-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Institutional Research Information System University of Turin

On the small weights codewords of some Hermitian
codes

Chiara Marcolla (chiara.marcolla@unitn.it)
Department of Mathematics, University of Trento, Italy

Marco Pellegrini (pellegrin@math.unifi.it)
Department of Mathematics, University of Firenze, Italy

Massimiliano Sala (maxsalacodes@gmail.com)
Department of Mathematics, University of Trento, Italy

Abstract

For any affine-variety code we show how to construct an ideal whose solutions cor-
respond to codewords with any assigned weight. We are able to obtain geometric
characterizations for small-weight codewords for some families of Hermitian codes
over any [F 2. From these geometric characterizations, we obtain explicit formulas.
In particular, we determine the number of minimum-weight codewords for all Her-
mitian codes with d < ¢ and all second-weight codewords for distance-3, 4 codes.
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1 Introduction

Let ¢ be a power of a prime, then the Hermitian curve H is the plane
curve defined over F 2 by the affine equation 29t = y? 4y, where z,y € Fp.
This curve has genus g = @ and has ¢ F-rational affine points, plus
one point at infinity, so it has ¢* 4 1 rational points over F2 and therefore it
is a maximal curve [RS94]. This is the best known example of maximal curve
and there is a vast literature on its properties, see [HKTO8] for a recent survey.
Moreover, the Goppa code [Gop81,Gop88] constructed on this curve is by far
the most studied, due to the simple basis of its Riemann-Roch space [Sti93],
which can be written explicitly. The Goppa construction has been generalized
in [VM84] to higher dimensions. A simpler description can be found in [FL9IS§]
for the so-called affine-variety codes.

In this paper we provide an algebraic and geometric description for code-
words of a given weight belonging to any fixed affine-variety code. In [Aug96]
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2 On the small weights codewords of some Hermitian codes

the solving of a (multivariate) polynomial equation system was proposed for
the first time to determine minimum-weight codewords of cyclic codes, while
in [Sal07] a more efficient system was proposed. Our proposal can be seen as
a generalization to the affine-variety case of [Sal07]. A similar approach can
be used to decode codes, as described for example in [dBP99] and surveyed in
[IMOO09]. The specialization of our results to the Hermitian case permits us to
give explicit formulas for the number of some small-weight codewords. Codes
over the Hermitian curve have been studied along the years and in [HvLP98],
along with a survey of known results, a new challenging approach as explicit
evaluation codes is proposed. We expand on our 2006 previous result, pre-
sented orally as [SP06], where we proved the intimate connection between
curve intersections and minimum-weight codewords.

The paper is organized as follows:

e In Section 2 we provide our notation, our first preliminary results on the
algebraic characterization of fixed-weight codewords of any affine-variety
code and some easy results on the intersection between the Hermitian
curve and any line.

e In the beginning of Section 3 we provide a division of Hermitian codes
in four phases, which is a slight modification of the division in [HvLP98],
and we give our algebraic characterization of fixed-weight codewords of
some Hermitian codes. We study in depth the first phase (that is, d < q)
in Section 3.2 and we use these results to completely classify geometrically
the minimum-weight codewords for all first-phase codes in Section 3.3.
In Section 3.4 we can count some special configurations of second weight
codewords for any first-phase code and finally in Section 3.5 we can count
the exact number of second-weight codewords for the special case when
d = 3,4. A result in this section relies on our results [MPS14] on in-
tersection properties of H with some special conics, firstly presented at
Effective Method in Algebraic Geometry, MEGA 2013.

e In Section 4 we draw some conclusions and propose some open problems.

2 Preliminary results
2.1 Known facts on Hermitian curve and affine-variety codes

From now on we consider I, the finite field with ¢ elements, where ¢ is
a power of a prime and F the finite field with ¢* elements. Also, qu will
denote the algebraic closure of F, and F,2. Let o be a fixed primitive element
of F2, and we consider § = o™ as a primitive element of F,. From now on
q,¢% a and B are understood as above.
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The Hermitian curve H = H, is defined over Fp2 by the affine equation

27 = y? + y where 7,y € Fpe. (1)
This curve has genus g = @ and has n = ¢> rational affine points, denoted
by Pi,...,P,. For any x € Fp, the equation (1) has exactly ¢ distinct solu-

tions in F2. The curve contains also one point at infinity Py, so it has ¢* + 1
rational points over F,. [RS94].

Let t > 1. For any ideal I in the polynomial ring F,[X], where X =
{z1,..., 2}, we denote by V(I) C (IF,)" its variety, that is, the set of its com-
mon roots. For any Z C (F,)" we denote by Z(Z) C F,[X] the vanishing ideal

of Z, that is, T(Z) = {f € F,[X] | f(Z) = 0}.

Let g1,...,9s € F[X], we denote by I = (g1,...,gs) the ideal generated
by the g;’s. Let {] — x1,...,2f — 2} C I. Then I is zero-dimensional and
radical [Sei74]. Let V(I) = { Py, ..., P,}. We have an isomorphism of F,-vector
spaces (an evaluation map):

¢: R=TF,z1,...,04)/T — (F)"
f '—>(f<P1)v7f(Pn>>

(2)

Let L C R be an Fg-vector subspace of R with dimension r.

Definition 2.1. The affine—variety code C(I, L) is the image ¢(L) and the
affine—variety code C*+(I, L) is its dual code.

Our definition is slightly different from [FLI8] and follows instead that in
[IMOS12]. Let L be linearly generated by by, ..., b, then the matrix

bi(Py) b1(Ps) ... bi(Py)

b-(P1) bp(Py) ... b.(P,)

is a generator matrix for C(I, L) and a parity—check matrix for C+(I, L).
For more recent results on affine-variety codes see [Gei08,MOS12,Lax12].

