy bin are presented in Figure 3. The angular power
spectrum is shown in the left panel. Under stationarity conditions, no deviation is captured
for any multipole moment besides ℓ = 1. Hence, and still under stationarity conditions, the

9The Healpix Nside parameter determines the number of pixels in the sphere as Npixel = 12 × N2
side.
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Figure 2: Angular power spectrum for 4 ≤ E/EeV < 8. On the left there is no visible departure from
the isotropic expectation. On the right the D2-value distribution from 500,000 isotropic sky maps is

shown. The red arrow represents the threshold to accept/reject the isotropy hypothesis with 99% C.L..
The D2-value from data, represented by the black (dashed) arrow, is smaller than that threshold

supporting the isotropy hypothesis.

estimated dipole amplitude dC1
from the C1 value turns out to be

dC1
=

√

9 C1

4π
= (6.0 ± 1.5)%, (18)

where the uncertainty in the dipole amplitude was obtained from simulations, setting the input
value of C1 = 0.0050 and Cℓ = 0 for all ℓ > 1, resulting in the specific value C1 = 0.0050±0.0025.
Although this does not constitute a validation of the stationarity assumption, it is to be noted
that this amplitude is consistent within uncertainties with the estimates reported in [20] under
the assumption of a dipolar or dipolar/quadrupolar flux and reported in [22]. As previously
mentioned, the analysis reported in [20] is based on the two Rayleigh analyses of the same data
set used in this work whereas the one reported in [22] is obtained with full-sky coverage from
a joint analysis of data collected at the Auger Observatory and the Telescope Array, where a
slightly higher energy threshold was used for the Auger data (E > 8.8 EeV corresponding to
16,835 Auger events collected from 2004 January 1 to 2013 December 31 with zenith angle θ up
to 80◦).

Shown in the right-hand panel of Figure 3 is the D2-value distribution from 1,000,000
isotropic simulations. The reason for the increase in the number of isotropic simulations for
this energy bin is the observed departure from isotropy at ℓ = 1. The D2-value from data, rep-
resented by the black arrow, is larger than the threshold of isotropy, presenting an indication of
anisotropy with > 99% C.L.. The p-value obtained in this analysis from the D2 estimator under
the hypothesis of isotropic distribution is p = 1.3 × 10−5, since only 0.0013% of the 1,000,000
simulated isotropic sky maps posses an equal or higher significance.

4.2 Needlet analysis

As in the case of the angular power spectrum method, the data are analysed in two separate
energy bins: 4 ≤ E/EeV < 8 and E ≥ 8 EeV. The results for the 4 ≤ E/EeV < 8 energy bin
are shown on the left-hand side of Figure 4. The S-value distribution for j = 0 − 5 of 500,000
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Figure 3: Angular power spectrum for E ≥ 8 EeV. On the left a clear indication for a departure from
isotropy is captured in the dipole scale. On the right the D2-value distribution from 1,000,000 isotropic

sky maps is shown. The D2-value from data, represented by the black (dashed) arrow, is larger than
the threshold of isotropy presenting an indication of anisotropy with > 99% C.L..

isotropic Monte-Carlo sky maps is shown. The S-value of the data set is indicated by the black
dashed arrow while the 99% C.L. limit is represented by the red straight arrow. Of all isotropic
sky maps 27% have either the same or a higher significance and hence no deviation from isotropy
is detected. The percentage of more or equally isotropic sky maps of the individual needlet scales
is listed in Table 2. No deviation from isotropic expectations is observed at any single scale j.

The results for the E ≥ 8 EeV energy bin are shown on the right-hand side of Figure 4.
An indication of a deviation from isotropic expectations of the global anisotropy estimator from
j = 0 − 5 is observed. The probability of such a global estimator arising by chance from
an isotropic distribution is p = 2.5 × 10−3. The reason for the difference between the p-values
obtained from both analyses is that, in accordance with Monte-Carlo studies, the needlet method
is less sensitive to large-scale anisotropies than the angular power spectrum, although it is more
sensitive to small-scale patterns, not found in this study. For example, the detection power at
a C.L. of 99% of the angular power spectrum to a dipole with an amplitude of 7%, located
at δ = −40◦ and the same number of events as in the bin with E ≥ 8 EeV, lies around 89%
whereas the needlet method with the same parameters used in this work achieves a detection
power around 66%. On the other hand, for a point source with a given width, the angular
power spectrum can need up to twice the number of events from the source to achieve the same
sensitivity. As pointed out in the introduction, the dipole sensitivity with the needlet method
could be increased a posteriori by adjusting the parameters. This involves mainly lowering
the threshold introduced in Equation (14) to achieve a similar or even higher dipole sensitivity
than that from the angular power spectrum. The sensitivities of both methods depend on the
amplitude and declination of the dipole as well as on the number of events. For instance, we
mention the results concerning simulated data sets composed of 14,000 events sampled from a
dipolar flux of amplitude r = 5% and declination -30 degrees (-60 degrees). The simulations
were performed by considering the exposure of the Pierre Auger Observatory for a maximum
zenith angle θ = 60◦. The detection efficiencies, at a confidence level C.L. of 99%, obtained after
accounting for searches blindly performed considering all multipole moments ℓ up to ℓmax = 64
are 25% (7%) for the Angular Power Spectrum analysis and 13% (5%) for the needlet analysis
with the same parameters used in this paper, i.e., B = 2 and T = 3. The best dipole efficiency
achieved by the needlet analysis is 48% (20%) for B = 2 and a threshold of T = 1.5. Again it is
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Figure 4: Results from the needlet analysis for j = 0 − 5 for 4 ≤ E/EeV < 8 in the left hand-panel and
for E ≥ 8 EeV in the right-hand panel. The S-value distribution from 500,000 (1,000,000 for

