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Introduction

In this thesis we deal with the analysis of some microlocal properties of ten-
sor products of pseudodifferential operators. More generally, we will also
be concerned with the so-called class of bisingular pseudodifferential oper-
ators. In fact, calculi of bisingular pseudodifferential operators can be seen
as a systematic approach for studying tensor products of pseudodifferential
operators. Within the elliptic theory, a typical question would be the fol-
lowing. Given classical (or poly-homogeneous) pseudodifferential operators
Aj € LA (M) and B; € LY(Ms) for j =1,...,k, k € N, on smooth mani-
folds M7 and My, how can we characterize the existence of a parametrix, the
Fredholm property or the invertibilty of the operator A; @ B1+-- -+ AR By?
Here, the tensor product A ® B denotes an operator acting on functions de-
fined on M7 x My with the property that

(A® B)(u®v) = Au® Bu, u € C®(My), v eC>?(Ma),

where (f®g)(z,y) = f(x)g(y) for any two functions f and g on M7 and M,
respectively. Such tensor products, in general, do not define a classical pseu-
dodifferential operator on M x My, hence the question cannot be answered
using the standard pseudodifferential calculus only. Questions of this kind
arose naturally, in particular, in the framework of the celebrated Atiyah-
Singer index theorem. In fact, M. F. Atiyah and I. M. Singer in [AS68] were
led to study systems of the form

A&B:<A®l —1®B>7

l® B A*®1

acting on C2-valued functions over M; x M, where both A and B are
zero-order classical pseudodifferential operators on M7 and My, respectively.
Again, AKX B is not a classical pseudodifferential operator on M; x Ms. How-
ever, if both A and B are elliptic, then A X B is a Fredholm operator in
L?(M; x My, C?) with index ind AK B =ind A - ind B.

Motivated by these phenomena, L. Rodino introduced in |[Rod75] a pseu-
dodifferential calculus of operators over a product of smooth, closed (i.e.,
compact and without boundary) manifolds M; x Ms, containing such kinds
of tensor product type operators. The elements of this calculus are defined as

iii



iv Introduction

linear and continuous operators A = Op(a) whose symbol satisfies, in local
product-type coordinates, for all multi-indices o, 8, 7 = 1, 2, the estimates

|D?11D?22D51D£§a(:p1’ 2,81, §2)| < Coja2,81,8 <£1>m1_|a1|<€2>m2_‘a2|'

As already pointed out, a fundamental example of a bisingular operator
is the tensor product A; ® As of two pseudodifferential operators, with
symbols in the Hormander class, A; € L™i(M;), i = 1,2, while more complex
examples include the double Cauchy integral operator studied by F. Nicola
and L. Rodino in [NRO6]. With each symbol of a bisingular operator A we
can associate two maps, namely

ol (A) : My x R™ — L™2(My),
02(A) : My x R™ — L™ (M)).

With these maps, bisingular calculus can be considered a calculus with
operator-valued symbols, in the spirit of the theories developed by B.-W.
Schulze, see, e.g., [Sch98]. In particular, ellipticity in the context of bisin-
gular calculus refers to the invertibility, as pseudodifferential operators, of
the two operator-valued principal symbols associated with each bisingular
operator.

Another motivation for the study of bisingular operators derives from the
study of the spectral asymptotics of the counting function of a pseudodif-
ferential operator. Let P be a positive self-adjoint operator with compact
resolvent, such that the spectrum is discrete and formed only by eigenvalues
with finite multiplicity. Let {\;};en = o(P) be the set of the eigenvalues
counted with multiplicity. The counting function Np(7) is defined as

Np(r)= > 1=> 1 (0.1)

Ajeo(P)N[0,T) A;j<T

The Weyl’s law describes the asymptotic expansion of the counting function
Np(T), as T goes to infinity. In the standard settings, it is well known that
that the leading term of the asymptotic expansion of depends on the
dimension of the manifold, on the order of the operator and on its principal
symbol, see, e.g., L. Hormander [Hor85a] and M. A. Shubin [Shu01] for the
classical theory in the case of closed manifolds and the Shubin calculus on
R™, respectively. See also Y. Safarov and D. Vassiliev [SV97] and W. Arendt,
R. Nittka, W. Peter and F. Steiner [ANPS09] for a detailed analysis of Weyl’s
law and several developments. Weyl’s laws can be obtained in many other
situations, see, e.g., U. Battisti and S. Coriasco [BC11|, S. Coriasco and L.
Maniccia [CM13], F. Nicola [Nic03] for SG operators (on manifolds with
ends and R"™), P. Boggiatto and F. Nicola [BNO3| for anisotropic Shubin
calculus, J. Gil and P. Loya [GL02| for conic manifolds, K. Datchev and
S. Dyatlov |DD13| for asymptotically hyperbolic manifolds, S. Moroianu
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[Mor08] for cusp manifolds, and many others.

Now consider A = Ay ® A,, where A; € L}7(M;) is positive, self-adjoint
and elliptic, for j = 1,2, and Mj, My are closed manifolds. Denoting by
0 (A1) = {M}peny and o (A2) = {pi};cn, the eigenvalues of A; and Ao,
counted with multiplicity, we easily obtain that

o(A) = { k- i} pye sy -

Therefore,

Na(r)= > 1= > 1 (0.2)

pEa(A)N[0,7) A i <T

Counting functions of the type (0.2) allow to use a spectral approach to a
prominent type of lattice problem, the so-called Dirichlet divisors problem.
Let us suppose that the spectrum of both A; and Ay in (0.2)) is formed by

all strictly positive natural numbers, all with multiplicity one. Then

Na(r)= > 1=D(r).
n-m<Tt
The function D(7) is called Dirichlet divisor summatory function and it is
straightforward to check that it amounts to the number of points with integer
coordinates which lie in the first quadrant below the hyperbola zy = 7. In
1849, Dirichlet proved that

D(r)=7logT+ 2y —1)7+ (9(7'1/2), T — 400, (0.3)

where ~y is the Euler-Mascheroni constant. Several papers aimed at finding
the sharp remainder in , see A. Ivi¢, E. Kratzel, M. Kiihleitner and W.
G. Nowak [IKKNOG6] for an overview on this type of problems. In [Harl6], G.
H. Hardy proved that O(Ti) is a lower bound for the remainder in (0.3)). It
is conjectured that the sharp estimate in this case is (’)(T%*'E) or, more pre-
cisely, O (7'1/4 log 7'). The best known result, due to M. N. Huxley [Hux03],

is that the remainder is O(r* (log 7)° 1), where

131 18627
a=Te~ 0319, f= o ~ 22513,

In order to have a spectral interpretation of the Dirichlet divisor problem, U.
Battisti, T. Gramchev, S. Pilipovi¢ and L. Rodino introduced in [BGPR13| a
global bisingular calculus based on Shubin calculus. Then, the Hermite-type
operator

1 1
Hj =5 (<02 +a) +5, i=12

27
was considered. Using Hermite polynomials, one can check that o(H;) =
{n}nen+, j = 1,2, all with multiplicity one. Therefore o(H; ® Ha) =
{TL : m}(n,m)E(N*XN*) and

NryeH, (1) = D(7).
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This spectral meaning of the Dirichlet divisor problem was one of the main
motivations of the papers by U. Battisti, T. Gramchev, S. Pilipovi¢ and
L. Rodino [BGPR13] and by T. Gramchev, S. Pilipovi¢, L. Rodino and J.
Vindas |[GPRV14]. For the connection between Dirichlet divisor problem
and standard bisingular operators on the product of closed manifolds, see
also U. Battisti [Bat12].

The thesis is organized as follows. In Chapter [I]we recall the main definitions
and properties of tensor products of operators, and we review the bisingular
calculus on the product of two closed manifolds. In Chapter 2] we study the
microlocal properties of bisingular operators. To do this, we define a suitable
wave front set for such operators, called the bi-wave front set, which is the
union of three components,

WEFp(u) = WF (u) U W (u) U WE (u),

u € D'(My x My), My, My closed manifolds. This definition is formulated
using the calculus only, and is related to the classical Hormander wave front
set WFy, cfr. L. Hérmander [Hor83), via the following inclusion

WFq(u) N (2 x Qg x (R™\ 0) x (R™\0)) C WF2(u).
The following Theorem [1] is the main result of Chapter
Theorem 1. Let A be a bisingular operator, u € D'(Q; x Q). Then,
WEF; (Au) € WEy;(u).

Theorem [1| shows the bi-wave front set is microlocal with respect to bisin-
gular operators. Then, we define an appropriate notion of characteristic set
for a bisingular operator A, given again as a union of three components,
namely

Chary;(A) := Charf;(A) U Char;(A) U Char{?(A).

With this notion, we prove a microellipticity result for the 1- and 2-components
of the bi-wave front set, which is the content of the next Theorem

Theorem 2. Let A be a bisingular operator, u € D'(2; x Q). Then,
WF] (u) C Char] (A) UWF] (Au),  j=1,2.

In Chapter [3| we study the spectral asymptotics of the tensor product of two
pseudodifferential operators A; ® As. Theorem [3] below is the main result
of Chapter

Theorem 3. Let Mj, My be two closed manifolds of dimension ni, ns,
respectively. Let A = A; ® Ay, where A; € Lzrllj(Mj), m; > 0,7 =1,2,
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n2

are positive, self-adjoint, invertible operators, with 2 > —. Then, for
m1 ma

T — +00,
c n oL m1 n np—1
*IC (AQ, 1) Tm 4+ O <T my > if —2 < - ;
n mi ma mi
C n ny ni=1 n ny—1

Na(r) = =L (Ag, 1) T 4+ 0 (7’ m 10g7‘> if —2 =1 ,

n m1 ma mi
C n ny g n ny—1
714' (A2’1> T m1 +O <7—7n2) lf 72 > L ,
ny mi ma mi

where ( is the spectral {-function and

// df1dxq
1 2 .
) M [ag, (21, 01)] 71

Moreover, using spherical harmonics, we show that the estimates in Theorem
are sharp. A similar statement holds for the tensor product of Shubin op-
erators. In the aforementioned paper [GPRV14], T. Gramchev, S. Pilipovi¢,
L. Rodino and J. Vindas studied the same class of operators, and proved a
slightly weaker estimate. Namely, under the same assumptions of Theorem
B} they showed that

C ny
Na(r) = Fic <A2’ 77:;1) T+ O(r0), T oo,

1 nl
where max Eml ) m2} <<

In Chapter 4] we consider the global bisingular operators based on Shu-
bin pseudodifferential operators, introduced by U. Battisti, T. Gramchev,
S. Pilipovi¢ and L. Rodino in [BGPR13]. In particular, we investigate the
relationship between ellipticity and Fredholm property for such operators.
As a consequence of the existence of parametrices to elliptic operators, el-
liptic operators act as Fredholm operators in a certain scale of naturally
associated L2?-Sobolev spaces. The main result of Chapter [4]is the reverse
statement, given in the next Theorem []

Theorem 4. Let A € Ggl’o (R™ R"2), i.e. a classical global bisingular oper-
ator, induce a Fredholm operator from L?(R™ x R"2) to itself. Then, A is
elliptic.

Loosely speaking, this means that the ellipticity condition used in the cal-
culus is “optimal”. The relationship between Fredholm property and ellip-
ticity, in a quite general context of “abstract” pseudodifferential operators,
has been studied, e.g., by J. Seiler in [Seil2].
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Notation

x = (1, ..., zy) will denote a point in R™. If z,y € R™, then
J;y:xly1++$nyn
o] = (z-2)'? = (&l + -+ ap)'/?

(€)= I+ [P

dr =dxy---dz,
de = (2r) "de = (2n) " dxy - - - dxy,

Given N =7, ={0,1,2,...}, we define a multi-index « as
a=(ay,.,an) €ZY.
If o and B are both multi-indices, then
lal = a1 + -+ 4 ay,

b<a<s foralli,l1<i<n:f <
atf=(a1£p1, - anEBn), (B<aina-—p),

@ B <gi> <g> (B <a),

o_ (O™ 9 \™ _ go1 ... gom
(o) (am) -

If x € R" and o € Z}, then

«

% =t aon

n o

where, if a; = 0, we set x?j = 1. We define the operator D, with o € Z},
as :

1 “ 1 An
DY = ji—lel g — <8> . < 8) = (—i 81)041 e (=i Op)m.

1 011 1 0z,

Let u € L'(R™). The Fourier transform of u is

a(e) = Fluh(e) = / e~y () dx,

n

ix



X Notation

and the inverse Fourier transform of w is

FHupe) = [ eulede =@ [ ertuede
Let f,g: X — R;. We write f < g if there exists C' > 0 such that
f(x) < Cy(x)

for all z € X. (' is independent from x, but can possibly depend from
various parameters which intervene in the definition of f and g. We write

f~gif f<gandg=<f.
Definition 0.0.1. Let A, B, C be three sets such that C' C A x B. Then,

n

CoB:={a€cA: existsbe B:(a,b) € C},
that is, C is considered as a relation acting on B.

Let © be and open subset of R™. Then QA is the diagonal in 2 x €2, defined
as
Qa ={(z,2) : z € Q}.

Let I' € R™\ 0 be an open set containing xg. I' is called conic with respect
to xq if Axzg € T for all A > 0.

A manifold M is called closed if it is compact and without boundary.

We denote by S™ the n-dimensional sphere of radius 1, equipped with the
metric induced by the standard Euclidean metric on R**1, i.e.

S" = {z e R™ : |z = 1}.

Definition 0.0.2. Let Q2 C R™ an open set, and m € R. S™(Q) is the set
of all @ € C*°(2 x R™) such that, for all multi-indices o, f € Z and for all
compact subsets K C €2, there exists a constant C, g g > 0 such that

D¢ Dla(x,€)| < Cop i (€)™,

for all z € K, £ € R". An element of S™(€) is called a (Hérmander-type)
symbol. A linear operator A : C§°(R™) — C*>°(R") is called a pseudodiffer-
ential operator if it can be written in the form

A(w)(a) = Op(@)lu)(@) = [ aa,&)ile) de

where a € S™(2) and @ denotes the Fourier transform of w. L™ () denotes
the set of all pseudodifferential operators with symbol in S™(£2). Moreover,
we set

$>°(Q) = JS™(Q),

STQ) =) S™(Q),
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and denote by L*>°(€2), L™°°(Q), respectively, the corresponding class of op-
erators. The operators in L™°°(Q) are called smoothing operators.

The class of operators in Definition [0.0.2] can be extended to operators on
a closed manifold M. For all the details and properties of the Héormander
calculus of pseudodifferential operators we refer to [Hor85b, KG82|. Let
a,b € S°(M). We write a = b modulo ST if a — b € S™®(M). Let
A,B € L>°(M). We write A = B modulo L™ if A — B € L™>°(M).
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Chapter 1

Preliminaries

In this fist chapter we will give a brief survey on tensor products and bisin-
gular operators.

1.1 Tensor products

We begin by recalling the well-known notion of tensor product for functions
and distributions. First, we recall an important inequality which will be
used throughout the whole thesis

Proposition 1.1.1 (Peetre’s inequality). Let z,y € R". For any s € R
one has

(2)* < 21w —y)ll(y)s.
Proof. The triangular inequality gives
I+lz) <A +lz—yl+y)) <A +]z -y + |y]),

so that
(@) < (1L +]2)? < (14 |z —y)*(1 + [y)*

On the other hand,

A +1y)* < A +[y)* + 1 —[y)? = 2()*,

and estimating (1 + |x — y|)? in the same way, we thus get
(@)? < 2%z —y)*(y)*.

If s =0, the claim is obvious. If s > 0, we obtain our claim by raising the
s
previous inequality to the power 5 If s < 0, we exchange x and y to get

() <27y —z) ()%,

1



2 Preliminaries

which can be rewritten

()" <27z —y) ()"
O

Definition 1.1.2. Let €;, be an open subset of R™, and f; € C(£2;),i = 1, 2.
Then, the function f; ® fo € C(Ql X Qg), 01 x Q9 C R™*72 defined by

(f1 ® f2)(21,22) = fi(z1) fa(®2),
x; € Q;,1=1,2, is called the tensor product of f; and fo.

To extend the previous definition to distributions, it is enough to observe
that f1 @ fo € C(Q1 x Q2), ;i € C3°(S%), i = 1,2, imply

/(f1  f2)(o1 ® @) day das = </ W d:z:1> - </ s dx2> .

We have the following

Theorem 1.1.3. Let u; € D'(;), i = 1,2. Then, there exists a unique
u € D'(1 x Q3), denoted by u; ® uz, such that

1. (u1 ®@ u2)(p1 ® @2) = u1(p1)uz(ps), for all p; € CSO(QZ'), 1 =1,2.

2. 81)®U2)(90) = u1(u2(p(21,+))) = u2(u1(p(-, 22))), for all p € C7°( x
2).

The distribution u; ® us is called the tensor product of w1 and us. If w; is
in £(Q;), i = 1,2, the same formulae are valid for ¢; € C*(Q;), i = 1,2,
(NS Coo(Ql X QQ)

Every function f € C(£2; x €2y) defines an integral operator As : Co(22) —
C(fh) by

Apolar) = / f(an wa)p(as) des @ € Co(Qs),an € D

This result can be extended to arbitrary distributions via the following The-
orem:

Theorem 1.1.4 (The Schwartz kernel theorem). Every distribution
K4 € D'(21 x 2) defines a continuous linear map A : C5°(Q2) — D'(Oy)
by

(Ap,¥) = (Ka, ¥ ® ) 1 € C3°(Eh), p € C5°(S22). (1.1)
Conversely, for every such linear map A, there is one and only one distri-

bution K4 such that (1.1)) is valid. K4 is called the (Schwartz) kernel of
A.
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Proposition 1.1.5. Let K4 € D'(2; x Q2) be the kernel of of A. Then
supp Au C supp K4 osuppu, u € C3°(Q2),
where supp K 4 C €1 X {29 is considered as a relation acting on suppu C €s.
Proof. From Definition [0.0.1] we have
supp K4 osuppu = {x1 € Q; : exists x9 € suppu : (x1,22) € supp Ka}.

Notice that this is a closed set, since suppu is compact. Now assume that
x1 ¢ supp K 4osupp u. Then we can find a neighbourhood V' of z; such that

V N (supp K 4 o suppu) = 0.