2.2 First results on words of given weight

Let 0 <w < n, C be alinear code and ¢ € C. We recall that the weight of
¢, denoted by w(c), is the number of components of ¢ that are different from
zero and

Ay(C) = e e O] w(e) = wi].
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4 On the small weights codewords of some Hermitian codes

Let c€ (F,)", ¢ = (c1,...,¢,). Then

c€C(IL)" < Hc" =0 < > cbj(P)=0, j=1,....r (3)

=1

Proposition 2.2. Let 1 < w < n. Let I = {(g1,...,9s) be such that {z{ —
Ty,...,xf —xp C I. Let L be a subspace of Fplxy,...,x]/I of dimen-
sion r. Let L be linearly generated by {by,...,b.}. Let J, be the ideal in

Folz1, o T1ty ooy Tty ooy Tty 215 - - -, 2] generated by
Zzibj(xm,...,xi,t) for j=1,...,r (4)
i=1
gn(Tin,...,x) for i=1,...,wandh=1,... s (5)
21 for di=1,...,w (6)
I (=)™ =1)  for 1<j<i<w (7)
1<i<t

Then any solution of J,, corresponds to a codeword of C*+(I, L) with weight
w. Moreover,

V|

w!

Ay (CH(I, L)) =

Proof. Let o be a permutation, o € S,,. It induces a permutation ¢ acting
ON {T1 15 s Bty ey Tapls ooy Tats 215+ - -5 Zw ) 8S O(Tiy) = To(syy and 6(2) =
Zo(:)- It is easy to show that J,, is invariant w.r.t. any &, since each of (4), (5),
(6) and (7) is so.

Let Q = (Z11,--yT1ty- - s Tandye vy Tuoty 215 - - 2w) € V(Jy). We can asso-
ciate a codeword to () in the following way. For each i = 1,...,w,P,, =
(ZTin, ..., %) isin V(I), by (5). We can assume r; < ry < ... <7y, via a per-

mutation & if necessary. Note that (7) ensures that for each (i, j), with i # j,
we have P,, # P, since there is an [ such that x;; # ;. Since 2;171 =1 (6),
zZ; € F,\ {0}. Let c € (F,)" be

c=(0,...,0,2,0,...,0,%,0,...,0,2,,0,...,0).
t T 0
T r; rw
We have that ¢ € C+(I, L), since (4) is equivalent to (3).
Reversing the previous argument, we can associate to any codeword a solution
of J,. By invariance of J,, we actually have w! distinct solutions for any

codeword. So, to get the number of codewords of weight w, we divide |V(J,,)|
by w!. O

2.3 Intersection between the Hermitian curve H and a line

We consider the norm and the trace, the two functions defined as follows.

CGC



C. Marcolla, M. Pellegrini, M. Sala 5

Definition 2.3. The norm Nizm and the trace Trgzm are two functions from
Fym to F, such that

Fym
Ng!

m—1

(z) = e+ gpd Tr&m (z) =z 42+ 4 a1

We denote with N and Tr, respectively, the norm and the trace from F
to IF,. It is clear that H = {N(z) = Tr(y) | z,y € Fpe}.

Lemma 2.4. For any t € F,, the equation Tr(y) = y? +y = t has ezactly
q distinct solutions in Fp2. The equation N(x) = x9"' =t has ezactly ¢ + 1
distinct solutions, if t # 0, otherwise it has just one solution.

Proof. The trace is a linear surjective function between two IF;-vector spaces
of dimension, respectively, 2 and 1. Thus, dim(ker(Tr)) = 1, and this means
that for any ¢ € I, the set of solutions of the equation Tr(y) = y9+y =t is
non-empty and then it has the same cardinality of F,, that is, ¢.

The equation 297! = 0 has obviously only the solution # = 0. If ¢ # 0,
since t € F,, we can write t = 3, so that x = /(4= are all solutions. We
can assign 7 =0,...,q, and so we have ¢ + 1 distinct solutions. 0O

Lemma 2.5. Let H be the Hermitian curve.

(i) Every line L of P?(F,2) either intersects H in q + 1 distinct points, or
it is tangent to H at a point P (with contact order q + 1). In the latter
case, L does not intersect H in any other point different from P.

(i) Through each point of H, there is one tangent and ¢* lines of P*(Fz2) that
intersect H in q + 1 points.

Proof. See [Hir98], Lemma 7.3.2 at pag. 247. O

Lemma 2.6. Let L be any vertical line {x =t}, witht € F2. Then L inter-
sects H in q affine points.

Proof. For any t € F2, t9 € F,, and so the equation y? + y = ¢7™! has
exactly ¢ distinct solutions by applying Lemma 2.4. O

Lemma 2.7. Let L be any horizontal line {y = b}, with b € Fp. Then if
Tr(b) = 0, L intersects H in one affine point, otherwise, if Tr(b) # 0, L
intersects H in q + 1 affine points.

Proof. By Lemma 2.4, for any b € F 2, the equation 297! = b7+b has exactly
q + 1 distinct solutions if Tr(b) # 0, otherwise it has one solution. 0O

Lemma 2.8. In the affine plane A*(F ), the total number of non-vertical lines
is q¢*. Of these, ¢* — ¢* intersect H in ¢+ 1 affine points, while the remaining
¢ lines are tangent to H and they intersect H in only one affine point.
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6 On the small weights codewords of some Hermitian codes

Proof. Let L be any non-vertical line in A*(F2), then £ = {y = ax + b},
with a,b € F 2. We have ¢* choices for both a and b, so the total number is ¢*.
By (i) of Lemma 2.5 we have that through each point of H there is one
tangent. Since the Hermitian curve has ¢® affine points, then there exist ¢*
tangent lines to H (that meet H at a single point of order g + 1).

