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DIFFERENTIAL FORMS ON WASSERSTEIN SPACE AND
INFINITE-DIMENSIONAL HAMILTONIAN SYSTEMS

WILFRID GANGBO, HWA KIL KIM, AND TOMMASO PACINI

ABSTRACT. Let M denote the space of probability measures on R” endowed with the
Wasserstein metric. A differential calculus for a certain class of absolutely continuous curves
in M was introduced in [B]. In this paper we develop a calculus for the corresponding class of
differential forms on M. In particular we prove an analogue of Green’s theorem for 1-forms
and show that the corresponding first cohomology group, in the sense of de Rham, vanishes.
For D = 2d we then define a symplectic distribution on M in terms of this calculus, thus
obtaining a rigorous framework for the notion of Hamiltonian systems as introduced in [3].
Throughout the paper we emphasize the geometric viewpoint and the role played by certain
diffeomorphism groups of R”.

1. INTRODUCTION

Historically speaking, the main goal of Symplectic Geometry has been to provide the
mathematical formalism and the tools to define and study the most fundamental class of
equations within classical Mechanics, Hamiltonian ODFEs. Lie groups and group actions
provide a key ingredient, in particular to describe the symmetries of the equations and to
find the corresponding preserved quantities.

As the range of physical examples of interest expanded to encompass continuous media,
fields, etc., there arose the question of reaching an analogous theory for PDEs. It has
long been understood that many PDEs should admit a reformulation as infinite-dimensional
Hamiltonian systems. A deep early example of this is the work of Born-Infeld [9], [10] and
Pauli [41], who started from a Hamiltonian formulation of Maxwell’s equations to develop
a quantum field theory in which the commutator of operators is analogous to the Poisson
brackets used in the classical theory. Further examples include the wave and Klein-Gordon
equations (cf. e.g. [I5], [32]), the relativistic and non-relativistic Maxwell-Vlasov equations
[8], [14], [33], and the Euler equations for incompressible fluids [7].

In each case it is necessary to define an appropriate phase space, build a symplectic or
Poisson structure on it, find an appropriate energy functional, then show that the PDE coin-
cides with the corresponding Hamiltonian flow. For various reasons, however, the results are
often more formal than rigorous. In particular, existence and uniqueness theorems for PDEs
require a good notion of weak solutions which need to be incorporated into the configuration
and phase spaces; the geometric structure of these spaces needs to be carefully worked out;
the functionals need the appropriate degree of regularity, etc. The necessary techniques can
become quite complicated and ad hoc.

The purpose of this paper is to provide the basis for a new framework for defining and
studying Hamiltonian PDEs. The configuration space we rely on is the Wasserstein space
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M of non-negative Borel measures on R” with total mass 1 and finite second moment. Over
the past decade it has become clear that M provides a very useful space of weak solutions
for those PDEs in which total mass is preserved. One of its main virtues is that it provides
a unified theory for studying these equations. In particular, the foundation of the theory
of Wasserstein spaces comes from Optimal Transport and Calculus of Variations, and these
provide a toolbox which can be expected to be uniformly useful throughout the theory.
Working in M also allows for extremely singular initial data, providing a bridge between
PDEs and ODEs when the initial data is a Dirac measure.

The main geometric structure on M is that of a metric space. The geometric and analytic
features of this structure have been intensively studied, cf. e.g. [5], [12], [13], [34], [40]. In
particular the work [5] has developed a theory of gradient flows on metric spaces. In this
work the technical basis for the notion of weak solutions to a flow on M is provided by the
theory of 2-absolutely continuous curves. In particular, [5] develops a differential calculus
for this class of curves including a notion of “tangent space” for each pu € M. Applied to
M., this allows for a rigorous reformulation of many standard PDEs as gradient flows on
M. Opverall, this viewpoint has led to important new insights and results, cf. e.g. [2], [5],
[13], [23], [40). Topics such as geodesics, curvature and connections on M have also received
much attention, cf. [4], [28], [29], [43], [44].

In the case D = 2d, recent work [3] indicates that other classes of PDEs can be viewed
as Hamiltonian flows on M. Developing this idea requires however a rigorous symplectic
formalism for M, adapted to the viewpoint of [5]. Our paper achieves two main goals. The
first is to develop a general theory of differential forms on M. We present this in Sections 4]
and Bl This calculus should be thought of as dual to the calculus of absolutely continuous
curves. Our main result here, Theorem [5.32] is an analogue of Green’s theorem for 1-forms
and leads to a proof that, in a specific sense, every closed 1-form on M is exact. The second
goal is to show that there exists a natural symplectic and Hamiltonian formalism for M
which is compatible with this calculus of curves and forms. The appropriate notions are
defined and studied in Sections [6] and [7.

Given any mathematical construction, it is a fair question if it can be considered “the
most natural” of its kind. It is well known for example that cotangent bundles admit a
“canonical” symplectic structure. It is an important fact, discussed in Section [, that on
a non-technical level our symplectic formalism turns out to be formally equivalent to the
Poisson structure considered in [33], cf. also [24] and [28]. From the geometric point of view
it is clear that the structure in [33] is indeed an extremely natural choice. The choice of
M as a configuration space is also both natural and classical. The difference between our
paper and the previous literature appears precisely on the technical level, starting with the
choice of geometric structure on M. Specifically, whereas previous work tends to rely on
various adaptations of differential geometric techniques, we choose the methods of Optimal
Transport. The technical effort involved is justified by the final result: while previous studies
are generally forced to restrict to smooth measures and functionals, our methods allow us
to present a uniform theory which includes all singular measures and assumes very little
regularity on the functionals. Sections [5.2 through [5.4] are an example of the technicalities
this entails. Section 5.1l provides instead an example of the simplifications which occur when
one assumes a higher degree of regularity.

By analogy with the case of gradient flows we expect that our framework and results will
provide new impulse and direction to the development of the theory of Hamiltonian PDEs.
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In particular, previous work and other work in progress inspired by these results lead to
existence results for singular initial data [3], existence results for Hamiltonians satisfying
weak regularity conditions [25], and to the development of a weak KAM theory for the non-
linear Vlasov equation [20]. It is to be expected that in the process of these developments
our regularity assumptions will be even further relaxed so as to broaden the range of ap-
plications. We likewise expect that the geometric ideas underlying Symplectic Geometry
and Geometric Mechanics will continue to play an important role in the development of the
Wasserstein theory of Hamiltonian systems on M. For example, in a very rough sense the
relationship between our methods and those implicit in [33] can be thought of as analogous
to the relationship between [18] and [7]. A connection between the choice of using Lie groups
(as in [I8] and [7]) or the space of measures as configuration spaces is provided by the process
of symplectic reduction, cf. [31], [32].

It is an interesting question to what extent our results can be generalized to spaces of
probability measures on other manifolds M. Regarding this issue, the situation is as follows.
Many of the analytic foundations of our paper are provided by the work [5], which is based
on the choice M := RP. In theory many results of [5] should be extendible to general
Riemannian manifolds, but at present such an extension does not exist. Assuming that this
extension will be obtained, we have written our paper in such a way as to make it clear
how one might then try to extend our own results. This partly explains our emphasis on
the geometric ideas and intuition underpinning our analytic definitions and results: exactly
the same ideas would continue to hold for general manifolds M. Section discusses how
our results on cohomology depend on the choice M := R”. The situation regarding the
symplectic structure is similar: one should expect most results to continue to hold for general
symplectic manifolds M.

The above considerations make it worthwhile to stress the geometric viewpoint through-
out this paper, with particular attention to the role played by certain group actions. It is
important to emphasize, however, that we never try to use any form of infinite-dimensional
geometry to prove our results. The reason behind this is that the various existing rigor-
ous formulations of infinite-dimensional manifolds and Lie groups do not seem to be easily
adaptable to our needs, cf. Section [3.4] for details. The typical approach adopted throughout
our paper is thus as follows: (i) use geometric intuition to guide us towards specific choices
of rigorous definitions, within the framework of [5]; (ii) prove theorems using the methods
of [5] and Monge-Kantorovich theory; (iii) provide informal discussions of the geometric
consequences of our results.

In recent years Wasserstein spaces have also been very useful in the field of Geometric
Inequalities, cf. e.g. [1], [16], [17], [30]. Most recently, the theory of Wasserstein spaces has
started producing results in Metric and Riemannian Geometry, cf. e.g. [29], [35], [43], [44].
Thus there exist at least three distinct communities which may be interested in these spaces:
people working in Analysis/PDEs/Calculus of Variations, people in Geometrical Mechanics,
people in Geometry. Concerning the exposition of our results, we have tried to take this
into account in various ways: (i) by incorporating into the presentation an abundance of
background material; (ii) by emphasizing the general geometric setting behind many of our
constructions; (iii) by sometimes avoiding maximum generality in the results themselves. As
much as possible we have also tried to keep the background material and the purely formal
arguments separate from the main body of the article via a careful subdivision into sections
and an appendix.
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We now briefly summarize the contents of each section. Section[2contains a brief introduc-
tion to the topological and differentiable structure (in the weak sense of [5]) of M. Likewise,
Appendix [A] reviews various notions from Differential Geometry including Lie derivatives,
differential forms, Lie groups and group actions. The material in both is completely stan-
dard, but may still be useful to some readers. Section [3 provides a bridge between these two
parts by revisiting the differentiable structure of M in terms of group actions. Although
this point of view is maybe implicit in [B], it seems worthwhile to emphasize it. On a purely
formal level, it leads to the conclusion that M should roughly be thought of as a stratified
rather than a smooth manifold, see Section B2l Tt also relates the sets RP € M C (C°)*.
The first inclusion, based on Dirac measures, shows that the theory on M specializes by
restriction to the standard theory on R”: this should be thought of as a fundamental test in
this field, to be satisfied by any new theory on M. The second inclusion provides background
for relating the constructions of Section to the work [33]. Overall, Section [3is perhaps
more intuitive than rigorous; however it does seem to offer a useful point of view on M,
providing intuition for the developments in the following sections. Section (] defines the basic
objects of study for a calculus on M, namely differential forms, push-forward operations and
an exterior differential operator. It also introduces the more general notion of pseudo forms.
Pseudo forms are closely related to the group action: this is discussed in Section [£.3] Pseudo
forms reappear in Section [ as the main object of study, mainly because it seems both more
natural and easier to control their regularity. The main result of this section is an analogue
of Green’s theorem for certain annuli in M, Theorem [5.32l Stating and proving this result
requires a good understanding of the differentiability and integrability properties of pseudo
1-forms. We achieve this in Sections and Our main application of Theorem is
Corollary [5.34] which shows that the 1-form defined by any closed regular pseudo 1-form on
M is exact. Section discusses the cohomological consequences of this result. In Section
we move on towards Symplectic Geometry, specializing to the case D = 2d. The main
material is in Section for each 1 € M we introduce a particular subspace of the tan-
gent space T, M and show that it carries a natural symplectic structure. We also study the
geometric properties of this symplectic distribution and define the notion of Hamiltonian
systems on M, thus providing a firm basis to the notion already introduced in [3]. For-
mally speaking, this distribution of subspaces is integrable and the above defines a Poisson
structure on M. The existence of a Poisson structure on (C2°)* had already been noticed
n [33]: their construction is a formal infinite-dimensional analogue of Lie’s construction of
a canonical Poisson structure on the dual of any finite-dimensional Lie algebra. We review
this construction in Section [0 and show that the corresponding 2-form restricts to ours on
M. In this sense our construction is formally equivalent to the Kirillov-Kostant-Souriau
construction of a symplectic structure on the coadjoint orbits of the dual Lie algebra.

2. THE TOPOLOGY ON M AND A DIFFERENTIAL CALCULUS OF CURVES

Let M denote the space of Borel probability measures on RP with bounded second moment,
1.€.

M := {Borel measures on R” : ;i > 0,/ dp = 1,/ |z|? dp < oo}

RD RD
The goal of this section is to show that M has a natural metric structure and to introduce
a differential calculus due to [5] for a certain class of curves in M. We refer to [5] and [45]
for further details.
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2.1. The space of distributions. Let C'2° denote the space of compactly-supported smooth
functions on R”. Recall that it admits the structure of a complete locally convex Hausdorff
topological vector space, cf. e.g. [42] Section 6.2. Let (C'2°)* denote the topological dual of
O, i.e. the vector space of continuous linear maps C° — R. We endow (C°)* with the
weak-* topology, defined as the coarsest topology such that, for each f € C2° the induced
evaluation maps

(C) =R, ¢o—(¢,f)

are continuous. In terms of sequences this implies that, Vf € C2°,

On = ¢ & (dn, f) = (0, f)-

Then (C°)* is a locally convex Hausdorff topological vector space, cf. [42] Section 6.16. As
such it has a natural differentiable structure.

The following fact may provide a useful context for the material of Section We denote
by P the set of all Borel probability measures on R”. A function f on R” is said to be of
p-growth (for some p > 0) if there exist constants A, B > 0 such that |f(z)| < A + B|x|P.
Let Cy(RP) denote the set of continuous functions with 0-growth, 4.e. the space of bounded
continuous functions. As above we endow (Cy(R?))* with its natural weak-* topology, de-
fined using test functions in Cy(RP): this is also known as the narrow topology. Since P is
contained in both (C,(RP))* and (C°)*, it inherits two natural topologies. It is well known,
cf. [5] Remarks 5.1.1 and 5.1.6, that the corresponding two notions of convergence of se-
quences coincide, but that the stronger topology induced from (Cy(R”))* is more interesting
in that it is metrizable.

2.2. The topology on M. Let Cy(RP) denote the set of continuous functions with 2-
growth, as in Section 2l We endow (Cy(RP”))* with its natural weak-* topology, defined
using test functions in Cy(RP). As in Section 21, M is contained in both (Cy(RP))* and
(C=)*. We will endow M with the topology induced from (Cy(R”))*. Notice that M
is a convex affine subset of (Co(RP))*. In particular it is contractible, so for k > 1 all its
homology groups Hj, and cohomology groups H*, defined topologically, vanish. As in Section
2.1, it turns out that this topology is metrizable. A compatible metric can be defined as
follows.

Definition 2.1. Let u, v € M. Consider

1/2
(2.1) Wy, v) == < inf / |x—y|2d'y(z,y)> :
Yel(1,v) JRD «RD

Here, I'(11, ) denotes the set of Borel measures v on RP” x RP which have p and v as
marginals, i.e. satisfying 73 (v) = p and 7% (y) = v where 7' and 7% denote the standard
projections R” x RY — RP.

Equation 2T] defines a distance on M. It is known that the infimum in the right hand side
of Equation 2.1]is always achieved. We will denote by I',(u, ) the set of v which minimize
this expression.

It can be shown that (M, W5) is a separable complete metric space, cf. e.g. [5] Proposition
7.1.5. It is an important result from Monge-Kantorovich theory that

(2.2)  W3(u,v)= sup {/ ud,u+/ vdr : u(x) +o(y) < |z —yl? ‘v’x,yeRD}.
) RD RD

u,veC(RP
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Recall that p is absolutely continuous with respect to Lebesgue measure £, written p <<
LP | if it is of the form p = p LY for some function p € L'(RP). In this case for any v € M
there exists a unique map T : R” — RP such that Tyu = v and

(2.3) W2 (i) = / & — T(a)Pdpu(x),

RD

cf. e.g. [5] or [19]. One refers to T" as the optimal map that pushes p forward to v.

Example 2.2. Given z € RP, let §, denote the corresponding Dirac measure on RP.
Consider the set of such measures: this is a closed subset of M isometric to R”. More
generally, let a; (1 = 1,...,n) be a fixed collection of distinct positive numbers such that
Y a; = 1. Then the set of measures of the form ) a;d,, constitutes a closed subset of M,
homeomorphic to R™”,

If a; = 1/n then the set of measures of the form p = > (1/n)J,, can be identified with
R"P quotiented by the set of permutations of n letters. This space is not a manifold in the
usual sense; in the simplest case D = 1 and n = 2, it is homeomorphic to a closed half plane,
which is a manifold with boundary.

Example 2.3. The set of all absolutely continuous measures is dense in M. The set of all
discrete measures, as in Example 2.2] is also dense in M. Since these two sets are disjoint,
neither is open nor closed in M.

2.3. Tangent spaces and the divergence operator. Let X, denote the space of compactly-
supported smooth vector fields on RP. Set VO := {Vf: f € C>*} C X.. For u € M let
L?(p) denote the set of Borel maps X : R” — R” such that ||X||2 := [, |X[*dy is finite.

Recall that L?(p) is a Hilbert space with the inner product

~

(2.4) Gu(X,Y) = / (X,Y) dp.

Remark 2.4. If yu = pLP for some p : R? — (0,00) such that [ pdz = 1 then the natural
map X, — L?(u) is injective. But in general it is not: for example if p is the Dirac mass
at = then two vector fields X, Y will be identified as soon as X (x) = Y (z). However, the
image of this map is always dense in L?(j).

In [5] Section 8.4, a “tangent space” is defined for each u € M as follows.

Definition 2.5. Given u € M, let T, M denote the closure of VC> in L*(u). We call it
the tangent space of M at u. The tangent bundle T'M is defined as the disjoint union of all
T,M.

Definition 2.6. Given p € M we define the divergence operator
div, : X — (C°)*, (div,(X), f) := —/ df (X)) dp.
RD

Notice that the divergence operator is linear and that (div,(X), f) < ||V f]|.l|X]||,.. This
proves that the operator div, extends to L*(u) by continuity; we will continue to use the
same notation for the extended operator, so that Ker(div,) is now a closed subspace of L*(1).
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It follows from [5] Lemma 8.4.2 that, given any p € M, there is an orthogonal decompo-
sition

(2.5) L*(p) = VO @ Ker(div,).

We will denote by m, : L*(p) — V C=" the corresponding projection. Notice that each
tangent space has a natural Hilbert space structure G, obtained by restriction of G, to

v,

Remark 2.7. Decomposition shows that 7, M can also be identified with the quotient
space L*(p)/Ker(div,): the map 7, provides a Hilbert space isomorphism between these two
spaces.

Example 2.8. Suppose that x1,---,x, are points in R” and u = >°"" (1/n)d,,. Fix
£ € L*(p). Set 4r := ming, 4, |z; — x;| and define

(2.6) o(z) = { <£E,§(:L"z')(>] i i ;izfgz)r(;): 1,---.n

Let n € C° be a symmetric function such that fRD ndr = 1, n > 0 and 7 is supported
in the closure of B,.(0). Then ¢ := nx* ¢ € C and V¢ coincides with £ on U, B,.(z;).
Consequently, L*(1) = T,,M and Ker(div,) = {0}. In particular if the points z; are distinct
then L?(u) can be identified with R™P. If on the other hand all the points coincide, i.e.
r; = x, then p = J, and L*(u) ~ RP.

Consider for example the simplest case D = 1, n = 2. As seen in Example the
corresponding space of Dirac measures is homeomorphic to a closed half plane. We now
see that at any interior point, corresponding to z; # x,, the tangent space is R%. At any
boundary point, corresponding to x; = w9, the tangent space is R. One should compare
this with the usual differential-geometric definition of tangent planes on a manifold with
boundary, cf. e.g. [2I]: in that case the tangent plane at a boundary point would be R?.
We will come back to this in Section

Remark 2.9. Decomposition extends the standard orthogonal Hodge decomposition of a
smooth L? vector field X on R”:

X =Vut X,

where u is defined as the unique smooth solution in W2 of Au = div(X) and X’ := X — Vu.

In particular, Decomposition shows that V C>" N Ker(div,) = {0}. The analogous
statement with respect to the measure £? is that the only harmonic function on R” in W12
is the function u = 0.

2.4. Analytic justification for the tangent spaces. Following [5] we now provide an
analytic justification for the above definition of tangent spaces for M. A more geometric
justification, using group actions, will be given in Section 3.2

Suppose we are given a curve o : (a,b) — M and a Borel vector field X : (a,b) x RY — RP
such that X; € L?(o;). Here, we have written o, in place of (¢) and X, in place of X (t). We
will write

do _
(2.7) e + div,(X) =0
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if the following condition holds: for all qu € C>((a,b) x RP),

(2.8) //RD 28 4 dg Xt)) do, dt = 0,

i.e. if Equation 2.7 holds in the sense of distributions. Given oy, notice that if Equation
holds for X then it holds for X + W, for any Borel map W : (a,b) x RP? — RP such that
W, € Ker(div,,).
The following definition and remark can be found in [5] Chapter 1.