If v € C3°(V), then
supp(v ® u) Nsupp K4 = 0,

which proves (Au,v) = 0 by Theorem i.e. Au =0 in V, which is our
claim. O

Theorem 1.1.6. Let K4 € C*(Q; x Q2). Then, the map A defined by
(1.1) has a continuous extension from &'(£22) to C*°(€2;) defined by

Au(zy) == uw(Ka(z1+), uwe€&()z €.

Conversely, every continuous linear map A : £'(22) — C>(€) is defined in
this way by a kernel K4 € C*° (21 x Q2). We now give some examples.

Example 1.1.7. The kernel of the identity map I : C§°(Q2) — C5°(£2), Q
open subset in R, is the distribution

(K1, ) = /go($,x) dr, ¢ eCi(Q2xQ), (1.2)

with support in Qa, the diagonal in £ x .

Example 1.1.8. Let f : 1 — Q9 be a continuous map and Ay := o f,
Y € C§°(22). Then the kernel is given by

(Ka,) = / o(a, f(2) dz, ¢ €CR(Qx Q), (1.3)

with support in the graph of f.

Example 1.1.9. Let A be a pseudodifferential operator in L™ (2), Q open
subset in R™. Then, the kernel K 4 is the distribution

Ka(e.y) = / V€ o0, €) e,

where a € S™(2) is the symbol of A.
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The kernel K 4 from example has one important property, given in the
next result.

Proposition 1.1.10. Let A € L™(2), and Qa the diagonal in 2 x . Then
KqeC®((2x02)\Qa).

Remark 1.1.11. From Example and Proposition|1.1.10]it follows that
operators in L™°°(M), where M is a closed manifold, have a C* kernel.

Definition 1.1.12. A map f : B — C is called proper if, for every compact
K c C, f7Y(K) C B is a compact set. An operator A € L™(2),  open
subset in R™, is properly supported if both its standard projections 7y, o :
supp(K4) — ) are proper maps.

We conclude the section with an important property:

Proposition 1.1.13. Let A; be a boundend linear operator with spectrum
o0(A;),i=1,2. Then 0(A; ® A2) = o(A1)o(A2).

1.2 Bisingular operators

In the previous Section we recalled the basic properties of tensor products of
operators. We now study a more general class of operators on the product of
two closed manifolds, originally introduced by L. Rodino in [Rod75|, which
includes tensor products as a special case. Here, €);, i = 1,2, denote open
domains of R™:.

Definition 1.2.1. S™™2(Q;, 9) is the set of all a € C(2; x Qg x R™ x
R"2) such that, for all multi-indices a4, 3; € Z7} and for all compact subsets
K; C Q;, i = 1,2, there exists a constant Cy, a,.8, 8.K1,K, > 0 such that

|DE DD DR a1, w2, €1, &) < Cay s, ok o (€)™ 7101 (&) 27102,

for all z; € K, & € R™, i =1,2. An element of S™™2({,(y) is called a
bi-symbol.

Definition 1.2.2. A linear operator A : C°(R™ x R"2) — C*°(R™ x R"?)
is called a bisingular operator if it can be written in the form

A(u) (21, v2) = (Op(a)[ul) (21, 72)

1 ) ~
= @nyutm / / IOt ) (1) 1y €1, 66, &) dé1dEs,
R™1 JR™2

where a € S™1"2(€1, Q) and u denotes the Fourier transform of u.
Here and in the sequel we denote by the same letters the elements of C5°(§2; x
29) and their trivial extension outside €2 x s to elements of Cg°(R"! xR"?).
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L™1™m2(Q Q9) denotes the set of all bisingular operators with bi-symbol in
Smm2 (), Q). Moreover, we set

SOO’OO(Ql,QQ) = U Sml’m2(Ql,Qg),

mi,m2

ST, ) = (1] ST, Q)

mi,m2

and denote by L% (04, Q9), L7°%7°(0Qy, Qs), respectively, the correspond-
ing class of operators. The operators in L™°7%°({y,Q9) are called smooth-
g operators.

A simple and fundamental example of a bisingular operator is the tensor
product A; ® A, of two pseudodifferential operators, with symbols in the
Hormander class, A; € L™i(Q;), i« = 1,2, while more complex examples
include the vector-tensor product A; XAy studied in [Rod 75|, and the double
Cauchy integral operator studied in [NROG).

We associate with every a € S""2(€Q;,Q9) the two maps

Al :Ql x R™ — Lm2(QQ) : (whgl) = a($1a$2a§17D2)7
A% Qg X R™ — L™ (1) : (w2, &) = a1, w9, D1, &)
For a € S™:™2(Qy,Q9), b € SP1P2(Qy, Qy) we also set, for fixed (x1, 1), (22, &2),
respectively,
a o1 b(z1, w2, &1, D) = (A" o BY)(21,22,&, Dy) € L™72(0Qy),
a0y b(x1, 2, D1,&) := (A% 0 B?)(w1, 22, D1, &) € L™TPH(Q).
Remark 1.2.3. In view of the definitions of a 01 b and a 05 b, the bisingular
calculus can also be considered a form of calculus with vector-valued sym-

bols. General vector-valued calculi have been deeply studied, for example,
by B.-W. Schulze in [Sch98]|.

Definition 1.2.4. Let a € S™"2(Q,Q2). Then, a has a homogeneous
principal bi-symbol if

i) there exists Gy, ;. € S™"™2(Q,Q2) such that
a’ml;'(ml? Z2, t§17 52) = tmlamlé'(xh z2, 517 52)7 Vxlv x2, 627 v‘ﬁﬂ > 17 t> 07

a — ¢1(§1)am1;- S Sm1_17m27

where 1 is an 0-excision function; moreover, am,;.(z1,2,&1, D2) be-
mo
longs to L} (QQ)H;

!Being a classical symbol on €, it admits an asymptotic expansion in homogeneous
terms with respect to the & variable.
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ii) there exists a.,,, € S™"2(£2, Q2) such that

Qoimy (T1, T2, 1, 182) = "2 A, (21, 22, &1, &2), VX1, 22,61, V[E2| > 1,1 >0,
a — P2(£2)amy € STV

where 15 is an 0-excision function; moreover, .., (z1,x2, D1,&2) be-
mi .
longs to L7} (€1);

iii) the symbols a,,.. and a..;,, have the same leading term, that is there
exists am,:m, such that

Amy;- — 1/’2(52)6%1;7@ S Sml’mrl(QlaQ?%
Amy — 1 (gl)aml;mz € gm—lma (21, 9),

and
a— wlamlp - w2a';m2 + ¢1¢2am1;m2 € Sm1_17m2_1(Q17 QQ)

The bi-symbols which admit a full bi-homogeneous expansion in &; and &
are called classical bi-symbols, their class is denoted by S;;*" (1, Q2), and
the corresponding operator class by L (1, Q). For more details on the
classical bi-symbols, we refer to [NROG6].

The previous Definition implies that, given A € LV (Q,Q9), we

can introduce maps o', 02, 0'? as

ol (A) :T*Q \ 0 = L2(Q) : (21,€1) = amy (21,22, &1, Da),
o?(A) : T*Q\ 0 — LI (1) : (22, &2) > Quymy (31, 72, D1, &2),
UlQ(A) : (T*Ql \0) X (T*QQ \ 0) - C: ($17$27§17§2) = Qmyyma (1‘1,$2,§1,§2).

In this way, denoting by o(P)(x, &) the principal symbol of a pseudodiffer-
ential operator P, we have

o(o!(A)(21,6)) (22, &2) = 0(0%(A) (22, &2)) (21, 1)

- le(A)(x17x27§17§2) = Amy;ma (1131,.%'2,51,52).

We call the couple (o'(A),0%(A)) the principal bi-symbol of A.

In the sequel, we only consider bisingular operators on the product of two
closed manifolds €21, Q5. They are defined as above in local coordinates. For
such operators, there exists a notion of ellipticity, called bi-ellipticity (for
more details, see again [Rod75]).

Definition 1.2.5. Let A € L/""™*(Q1, Q). We say that A is bi-elliptic if

1) UIQ(A)(’Ul,’UQ) 7& 0 for all (Ul,vg) S (T*Ql \0) X (T*QQ \ 0),
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ii) o!(A)(v1) is invertible as an operator in L1?(s) for all v; € T4\ 0,
with inverse in L (€2);

iii) 02(A)(v2) is invertible as an operator in L' () for all vy € T*(\ 0,
with inverse in L™ ().

Basic examples of classical bi-singular operators are described below.

Example 1.2.6. Consider the differential operator

A= Z 651’52($1,332)D151D52,
|B1]<ma
|B2|<ma

where (1, f2 € C*°(Q1 x Q3). In this case

Ul(A>(x1a§1): Z €y, (21, T2) 161D§27 (1.4)

|B1]=m1
|B2| <ma

o*(A)(22,&) = E cpy 6, (21, 22) DY €52, (1.5)
|B1]<ma
|B2|=m2

A full bi-homogeneous expansion is given by

o7 (A) (21, 22, &1, &) = Z CBy,6 (71, 02)§11 €57

|B1]|=i

|B2|=3
The bi-ellipticity of A is given by the condition o'2(A) = ™12 (A)(vy, v2) #
0 for all (v1,v2) € (T \0) x (T*Q2\0) and the invertibility of the two maps
and . We may give a global meaning to A on a product of closed
manifolds 2 x {23 by taking, for example, Q; = T;, the n;-dimensional
torus, j = 1,2, and x; angular coordinates on T;.

Example 1.2.7. A simple example of a bisingular operator which is not a
pseudodifferential operator is

A=A+ D)7 e (A + 1)1
where —A\; is the usual Laplacian on §2;, i = 1,2. To see this, we notice that

1

L+ [&:1[2 *

K(_A1+])7l(xl,y1) - /ei(wl—yl)'&

Therefore, we can find Z1,91,%1 # 1, such that K(_a 4p-1(Z1,91) # 0.
Since

Ka(z1,y1,22,92) = K—a+1)-1(21,91) @ K(_ayq1)-1(22,92),
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we have that
(jlu gl) x2, ‘TZ) S Singsupp KA,

for every xo € Qo, but (1,71, 22,22) ¢ (21 X Q2)a. Thus, according to
Proposition [1.1.10, A cannot be a pseudodifferential operator.

However, notice that all pseudodifferential operators of order zero or lower,
in particular those corresponding to cut-offs and excision functions, are bisin-
gular operators:

Proposition 1.2.8. S%(€2; x Q) C S%0(21,9y).

Proof. Let a € SO(Ql X Q). Then for all pairs of multi-indices o =
(1, 2), B = (B1,B2) we have

D¢ D2 DY D2 a(wy, w2, &1,&)| = [DEDialx, &) < (&)~
=< (g7l Il < (eIl i,
that is, a € S®9(Q1,Q9). O

With this in mind, it is possible to study some model cases of operators of
the form A ® B, and compare the notion of bi-ellipticity with the standard
notion of ellipticity for pseudodifferential operators. In the following Table
[1.1] we mean by ¥DO the classical pseudodifferential operators on €y x Qa,
and by WDO-order and YDO-ell. their order and ellipticity, respectively.

Operator UDO-order | ¥DO-ell. | Bi-order | Bi-ell.
I®1 0 vV (0,0) V
“A@T+1®(-A) 2 V (2,2) X
—A1 ® (—As) 4 X (2,2) X
(A1 + 1) ® (—Ag) 4 X (2,2) X
(A1 + 1)@ (A2 + 1) 4 X (2,2) v
(-A1+ 1)@ (=Ay+ 1)~ | not a YDO (—2,-2) V

Table 1.1: Some model cases of bisingular operators of tensor product type
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As in the case of the standard pseudodifferential calculus, it is possible to
define a scale of adapted Sobolev spaces and prove some continuity results.

Definition 1.2.9. The Sobolev space of exponent (s1, s2), s1, 52 € R, is the
space

H%2(Qg x Q) = H%2 := {u € D'(Q1x0) : Op((£1)°1(62)%2)u € L*(Q1xQ)}.
If w € H%2 then

[lls1.55 := 10P({€2)™ (€2)°*)ull2-

Similarly to weighted SG Sobolev spaces, the following result holds true,
see [Cor95],

Proposition 1.2.10. If s; > s}, so > s, we have
Ho2(Q) x Q) C H2(Q; x Qo)

and the embedding H**2(Q; x Q) < H%%2(Q; x Q) is continuous. If
s1 > s, s2 > sh, the embedding is compact.

Proposition 1.2.11. A bisingular operator A € L™"2(Q;, ) extends to
a continuous operator

A HV2(Qq x Qo) — HITME5272 (0 x ),
for every si,s9 € R.

Theorem 1.2.12. Let A € L""?(Q4, Q) be bi-elliptic. Then, there exists
B e L™ 7™ (Q,9s) such that

AB=1+K, BA =1+ K,

where [ is the identity map and K7, Ko are smoothing operators. Moreover,
the principal bi-symbol of B is (o!(A)~1, 0%(A)71).

From now on we will assume, for simplicity, that bi-symbols of bisingular
operators have compact support with respect to the x1, xo variables.

Theorem 1.2.13. Let a € S™™2(Qy,Q9),b € SPLP2(Q1,(5). Then AB €
LmatpLmetpz (0 Qs), and its bi-symbol c(x1, 29, &1, &) has the asymptotic

expansion
oo

cn~ E Cmy+p1—j,matpa—j
Jj=0

where
Is . Jp— Cl . . + 02 . .
mi+p1—j,m2+p2—J — “mi+p1—j—1,mo+pa—j m1-+p1—j,ma+p2—j—1

12
+Cm, +p1—Jj,ma2+p2—J
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and

1
C mi+p1—j—1,ma+p2—j

1 1
=Y o | Feracy D3z - > aride 06 a DI Db
laa|=j joal<i

2 ) )
C mi+p1—j,ma+pa—j—1

1 1
=Y o O¢tacy DSlb— Y — 06 06 a DI DE2D

lor|=j |2 <j
12 . .
€ my+p1—jma+p2—j
1
_ o1 a2 a1 oz
= E 8& 852 a D:B1 Dx2 b

o lag!
lar|=|az|=j
Corollary 1.2.14. Let a € S™™2(Q,Q2),b € SP1P2(Q,Q9). Then the
commutator [A, B] := AB—BA belongs to L™ tP1—Lmatp2 4 pmitprmatpa—1

Proof. By Theorem [1.2.13] we find, as top order order terms (j = 0),

1
Crmy+p1—1,ma+p2
2
Cm,y +p1,m2+p2—1

12 =0.

Cmy +p1,m2+p2

=aqo1b—boja

=aogb—boya

Then, expanding ¢' and ¢? according to the definition of oj, j = 1,2, we get
¢ =i{a,b}; + terms of order (m; + p; — 2),

where with {a,b}; we denote the Poisson bracket of a and b in the j-
argument. Therefore, the leading terms (up to order (mj+p;—2, mo+p2—2))
of the expansion of ¢ can be written as

¢ =0+i({a,b}1 + {a,b}s) € SMTPILmatp2 | gmitprmatpa—l,
]

Remark 1.2.15. This behaviour under commutators is indeed something
peculiar about bisingular calculus. For standard pseudodifferential calculus,
A e L™(Q), B € LP(Q) implies [A, B] € L™P~1(Q), Q C R™ open.

Example 1.2.16. For a better understanding of this phenomenon, consider
the model case of a tensor product where A = A; ® Ay € L"™™2 B =
B1 ® By € LP1P2, Then
[A,B] =[A1 ® A2, B1 ® By = A1B1 ® AaBy — B1A; ® BoAy
= [A1,B1] ® AaBy+ B1A; ® [Ag, By].

m1+p1—1,ma+po I m1+p1,mo+pa—1
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Remark 1.2.17. Here, we deal with bisingular operators whose symbols fol-
low Hormander-type estimates (see e.g. [Hor85b|). In particular, in Chapter
we only study operators on closed manifolds, given explicitly in local co-
ordinates. However a global version of bisingular calculus was defined by U.
Battisti, T. Gramchev, S. Pilipovi¢ and L. Rodino in [BGPR13]. We will
study this class more precisely in Chapter 4l We also notice that ‘product-
type’ operators calculi, similar to bisingular calculus, were introduced by V.
S. Pilidi [Pil73], R. V. Duducava [Dud79a], [Dud79b|, and, more recently,
by R. Melrose and F. Rochon [MR06|. Moreover, multisingular calculi were
considered by V. S. Pilidi [Pil71] and L. Rodino [Rod80].
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Chapter 2

Wave front sets

In this chapter we will give a summary of different kinds of wave front
sets, and define the bi-wave front set. Throughout this chapter, all the
pseudodifferential operators are assumed properly supported.

2.1 The classical wave front set

Let Q C R™ be open and u € D'(Q2). The singular support of u is the set
singsupp(u) = Q\ {z € Q: Jp € C5°(), p(x) # 0, pu € C(N)}.

From its definition, it is immediate that singsupp(u) C € is closed. Now let
u e D'(Q) and ¢ € C§°(2). From the Paley-Wiener-Schwartz Theorem, we
know that

pu(e)| < (€)Y, €eR”,

for some N > 0 (depending on ¢). Moreover, pu € C5°(f2) if and only if
uE)| S ()", £eR", YN >0. (2.1)

So, the rapid decay of the Fourier trasform of w localized at zg € € is
equivalent to the smoothness of u in a neighborhood of zy. The idea behind
the wave front set is to refine the singular support, in the sense of finding
the directions in the space of frequencies where rapid decay is lacking, i.e.
directions which cause a singularity to appear in the singular support.

Definition 2.1.1. Let u € D'(2). The distribution « is microlocally C*
near (zo,&) € T*Q\ 0 if, there exists a cut-off ¢ € C5°(2) with ¢ =1 in an
open set containing xg such that

pu(€)| < Cn (&)™ VEET, [ >R,

V' N € N, where I' C R™\ 0 is a conic open set containing &y and C, R > 0.
The classical wave front set of u € D’'(€2), that we denote by WF(u), is the
complement of the set of points where w is microlocally C*°.