The lines containing the point at infinity are only the vertical lines. By Lem-
ma 2.6, their number is ¢ (since they are £ = {z = ¢} where ¢t € F2).

The remaining lines are ¢* — ¢*. By (i) of Lemma 2.5 they meet the curve at
q + 1 affine points. O

3 Small-weight codewords of Hermitian codes

We recall that an affine-variety code is Im(¢(L)), where ¢ is as (2). We
consider a special case of affine-variety code, which is the Hermitian code.

Let [ = (297" —y?—y, 27 —2,y” —y) C Fpz,y] and let R = Fp [z, y]/1.
We take L C R generated by

Bm,q:{xTys_}_]|q7’—|—(q+1)5§m7 0<s<qg-—1, OSTSC]Q—]_},

where m is an integer such that 0 < m < ¢ + ¢® — ¢ — 2. For simplicity,

we also write z"y® for 2"y® + I. We have the following affine-variety codes:

C(I,L) = Spang ,(¢(B,,,4)) where ¢ is the evaluation map (2) and we denote
q

by C(m,q) = (C(I,L))* its dual. Then the affine-variety code C(m,q) is
called the Hermitian code with parity-check matrix H.

H(P) - fi(P)
H = e where f; € By, (8)

filhy) - fi(Ba)

Remark 3.1. We recall that the Riemann-Roch space associated to a divisor
E of a curve x is a vector space L(E) over F,(x) defined as

L(E) ={f € F,00) | (f) + E = 0} U {0},

where F,(x) is a rational function field on y. In particular, if we consider the
Hermitian curve H, we know that it has ¢> + 1 points of degree one, namely
a pole Qu and ¢* distinct affine points P, 5 = (7, 0) such that v7"! = §7 + 4.
Let D be the divisor D = Z,yﬁl:&qw P, s on the curve H. For m € Z the
affine-variety code C'(m, q)* is the same code as the Goppa code C(D, mQ)
associated with the divisors D and m@Q)., as

C(D,mQoo) = {(f(P1), .., [(P)) | [ € L(mQx)} C (Fg2)",
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where £(mQ«) is a vector space over F,2(H).
Note that B,,, is a monomial basis for £(m@Q«).

The Hermitian codes can be divided in four phases [HvLP98], any of them
having specific explicit formulas linking their dimension and their distance
[Mar13], as in Table 1.

Table 1
The four “phases”of Hermitian codes [Marl3].

Phase m Distance d Dimension k
0<m<gqg®-2
m=aq+b a+1a>0b
1 a — d<gq q37%f(b+1)
0<b<a<qg—1 a+2a=5b
b#qg—1

@-1<m<4g-3

m=2¢>—-q—aq—b—3 —a)g—b—1a<b
2 gl (- a)g - n—g—q¢*+aqg+b+2
1<a<qg-2 (g —a)q a>b
0<b<qg—2
3 4g—2<m<n-—-2 m —2g+2 n—m+g—1

n—1<m<n+2g9—2
4 m=n+29—2—aqg—0>b n—aq—>b %4—1)4—1
0<b<a<g-—2

In the remainder of this paper we focus on the first phase. This case can be
characterized by the condition d < q.

3.1 Corner codes and edge codes

In Section 5.3 of [HvLP98], the first phase denotes case (3) at pag. 933,
where it is characterized by [ < g, which is equivalent to consider the first g—1
nongaps in the numerical semigroup A = (g, ¢ + 1), that is all nongaps up to
the conductor ¢ = 29 = ¢®> — q. With respect to this description, we are able
to extend this phase to include also nongaps {¢* —q+1, ..., ¢*>—2}, as follows.

By analyzing precisely the monomials involved, we are able to partition
this phase in two sets: the edge codes and the corner codes. When considering
nongaps up to the conductor, there are nongaps immediately preceding a gap.
These correspond to corner codes. The others are edge codes. For example,
if A = (5,6) then g = 10 and the conductor ¢ = 20. The non-gaps up to
c are {0,5,6,10,11,12,15,16,17,18,20}. Obviously, {0, 6, 12,18} are followed
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8 On the small weights codewords of some Hermitian codes

by the gaps, respectively, {1,7,13,19}. So {0,6,12, 18} correspond to corner
codes, while {5, 10,11, 15, 16,17, 20,21, 22, 23} correspond to edge codes (note
that we have included our addition {21,22, 23}, with ¢* — 2 = 23).

We observe that corner codes are codes of the form C(m,q), with m =
(¢g+1)s and 0 < s < ¢ — 2, while edge codes are codes of the form C(m,q),
withm=qr+(g+1)s,1<r<g—landr+s<gqg-—1.

We provide a formal definition in terms of monomials.

Definition 3.2. Let2 < d<qandlet1 <j<d—1.
Let LY ={1,z,... ,;pd*Q},Ll ={y,xy,..., 243y}, ... ,L§_2 = {yi2}.
Let I} = 2071 1 = addyi—t,

o If B, = LiU...UL%? then we say that C(m,q) is a corner code
and we denote it by H.

e IfB,,=LU...UL2u{l}. ,lé}, then we say that C(m,q) is an
edge code and we denote it by Hj.

From the formulas in Table 1 we have the following theorem.

Theorem 3.3. Let2<d<q,1<j<d—1. Then
d(d—1) d(d—1)

A(HD) = d(Hj) = d, dimg,, (H}) = n— -

, dimg , (H}) = n— —j

In other words, all ¢(z"y®) are linearly independent (i.e. H has maximal rank)
and for any distance d there are exactly d Hermitian codes (one corner code
and d — 1 edge codes). We can represent the above codes as in the following
picture, where we consider the five smallest non-trivial codes (for any g > 3).