E ≥ 8 EeV) isotropic simulations for j = 0 − 5 is shown. The red straight arrow stands for the S-value
threshold to accept/reject the isotropy hypothesis at the 99% C.L.. The S-value from data is

represented by the black dashed arrow. In the left hand-panel the S-value is smaller than that threshold
supporting the isotropy hypothesis. In the right-hand panel the S-value from data is larger than the

99% C.L. threshold giving an indication of deviation from the isotropy hypothesis.

Energy range (EeV) j = 0 j = 1 j = 2 j = 3 j = 4 j = 5

4 - 8 51% 57% 73% 94% 57% 80%

≥ 8 0.0008% 58% 15% 71% 87% 83%

Table 2: Percentage of equally or more significant isotropic sky maps of the individual needlet scales. A
look into the individual needlet scales shows that only the needlet scale j = 0 at energies E ≥ 8 EeV

deviates from isotropy, pointing towards an anisotropy compatible with a dipolar one.

important to notice that this would only be beneficial in a targeted dipole search as this would
severely lower the sensitivity to small scale anisotropies, going against the goal of this work: to
search over a wide variety of angular scales.

Although the deviation from isotropic expectations is captured by the global anisotropy
estimator, it can be observed from results for each needlet scale collected in Table 2, that only
the j = 0 needlet scale is contributing to the signal.

With B = 2.0, it turns out that the j = 0 needlet scale corresponds to the dipolar scale
ℓ = 1 in terms of spherical harmonics. For comparison purposes, and from a correspondence table
built from Monte-Carlo simulations of dipolar skies, the needlet parameters can be converted
into the spherical harmonics ones by adding the constraint that the dipole direction points
towards the position of the pixel with the maximum significance. In this way, a dipole amplitude
d = (6.8 ± 1.6)% is derived pointing to a right ascension α and declination δ of (α, δ) = (97◦ ±
16◦, −39◦±17◦), where the statistical uncertainties are estimated using Monte-Carlo dipolar skies
with the reconstructed parameters as inputs. These results are in very good agreement with the
reconstructed amplitude d = (7.3±1.5)% and direction (α, δ) = (97◦ ±16◦, −39◦ ±17◦) based on
two Rayleigh analyses over the same data-set [20] and with the joint Auger and Telescope Array
analysis [22]. The corresponding reconstructed S0k sky map is shown in Figure 5 in Galactic
(top part) and Equatorial coordinates (bottom part). The reconstructed Galactic latitude l and
longitude b of the dipole direction are (l, b) = (247◦, −21◦).
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Figure 5: Top part: reconstructed SNT
j=0

needlet scale in Galactic coordinates for E ≥ 8 EeV. Bottom
part: the same plot in Equatorial coordinates.
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5 Conclusions

We presented the results of two multi-resolution searches for anisotropies in the arrival direc-
tions of events detected at the Pierre Auger Observatory from January 2004 up to December
2013 with zenith angles up to 80◦. We evaluated the angular power spectrum under stationarity
conditions and performed a needlet analysis in two energy bins above full detection efficiency:
from 4 to 8 EeV and above 8 EeV.