13
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It is immediate to observe that WFj(u) is closed is © x (R™\ 0) and conic,
in the sense that

(x7 5) € WFCI(U) = (ZC, )‘5) S WFCI(U‘)

for all A > 0. Moreover, it is also easy to check that if u,v € D'(Q), f €
C>(R2), we have

WFCl(u + ’U) - WFCl(u) U WFCl(’U),
WF(fu) C WFEq(u).

Definition 2.1.2. Let § € R™\ 0. A conic neighbourhood of & is an open
neighbourhood V' C R™ x R™ that contains £y and is conic with respect to

the second variable, i.e. contains all the points of the form (z, &), for all
A > 0.

Lemma 2.1.3. Let I',T C R™ \ 0 open conic sets such that IVNS* C T,
and let f € (R™). Then for all g € .(R") we have f xg € (1), i.e.

sup (EN[(f x 9)(€)] <1 for all N > 0.
gerv

Proof. Let N > 0. Then

1+ 9)(O)
. . i )
<[ e mlisenans [ s nllotnldn

< / € — )N lg(n)| dn + / (€ —n)* lg(n) dn
(m)<(&)1/2 (n)>(&)1/2

<@ [ o latmldn+(F [ )T () dy

(m)>(€)1/2
<N QR [ gl ay
<",
where we used that if £ € " and (n) < (€)1/2, then (¢ —n) € T for sufficiently
large [¢]. O

Proposition 2.1.4. If 7 : Q x (R™\ 0) — Q is the natural projection, then
T(WFe(u)) = sing supp(u).

Proof. If xo ¢ singsupp(u), choose ¢ € C3°(€2) such that ¢ = 1 in a
neighbourhood of zy, ¢ = 0 in a neighbourhood of singsupp(u). Then,
pu € C3°(), from which pu € F(R™) i.e. zg ¢ m1(WFq(u)).

Conversely, let 29 ¢ m(WFc(u)). Then, for any { € R™\ 0 there exists
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a function ¢¢, () € C3°(£2) and a conic neighbourhood I, of & such that
@¢, = 1 near zg and @g,u(§) decreases rapidly in I'g,. Due to the compact-
ness of the n-dimensional sphere, let I'¢,,...,T'¢, be a covering of R™ \ 0,
and @¢;,7 =1,..., N, the corresponding functions. Setting

N
v =] e
j=1

we get
pu = (2m) " e ux Py,

Oy = H 'Z3E

J#k

where

for all 1 < k < N. Choosing appropriate conic Fl@ C T'¢; such that

F,gj NS* CTg, j=1,...,N, we see from Lemma [2.1.3 that pu decreases

rapidly everywhere so that pu € C§°(2), i.e. u € C§° in a neighbourhood of
xg, that is, xo ¢ singsupp(u). O

Proposition 2.1.5. Let u € D'(2) and (x0,&) ¢ WFq(u). Then there
exists A = Op(a) € LY(2) such that a = 1 modulo S™ in a conic neigh-
bourhood of (zg, &), and Au € C§°(Q2).

Proof. Since (xo,&0) ¢ WFa(u), there exists ¢ € C°(2), ¢(xp) = 1 in a
neighbourhood of xq, such that @u decreases rapidly on a conic neighbour-
hood of &y. Let x(£) be supported in this neighbourhood, with x(t§) = x (&)
for t > 1, |¢] > 1, and x € C*(92) with x(§) = 1 in some smaller conic
neighbourhood of §y. Then xpu(¢) is rapidly decreasing everywhere, so that
X(D)(p(x)u(z)) € C. Then, if h € C5°(Q), h(z)x(D)(p(z)u(x)) € C5°(2).
Choosing h such that h = 1 in a neighbourhood of xy we get that the op-
erator A = Op(a) := h(z)x(D)p(z) satisfies all the required conditions,
since
a(z, &) ~ h(z) Y Do()0gx(€) € SA(Q).

a>0

O]

Lemma 2.1.6. Let v € &'(R™),x € S™. Then, if dist(z,suppv) > 1, we
have, for all N € N, |z| > 1,

D X(D)v(x)| < Canlz| ™.
Proposition 2.1.7. Let u € £'(R2), (z0,&) € 2 x (R™\0), and an operator

A € L7 (€) with principal symbol o(A). Then, if o(A)(xo,&) # 0 and
Au € C*®(Q), we have (zg,&) € WFq(u).
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Proof. Since o(A)(zo,&0) # 0, by the standard parametrix construction in
a conic neighbourhood of (z,&) (see, e.g., [Shu0l]), we obtain an opera-
tor B € L"(£) such that BA = Op(c) and ¢ = 1 modulo S™° in this
neighbourhood. Since also BAu € C*>°(2), up to replacing A by BA we may
assume, without loss of generality, A = I mod ST in the same neighbour-
hood of (zg,&).

Let x = 1 in a neighbourhood of &, x € C*°(R™), and x (&) homogeneous of
degree 0 in £ for |{] > 1. Let ¢ € C§°(R™), ¢ =1 in a neighbourhood of z,
and the supports of ¢ and x be chosen so that

p(z)x(§alz,§) = p(z)x(§)  modS™.

From this we obtain
X(D)pA —x(D)p € L™, (2.2)

and by x(D)pAu € C*(9), it follows from ({2.2)) that

X(D)pu € C*=(R"). (2.3)
Using (2.3) and Lemma we obtain that
x(D)eu € S (R"), (2.4)

from which it follows that x(§)pu(§) € (R™) and, in particular, that pu
decreases rapidly in a conic neighbourhood of &y, i.e. (zg,&) ¢ WFq(u), as
claimed. ]

Definition 2.1.8. Let A € L7}(£2). We say that A is non-characteristic at
(x0,&0) € T*Q\ 0 if 0(A)(zo,&0) # 0, where o(A) is the principal symbol of
A.

Remark 2.1.9. The previous Definition 2.1.8 makes sense from the 1-1 cor-
respondence between a classical pseudodifferential operator and its principal
symbol. See [KG82| or |[Cor95] for details.

Remark 2.1.10. One can alternatively define WFj(u) as the complement
of the set of points (zg,&y) such that there exists a pseudodifferential op-
erator A € LY%(€2), non-characteristic at (zo,&p), such that Au € C>(1Q).
Proposition and Proposition show that this definition and Defi-
nition [2.1.1] are equivalent.

We now recall the concept of classical characteristic set

Definition 2.1.11. Let A € L7}(Q2), m € R. The classical characteristic set
of Ais
Chara(A) = {(z,£) € 2 x (R"\0) : o(A)(z,§) = 0}.
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We have

Theorem 2.1.12. Let u € D'(Q2). Then

WFq(u) = (] Char(A).

A€l (Q)

AueC®
Proof. Let (x0,&0) ¢ WF¢(u). Then, from Proposition we can find
A€ LY(Q), Au € C*, such that o(A)(zo,&) =1 in a conic neighbourhood
of (x0,&o), i.e. (xo,&) ¢ Charg(A).
Conversely, let A € LY(Q), Au € C* and (z, &) ¢ Charq(A4). By replacing
u with yu, for an appropriate cut-off x € C5°(£2), we can assume, without
loss of generality, that v € &'(2). Then, from Proposition we get

(w0,&0) & WFq(u). O

It is now interesting to compare, for given operators A, the sets WF(Au)
and WF¢(u). An operator is microlocal, if WFq(Au) C WF¢(u). We have

Theorem 2.1.13 (Microlocality of pseudodifferential operators). Let
u € D'(Q) and A € L7(Q2). Then,

WF (AU) C WEq (u) :

Proof. Let (z9,&) ¢ WF(u). Then we can find an operator B = Op(b) €
LY (9) such that Bu € C*°(9) and b =1 modulo S~ in a conic neighbour-
hood U x I of (x0,&p). By standard construction, cfr. [Shu01|, we can find
B1 = Op(b1) € LY(9) such that B + By is elliptic, and

supp(by —r)N(U' xT') Cc (@ x S™), 1€ S™(Q),

with zg € U’ C U open, § € I C I" open and conic. Let P € LY() a
parametrix of B 4+ By, that is

I-P(B+B)=RecL™>(Q).

Then
Au = APBju+ APBu+ ARu, (2.5)

and ARu € C*°(Q2) because R is smoothing, while APBu € C*(Q2) because
Bu € C>*(Q). Finally, take x € C§°(2), suppx C U’, x(zo) # 0, and
€ CP(R™), suppyy C IV, (&) =1 for £ e T C TV and €] > [&] > 0, T
open and conic. Now, setting A1 = Op(a;1) with a;(x,§) := x(z)¥(§), we
have A1 € LY () and o(A41)(z0,&) # 0. The support properties of a; and
by imply that AyAPB; € L=°°(Q2). Thus, from , we get that Ay Au €
C>(Q), and from Proposition it follows that (xo,&0) ¢ WFq(Au). O

As a direct consequence, we get



18 Wave front sets

Corollary 2.1.14 (Pseudolocality of pseudodifferential operators).
Let u € D'(2) and A € L}(2). Then

sing supp(Au) C sing supp(u).
Proof. By Theorem [2.1.13] it follows, trivially,
sing supp(Au) = 7(WFq(Au)) € m(WF(u)) = sing supp(u).
]

The next result gives “an estimate” of WF(u) in terms of WF(Au) and
Charg(A). That is, if u is a solution of Au = v € D'(R), its wave front set
depends on the characteristic set of A and wave front set of the datum wv.

Theorem 2.1.15 (Microellipticity of pseudodifferential operators).
Let u € D'(Q2) and A € L}(Q2). Then

WF(u) € WF(Au) U Charg(A).

Proof. Let (x0,&0) ¢ WFa(Au) U Charg(A). Then, by Proposition
we can find an operator P = Op(p) € L%(Q) such that PAu € C*®(f2) and
p=1 modulo ST in a conic neighbourhood of (zg,&). But then, from

Proposition it follows that (xo,&y) ¢ WFq(u), since o(PA)(xg,&) =
o(P)(wo, &) - ( )(0,&0) # 0. O

Corollary 2.1.16. Let u € D'(Q2), A € L} (), with A elliptic. Then,
WFd(Au) = WFCI(U).

Proof. We already know that WF¢(Au) € WF(u). Conversely, since A in
elliptic, there exists B € L_"(£2) such that BA — I = K € L™°°(2). Thus,

WF(u) = WFq((BA — K)u) € WFq(BAu) U WFq(Ku)
C WFy(Au) U = WF(Au).

We conclude the section with some examples.

Example 2.1.17. Let us compute the wave front set of 5950, xg € R™. Taking

¢ as in Deﬁmtlon around z’ € R™, we have qﬁéxo = qb(xo) =0if 2/ # x0.
Conversely, for ' = xy, we have

(B0, ) = (89> $B) = (@0)P(0)
= $(x0) = / (e de = (00 ).

Since e~™0¢ is not rapidly decreasing in any conical subset of R?, we con-
clude that

WF1(0z,) = {zo} x (R"\ 0).
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Example 2.1.18. Let A € L7}(Q2), and K4 € D'(Q x Q) its distributional
kernel. Then

WFa(Ka) € A{(z, 2,8, =€) : (z,) € 2 x (R"\ 0)}.
The proof of this fact can be found, for instance, in [Tre80].

2.2 The bi-wave front set

In this Section we establish a notion of wave front set for bisingular operators
in terms of the bisingular calculus, and analyze its properties. In fact, it
turns out to be quite similar to the notion studied in [CMO03| for the SG-
calculus, see also [Mel94,Mel95|. This is not surprising, as there is a strong
similarity in the formulas arising in both calculi. In this Section all bisingular
operators are assumed to be classical, and 1,y will denote two closed
manifolds.

2.2.1 Classical microlocal analysis of bisingular operators

A natural way to start with the analysis of the microlocal properties of
bisingular operators is to estimate their distributional kernel. From Theo-
rem we obtain that the Schwartz kernel of a bisingular operator with
symbol a is defined by the oscillatory integral

KA(HH, T2, Y1, yz) _ / ei(:c1-y1,xz—yz).(&,fz)a(xl’ $2,§1,§2)dfld§2-

Rn1+n2

The Schwartz kernel Theorem states the following smoothing property:

Proposition 2.2.1. A linear map D'(£21 x Q2) — D'(21 x Q) is actually
a mapping D/'(Q1 x Q3) — £(Q1 x Qg), i.e. smoothing, if and only if its
distributional kernel is in £((£21 x Q2) x (21 x 22)).

Therefore, pseudodifferential operators with symbols in S~ and bisingular
operators with symbol in S7° 7% are smoothing. As the prototype of a
bisingular operator is the tensor product of two pseudodifferential operators,
it makes sense also to define what is meant by an operator that is smoothing
in one set of variables only.

Definition 2.2.2. We define C*>° (1, D'(22)) as the set of all u € D'(Q; x
) such that for each f € D(2), the distribution D'(21) > u(g ® -) :
g — u(g® f) is actually a smooth function. Correspondingly, we can define
C®(22,D'(Q7)).

We can now list the mapping properties of bisingular operators on these
spaces, following the ideas in [Tre67].

Lemma 2.2.3. e Bisingular operators map the spaces C*°(21,D'(Q2))
and C>®(Q, D'(€)) into themselved}

1'We recall that Q; and Q2 are closed manifolds, hence D'(€;) = £ (%), i = 1, 2.
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e Let a € S7°™. Then, the bisingular operator Op(a) maps D’(£2; xs)
to C°(Q, D' (Q2)) and C*(Q2,D'(21)) to C°(2; x Qo).

e Let a € S™ . Then, the bisingular operator Op(a) maps D’ (21 x2)
to COO(QQ,D/(Ql)) and COO(Ql,D/(QQ)) to COO(Ql X QQ)

The following Lemma (see e.g. [GS94]) indicates how the singularities of a
distribution transform under the action of a linear operator in terms of the
singularities of its kernel.

Lemma 2.2.4. Let K € D'(Q2; x 3), and denote by the same letter the
corresponding operator K : C5°(Q2) — D'(21). Set

WEF'(K) == {(z1, 22,81, —&) € T (1 x Q2) \ 05 (z1, 22, &1, &2) € WFa(K)},
WFq, (K) := {(21,&) € T" \ 0; Iy € Qo with (21,y,£1,0) € WF'(K)},
WFq, (K) = {(22,&) € T"Q2 \ 0; Tz € O with (z,22,0,&) € WF'(K)}

Then, if u € £'(Q2) and WF¢y(u) N WFg, (K) = 0, we have
WF(Ku) C (WF'(K) o (WFq(u))) UWFg, (K),

where we considered WF/(K) as a relation.

Remark 2.2.5. From the previous Lemma we can obtain an alternative
proof of the microlocality of pseudodifferential operators. In fact, if K is
the kernel of a pseudodifferential operator A on 2 = 1 = 9, then

WF, (K) = 0 = WFg, (K),
and, from Example
WF(K) € {(z,2,£,-¢) : (,€) € 2 x (R"\ 0)}.
Hence, from Lemma we get WF(Au) C WF(u).
We now study the microlocal properties of bisingular operators.

Example 2.2.6. Consider £ = 29 = R. We further choose positive ¢, ¥ €
C5°(R). Now, define the pseudodifferential operator Ty on Cg° (R) by

Ty(f) = ¢ f.

Then, the operator A := Ty ® I is a tensor product of two pseudodiffer-
ential operators, and thus a bisingular operator on R?. Now, consider the
distribution v = 1 ® §, which has the following wave front set:

WF(u) = {(21,0,0,8)| z1 € supp(), & € R\ 0}.
Then, it is easy to see that
WFCI(AU) = {(l‘la 07 0752)’ T € (SUPP(Q/)) + Supp(¢))a 52 eR \ 0} ;

thus WF(Au) D WFj(u). The example can be similarly given, using local
coordinates, on a product of two closed manifolds.
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The previous example shows that, in general, bisingular operators do not
have the microlocal property. Let us start considering the model case of
a tensor product of two pseudodifferential operators. For that, we use the
following well-known estimate for the wave front set of a tensor product of
distributions (cf. e.g. [Hor83|):

Lemma 2.2.7. Let u € D'(Q1), v € D'(Q2). Then,

WFa(u®v) € (WFe(u) x WFq(v)) U ((supp(u) x {0}) x WFq(v))
U (WFa(u) x (supp(v) x {0})).

Example 2.2.8. Let A € L™ (), B € L"™2(€Q2). Then, the kernel of the
bisingular operator A ® B € L™1™2(Qq, () is given by K = K4 ® Kp.
From Lemma 2.2.71 we have

WFu (K4 ® Kp) C (WFa(Ka) x WFa(Kp))
U (1 x Q1 x {0}) x WFq(Kg))
U (WFa(Ka) x (22 x Q2 x {0})).

We know, from Example [2.1.18] that

WFC](KA) - {((L’,(IZ,&, _f) : (.T,f) € Ql X (Rnl \O)}

If follows
WEF (K4 ® KB) C {(z1, 22,1, 22,&1,&2, &1, —62) }
U{(z1,2z2,y1,22,0,&,0, =)}
U{($1,$2,$1,y2,€1,0, _glao)},
that is

WFq(Ku) C {(x1,22,&1,&) € WFq(u)}

U{(x1,22,0,&); (y1,22,0,&2) € WFq(u)}
U{(z1,22,&1,0); (1,92,&1,0) € WFe(u)} = WFq(K) o (WFq(u)),

which is precisely the relation of Lemma given the fact that in our
case WFg (K) = 0.

The approach of the previous Example [2.2.8seems promising, but it strongly
relies on the computation of the distributional kernel and its singularities in
the sense of the classical Hormander’s wave front set. It is far more desirable
to have a notion of singularities in terms of the actual bisingular calculus.
This will be provided in the next subsection.
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2.2.2 Microlocal properties of bisingular operators

While being the description that naturally arises when analysing the kernels
of bisingular operators, the notion of classical wave front is not defined in
terms of the bisingular calculus, but indeed with respect to the pseudodif-
ferential one. It is the appropriate to provide a definition of wave front set
that takes into account with the peculiar aspects of bisingular calculus.