HJ is a [n,n — 1,2] code.
B,., = LY = {1}, so the parity-check
matrix of HY is (1,...,1).

\ &

n-i=k

H, is a [n,n — 2,2] code. n-2-k

Bug=LyU{lh} ={1,2}

HY is a [n,n — 3, 3] code.
Bng,=LULi={1,z,y}

H, is a [n,n — 4, 3] code.
B,=LULiu{li} ={1,z,y,2°}

HZ is a [n,n — 5, 3] code.
Bimg =LY UL U {1}, 13} = {1,2,y,2% zy}
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3.2 First results for the first phase

Ideal J,, of Proposition 2.2 for C(m, q) is

Ju = < {Z?;l zz-:rfyf} Aot vl = b,

T"YSE€EBm. q
2 2 2
q“—1 q q
i=1,...,w i=1,...,w i=1,...,w

{((xl - xj)q; = D((i — ?Jj)qu - 1)}1§z‘<j§w > .....

Let w>v >1. Let Q = (1, s Tus Y1y + - s Yus 215 - - -5 Zw) € V(Jy). We
know (see Proposition 2.2) that @) correspond to a codeword c. We say that
the set {(Z1,%1),- -, (ZTw, Yuw)} is the support of c.

We say that @ is in v-block position if we can partition {1,...,w} in v
blocks I, ..., I, such that

T;=7; <= J1 < h <wvsuchthatijecl,.

This means that, in the support of ¢, we have |I;| points on a vertical line,
|I5| points on another vertical line, and so on.
W.lo.g. we can assume || < ... <|[,| and I} = {1,... u}.

We need the following technical lemmas.

Lemma 3.4. We always have u+v < w+1. Ifu > 2 andv > 2, then v < L%J
and u+v <[] +2.

Proof. Note that wv < w since |I1| + ...+ |[,| = w and || < ... < |[].

So the worst case is when w = wv. This is equivalent to the case when all
blocks have the same size. Let w’ := uwv, note that we always have w' < w
and hence any lower bound for w’ implies a lower bound for w. If u = 1,
then we have u +v =14+0v =14+w'. If v = 1, then © = w = w' and so
ut+v=w+1Ifu>2and v > 2, we have u < |¥]| and v < | ], and then
u+v < 2]+ 3] <w <w+ 1. So we always have u+v < w + 1.
To prove that u +v < [%] 4 2, we study the real-valued function f(v) =
u+v="24v with2 <v <9 (w>4). We have f(2) = f(5) = § + 2 where
v = y/w is the minimum point. In fact the derivative of f (in the variable v)
is f'(v) = (v? —w)/v?, its zero is v = \Jw, f” is positive in the whole interval
under consideration and we have 2 < /w < 5. Thus, the function takes its
maximum value at the endpoints of the interval. Then we have u+v < Z +2.
Since u and v are integers, we actually have that v +v <[] +2. O

Lemma 3.5. Let us consider the edge code Hj withl <j<d—1<g—1 and
3<d<w<2d—3. Let Q = (T1, .., Ty Y1y -+ s Yy 215 - - - » 2w) be a solution
of Jw in v-block position, then exactly one of the following cases holds:

(a) u=1,v>d+1andw >d+1
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or

(b)

v=1, that i1s, T1 = ... = Ty.

Proof. We define, for all h such that 1 < h < wv:

(a)

Xp==iifi € I, Zy=) z

i€ly

u = 1. We want to prove, by contradiction, that v > d + 1.
Let v < d. Since Q € V(J,,), for any f € LY, {l}} we have f(Q) =0 and

so we have the following equations

ozzw:x;zi:iZngi:ixgzh 0<r<d-1. (10)

i=1 h=1 i€l h=1

Since v < d, one can restrict to the first v equations of (10) to get a v X v
system, that is,

1 ... 1
Z1
Xl Xv
=0 (11)
Zy
Xyt xpt

The above matrix is a Vandermonde matrix and the X;’s are pairwise
distinct, so it has maximal rank v. Therefore, the solution of (11) is
(Z1,...,7Zy) = (0,...,0). Since u = 1, then Z; = z; = 0, which contra-
dicts z; € F 2\ {0}. Thus, v > d+1; we have w+1 > u+v =v+1 > d+1
and hence w > d + 1.

u > 2. We suppose by contradiction that v > 2.
We need to define:

Yie=> #Zwithl<s<u-—1

i€ly

We consider Proposition 2.2. A subset of equations of condition (4) is the
following system:

( Z?:l zjz; =0 ZZ:1 XpZp =0
W ZTyZ =0 Y XY, =0
Z.H o = Z.h_l hind 0<r<wv—1. (12)
Sy 5 =0 (> he1 X3 Yhu-1 =0
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In fact system (12) is a subset of (4) if and only if deg(z! ™ 'y* ) < d —2
foranyi=1,...,w. Thatis, v —1)+(u—1)<d—2 <= v+u<d.
To verify this, since v > 2, it is sufficient to apply Lemma 3.4 and we
obtain u+v < [2]+2< [223 | + 2=,

System (12) can be decomposed in u systems, all with the same Vander-
monde matrix, having rank v.