Definition 2.10. Let (S,dist) be a complete metric space. A curve t € (a, b) — o0y €S
is 2-absolutely continuous if there exists 3 € L?(a,b) such that dist(o;, 0,) < f T)dr for
all a < s <t < b. We then write 0 € ACy(a,b;S). For such curves the limit |a |( ) =
lim,_; dist(oy, 05) /|t — s| exists for L1-almost every ¢ € (a,b). We call this limit the metric
derivative of o at t. It satisfies |o’| < 3 L!-almost everywhere.

Remark 2.11. (i) If ¢ € ACy(a,b;S) then |o'| € L*(a,b) and dist(o,,0,) < [ |o’|(7)dT for
a < s <t <b We can apply Holder’s inequality to conclude that dist*(o,,o;) < c|tL — s
where ¢ = f; |o’|?(T)dT.

(ii) It follows from (i) that {o¢| t € [a, b]} is a compact set so it is bounded For instance,
given = € S, the triangle inequality proves that dist(cs, x) < \/c|s — a| + dist(o,, =

We now recall [5] Theorem 8.3.1. It shows that the deﬁmtlon of tangent space given above
is flexible enough to include the velocities of any “good” curve in M.

Proposition 2.12. If o € ACy(a,b; M) then there exists a Borel map v : (a,b) x RP — RP
such that %2 + div,(v) = 0 and v, € L*(0y) for L'-almost every t € (a,b). We call v a
velocity for o. If w is another velocity for o then the projections w,,(v;), g, (wy) coincide
for L'-almost every t € (a,b). One can choose v such that v, € VCOX'" and ||v]|s, = |0”|(t)
for L'-almost every t € (a,b). In that case, for L'-almost every t € (a,b), v; is uniquely
determined. We denote this velocity 6 and refer to it as the velocity of minimal norm, since
if wy is any other velocity associated to o then ||64||s, < |lwil|s, for L -almost every t € (a,b).

The following remark can be found in [5] Lemma 1.1.4 in a more general context.

Remark 2.13 (Lipschitz reparametrization). Let 0 € ACy(a,b; M) and v be a velocity as-
sociated to 0. Fix a > 0 and define S(t) = fat (o + [|vr]lo, )dT. Then S : [a,b] — [0, L] is
absolutely continuous and increasing, with L = S(b). The inverse of S is a function whose
Lipschitz constant is less than or equal to 1/a. Define

Os i= 05-1(s), Vg 1= 5_1(5)21371(5).
One can check that ¢ € ACy(0, L; M) and that 0 is a velocity associated to 7. Fix t € (a, b)

and set s := S(t). Then v; = S(t)vs) and ||v4],, = [lvelloy

—atfviloy

3. THE CALCULUS OF CURVES, REVISITED

The goal of this section is to revisit the material of Section 2] from a more geometric
viewpoint. Many of the results presented here are purely formal, but they may provide some
insight into the structure of M. They also provide useful intuition into the more rigorous
results contained in the sections which follow. We refer to Appendix [Al for notation and
terminology.
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3.1. Embedding the geometry of R” into M. We have already seen in Example
that Dirac measures provide a continuous embedding of R” into M. Many aspects of the
standard geometry of RP can be recovered inside M, and various techniques which we will
be using for M can be seen as an extension of standard techniques used for R”.

One example of this is provided by Example 2.8 which shows that the standard notion of
tangent space on R? coincides with the notion of tangent spaces on M introduced by [5].

Another simple example concerns calculus on RP as follows. Consider the space of volume
forms on R, i.e. the smooth never-vanishing D-forms. Under appropriate normalization
and decay conditions, these define a subset of M. Given a vector field X € X, and a volume
form «, there is a standard geometric definition of div,(X) in terms of Lie derivatives:
namely, Lxa is also a D-form so we can define div,(X) to be the unique smooth function
on RP such that

(3.1) div,(X)a = Lxa.

In particular, it is clear from this definition and Lemma [A.3 that X € Ker(div,) iff the
corresponding flow preserves the volume form.

Cartan’s formula [A.13] together with Green’s theorem for R” shows that div, is the neg-
ative formal adjoint of d with respect to «, i.e.

fdiva(X)oz:—/ df(X)a, VfeCr.
RD RD

In particular, div,(X)a satisfies Equation 2.6 In this sense Definition extends the
standard geometric definition of divergence to the whole of M.

3.2. The intrinsic geometry of M. It is appealing to think that, in some weak sense, the
results of Section 2.4l can be viewed as a way of using the Wasserstein distance to describe
an “intrinsic” differentiable structure on M. This structure can be alternatively viewed as
follows.

Let ¢ : RP — RP be a Borel map and u € M. Recall that the push-forward measure
dyp € M is defined by setting dyuu(A) := u(¢~(A)), for any open subset A C RP. Let
Diff,(R?) denote the Id-component of the Lie group of diffeomorphisms of R? with compact
support, cf. Section [A.4l Choose any X € X, and let ¢, denote the flow of X. Given any
w € M, it is simple to verify that p; := ¢uxp is a path in M with velocity X in the sense of
Proposition .12 Notice that in this case the velocity is defined for all ¢, rather than only
for almost every ¢. In particular the minimal velocity of i, at t = 0 is m,(X) € T, M. From
the point of view of Section [A.2] this construction can be rephrased as follows. The map

(3.2) Diff,(R”) x M — M, (¢, 1) — ¢up
is continuous and defines a left action of Diff.(R”) on M. The map
M—-=TM, p—m,(X)eT M

then defines the fundamental vector field associated to X in the sense of Section [A.2l
According to Section [A.2] the orbit and stabilizer of any fixed u € M are:

O, :={veM:v=gyupu, for some ¢ € Diff.(R”)},
Diff, ,(R”) := {¢ € Diff.(R”) : ppu = pu}.
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Formally, Diff, ,(R”) is a Lie subgroup of Diff.(R”) and Ker(div,) is its Lie algebra. The
map

j : Diff.(RP)/Diff, ,(RP) — O,, [¢] — dup

defines a 1:1 relationship between the quotient space and the orbit of ;1. Lemmal[A.15lsuggests
that O, is a smooth manifold inside the topological space M and that the isomorphism
Vi X./Ker(div,) — 1,0, coincides with the map determined by the construction of
fundamental vector fields. Notice that, up to Li-closure, the space X, /Ker(div,) is exactly
the space introduced in Definition This indicates that the tangent spaces of Section
should be thought of as “tangent” not to the whole of M, but only to the leaves of
the foliation induced by the action of Diff,(R”). In other words M should be thought
of as a stratified manifold, i.e. as a topological space with a foliation and a differentiable
structure defined only on each leaf of the foliation. This point of view is purely formal but it
corresponds exactly to the situation already described for Dirac measures, cf. Example 2.8

Recall from Proposition the relationship between the class of 2-absolutely continuous
curves and these tangent spaces. This result can be viewed as the expression of a strong
compatibility between two natural but a priori distinct structures on M: the Wasserstein
topology and the group action.

Remark 3.1. The claim that the Lie algebra of Diff, ,(RP) is Ker(div,) can be supported in
various ways. For example, assume ¢, is a curve of diffeomorphisms in Diff. ,(R”) and that
X; satisfies Equation [A.8 The following calculation is the weak analogue of Lemma [A.3] Tt
shows that X; € Ker(div,):

/ 0 (X) dy = / A (X,) d(upps) = / Afio0 (Xuyo0) dji = / d/dt(f o ér) du
—djat [ fooidu=afat [ fdiom = djd [ fau

=0.

It is also simple to check that Ker(div,) is a Lie subalgebra of X, i.e. if X,Y € Ker(div,)
then [X,Y] € Ker(div,). To show this, let f € C2°. Then:

(in (XD £) = = [ arx YD == [ dg()du+ [ ancr)dy
— {div,(X),g) — {div, (V). )

=0,

where ¢ :=df(Y') and h := df (X).

Finally, assume g is a smooth volume form on a compact manifold M. In this situation
Hamilton [22] proved that Diff, (M) is a Fréchet Lie subgroup of Diff(M) and that the Lie
algebra of Diff,, (M) is the space of vector fields X € X (M) satisfying the condition Ly u = 0.
As seen in Section Bl this space coincides with Ker(div,).

3.3. Embedding the geometry of M into (C°)*. We can also view M as a subspace

of (C)*. It is then interesting to compare the corresponding geometries, as follows.
Consider the natural left action of Diff,(R”) on R” given by ¢ - x := ¢(x). As in Section

A2 this induces a left action on the spaces of forms A* and in particular on the space of



DIFFERENTIAL FORMS ON WASSERSTEIN SPACE 11

functions C> = AY] as follows:
Diff(R”) x C* — CF, ¢-f:=(p7)"f=foo™"
By duality there is an induced left action on the space of distributions given by

Diff.(R”) x (CZ°)" — (CZ°)", {(&- ), f) = (e, (7"~ ) = (. (f 0 ).

Notice that we have introduced inverses to ensure that these are left actions, cf. Remark
[A.9. It is clear that this extends the action already defined in Section on the subset
M C (C)*. In other words, the natural immersion i : M — (C°)* is equivariant with
respect to the action of Diff,(R”), i.e. i(ppp) = ¢ -i(u).

As mentioned in Section 2], (C2°)* has a natural differentiable structure. In particular it
has well-defined tangent spaces 7,(C°)* = (C:°)*. For each 1 € M, using the notation of
Section B.2] composition gives an immersion

i o j : Diff (R”)/Diff. ,(R”) — O, — (C)*.
This induces an injection between the corresponding tangent spaces
V(ioyj): X./Ker(div,) — T,(C>)".
Notice that, using the equivariance of 4,

(V0 )(X). ) = (Vi(d/dt(Gups)ico). ) = (0] d(i(Grps)imo: ) = (0] (6 )yco. )
= d/dt (p, f o 1) =0 = (p, d/dt(f © ¢¢)ji=0) = (, df (X))
= —(div,(X), ).
In other words, the negative divergence operator can be interpreted as the natural identifi-
cation between 7,,M and the appropriate subspace of (C2°)*.

More generally, we can compare the calculus of curves in M with the calculus of the
corresponding curves in (C°)*. Given any sufficiently regular curve of distributions ¢ —
e € (C°)*, we can define tangent vectors 7; := limy,_o #2= € T,, (C°)*. Assume that s
is strongly continuous, in the sense that the evaluation map

(a,0) x CZF = R, (&, f) = (e, f)

is continuous. Notice that p = p; defines a distribution on the product space (a,b) x RP:

Vf = filz) € C2((a,b) x RP),

</~L7 f> = / <,ut, ft> dt.

One can check that £ (s, fi) = (72, fi) + (s, %% )

b 0fi
(3.3) G+ (e it =
Equation shows that if j, € M and 7, = —div,, (X;) then p, satisfies Equation 2.8 In
other words, the defining equation for the calculus on M, Equation 2.7, is the natural weak
analogue of the statement limy,_,o #== = —div,, (X;).
Roughly speaking, the content of Proposition is that if y, € M is 2-absolutely
continuous then, for almost every t, 7; exists and can be written as —div,, (X;) for some

t-dependent vector field X, on R”.
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Remark 3.2. One should think of Equation 2.7, i.e. d/dt(u:) = —div,,(X;), as an ODE on
the submanifold M C (C2°)* rather than on the abstract manifold M, in the sense that the
right hand side is an element of 7}, (C2°)* rather than an element of 7, M. Using V(ioj)™*
we can rewrite this equation as an ODE on the abstract manifold M, i.e. d/dt(p,) = m,,(X).

3.4. Further comments. There exists an extensive literature concerning how to make
infinite-dimensional geometry rigorous. The first step is to provide rigorous definitions of
infinite-dimensional manifolds and of infinite-dimensional Lie groups. The works [18], [27],
[37] and [38] are examples of standard references in this field. In all these cases the starting
point is a notion of manifold built by gluing together charts which are open subsets of locally
convex vector spaces (plus some completeness condition). These references are often useful
when one wants to make a “formal” study of PDE rigorous; in particular, when the space of
solutions is, in some sense, an infinite-dimensional Lie group (as in [7]).

In this paper, however, we do not rely on the above frameworks. The main reason is, quite
simply, the fact that the “differentiable structure” on M introduced by [5] is not based on
the above notion of manifold: as discussed in Section B.2] it uses a much weaker notion and
none of the results presented in this paper require anything more than this. It should also be
emphasized that the relationship, discussed in Chapters 2l and Bl between the Wasserstein
metric on M, group actions and the theory of [5] shows that the latter is extremely natural
within this context.

Another reason is that we want to keep regularity assumptions to a minimum. In par-
ticular, we want to avoid making unnecessary restrictions on the smoothness of measures
(required by [18]) and of velocity fields.

It may also be worthwhile to mention that it is not clear if the above references lead to
a general theory of “infinite-dimensional homogeneous spaces”, which is in some sense the
geometry underlying this paper. Specifically, Section introduces the idea that M is a
“stratified manifold” and that each stratum is the orbit of a certain group action. These
orbits are of the form G/ H, where G is the infinite-dimensional Lie group of diffeomorphisms
(as in the above references) and H is the subgroup of diffeomorphisms which preserve a given
measure. Thus our space of solutions M can be viewed as a collection of homogeneous spaces
G/H of varying dimension: some finite-dimensional, others infinite-dimensional. However,
except in the case of smooth measures discussed in [I8], these H are not known to be “infinite-
dimensional Lie groups” and, to our knowledge, the corresponding homogeneous spaces are
not known to be “infinite-dimensional manifolds” in the sense of the above references.

4. TANGENT AND COTANGENT BUNDLES

We now define some further elements of calculus on M. As opposed to Section [B] the
definitions and statements made here are completely rigorous. We will often refer back to
the ideas of Section [3] and to the appendix, however, to explain the geometric intuition
underlying this theory.

4.1. Push-forward operations on M and T M. The following results concern the push-
forward operation on M.

Lemma 4.1. If ¢ : RP? — R is a Lipschitz map with Lipschitz constant Lip ¢ then ¢y :
M — M is also a Lipschitz map with the same Lipschitz constant.
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Proof: Let u,v € M. Note that if u(z) +v(y) < |z — y|? for all z,y € R” then

wo ¢(a) +vo¢(d) < |p(a) — d(b)|* < (Lip¢)*|la — bJ>.
This, together with Equation 2.2], yields

(4.1) /RDudgb#u%—/RDvdgb#V:/]RDuO¢du+/IRDvoq5du§(Lz’pqﬁ)2W22(u,y).

We maximize the expression on the left hand side of Equation [I] over the set of pairs (u, v)
such that u(z)+v(y) < |x—y|? for all z,y € RP. Then we use again Equation 22 to conclude
the proof. QED.

Lemma 4.2. For any p € M and ¢ € Diff.(RP), the map ¢. : X. — X. has a unique
continuous extension ¢, : L*(u) — L*(ppp). Furthermore ¢,(Ker(div,)) C Ker(div,,,).
Thus ¢« induces a continuous map ¢, : T,M — Ty, , M.

Proof: Let u € M, ¢ € Diff.(R”), f € C*(RP) and let X € Ker(div,). If C, is the
L>*-norm of V¢ we have ||¢.X||s,, < Cy||X||,. Hence ¢. admits a unique continuous linear
extension. Furthermore

[ atex)deon= [ disexidn= [ di(Ve-X)du= [ diroe)X)du=o
RD RD RD RD
QED.

Lemma 4.3. Let 0 € ACy(a,b; M) and let v be a velocity for o. Let ¢ € Diff.(RP). Then
t — pu(oy) € ACy(a,b; M) and @,v is a velocity for puo.

Proof: If a < s <t < b then, by Lemma .1 Wa(pgpoy, puos) < (Lipp) Wa(oy, 0,). Since
o € ACy(a,b; M) one concludes that g (o) € ACy(a, b; /\/l) If f € C>((a,b) x RP) we have

/ /RD RELRYACR Ut)) (pypor)dt = / /RD o o+ (dfu(6o0r)) o )datdt
N /a /RD fiai;w) +d(fio 90)(vt))datdt
=0

To obtain the last equality we have used that (¢,x) — f(¢, ¢(x)) is in C>((a,b) x RP).
QED.

4.2. Differential forms on M. Recall from Definition 2.5 that the tangent bundle T M of
M is defined as the union of all spaces T, M, for u € M. We now define the pseudo tangent
bundle T M to be the union of all spaces L?(u). Analogously, the union of the dual spaces
T M defines the cotangent bundle T*M; we define the pseudo cotangent bundle T*M to
be the union of the dual spaces L*(u)*.

It is clear from the definitions that we can think of T M as a subbundle of 7M. Decom-
position allows us also to define an injection T*M — T*M by extending any covector
T,M — R to be zero on the complement of T, M in L*(x). In this sense we can also think
of T*M as a subbundle of 7*M. The projections 7, from Section combine to define a
surjection 7 : T M — T M. Likewise, restriction yields a surjection 7*M — T* M.
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Remark 4.4. The above constructions make heavy use of the Hilbert structure on L*(u).
Following the point of view of Remark [2.7] and Section 3.2 i.e. emphasizing the differ-
ential, rather than the Riemannian, structure of M one could decide to define T, M as
L*(pu)/Ker(div,). Then the projections m, : L*(u) — T,M would still define by duality
an injection T*M — 7*M: this would identify T*M with the annihilator of Ker(div,) in
L?(u). However there would be no natural injection T’M — 7 M nor any natural surjection

T°M — T*M.

Definition 4.5. A I-form on M is a section of the cotangent bundle T* M, i.e. a collection
of maps p — A, € TiM. A pseudo 1-form is a section of the pseudo cotangent bundle
T*M. Analogously, a 2-form on M is a collection of alternating multilinear maps

pw— N, T M T,M— R
A pseudo 2-form is a collection of alternating multilinear maps
g Ay L2 () x L () — R.

It is natural (but in practice sometimes too strong) to further assume that each A, (or A,,)
satisfies a continuity assumption such as the following: there exists ¢, € R such that

A (X1, Xo)| < el Xl [[ Xl

For k = 1,2 we let A*M (respectively, A*M) denote the space of k-forms (respectively,
pseudo k-forms). We define a 0-form to be a function F': M — R.

Notice that, for £ = 1, continuity implies that any 1-form is uniquely defined by its values
on any dense subset of T, M, e.g. on the dense subset defined by smooth gradient vector
fields. The analogue holds also for pseudo forms and for £ = 2, as long as the continuity
condition holds. As above, extension defines a natural injection

(4.2) AM = APM, A A,

i.e. to every k-form one can associate a canonical pseudo k-form. Conversely, restriction
defines a surjection A*M — A* M.

Since T, M is a Hilbert space, by the Riesz representation theorem every 1-form A, on
T, M can be written A,(Y) = [pn(A,, Y)du for a unique A, € T,M and all Y € T, M.
The analogous fact is true also for pseudo 1-forms.

Example 4.6. Any f € C2° defines a function on M, i.e. a 0-form, as follows:

F(p):= [ fdp.

RD
We will refer to these as the linear functions on M, in that the natural extension to the

space (Cg°)* defines a function which is linear with respect to p.
Any A € X, defines a pseudo 1-form on M as follows:

(4.3) A (X) = /R (A, X)dp.

We will refer to these as the linear pseudo 1-forms. Notice that if A = Vf for some f € C®
then A is actually a 1-form.
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Any bounded field B = B(x) on R? of D x D matrices defines a linear pseudo 2-form via

A

(4.4) Bu(X,Y) = / (BX,Y)dp.

Remark 4.7. When k = 1 Holder’s inequality for the product of two functions shows that any
vector field A, € LP(u), for p € 2, 00], defines a continuous map L?(u) — R as in Equation
43l When k£ = 2 Holder’s inequality for the product of three functions shows that any field
of matrices B, € L*®(p) defines a continuous map L*(u) x L*(p) — R as in Equation £.7
However, for k& > 3 there do not exist analogous constructions of (non-trivial) continuous
k-linear maps L*(u) X --- x L*(u) — R. Tt is for this reason that we restrict our attention
to the case k < 2. In any case, this is sufficient for the applications of interest to us.

As in Section [A2] the action of Diff.(R”) on M can be lifted to forms and pseudo forms
as follows.