Definition 2.2.9. Let u € D'( x Q). We define WF;(u) C Q1 x Qg X
(R™1+72 1\ () as

WE,; (1) = WF(u) UWF; (u) UWF (u),
where

o (21,72,£1,0) is not in WF] (u) if there exists A € LY%(Q1), non-
characteristic at (z1,&), such that

(A® Iu € C®(Q, D' (Ds)); (2.6)

o (71,79,0,&) is not in WFZ(u) if there exists A € LY(Q2), non-
characteristic at (xg,£2), such that
(I ® A)u € C>(Qa, D'(1)); (2.7)

o (11,29,61,&), &€& # 0, is not in WFL2(u) if there exist A; €
LY (€2;), non-characteristic at (x;,&;), i = 1,2, such that

(Al X Ag)u S COO(Ql X Qg) (28)
(A1 & I)’U, S COO(Ql,D/(QQ)), (29)
(I & AQ)U S COO(QQ,D/(Ql)) (21 )

Remark 2.2.10. Notice that conditions and do not follow from
([2-8). Take, for instance, u € D'(RxR), u = 6(z —1)d(y + 1) and 3 smooth
such that ¢ =1 for z > 1/2 and ¥ = 0 for < 0. Then, (¥ (x) @ (y))u =0,
as (1,—1) ¢ supp(¢ ® ¥). However, for g € D(R) with g(—1) # 0 we have
(Y(z) @ INu(- ® g) = §(z — 1)g(—1), which is not smooth.

We have the following inclusion result:

Lemma 2.2.11. If a point (29,29,¢7,£9), |€9]1€9] # 0, is not in WFLZ(u),
then it is not in WF¢j(u).

Proof. The proof is a variant of [Hor91], Proposition 2.8. By definition,
there exists A4 := A1 ® Ay € LO%0(Q; x Qg), with o'2(A4)(29, 29, €0, £9) # 0,
such that Au € C®( x 23). Now take a (DO symbol) 1 € LY (1 x )
such that
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a) on the support of 1 we have (£1) < (2) < (&1);
b) 1 is non-characteristic at (29,29, &9, £9).
Then, the (bi-singular) operator product
B :=(x1,x9, D1, D3) o A(x1,x2, D1, D2)

yields a pseudodifferential operator of order 0, plus a smoothing remain-
der, by virtue of the above inequality on the support of ¥ and the symbol
expansion in Theorem [1.2.13] It has the following properties:

a) its principal symbol is - 0'2(A4), and thus it is non-characteristic (in the
sense of WDOs) at (29, 29,£7,£9) and of order zero;

b) Bu = 1/1(1'1, X9, Dl, DQ)A(wl, X9, Dl, Dg)u e C°.
This proves the claim. O

Remark 2.2.12. Lemma asserts that in the conic region where both
covariables are non-vanishing we can pass from bisingular to pseudodiffer-
ential calculus by multiplying by a ¥DO. This has the consequence that the
two operator classes have similar microlocal properties (with respect to the
classical wave front set) in that region.

Definition 2.2.13. Let g € S™, and choose a positive function ¢ € C*°(S")
with ||¢]lcc = 1 and ¢ = 1 in a neighbourhood of zj. Denote by é the
homogeneous extension of ¢ to R™ \ 0, and consider an excision function
X € Cg°(R™). The function

~( x
vlo) = x@)i ) € (R,
is called conic localizer around xg. For further details on this construction,
see, e.g., [Mel04].

The following Lemma gives a similar interpretation of the remaining compo-
nents, illustrating the loss of localization of singularities already encountered
in the previous section.

Lemma 2.2.14. Let u € &'(Q1 x Q), (29,&Y) € Q; x (R™ \ 0). If for
all y € Qy we have (29,y,£9,0) ¢ WF(u), then, for all y € Qs we have
(29,9,€9,0) ¢ WFL.(u). Similarly, if for all z € Q; we have (x,29,0,£9) ¢
WF(u), then, for all z € Q; we have (z,29,0,£9) ¢ WFZ,(u).

Proof. We prove only the first claim, since the proof of the second one is
similar. Take (29,y,£%,0) ¢ WF.(u). Then, there exists a cut-off ¢ €
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C5° (21 x §2) and a conic localizer ¢, € C®(R™*"2), non-vanishing in a
(conic) neighbourhood (9, y) and (£9,0) respectively, such that

Vy(€15€2) F (a1 o) (61,62) {021, 2)u} € F/(R™MTT2).

As this holds true for any y, due to the compactness of the support of
u, there exists a cut-off ¢ € C3°(€21) such that, for some conic localizer

w c COO(R”1+"2),
¢(£17§2) (z1,22)— (§1752){¢($1)u} € y(RnH—nz).

We can then find a conic localizer ¢; € C*°(R™), non-vanishing around &7,
such that (1) F (g, wo)s(er,e){0(@1)u} € CP(R™H"2) is rapidly decaying
with respect to the first variable & for fixed £, and polynomially bounded
everywhere, by the Paley-Wiener-Schwartz Theorem. Define A € LY (1) to
be the operator

Au(yr) = ]-*gl'l_)yl (0 (§1)Farmse {G(21)u}.

By the assumptions on ¢ and 7, A is non-characteristic in the sense of
pseudodifferential operators at (2, £Y). Taking f € D(Qy), we find that [(A®

Daul(f)(@1) = Fo Ly (W) F iy o)1 ) {0 (y1)u}, f) is a smooth function,
which means (A ® Iu € C*(21,D'(Q2)), as claimed. O

Proposition 2.2.15. Let u € £'(Q x Q3). Then
WFbi(u) =0 uc COO(Ql X Qg)

Proof. Assume WF;(u) = (. Then, in view of of Lemma we have
WFq(u) N A{(z1, 22,81, &2)| : |&1]|&2| # 0} = (0. Thus, u is rapidly decaying
on any ray R - (£1,&2) where [&1][&2] # 0.

Since WF,;(u) = 0, for each (z1,2,£1,&) we can find A € LY(Q;) non-
characteristic at (x1,&;) such that, by Lemma for any

B e Lm’ioo(Ql X Qg),
we have
B(I ® A)u € C™(21 x Qo).

By compactness and a parametrix construction, see e.g. [Shu01], we can thus
conclude that, for all

B e Lm’foo(Ql X Qg),

we get
Bu € C™( x ).

Now, choose ¢ € C§°(21 xQ2) with ¢ = 1 on a neighbourhood of the support
of u, and define b(x1, x2,&1,&2) = o(x1,x2) f(§2), with f € #(R™2). Then

S (R™+"2) 5 F(Bu) = F (b(21, 22, D1, D2)u) = (1® f)a.
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As f was arbitrary and rapidly decaying, this means that u must already be
rapidly decaying in the first variable. A repetition of the argument for the
second variable proves the assertion. ]

By the same arguments used in the proof of the previous Proposition [2.2.15
we get:

Proposition 2.2.16. Let u € £'(Q; x Q3). Then,

WFL(u) = 0 & u € C®(Q,D'(Q));
WFZ (u) = 0 & u € C°(Q2,D'()).

Remark 2.2.17. Notice that u € C>®(Q,D'(22)) (C>®(Q2,D'(21)) does
not imply that u € C®(Q; x Qz). Following [Tre67], a counterexample
is, for instance, 6(x; — x3). The additional regularity needed such that
u € C*®(21 x Q9) is therefore, by Proposition encoded in WF{2(u).

The bisingular wave front set has the following properties:
Proposition 2.2.18. Let u, v € D'(Q x Q2), f € C®(Q x Q).

e WF,;(u) is a closed set and conic, jointly, with respect to both covari-
ables.

o Let Q) = Qy = Q. Define, for u € C*°(2 x Q), Au(x1,z2) = u(x2, x1).
Then, we can define the pull-back A* by duality as an endomorphism
on D'(2x Q). We have (z1,x2,&1,&2) € WF,(Au) < (22,21, 8&2,&1) €
WE; (u).

o WE,;(u+v) C WF;(u) UWFy;(v); WF;(fu) € WFy;(u).

Remark 2.2.19. These properties are quite similar to the corresponding
ones of the SG-wave front set, examined in |[CMO03|. This is not very sur-
prising, as the bisingular calculus is formally very similar, in its definition,
to the SG-calculus, through which the SG-wave front set is introduced. We
will explore this connection in Section

Lemma 2.2.20. Let C' € L™"™2(Q; X Q9), u € D'(Q1 x Q2). Then,
WEF} (Cu) € WE(u).

Proof. Let (x1,29,&,0) ¢ WFL,(u). By definition, there exists A € LY (Qy),
non-characteristic at (z1,&1), such that (A ® Iu € C®(2,D'(Q2). In
particular, by Lemma we have for all B € L™ (0 x Qg), that
B(A ® I')u is smooth. By the standard pseudodifferential calculus, we can
find A’ € LO(;) such that A + A’ is elliptic in the sense of pseudodiffer-
ential operators and such that the symbol of A’ vanishes on a conic neigh-
bourhood T of (x1,&1). We thus have a parametrix P € LY(;) such that
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P(A+ A')=1— R with R € L™°({).
Take H € L%(£2;) such that H is non-characteristic at (x1,&;) and such that
the symbol of H vanishes outside a proper subcone of I'. Then we have:

(HoCu=(H®)C((P(A+A)+R)@I)u
=HNC(PRN(A® Nu+ (H®I)C(PA @ Iu+

The first summand is in C*(Q1,D’(Q2)), due to the definition of A. The
second, in view of the symbol expansion given in Theorem [1.2.13] using
the support properties of the symbols of H and A’, gives an operator in
L0, Finally, the third one is in C>®(Qy, D’ (22)), as R € L=°0 is already
a smoothing operator in the first variable. This proves the claim. O

Lemma 2.2.21. Let C € L™0™2(Q) x Q9), u € D'(21 X Q2). Then we have
WF{2(Cu) € WF2 (u).

Proof. Let (w1,72,£1,&) ¢ WF{2(u). Then, by definition, we know that
there exist A; € Lgl(Qi), non-characteristic at (z;,&;), ¢ = 1,2, such that

(Al ® Ag)u S Coo(Ql X Qg),
(A1 @ Iu € C®(Q1,D'(Q2)),
(I ® As)u € C®(Q, D'(1)).

By the standard pseudodifferential calculus we can thus find A} € LO(;),
such that A; + A} is elliptic in the sense of pseudodifferential operators and
such that the symbol of A vanishes on a conic neighborhood T'; of (z;,&;),
i = 1,2. We then have two parametrices P; € LY(€);), i = 1,2, such that

(PL® Py)((A1+ A @ (A + A3)) =TI @ T~ Ri @I — I ® Ry — R1 ® Ry,
=R

with R; € L=°°(£;), i = 1,2. Now, choose H; € L°(Q;) such that H; is non-
characteristic at (z;,&;) and such that the symbol of H; vanishes outside a
proper subcone of I';, ¢ = 1,2. Recall that, by the standard pseudodiffer-
ential calculus, if two operators have symbols with disjoint supports, their
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product is a smoothing operator. Then, using Lemma [2.2.3
(H1 ® Hy)Cu =
(H1 ® H2)0<(P1 ® Po)((A1+ A) ® (A + AY)) + Ry @ T +1® Ry + R>u

= (H1 ® Hy)C(Py ® P2)(A; ® Ao)u+ (Hy @ H2)C(P1 ® Py)(A] ® Ag)u

€C>®by eq (2.8) €C>®by and by the support of H1,A]
T (Hy @ H)C(P # Pa)(Ay @ Aut (Hy @ H)C(Py @ Pa)(4} @ Au
€C>by (2.9) and by the support of Ha,A, €C>by the support of Hy,Ha,A],Al

+ (H1 X HQ)C(Rl ® I)u + (H1 X® HQ)C(I X RQ)U + (Hl (9 HQ)CR’LL
—_———
€C>®because REL,—°:—>

= (Hl &® HQ)C(Rl X I)u + (Hl &® HQ)C(I X Rg)u mOdCOO<Ql X QQ)

Now, without loss of generality, we proceed with the calculations only for
the term (H; ® Hy)C(R; ® I)u. We have

(Hy ® H2)C(Ry @ Iu = (H; ® H3)C(Ry ® (P2(Az + A5) + Ro))u
= (H; ® H)C(R1 ® Po)(I ® A2)u
€C>®by
+ (Hy ® H2)C(R1 @ Po)(I @ AS)u
€C>by the support of Hy, A}
4 (Hy ® Hy)C(Ry @ I)(I ® Ra)u € C(y x Qa),

€C>®because REL—°:—

therefore (H1 ® Hy)Cu € C*° (21 x Q2). With similar computations, one can
check that

(Hy @ I)Cu € C*(Q1,D'(Q)),
(I ® HQ)CU S COO(QQ,D/(Ql)),

and this proves the claim. O

The previous Lemmas leads to the next Proposition |2.2.22] dealing with the
microlocality of bisingular operators. It means that this definition of wave
front set is indeed suitable for the calculus of bisingular operators.

Proposition 2.2.22 (Microlocality of bisingular operators). Let C €
Lmem2 (g x Qy), u € D'(2; x Q). Then we have WF,(Cu) C WFy;(u).

Proof. The claim follows directly from Lemma [2.2.20] and Lemma [2.2.21
recalling Definition [2.2.9] O
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2.2.3 Microelliptic properties of bisingular operators

From the previous Proposition [2.2.22] we can conclude that bielliptic oper-
ators preserve the bi-wave front set:

Corollary 2.2.23. Let A € L™™2(Q, Q) be bi-elliptic. Then WF,;(Au) =
WF,, (u).

Proof. One inclusion follows directly form Proposition [2.2.22] The other
follows arguing as in Corollary [2.1.16] O

Next, we study the microellipticity properties of bisingular operators. To
this aim, we need a suitable definition of a characteristic set. As in Definition
Q1 and 5 are closed manifolds.

Definition 2.2.24. Let B € L"™"™2(Q;,Q9) and vy = (zg, &) € Q1 x (R™\
0). We say that B is not 1-characteristic on V := 7, ' (vo) := {(z0, y, &, 0) :
y € Qo}if

1. for all v € V there exists an open conic neighbourhood © of v such
that o'2(B) # 0 on © \ (RTv);

2. o!(B) € L?(p) is invertible with inverse in L™?({23) in an open
conic neighbourhood I' of vy.

Let Charl;(B) be the set of all V such that B is I-characteristic at V.
We define Charg,(B) similarly for W := 7y ' (wp), wo € Qo x (R™2\ 0), by
exchanging the roles of o' (B) and ¢%(B). Finally, we define Char{?(B) as
the set of points z = (11,22, &1, &), |€1]€2] # 0, where 0'2(B)(2) = 0. Set

Chary;(B) := Char{,(B) U Char;(B) U Char{?(B).
Remark 2.2.25. B is bi-elliptic if and only if Char,;(B) = 0.

Remark 2.2.26. As consequence of Remark|[2.2.25] an equivalent definition
of WFy;(u) is the following one:

WF%i(U) = m Charlloi(A o),
S—
AeLY (@) r -
(A®I)“€C°°1(911777/(92)) Chare1(A4) x (22 x(R"2\0))
WEE (u) = N Char?,(I'® 4),
S—
ALY (02) - -
(I®A)UGCOOI(QQ2,D/(QI)) (Ql X (R 1 \0)) % Ch CI(A)
WF (u) = N Charl2(A; ® As).
A€l ()
(A1®A2)ueC>
(A1 @I ueC>®

(€21,D' ()
(I@AQ)’LLGCOO (QQ ,D/ (Ql)

-
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Operator A Chari, (A) Char?,(A) | Chari?(A)
Il 0 0 0
“ART+1®(-Ag) QO xRM x {0} | @ x {0} xR | QxR
—A1 ® (—Ay) QxR x {0} | 2 x {0} x Ry2 0
(—A1+ 1) ® (—Ag) Q x R x {0} 0 0
(A 1+ 1)@ (A +1) 0 0 0
(A1 + D)@ (—Ay+ 1) 0 0 0

Table 2.1: Chary;(A) for model cases of bisingular operators

With the definition of Char,;(u) we can review the model cases of Table
into the next Table setting R = R™\ 0, Q = Q; x Q9 and R12 =
R x R72,

Lemma 2.2.27. Let C' € L™"2(Q;, Q) be such that
Chart;(C) N (I x Q9 x {0}) = 0.

Let a € SY(Q4) have support in a closed cone I' and be non-characteristic
(in the sense of ¥DO) in I'?. Then, there exists H € L™=™1:"™2(Qy, Q) such
that

HC=A®I-R,

where R € L0,

Proof. The requirements on the support of a mean precisely that C' is el-
liptic with respect to a in the sense of |[Cor95|, Theorem 2.3.3. Therefore,
by the classical calculus of pseudodifferential operators, we can find a sym-

bol b € S™™1:7™2 guch that for all fixed (z2,&2) the operator B(zg,&2) =
b(x1, 22, D1,&2) is a local parametrix with respect to a namely,

B(x3,&) 0*(C) (w2, &2) = R(w2,&) + (A® 1)(22,&),

where R(.CCQ, DQ) € L_OO’O(Ql, QQ) and B(xg, Dg) e Lmmm2 (Ql, QQ)
Define H as the operator with symbol

h = 1#1 (3717 gl)am1;'bm1;~ + ¢2(.%'2, {2)a';m26:7]ﬁz
— 1 (21, &)¥2(22, €2) Amyima Comt sy -

Using the calculus and Theorem [1.2.13] it is straightforward to check that
H matches the requirements. O

Lemma 2.2.28. Let C' € L""2(Qq x Q9), u € D'(21 X Q). Then we have

WFL (u) € Chariy(C) UWFL (Cu).
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Proof. Let (21,29,&1,0) ¢ Char,(C) UWFL (Cu). Then, there exists A €
LO(©Q;) such that (A ® I)HCu € C*>(Q4,D'(s)), with H as in Lemma
2.2.27 due to microlocality of H (see Proposition [2.2.22). Then we find

(A2@Du= (A )R- HC)u

=(A®I)Ru— (A® I)HCu eC™.
—— N————
€L—o00 €C>(Q1,D’(22)) by assumption on A
Using Lemma [2.2.3| on the first summand, this proves the claim. ]

Using the previous Lemma|2.2.28] we obtain the microellipticity of bisingular
operators with respect to the components WF(, (u) and WFZ, (u) of WFy; (u).

Proposition 2.2.29. Let C' € L"™™2(Q,Qs), u € D'(Qy x Q2). Then
WF;(u) C Charl;(C) UWFL,(Cu), i=1,2.

It is remarkable that we do not obtain full microellipticity, i.e. with respect
to the WFll)iQ—component. This can be seen through the following example.