No significant departure from isotropic expectations at any angular scale is observed in
the energy bin between 4 and 8 EeV for both analyses. On the other hand, for events with
energy above 8 EeV, an indication for a departure from isotropy is captured in the dipole
scale, while no additional deviation from isotropy is observed at any other scale. The dipolar
amplitude and its uncertainty reconstructed by the angular power spectrum are d = (6.0 ±
1.5)%, free of contaminations from multipoles of higher order that would result from a Gaussian
stochastic process shaping these multipoles in an isotropic way in ensemble average - which
excludes scenarios in which the stochastic process would describe strongly constrained geometries
for the source positions and produce in particular quadrupole moments tied to the observer
environment. Besides, the dipolar amplitude reconstructed by the needlet analysis is d = (6.8 ±
1.6)%, pointing in the direction (α, δ) = (97◦ ± 16◦, −39◦ ± 17◦). Both amplitude measurements
are thus consistent with each other. The corresponding p-values, as obtained by the global
estimators after accounting for searches blindly performed at several angular scales, are pAPS =
1.3 × 10−5 in the case of the angular power spectrum, and pneedlet = 2.5 × 10−3 in the case of
the needlet analysis. These results agree with the indications of anisotropy in the dipolar scale
reported previously by the Pierre Auger Collaboration [20] using two Rayleigh analyses, and
by the Auger-Telescope Array joint analysis [22]. However, as outlined in Section 2, this is the
result of a search over the whole sky observable by the Pierre Auger Observatory and does not
preclude the possibility of a more localised anisotropy being detectable by a different analysis
restricted to a portion of the sky.

Future work will profit from the increased statistics, allowing us to reveal whether or not the
dipole parameters derived above 8 EeV are established with larger significance. For extragalactic
CRs, the firm detection of a dipole moment with an amplitude of the order as measured implies
that the Milky Way is embedded into, at least, a density gradient. The eventual detection of
significant multipole moments beyond the dipole one would be suggestive of significant higher
derivatives than the gradient to describe the density of CRs outside from the Galaxy. Together
with updated descriptions of the Galactic magnetic field to ‘unfold’ the anisotropy parameters
observed at Earth by the magnetic deflections, these future studies will help in probing both
the source distribution and the propagation regime of extragalactic CRs needed to produce a
density of particles outside of the Galaxy compatible with the one inferred from the kind of
measurements performed in this article.
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A Inversion of the angular power spectrum coupling matrix

In this Appendix, we give more details on the method used in this paper to deconvolve the
effects of a partial-sky coverage for recovering the underlying power spectrum. The incomplete
and non-uniform exposure of the Pierre Auger Observatory gives rise to a mixing between
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different modes. To recover the power spectrum, the starting point is then that the harmonic
transform of the product ∆̃(n) = ∆(n) × W (n) is the convolution of the harmonic transforms
of these functions. This way we can relate the ensemble averages of the mode-coupled angular
power spectrum 〈C̃ℓ〉 and of the true underlying one 〈Cℓ〉 by [39,40]

〈C̃ℓ〉 =
∑

ℓ′

Mℓℓ′ 〈Cℓ′〉 , (19)

where the matrix Mℓℓ′ is given by

Mℓℓ′ =
1

2ℓ + 1

ℓ
∑

m=−ℓ

ℓ′

∑

m′=−ℓ′

∫

dn1 W (n1)Yℓm(n1)Yℓ′m′(n1)

∫

dn2 W (n2)Yℓm(n2)Yℓ′m′(n2). (20)

Making use of the addition theorem of the spherical harmonics, Mℓℓ′ can be expressed in terms
of the Legendre polynomials as

Mℓℓ′ =
2ℓ′ + 1

(4π)2

∫ ∫

dn1dn2 W (n1)W (n2)Pℓ(cos γ12)Pℓ′(cos γ12)

=
2ℓ′ + 1

2

∫ 1

−1
d cos γ

∫ ∫

dn1dn2

8π2
W (n1)W (n2)Pℓ(cos γ)Pℓ′(cos γ)δ(cos γ − cos γ12)

=
2ℓ′ + 1

2

∫ 1

−1
d cos γ W(cos γ)Pℓ(cos γ)Pℓ′(cos γ), (21)

where cos γ12 = n1 · n2, and W(cos γ) is the two-point correlation function of W .
The M−1 matrix elements obviously satisfy

∑

ℓ′ Mℓℓ′M−1
ℓ′ℓ′′ = δℓℓ′′ . On inserting into this iden-

tity the explicit expression of the M elements, on multiplying both sides by (2ℓ + 1)Pℓ(cos γ′)/2
and on summing over ℓ, the completeness relation of the Legendre polynomials allows us to get
at the system

W(cos γ′)
ℓmax
∑

ℓ′

2ℓ′ + 1

2
Pℓ′(cos γ′)M−1

ℓ′ℓ′′ =
2ℓ′′ + 1

2
Pℓ′′(cos γ′). (22)

For a non-vanishing W(cos γ′) function, both sides of this expression can be divided by W(cos γ′).
Then, on multiplying both sides by Pℓ(cos γ′) and on integrating over cos γ′, the orthogonality
of the Legendre polynomials allows us to get at

M−1
ℓℓ′′ =

2ℓ′′ + 1

2

∫ 1

−1

d cos γ′

W(cos γ′)
Pℓ(cos γ′)Pℓ′′(cos γ′), (23)

which corresponds to Equation (7).
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