4 4 4
ZZ:1 Zp=0 22:1 Yp1=0 Zﬁizl Yiu-1=0

> he1 XnZp =0 2 ohe1 XnYn1=10 > ohe1 XnYpu-1=0 (13)

5 g ooy

2 h=1 X;L)_IZh =0 | Xh= Xﬁ‘th,l =0 [ 2h=1 Xg_lyh,ufl =0

Therefore, the solutions of these systems are zero-solutions. So, in par-

ticular, we have Z; =Y;; = ... =Y} ,-1 =0, that is
Z?:l zi=0 1 ... 1
U - = — — 21
zi:l YiZi = 0 Yyir .- Yu .
) <= o _ : =0.
u —u—1z __ 0 —u—1 —u—1 2“
\zizlyi Zi = Y1 - Yy

Since the z;’s in I; are all equal, then the ¥;’s are all distinct. Then the
last Vandermonde matrix has rank u, and so z; = ... = Z, = 0, but this
is impossible because every Zz; € Fp2 \ {0}. Therefore v = 1 and u = w.

|
3.8 Minimum-weight codewords

Corollary 3.6. Let us consider the edge code Hg with1 <j7<d—1<qg—1.
IfQ=(Z1,. - Zay Y15+ Yds 215 - - -, 2a) € V(Ja), then Ty = ... = ZTq. In other
words, the support of a minimum-weight word lies in the intersection of the
Hermitian curve H and a vertical line.

Whereas if d > 4 and Q = (ZT1, ..., Tdas1, Y15 > Ydi1, 21, - - -5 2de1) € V(Jas1),
then one of the following cases holds:

or
(b) T1=...=Tg41.

Proof. We are in the hypotheses of Lemma 3.5. If w = d, then u > 1, hence
v = 1. Whereas, if w = d+ 1, we can apply Lemma 3.5 only if d > 4. We have
two possibilities: in case (a) of Lemma 3.5, we have v = d + 1, then all z;’s
are different, otherwise we are in case (b). O
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12 On the small weights codewords of some Hermitian codes

Now we can prove the following theorem for edge codes.

Theorem 3.7. Let 2 < d < q and let 1 < j < d — 1, then the number of
minimum weight words of an edge code H) is

As= (" = 1) (Z)

Proof. By Proposition 2.2 we know that J; represents all the words of min-

imum weight. The first set of ideal basis (9) has exactly @ + 7 equations,
where 1 < 7 < d—1. So, if j = 1, this set implies the following system:

,

Z1+...+42z;=0
T1Z1+...+%324=0
Y121+ ...+ Y324 =0
(14)

4+ 75 =0

s+ 20z =0

Whereas, if j > 1, then we have to add the first j — 1 of the following
equations:

a4+ 3T ez = 0

—d—3.-2_ —d—3.-2_
zy y%zl—l—...%—xd yflzd:O

(15)
TG a2 =0
But z; = ... = Z4, since we are in the hypotheses of Corollary 3.6. So, for any
7, the system becomes:
Z4...42,=0
yi1Z1+ ... +YiZa =0 (16)

7P+ g =0

We have ¢? choices for the common value of the Z;’s and, by Lemma 2.6, we
have (g) d! different y;’s, since for any choice of z; there are exactly ¢ possible
values for the y;’s, but we need just d of them, and any permutation of these
will be again a solution. Now we have to compute the solutions for the z;’s.

The matrix of the system (16) is a Vandermonde matrix, with rank d — 1.
This means that the solution space has linear dimension 1. So the solutions
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are (ajq, asa, ..., aq-1) with a € IFZQ, where a; are fixed since they de-
pend on the g;’s. So the number of the Zz;’s is |F22| = ¢®> — 1, then Ay =

a ([@(@di¢-1D). O

We consider now corner codes. We have the following geometric charac-
terisation.

Proposition 3.8. Let us consider the corner code Hy and 2 < d < q. Then
the points (Z1,91),...,(Zq,Ja) corresponding to minimum-weight words lie on
a same line.

Proof. The minimum-weight words of a corner code have to verify the first

condition set of J,, which has @ equations. That is,

Z1+...4+423=0
T1Z1+ ...+ %324 =0

Nnz1+ ... +542¢ =0 (17)

72 m =0

This system is the same as (14), but with a missing equation. This means that
(17) has all the solutions of system (14) and other solutions.

We claim that the z;’s are all non-zero only if either all z;’s are distinct, or
all are equal. In fact, suppose that we have some (but not all) z;’s equal, then
we have that the point @ € V(J,), that corresponds to a codeword ¢, is in
v-block position with 1 < v < d. We can repeat the same argument of the
proof of Lemma 3.5. In particular, we have two different cases:

u =1 we can restrict to the first v of equations of a subset of (17), which has
just the variables x’s and z’s. In this way we obtain a v x v system as (11).
As before, z; = 0 since u = 1, so it is impossible.

u > 2 and v > 2. We have u systems, all with the same Vandermonde matrix,
having rank v as (13). As in the point (b) of the proof of Lemma 3.5, we
obtain that z; = ... =2z, = 0.

Therefore, we have only two possibilities for the z;’s: either all are different or
they coincide. The same consideration is true for the g;’s, because when we
consider (17) and we exchange = with y, we obtain again (17).

So we have two alternatives:

e The z;’s are all equal or the y;’s are all equal, so our proposition is true.

e The z;’s and the y;’s are all distinct. We will prove that they lie on a
non-horizontal line that intersects the Hermitian curve.
Let y = Sx 4+ A be a non-vertical line passing through two points in a
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14 On the small weights codewords of some Hermitian codes

minimum weight configuration. We can do an affine transformation of
this type:

r=2x
y=y +ar, acFp

such that at least two of the 3'’s are equal. Substituting the above trans-
formation in (17) and applying some operations between the equations,
we obtain a system that is equivalent to (17). But this new system has
all 3y"’s equal or all distinct, so the y’s have to be all equal. Hence we can
conclude that the points lie on a same line.

We finally prove the following theorem:

Theorem 3.9. Let 2 < d < q, then the number of words having weight d of a
corner code HY is

9, 9 @e—-d+1( q
Proof. Again, the points corresponding to minimum-weight words of a cor-
ner code have to verify (17). By Proposition 3.8, we know that these points
lie in the intersections of any line and the Hermitian curve H.
Let Q = (Z1,.- -, Zay Y1, - Yds 215 - -, 2a) € V(Jq) such that ; = ... = T,
that is, the points (Z;,7;) lie on a vertical line. We know that the number of

such Q)’s is
20,2 a4\ 5
q“(q 1)<d)d..