Example 2.2.30. Consider C = —A® (-A), u = 6 ®1+1® . Then
Char{?(C) = § and Cu = 0 € C®(Q x ), i.e. WF2(Cu) = (. Take
any Aj non-characteristic at (0,&1), & # 0. Then (41 ® Iu = (416) ® 1,
which is never in C*°(Qy, D’ (Q2)). This means that WF{?(u) is non-empty,
because the requirements fail to hold. By a similar argument, one can
show that also the requirements are not satisfied.

Remark 2.2.31. The problems encountered in Example [2.2.30] could be
circumvented by imposing stronger invertibility conditions in the definition
of Char{?(A). This would, however, break the characterization of the wave
front set in Remark[2.2.26] and lead to a loss of local information. Moreover,
it would yield no additional interesting cases, compared to those already

covered by Corollary [2.2.23

With our definition we have instead the following Lemma, which can be
regarded as a microellipticity result for the 12-component of Definition 2.2.9
for operators given by a tensor product.

Lemma 2.2.32. Let C; € L7*(Q;), i = 1,2, u € D'(Q1 x Q). If
(w1, 32,1, 82) ¢ Charf(C1 ® Cy) UWF((C1 © Co)u),

there exist operators H; € L°%(£;), non-characteristic at (z;,&;), i = 1,2,
such that (H; ® Ho)u € C> (1 x Q2).

Proof. By the standard pseudodifferential calculus we can choose B; €
L™ (€;) non-characteristic at (z;,&;), ¢ = 1,2. Then the product B;C; €
LY (€;) is non-characteristic at (z;,&;), i = 1,2. Proposition and the
definition of the bi-wave front set guarantee us the existence of 4; € LO(€2;),
non-characteristic at (z;,&;),i = 1,2, such that (A; ® Ag)(B1C1 ® BoCo)u €
C>® (21 x Q9). Therefore H; := A;B;C;, i = 1,2, fulfill the claim. O
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2.3 The SG wave front set

In this section we will compare the bisingular calculus with the so-called SG
calculus, introduced on R™ by H. O. Cordes |[Cor95] and C. Parenti [Par72],
see also R. Melrose [Mel95|, Y. Egorov and B.-W. Schulze [ES97], and E.
Schrohe [Sch87|. SG calculus is a global calculus obtained from the classical
calculus by treating the variables and covariables equivalently, that is, by
imposing on the symbols similar estimates as in bisingular calculus. These a
priori formal similarities lead to interesting similarities in the calculus and in
the analysis of singularities. However, the two calculi also differ in important
aspects, as we will point out throughout the section.

Definition 2.3.1. A function a(z,&) € C®(R??) is called a SG symbol
belonging to SG*™(R™) := SGH*™ if, for every «, 3 € Z, there exists a
constant C, g > 0 such that

D2 DY a(x,€)| < Co,p(E)" 17 (z)m 1l

for every x,£ € R™. A SG pseudodifferential operator is an operator of the
form

Au(x) == /em'é a(z,§)u(§) d¢, ue S (R"),

and the class of operators with symbols in SG*™ is denoted by LG*™.

A symbol a € SG*™ is called SG classical if it admits a homogeneous ex-
pansion with respect to &, for |{| >> 1, a homogeneous expansion in z,
for |x| >> 1, and the two expansions satisfy certain compatibility condi-
tions. We refer here to [Cor95,|ES97] for a precise definition of classical SG
symbols. We limit our attention (in this context) to classical operators, i.e.
such that their symbols are SG classical. As usual, one proceeds to develop
a calculus for these operators. As every classical SG operator A is also a
classical pseudodifferential operator in the Hormander calculus, it admits
a principal symbol ¢¥(A), homogeneous in the covariable. In addition, by
exchanging the roles of the variables and covariables, one obtains a symbol
0¢(A), homogeneous in the variable . The two functions satisfy a compat-
ibility condition, i.e. that there is a third, bihomogeneous principal symbol
component c¥¢(A), the leading term of the corresponding expansions of the
1 and e-symbols. The principal homogeneous symbol of the operator is then
the couple (6¥(A),0¢(A)) which gives rise to the principal symbol

Sym,(,€) = ¢y (€)0¥ (A) + de(2)0(A) — dy (@) de(€)0"*(A),

where ¢, x = ¢, e, pe, are 0-excision functions.
So far, this is very similar to the bisingular calculus, but the expansion
formula for the symbol of a product is in fact a lot simpler. The operator
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compositions arising there are not present, and the composition formula is
just the one corresponding to the c!2-term in Theorem This leads to
a definition of ellipticity close to our notion of 12-ellipticity, as no such thing
as full invertibility of the symbols as operators is needed in the parametrix
construction.

Definition 2.3.2. A symbol a € SG*™ is SG-elliptic if there exist constants
R,C1,C5 > 0 such that

C1 ()M (@)™ < a(z, §)] < Co(§)(2)™
when |z| + [¢] > R.

With this notion of ellipticity, we have the Fredholm property, i.e. an SG-
elliptic operator admits a parametrix in the calculus. Another important
aspect to notice is that in the context of the SG calculus we have the fol-
lowing property of the commutator of two operators.

Proposition 2.3.3. Let p € SG™#(R"), ¢ € SG"(R™). Then the commu-
tator [P, Q] := PQ — QP belongs to LG™ "~ Lrtv=1(Rn),

We stress here this relevant difference in comparison with the bisingular
setting, see Corollary and Example The notion of SG calculus
can be used to introduce a concept of global analysis of singularities. In the
sequel, we refer to [Cor95], [CMO03], see also |[CJT13a], [CJT13b|. In [Mel94]
a geometric scattering version of the SG wave front set is studied. First, we
introduce SG characteristic sets and the SG wave front set.

Definition 2.3.4. Let A € LG*™. Define the SG characteristic set of A as

Chargg(A) = Char%’G (A) U Chargg(A) U Charg}é (A),

where
Charly (4) = {(2,) € R x (R"\ 0) : 0%(4)(2,€) = 0},
Char§g(A4) = {(z,£) € R"\ 0) x R" : 0°(4)(x, &) = 0},
Charf§,(A) = {(z,€) € (R"\ 0) x (R"\ 0) : 0¥*(A)(x,€) = 0}.

Definition 2.3.5. Let u € .#/(R"™). Define the SG wave front set of u as

WFsq (u) = WFig (1) U WF§ (u) U WFSS (),
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where

WEF{(w) = ()|  Charf,(A),
AeLGOO(R™)
Aue S (R™)

WF§g(u) = () Char§g(A),
A€ELGYO(R™)
Aue.Z(R™)

WFEG(u) = () Char{G(A).
AeLGO0(R™)
Aue.Z(R™)

This notion has the following properties:
Proposition 2.3.6. Let u,v € .&/(R"), f € /(R™). Then:

1. WFgyq(u) is a closed set and WF ébG(u) is conical with respect to the
covariable &, WF§q (u) is conical with respect to the variable z and
WFqq(u) is conical with respect to both of them, independently;

2. (z,8) € WFyg(u) & (€, —x) € WFgq(Fu);
3. WFgq(u+v) € WFgq(u) UWFgq(v); WFgq(fu) € WFgq(u);
4. WFgq(u) =0 < ue S (R").

It is immediate to notice the similarities, but also apparent differences, with
the bisingular notion:

e Fourier transformation (i.e. exchange of variables and covariables)
corresponds to the exchange of variables x; and x2 in Proposition

2.2.18

e The conical properties of the individual components of the wave front
sets correspond to the homogeneity properties of the corresponding
principal symbol part;

e The global (that is, .-)regularity is of course due to the fact that
SG-calculus imposes bounds on the variables also.

Moreover, SG operators satisfy SG microlocality and microellipticity, namely

Proposition 2.3.7. Let u € %/(R") and C € LG"™*. Then we have the
inclusion

WFSG(C'LL) - WFSG(U) - CharSG(C) U WFSG(CU)
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This again stems from an individual double inclusion with respect to each
wave front set component. A capital difference lies, however, in the structure
of the wave front set. For the components of the SG wave front set one finds

WFgq(u) C (R™ x (R™\ 0)) U ((R"\ 0) x R") U ((R"\ 0) x (R"\ 0)).

Here, the (R” X (R"\O)) > (x,§) component corresponds exactly to singular-
ities at finite arguments z with propagation direction &, the (R" x (R™\ 0))
component yields the same interpretation in the Fourier transformed space
(growth singularities of u become differential singularities of @) and the
((R™\ 0) x (R™\ 0)) component corresponds to high oscillations or lack of
decay present at infinite arguments.

In the bisingular case, new phenomena are present. The 12-component has
the classical interpretation, in the sense that it includes all the ‘classical’ sin-
gularities (see Lemma, but the other components lose some amount
of localization. This is reflected in the structure of the (1- and 2-components)
of the bi-wave front set. In fact,

WFp;(uw) C (1 x Q2) x (R™T72\ 0) = (21 x Q) x ((R™ \ 0) x {0})
U (Ql X Qg) X ({0} X (Rn2 \0))
U (21 x Q2) x (R™\0) x (R"2\ 0)),

where if, for instance, for some z; we have that (z1,z2,0,&) belongs to
WFy,;(u), all (y,x2,0,&) belong to WF,;(u) as well. This is due to the fact
that bi-ellipticity involves true invertibility, i.e. a non-local requirement.
Another difference arises as follows. The 1- and 2-component can be under-
stood as the boundary faces of the 12-component, whereas in the SG case
the Ye-component is interpreted as the corner of the wave front space where
the e- and y-component meet, i.e. the roles as boundaries are interchanged,
see Figure 2.1]

The above observation imply the next result.

Example 2.3.8. Consider the one dimensional case. Following here Exam-
ple 2.7 in [CMO03), there exists a temperate distribution u(z) = ¢#*/2 z € R,
such that WF (u) = ) = WF§q (u) and WFES (u) = (R\ 0) x (R \ 0).
However, there cannot exist a distribution v € £'(Q1 x Q2), 21, Q2 C R, such
that WFL(v) = 00 = WFZ,(v) and WFiZ(v) = Q1 x Q2 x (R\ 0) x (R 0).
This is because WFLZ(v) = Q1 x Qg x (R\ 0) x (R\ 0) is an open set (and
not a clopen set), and WF,;(v) has to be closed.

Similarly © = § ® 1 satisfies WFL,(3) = ({0} x Q) x ((R\ 0) x {0}),
WF2(9) = ) = WFZ,(9), but there cannot exist a distribution @ such that
WF§q(2) =R x (R\ 0) with WF%&(&) = (), again due to closedness .
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3 P pe &2 2 12
WFgq WF¢q lWFbi WE
O 4
WF&q
WF},
X Oo— 51
WFqq WEF;

Figure 2.1: A schematic comparison of the components of WFgo and WF;
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Chapter 3

Spectral asymptotics

In this chapter we will prove an estimate for the spectral counting function
of the tensor product of two pseudodifferential operators. Then, we will
show that the estimate is sharp. In the whole chapter, 0(A) denotes the
spectrum of the operator A.

3.1 Spectrum and functional calculus

We begin recalling some elements of the functional calculus for elliptic pseu-
dodifferential operators.

3.1.1 Complex powers of elliptic operators

Let A be a classical elliptic pseudodifferential operators of order m > 0, over
an n dimensional closed manifold M, and let z € C. In this subsection we
will give meaning to the formula

_ L z . —1
A, = %/FA (A= D)t d), (3.1)

where T' is a special path in the complex plane and the integral is to be
understood in the Dunford-Schwartz sense, see e.g. [DS58].

Theorem 3.1.1. Let A € L}(M), m > 0, be ellipticﬂ, with principal
symbol a,,(z,§). Let A be a closed angle in the complex plane with vertex
0 € C, and set

Ar :={N e A: |\ >R},

R € R. If, for every £ # 0, am,(z,£) does not take values in A, then

a) there exists R > 0 such that A No(A) = (), that is, for every A € Ag
the resolvent Ry = (A — M\ )~! exists and is a bounded linear operator;

"'We recall that A can be extended to a closed, unbounded operator with dense domain
A:H™(M) C L*(M) — L*(M). For details, see [Shu01].

37
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b) the following norm estimate holds true

Cs
I(4=AD o <. Ml’ll, 0<i<m, Xe&Ap,

where || - ||ss4; is the norm in the space of linear continuous operators
from H*(M) to H¥H(M).

Due to the previous Theorem we see that if a,,(z,§) does not take
values in I', we can find R > 0 such that (A — AI)~! exists for every A € Ag.
Moreover, due to the norm estimate, the absolute convergence of the integral
in is granted by R(z) < 0. Thus, we assume

1) am(xz,&) =X #0for £ #0 and A € (—o0,0];
2) o(A)N (—o0,0] = 0.
In what follows, we consider the path I' := —I'y — I's 4+ I', with

Flz’r'eiﬂ— p§T<+OO,
FQ:peio —r<0<m,
Iy =re ™ p<r<+oo,

with p such that o(A) does not intersect the disk |z| < 2p in the complex

plane, see Figure [3.1]

iR

argGZV‘R_p
J ’
argf = —k

Figure 3.1: The path I'.

Since m > 0, the conditions above can always be achieved. In fact, by
Theorem (A — XI)~! exists for every |A| > R, then o(A) # C, thus
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o(A) is discrete, see [Shu01]. Since 0 ¢ o(A), we can always find p with the
required property. Moreover, we can always consider a sector

N={:eC:m—cec<arg(z) <7m+e},
€ > 0, such that
1) am(z,§) = A#0for £ #£0and A € A/,
2") o(A)NA = 0.

From now on, we will always consider sectors A’ with these properties. Then,
again for the norm estimate in Theorem the integral converges
in the operator norm of .Z(L?(M)) if R(z) < 0, and also A, is a bounded
operator on L?(M). Moreover, again due to this estimate, A, converges in
the operator norm of .Z(H*(M)), for arbitrary s € R, and maps H*(M) to
itself. Hence, this implies that A, maps C*(M) as well as D'(M) to itself,
since

€ (M) = (\H(M)

and
D'(M) = JH (M).

Proposition 3.1.2. a) For £(z) < 0 and R(w) < 0, A, has the semigroup

property
A Ay = As .

b) If k € Z and k > 0 then
A=A =a1o...047",
—_—

k times

¢) For arbitrary s € R and R(z) < 0, A, is an holomorphic operator with
values in the algebra of bounded operators on the Hilbert space H*(M).

Proof. a) Fist, we recall the formula

(A=A A= D) = (A=A — (A=), (32

which can be proved by multiplying both sides of (3.2)) by (A — \I)(A —
pl). Then, we set IV = —T") — ', + I';, with

, 3
I = ret™e) gP ST <400
3
I‘2:§pe’9 —m+e<O<m—¢
; 3
[ = re (72 2P <r < 4o0
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iR

argf =m—¢

Figure 3.2: The path I".

with € > 0 as in the definition of A’. We obtain the path in Figure

Thus, we can write

A Ay = —1/ /(A — M) 7HA = pD)TINE Y dpd
47'('2 ' JT

Using (3.2) and the Cauchy formula (since the contour I' is contained
within T”), we get

1Iyz, w
A Ay = — 2 /,/ (A= XD)"YHA — u)™I N7 ¥ dp d)
)\Z w _ _
= 471_2/,/ A—)\I) — (A — pu) Y dpdr

! [ (- 1>\Z+wd>\+// “ A\
271' T/

- Az-‘rw +0= AZ+’LU7

which is the claim.

Consider the identity
(A=p ' D)™ = pA™ N (ul — A7 (3.3)

which can be proved taking the inverses of both sides of (3.3). Now,
notice that for z = —1,—2,..., we have (re/™)* = (re "™)? and the
integrals along the straight line parts of I' cancel each others. Therefore,
Ay = — ATR(A = AL, (3.4)

27 Jn=p
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moving on the path clockwise. Now, with the change of variable A = %,

using (3.3), we find

i I
Ap=—5- pFA = D) 2 dp
T Jlpl=1
P
A B e
=- / Pl — AN dp

27 Jlul=4

— Afl(Afl)kfl — (1471)]4:7

since the spectrum of the bounded operator A~! is contained in the ball
of radius %, so that the Cauchy formula holds.

c¢) Differentiating (3.1]) with respect to z gives

d

el :L z _ —1
L A= /F N(In2)(A — AD) "L d), (3.5)

converging in operator norm from H*(M) to itself uniformly for R(z) <
—& < 0, due to Theorem [B.1.1] Thus, the operator A, is holomorphic in

d
z and the derivative d—AZ is equal to the integral ({3.5).
z
O]

We can now define the complex powers of an elliptic pseudodifferential op-
erator.

Definition 3.1.3. Let A be as is Proposition [3.1.2] z € C, k € Z such that
R(z) < k. Then
A* = AFA, . (3.6)

This operator can be considered either from C*°(M) or D'(M) to itself.

We need to show that the definition of A* does not depend on the choice of
k:

Proposition 3.1.4. a) The operator A® is independent of the choice of
k € Z, provided R(z) < k.

b) If ®(z) < 0, then A* = A,.
c¢) The group property holds
APAY = AFTY 0 2w e C. (3.7)

d) fkeZ, k>0 A" =Ao...0 A Inparticular, A' = A. Ifk € Z, k < 0,

k times
Ak = A7 6. 0 A7! where A1 is the inverse of A. Moreover, A? = I.
—_—

—k times
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e) For arbitrary k € Z and s € R, A* is a holomorphic operator in the half
plane R(z) < k with values in the space .Z(H*(M), H*~™F(M)).

Proof. a) Let z € C and [,k € Z such that ®(z) < < k. We need to show
that
AFA, = AMA,_.