Definition 4.8. For k = 1,2, let A be a pseudo k-form on M. Then any ¢ € Diff.(R”)
defines a pull-back k-multilinear map ¢*A on M as follows:

(0" A) (X1, Xp) o= Ay (X0, ., 0 Xp).

It follows from Lemma that the push-forward operation preserves Decomposition 2.5
This implies that the pull-back preserves the space of k-forms, i.e. the pull-back of a k-form
is a k-form.

Definition 4.9. Let F': M — R be a function on M. We say that £ € L?(u) belongs to
the subdifferential O_F(u) if

FO) 2P+ s ([ (ea)y =) driew) + oWalpn),
¥€lo(pu,v) J JRP xRP
asv — p. If =€ € 9_(—F)(u) we say that £ belongs to the superdifferential 0T F ().
If £ € 0_F(u) N0+ F(p) then, for any v € I'y(, v),

(4.5 FO)=F)+ [ (¢@)y=a) di(e.) + o Walpe).

If such § exists we say that F'is differentiable at p and we define the gradient vector V,F' :=
m,(€). Using barycentric projections (cf. [5] Definition 5.4.2) one can show that, for v €

Lo(p,v),
//RDXRD<§(I)=?J —2) dy(z,y) = //RDXRD (m,(&) (), y — x) dy(z, y).

Thus 7,(§) € O_F () N 0T F(p) NT,M and it satisfies the analogue of Equation L5 It can
be shown that the gradient vector is unique, i.e. that 0_F(u) N 0" F(u) N T,M = {m,.(£)}.

Finally, if the gradient vector exists for every u € M we can define the differential or
exterior derivative of F' to be the 1-form dF' determined, for any p € M and Y € T, M,
by dF(p)(Y) == [on(V,F,Y)dp. To simplify the notation we will sometimes write Y (F)
rather then dF(Y).

Remark 4.10. Assume F : M — R is differentiable. Given X € VC>®(RP), let ¢; denote
the flow of X. Fix p € M.
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(i) Set v := (Id + tX)4xp. Then

F(n) = F(u) +t / (VuF, X)dju + oft).

RD
(i) Set py == . If ||V, F(0)|], is bounded on compact subsets of M then

Pl = P+ [ (9P X)du-+ o0
Proof: The proof of (i) is a direct consequence of Equation L5 and of the fact that, if » > 0
is small enough, (Id x (Id + tX))#,u € Iy(p, 1) for t € [—r,r].
To prove (ii), set

A(s,t) == (1 —s)(Id +tX) + s¢x.
Notice that ||¢,— Id —t X ||, < t*||(VX)X || and that (s,t) — m(s,t) := A(s,t)gu defines a
continuous map of the compact set [0, 1] x [—r, r| into M. Hence the range of m is compact so
||V, F(1)]] . is bounded there by a constant C. One can use elementary arguments to conclude
that F is C-Lipschitz on the range of m, cf. [25] for details. Let v, := ((Id + tX) X (bt)#,u.

We have v, € T'(v, 1) so Wa(pue, vi) < ||y — Id — tX]],, = O(t?). We conclude that
[F(ve) = Fp)| < OWa(pe, ve) = O(t%).
This, together with (i), yields (ii). QED.

Example 4.11. Fix f € C2° and let F': M — R be the corresponding linear function, as in
Example Then F is differentiable with gradient V,F' = V f. Thus dF'is a linear 1-form
on M. Viceversa, according to our definitions every linear 1-form A is ezact. In other words,
if A(X) = [on(A, X)dp for some A = V[ then A = dF for F(u) = [, fdp.

Definition 4.12. Let A be a pseudo 1-form on M. We say that A is differentiable if the
following two conditions hold: -
(i) For all X € X, the function A(X) : M — R is differentiable. We can then define the

exterior derivative of A on pairs X, Y € X, by setting
(4.6) dA(X,Y) = XA(Y) - YA(X) — A([X,Y)).

(ii) For all u € M, dA,, is continuous when restricted to V. C, i.e. there exists ¢, € R such
that

AR, (V£.99)] < cu|Vf - [ Vgl for all Vf, Vg e V.
Notice that condition (ii) implies that dA,, has a unique extension to T, M x T, M.
Let A be a 1-form on M. Let A denote the associated pseudo 1-form, as in Equation
12 We say that A is differentiable if A is differentiable. We can then define its exterior
derivative by setting dA := dA.

Remark 4.13. The assumption that dA satisfies the continuity assumption (ii) on V O
implies that some form of cancelling occurs to eliminate first-order terms as in Equation
[AT1 cf. Remark [A7 Notice that dA, restricted to T,M x T, M, is a well-defined 2-
form. On the other hand, Example shows that it is not natural to impose a continuity
assumption on X, so dA does not in general extend to a uniquely defined pseudo 2-form.

If A is differentiable in the above sense, it is natural to ask if dA,(X,-) = 0 for any
X € Ker(div,). It is not clear that this is the case.
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Remark 4.14. One could also define a notion of differentiability for 1-forms by testing A
only against gradient vector fields Vf € V C°. This is clearly a weaker condition, which
would yield a very poor understanding of the differentiability of the associated pseudo 1-
form A. Indeed, assume A is differentiable in the weaker sense and choose X € X,. Then
AX) = A(W“(X )) and 7,(X) depends on p. In particular, the differentiability of A is now
related to the smoothness of the projection operators p +— m,. We will avoid this notion,
using instead the stronger definition given in Definition [£.12

Example 4.15. Assume A is a linear pseudo 1-form, i.e. A fRD Sdp for some
A € X.. Then A is differentiable and, VX,Y € X,

dA(X,Y):/ <m (VAT .Y + VYT A), X > — <7, (VAT . X + VX' . A),Y > du
RD
—/ <VY X -VX-Y,A>dpu.
RD

If X,Y € T,M then dA(X,Y) = [op < (VA-VADX,Y > du.

Proof: Define Fx : M — R by
Fy(p) == A(X) = / <A, X > dp.
RD
Let p,v € M and v € T',(p4, ). Then

FX(V)—FX(M):/RD</_1,X>du—/RD</_1,X>du

[ <)X > - < A@). X@) > diay)
RDP xRP
Set ¢ :=< A, X > . Then ¢ € C*(RP) so
@n )~ Fxt = [ — o) (z,)
RDXRD
~ [[ (< Vot@)y =z > +0(z— yP)r(z.y
RD xRD
— [ <Vola)y o> dyw) + oWalm.v))
RD xRP
Equation .7 shows that Fx : M — R is differentiable and that V,Fx = 7,(V¢). Thus
(4.8) YA(X) = dFy(Y) = / < V,Fx,Y > du
RD

:/ < m (VAT X + VXT . A)Y > dp.
RD
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Analogously,
(4.9) XA(Y) :=dFy(X) = / <V, Fy, X >du
RD

:/ <, (VAT .Y + VYT . A), X > dp.
RD

We combine Equations L8 and 9 to get
dA(X,Y) := XA(Y) - YA(X) — A([X,Y])

(4.10) :/ < (VAT Y + VYT A), X > du
RD
—/ <m (VAT . X + VX" A),Y > du
RD

—/ <VY -X—-VX-Y,A>du
RD

If X,Y € T,M then Equation A.I0 simplifies to

dA(X,Y):/ < (VAT .Y +VYT . A), X > - < (VAT . X +VXT.A)Y > du
RD
—/ <VY -X-VX .Y, A>du

RD

= / < (VA-VADXY > dp.
RD
QED.

In Lemma [5.12] we will generalize this result to the class of regular pseudo 1-forms.

4.3. Discussion. As explained in Section B.2] we can think of M as the union of smooth
manifolds O. Each tangent space T, M should then be thought of as the tangent space of
O at the point pu. Our notion of k-form A is defined in terms of the dual tangent spaces, so
each Ajp is, at least formally, a k-form on a smooth manifold in the usual sense. The logic
behind our definition of the operator d on 1-forms is as follows. As seen in Section B.2] any
X € X, defines a fundamental vector field on O (or on M). In particular we can think of
the construction of fundamental vector fields as a canonical way of extending given tangent
vectors X, Y at any point u € O to global tangent vector fields on O. Combining Remark
[A. T3] with Lemma shows that the construction of fundamental vector fields determines
a Lie algebra homomorphism &, — X(O). Equation thus mimics Equation [A.T1] for
k = 1. In Section [5.4] we will study the corresponding first cohomology group. We can think
of this as the de Rham cohomology of the manifold O.

The notion of pseudo k-form is less standard, but also very natural. The finite-dimensional
analogue of this notion is explained in Section [A.3. Roughly speaking, i.e. up to Li‘
closure, if we restrict our space of pseudo k-forms to any manifold O we obtain the space of
maps O — A¥(g), where g = X,.. Our definition of the operator d, given in Equation 4.6
should now be compared to Equation [A.T9 Notice that the sign discrepancy between these
equations is explained by the fact that the Lie bracket on g is the opposite of the usual Lie
bracket on X, c¢f. Lemma [A.-T9 In this setting the key point is that each manifold O is
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actually the orbit of a group action. More specifically, we can identify it with a quotient of
the group Diff.(R?). Proposition then shows that pseudo k-forms are actually k-forms
on the group, rather than on the manifold, endowed with a special “invariance” property.
In some sense the corresponding cohomology is more closely related to the orbit structure
of the manifold O than to its topological structure. However Proposition shows that,
at least in finite dimensions, there is a simple relation between this invariant cohomology
and the usual de Rham cohomology of the manifold: for £ = 1, the latter is a subgroup of
the former. Proposition [A.17 also shows that the operation of Equation is very natural
from this point of view: up to the appropriate identifications, it coincides with the standard
pull-back operation from k-forms on the quotient of the group to k-forms on the group.

It may be useful to emphasize that the identification between the orbit O and the quotient
space is not canonical. The details involved in changing this identification are explained in
Section

5. CALCULUS OF PSEUDO DIFFERENTIAL 1-FORMS

Given a 1-form « on a finite-dimensional manifold, Green’s formula relates the integral of
da along a surface to the integral of a along the boundary curves. In Section [5.1] we show
that an analogous result for M is rather simple if both the form and the surface satisfy
certain regularity conditions. The conditions we need to impose on the form are rather mild:
we investigate these in Sections and [5.3] developing a general theory of regular pseudo
1-forms. The conditions on the surface, instead, are very strong. In Section [5.4] we thus
prove a second version of Green’s formula, valid only for certain surfaces we call annuli. For
these surfaces we need no extra regularity conditions, and Green’s formula then leads to a
proof that every closed regular 1-form is exact.

5.1. Green’s formula for smooth surfaces and 1-forms. Let A be a differentiable 1-
form on M in the sense of Definition Let A denote the associated pseudo 1-form in
the sense of Equation L2l Set ||A,|| := sup,{A,(v) : v € T,M,||v||, < 1}. We assume that,
for all compact subsets X C M,

(5.1) sup ||A,l] < oo.
HeEK

We also assume that for all compact subsets K C M there exists a constant Cx such that,
for all y,v € K and u € Cy(RP,RP) such that Vu is bounded,

(5.2) A (u) = Au(u)] < CeWa(p, v)([Julloo + [[Vulloo).
Set ||dA,|| to be the smallest nonnegative number ¢, such that
|dAu(Vf> Vg)| < CMHVfHM ) ||v9||u> forall Vf,Vge VCZ.

Now let S : [0,1] x [0,T7] — M denote a map satisfying the following three regularity
conditions:

(i) For each s € [0,1], S(s,-) € AC5(0,T; M) and, foreach t € [0,77], S(-,t) € AC(0,1; M).

(ii) Let v(s,-,-) denote the velocity of minimal norm for S(s,-) and w(-,t,-) denote the
velocity of minimal norm for S(-,#). We assume that v,w € C?([0,1] x [0,T] x RP RP)
and that their derivatives up to third order are bounded. We further assume that v and w
are gradient vector fields so that d,v and d,w are also gradients: this implies that A and A
coincide when evaluated on these fields.
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(iii) S takes values in the set of absolutely continuous measures. More specifically, S(s,t) =
p(s,t,-)LP for some p € C([0, 1] x [0, T] x RP) which is bounded with bounded derivatives.

Using Remark 2.17], Proposition [2.12 and the bound on v, w and on their derivatives, we
find that S is 1/2-Hélder continuous. Hence its range is compact so ||[Agp|| is bounded.
We then use Equations [5.1] and Taylor expansions for wg,, and v{*" to obtain that

(5.3) O (Aseo () =i (Asin(w)) + Asen (Ow}),
where we use the notation of Definition 9. Analogously,
(5.4) 0, (Asn (), = wi(Asn (vF)) + Asisn (D).

Lemma 5.1. For (s,t) € (0,1) x (0,T) we have (Oyw; — 95v5) — [w;,v] € Ker(divg(sy))-
Proof: We have, in the sense of distributions,
(5.5) i +V (503 =0, Bupf +V - (pfwf) = 0
and so
V- 0s(pivy) = —0:0ipf = V - (Oypiwy).

We use that p, v and w are smooth to conclude that
V- (0i0.0; + piowy) =V - (widup; + i),
This implies that if ¢ € C>(RP) then
(5. [ (Voo +poai) = [ (Vouiow: + owp).
R R

We use again that p, v and w are smooth to obtain that Equation 5.5 holds pointwise. Hence,
Equation implies

/ (Ve 0}V - (p}}) + pi0.05) = / (Ve —uiV - (550]) + P,
RD RD

Rearranging, this leads to
/ (Vep, 0507 — Owp)ppdLP = / (Vo,v)V - (pjw;) = (Vo,wi)V - (pvy).
RD RD

Integrating by parts and substituting p;£P with S(s,t) we obtain
| (ve.0 - duuias(s.)
RD

- /R ((V2uw; + (V) Vg, 07) = (F2p0; + (Vo) Vig,wi) ) dS(s, )

_ /R (Vo Lot wi] S s, 1),

Since p € C°(RP) is arbitrary, the proof is finished. QED.
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Proposition 5.2. For each t € (0,T) and s € (0,1) we have
O (Aston i) = s (Asian () = dhson (7, 7).
Proof: We use Definition and Equations [5.3], [5.4] to find

dAs(gf)(vf,wf) = dAg(sp (vF, w3)
U (Mg (w7)) — wi(Ass,n (V7)) — Mg ([vF, wi))
Uf (As(s,) (w5)) — wi (Mg (v7)) — Asisp([v7, wi])

”‘\CIJ\

=0, <AS(s,t) (wf)> si — Assp (Oywy) — O (AS(SJ) (Uf)> 6.
+ Ag(s.0 (0svy /_\S & ([vf, wr])
= 0 <AS(st (wt)> <As(s,t)(vf)> o
+ AS(E,ﬂ(asUt - 8twt — [vf, wi]).
We can now use Lemma [5.1] to conclude. QED.

Theorem 5.3 (Green’s formula for smooth surfaces). Let S be a surface in M satisfying
the above three conditions. Let S denote its boundary, defined as the union of the negatively
oriented curves S(0,-), S(-,T) and the positively oriented curves S(1,-), S(+,0). Suppose that
p— ||dA,l| is also bounded on compact subsets of M. Then

/dA:/A
S as

Proof: Recall that v], w; and their derivatives are bounded. This, together with Equa-
tions [5.1] and 5.2, implies that the functions (s,t) — Ags ) (vf) and (s,t) — Agen(wy) are
continuous. Hence, by Proposition 5.2, (s,t) — dAg(s ) (vf,w;) is Borel measurable as it
is a limit of quotients of continuous functions. The fact that p — ||dA,|| is bounded on
compact subsets of M gives that (s,t) — dAg((vf, wf) is bounded. The rest of the proof
of this theorem is identical to that of Theorem when we use Proposition B.2in place of
Corollary QED.

The regularity conditions we have imposed on S to obtain Theorem are very strong.
In particular, given an AC5 curve o of absolutely continuous measures in M, it is not clear
if there exists any surface S satisfying these assumptions and whose boundary is o. It is
thus difficult to use Theorem to reach any conclusion about the de Rham cohomology of
M. Such conclusions will however be obtained in Section [5.4] based on a different version
of Green’s theorem.

5.2. Regularity and differentiability of pseudo 1-forms. The goal of this section is to
introduce a regularity condition for pseudo 1-forms which guarantees differentiability. It will
also ensure the validity of assumptions such as Equations 5.1 and

Definition 5.4. Let /_\ fRD dp be a pseudo 1-form on M. We say that A is reqular
if for each p € M there exists a Borel field of D x D matrices B, € L®(RP x R” 1) and a
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function O, € C(R) with O,(0) = 0 such that

57 s {14 - Ade) - By - 0P )

YEL o (p,v

< W3 (p, v) min{ O (Wa(p, 1)), c(A)}*.

where as usual ['o(y, ) denotes the set of minimizers in Equation 2.1 and ¢(A) > 0 is a

constant independent of p. We also assume that ||B,||, is uniformly bounded. Taking c(A)
large enough, there is no loss of generality in assuming that

(5.8) sup || B, < e(A).
neM

Let A be a 1-form on M. Let A denote the associated pseudo 1-form, as in Equation .2
We say that A is regular if A is regular.

Remark 5.5. Some of the assumptions in Definition [5.4] could be weakened for the purposes
of this paper. We make these choices simply to avoid introducing more notation and to
shorten some computations.

Example 5.6. Every linear pseudo 1-form is regular. In other words, given A € X, if
we define A,(Y) = [L5(A,Y)du then A is regular. Indeed, setting B, := VA one can
use Taylor expansion and the fact that the second derivatives of A are bounded to obtain
Equation 5.7

Remark 5.7. Even if Equation 5.7 holds for A4,,, it does not necessarily hold for A, := 7, (A).
This implies that, in general, it is not clear what regularity properties might hold for the
1-form obtained by restricting a regular pseudo 1-form. This is true even in the simplest
case where A is as in Example 5.6 The case in which A is related to A as in Equation is
an obvious exception: in this case, according to Definition [5.4], A is regular iff A is regular.

From now till the end of Section [ we assume A is a regular pseudo 1-form on M and we
use the notation A,, B, as in Definition 5.4l

Remark 5.8. If y,v € M, X € L*(u), Y € L?(v) and v € T',(u, v) then

(5.9) A (Y) = Ku(X) — ((4u(@). Y () = X(@)) + (Bu(@)(y — 2), Y (1) ) d(z,p)

RD xRD

- /IRD RD <Au(y) - AM(I) - Bu(x)(y B i)’ Y(y)>d7(x’ y)

By Equation 5.7 and Holder’s inequality,

610) [ ()= Ade) = B = ). Y W) < Waln)e®) V]
Similarly, Equation [5.§ and Holder’s inequality yield
(5.11) [ Bu@y = .Y ()| < Walie)elB) 1.

We use Equations [B.10 and (5.11] to obtain

5:12) (L) =80 = [ (A Y )~ X@hde.)| < 20 Walin) V]
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Remark 5.9. Let Y € CHRP) and define F(u) := A,(Y). Then
Fw) = F ()| < Wa(w, 1) (1A IVY oo + 26(A)][Y 1)

Proof: By Holder’s inequality,

\/RD RD</LL(:E),Y(y) - Y(I))dv(:):,y)’ <AL VY || Wa(v, o).

We apply Remark with ¥ = X and we exchange the role of 1 and v to conclude the
proof. QED.

Lemma 5.10. The function )

M - Rv = HAHHH
is continuous on M and bounded on bounded subsets of M. Suppose S : [r,1] x [a,b] = M
is continuous. Then

sup ([ As(enllsesn < oo
(s,t)€[r,1]x[a,b]

Proof: Fix py € M. For each ;1 € M we choose v, € I'y(f10, 1t). We have

| A = Aol lo| = [ 1AL W) 1y = (1A (@)1, | < 11Au(Y) = Apg (2)]]5,.-
This, together with Equations 5.7 and [5.8] yields

14,1~ 114

< 1By () (y = @)[ |, + c(M)Walpo, 1) < 2e(A)Wa(po, p1).

To obtain the last inequality we have used Holder’s inequality. This proves the first claim.
Notice that (s,%) — ||As(sllses, is the composition of two continuous functions and is
defined on the compact set [r, 1] X [a, b]. Hence it achieves its maximum. QED.

o Lo

Lemma 5.11. Let Y € C2(RP) and define F(u) := A, (Y). Then F is differentiable with
gradient V, F = m,(VY T (2)A,(z) + Bl (2)Y ().
Furthermore, assume X € VCO?(RP) and let p,(z) = x +tX (z) +tO,(x), where O, is any

continuous function on RP such that ||Oy||« tends to 0 ast tends to 0. Set p; == @(t, ) pp.
Then

(5.13)  F(u) = Flu) +1 /

RD

Proof: Choose p,v € M and v € T',(, ). As in Remark 5.8

[(Au(2), VY ()X () + (Bu() X (@), Y () dia(z) + o(t)

A =80 = [ (4@ Y0) =Y @) + (Bule)y —2).Y (1) )ar(a.0)

_ / o ) = Au(e) = Bu(w)(y = 2), Y () ).