Now we have to compute the number of solutions @ € V(J,) such that (z;, y;)
lie on a non-vertical line.
By Lemma 2.8 we have that the number of d-tuples of points is

m4—q%<q;1>dh

because we have ¢* — ¢ non-vertical lines that intersect H in ¢ + 1 points,
and for any choice of a line we need just d of these points (and the system is
invariant). As regards the number of the z;’s, we have to compute the number
of solutions of system (17).

We apply an affine transformation to the system (17) to obtain a horizontal
line, that is, to have all the z;’s different and all the g;’s equal, so we obtain a
system equivalent to system (16). Therefore we have a Vandermonde matrix,
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hence the number of the z;’s is ¢> — 1. So

Ag = 3 (AP -1D)()d! + (¢* — ) (> = D(75)d!) =
2-1)[(9) + (@ -0 ()] =

(
—d+1)q! +1)q!
= (¢ 1) [ ey + (0~ @) i ey =
(

2(g2 = 1)(,y) | S+ CB ] = (g2 - )P (),

<
|

Il
<

O

3.4 Second-weight codewords

In this section we state more theorems for edge and corner codes. We
study the case when the z;’s coincide or when the g;’s coincide.

Theorem 3.10. Let 2 < d < q, then the number of words of weight d+1 with
U1 =...=Jap1 of a corner code HY is:

(62 - )" — (d+ 1)g? + d) (31 1)

Whereas for an edge code Hg with 1 < 5 < d—1 this numbers 1s:

(> —q)(¢* - 1)(21 D

Proof. We have ¢* — ¢ choices for the 7;’s and, by Lemma 2.7, we have
(gﬁ) (d + 1)! different z;’s, since for any choice of the g;’s there are exactly
q + 1 possible values for the z;’s, but we need just d + 1 of them and any
permutation of these will be again a solution.

Now we have to compute the solutions for the z;’s, in the two distinct cases.

x Case H. By Proposition 2.2 we know that .J; represents all the words
of minimum weight. The first set of ideal basis (9) has exactly @
equations, which is system (17) with more variables®. Since y; = ... =

Ua+1, System (17) becomes

(

21—|—...+Zd+1:0

T1Z14+ ... +ZTger12441 =0
+ + (18)

~d—2 - —d—2 5
Ty "4t T Zan =0

\

I we have Z;, Yi, 2z with 1 <7 < d+ 1 instead of 1 <4 < d. We mean this every
time that we write “with more variables”
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16 On the small weights codewords of some Hermitian codes

The matrix of this system is a Vandermonde matrix of rank d — 1. This
means that the solution space has linear dimension 2, hence the number
of the admissible z’s is ¢* —|{z; = 0 for at least one i}|. Now we compute
the number of solutions such that z; = 0 for at least one 1.

If we set one z; = 0, we have a linear (solution) space of dimension 1,
that contains ¢* solutions, corresponding to the zero solution and ¢* — 1
codewords of weight d. We have d 4 1 of such subspaces.

Moreover, the intersection of any two of them is only the zero solution,
because if we set z; = 0 for two Z;’s, we have a linear space of dimension 0.
The number of admissible z’s is ¢* — (d+1)¢*+d, obtained by counting the
elements of d+1 subspaces and removing the zero solution counted d extra
timeg. Thus, the number of words of weight d + 1 with y; = ... = g4
of H, is:

(¢* —q)(¢* — (d+1)¢* +d) (fii 1)

« Case Hj. In this case the first set of ideal basis (9) contains exactly

d(d DINE j equations, where 1 < 7 < d — 1. So, if j = 1, this set implies
the system (14) with more variables. Whereas, if j > 1, then we have to
add the first j — 1 of equations (15) with more variables.

Since §; = ... = Yq+1, the system becomes

Z1+ ...+ 2441=0

T1Z1+ ...+ Tge12441 =0
+ + (19)

—d—15 —d—15
Ty At ..+ Ty Zd+ =0

This means that the solution space has linear dimension 1. So the number
of the 2’s is [F},| = ¢ — 1, then the number of words of weight d+1 with
Y = = Ygy1 Of Hd is
+1
2 2 _ 4 q .
(@ —ale-D{ ;.
0

Theorem 3.11. Let 2 < d < q— 1, then the number of words of weight d + 1
with &1 = = X441 of a corner code Hd and of an edge code Hj 18:

Pt - @ nd a0 ).

Proof. By Proposition 2.2 we know that J; represents all the words of min-
imum weight. For an edge code the first set of ideal basis (9) implies, if j = 1,
the system (14) with more variables and, if j > 1, we have to add the first
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j — 1 of equations (15) with more variables. Whereas, for a corner code, the
first set of ideal basis (9) implies the system (17) with more variables. But
X1 =...=T4s1, SO in both cases the system becomes:

;

Z1+ ...+ 2441 =0

2+ ..+ Yar12ae1 =0

We have ¢? choices for the 7;’s and, by Lemma 2.6, we have (dil)(d + 1)!
different y;’s, since for any choice of the z;’s there are exactly ¢ possible values
for the y;’s, but we need just d + 1 of them and any permutation of these will
be again a solution. Moreover, we have (¢*— (d+1)¢*+d) possible z’s, because
system (20) is analogous to the system (18). O

Theorem 3.12. Let 2 < d < q, then the number of words of weight d + 1 of
a corner code HY with (Z;,9;) lying on a non-vertical line is:

@ =t - @ e+ (47

Whereas for an edge code Hg with 1 < 5 < d—1 this numbers is:

- -n(47)):

Proof. (sketched) We have ¢* — ¢® non-vertical lines, intersecting H in a
set of ¢ + 1 points. We choose a line and d 4+ 1 points on it. By an affine
transformation, the system can always be reduced to system (18) for corner
codes, or to system (19) for edge codes. For corner codes we get a linear space
of dimension 2, whereas for edge codes we get a linear space of dimension 1. O

Remark 3.13. Non-vertical lines include horizontal lines of Theorem 3.10, so
that Theorem 3.12 can be considered as a generalization of Theorem 3.10.