Setting k —l=p>0and z — k = w = R(w) < 0, we get the equivalent
expression

Ay =A"PApip.
To conclude that this holds true, we notice that, by Proposition (]E[),
A™P = A_, and then use Proposition @
b) It is enough to set k = 0 in (3.6).
c¢) By definition, we have
AZAY = APA, AR A, 4,

with R(z) < p, R(w) < k. Set p = | — k, and choose k,[ such that

k < R(z +w) < I. Then, using Proposition [3.1.2/(a) , we get

APAY = APA, AR A, g = ATFA, g AR A, g = AlATRA, L ARA,
= A'A_ A, 1k AR Ay,
=AA, kAP A,y
=AA, | A AR Ak
=AlA, | ATFAR A,
= A'A, 1 Aui
=AlA, L, = AT,

d) If k€ Z,k>0,set p=k+1 and notice that k—p=k—k—1= -1 <0.
We have

Ak:ApAkip:Ak—i_lA_l:Ak+1A_1:Ao...oA'
—_——

k times

If k € Z, k < 0, using Proposition [3.1.2|(b)), we obtain

AP =4, =410 0 AL,
S~—_——

—k times

Finally, from ({3.7)),
A=At = A4 =T
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e) This follows directly from Proposition @ and |c| remembering that
A for k integer, maps H*(M) continuously into H3~"# (M), and that

A e L ™(M).
O

To conclude this subsection, we recall two important results, whose proof
can be found, e.g., in [Shu01].

Theorem 3.1.5. Let A be self-adjoint. Let f € D'(M), and let
“+oo
fl@) =Y fipj(@)
j=1
be the Fourier expansion of f in the eigenfunctions of the operator A. Then
+00
Af(x) =) X fiei(@).
j=1
In particular, ¢; are the eigenfuntions of the operator A* with eigenvalues

A2,

Remark 3.1.6. In the self-adjoint case, the principal symbol a,,(z,§) is
real-valued. In particular, the previous conditions translates into

am(:pa‘f) > 0, 5# 0,
A>6I, 650,

ie. (Au,u) > 6(u,u) for every u € C*(M).

Theorem 3.1.7. For any z € C, A* € L}*(M )ﬂ Moreover, the principal
symbol of A% is (ap(x,§))?.

3.1.2 The spectral (-function

Let A be an elliptic operator satisfying the same hypoteses of Theorem 3.1.1
and consider the kernel K4- of A%, z € C. We have

Theorem 3.1.8. Let ) be a fixed arbitrary coordinate neighbourhood on
M, and K s=(z,y) be defined for x,y € Q. Then

i) For R(z) < — " the kernel K 4-(x,y) is holomorphic.
m

2For pseudodifferential operators with complex order see, for instance, |Shu01].
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ii) K4=(z,z) can be extended to a meromorphic function in the whole
complex plane with at most simple poles

j = = 07 17 b
Zj p
and residues
1 (z)
Res(Ka=,2 = 2zj) = —— a’) (x, &) dg,
m Sn—1
where a](f) is the p-homogeneous component in the expansion of A?.

Remark 3.1.9. Notice that, with the notation of Theorem a(_zjl) =
(25)

Uz —j since
. Jj—n
mzj —j=m———j=—n.
m
Remark 3.1.10. The residue in the left-most pole zg = _n is
m
1 1

Res(KAz,z = Z()) = ——

——dct.
S am(a )

In the important case a,,(z,£) > 0 for £ # 0, the previous equations implies
that Res(K 4=,z = 29) < 0.
We can now define the spectral (-function:

Definition 3.1.11. Let A be as in Theorem [B.1.11 The function
(A, z) := / Ky (z,x)dx
M

is called the spectral (-function of A.

Due to Theorem [3.1.8, we have

Theorem 3.1.12. The function ((A4,z) is holomorphic for R(z) > -
m

Moreover, it can be continued to a meromorphic function in the entire com-
plex plane, with at most simple poles

and residues

Res(((A,z2),2 = z;) = —— /M/S @i)d‘f dx.
n—1 anJ :C,
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Remark 3.1.13. Again, in the case an,(z,£) > 0 for £ # 0, the residue in
the right-most pole 2y = n is
m

1 1
ReS(C(A,Z),Z = ZO) = _E /M /Sn1 m df dr.

In the self-adjoint case, we have
Theorem 3.1.14. Let A be a self-adjoint, classical, positive, elliptic oper-
ator on M, and let {\;}, j € N, be its eingenvalues. Then

+oo

(A=Y % R(z) > (3.8)

j=1"1J m

and the series converges absolutely. Moreover, this convergence is uniform
n

for z in the half-plane R(z) > — + ¢, for arbitrary € > 0.
m

For more detail on the meromorphic properties of the spectral {-function
see, e.g., [See67].

3.2 Asymptotics of N, spectral counting function
of A

In this section we will review some classical results on the asymptotics of
the counting function of the operator A. As in Theorem [3.1.14] let A be a
self-adjoint, classical positive elliptic operator on M, with eigenvalues {\;},
jeN.

Definition 3.2.1. The (spectral) counting function of A is
Na(r):= > 1=> 1 (3.9)
Aj€o(A)N(0,7) Ai<T

Hence, for fixed 7 € R, N4(7) represents the number of eigenvalues of A less
than 7 (counted with their multiplicity). Clearly, N(7) is a non-decreasing
function, and we can assume, without loss of generality, that the eigenvalues
are arranged in nondecreasing order

0</\1§A2§/\3§...

Our aim will now be to estimate the asymptotics of N(7) as 7 — +oo.
Without loss of generality, we can assume A\; > lﬂ

3If not, we set [ = A1 — &, € > 0 small enough, consider A := %A, and notice that
Ni(r)= > 1= > 1=Na(s). (3.10)
=1 <r A<l

That is, Na(7) and N 4(7) have the same asymptotics as 7 goes to infinity.
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Remark 3.2.2. The classical way to describe the asymptotic expansion of
the counting function Np(7) as 7 goes to infinity is the Weyl’s law. In the
standard settings, it is well known that that the leading term of the Weyl’s
law depends on the dimension of the space, on the order of the operator
and on its principal symbol. See [Hor85a] and [ShuO1| for classical theory
in the case of closed manifolds and Shubin calculus respectively. Weyl’s
law can be described in many other pseudodifferential calculi, for example
SG-operators [BC11,|CM13|, bisingular operators |[Bat12], global bisingu-
lar operators [BGPR13|, cusp manifolds |[Mor08] and many others. Some
versions of the Weyl’s law will be described in the following sections.

3.2.1 A Tauberian Theorem

To obtain the first term in the asymptotic expansion, we will use the follow-
ing Tauberian Theorem of Tkehara:

Theorem 3.2.3. Let f(¢) be a non-decreasing function equal to 0 for ¢t < 1,
and such that the Stieltjes integral

o= [ i

converges for R(z) > k for some k£ > 0. Assume that there exists B # 0
such that the function

B
_ 3.11
9(2) = ——+ (3.11)
con be extended by continuity to the closed half plane R(z) > k. Then,
B
t) ~——t
Flt) ~ 7

as t — +oo.

From (3.8) and (3.9) we can write
+oo
C(A, 2) :/ T 2dN(T).
1

From Theorem [3.1.12] and Remark [3.1.13| we have that (3.11]) is satisfied
with g(z) = ((A,2), k = ﬁ, and
m

1 1
- —/ / o
m Jar Jsn-1 am T § E

Thus, using Theorem on f(r) = N(t ) we get, for 7 — +o00,

( //sm amxg ngdﬂU)T
:<n<2w> / wera ® d“’”)
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where in the last equality we used the change of variables ¢ = r—%g. In
conclusion, we have, for the first term,

C n
N(T)Ng

Tm,

for 7 = 400, with
1

C— / d¢ da. 3.12
(27T)n am(z,£)<1 ( )

3.2.2 Stationary phase approximation

In this subsection we will find an estimate of the remainder term in the
asymptotic expansion of N(7) as 7 goes to infinity. To do so, we will use
Fourier Integral Operators (FIOs) and the Stationary Phase Theorem. This
method is one of the most powerful in order to determine the sharp remain-
der in Weyl’s law, see [DGT75,/GS94, Hor68, Hor85a,[Shu01]. First, we recall
the important Stationary Phase Theorem.

Theorem 3.2.4. Let X C R” be open. Let ¢ € C*>(X) have a non-
degenerate critical point zo € X, and assume that ¢'(x) # 0 for x # xo.
Then, there are differential operators Po, (D) of order less or equal to 2v
such that, for every compact K C X and every N € N, there is a constant
C = Ck,n > 0 such that, for every v € C>*(X) N D/(K) we have

‘ [ ) o - ( Z<P2V<Dx>u><x0w’%> el
v=0

<oxvE Y sup 9%u(a),

o] <2N+nt1 7K

A > 1. Moreover,
(27) % et asene” (o)

| det " (x0)|2
For a proof of Theorem we refer to [Hor83[/GS94], see also, e.g., [MS75|
and [Sjo82| for extensions.
Now consider the operator Q := Am. From Theorem [3.1.7 u we have @ €
L. (M), with principal symbol ¢ (z, €) = (am(z, 5))m eigenvalues p; := )\m
and eigenfunctions {¢;}, j € N. In the remaining part of this subsectlon
we refer to [GS94].

Py =

A trace formula

Let u € L2(M),t € R, and set

_ it
thu : E " (u, @5)pj,
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where the series converges in the L? norm. For every ¢, U(t) is a unitary
operator, and we have

Ult+s)=U(@t)U(s), t,seR.
Moreover, for every k € N, we have
Ult)yu = C*R,HY(M)) nC* Y (R, H (M)) N --- N CO(R,H:F1(M1)), (3.13)
for every u € H*(M). For u € H' (M), we also have

DUt)u—QU(t)u =0
{ U0)u = u,

so that v(t,z) := U(t)u(z) is a solution to the Cauchy problem
{ (De—=Qv =0

V=0 = u.

Now, let x € .(R), and consider the operator S := [ x(t)U(t) dt, defined
by

Su = ( / OU ) dt> i / OUbudt,

for u € L?(M). S is a bounded operator from L?(M) to itself, since its norm
is bounded by ||x||z1. If we apply S to finite linear combinations, and then
use a density argument, we get

Su = (/ XU (1) dt> uw= Z/e““jx(t) dt(u, ¢;)e;

To show the convergence of the series in C>°(M x M), we recall that, since
x € Z(R), we have, for everyﬁ N >0,

()| < Cnp™™, p>1.

Moreover, the Sobolev inequalities give

k
leiller < Crllgjlirnta < CLIQE ™ ojllo < CrubmH,

hence |¢;(z)pj(y)|lcr < C’,’cué?ﬁ(n“). To conclude, we use the following

Proposition:

*Remember that all the eigenvalues are greater the one.
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Proposition 3.2.5. There exists a sufficiently large Ng > 0 such that
“+o0o
S < o
j=1
Proof. We have
1
Z N = ¢(P, No).
i H

Then, by Theorem [3.1.14] it suffices to choose Ny > n. O

Now let K (z,y) € C>°(M x M) be the kernel of [ x(¢t)U(t) dt:

([ @ = [ &)

Thus, we have the following trace formula:
+o0o
> tom) = [ Kyfaiz)da
j=1

Construction of the approximate solution of the Cauchy prob-
lem

Consider the Cauchy problem

{ (Dr—=Qu =0

U|t:0 =v

It is well known, see, e.g. [Hor85a| and |[KG82], that we can construct an
operator V with the following properties:

a) There exists T > 0 such that V' is continuous as an operator

V:C®(M) — C°((~T,T) x M),
V:D/(M) = C®((—T,T), D (M)).

b) For all uw € D'(M)

(Dy — Q) oV :=Ro € L™°((=T,T) x M x M)

3.14
Vuli=o =u, ( )

where we denote by L™>°((—=T,T) x M x M) the space of smoothing
operators D'(M) — C*((-T,T) x M).
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More precisely, V' has the form
N

(V(D)u(z) = Vault,z) =Y x;(2) (Vi (Jul))(t, 2),

1

where x;,1¢; € C3°(M), x; = 1 near supp;, »_; = 1, and in suitable local
coordinates, depending on j,

Vitu(e) = [0 00 1 n uty) dyds. (3.9
In (3.15) ¢ = ¢; is the solution of the eikonal equation
Oep(t, z, f) - q(z, ax(p(t, €, §)> =0

, 3.16

\ p(0,2,6) =€ (310

and a = a; € Sgl satisfies ali—p = 1.
Proposition 3.2.6. U — V := R belongs to L=>°((—=1,T) x M x M).
Proof. Consider W(t) := U(—t)V(t), where V(t)u(x) = (Vu)(t,x). For
u € H', we have
DWW (t)u = =U(=t)QV (t)u+ U(—t)QV (t)u + U(—t)Ro(t)u
= U(—t)Ro(t)u.
Using and , we get that
U(=t)Ro(t) : D'(M) — C®((-T,T) x M)
is smoothing, hence
U(—t)Ro(t) e L=>°((-T,T) x M x M).

Since W (0) = I, integrating from 0 to ¢ we obtain that W (¢) = I modulo
L=°((=T,T) x M x M). Hence, using again (3.13)), V(t) = U(t) modulo
L=((—T,T) x M x M). O

+0o0

Asymptotics of Z X(7— py)
j=1

Let R be as in Proposition R(t,z,y) beits kernel. Let x € C3°((—T,T)).
For u € C*°(M) we have

/ N(OU (E)uz) dt

N

=3 (@) / (DO Da (1, €00 (y)uly) dy € dt

Jj=1

+ / X(OR(t, 2, y)uly) dy dt,
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where the local coordinates in each term depend on j. Thus, the kernel of
[ x@®)U(t)dt is

N
2.) = Yo x5(a) [ (OSSO0 1,,6) de d )
j=1

+ /X(t)R(t, x,y) dt.

In particular,

N

/K T, T dm-Z/X i (ta,€) = mf)aj(t x,&)Yj(x) dt do d§ s

+ / X R(t,z,x)dt dx.

—iT

Now, we replace x(t) by x(t)e”'", 7 € R, and study the asymptotics as 7
goes to infinity. The trace formula gives

+oo
/Kxe_i(.)T (z,z)dx = Z X(7 — pj),
j=1
so (3.17)) implies, for 7 — +o0,

Zw—uy Z/ T ()= g (¢ 1 €);(x) dt da dE

+O(|7]7™).
(3.18)

Then, we shall study the asymptotics of each of the integrals. For that we
fix j, and consider

I(x,7) = /eiq)(t’x’g’ﬂx(t)a(t,x,{) dt dg,
where
B(t,x,&,7) = —1t + p(t,x, &) —x - & = tqi(x,€) + |£|O(t?) — Tt.
Observe that, for 7 — —oo, we have
Op®(t, x,8,7) = (&) + 7],

which means, via integration by parts in ¢, that the term is O(|7|~>).
Consider next the case where 7 — +o00. Choose a cut-off function H €
C°(R) such that suppH C [K~1, K|,0< H <1land H=1on [K! K],



52 Spectral asymptotics

for a suitable K >> 1. Again, for £ € supp (1 —H(Q)), we have
O ®(t,x,&,7) > (§) + |7, thus

H%Ty:/aﬂw%ﬂﬂgﬂ<f)Mu%@du%+OQﬂCﬂ.

To study the remaining part, we switch to polar coordinates £ = Trw, |w| =
1, d¢ = 7" ! dr dw. Then,

I(z,7) = :r)” /Sn—1 dw/e”((“”(t’m’”)m'“’)Tt>x(t)H(rw)a(t,a:,Trw)r”1 dt dr.

(2
(3.19)
We want to apply the Stationary Phase Theorem to the dt dr integral. The
phase function is

' (t, x,w,7) = (ot z,w) — x - w)r —t = trqi(x,w) + rO#?) —t,
due to (3.16|). Then,
0,® = tqy(z,w) + O(t?)
8tq)/ = qu(wi) -1+ O(t2)>
and we have an unique critical point given by
1
q1(z,w)
The elements of the Hessian matrix at the critical point are given by

1 1 1
@ZT <O,:U,w, > = <I>;,'7t <0,m,w, q1> =q(z,w), <I>Z7T <O,m,w, ) =0,

q1 q1

t=0, r=

hence | det | = (q1(z,w))?, and the signature of ®” is 0. The Stationary
Phase Theorem then gives

i 1 =l i
I@7) = G /S +(0) (ql(x,w)> e oEY

Tn—l

1
(2m)" ! /S"—l (q1(z,w))"
Remark 3.2.7. In the case n = 1, (3.19)) becomes

dw +O(T"2).

I(a,7)
= o [ do [ erta 000y a ) (1 Lo+ O“)) dt dr,
21 Jso T

and, computing the first two terms in the stationary phase expansion, we
see that the coefficient of the 77! term is 0. Therefore, we get the improved
estimate

= ! w 72
I(m,T)—/Sn_l e 06,
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To conclude, in suffices to integrate with respect to ¢j(x) dx and add the N
integrals in (3.18)), obtaining

Theorem 3.2.8. Let x € C3°((—71,T)), x(0) = 1. Then

+oo
> X = 1)
j=1

71 / / 1
—_— — = dwdz+ 0" %) for T— +00
a1 [ Joerr (@i, ))" )
O(|r]=*) for 7 — —oc0.

(3.20)

Estimate of the counting function

First, notice that, in Theorem [3.2.8 we may choose x with the additional
property that ¥ > 0. To do so, set x := v * ¢ for a suitable 1 € Cy°, where
P(t) == 1p(—t). Now rewrite (3.20]) as a Stieltjes integral, so that

[ =o)ine)

71 / / 1
—_— — = dwdz+ 0" %) for T— +00
a1 Joers (are )" )
O(|r]=*) for 7 — —oc0.

(3.21)

Setting

and integrating (3.21]), we get
/ Glr — o) dN (o)
7.n

1
_— —  dwdr+ 0" Y for T— +oo
Bt e ™)

O(|r]7*°) for 7 — —o0.
(3.22)

We observe that, in the case n = 1, we have used Remark replacing
O™ with O(A72) in (3.21). Then, indicating by ©(t) the Heaviside
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function,

where Ng(7) is the counting function,

Y(r) = / (No(r — A) — No(r)R(A) dA,

and we used that [ X(A\) d\ = 27. From (see |GS94] for the details), we
get that

#{o(Q)N[r,7+ 1]} = No(t+1) — Ng(7) = o h.
Therefore, for 7 > 1,
INQ(T = A) = No(T)| < (L+ [AD(T + (A" < (1L + [A) 7"

Since

/(1 AR dA < +oo,

we get Y (1) = O(7"1), and

/ G(r — 0)dN(0) = 22N () + O+ 1), (3.23)

Finally, (3.22)) and (3.23)) give

Proposition 3.2.9. We have
TTL

_l # wdx Tn—l
Nolr) = o [ et d + 06

for 7 — +o0.