By Equation 5.7 and Holder’s inequality,

\/RD RD@u(y) — Ay(z) = Bu(2)(y — 2), Y (1)) | < o(Wa(p, ) [[Y]].
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Since Y € C?(RP) we can write Y(y) = Y(x) + VY (2)(y — z) + R(x,y)(y — x)?, for some
continuous field of vector-valued 2-tensors R = R(x,y). In particular, R has compact support
and depends on the second derivatives of Y. Then

L, @) Yo = Y@l = [ A9V @)= od)

(5.14) w [ ) R - o))

We now want to show that the term in Equation [5.14] is of the form o(W5(u,v)) as v tends
to p. For any € > 0, choose a smooth compactly supported vector field Z = Z(x) such that
|A, — Z||, < e. Then by transposing the matrix R(y — x) and using Holder’s inequality we
obtain

| (Au(x), Ry — 2)*)dvy(z,y)| < / [{(R(y — 2))" (Au(z) — Z(2)),y — @)|dy(z,y)

RD xRP RDP xRDP

[ 2@ Ry = 2Pl (a)
< Ry — ) locWalin, ) + | 21 Rl V3 1 ).

Since € and ||Z]|» are independent of v, this gives the required estimate. Likewise,

L, Bae=a. Y@= [ By =-2.Y0) - Y @)da)

RD xRD

+ /RD RD (Bu(x)(y — ), Y (x))dv(x, y)

B / (Bu@)(y =), ¥ (@) () + ool ).

Combining these results shows that

A(Y) = 8,(V) + / o VY @A) + BI@)Y ().~ 2)dr(,) + oWalae ).

As in Definition L9, this proves that F is differentiable and that V,F = 7, (VYT (2)A,(x) +
B, (x)Y (x)).

Now assume that ¢, is the flow of X. Notice that the curve ¢t — pu; belongs to ACy(—r,7; M)
for r > 0. We could choose for instance r = 1. Hence the curve is continuous on [—1,1].
By Lemma .10, the composed function ¢ — [|4,,]|,, is also continuous. Hence its range is
compact in R, so there exists C' > 0 such that ||A,,]],, < C for all t € [-1,1]. We may now
use Remark to conclude.

The general case of ¢; as in the statement of Lemma [5.11] can be studied using analogous
methods. QED.

Lemma 5.12. Any reqular pseudo 1-form A is differentiable in the sense of Definition[].12.
Furthermore, VX,Y € T,M,

(5.15) dA,L(X,Y) = / ((B,— BJ)X,Y)dp.

RD
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Proof: The fact that, for each Y € X, A(Y) is a differentiable function on M follows from
Lemma 5111 Lemma [5.17] also gives an expression for the gradient of this function. Using
this expression it is simple to check that, for X, Y € VU,

(5.16) XA(Y) - YA(X) — A([X,Y]) = / (B, — BD)X,Y)dp.

RD

This proves that A is differentiable. By continuity, the same expression holds for any X,Y €
T, M. QED.

5.3. Regular forms and absolutely continuous curves. The goal of this section is to

study the regularity and integrability properties of regular pseudo 1-forms evaluated along
curves in ACs(a, b; M).

Lemma 5.13. Assume {pic}ecp C M and v € L*(pie) are such that C = sup.cg |[ve|| 12(u)
is finite. Assume {ic}eer converges to i in M as € tends to 0 and that there exists v € L*(1)
such that {vepie teerp converges weak-+ to v as € — 0. If v, € Ty, pe) then lim,_ga. = 0,

where ac = [op . po{(Au(®), ve(y) — v(@))dve(z, y).

Proof: It is easy to obtain that ||v|[z2(,) < C. Let 4. € T'o(p, pre) and & € AL. Then there
exists a bounded function C¢ € C(R” x RP) and a real number M such that

(5.17) (x) —E(y) = VEW) (& —y) + |z — y[Ce(z,y),  |Ce(z,y)] < M,
for z,y € RP. We use the first equality in Equation [5.17 to obtain that
(Au(@), ve(y) — v(@)) = (Au(2) = E(@), ve(y) — v(@)) + (€(Y), v(y)) — (€(@), v(2))
+{(VEW)(x — y) + |z =y Ce(a,y), vl(y))-
Hence,

lac] < [[Au(z) — £(@)]22(0
(5.18) T, (Ve —y) +o - yl*Ce(z,y)), ve(y))dre(z, y).
Above, we have set be := | [on,mp ((€(), ve(y)) — (£(z), v(x)))dve(x, y)|. By the second in-
equality in Equation [5.17 and by Equation [5.18]
(5.19) lac] < 2C1[ Ay = €llr2g + be + [[VEloWap, pte) + MW3 (1, prc).-

By assumption {Ws(i, pte) }ecp tends to 0 and {b}ccr tends to 0 as € tends to 0. These facts,
together with Equation [5.19] yield limsup,_ |ac| < 2C||A, — &|[12( for arbitrary & € A.
We use that X, is dense in L?*(u) to conclude that lim, g a. = 0. QED.

ve(y) — v(@)]|12¢50) + be

Corollary 5.14. Assume {fic}eer C M, p, ve € L*(pe) and v satisfy the assumptions of
Lemmal513 Then lim._oA, (ve) = Ay(v).
Proof: Let 7. € I',(u, pte). Observe that

(A (9),vew) = (Au(e), () = (4,
(5.20) + (A (y) = Aulw) = Bu(@)(y — 2),0.(9) ).
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We now integrate Equation [5.20 over RP x RP and use Equations 5.7, 5.8 and the fact that
Ye € To(pt, pte). We obtain

A (ve) = Mu(0)] < el + [1Ballzoe gy W (s pe) [Jel e + 0(Walps, pe)) vl
(5.21) < la + ClBl e Walp 1) + C (W, ).
Letting € tend to 0 in Equation B.2T] we conclude the proof of the corollary. QED.

e

Lemma 5.15 (continuity of Ay, (X;)). Suppose o € ACs(a,b; M). If X € C((a,b) xR”,RP)
then A(t) := A,,(Xy) is continuous on (a,b).

Proof: Fix t € (a,b) so that ¢ belongs to the interior of a compact set K* C (a,b). Let
¢ € C.(RP,RP) and denote by K a compact set containing its support. Observe that X is
uniformly continuous on K* x K so

(5.22)

lim sup | / (p(x), Xen(x) — Xo(2))dopn ()] < limsup |[¢]|oo sup | Xin(x) — Xo(x)| = 0.
h—0 RD h—0 rzeK

Since (X3, ) € C. and o is continuous at ¢ by Remark 2111 we also see that

(5.23) lim [ (p(x), Xi(2))dopsn () = / (p(x), Xi(2))doy(x).
h—0 RD RD
Since ¢ € C.(RP,RP) is arbitrary, Equations and (.23 show that { X, ,044n}n0 con-
verges weak-x to 0, X; as h tends to zero. Corollary £.14] yields that A is continuous at
t.
QED.

Remark 5.16. Using the techniques of Lemma one could further prove that if o €
ACy(a,b; M) and X is sufficiently regular then A(¢) := A,,(X;) is Lipschitz and £'-almost
everywhere differentiable.

We now assume that n$, € C*°(RP) is a mollifier : n%(x) = 1/ePn(x/¢), for some bounded
symmetric function n € C®(RP) whose derivatives of all orders are bounded. We also
impose that n > 0, [o, [z|*n(z)dz < co and [, 1 = 1. We fix u € M and define f(z) :=
Jep o (x — y)du(y). Observe that f© € C*°(RP) is bounded, all its derivatives are bounded
and [o, f<=1.

We suppose that n{ € C*(R) is a standard mollifier: n$(¢) = 1/en,(t/€), for some bounded
symmetric function 7, € C°°(R) which is positive on (—1,1) and vanishes outside (—1,1).
We also impose that [, 71 = 1 and assume that |e| < 1.

Suppose 0 € ACs(a,b; M) and v : (a,b) x RP? — RP is a velocity associated to o so
that t — ||vlls, € L®(a,b). Suppose that for each ¢ € (a,b) there exists p, > 0 such that
oy = pLP.

We can extend o and v in time on an interval larger than [a, b]. For instance, set 6, = o,
fort € (a —1,a) and set 6; = o3, for t € (b,b+ 1). Observe that & € ACy(a — 1,0+ 1; M)
and we have a velocity © associated to & such that v, = v; for ¢ € [a,b]. We can choose ©
such that ||;]|Z, = 0 for ¢ outside (a,b). In particular, fab__ll ||04]|2,dt = fab ||vg]|2,dt. In the

(o

sequel we won’t distinguish between o, ¢ on the one hand and v, v on the other hand. This
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extension becomes useful when we try to define p§ as it appears in Equation [5.24] The new
density functions are meaningful if we substitute o by & and impose that € € (0, 1).
For € € (0,1), set

(5.24) pi(z) = / it — T)pe(@)dr, of = piLP, Py (z) = / it — 7)pr (2)or (2)dr.

Note that pf(z) > 0 for all t € (a,b) and x € R” and pf is a probability density. Also,
ve: (a,b) x RP — RP is a velocity associated to o¢. In the sequel we set

C? 1:/ |z[*n(x)dz, 012/771(7')7617'7 Cypi= sup |lvrlfo,.
RD R

7€(a—1,b+1)

Lemma 5.17. We assume that for each t € (a,b) there exists p; > 0 such that oy = p,LP.
Then o¢ € ACs(a,b; M). Fora < s <t <b,

(i) Walp, fLY) <eC, (i) ||vf

oe < Cy and (iti) Wy(of,04) < €C1C,.

Proof: We denote by U the set of pairs (u,v) such that u,v € C(RP) are bounded and
u(z) +v(y) < v —y|? for all 7,y € RP. Fix (u,v) € U. By Fubini’s theorem one gets the
well known identity

(5.25) s @ie= [ anw) [ e~z

Since v(y) = [po v(y)ne(x — y)dz, Equation yields that
[, @t [ otidut) = [ dut) [ nte =) (ule) + o) da
(5.20 < [ anto) [ nia=wle - s
= [, @t [ GGz = o,

To obtain Equation [5.26 we have used that (u,v) € U. We have proven that [, u(x) f(z) dz+
Jep v(y) du(y) < C*¢ for arbitrary (u,v) € U. Thanks to the dual formulation of the
Wasserstein distance Equation 2.2 we conclude the proof of (i).

Notice that for each ¢ € (a,b) and x € R”, n$(t — 7)p,(x)/p(z) is a probability density
on R. Hence, by Jensen’s inequality,

i@ = [1/6i60) [ i = o @ @ar] < 1/pita) [ (e = Phpelorta) P

We multiply both sides of the previous inequality by pf(x). We then integrate the subsequent
inequality over RP and use Fubini’s theorem to conclude the proof of (ii).
We use (ii) and Remark 2171 (i) to obtain that ¢ € AC5(a,b; M). We have

[, uioio) = [ e [ wim@ar = [ i [ o (q)
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Hence, using that v(y) = [ n5(7)v(y)dr, we obtain

[, v+ [ oot = [irar( [ oo+ [ i)

(5.27) < /Rnf (1YW (04_r, 00)dT

(5.28) < /Tﬁ(T)Tzcng = C,C2
R

To obtain Equation we have used the dual formulation of the Wasserstein distance
Equation and the fact that (u,v) € U. We have used Remark 2.17] to obtain Equation
B.28. Since [ypudof + [ppvdo, < eCC, for arbitrary (u,v) € U, we conclude that (iii)
holds.

QED.

Remark 5.18. Assume that for each t € (a,b) there exists p; > 0 such that o; = p,LP. Let
¢ € Co(RP). Setting I(t) := [p(}, ve) prdLP, we have

(5.29) | (6 0eide?) = ot + 1o)] < ol C.

Corollary 5.19. Suppose that for each t € (a,b) there exists p; > 0 such that oy = p,LP.
Then, for each t € [a,b], {of}eso converges to oy in M as € tends to zero. For L'-almost
every t € [a,b], {o5vf }eso converges weak-* to oy as € tends to zero.

Proof: By Lemma [5.17 (iii), {0} }e=0 converges to o; in M as € tends to zero.

Let C be a countable family in C.(RP). For each ¢ € C.(R”), the set of Lebesgue points
of I is a set of full measure in [a, b]. For these points nj * I,(t) tends to I4(t) as € tends to
zero. Thus there is a set S of full measure in [a,b] such that for all ¢ € C and all t € S,
s * 1,(t) tends to I4(t) as € tends to zero. Fix p € C.(R”) and choose ¢ > 0 arbitrary. Let
¢ € C be such that ||¢ — ¢|| < J. Note that

|5 Lo (t) — Lo ()] < [0 Lo (t) — Lo(8)] + nf % Lo—o ()] + [Ls—o (2)].
We use the inequality in Equation to conclude that
5 % L (8) — ()] < 15 % To(t) — 1,(0)] + 26C,.

If t € S, the previous inequality gives that limsup,_, 7§ * [,(t) — I,(t)| < 20C,,. Since § > 0
is arbitrary we conclude that lim._.o 1] * I,(t) — 1,(t)| = 0. QED.

Corollary 5.20. Suppose that o € ACy(a,b; M) for all a < b, v is a velocity associated to
o and C = supe(, ) |[Vello < 00. Define

fr@) = [ aple = et o= FL7 f@ni) = [ able = puidni).
As in Equation[5.2]], for 0 < e < 1 we define

p; (x) == /Rnf(t —7)f(x)dr, oy = P L piT ()l () = /Rnf(t — 1) fr(z)vl (x)dT.
Then:
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(i) v" is a velocity associated to o and, for eacht € (a,b), {0} }» converges to oy in M as
r tends to zero. For L'-almost every t € (a,b), ||v]||or < C and {vjo]},~0 converges weak-*
to v:oy as r tends to zero.

(i1) v°" is a velocity associated to o°" and, for each t € (a,b), {o;"}c converges to o} in
M as € tends to zero. For everyt € (a,b), |[vy"||ger < C while for L'-almost every t € (a,b),
{v; 07" }rs0 converges weak-x to vyo} as € tends to zero.

(iii) The function t — A,er(vi™") is continuous while t — A, (v;) is measurable on (a,b).

(iv) Suppose in addition that o is time-periodic in the sense that o, = o,. Then ol = o}.

Proof: It is well known that ||v]||sr < [|vg|l,, < C (cf. [5] Lemma 8.1.10) so, by Remark
211 (i), o € ACs(a,b; M). One can readily check that v is a velocity associated to o.
Lemma [5.17 shows that, for each t € (a,b), {0} }, converges to o; in M as r tends to zero.
Let ¢ € C.(RP,RP). Set ¢" := 07, * ¢. Since {¢"},~o converges uniformly to ¢,

lim (gp,v[)da[:/ (vg, p)doy.
RD

r—0 RD

Thus {v]o}] },~0 converges weak-* to v,0; as r tends to zero. This proves (i).

We next fix r > 0. For a moment we won’t display the dependence in r. For instance we
write v¢ instead of vy as in Equation [5.24l Notice that p¢ € C*([a,b] x RP), p¢ > 0 and p
is a probability density. Also vf € C'([a,b] x RP,RP) and v¢ is a velocity associated to o°.
Fix t € [a,b] C (a,b). Lemma B.IT gives that |[vf]|, < C for all € > 0 small enough. By
Corollary 519, {vio; }e~o converges weak-* to v,o; as € tends to zero. This proves (ii).

By Lemma[5.15, ¢ — Ay (vf) is continuous in (a, b). Hence by (ii) t — Ay (v]) is measurable
as a pointwise limit of measurable functions. We then use (i) to conclude that ¢t — A, (v;)
is measurable as a pointwise limit of measurable functions. This proves (iii). The proof of
(iv) is straightforward.

QED.

We can now prove that regular pseudo 1-forms can be integrated along absolutely contin-
uous curves, as follows.

Corollary 5.21. Let 0 € ACy(a,b; M) and let v be a velocity associated to o. Suppose

t — ||vi||o, is square integrable on (a,b). Thent — Ay, (v;) is measurable and square integrable
on (a,b).

Proof: Let ¢ be the reparametrization of ¢ as introduced in Remark .13 and let v be
the associated velocity. By Corollary B.20 (iii), because supye( 1 [|0s|lz, < 1, we have that
s — N5, (,) is measurable. But A,,(v;) = S’(t)]\(;s(t) (Us())- Thus ¢ — A,,(v;) is measurable.

By Corollary B.10 there exists a constant C,, independent of ¢ such that ||4,,]|,, < C, for
all t € [a,b]. Thus

eso)] = | [ s vddn] <11 Aallnloll, < Colodl

Since t — ||v||o, is square integrable, the previous inequality yields the proof. QED.

Corollary 5.22. Suppose {0" }o<r<c C AC5(a,b; M), v" is a velocity associated to " and
00 > C = sup( yep ||[V]|lo; where E := [a,b] x [0,c]. Suppose that, for L'-almost every
t € (a,b), {vio} }rso converges weak- to vioy and {0} }.~o converges in M to o, as r tends
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to zero. If (t,r) — oF is continuous at every (t,0) € [a,b] x {0} then lim,_g fab Ay (V") dt =
f A, (v)dt. Here we have set o, := o?.

Proof: By Lemma (.10 we may assume without loss of generality that |[Ar||,; is bounded
on E by a constant C' independent of (t,7) € E. We obtain

(5.30) sup [Agp(v))] < sup [[Ag|lop[[vf]lop < CC.
(t,r)eE (t,r)eE
Corollary 14 ensures that lim, o Ayr(v]) = Ay, (v;) for L1-almost every ¢ € [a, b]. This,
together with Equation 530 shows that, as r tends to 0, the sequence of functions ¢t — /XU; (v})
converges to the function t — A, (v;) in L'(a,b). This proves the corollary. QED.

Definition 5.23. Let 0 € ACy(a,b; M) and let v be a velocity associated to ¢. Suppose
t — ||vells, 18 square integrable on (a,b). By Corollary B21l t — A,,(v;) is also square
integrable on (a, b) It is thus meaningful to calculate the integral fab A, (vy)dt.

We will call f A, (v)dt the integral of A along (o,v). When v is the velocity of minimal
norm we will write this simply as f A and call it the integral of A along o.

Remark 5.24. Suppose that r : [c,d] — [a,b] is invertible and Lipschitz. Define g, =
ar(s). Then ¢ € ACy(c,d; M) and v4(x) = 7(s)vy(s)(x) is a velocity for . Furthermore,

f Ao’t 'Ut dt f Ao’t Ut dt
Proof: Let 3 € L*(a,b) be as in Definition 2100 Then

r(s+h)
/ ﬁ(t)dt‘ -
r(s)

Because 3 € L?(c, d) we conclude that & € ACy(c, d; M). Direct computations give that, for
LY —ae. se(cd),

W2(Ur(s+h)a Ur(s)) <

s+h
/ B(T)dT) where 3(s) := [7(s)|B(r(s)).

i Wa (0 (5), 00(s))/ 1Rl = [7(s)] [”] (7 (s))-

Thus |6'|(s) = |7(s)| |0”|(r(s)). Let ¢ € C°(RP) and let v be a velocity for o (see Proposition
212). The chain rule shows that, in the sense of distributions,

d

d_ (bdo'r(s) = T(S> <v¢7 Ur(s) >Ur(s) <v¢ Us)crsa
S JrD

where U(z) = 7(s)v,(s)(x). Thus ¥ is a velocity for 5. Using the linearity of A we have

/ " R, (0,)ds = / () (v ) = / A (0t

This concludes the proof. QED.
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5.4. Green’s formula for annuli. Let 0 € AC5(a,b; M). Givenr € (0,1) and s € [r, 1], let
D, : RP — RP denote the map defined by D,(z) := sz. Using this map we can canonically
associate to o the surface

(5.31) o(s,t) - [r,1] x (a,b) = M, o(s,t) =0, = Dspoy.