In other cases, we have to consider the intersection of H with higher degree
curves and the formulas get more complicated. For example the cubic found
in [Coul2].

3.5 The complete investigation for d = 3,4

In this section we will study separately some special cases of Hermitian
codes, that is, the corner codes and edge codes of distance d = 3 and d = 4,
with ¢ > 3: Hy, Hy, HZ, HY, {H]}1<;<s. For any of these codes, we count the
number of words having weight d + 1. In the following section we are going to
prove these theorems:
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18 On the small weights codewords of some Hermitian codes

Theorem 3.14. Let ¢ > 3. The number of words of weight 4 of a corner code

HY is:
4= D) (o (1) = e 2 -9(75 ).

The number of words of weight 4 of an edge code H31 is?

2q
Ar=¢*(¢* — 44> +3) (Z) U 15@ SDEREEN St (’Z)
k=4

where Ny, is the number of parabolas (of the form y = ax®+bx +c, a # 0 and
a,b,c € Fp2) and non-vertical lines that intersect H in exactly k points.
The number of words of weight 4 of an edge code H3 is:

+1
A4=q%q—1X%3—&f—4q+®(q4 )

Theorem 3.15. Let ¢ > 4. The number of words of weight 5 of a corner code
HY is:

A= la- 0 - 9@ -0 (")

The number of words of weight 5 of all edge codes HZ for1 <j<3is:
1
Ay=f@—1M%3—%2—M+J®<q;>-

The formula for A4 of H; in Theorem 3.14 contains some implicit values
Ny’s. To derive explicit values it is enough to consider Theorem 3.1 of [MPS14].

8.5.1 Study of Hy
We count the number of words with weight w = 4. In this case, the first
condition set of J,, becomes:

Bt F 2 =0
T1Z1 + ToZo + T323 + Tazq4 =0
U121 + Y2Z2 + Y3Z3 + YaZa = 0
This is a linear system in z;. We first choose 4 distinct points P; = (Z;, 7;) on

‘H and then we compute the number of solutions in z;’s. The coefficient matrix
is

1111

Y1 Y2 Y3 Y4

2 Note that if ¢ = 3, then () = 0 by convention.
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This matrix cannot have rank 1, since either the z;’s or the g;’s are not all
equal. If the rank is 2, this means that all P;’s lie on a same line. In this case,
the linear space of solutions has dimension 2, so that we have ¢* — 4¢* + 3
solutions in Zz;’s.

Otherwise, the rank is 3. In this case, we have 3 points on a same line, say
Py, Py, Py, if and only if we have a square submatrix of order 3 whose deter-
minant is 0, but this implies that z; = 0, which is not admissible. Thus, if
we choose 4 points such that no 3 of them lie on a same line, all z;’s will be
non-zero and we get a codeword of weight 4. The vector space of solutions has
dimension 1, so that we have ¢ — 1 solutions in z;’s.

If the rank is 2, by Lemmas 2.6 and 2.8 the total number of solutions (in

Ti iy %) i
<q2 (Z) +(¢" - ¢%) (qi 1)) (¢" — 44> +3).

If the rank is 3, the total number of solutions (in Z;, ¥;, Z;) is

(1) -2 (D) -a-w - ("3 ) —a-ve
(1) - - (")) @ -

(we consider all the choices of 4 points of H, then we subtract all the choices

of 3 points on a line and the other elsewhere, and we also subtract all the
choices of 4 points on a line). Putting together, we get the total number of
codewords of weight 4 of HJ:

a=((V)-2()a-0-@ - ("3 ) -a-n) - v
+ <q2 (Z) +(¢" ~ 613)<qur 1)) (¢" = 54” +4).

Doing the computations we obtain the first part of Theorem 3.14.

8.5.2  Study of H;

We count the number of words with weight w = 4. In this case, the first
condition set of J, becomes:

,

Z1+2+23+24=0
T121 + ToZo + X323 + TaZs = 0

121 +Y2Z2 + Y323 +yaz4 = 0

T3Z) + T3%0 + 1323 + 232, =0
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20 On the small weights codewords of some Hermitian codes

As above, we first choose 4 points P, = (Z;,9;) on H and then we compute
the number of solutions in z;’s. The coefficient matrix is

1 1 11
Tl T2 T3 T4
Y1 Yo Y3 Y4

75 73 7

Now we study the rank of the matrix according to “v-blocks” (although we
can not apply Lemma 3.5).

If all z;’s are equal, we have 4 points on a vertical line; the rank is 2 and
the number of codewords is (see case H,)

7 (Z) (¢" —4q* + 3).

If only three z;’s are equal, we have 3 points on a vertical line and another
one outside, but this configuration is impossible for H:? (that is, we do not have
codewords associated to it), and it is also impossible for H31, since H31 C H30 .

If we have two pairs of equal z;’s (for instance, T, = Ty # T3 = Z4),
we can have codewords. In this case, we deduce z; + zo = 0, z3 + 24 = 0,
Z1(y1 — Y2) + Z3(ys — ya) = 0, so that we have (q;) ways to choose {Z1, Z3}, (1)
ways to choose {71, ¥y}, (g) ways to choose {3, 71}, ¢> — 1 ways to choose 7,
this determines all Z;. The number of codewords in this case is

(¢ —1)*(¢— 1)
: .