1
Switching back to the operator A = Q™, since p; := )\]’-”, we have

Nar)y =Y 1= Y 1= Y 1=Ng(rm),
Aj<T Aj”%<r% g <T

and, in conclusion,
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Theorem 3.2.10. Let A be a self-adjoint, classical, positive, elliptic oper-
ator on M, with eigenvalues {);}, j € N. Then,

Na(r 1”‘ // e o dgde + O(" )

ng +O(T m )

for 7 — +o0, with C as in (3.12)).

3.2.3 Sharpness of the result

In this subsection we show that the estimate of the remainder in Theorem
3.2.10] is sharp. To do so, we need the precise knowledge of the spectrum
of some operator with the required properties on a closed manifold. We
consider

A= —Agn € L(S™),

the Laplace-Beltrami operator on the n-dimensional sphere S™. It is well
known, see for example [Shu01] and [BEMT71], that

Theorem 3.2.11. The eigenvalues of the operator A = —Agn on S™ are
Me=k(k+n—-1), keN.
Moreover, each A\; has multiplicity

# (Ak) = N — Np—o,

where )
Ny, = <n—|— )
n
Now,
Z t(\) = Z — N;_9) = Nk + Ni_1. (3.24)
A<Ag i<k
Moreover,

Ny = <”+k> :M—%(mn)(mn—n...(l{ﬂ),

n n!k!

1
thus Nk. is a polynomial of degree n in k with leading coefficient — . Then,

from ,

(Ak)%. (3.25)
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From (3.24)) it also follows that
Na(Ag) = Na(Ag-1) = N — Ng—o = P_1(k),

where P,_1(k) is a polynomial of degree n — 1 in k. Therefore

n—1

Na(e) = Na(heo1) > ck™ 2 > d(k(k+n—1)"7 =d(\)"T  (3.26)

for some ¢, ¢ > 0. Combining (3.25) and (3.26) we get

Na(r) = %T% + (’)(T%l), (3.27)

which shows that the estimate in Theorem [3.2.10]is sharp.

Remark 3.2.12. Notice that also the constant in the first term of (3.27)) is
correct. We have as(z,&) = |¢|?, and, by direct computation,

1 2(27)"
—wdédr = ———.
//S”XS"_I |€|§ € v (n - 1)'

Thus,

cC 1 1 1 11 200t 2
n o on(2n)n //Snxgn_l @df = e =1l

3.3 Asymptotics of Ny, 4, spectral counting func-
tion of Al & A2

Let My, My be two closed manifolds of dimension ni,ns respectively. Let
A=A ® Az, A; € Lgfi(Mi), m; >0,1=1,2, and

o(A1) ={Aitien, 0(A2) = {prtren.
Thus, by Proposition [1.1.
o(A) ={ Nk N € 0(Ar), ug € 0(A2)}.
In this section we will study the asymptotics of the counting function of

A= Al ® AQ,
Na(r)= > 1L (3.28)
A

i e <T

The asymptotic expansion of N4, g4, (7) is related with the position of the
first poles of the spectral (-function associated with A; and As, as sketched
in the following pictures.
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nz - m—1
Case = <

m2
iR
e First two poles of ((A;)
m First pole of ((A2)
n2
ma
—e—e—>
ni—1 m R
mi mi
_ 1
Case 7%22 = ”jnz
iR

e First two poles of ((A;)
m First pole of ((A2)

5

I

-
3‘5 ¢
=

S

Case 22 > m-1

mo mo

iR
e First two poles of ((A;)
m First pole of ((A2)

n
ma2
ni—1 nm R
mi mi

In |GPRV14] the authors analyze the same class of operators and find

C ny
Na(r) = nfi( (Az, :;) T o(r’)

where min {@, ﬂ} < § < 2L We are able to refine the above estimate.
mi mao mi

3.3.1 The main Theorem

In this subsection we will prove our main Theorem. The next Proposition
will be crucial in our proof of the Weyl law with sharp remainder for
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tensor products. It follows as consequence of well known properties of the
spectra of positive self-adjoint operators.

Proposition 3.3.1. Let M be a closed manifold of dimension n, and A €
L (M), m > 0, be elliptic, positive and self-adjoint, with spectrum o(A4) =
{Mk}keN- Define

n
F if ¢>—
1(7) ife>
1 . n
Fa(r,c) = g — =1 B(r) if c=—, (3.29)
MR <T M m
n
F3 (7’) if e< —.
m
Then,
Ayc)— F E E:
lim sup < ’C)n L(7) = K1, limsup 2 (7) = Kg, limsup dn(T) = K3,
T—++00 Tm ¢ T—+oo 108T To400 Tm ©

for suitable positive constants 1, k9, k3. That is, for 7 — +o0,

n

C(Ae)— Fi(r) =0 (T%*C) , By(r) = O(logT), F3(1) =0 (TrC) :

Proof. If ¢ > * it is immediate that the series ) 7 /Tli is convergent, in
view of the holomorphic properties of the spectral (-function associated
with A. To prove the asymptotic properties of (A, ¢) — F1(7), we switch to

B = AY™ 5o that the order of B is one and o(B) = ui/m. We have

1 1
((A,c) = Fa(r) = = Z 7 im\ ™
Pe>T e L/ms 1/m <Hl~c >
too
= dN . 3.30
[ emNa (i) (330

Since B is of order one, it is well known that
Np(A4+1) = Npg(\) < t{o(B)Nn[MA+1]} = 0N X = +oo  (3.31)

(see, e.g., |[GS94) § 12]). Using (3.31) and the properties of Stieltjes integral,
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we obtain, for 7 — 400,

+001

) = Filr) = [ " dNs(

CS

) (NG +1) — Ns())

= 1
Sk Z jcm—n+1
j=[rt/m-1
+o0 1
< FG/ v y— 14
[rt/m)-1 (¢ = 1)
1 n
= Hi[Tl/m 2" e O (Tﬁfc) .
cm—n

where [a] denotes the minimum integer such that [a] > a.

To prove the results for 5 and F3 we can assume, without loss of gener-
ality, that ugo = fip = 1. Using again the properties of the Stieltjes integral,
we write

[/

1/m 1

i = [ mavse = 3 sw
1 K ; RELj+1]

ﬂcm) (Np(G +1) - Na(j))

Let us initially suppose that ¢ > 0, so that 4 is a decreasing function on

:EC
[1,400). In view of (3.31]), we have

1/m [r1/m] [r1/m]

T 1 1
/1 IucmdNB(‘u) < Z jcmo(]n ) Sk Z jcm—n—l—l
j=1 Jj=1
[r1/m]
<k (/ trmem=lay 4 1) : (3.32)
1
By integration, we find
sme g M 2%=c if 0<e< 2,
Fa(r,c) —/ dNp(p) < "—¢m m
1 pem K2 . n
—logT if ¢c=—,
m m

as claimed. Finally, if ¢ < 0, then - is a non-decreasing function and also

w
in this case, similarly to (3.32)), we obtain

1/m} %

[T
Fy(r,c) < /i/ (x4 1) e < 5 rwme,
1

T n—cm

The proof is complete. O
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Now, we consider the tensor product of 2 operators A = A1 ® A, A; €
LmZ(M) m; > 0,4 = 1,2. For simplicity, we start with the case m; = 1 and
ny > x. . Without loss of generality, we can assume’| A\; > 1 and puj > 1 for
all j, k. Let us now summarize the hypotheses on the factors Aq, As.

Assumptions 3.3.2.

M7, M5 smooth closed manifolds of dimensions n1,ne, respectively;

A=Ay @ Ay, Ay € LY(My), Ay € L2 (M), my > 0,ny > —2;

ma
Ay, As positive, self-adjoint, elliptic;
o (Al) = {)‘j}jeN7 g (AQ) = {Nk}}kGI\M )\j > 17,“’]47 > ]-7 for all jak

Since Aj, up > 1 for all 7, k, using (3.10)), we haveﬁ

SDIRED S VNI

Ajpp<T PE<T \Xj-pp<T
=Y Nua() =Y Na, ( ) . (3:33)
PE<T ME<T

Proposition 3.3.3. Let A, A; and As be as in Assumptions Then,

= Cl " 71 TE\T
Na(r) = 3. (m </~Lk> +MZ1 Tkl )>’

PEe<T

dfd
e [t
) My [ay,, (21,61)]™

and (1) is O (7'"1*1), uniformly with respect to pg. That is, there exists
a positive constant C' such that

with

rk(r)] < Cr™~Y for all k € N. (3.35)

Proof. By (3.33) we have

5In fact, if that condition were not true, we could consider the operator ¢?A, with
¢ = (min{\j, ux} —€)~", € > 0 small enough, and reason as in (3.10).

®Recall that A; > 1 for all 5. In the first term of we can reduce the summation
to ux < T since, otherwise, we would have Ag - ur > 7 for all k, and the second summation
would be zero.
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Using Theorem [3.2.10 we can write

Nam) =Y <Cl L <T>> . (3.36)

prer ni fy U

Theorem [3.2.10] implies that
[Ra(t)] < wt™7, £ >1,

for a suitable constant k. Since ur < 7 = HLk > 1 in the summation (3.36)),

we can write
T T ni—1
m(o)l<e(m)
U 23

T

re(r) = p T Ra () ,

HE

Hence, setting

we have the assertion. O

Remark 3.3.4. For an alternative proof of Proposition [3.3.3| involving FIO
theory, see Appendix

Lemma 3.3.5. Let A, A1, As be as in Assumptions[3.3.2] and assume n; >
E. Then we have, for 7 — +o0,

ma
( QC(AZ,M)TT“ +O(rmh) if 12 < ny—1,
ny meo
Na(r) = Sllqu,m)Tm £O (it ogr) i 2oy
ﬁC(A%”l)Tm +O<T%> if 22 sy 1,
n mso

where C is given by (3.34).

Proof. Using Proposition [3.3.3] we obtain

M =3 (D) 4 nm).

pE<T Hk

where 7 (7) is uniformly O (7’"1_1) for 7 — 400, in the sense of (3.35). We
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can then write

C
‘NA(T) _ nfllg(AQ,nl)Tm

ni
B <T 1 Ky,
Ci_n, 1 ni—1
< —7" | Fa,(1,m1) — ((A2, )| + Z mflrk(T )
" pup<t Mk
C
< ?7117—”1 |Fa,(1,m1) — ((A2,n1)| + CT™ g, (7,01 — 1). (3.37)

Let us start with the case ny —1 > 2. Using (3.37), we find

Na(r) = £1¢(Ag,ny) 7™

Tnlfl

lim sup
T—+00

<g limsup 7 |¢(A2,n1) — Fa,(7,n1)| + Climsup Fa,(7,n1 — 1).

T N1 7400 T—+00

Since n n

2 2
n1>n1—1>—©——n1<—1,

ma ma

((A2,n1)— Fi(1) =0 <7m722_m> for 7 — 400, in view of Proposition [3.3.1
It follows that

ni+1

limsup 7|¢(Ag,n1) — Fi(7)] < Climsup Fmy =0,

T—+00 T—+00
which implies

Na(r) = £¢(Ag,ma) 7™

7-71171

< Climsup Fy,(17,n1—1) = C((A2,n1—1).

T—+00

lim sup
T—+00

Since n; —1 > %, ((A2,n1 — 1) is finite, and we have the desired assertion.
In the case n; — 1 = 72, from (3.37) we analogously get

NA(T) — % (Ag,nl)’l'nl

lim su
T_>+o£) 71 log T

C 1
< 1 im sup T |C(A2,m1) — Fa,(7,n1)| + Climsup FA2<T, n2> .
N1 7400 10gT T—+oo lOgT ma

Since nq > ni — 1 = 22 in view of Proposition we find

mo’

((A2,n1) — Fi(1) =0 (7'*1) , Py, <T, n2> = Fy(1) =0 (logT),
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so that
jNA(T) — G¢(Agn)rm|
lim sup <C,
00 Tm—llog T
as claimed.
Finally, in the case n; —1 < 72, (3.37) gives
]NA(T) — QL (Agy )7
lim sup g
T—+00 T mo
Cl . ny——2
< —limsup7 = ™2 |((Ag,n1) — Fa,(1,n1)|+
N1 r—+oco

. 12
C hmiup T T me By (1, — 1),
T—400

Since ny > :TQQ > ny1 — 1, Proposition implies

n2
22 _py41

C(Ag,m1)—Fi(r) = O (Tm*z*’“) . Fa(rm—1)=F(r)=0 (Tm ) .

Therefore,
‘NA(T) — %C(AQ, 77,1)7'”1
lim sup g < +00.
T—+00 T mag
The proof is complete. O

We can now prove our main result.

Theorem 3.3.6. Let My, M> be two closed manifolds of dimension n1, ns,
respectively. Let A = A1 ® Ay, where A; € L:fj(Mj), mj > 0,7 = 1,2,

n n
are positive, self-adjoint, invertible operators, with s =2 Then, for
m1 ma
T — +00,
C ny n-1 -1
1<<A2’m)7—m1+0<7- m1> TR 7
ni mp ma my
C ny n-1 —1
Na(r) = JC (AQ, m) T + O <T ™1 logT) i 2 ,
n m1 ma mi
C n ny g n ny—1
—L¢ <A2,1) T +O<rmz) i 2> L
n1 mi ma m1

where C is given by (3.34]).

Proof. Without loss of generality, we can assume m; = 1, possibly con-
sidering an appropriate power of A. Moreover, again without loss of the
generality, we can assume that all the eigenvalues are strictly larger than
one, so that the Assumptions are fulfilled. Then, the claim follows
from Lemma [3.3.5 O
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Remark 3.3.7. In this chapter we always worked in the case of usual
Hormander pseudodifferential operators on closed manifolds, A; € L™ (M;),
1 = 1,2 . However, it should be noticed that the case of global Shubin
operators, A; € G™(R™), i = 1,2 can be treated in a completely similar
fashion.

3.3.2 Sharpness of the result

In this subsection we show that the estimates of Theorem are sharp.
Again, we consider —Agr, the usual Laplace operator on the n-dimensional
sphere S™, and recall Theorem In particular, for the 1-dimensional
sphere —Ag1 we have

Ap = k?
1+k k—1
k?) = — =2
=177 () =
for the 2-dimensional sphere —Ag2 we have

Me=k(k+1) =k +k

S (K24 k) = (2-2%)_(1;) _ (k+2)2(k:+1) _k(k2—1) okl

Now, we set
1 : 2 /2 2 /gl
Al - (—AgQ —|— 2) - 2 —AS2 + Z S LCI(S ), A2 — —ASI + ]. S LCI(S ),

where A; is considered as an unbounded operator on L?(S?), and A is
considered as an unbounded operator on L2(S'). By the functional calculus
of operators,

o(A)={k*—k+1|keN, §(k*—k+1)=(2k+1)}, (3.38)
o(Az) ={n*+1|neN,g(n*+1)=2}, (3.39)

since the eigenfunction of A; and —Ag2 are the same. Notice that all the
eigenvalues of Ay are larger then 1, therefore

Ny, (1)=0, 7<1. (3.40)

Knowing precisely the eigenvalues of A; together with their multiplicities,
we can write, for 7 > 1,

Na, (1) = Z (k> —k+1)

k2—k+1<7

= ) (@k+1)=

k2—k4+1<T

M=

(2k+1)

iy

0
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where
Boktl<r<(k+1)’—(k+1)+1=R+k+1,7> 1L
That is,
k -5 - 1
Nay(r) =D (2k+1) = Z _ﬁ(k2+/<:) =N_a, (k2+k+2> :
k=0 k2+k<k2+k
(3.41)
provided that
Roktl<r<(k+1)’—(k+1)+1=R+k+1,7>1
Using , we have, for each k € N,
N_n, <l%2+l%+;> =K%+ 2k + 1.
So, in view of , supposing 7 > 1, we find
Na, (1) = k> 4+ 2k + 1,
Boktl<r<(F+1)? = E+1)+1=K+k+1.
The asymptotic expansion in Theorem [3.2.10] implies that
Ny, (1) =7+ R(71), R:O(T%).
We can then obtain a bound for R(7):

R(t)=Na, (1) -7
B 42%k+1-7 F-k+1<7<E+k+1

Therefore, for 7 > 16,

3VT

R(T)zlé2+212;+1—1%2—/%—1:12;>7,

which implies, in particular, that the remainder is positive for 7 > 16. We
also have B B B B B
R(T) <K*4+2%k+1—-k>+k—1=2k <47,

and we can conclude that

?’f < R(1) <47, 7> 16. (3.42)
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Summing up, we proved that
Na, (1) =7+ R(7), (3.43)
Na, (1) =272+ 0(1), (3.44)

where the R(7) in (3.43)) satisfies (3.42)). Notice that both A; and As are

elliptic, invertible and positive, so it is possible to consider powers of these

operators of arbitrary exponent. Now, we examine separately the three

different situations that can arise.

Case ™ > 2 gpd =l > n2
mi mo m1

Let us consider the operator

=1 > m 1 ¢, we arein the
2 2 4>

Clearly -t = % 1> 72 = 1 -
first case of Theorem m which states that

Np(r) = (A2, 1)r + O (71/2) . (3.45)

By equations (3.38) and (3.39) we obtain

o(B)={(H—k+1) (n®+1)° | k,neN,
8((* —k+1)(n*+ 1)) =202k +1)}.
Therefore,

neN, keN

Np(r) = S £ (W =k +1) (02 +1)°)

(k2—k+1)(n2+1)%<

neN, keN
= > 2(2k +1)
(K2—k+1)(n2+1)% <7
neN, keN
=2 > f(k*—k+1)
(kW2 —kt 1) <Caimyz
neN
=2 Ny <> (3.46)
n2§ "\(n?2+1)7
neN ’ -
=2 — —4+Rl—-=]]. 3.47
2. GEriE T ((n2—|—1)2) (347)

(n241)2<r
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Notice that in (3.46|) we have made use of (3.40) to reduce the summation.
Let us now show that the estimate (3.45) is indeed sharp, that is

N (A1)
im sup 2
T—~400 T

> 0,

by direct computation. In view of (3.47)), we can write

|NB(7') —C (A%, 1) 7"

lim su
T*)+O£) 7'1/2
Y (e + R () - (430 7]
= lim sup 7
T—r+00 T
P g AR ) T2 D e B ()|
= lim sup 7 '
T—+00 T

(3.48)

We notice that

) 2 Z(n2+1)2<7— (nQ:r,’_l)Q - C‘ (A%, ].) 7—‘
lim sup s
T—+00 T
= limsup 7'/2(F3(r, 1) — ¢ (43,1)),

T—+00

where we have used the notation introduced in Proposition [3.3.1] By Propo-
sition 3.3.1} Fz(r,1) = ¢ (43,1) = 0 (+1), therefor

. ’2 Z(n2+1)2<7— (nQ:r,’_l)z - g (A%, ].) 7—‘
lim sup

=0.
T—+400 T1/2

Since, for all 7,

Y2 (A3 )T <0,

(n2+1)2<r (n*+1)

3
4 .