We call such a surface an annulus. We now want to study its properties.
Let v denote the velocity of o of minimal norm. Set

w(s, t,) =w;(z) = - DY), wv(s,t,-) =v = Dy,
s
According to Lemmald.2] for each s € [r, 1], o(s,-) € ACy(a, b; M) admits v(s, -) as a velocity.
For each t and ¢ € C>°(RP), in the sense of distributions,

L R L [ (o) don(o) = /R do(sa) ) donlr) = /R do(w}) doj.

ds Jgp ds

Thus w(-, ) is a velocity for o(-, ).
We assume that

|00 := sup [[ve]s, < o0.
t€[a,b]
By Remark 2.TT]
& = sup Wy(oy,dy) < 0.
tela,b]

By the fact that Dsx0; = 0] we have
(5.32) WZ(of,80) = 8*Wi(oy,8) < s < Cy,
where we are free to choose C, to be any constant greater than c?.

Remark 5.25. Note that (1 4+ h/s)Id pushes of forward to of™ and is the gradient of a
convex function. Thus

7h — (Id > (1 + h/s)[d)#af e Fo(af,ngrh).

For ~"-almost every (x,y) € RP x RP we have y = (1 + h/s)z, so

s Y hy 5o Y hy s
633) ™) = s+ mu) = 0+ D) = 1+ D)
Using the definition of o7 and v; we obtain the identities
(5.34) 11d]]o; = sl1dlls, < 5Co,  [107]lo; = s[villo, < s[]0"]|cc-

We use the first identity in Equation [5.34] and the fact that (1 + h/s)Id pushes o] forward
to 07" to obtain

S S h2
(5-35) W22(‘7t7‘7t+h) = ?HId‘

2= WP HAE, = W3 (o, 60) < HC2.

Lemma 5.26. There exists a constant C,(r) depending only on o and r such that || Ay
Cy(r), for all (s,t) € [r,1] X [a,b].

s <
op =
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Proof: By Remark 211 (i), 0 : [a,b] — M is 1/2-Holder continuous: there exists a constant
¢ > 0 such that Wi(oy,,04) < c|ta — t1]. Together with Lemma 1] and the fact that
Lip(Dy) = s < 1, this gives that t — o} is uniformly 1/2-Hélder continuous:

W3(03,,0%,) < W5(01,,00) < clts — ta].

Remark [2.17] (ii) ensures that {oy| t € [a,b]} is bounded and so there exists ¢ > 0 such that
Wo(oy, 0g) < éfor all t € [a,b]. One can readily check that v := (D, x Dsz)#at € (o}, 0,?),
S0

W27, o) < /

|| *dor ()
RD xRP D

|x — y|2d7 = /D |Dg,x — D82x|2dat(:v) = |y — 81|2/
R

R
S 5‘82 — 81‘2.

Thus s — o} is 1-Lipschitz. Consequently (t,s) — o7 is 1/2-Hélder continuous. This,
together with Lemma [5.10], yields the proof. QED.

Set ~ ~
V(s,t) == Ags (vy), W (s, t) := Ags (wy).
The following proposition is extracted from [5] Theorem 8.3.1 and Proposition 8.4.6.

Proposition 5.27. Let 0 € ACs(a,b; M) and let v be its velocity of minimal norm. Let
N1 be the set of t such that v, fails to be in T,,M. Let Ny be the set of t € [a,b] such that

<7r1 X (7?2—7r1)/h) T fails to converge to (Id xvy) 4oy in the Wasserstein space M(RP xRP),
for some ny, € Ty(0y,0441). Let N be the union of Nv and Na. Then LY(N) = 0.

We can now study the derivatives of V' and W, as follows.
Lemma 5.28. For each t € (a,b) \ N, the function V (-, t) is differentiable on (r,1) and its
derivative is bounded by a constant Ly(r) depending only on o and r. Furthermore

0 (s.0) = [ oo, Do) + [ (Bo)ui(o).vite)dop o),

Proof: Let C,(r) be as in Lemma [5.26 and let C,, be as in Equation[5.32 We use Equations
B.12) 5.33] and then Holder’s inequality to obtain

h - _
(5.36) [V(s+h,t) = V(s t)] < ;||Agts o3 |[VE ] |os + 2c(MYWy(of, oi )| Justh it
We combine Equations (.34, and to conclude that
(5.37) |V (s+ h,t) — V(s,t)] < hCy(r)||0||s + 2hc(A)Cy(s + R)||07]] -

This proves that V (-, t) is Lipschitz on (r, 1) and that its derivative is bounded by a constant
Ly(r). As in Remark [5.8]

C Vis+ht)=V(st) . . v (y) = vi(x),
i I = m /RDX[RDM@(“")’ h 1y
— X
R LR i
RDxRD
1

(5.38) [ Agn0) = Ane) = By = o). )"
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where ), € I',(0;™", ¢¢). By Equation[5.10, the last inequality in Equation [5.34 and Equation
.35 we have

(539 Gime [ (Aan(y) — Ag(@) — Bo()(y — 2), 0 ()2 () = 0.

1
h=0h Jgo go

We use Equations (.33, 5.38, 5.39 and the fact that, for v%-almost every (z,y) € RP x R,
y = (1+ h/s)x to conclude that

lim V(s+ h,t) —V(s,t) _ / (A vy (x)

h—0 h

. T s
9 o+ Jim | (Bry(2) (14 o))

- v (T
— [ tnp(o), Wi + [ (oy(auita) it
This proves the lemma. QED.

Lemma 5.29. For each s € [r,1] and t € (a,b) \ N, the function W (s,-) is differentiable at
t and its derivative is bounded by a constant Lo(r) depending only on o and r. Furthermore,

A US T S S S S
o (s.0) = [ (Aug(), N ydop(w)+ [ {uite). Bur i) dof o),
Proof: As in the proof of Lemma 5.30, we have

||121(7tS

W0y sn, 07) + 2e(M)Wa(07 o) [wi o

t+h’

|(W(s,t+h) —W(s,t)] <

This gives -
W (s, t+h) —W(s,t)] < h(1+2¢(A))Cy,
proving that W (s, ) is Lipschitz on (a,b) and that its derivative is bounded by a constant
Ly(r). For fixed s € [r,1] and t € (a,b) \ N, let v; € T'o(07,07,,). Then
limW(S’ t+h)—Wi(s,t)

h—0 h

— lim <Aos (.CL’), wt-i—h(y) — Wy (SL’)
h—0 RD xRD ¢ h

y—x s s
s B )iy
RD xRP

)dvi(z,y)

- % /<A () = Ayt (2) = Boy (2)(y — 2), 0}, ()7 (2 9).

However,

o1 - - s s

tin s [ (Aa(0) — (o) = By )y — ), win 0))3iCenn) = O
RDP xRP

We then use the fact that w;(z) = z/s to get

(5.40) lim VSt = W8 (A (@), L= E Vg (2, )

h—0 h h—0 RD xRD Sh

— X
[ B i),
RD xRP

, =
S
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To conclude the lemma it suffices to show that if t € (a,b) \ NV and v; € (07, 07,,,) then
<7r1 x (m? — wl)/h> 75 converges to (Id X vf)qs in M(RP x RP) as h tends to 0. Set
#

Vp = (Ds_1 X Ds_l)#fyi.
Since
o (D' x DYy =D or! and w0 (D;'x D;') =D, on?
we conclude that vy, € I'(o, 0¢4p). By the fact that the support of +; is cyclically monotone
we have that the support of 7, is also cyclically monotone. Hence ~;, € I',(0y, 0441). We have

7T2—7T1 7T2—7T1

(r! x - )#'yz = (D, x Ds)#<(7r1 X T)#%) — (D x Dy) o (Id x v) g0y
= (Id x v])40;.
This, together with Equation [5.40, gives
W (s, t+h)—W(s,t)

AL h
A 'Us(x) s s z S
— [ V@), o @) + [ (oo (o). Do
RD S RD S
A ’Uf ZE') s s s
= | (A5(x), ydoi(x) + | (Bop()vj(x), wi(x))doy (x).
RD S RD
QED.
Corollary 5.30. For each s € (r,1) and t € (a,b) \ N we have
0, (Roy (w)) = 0, (Ay (v0)) = diy (07, w3)
Proof: This corollary is a direct consequence of Lemmas [5.12] and [5.29. QED.

Remark 5.31. Proposition was a direct consequence of Equations and 0.4l Those
equations depended strongly on the smoothness of v; and wy in all variables. In this section
we have removed all smoothness assumptions on v;. Specifically, now we do not know that
Vv; nor 0,v; exist. However, Equation ensures that v; is differentiable with respect to
s, in particular establishing the inequality ||vj™" o 72 — vf o 7!||,n < hl|0”||o. This inequality
is crucial for the proof of Lemma [5.28]

Lemma is the analogue of Equation (.4l Notice that the first term (respectively,
the second term) on the right hand side of Lemma corresponds to the second term
(respectively, the first term) on the right hand side of Equation (.4l Likewise, Lemma

is the analogue of Equation (.3l

Theorem 5.32 (Green’s formula on the annulus). Consider in M the annulus S(s,t) =
Dyyoy for (s,t) € [r,1] x [0,T]. Let S denote its boundary, defined as the union of the
negatively oriented curves S(r,-), S(-,T) and the positively oriented curves S(1,-), S(-,0).

Then
/ d — / A
S oS
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Proof: We use Corollary [5.30 to obtain

/5 dA = /0 " / 1 AR (07,105 ds = /0 " / 1 [at (I\S(s,t)(w;’)) —as</‘\s(s,t)(vf))]ds

1 T
(5.41) = / (As<s,T>(w%)—As<svo>(wé)>d8— / (Asuvt)(vi)—Asv,t)(v{f))dt: / A.
r 0

oS
QED.

Corollary 5.33. If we further assume that A is a closed pseudo 1-form and that oy = o,
then [ A =0.

Proof: For s € [r, 1] define

T 1
l(s) = / AS(s,t) (’Uf)dt, l(t) = / AS(&t)(wf)dS.
0 r

Since w§ = w§ and 05 = Dgyor = Dsyog = 0§, we have [(T') = [(0). This, together with
Equation [5.41] and the fact that dA = 0, yields fOT Ao, (vy)dt = 1(1) = I(r). But
(5.42)

T

T T
()] < / R (0])|dt < / st llsenlltr lsendt < 710l / [ As el lsiendt,
0 0 0

where we have used the last inequality in Equation [£.34l The first inequality in Equation
shows that, for » small enough, {S(s,?)}+ex[0,77) is contained in a small ball centered at
dp. But Lemma gives that u — [|A,]|, is continuous at dy. Thus there exist constants
¢ and rg such that ||/_15(8,t)||5(57t) < cforallt €[0,7] and all r < ry. We can now exploit

Equation [5.42] to obtain
(1) = limiglf 1(r)] < limionfrTc||c7'||C>O =0.

QED.

Corollary 5.34. Let A be a reqular pseudo 1-form on M. Let A denote the corresponding
1-form on M, defined by restriction. Assume A is closed, i.e. dA = 0. Then A is exact, i.e.
there exists a differentiable function F' on M such that dF = A.

Proof: Fix yu € M. Let o be any curve in ACy(a,b; M) such that o, = & and o, = p.
Assume that v is its velocity of minimal norm and that sup, ) |[vi|l,, < co. By Corollary

5.33, fa A depends only on f, i.e. it is independent of the path ¢. Also, Remark [5.24] ensures
that fa A is independent of a, b. It is thus meaningful to define

Fu) = /(, i

We now want to show that F' is differentiable. Fix p,v € M and v € I',(u,v). Define
oy := ((1 —t)m* + t7?) 4. Then o : [0,1] — M is a constant speed geodesic between u and
v. Let v, denote its velocity of minimal norm. Clearly,

(5.43) F(v) — F(p) = / Ry (01)d.
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Let 7 : RP — RP denote the barycentric projection of ~, cf. [5] Definition 5.4.2. Set
v:=%—Id. Then v, := (7', (1 — t)7' +t7*) 4y € Ty(00,0;) and

Ao, () = Ay (v) = /RD RD(/‘_lao(x),vt(y) —v(x)) + (Bo(o)(2)(y — 2), ve(y))dve(, y)
[ ) = A(o) = By = ) ) (. 9)
By Equation (5.7)) and Holder’s inequality,

\/RD RD@m(y) — Agy (%) = Boo ()(y — ), ve(y)) dv(, y)| < o(Wa(0o0, 1)) [[velo -

It is well known (cf. [5] Lemma 7.2.1) that if 0 < ¢ < 1 then there exists a unique optimal
transport map T} between o; and o1, i.e. ['y(0y,01) = {(Id x T})40;}. One can check that

wly) = OV and ||uy|,, = Walor, 01)/(1 = t) = Wa(0, 01). Thus

[ Caa)ut) = o) = [y (), THEZE — (0) = D))

1—1
_ / 11—_t1:)3 +1i2) (2 — 2))dv(z, 2)
= 0.
Similarly,
[, Ea@u=ouinen =t [ (Bale)c= o). =2y

= 0o(Wa(00,01)) = o(Wa(p, v)).
Combining these equations shows that
(5.44) Ao (v0) = Aoy (v) = o(Wa(p, v)).
Notice that (5.44) is independent of t. Combining (5.43) and (5.44) we find

F(v) = F(u) + By (0) + / R (00) — Ao (0}t
— F(1) + Aoy (0) + 0(Walyt, )
=P+ [ (la)y — a)drlan) + oWl )

As in Definition L9} this proves that F is differentiable and that V,F = 7,(A,). Thus
dF = A. QED.

Example 5.35. Assume A is a linear pseudo 1-form, i.e. A fRD Sdp for some
A € X,. According to Example 15, if dA = 0 then fRD((VA VAT) )du =0on T M.
Restricting to Dirac measures proves that VA is symmetric so A is a gradient vector ﬁeld.
In other words, any closed linear pseudo 1-form is actually a linear 1-form.
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5.5. Example: 1-forms on the space of discrete measures. Fix an integer n > 1.
Given z1, -z, € R, set x := (21, -+ ,1,) and pyx := 1/n> " 6,,. Let M denote the
set of such measures and T'M denote its tangent bundle, cf. Examples and 2.8 Choose
a regular pseudo 1-form A on M. By restriction we obtain a 1-form a on M, defined by
ax = A, . Let A:R" — R"P be defined by

A = (A1), -+ Aux)) 1= (A1), Ay () ).

Notice that if X = (X3, -+, X,) € R"? satisfies X; = X; whenever z; = z; then ax(X) =
L{A(x), X). Now define a nD x nD matrix B(x) by setting

n

(5.45) Bivinsi = ( By (T3s1)) fork=0,---n—1, 4,j=1---.D,
yRTJ Hx

ij
(5.46) B =0 if (l,m)%{(kjti,k‘—l—j):k‘:O,---n—l, i,jzl,---,D}.

Proposition 5.36. The map A : R"P — R"P s differentiable and VA(x) = B(x) for
x € R"P,

Proof: Let x = (21, ,z,) € R'. Set r = ming s, |1 — 15 Ly = (g, 1 9) €
R™” and |y — x| < r/2 then DIy(ux, pty) has a single element v, = 1/nY " | 84,4, and
nW3 (i, pty) = |y — x|*. By Equation 5.7

ly —x[?
This concludes the proof. QED.

(5.47) [A(y) — A(x) = Bx)(y — x)I* = n o

Lemma 5.37. Suppose x = (11, ,2,) ER"P and X = (X1,--+,X,), Y =(Y1,---,Y,) €
R"P are such that X; = X;, Y; = Y; whenever x; = x;. Then
dA, (X,Y) = dox(X,Y).

Proof: We use Lemma [5.15] and Equations [5.45] [5.46] to obtain

n

dA, (X,Y) = Z<(Bux (@) — B, (24)7) Xx, Yk> — don(X,Y).

k=1

QED.

Corollary 5.38. Suppose thatr = (r1,-++,r) € C2([0, T),R™) and set oy :=1/n >, 6pyt).-
If A is closed and 0y = o then [ a =0.

Proof: This is a direct consequence of Corollary [5.33] QED.

Remark 5.39. One can check by direct computation that, for a surface x = x(s,t) in M, the
familiar identity 0(ax(0sx)) — Os(ax(9x)) = dax(0ix, dsx) holds. Together with Lemma
£.37, this is the analogue of Corollary which we used to prove Theorem [5.32

Remark 5.40. Notice that the assumption oy = o7 is weaker than r(0) = r(7).
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5.6. Discussion. As mentioned in Section 2.2] the space M is convex. This is true not only
for probability measures on R” but also for probability measures on any manifold M. It is
thus trivially true that all cohomology groups H*(M;R) vanish if these groups are defined
purely in terms of the topology on M.

In this paper, however, we are concerned with the differentiable structure on M. As seen
in Section B.2] from this point of view M is the union of smooth manifolds O, defined as
the orbits of the Diff,(R?)-action on M. Given any such orbit O, it is then interesting to
define and calculate the first cohomology group H'(O;R). Notice that these orbits are in
general not convex, so the above reasoning does not apply. In the case M = RP. however,
Corollary [5.34] can intuitively be interpreted as a vanishing result for H'(O;R) if we think
of cohomology in the differentiable sense, i.e. in the sense of de Rham, as follows.

Let A be a regular 1-form on M. Recall from Definition that A is closed iff A is
closed. Then Corollary [5.34] shows that if A is closed then it is exact, i.e. A = dF for some
differentiable F' : M — R. Now choose an orbit O. Given any p € O, recall from Section
that T, M can be thought of as the tangent space to O at the point p. In this sense the
restriction of F' to O is still differentiable and d(Fjp) = (dF)|o so the restriction of A to O is
also exact. Roughly speaking, Corollary [5.34] thus shows that the first de Rham cohomology
group H*(O;R) of each orbit vanishes. It may be useful to point out that if u is a Dirac
measure then O, = R”, so at least in this case the above vanishing result makes sense.

It is reasonable to expect that most of the theory of [5] can be extended to probability
measure spaces on other manifolds M. In this case, many of the results of this paper should
also extend. However the above example, where O is the space of Dirac measures on M,
shows that one should not expect H!(O;R) to vanish in general. In this sense our results are
specific to the choice M = RP. Another way to see this is as follows. The proof of Corollary
[5.34] relied on the construction of certain “annuli” built using maps Dy of RP”. These maps
exist only because R” is contractible. Such a construction would not be possible on other
manifolds.

The following considerations also support the above interpretation of Corollary [5.34l Re-
call that, for a finite-dimensional manifold M, the first de Rham cohomology group is closely
related to the topology of M, as follows: H'(M;R) = Hom(m (M), R), where the latter de-
notes the space of group homomorphisms from the first fundamental group 7 (M) to R. In
our case, an orbit O is generally not a manifold in any rigorous sense so it is not a priori
clear that there exists any relationship between our H'(O;R) and 7;(O). However, we can
formally prove the topological counterpart of our vanishing result as follows.

Let G be a finite-dimensional Lie group and H be a closed subgroup. Recall that there
exists a homotopy long exact sequence

-—m(H) - m(G) - m(G/H) — m(H) — m(G) ...,

cf. e.g. [11], VIL.5. Now assume G is connected, i.e. mo(G) = 1. We can then dualize the
final part of this sequence obtaining a new exact sequence

(5.48) 1 — Hom(my(H),R) — Hom(m (G/H),R) — Hom(m (G), R).

Now choose p1 € O and set G := Diff,(R”) and H := Diff, ,(R”) so that G/H ~ O. In many
cases it is known that m1(G) is finite: specifically, this is true at least for D = 1,2,3 and
D > 12, cf. [6] for related results. Let us assume that H has a finite number of components
and that the homotopy long exact sequence is still valid in this infinite-dimensional setting.
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Sequence [5.48 then becomes
1 —1— Hom(m(0O),R) — 1,

so by exactness Hom(m (O), R) must also be trivial.

To conclude, it is also interesting to examine the relationship between Corollary [5.34] and
invariant cohomology, in the sense of Section[A.3l Recall from Proposition[A.17 that the first
cohomology group of an orbit is a subgroup of the corresponding first invariant cohomology
group. The statement that the first invariant cohomology vanishes is thus stronger than
the statement that the first cohomology of the orbit vanishes. Now choose any orbit O in
M. According to Section [£3] the corresponding invariant cohomology should be defined in
terms of regular pseudo 1-forms. To prove that the invariant cohomology vanishes would thus
require showing that dA = 0 implies A = dF, for some differentiable function F : M — R.
Since dF is a 1-form, such a result would imply that any closed pseudo 1-form is a 1-form.
Corollary [5.34] does not achieve this. On the other hand, it is not clear that such a result
should even be expected.