If only two Z;’s are equal, say 1 = T, we can show that we have z;+2, = 0,
Z3 = 0,z4 = 0 (because if we set Z; = z; + Z3, we get a Vandermonde matrix
of rank 3), which is not admissible.

If we have all z;’s distinct, the submatrix

1 1 11
T1 X2 T3 X4

—92 =2 =2 =2
Ly Ty T3 Ty

has rank 3, but if the whole matrix (21) had rank 4 we could only have the
zero solution, which is not admissible. Thus, (21) must have rank 3, that is,
the g;’s row must be linearly dependent on the other rows. This means that

Ja,b,c € Fp such that Ui =az: +br;+c VYi=1,... 4.
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That is, all P;’s lie on a same parabola (or on a same non-vertical line, if
a = 0). In this case, the number of codewords is

(¢ —1) iNk <Z>,

where N}, is the number of parabolas (of the form y = az? + bz + ¢, a # 0
and a,b,c € Fp2) and non-vertical lines that intersect A in exactly k points
(any parabola can intersect H at most in 2¢ points).

Putting all together we get A4, that is, the second part of Theorem 3.14.

3.5.3 Study of Hi
We count the number of words with weight w = 4. In this case, the first
condition set of J,, becomes:

;

Z1+2zZ+2Z3+24=0
T1Z1 + ToZo + T323 + Tazqa =0
U121 + Y222 + Y3Z3 + yaza =0

32 + 3325 + 1323+ 7324 =0

T1Y121 + ToloZo + T3Y323 + T4Yszs = 0

As above, we first choose 4 points P, = (Z;,y;) on ‘H and then we compute
the number of solutions in Z;’s. The coeflicient matrix is

Y1 Y2 Ys U4 (22)

Now we study the rank of the matrix according to “v-blocks”.
If all z;’s are equal, we have 4 points on a vertical line; the rank is 2 and
the number of codewords is (see case HJ)

q2<i>(q4—-4q2+-3%

If only three z;’s are equal, we have 3 points on a vertical line and another
one outside, but this configuration is impossible (as above).

If we have two pairs of equal z;’s (for instance, T; = Ty # T3 = Ty), we
can deduce z; + z5 =0, z3 + z; = 0, and then

Z1(y1 — y2) + Z3(ys —94) =0
T121(91 — Y2) + T323(Y3 — §a) = 0
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22 On the small weights codewords of some Hermitian codes

but this system in the unknowns ¢; — ¥, y3 — 94 has determinant z;z3(z3 —
Z1) # 0, so that y; = 2 and y3 = g4, which is impossible.

If only two Z;’s are equal, say T = o, we can show that we have z;+2, = 0,
Z3 = 0,2, = 0 (as above), which is not admissible.

If we have all z;’s distinct, the submatrix

1 111
T1 T2 T3 X4
z? 73 73 72

has rank 3, but if the whole matrix (22) had rank 4 we could only have the zero
solution, which is not admissible. Thus, (22) must have rank 3, that is, the g;’s
and Z;y;’s rows must be linearly dependent on the other rows. This means that
y=azr’+br+cand vy = dv*+ex+ f, then az® + (b—d)z*+ (c—e)z— f = 0.
But this equation can have at most 3 distinct solutions, and we need 4. Thus
we must have a = 0,b = d,c = e, f = 0, that is, y = bx + ¢: all P;’s lie on a
same non-vertical line, and the number of codewords is

+1
(¢" - q3)<q A )(q2 —1).
Putting all together we get A4, that is, the last part of Theorem 3.14.

8.5.4 Study of Hy

We count the number of words with weight w = 5. We have a linear system
in z; with a (6 x 5) matrix. If its rank is 5, we can only have the zero solution,
which is not admissible. Thus, its rank must be at most 4; this means that we
have at least 2 relationships of linear dependency, say

ry = a + bx + cy + dx?

y? =e+ fx+ gy + ha.
We need to find 5 points on the intersection of 2 different conics, but this
means that the 2 conics must be degenerate, they must have a common line,
and all 5 points belong to this line. We could distinguish between vertical lines

and non-vertical lines, but in both cases the rank of the matrix is exactly 3.
So, the number of codewords is

A5 = ((q4 —q3)<q;1> +q2<§>> (¢" —5¢° +4).

Doing the computations we obtain the first part of Theorem 3.15.

8.5.5 Study of H}, H}, H}

To count the number of words with weight w = 5, we remember that

HY DH; DHiDH?DH?
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and the first and the last code have all the words with weight 5 corresponding
to 5 points on a line. We notice that for a vertical line the rank of the matrix
is 3, while for a non-vertical line the rank of the matrix is 4. So, the number
of codewords is

A5 = ¢ (g) (¢* =5 +4) + (¢* = ¢°) (q—é— 1) (¢* —1).

Doing the computations we obtain the last part of Theorem 3.15.

4 Conclusions and open problems

The so-called first-phase codes have nice geometric properties that allow
their study, as first realized in [Pel06] and [SP06]. In particular, the fact that
all minimum-weight codewords lie on intersections of lines and H is essential.
Recent research has widened this approach to intersection with degree-2 and
degree-3 curves [Coul2,BR14,FM15], unfortunately without reaching an exact
formula for higher weights. We believe that only complete classifications of
intersections of H and higher degree curves can lead to the determination
of the full weight distribution of first-phase Hermitian codes. We invite the
reader to pursue this approach further.

As regards the other phases, it seems that only a part of the second phase
can be described in a similar way. Therefore, probably a radically different
approach is needed for phase-3,4 codes in order to determine their weight
distribution completely. Alas, we have no suggestions as to how reach this.
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