6. A SYMPLECTIC FOLIATION OF M

In Section we used the action of the group of diffeomorphisms Diff.(R”) to build a
foliation of M: this allowed us to formally reconstruct the differential calculus on M. We
now specialize to the case D = 2d. In this case the underlying manifold R? has a natural
extra structure, the symplectic structure w. The goal of this section is to use this extra data
to build a second, finer, foliation of M; we then prove that each leaf of this foliation admits
a symplectic structure €2. The foliation is obtained via a smaller group of diffeomorphisms
defined by w, the Hamiltonian diffeomorphisms. Section provides an introduction to this
group, cf. [36] or [32] for details.

6.1. The group of Hamiltonian diffeomorphisms. Recall that a symplectic structure
on a (possibly infinite-dimensional) vector space V' is a 2-form w : V' x V' — R such that

(6.1) WV SV v iw = w(v, )

is injﬁective. If V is finite-dimensional then w” is an isomorphism; we will denote its inverse
by w*.

Let M be a smooth manifold of dimension D := 2d. A symplectic structure on M is a
smooth closed 2-form w satisfying Equation[6.]at each tangent space V' = T, M; equivalently,
such that w? is a volume form on M. Notice that, since dw = 0, Cartan’s formula [A_ T3] shows
that £Lxw = dixw. Throughout this section, to simplify notation, we will drop the difference
between compact and noncompact manifolds but the reader should keep in mind that in the
latter case we always silently restrict our attention to maps and vector fields with compact
support.

Consider the set of symplectomorphisms of M, i.e.

Symp(M) :={¢ € Diff(M) : ¢*'w = w}.

This is clearly a subgroup of Diff(M). Using the methods of Section [A.4] (see in particular
Remark [A27]) one can show that it has a Lie group structure. Its tangent space at Id, thus
its Lie algebra, is by definition isomorphic to the space of closed 1-forms on M. Via w?
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and Formula [A.13] this space is isomorphic to the space of symplectic or locally Hamiltonian
vector fields, i.e.

Symp X :={X € X(M) : Lxw = 0}.

Remark 6.1. Equation confirms that Symp X is closed under the bracket operation, i.e.
that it is a Lie subalgebra of X' (M). Equation [A.10l confirms that Symp X is closed under
the push-forward operation, i.e. under the adjoint representation of Symp(M) on Symp X',
cf. Lemma

We say that a vector field X on M is Hamiltonian if the corresponding 1-form & := w(X,-)
is exact: § = df. We then write X = X. This defines the space of Hamiltonian vector fields
Ham X'. It is useful to rephrase this definition as follows. Consider the map

(6.2) C®(M) — X(M), f— df ~X; = (df).

The Hamiltonian vector fields are the image of this map. This map is linear. It is not
injective: its kernel is the space of functions constant on M. In Section [L.I] we will start
referring to these functions as the Casimir functions for the map of Equation [6.2]

Remark 6.2. We can rephrase the properties of the map of Equation [6.2] by saying that there
exists a short exact sequence

(6.3) 0—-R—C*M)— HamX — 0.

As already mentioned, the function corresponding to a given Hamiltonian vector field is well-
defined only up to a constant. In some cases we can fix this constant via a normalization, i.e.
we can build an inverse map Ham X — C*°(M). We then obtain an isomorphism between
Ham X and the space of normalized functions. For example, if M is compact we can fix
this constant by requiring that f have integral zero, [, fw? = 0. If instead M = R* and
we restrict our attention as usual to Hamiltonian diffeomorphisms with compact support,
we should restrict Equation to the space R @ C°(R??) of functions which are constant
outside of a compact set; by restriction we then get an isomorphism C'>°(R??) ~ Ham X,.

More generally, we say that a time-dependent vector field X, is Hamiltonian if w(X;,-) =
df; for some curve of smooth functions f;. We then say that the diffeomorphism ¢ € Diff(M)
is Hamiltonian if it can be obtained as the time ¢ = 1 flow of a time-dependent Hamiltonian
vector field Xy, i.e. if ¢ = ¢ and ¢, solves Equation [A.§

Let Ham (M) denote the set of Hamiltonian diffeomorphisms. It follows from Lemma [A.3]
that all such maps are symplectomorphisms. It is not immediately obvious that Ham (M)
is closed under composition but it is not hard to prove that this is indeed true, cf. [36]
Proposition 10.2 and Exercise 10.3. Once again, the methods of Section [A.4] and Remark
[A.2T] show that Ham(M) has a Lie group structure. Its tangent space at Id, thus its Lie
algebra, is isomorphic to the space of exact 1-forms, which via w* corresponds to the space
of Hamiltonian vector fields.

It is a fundamental fact of Symplectic Geometry that w defines a Lie bracket on C*°(M),
as follows:

{f, 9} = w(Xy, Xy) =df(X,) = ﬁng-

This operation is clearly bilinear and anti-symmetric. The fact that it satisfies the Jacobi
identity, cf. Definition [A2] follows from the following standard result.
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Lemma 6.3. Let ¢ € Symp(M). Then ¢* Xy = Xpp and ¢*{f, g} = {o*f, ¢*g}. Applying
this to ¢, € Symp(M) and differentiating, it implies:

(6'4) £X}L{f’g} = {ﬁX}Lf7g}+{f’ ‘Cth}'
Lemma 6.4. The map f — X has the following property:

X{f,g} = _[va Xg]-

Proof: It is enough to check that dh(X(ss) = —dh([Xy, X)), for all h € C™(M). As
usual, it will simplify the notation to set X (f) := df(X). In particular X;(h) = {h, f} and
dh([X,Y]) = X(Y(h)) = Y(X(h)). Then:

X{fvg}<h) = {h'v {fag}} = _{fv {gv h}} - {gv {h7 f}}
= —{{h g} 1Y +{{h, 197 = —X5(X(h)) + Xo(Xp(R))
= —[Xp, Xgl(n).

QED.

Recall from Section[A.4the negative sign appearing in the Lie bracket [-, -], on vector fields.
It follows from Lemma that the map of Equation is a Lie algebra homomorphism
between C'* (M) and the space of Hamiltonian vector fields, endowed with that Lie bracket.

Remark 6.5. Lemma confirms that Ham X" is a Lie subalgebra of X'(M). Lemma
confirms that it is closed under symplectic push-forward, so in particular it is closed under
the adjoint representation of Ham(M).

Remark 6.6. Notice that Ham (M) is connected by definition. If M satisfies H'(M,R) = 0,
i.e. every closed 1-form is exact, then every symplectic vector field is Hamiltonian. Now
assume that ¢ € Symp(M) is such that there exists ¢, € Symp(M) with ¢9 = Id and ¢ = ¢.
It then follows from Lemma that ¢ is Hamiltonian, i.e. that the connected component
of Symp(M) containing the identity coincides with Ham(M). In particular this applies to
M = R* so in later sections we could just as well choose to work with (the connected
component containing Id of) Symp,(R??) rather than with Ham.(R?¢). We choose however
not to do this, so as to emphasize the fact that for general M the two groups are indeed
different and that generalizing our constructions would require working with Ham (M) rather
than with Symp(M).

Remark 6.7. In many cases it is known that Symp (M) is closed in Diff(M) and that Ham(M)
is closed in Symp(M), see [36] and [39] for details.

6.2. A symplectic foliation of M. The manifold R?? has a natural symplectic structure
defined by w := dz’ A dy’. Let J denote the natural complez structure on R??, defined with
respect to the basis dz',...,0z%, dy', ..., Oy by the matrix

J:(g —Of).

Notice that w(-,-) = ¢(J-,-). It follows from this that Hamiltonian vector fields on R??
satisfy the identity

(6.5) X;=—JVY.
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Set G := Ham,(R??), the group of compactly-supported Hamiltonian diffeomorphisms on R,
Let Ham &, denote the corresponding Lie algebra, i.e. the space of compactly supported
Hamiltonian vector fields on R??. The push-forward action of Diff.(R*) on M restricts to
an action of G. The corresponding orbits and stabilizers are

O, ={veM:v=cgyup, forsome¢pecG}, G,:={pcG:oun=pu}
Notice that this action provides a second foliation of M, finer than the one of Section [3.2

Example 6.8. As in Example 22 let a; (i = 1,...,n) be a fixed collection of positive
numbers such that Y a; = 1 and zy,. .., x, € R* be n distinct points. Set u = >""" | a;6,, €
M and

0= {Z a; 0z, @ T1y...,Tp € R are distinct}.
i=1
Since smooth Hamiltonian diffeomeorphisms are one-to-one maps of R?? it is clear that
O, C O. Given any 7; € R*\ {z,,...,2,} one can show that there exists a Hamiltonian
diffeomorphism ¢ with compact support such that ¢(x1) = 7y and ¢(x;) = x; for i # 1.
Thus, setting fi := a3 0z, + Y5 o a; 0, we see that i € O,. Repeating the argument n — 1
times we conclude that O C O, so O = O,,.

Definition 6.9. Let u € M. Consider the L2(p)-closure Ham X, of Ham X,. We can
restrict the operator div, to this space; we will continue to denote its kernel Ker(div,). We
define the symplectic tangent subspace at u to be the space

T,0 = Ham X" /Ker(div,) C L*(u)/Ker(div,,).

Recall from Remark 2.7 the identification 7, : L*(u)/Ker(div,) — T, M. By restriction this
allows us to identify 7,0 with the subspace m,(Ham X)) C T,M. We define the pseudo
symplectic distribution on M to be the union of all spaces Ham X,", for p € M. It is a
subbundle of 7M. We define the the symplectic distribution on M to be the union of all
spaces 1,0, for p € M. Up to the above identification, it is a subbundle of T'"M.

Remark 6.10. Recall that in general a Hilbert space projection will not necessarily map
closed subspaces to closed subspaces. Thus it is not clear that m,(Ham X.") is closed in
T,M. On the other hand, the space T,,0 of Definition has a natural Hilbert space
structure. In other words, from the Hilbert space point of view the two notions of 7,0
introduced in Definition are not necessarily equivalent. This is in contrast with the two
notions of T, M, cf. Definition and Remark 2.7

Remark 6.11. Formally speaking the symplectic distribution is integrable because it is the
set of tangent spaces of the smooth foliation defined by the action of G.

Example 6.12. It is interesting to compare the space Ham X" to the subspaces defined
by Decomposition For example, let © = 0,. Recall from Example that for any
€ € L*(p) there exists p € C® such that £(x) = V@(z). Thus VCX" = L*(u). Now
choose any X € L?(u) and apply this construction to & := JX. Then X(z) = —JV@(z),
so Ham X, = L*(p). This is the infinitesimal version of Example In particular,
Ham X, =V =",

The “opposite extreme” is represented by the absolutely continuous case i = pL, for some
p > 0. In this case if a Hamiltonian vector field is a gradient vector field, e.g. —JVv = Vu,
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then the function u + iv is holomorphic on C¢, so w and v are pluriharmonic functions on
R2? in the sense of the theory of several complex variables. This is a very strong condition:
in particular, it implies that v and v are harmonic. Thus Ham X, NV C° = {0}.

We can also compare Ham X, with Ker(div,). When p = §, we saw in Example 2.8
that Ker(div,) = {0}, so Ham X." N Ker(div,) = {0}. On the other hand, assume y =
pL for some p > 0. Then div,(X) = pdiv(X) + (Vp,X). Choose X = —JVf. Then
div(X) = 0 so div,(X) = 0 iff (Vp,—JV f) = 0. Choosing in particular f = p shows that
Ham X, N Ker(div,) # {0}.

We now want to show that each 7,0 has a natural symplectic structure; this will justify
the terminology of Definition [6.91 We rely on the following general construction.

Definition 6.13. Let (V,w) be a symplectic vector space. Let W be a subspace of V.
In general the restriction of w to W will not define a symplectic structure on W because
w” : W — W* will not be injective. However, set Z := {w € W : w(w, ) = 0}. Then w
reduces to a symplectic structure on the quotient space W/Z, defined by

w([w], [W]) = w(w,w’).

In our case we can set V := L?(y) and W := Ham X,". The 2-form

~

(6.6) Q,(X,Y) ::/ w(X,Y)du

defines a symplectic structure on L?(u). The restriction of Q“ defines a 2-form

Q, : Hom X x Ham X" — R.

Notice that Qu is continuous in the sense of Definition ELF, so €, can also be defined as the
unique continuous extension of the 2-form

(6.7) Q, : Ham X, x Ham X, — R, Q,(X;, X,) := /w(Xf,Xg) d.
Notice also that, for any X € L?(u),
(6.5) [ X dn = [ arx) du = {di, (), 1

so [w(X,-)du=0on Ham X, iff X € Ker(div,). This calculation shows that the space Z

of Definition .13 coincides with the space Ker(div,) N Ham X.". We can now define ,, to
be the reduced symplectic structure on the space 7,0 = W/Z. In terms of the identification
7, this yields

(6.9) 0,3 1,0 X T,O = By Qu(mu(X)).m(X,) = [ w(Xy,X,) o

Notice that €2, is not necessarily continuous in the sense of Definition .5l
Using Equation we can also write this as

(X)) (X)) = [l F. 099 du= [ 91,5 g) d
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We now want to understand the geometric and differential properties of Q. It is simple to
check that € is G-invariant, in the sense that ¢*(2 = Q, for all ¢ € G. Indeed, using Definition
and Lemma [6.3],

(" N)u( X5, Xg) = Qo n(9:(Xy), 0u(Xy)) = / W(Xfog1, Xgop—1) dypt

RQd
= [ (oo g0 bdopu= [ {f.gkos doym
R2d R2d
= QM(Xﬁ Xg)-
It then follows that € is also G-invariant.

Lemma 6.14. Given any X,Y,Z € HamX,,
XY, 2) — YO(X, Z) + ZQ(X,Y) — X, Y], Z) + AX, 2], V) - (Y, 2], X) = 0.

Proof: Notice that Q(Y,Z) is a linear function on M in the sense of Example It is
thus differentiable, cf. Example LI1] and XQ(Y,Z) = [ Xw(Y, Z) dp. It follows that the
left hand side of the above equation reduces to f dw(X,Y, Z) du, which vanishes because w

is closed.
QED.

This shows that  is differentiable and closed in the sense analogous to Definition E.12, i.e.
using Equation [A.T9] (or Equation [A.11]) with k& = 2 instead of k = 1. Using the terminology
of Section we can say that Q is a closed pseudo linear 2-form defined on the pseudo
distribution p — Ham X, of Definition 6.9

Remark 6.15. As in Remark [6.10] it may again be useful to emphasize a possible misconcep-
tion related to the identification 7, : Ham X." /Ker(div,) ~ m,(Ham X."). One could also

restrict Qu to the subspace W' := 7, (Ham X."), obtaining a 2-form

O (1 (X ), (X)) = / (T ), 7u(IVg)) dp.

It is important to realize that €2, does not coincide, under 7,, with €,. Specifically, €2,
differs from (2, in that it does not take into account the divergence components of X, X,.

In the framework of [5] it is more natural to work in terms of the space m,(Ham X.") C
T, M than in terms of Ham X, /Ker(div,). From this point of view, the choice of €, as a
symplectic structure on 7,0 may seem less natural than the choice of QL The fact that
1, is even well-defined on 7},0 follows only from Equation 6.8 Our reasons for preferring
(1, are based on its geometric and differential properties seen above. Together with Remark
[6.10], this shows that from a symplectic viewpoint the identification 7, is not natural.

We can now define the concept of a Hamiltonian flow on M as follows.

Definition 6.16. Let F' : M — R be a differentiable function on M with gradient VF.
We define the Hamiltonian vector field associated to F' to be Xp(u) = m,(=JVFEF). A
Hamiltonian flow on M is a solution to the equation

O

ot = —d'l.UMt (XF)
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Let Xp be a Hamjltonian vector field. Choose any Y € T,0. We can then write Y =
m,(—JY), for some Y € VC>". Notice that

Q.(Xp,Y)=Q,(VF,Y)=G,(VF,-JY)=G,VFY) = dF(Y).

This shows that X satisfies the analogue of Equation[6.2lalong O, justifying the terminology
of Definition[6.16l We refer to [3] and to [25] for specific results concerning Hamiltonian flows
on M.

6.3. Algebraic properties of the symplectic distribution. Regardless of Remarks[6.10
and [6.15 from the point of view of [5] it is interesting to understand the linear-algebraic
properties of the symplectic spaces (7,,0,,), viewed as subspaces m,(Ham X)) C T, M.
Throughout this section we will use this identification. We will mainly work in terms of the
complex structure J on R?? and of certain related maps. This will also serve to emphasize
the role played by J within this theory. The key to this construction is of course the
peculiar compatibility between the standard structures g := {-,-), w and J on R?? which we
emphasize as follows.

Definition 6.17. Let V' be a vector space endowed with both a metric g and a symplectic
structure w. Notice that there exists a unique injective A € End(V) such that w(-,:) =
g(A-,-). Using the isomorphism ¢* : V* — V induced by g, A = g* o w” so A is surjective iff
w” is an isomorphism.

The fact that w is anti-symmetric implies that A is anti-selfadjoint, i.e. A* = —A. We
say that (w,g) are compatible if A is an isometry, i.e. A* = A7L. In this case A% = —Id, i.e.
A is a complex structure on V. A subspace W C V is symplectic if the restriction of w to
W defines a symplectic structure on W. In particular, if g and w are compatible than any
complex subspace of V' is symplectic.

The analogous definitions hold for a smooth manifold M endowed with a Riemannian met-
ric g and a symplectic structure w. In general, given any function f on M, the Hamiltonian
vector field X is related to the gradient field Vf as follows: X; = A7!'Vf. If g and w are
compatible then X; = —AVf.

The standard structures g and w on R?? are of course the primary example of compatible
structures. Given any p € M, G, and 2, (defined in Equations 2.4 and [6.6) are compatible
structures on L?(u). In this case the corresponding automorphism is the isometry

J L (p) — L), (JX)(x) = J(X(2)).
Example 6.18. Notice that Ham X" = —J(T,M). Thus Ham X." is J-invariant iff T}, M

is J-invariant iff 7,0 = T, M. In this case, Q, = Q, = Q). Example shows that this
is the case if p is a Dirac measure. Example [6.12] also shows that if u = pL for some p > 0

then the space V O is totally real, i.e. J(VCX)NV C® =HamX. NV CX = {0}.

Our first goal is to characterize the orthogonal complement of the closure of 7,0 in T, M.
To this end, recall that any continuous map P : H — H on a Hilbert space H satisfies
Im(P)t = Ker(P*), where P* : H — H is the adjoint map. This yields an orthogonal
decomposition H = Im(P) & Ker(P*).

Example 6.19. One example of such a decomposition is Decomposition 2.5l corresponding
to the map P := 7, defined on H := L*(p): in this case Im(P) is closed and m, is self-adjoint
so Ker(P*) = Ker(m,).
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Another example is provided by the map P := 7, 0.J, again defined on L?(x). In this case
P* = —Jom, and Im(P) = Im(7,), Ker(P*) = Ker(m,) so the decomposition corresponding
to P again coincides with Decomposition 25 On the other hand, Im(P*) = —J(Im(m,))
and Ker(P) = J !(Ker(r,)) = —J(Ker(r,)) so the decomposition corresponding to P* is
the (—J)-rotation of Decomposition 2.1 i.e.

L*(p) = Im(P*) ® Ker(P) = —J(VC=") @ —J(Ker(div,)).
In other words, there exists an orthogonal decomposition
(6.10) L*(p) = Ham X" @ Ker(m, o J).
Lemma 6.20. For any pn € M there exists an orthogonal decomposition
(6.11) T, M =T,0® Ker((m, o (=J))m,m)-
In particular, the restriction of m, o (=J) to 1,0 is injective.
Proof: We introduce the following notation: given any map P defined on L?(u), let P’
denote its restriction to the closed subspace 7, M = Im(7,).
Set P :=m, o (—J). Then Im(P’) C Im(m,) so we can think of P’ as a map P’ : T,M —
T, M, yielding a decomposition T, M = Im(P’) @ Ker(P"™). It is simple to check that
P = (m,0P") = (my0Jom,) = (m,0J).
In particular, P’ is anti-selfadjoint. This implies that Ker(P™*) = Ker(P’) so
T, M =Im(P") & Ker(P') =T,0 & Ker(P').
QED.

It follows from Lemma [6.20] that any element X € 7,0 can be uniquely written as
X =m,(=JX), for some X € (Ker((m, o (—J))mm))*

Remark 6.21. Let F' be a differentiable function on M and let X be the corresponding
Hamiltonian vector field. It follows from Lemma that X depends only on the compo-
nent of VF tangent to T,0. Intuitively, this suggests that the corresponding Hamiltonian
flow should depend only on the restriction of F' to O.

Example 6.22. Let P’ denote the restriction of 7,0 (—J) to T, M. It follows from Example
6.12 that if i = 0, then the map P’ is an isomorphism of 7, M. If instead y = pL for some
p > 0 then P’ is neither injective nor surjective.

Lemma 6.23. For any y € M the map
O T,0 — (T,0)", X+ Q,(X,")
is a (non-continuous) isomorphism.

Proof: Given any X,Y € 7,0, we can write X = T (—JX), Y = m,(=JY) for some
X,Y € T,M. Then
(X, V) = Qu(X,¥) = Gu(K, —IT) = Gul(X,Y) < K - IV
This proves that €2, is well-defined, i.e. that ), (X) € (7,0)".
Assume Q,(X,Y) =0 for all Y € 7,,0. Then, as above, G,(X,Y) =0forall Y € 7,0
so X € (T,,0)*. Tt follows from Lemma that X =0 so QZ is injective.



DIFFERENTIAL FORMS ON WASSERSTEIN SPACE 47

Now choose A € (T,0)*. Since (T,0)* = (T,0)*, there exists X € T,0 such that
A=Gu(X,). Set X = m,(~JX) € T,0. Then

AlY) = Gu(Xa Wu(_JY/)) = Gu(Xa _JY/) = Qu(Xa Y/) = Qu(Xa Y).
This shows that Qi is surjective. QED.

Remark 6.24. Lemma [6.20] shows that the map 7, o (=J) : 7,0 — T,0 is invertible.
Its inverse is related to the notions introduced in Definition [6.17 as follows. We can use
the isomorphism (7,0)* ~ T,,0 induced by G}, to define a (non-continuous) isomorphism

A:T,0 — T,0 such that Q,(-,-) = GM(A-, -) on T,,0. Notice that
GuAX,)Y)=Q,(X,Y)=Q,(X,Y) =G, (X,Y),
where we use the notation introduced in the proof of Lemma[6.23. This shows that AX = X
so At =1, 0(=J).
If 1 is a Dirac measure it is clearly the case that G, and €2, are a compatible pair in the

sense of Definition [6.171 This amounts to stating that (7, o (—J))* = —Id on T,,0. It is not
clear if this is true in general, even under the additional assumption that 7,0 = T,,0.

7. THE SYMPLECTIC FOLIATION AS A POISSON STRUCTURE

Most naturally occurring symplectic foliations owe their existence to an underlying Poisson
structure. The symplectic foliation described in Section is no exception. The existence
of a Poisson structure on a certain space of distributions was pointed out in [33]. It stems
from the fact that the symplectic structure on R?? adds new structure into the framework of
Section The goal of this section is to show that, reduced to M, this Poisson structure
coincides with the symplectic structure €2 defined in Section [6.2. We achieve this in Section
after briefly reviewing the relevant notions. We refer to [32] for many details.

7.1. Review of Poisson geometry. Recall from Section [6.1] that any symplectic structure
w on a manifold M induces a Lie bracket on the space of functions C*°(M). Using the
Liebniz rule for the derivative of the product of two functions, we see that the corresponding
operators {-, h} have the following property:

{fg9.h} = d(f9)(Xp) = df (Xpn)g + dg(Xp)f ={f h}g +{g.h}[.

This leads to the following natural “weakening” of Symplectic Geometry.

Definition 7.1. Let M be a smooth manifold. A Poisson structure on M is a Lie bracket
{+,-} on C*°(M) such that each operator {-, h} is a derivation on functions, i.e.

{fg,hy={fhtg+{g,h}f.

A Poisson manifold is a manifold endowed with a Poisson structure.

On any finite-dimensional manifold it is known that the space of derivations on functions
is isomorphic to the space of vector fields. Thus on any Poisson manifold any function h
defines a vector field which we denote Xj,: it is uniquely defined by the property that

df(Xh> = {fv h}v Vf S COO(M>
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We call X}, the Hamiltonian vector field defined by h. As in Section [6.1], this process defines
a map

(7.1) C=(M) — X(M), f— X;.

The kernel of this map includes the space of constant functions, but in general it will be
larger. We call these the Casimir functions of the Poisson manifold. Its image defines the
space Ham (M) of Hamiltonian vector fields. Lemma applies with the same proof to show
that the map of Equation [[I]is a Lie algebra homomorphism (up to sign).

At each point x € M, the set of Hamiltonian vector fields evaluated at that point define
a subspace of T, M. The union of such subspaces is known as the characteristic distribution
of the Poisson manifold. This distribution is integrable in the sense that M admits a smooth
foliation such that each subspace is the tangent space of the corresponding leaf. In particular
each leaf has a well-defined dimension, but this dimension may vary from leaf to leaf. Each
leaf has a symplectic structure defined by setting

(7.2) w(Xy, Xg) = {[, 9}
Remark 7.2. Notice that for any given Hamiltonian vector field X, the corresponding func-
tion f is well-defined only up to Casimir functions. It is however simple to check that w is a

well-defined 2-form on each leaf, i.e. it is independent of the particular choices made for f
and g. It is also non-degenerate. The fact that w is closed follows from the Jacobi identity

for {-,-}.
Remark 7.3. Notice that the definition of a Poisson manifold does not include a metric. Thus
there is in general no intrinsic way to extend w to a 2-form on M.

The following result is standard.

Proposition 7.4. Any Poisson manifold admits a symplectic foliation, of varying rank.
Each leaf is preserved by the flow of any Hamiltonian vector field. Any Casimir function
restricts to a constant along any leaf of the foliation.

Poisson manifolds are of interest in Mechanics because they provide the following gener-
alization of the standard symplectic notion of Hamiltonian flows.

Definition 7.5. A Hamiltonian flow on M is a solution of the equation d/dt(z;) = X (zy),
for some function f on M.

It follows from Proposition [Z.4] that if the initial data belongs to a specific leaf, then the
corresponding Hamiltonian flow is completely contained within that leaf. It is simple to
check that if z; is Hamiltonian then f is constant along x;.

The theory of Lie algebras provides one of the primary classes of examples of Poisson
manifolds. To explain this we introduce the following notation, once again restricting our
attention to the finite-dimensional case. Let V' be a finite-dimensional vector space, whose
generic element will be denoted v. Let V* be its dual, with generic element ¢. Let V**
be the bidual space, defined as the space of linear maps V* — R. We will think of this as
a subspace of the space of smooth maps on V*, with generic element f = f(¢). We can
identify V' with V** via the map

(7.3) V - V™ v f, where f,(¢) = ¢(v).

Now assume V is a Lie algebra. We will write V' = g. Consider the vector space g* dual to
g. We want to show that the Lie algebra structure on g induces a natural Poisson structure
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on g*. Let f be a smooth function on g*. Its linearization at ¢ is an element of the bidual:
dfis € g**. It thus corresponds via the map of Equation to an element §f /0, € g. We
can now define a Lie bracket on g* by setting:

(7.4) {f,93(0) == o([0f/0016,09/001]),

where [-, -] denotes the Lie bracket on g. One can show that this operation satisfies the
Jacobi identity and defines a Poisson structure on g*.

Example 7.6. Assume f is a linear function on g*, f = f, (as in Equation [[3]). Then
0f/0¢ = v, s0 {fy, fu}(d) = d([v,w]).

We now want to characterize the Hamiltonian vector fields and symplectic leaves of g*.
Unsurprisingly, this is best done in terms of Lie algebra theory. Every finite-dimensional Lie
algebra is the Lie algebra of a (unique connected and simply connected) Lie group G. Recall
from Section [A.2] the adjoint representation of G on g,

G — Aut(g), g+ Ad,.

Differentiating this defines the adjoint representation of g on g,
(7.5) ad : g — End(g), v =d/dt(g:)p=o — ad, = d/dt(Adg,);—o.
It follows from Lemma [A. 12 that ad,(w) = [v,w].

By duality we obtain the coadjoint representation of G on g*,

G — Aut(g"), g+— (Adg-)".

Notice that once again we have used inversion to ensure that this remains a group homo-
morphism, cf. Remark We can differentiate this to obtain the coadjoint representation
of g on g*, which can also be written in terms of the duals of the maps in Equation
(7.6) ad* : g — End(g*), v (—ad,)".
The following result is standard, cf. e.g. [32] Formula 10.7.4.

Lemma 7.7. The Hamiltonian vector field corresponding to a smooth function f on g* is
Xi(9) == (—adss/s4,,)" (0)-

Thus the leaves of the symplectic foliation of g* are the orbits of the coadjoint representation.

7.2. The symplectic foliation of M, revisited. Following [33] we now apply the ideas
of Section [71] to the case where g is the Lie algebra of Ham.(IR??). Since this is an infinite-
dimensional algebra, the following discussion will be purely formal.

We saw in Remark that g can be identified with the space of compactly-supported
functions:

(7.7) C>(R*) ~ Ham X,(R*), f+— X;.

Its dual is then the distribution space (C2°)*. Section [T.1] suggests that (C2°)* has a canon-
ical Poisson structure, defined as in Equation [(.4l We can identify the Poisson bracket,
Hamiltonian vector fields and symplectic leaves on (C2°)* very explicitly, as follows.

For simplicity let us restrict our attention to the linear functions on (C2°)* defined by
functions f € C2° as follows:

(7.8) Fy o (CF) = R, Fy(p) = (. f)-
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Example shows that the Poisson bracket of two such functions F; and F, can be written
in terms of the Lie bracket on C°:

(7.9) {Fy Fytceoy (1) = (s {f; gdmea) = (1, w(Xp, X))

Lemma [7.7] gives an explicit formula for the corresponding Hamiltonian vector fields Xp,:
at p € (C)", Xp(n) € T,(C)" = (C)" is given by

(Xrp(1); 9) = ((mady)™ (1), 9) = (1, —ad(g)) = (p; ={f: gyree) = (1, dg(Xy))
= —(div,(Xy), 9)-

In other words, Xp, (1) = —div,(Xy).

Lemma [.7] also shows that the leaves of the symplectic foliation are the orbits of the
coadjoint representation of Ham,(R??) on (C>)*. Let us identify the coadjoint representation
explicitly. Recall from Lemma [A.19that the adjoint representation of Ham,(R??) on Ham X,
is the push-forward operation. Lemma shows that, under the isomorphism of Equation
[T7, push-forward becomes composition. Thus the adjoint representation of Ham,(R??) on
Ham X, corresponds to the following representation of Ham,(R?*?) on C°(R??):

(7.10) Ad : Ham (R*?) — Aut(C>(R*)), Ady(f) == foo '

The following calculation then shows that the coadjoint representation of Ham,.(R??) on
(C>)* is simply the natural action of Ham.(R??) introduced in Section 3.3t

<(Ad¢>71>*(:u)7 f) = <:u7 Ad(i)*l (f)) = <:u7 f © ¢> = <¢ 2 f>
The symplectic structure on each leaf is given by Equation [[.2:

(7.11) w(=divy(Xy), =div,(Xy)) == {Ff, Fg(ceey- (1) = (p, w(Xy, X))

Remark 7.8. Notice that Poisson brackets and Hamiltonian vector fields are of first order
with respect to the functions involved. We can use this fact to reduce the study of general
functions F': (C2°)* — R to the study of linear functions on (C2°)*, as presented above. For
example if V|, ' =V, F, for some linear Fy as above, then Xp (1) = Xp, (1)

Let us now restrict our attention to M C (C2°)*. We want to show that the data defined
by the Poisson structure on (C2°)* restricts to the objects defined in Section [6.21 Firstly,
M is Ham,(R?*®)-invariant and the action of Ham,(R??) on (C%°)* restricts to the standard
push-forward action on M. This shows that the leaves defined above, passing through M,
coincide with the G-orbits of Section Now recall from Section [3.3] that, given u € M,
the operator —div,, is the natural isomorphism relating the tangent planes of Definition
to the tangent planes of M C (C2°)*. Equation [.IT] can thus be re-written as

ulm X muX)) = [l ) d
showing that the symplectic structure defined this way coincides with the symplectic form
(1, defined in Equation To conclude, we want to show that the Hamiltonian vector
fields introduced in Definition formally coincide with the Hamiltonian vector fields of
the restricted Poisson structure. Let F': M — R be a differentiable function on M. Fix
p € M. Up to L%-closure, we can assume that V,F' = V f, for some f € C°(R*?). Example
.11 shows that Vf =V, F}y, where F is the linear function defined in Equation [Z.8 Using
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Remark [7.8 the Hamiltonian vector of F at p defined by the Poisson structure is thus
Xp(p) = Xp, (1) = —div,(Xy). In terms of the tangent space T, M, we can write this as

(7.12) Xp(p) =m(Xy) =10 (=IVf) =7, (=JIV,F).
It thus coincides with the vector field given in Definition [6.16]

Remark 7.9. The identification of (C°)* with the dual Lie algebra of Ham,(R??) relied on
the normalization introduced in Remark[6.2l In turn, this was based on our choice to restrict
our attention to diffeomorphisms with compact support. In some situations one might want
to relax this assumption. This would generally mean losing the possibility of a normalization
so Equation [6.3 would leave us only with an identification Ham X ~ C°°(M)/R. Dualizing
this space would then, roughly speaking, yield the space of measures of integral zero: we
would thus get a Poisson structure on this space but not on M. However this issue is purely
technical and can be avoided by changing Lie group, as follows.

Consider the group G of diffeomorphisms on R?? x R preserving the contact form dz—yidx’.
It can be shown that its Lie algebra is isomorphic to the space of functions on R?* x R
which are constant with respect to the new variable z: it is thus isomorphic to the space
of functions on R??, so the dual Lie algebra is, roughly, the space of measures on R%¢;
in particular, it contains M as a subset. This group has a one-dimensional center Z ~ R,
defined by translations with respect to z. The center acts trivially in the adjoint and coadjoint
representations, so the coadjoint representation reduces to a representation of the group
G/Z, which one can show to be isomorphic to the group of Hamiltonian diffeomorphisms
of R??. The coadjoint representation of G reduces to the standard push-forward action of
Hamiltonian diffeomorphisms, and the theory can now proceed as before.

APPENDIX A. REVIEW OF RELEVANT NOTIONS OF DIFFERENTIAL GEOMETRY

The goal of the first two sections of this appendix is to summarize standard facts concerning
Lie groups and calculus on finite-dimensional manifolds, thus laying out the terminology,
notation and conventions which we use throughout this paper. We refer to [26] and [32]
for details. The third section introduces the notion of invariant cohomology. The point of
view adopted here might be new. It provides useful analogies for the notion of “pseudo
forms” introduced in Section 4.2 The fourth section provides some basic facts concerning
the infinite-dimensional Lie groups relevant to this paper.

A.1. Calculus of vector fields and differential forms. Let M be a connected differen-
tiable manifold of dimension D, not necessarily compact. Let Diff(M) denote the group of
diffeomorphisms of M. Let C*°(M) denote the space of smooth functions on M. Let TM
denote the tangent bundle of M and X' (M) the corresponding space of sections, i.e. the
space of smooth vector fields. Let T*M denote the cotangent bundle of M. To simplify
notation, A*M will denote both the bundle of k-forms on M and the space of its sections,
i.e the space of smooth k-forms on M. Notice that A°(M) = C*°(M) and A*M = T*M (or
the space of smooth 1-forms).
Let ¢ € Diff(M). Taking its differential yields linear maps

(Al) ng . TxM — T¢(x)M, V= V¢ - v,

thus a bundle map which we denote V¢ : TM — TM. We will call V¢ the lift of ¢ to
TM.
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By duality we obtain linear maps
(Vo) : T3, M — T; M, ar aoVe,
and more generally k-multilinear maps
(A.2) (Vo) : AjyM — AEM, a— a(Ve-,..., V).
This defines bundle maps (V¢)* : A¥XM — A¥M which we call the lift of ¢ to A¥M.

Remark A.1. Notice the different behaviour under composition of diffeomorphisms: V(¢ o
) = V¢ o Vi while (V(p o)) = (Vio)* o (V¢)*. We will take this into account and
generalize it in Section [A.2] via the notion of left versus right group actions.

We can of course apply these lifted maps to sections of the corresponding bundles. In doing
so one needs to ensure that the correct relationship between T, M and Tj,) M is maintained;
we emphasize this with a change of notation, as follows.

The push-forward operation on vector fields is defined by

(A.3) 6. X(M) = X(M), 6.X = (Vo-X)o o
The corresponding operation on k-forms is the pull-back, defined by
(A1) o : A(M) = A(M), o= ((V)a) o 6.

Definition A.2. Let V be a vector space. A bilinear anti-symmetric operation
VXV =V (vw)— vwl
is a Lie bracket if it satisfies the Jacobi identity
[u, [v, w]] + [v, [w, u]] + [w, [u,v]] = 0.
A Lie algebra is a vector space endowed with a Lie bracket.

The space of smooth vector fields has a natural Lie bracket. Given two vector fields X, Y
on M, we define [X, Y] in local coordinates as follows:

X,Y]:=VY X -VX.Y.

It is simple to show that this operation indeed satisfies the Jacobi identity. Let ¢; denote
the flow of X on RP, i.e. the 1-parameter group of diffeomorphisms obtained by integrating
X as follows:

(A.5) d/dt(¢y(x)) = X(d(x)), ¢o(x) = 2.
It is then simple to check that
(A.6) [X.Y] = —d/dt(¢nY )ji=0 = d/dt($-0Y )ji=0 = d/dt((¢7 )Y )je=o-

Equation gives a coordinate-free expression for the Lie bracket. It also suggests an
analogous operation for more general tensor fields. We will restrict our attention to the case
of differential forms.

Let a be a smooth k-form on M. Let X, ¢; be as above. We define the Lie derivative of
a in the direction of X to be the k-form defined as follows:

(A7) Lxo = d/dt(¢io)=o-

The fact that ¢ — ¢; is a homomorphism leads to the fact that d/dt(¢;a)—y, = o7, (Lxa).
Thus Lxa = 0 if and only if ¢ja = «, i.e. ¢, preserves a. This can be generalized to
time-dependent vector fields as follows.
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Lemma A.3. Let X; be a t-dependent vector field on M. Let ¢, = ¢(x) be its flow, defined
by

(A.8) d/di(o(x)) = Xi(o(x)), ¢olx) = .

Let a be a k-form on M. Then d/dt(¢;a);, = ¢ (Lx, ). In particular, ¢ja = o iff
Lx,a=0.

Proof: For any fixed s, let 1} be the flow of Xj, i.e.
d/dt(¥;(z)) = Xs(¥7(2)), dg(z) = .
Then ;° o ¢y, (z) satisfies
d/dt( ;0 ° ¢to(x>>|t:0 = Xto ((bto (I))v 60 © ¢to(x> = (bto (I)
S0 1° o ¢y, (w) at t = 0 and ¢, at t =ty coincide up to first order, showing that
d/dt(d; )=t = d/dt((¥1° © 1) ) =0 = ¢}, (d/dt((1}°) ) ji=0) = ¢}, (L, @)
QED.

Notice that if we define ¢*Y := (¢7'),Y and we define LxY := d/dt(¢;Y )=, then
Equation [A.0l shows that LxY = [X,Y].

Remark A.4. Various formulae relate the above operations, leading to quick proofs of useful
facts. For example, the fact

(Ag) £[X,y}04 = £X(£ya) — ﬁy(ﬁxO&)
shows that if the flows of X and Y preserve « then so does the flow of [XY]. Also,
(AlO) ¢*£on = £¢*X¢*Oé.

Remark A.5. Notice that LxY is not a “proper” directional derivative in the sense that it is
of first order also in the vector field X. In general the same is true for the Lie derivative of
any tensor. The case of 0-forms, i.e. functions, is an exception. In this case Lx f = df (X)
is of order zero in X and coincides with the usual notion of directional derivative. We will
often simplify the notation by writing it as X f.

We now want to introduce the exterior differentiation operator on smooth forms. Let «
be a k-form on M. Fix any point € M and tangent vectors Xo,..., X € T, M. Choose
any extension of each X to a global vector field which we will continue to denote X;. Then,
at x,

k
(A.11) do(Xo, ..., Xi) =Y (-1 Xje(Xo, ..., X, .., Xp)

7=0
+ 3 (=1 (X, X] Xo, o Xy X X
i<l
where on the right hand side the superscript ~ denotes an omitted term and we adopt the
notation for directional derivatives introduced in Remark [A.5]
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Lemma A.6. da is a well-defined (k+1)-form, i.e. at any point x € M it is independent of
the choice of the extension. Fxterior differentiation defines a first-order linear operator

(A.12) d: A*M — AP

satisfying do d = 0.

Remark A.7. It is not clear from the above definition that da is tensorial in X, ..., X,
i.e. that it is independent of the choice of extensions. The point is that cancelling occurs
to eliminate the first derivatives of X; which appear in Equation [A.I1l This is the main

content of Lemma [A.6] which is proved by showing that Equation [A.11]is equivalent to the
usual, local-coordinate, definition of da. For example, let o = Zil a;(z)dz' be a smooth

1-form on R”. Then da =37, (aai - 8%) dz? A dz'. Tf we identify « with the vector field

OxI Oz’
r— (o (x), -+, ap())? then da(X,Y) = (Va — Val) X, Y).
Given a k-form « and a vector field X, let i xa denote the (k-1)-form a(X, -, ..., ) obtained

by contraction. Then the Lie derivative and exterior differentiation are related by Cartan’s
formula:

(A13) Eon:dz'on+iXdoz.

A.2. Lie groups and group actions. Recall that a group G is a Lie group if it has the
structure of a smooth manifold and group multiplication (respectively, inversion) defines a
smooth map G x G — G (respectively, G — G). We denote by e the identity element of G.

Definition A.8. We say that G has a left action or acts on the left or, more simply, acts
on a smooth manifold M if there is a smooth map

GXM—)M> (gaz)ng

such that g-(h-z) = (gh)-z. To simplify the notation we will often write gz rather than g- .
It is simple to see that if G has a left action on M then every g € G defines a diffeomorphism
of M. More specifically, the action defines a group homomorphism G — Diff(M).

We say that G has a right action or acts on the right on M if the opposite composition
rule holds: g+ (h-x) = hg-z. In this case it is standard to change the notation, writing z - g
rather than g - z: this makes the composition rule seem more natural but does not affect the
substance of the definition, i.e. the fact that the induced map G — Diff(M) is now a group
anti-homomorphism.

Remark A.9. Notice that any left action induces a natural right action as follows: x - g :=

g~ ' - x. Conversely, any right action induces a natural left action: g-z :=x - g%

For any group action we can repeat the constructions of Equations [A. 1l and [A.2l For
example a left action of G on M induces a lifted left action of G on T'M as follows:

GxTM —TM, g(z,v):=(gx,Vg-v).

However, we need to apply the trick introduced in Remark [A.9 to obtain a coherent lifted
action on T*M or A*M. For example we can define a lifted left action by setting

G x A'M — A'M, g(z,a) = (gz.(Vg™') a)
or a lifted right action by setting
G x A*M — A*M, g(z,a) = (g7"z,(Vg)*a).
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We can also repeat the constructions of Equations [A.3] and [A.4. We thus find an induced
action of GG on vector fields, defined by

(A.14) GxX(M)—X(M), g-X:=gX.

Likewise, there is an induced action of G on k-forms. On the other hand, with respect to
Section [A.T] there now exists a new operation, as follows. Choose v = d/dt(g;)ji=0 € T.G.
For any x € M we can define the tangent vector o(x) := d/dt(g; - x)=o. This defines a global
vector field © on M, called the fundamental vector field associated to v. We have thus built
a map 1T,G — X (M).

Let us now specialize to the case M = G. Any Lie group G admits two natural left
actions on itself. Studying these actions leads to a deeper understanding of the geometry of
Lie groups, thus of group actions. The first action is given by left translations, as follows:

L:GxG—G, (g,h)— Ly(h) = gh.

Let e € G denote the identity element. Fix v = d/dt(g:)i—0 € T.G. The differential
VL, maps T.G to T,G. We may thus define a global vector field X, on G by setting
Xo(9) == VL, -v = d/dt(gg:)—o- This vector field has the property of being left-invariant
with respect to the action of G, i.e. Lg X, = X,. Viceversa, any left-invariant vector field
arises this way.

Lemma A.10. The set of left-invariant vector fields is a finite dimensional vector space
isomorphic to T.G. The Lie bracket of left-invariant vector fields is a left-invariant vector

field.

It follows from Lemma [A. 10/ that 7.G admits a natural operation [v,w] such that X[, . =
[ Xy, Xy]. It follows from the Jacobi identity on vector fields that T.G equipped with this
structure is a Lie algebra: we call it the Lie algebra of G and denote it by g.

Remark A.11. Given any v € T,G, we have now defined two constructions of a global vector
field on G associated to v: the fundamental vector field v and the left-invariant vector field
X,. It is simple to check that v is invariant with respect to the right translations

R:GxG— G, (g,h)— Ry(h):= hg.

This implies that the space of fundamental vector fields coincides with the space of right-
invariant vector fields. The analogue of Lemma [A. 10l holds for right-invariant fields and can
be used to define a second Lie bracket on T.G. It can be checked that this new bracket is
simply the negative of the old one, i.e. the two brackets differ only by sign.

The second action of G on itself is the adjoint action defined by the inner automorphisms
I,(h) :== ghg™'. Each of these fixes the identity and thus defines a map

(A.15) Ady,:=VI1,: T.G — T.G,

i.e. an automorphism of T.G. In other words the adjoint action of G on G induces a left
action of G on T,G called the adjoint representation of G.

The adjoint representation of G provides a useful way to calculate Lie brackets on g, as
follows.

Lemma A.12. Fiz v,w € g. Assume v = d/dt(g¢)=o for some g € G. Then [v,w] =
4/d(Ady, (1))
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Proof: Assume w = d/ds(hs)|s—o. By definition,

(A.16) d/dt(Adg,(w))p=o = d/dt d/ds(gthsgt_l)“,s:o.
Notice that
(A.17) Xo(g) = VLy(v) = d/dt(gg:)i=0 = d/dt(Ry,(9))}t=0-

In particular this shows that, for ¢t = 0, Ry, coincides with the flow of X, up to first order.
Thus

[0, w] = (Lx,Xw)e = d/dt((Rg,)" Xu)je;e=0 = d/dt((Ry-1): X )je; =0
= d/dt((VRg;1)‘thw|gt)‘t:0 = d/dt((VRg;1)‘gtd/ds(gth5)|8:0)t:0
=d/dt d/ds(gthsgt_l)ls,tzo-
QED.

Remark A.13. Tt is sometimes useful to distinguish the vector space T.G from the Lie algebra
g, so as to distinguish between maps or constructions which involve the Lie bracket and those
which do not. Our notation will sometimes reflect this.

For example, assume G has a left action on M. One can then show that the construction of
fundamental vector fields defines a Lie algebra anti-homomorphism g — X' (M). Analogously

one can show that every Ad, is an automorphism of g, i.e. it preserves the Lie algebra
structure: Ad,([v, w]) = [Ad,(v), Ady(w)].

Let us now return to the general case of a Lie group acting on a manifold M. We can apply
the above information on the geometry of Lie groups to develop a better understanding of
the geometric aspects of the group action.

Definition A.14. Assume G acts on M. Fix x € M. The orbit of x in M is the subset
O, ={g9g-z:9€G}C M.
Notice that Oy, = O,. The stabilizer of x in G is the closed subgroup
G, ={9geG:g-z=x} CG.

This is again a Lie group. We denote its Lie algebra g,: it is a subalgebra of g. It is simple
to check that G, = I,(G,) = g- G, - g~ " and that g,, = Ad,(g.).
We say that a subset O C M is an orbit of the action if O = O,, for some x € M.

The differential geometry of an orbit can be studied via the theory of homogeneous man-
ifolds, i.e. manifolds obtained as quotients of Lie groups, as follows.

Lemma A.15. Let G be a Lie group and H be a closed subgroup. Then:

(1) The quotient space G/H has a natural smooth structure such that the projection
m: G — G/H is a smooth map. The differential V1 : T.G — Ti,(G/H) is surjective
with kernel T.H so it yields an identification Tio(G/H) ~ T.G/T.H.

(2) Left multiplication defines a natural action of G on the manifold G/H such that 7 is
G-equivariant. Choose v € T,G. Then the corresponding fundamental vector field on
G/H, evaluated at [e], coincides with V(v).
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(3) Now assume G acts on a manifold M. Choose x € M and set H := G,. Then
the group action defines a smooth 1:1 equivariant immersion (not necessarily an
embedding)

j:G/H—M, j(g])=g-=
with image O,. Using this immersion we can thus identify O, with G/G,.

Lemma [A.T5] identifies the geometry of O, with the geometry of the homogeneous space
G/G,. The choice of point x plays an important role in this identification. However, given
an orbit O of G in M, the choice of x € O is not canonical. Furthermore, given any other
point y € O, the choice of g € G such that y = gx is also not unique. The following lemma
shows how things change under different such choices.

Lemma A.16. Let G be a Lie group and H be a closed subgroup. Choose g € G and let
I, denote the corresponding inner automorphism of G. It is simple to check that setting
[L,)([K]) := [L,(k)] yields a well-defined commutative diagram

L G
1)

G/H —— G/gHg™

Now assume G acts on M. Choose an orbit O and points x,gx € O. Set H := G, so that
we can identify G/H ~ O,, G/gHg™' ~ O,.. In terms of these identifications, the map
[1,] corresponds to the map g : Oy — Oy, Taking the differential of the maps in the above
diagram thus leads to the commutative diagram

.G 2%, 17.a

l l

7,0 4 T,,0

where the vertical maps are those defined by the construction of fundamental vector fields.

Proof: Choose any k € G. The identification j : G/G, ~ O, implies [k] ~ k - x. Using the
analogous identifications for gz we find

[L)([K]) = [gkg™"] ~ gkg™' - gz = g(k - x).

This proves that under these identifications [I,] corresponds to g. Now choose v = d/dt(g;) =0 €
T.G. Then, using the identification G/G, ~ O,,

Vr(v) = d/dt(ﬂ(gt))\tzo = d/dt([gt])\tzo = d/dt([g: - 6])|t:0 =d/dt(g, - [6])|t:0
~ d/dt(g; - T)ji=0-

This proves that Vr(v) corresponds to ©(x), where ¢ is the fundamental vector field on O,
defined by v. QED.
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A.3. Cohomology and invariant cohomology. Let M be a manifold. Recall that the
de Rham cohomology groups of M are defined as the quotient spaces
Ker(d : A*(M AFL(M
Im(d : A1 (M) — A*(M))
Given an action of a group G on M, one can restrict one’s attention to the space of k-forms
which are invariant under the action of G. An analogous construction then leads to the
definition of the invariant de Rham cohomology groups of the pair (M,G), cf. e.g. [11]
Section V.12. For our purposes it is sufficient to only consider pairs of the form (G, H),
where H is a closed subgroup of G acting via right multiplication, i.e. Ry(g) := gh. The

construction is then as follows.
Consider the space of H-invariant k-forms on G,

A (GHY .= {a € A¥G): Ria=a, Vhe H).

Notice that the standard exterior differentiation operator d on A*(G) is H-equivariant, i.e.
d(R;a) = R (da). It thus restricts to an operator

d: A*(GH) — AFTH(GH),
defining the invariant cohomology groups
Ak H k41 (H
HY (G R) = Ker(d : A*(G") — A*Y(G ))
Im(d : AF=1(GH) — AF(GH))

There is a natural relationship between the invariant cohomology of the pair (G, H) and
the cohomology of the manifold G/H, as follows. The projection 7 : G — G/H satisfies
mo Ry = m. This implies that the pull-back operation induces injections

(A.18) 7 AF(G/H) — AF(GH).

Since 7 commutes with d it defines homomorphisms between the corresponding cohomology
groups

™ H*(G/H;R) — H*(G";R), 7*[a] := [r"a].
In the special case k = 1, this map is an injection. Indeed, given [a] € H'(G/H;R), assume
7*[a] = 0. Then m*a € AY(GH) is exact, i.e. m*a = df for some f € A°(G/H). However it is
clear that Equation [A.18is an isomorphism for & = 0, i.e. f = 7*f’ for some f' € A°(G/H).
Thus 7*(a — df') =0 so a = df’, i.e. [a] = 0.

Now assume given a left action of G on a manifold M. Choose an orbit O of this action.
According to Lemma [A.15, O is a smooth submanifold of M. Choosing z € O allows us
to define the invariant cohomology of the pair (G,G,). Using the point y = gz leads us
instead to the invariant cohomology of the pair (G, G,). We can use Lemma [A.T6| to build
isomorphisms between these groups. In this sense, these cohomology groups depend only on
O. It thus makes sense to look for a construction of cohomology groups which is independent
of the choice of point. This can be done as follows.

Consider the set of smooth maps from O into the vector space A*(g),

AM(0;g) == C%(0, AM(g)).
Notice that, given a € A*(O;g) and v € g, we obtain by contraction an element

iy = a(v,-,...,-) € AFHO;g).
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Likewise, given vy,...,v; € g, iterated contractions define an element

a(vr,...,0) € A(0; g) = C¥(O,R).

For any given vy, ..., v; € g it thus makes sense to define
k
(A.19) da(vo, ..., v) =Y (=1 Ba(vo, ..., b5, ..., vp)

7=0
+ Z(—l)j+la(—[vj,vl],vo, ey gy Opy e )
j<l

where [-, -] denotes the Lie bracket on g, the superscript ~ denotes an omitted term and ;
denotes the fundamental vector field associated to v;. One can check (or it follows from
Proposition [AI7) that da € A¥™1(O;g) and that d(da) = 0. We thus obtain cohomology
groups
Ker(d : A*(0; A O;
Hk(O,g) — er( ( 79) — ( 79))
Im(d : A¥=1(O;g) — A¥(O; 9))

Now recall that, for any x € O, Lemma [A. T3] defines a projection g — T,0. Dually, this

implies that there exist natural injections A*(T,0) — A¥(g). We can use these to define
injections

(A.20) AF(O) — A*(O;g), A A.

Proposition A.17. Given any x € O and setting H := G, there exists a canonical iso-
morphism A*(O;g) — A¥(G™) leading to a commutative diagram

ARO) —L AMG/H)

AMO;g) —— AMGH)

where the vertical arrow on the left denotes the map of Equation[A.20. This isomorphism
also leads to a canonical isomorphism between the corresponding cohomology groups, i.e. an
isomorphism H*(O;g) — H*(G™;R). In particular, H'(O;R) can be canonically viewed as
a subgroup of H*(O;g).

Proof: Fundamental vector fields provide an identification T.G — T,G for any g € G, i.e. a
parallelization of G. Using this parallelization we can identify the space A¥(G) of all k-forms
on G with the space of smooth maps G — A*(T,G). Restricting this identification gives
identifications

AGH) ~ {a: G — A¥T.G) : a(gh) = a(g), Yh € H}
~ O®(G/H, AN (T.G))
= C®(0, A" (g))
= A0 9).

It is simple to check that, up to these identifications, the above diagram commutes.
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Now choose a € A¥(O;g). Let o/ denote the corresponding element of A¥(GH). As usual
let us denote by v the fundamental vector field generated by v. We now want to prove that
d(a/) = (da)', i.e. that, for all vy, ..., v € T.G,

(A.21) d(a)(Vg, ..., 0) = da(vg, ..., vg).
According to Equation [A.T1], we can calculate the left hand side using the usual bracket on

X (G). However, recall from Remark [A.11] that [0;, 9;] = —[v;, vj]. The change of sign here is
cancelled by the choice of signs in Equation [A.T9l This proves the claim on d, thus on the
cohomology groups.

Clearly there also exists an identification j* : H'(O;R) ~ H'(G/H;R). We can now use
the injection 7* : H'(G/H;R) — H'(G™;R) to prove the last claim. QED.

A.4. The group of diffeomorphisms. Let Diff.(R”) denote the set of diffeomorphisms of
RP with compact support, i.e. those which coincide with the identity map Id outside of a
compact subset of RP. Composition of maps clearly yields a group structure on Diff.(R?).
It is possible to endow Diff,(RP) with the structure of an infinite-dimensional Lie group in
the sense of [37]. A local model is provided by the space X,.(R”), endowed as in Section
2.1] with the structure of a topological vector space. More specifically, we can apply the
construction outlined in Remark [A-21] below to build a local chart U for Diff.(RP) near
the identity element Id. This yields by definition an isomorphism T74Diff.(RP) ~ X, (RP).
We can then use right multiplication to build charts Uy := {uo ¢ : u € U} around any
¢ € Diff.(RP), leading to TyDiff.(RP) ~ {X o ¢ : X € X (RP)}. Thoughout this article we
will generally restrict our attention to the connected component of Diff.(R”) containing Id.

Remark A.18. Tt may be useful to emphasize that defining charts on Diff,(R”) as above
leads to the following interpretation of Equation [A8t ¢; is a smooth path on Diff,(R?) and
X, 0 ¢ € Ty, Diff.(RP) is its tangent vector field.

As usual one can define the Lie algebra to be the tangent space at Id. The Lie bracket
-, -]g on this space can then be defined as in Section [A.2] cf. [37].

Lemma A.19. The adjoint representation of Diff.(RP) on X.(RP) coincides with the push-
forward operation: Ady(X) = ¢.(X). Furthermore, the Lie bracket on X.(R”) induced by
the Lie group structure on Diff.(RP) is the negative of the standard Lie bracket on vector

fields.
Proof: Assume that X integrates to ¢; € Diff.(R”). Then

Ad¢(X) = d/dt(qb o ¢t o (ﬁ_l)‘t:() = V(bw,fl . X‘(b—l = ¢*(X)
As in Lemma we can calculate the Lie bracket by differentiating the adjoint represen-
tation. Thus:
(X, Y]g = d/dt(Adg,Y )y = d/dt(61.Y )y = —[X,Y].
QED.

Remark A.20. Lemma [A.19 explains why the map of Remark [A.13] is an algebra anti-
homomorphism. Indeed, any left group action defines a homomorphism G — Diff(M),
thus a homomorphism between the corresponding Lie algebras. However, we now see that
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the bracket used for X'(M) in Remark [A.13is the negative of the bracket induced by the Lie
group structure. Lemma [A.T19]is also related to Remark [A. 11l

Remark A.21. A similar construction proves that for any compact (respectively, noncompact)
manifold M the group of diffeomorphisms Diff(M) (respectively, Diff.(M)) is an infinite-
dimensional Lie group in the sense of [37]. Some care has to be exercised however in all
these constructions, specifically in the definition of the local chart near Id. The naive choice

X (M) — Diff(M), X — ¢y,

where ¢ is the time ¢ = 1 diffeomorphism obtained by integrating X to the flow ¢;, is not
possible as it does not cover an open neighbourhood of Id, cf. [37] Warning 1.6. Instead, the
standard trick is to notice that diffeomorphisms near /d are in a 1:1 relationship (via their
graphs) with smooth submanifolds close to the diagonal A C M x M. These submanifolds
can then be parametrized as follows. Assume E — M is a vector bundle over M. Let Z
denote its zero section and U denote an open neighbourhood of Z. Assume one can find
a diffeomorphism ¢ : U — M x M sending Z to A. Then diffeomorphisms of M near Id
correspond to smooth submanifolds of E' near Z, i.e. smooth sections. For example, to
construct a chart for diffeomorphisms close to Id we would use E := T'M setting { to be the
Riemannian exponential map (with respect to a fixed metric on M).

Good choices of E and ¢ for Diff(M) can yield as a by-product the fact that specific
subgroups G of Diff(M) also admit Lie group structures such that the natural immersion G —
Diff(M) is smooth. For example, to prove this fact for the subgroups of symplectomorphisms
or Hamiltonian diffeomorphisms of a symplectic manifold (M, w) (see Section [6.1]) one can
choose E := T*M and the ¢ defined by Weinstein’s “Lagrangian neighbourhood theorem”,
cf. [46] Section 6 or [36] Proposition 3.34.
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