7 Actually, here one could prove directly that Fy(7) — ¢ (A%7 1) is asymptotic to 7~
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(3.48]) becomes

}NB(T) - (A%, 1) T‘

lim su
T—>+O<I>) T1/2
(U)o (i)
> —limsup ( 2 ) 1(72+1) <7 (n?+1)? + 2lim sup Z (nl/-gl)
T— 400 T T—400 (n2+1)2<7_ T

3 /2
> — limsup —_—

2 15400 " 2J§2< (n2 +1)71/2

k()

Here, we have used the estimates (3.42) and that the quantities :1—11 =1

m-l % are larger than 22 = i. The latter implies that ¢ (A%, %)

m2
is a finite, positive quantityﬁ7 in view of the holomorphic properties of the
spectral (-function of elliptic positive pseudodifferential operators on closed
manifolds, see [See67|. This proves the desired result.

Case ™ > "2 gpnd ™M=l — n2
mi mo mi m2

We consider the operator

C=A4®A;.

=32 =
case of Theorem 3.3.6, which now states that

Clearly %11 ==1> ”22 =3 L and e L—1_ 12 g4 that we are in second

No(1) =C((A2, 1)1+ O (7'1/2 log7'> )

Using (3.38)) and (3.39) we obtain explicitly the spectrum of C', namely

o(C)={(*—k+1) (n*+1) [§((* —k+1) (n®+1)) =22k +1)}.

8The convergence of the involved series is straightforward.
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Therefore, using (3.40)),
neN,keN

Ne(r) = > 2(2k +1)
(k2—k+1)(n24+1)<7
neN,keN

=2 > t(HP+k+1)

(k2—k+1)<n++1

neN -
=2 3 W ()

(n241)<T

—9 TiN <n2T+1+R<n2T+1>>' (3.49)

n24+1<r

Let us check directly that
N —((As,1
o up Y07 = G2 )7
T—+00 T/ IOgT
Using (3.49) and (3.42) we can write
N, —((Ag,1
oy V() = G2, 1]
400 T71/2]og T
R R o e R
= lim sup
oo /2 log T
(M)~ 2 s )
> — limsup

T—+00 10g T

> 0. (3.50)

1
2 Zn2+1<7 (n2+1)1/2

3
+ lim sup —71/2
T—)—‘,—OCI):) 1/2]og T

1 1
> _lim 12Zn2+127 nZi1 . §Zn2+1<7— (n2+1)1/2
> sup 72 + lim sup
400 log T r—too 2 log T

(3.51)

Finally, using the results of Proposition m (or directly, by integral in-
equalities), we obtain that

1 1
. 1 2 ZnQ—l—lZT n2+1 1. 1 2 Zn2+127 n24+1
lim sup 72 = lim 72 = 0.
—to00 log T 7400 log T
Moreover,
1
lim Sup§2n2+1<r n?+1 _ §
e too 2 log T 4’

so that, by means of (3.51]), the desired result is proven also in this second
case.
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mi m2 mi m2

In this situation we consider the operator

3
D=4 ®A;.
Clearly,%:%:1>%:%andnﬁn—:l:%<%:§,soweareinthe
third case of Theorem which implies that

wlro

Np(r) = ¢ (AE, 1> r+0(rh). (3.52)

It is immediate to observe that

o(D) = {(k2 +k+1) (n2+1)"*|
¢ ((k2 k4 1)(n?+ 1)3/4) =2(2k+1)}. (3.53)

Therefore, using again (3.40f), we obtain

neN,kEN
Np(r) = > 2(2k 4 1)
(k2—k+1)(n2+1)** <1
neN,kEN

=2 > f(k*—k+1)

(k2_k+1)<+

(n241)%/
neN
=2 ), Na <273/4)
(n24+1)**<r (n? +1)
neN - -
2 (n2+lz)3:/4<7_ <(n2 + 1)3/4 +R <(n2 I 1)3/4>> . (3.54>

Let us now compute directly

- ‘ND(T) —C <Ag/4’ 1) T"

T—+00 72/3
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By (3.54)), we find

No(r) = (45, 1]

sy
2> n2g)3/4 — = TR 3 —C<Ag/4,1>7'

— lim sup T ST \ ) (n24+1)3

T—+00 7'2/3
= limsup 7 2/3. |2 Z ;_C A§/4,1 -

N RN T

+2 Y R (T?’) .
(n24+1)3*<r (n? + 1)1

‘We also notice that

- 3/4
i PZ 000 s ¢ (4271)
T—+00 7'2/3
3/4 N
= i ¢ (AQ ’ 1) T2 i
T o 72/3
1

= lim 273 —

e T Z (n2 + 1)3/4’

(n2+1)3/427
and that
1 1 1
Y. RS X S was X o
3/2 = 3/4 = 3/2
(n+1)3/227 (TL * 1) (n2+1)3/427- (?’L2 + 1) n3/2>7 "

Using the standard integral criteria of series convergence, one can easily
check that

1 1
m A8 L 8 Y Lo
T 400 ey (n+ 1)3/2 T—+00 T n3/2
Hence
1
lim 2778 Y ——— =4 (3.55)
- 3/4
—400 (n2+1)3/427 (n2 + 1) /

By a similar argument, we also have that

1
lim 7 /¢ — =4 (3.56)
T (n2+lz)3:/4<7 (n? + 1)3/8
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In view of (3.42)), (3.55) and (3.56)) we finally obtain

[No(r) = ¢4, 1yr|

i
4o 7273
0 43/4
> lim sup ND(T) C(AZ ) 1)7-
T—+00 72/3
1
R T A D
- 3/4
o (n2+1)*/*>7 (n? +1)"
T
+ limsup 2 Z(n2+1)3/4<7 K <(n2+1)3/4)
T—+00 T2/3
> -4+ §li]rnsupT_l/6 Z S
- 3/8
2 Totoo (n2+41)¥4<r (n?+1) /
>—4+6=2>0. (3.57)

Equation (3.57) proves the desired result also in this last case.

3.3.3 Appendix. An alternative proof of Proposition (3.3.3

In this appendix we will give an alternative proof of Proposition [3.3.3] which
stresses the connection with FIO theory. First, we recall the following
Tauberian Theorem, whose proof can be found in [Hel84].

Theorem 3.3.8. Let p € ¥(R) such that p > 0, p(0) > 0, p is even,
compactly supported, and such that p(0) = 1. If

/ p(r— @) dN () = I £ O™2), A= 400, (3.58)

then

n

N(\) N0, A = 4o

Remark 3.3.9. A key point in the proof of Theorem [3.3.8]is the decompo-
sition

T +o0
/_ / p(A — AN (A = N(r) + A(r) + Ba(r) + Bs(r) +C(7),
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with

—0o0

A= [ / PO NG

+o0
By(r) = —/ / Kp(A — p)dN (p)dA;
T pu<tT—

Bs(r) = — / v
T—K<u<r

o= [ o wiN G
—o00 J|pu—7|<K
for a fixed K > 0. Moreover, all the terms A(-), B2(+), B3(-) and C(-) are
O(r™71) for 7 > 1. For further details see |[Hel84, §10].
Lemma 3.3.10. Let p be as in (3.58)). Then, for ny > 1,
teo g A—o
— dN, o
/oo /’Lkp< 1225 ) MkAl( )
1 A\t A A
m <Cl (Mik) + Rn1—2 (Mk)) for n > 1

LR o <i> for & — —o0,

where

1
Cl = / le,
(27T)n1 a1(z1)<1

Rp—2(1) = O (7™72) and R_ (1) = O (77°°). If ny = 1, then the term
Ry, —2 (1) actually is O (772).

Proof. We have

oo )\—a> 1 /+°° <A >
— dN o) = —  — 6" )dNy, (o).
/—oo ,Ukp< Lk 1 (9) T A (@)

Now let us consider
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Following the ideas in Subsection [3.2.2] we have

S o 2, -

oleo(Ar)

_ Z/?/}g Attps(tané)-2161)

p(t)a;(t,x1,&1) dry dt d
o ( A
223

8

where {1;} is a partition of unity over M;. Then, we need to study, for each
k, an integral of the form

DN
I (5131,:) = /€Z<“’“tﬂp(t’xl’&)xlél)ﬁ(t)a(taﬂﬁhfl)dtdfb
k

where a is of order zero and ¢ is the solution of the eikonal equation related
to A1. We set

A A
@ <tamla£17> = —7t+90(t,$1,£1) _xlgl
Pk 27

and observe that, for ﬁ — —o00 we have

A A
at(I) <taxla£17> - <£1>+‘ )
Pk 223

which means, via integration by parts with respect to ¢, that the term is

O < l%k _oo>. Now we choose a cut-off function H € C§°(R) such that

suppH C [C74,0C], 0 < H < 1and H = 1 on [C} O], for a suitable
C >> 1. Again, for & € supp (1 - H <Q>), we have 0;® (t,a:l,gl, /%) -

A e
(&) + |2

A - & A
I xla):/el@H< >/3tat,$1,£1)dtd§1+o —
( 14k A/ bk (t)al I
To study the remaining part, we switch to polar coordinates & = %krlwl,

k

r1 € [0,4+00), w; € S~ 1 and use the Taylor approximation of ® at ¢t = 0.
We get

I ($1, )\> ( > / / ( t+triay (@1,w1)+r1O(t2))
HE 273 sn1-1

A
p(t)H (rw1)a <t 1, r1w1> r?l_l dry dt dwy.
23
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To conclude, we apply the Stationary Phase Theorem to the dri dt integral

around the unique critical point ¢t = 0,7 = al(xll o) observing that, since

r~1, D?a (t, 1, l%krlw1> is in the span of

A A2 /A 2
(0¢a) <t,x1, r1w1> <> < <r1w1> <> <1,
1k [k Kk Ik

|a| = 2. We obtain

A A\ 1 1 A\ 2
o, =)=+ 5(0  _dntO(Z ,
(”“ uk> (uk> PO Gy /S (ar(zr,wn))m (w)

which is our claim. If ny = 1 we conclude as in [GS94]. O

We can now prove the following Proposition.
Proposition 3.3.11. Let p be as in (3.58). Then

> [ e

7 N, ()i
P <T

s £ (4(3) o (2) 8 () <(2). o

BE<T

and A(7), B2(1), Bs(r) and C(7) are are as in Remark that is,

A7), Ba (7). Bay(7), C3(r) = O (()) |

11k

uniformly with respect to py.

Proof. First, we have, as a consequence of (3.59) and (3.33)) ,

S

) ANy, A, (0)dX

= Y (Nua, (7) + Aj(7) + B (1) + Bs j () + Cj(7)) (3.60)
PE<T
= Na(r) + > (Aj(1) + Baj(r) + Bs (1) + C;(7)) (3.61)

P <T

e E (4(3) e ) o (2) < ()

pEe<T
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Now, fix K > 0, and divide the leftover term in (3.61)) as

7) :/ / L, (A_") AN, 4, (0)dA; (3.62)

o>T+ur K Mk 273
A—

dN,, A dA; 3.63

/ /O'<T ukK:U’k < Hk > & 1( ) ( )
A—o

= / / —p ( > ANy, A, (0)dA. (3.64)
—oo Jo—r|<pri BET O\ Kk

It is clear that
oo 1
LG
We begin to analyze Bj(7). The integrand function is uniformly bounded

and integrable in the domain of integration, in view of Lemma [3.3.10} So,
changing the order of integration, we can write

oo g A\ —
BO=[ N[ p( >dNukA1( A
o<T—ur K o<t—urK Jr 23 M
= By,j(7) + Baj(7).

7 AN, (0)0N = A7) + By() + ).

In the above equation we have used the hypothesis

—+00 1 )\ o “+o00
/ 0 < U) d\ = / p(\)dX = p(0) = 1.
—oo Mk ek —o0

We can decompose By ; (1)

BLJ (T) = N#kAl (T) - / dNMkAl (J)
T—puprK<o<rt
= Ny, (7) + By j(7).

The above equation clarifies the presence of N4(7) in the first term of (3.59)).
We can write

T 1 A —
Aj(T) = / / p < > decAl( )d)‘
o>T+u K J—o0 1925 HE

T 1 /A
_ / / I ( - a'> AN A, (o)A (3.65)
pro’ >T+ppK J—oo Kk 27

T

= / / " p (N = 0') dNa, (o)dN (3.66)
o’ >T+pp K J =00

T

= / /MC p (N =0c')dNa,(0")dN = A (T> , (3.67)
o’>ﬁ+K —o0 Mk
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where, in (3.65)), we have used the fact that, for all S C R,

fOdN, A, O) = > f(O)

bes 9eSno (upAr)

- > fu0) = / , Sf(Nkal)dNA1(9/)7
i€

10’ ESAO €a(Ar)

while in (3.66) we have used the change of variable %k = ). Again from
Remark we have

Ay =0 (™Y, n>1,

and in our case 7 = -, since the sum in (3.61)) is over pup < 7 < > L

Hence
am=a(i)=o((£)")

We can repeat the same argument for the other terms:

<1 A—o
Bja(r) = / / —p < ) ANy, (0)dA
o<r—upK Jr Mk HE
* 1 A
_ / / I ( - a’> N4, (o) dA
upo' <r—pi K Jr Mk HEk
= / / p (N —0c")dNa, (c")dN
pieo! <T—pi S O

= / / p (N —=0")dNa,(0")dN = By (T) ;
J’<Mik—K -z 20"

HE

Bjs(r) = / ANy, a,(0)

T—purK<o<t

= / dNa, (0")

T—prK<pro’<t
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1 A—
" dN d\
/0 T|<ukK/ooMkp< Lk > ukAl( o)
1 A
- / / —p < - 0'/> dNAl (o'l)d)\
o' —7|<upK J—oo Mk \ Hk

— / / p (N —0c')dN4, (c")dN
pro’ —7|<pp K

_ /U/_T /_: p (N =o'} dN4, (/)N = C <T> .

ik
This proves the claim in view of the properties of A(-), Ba(-), B3(-) and C(-)
and the fact that i > 1. O

In view of Proposition [3.3.11] and Lemma |[3.3.10 we have:
Proposition 3.3.12. Let A, A; and As be as in Assumptions Then
Cy [ T\™ 1
Na(r) = Z < < > + anj(T)> ;
P <T Hk M

where Cy is given by (3.34), and rj(7) is O (7"!) uniformly with respect
to pk, that is there exists a constant C such that

ri(r) <Cr™~1, forall j €N. (3.68)

Proof. By Proposition [3.3.11] we have

+00 ]_
=> / / < ) AN, 4, dA
e <T 9] ,LLk
Rt I Hk Hi
Lemma [3.3.10] implies that

/uk /:O /utlk ( ) ANy 2, (0)dA
L) o))
\™ N
Cl <Mk> +O<</Ak> )7

since l%k > 1. Moreover, we know that

+oo
g(\) = / p(A— 0)dN,(0) = O(A=™)

—0o0
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for A\ = —oo, and that g is bounded on every compact sets, due to the
Schwartz decay of p and of the polynomial growth of the counting function.
Thus,

I 2o e
P ey
_ /_ ) /_ ;OO p(N = o")dN 4, (") dN

1 “+00
=/‘mwwm>%ruij" p(N — o) AN, (o) dN

1
<[ arwpreavsc

—00

for some constant C' > 0 independent from pi. Hence, we get the claim
from the properties of A(-), Ba(-), Bs(-) and C(-). O
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Chapter 4

Fredholm properties

In this chapter we will show the equivalence of bi-ellipticity and Fredholm
property for a class of global bisingular operator.

4.1 Fredholm operators

First, let us recall some general properties of Fredholm operators. For more
details, see, e.g., [Shu01].

Definition 4.1.1. Let Ej, E» be Banach spaces. Denote by K(E1, E2) C
L(E1, Ey) the subset of all compact linear operators Fq — Fo.

Definition 4.1.2. Let E;, Fy be Banach spaces, and A € L(E, E2). A is
called a Fredholm operator if dimKer A < 400 and dim Coker A < +o0,
where we recall that

Coker A := E5/Im A.

The next two results give relations between the class of Fredholm operators
and of compact operators.

Proposition 4.1.3. Let E be a Banach space, and R € K(E,FE). Then
I + R is a Fredholm operator from F to itself.

Proof. Since
I‘Ker(IJrR) - _R‘Ker(IJrR) € IC(Ev E),
the closed unit ball in Ker(I + R) is a compact set, because, in Ker(I + R),

B1(0) = I(B1(0)) = —R(B1(0)),
and the image of a bounded set under the action of a compact operator

has compact closure. Thus, dimKer(/ + R) < +o00. Moreover, R* is also
compact, which means that dim Ker(/ + R*) < 4+00. To prove that I + R

81
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is a Fredholm operator we only need to show the closedness of Im(I + R),
since then
dim Coker(I + R) = dimKer(I + R*) < +oo0.

Let {z,} C E, and y, := (I + R)x,, > y € E, as n — +o0o. We need to
verify the existence of an x € E such as (I + R)x = y.

Let L be any closed subspace complementary to Ker(I 4+ R) in E. For every
xn, € E, we have a unique decomposition x,, = v,+v,,, where v,, € Ker(I+R)
and v}, € L. Thus, adding to {x,} vectors from Ker(I + R), which obviously
does not change y,, we may assume that x, € L for all n.

Let us show that the sequence {z,} is bounded. Indeed, if this is not the
case, taking a subsequence of {x,}, we may assume that ||z,| — +oo, as
n — +oo. But then, setting

@y = an/llenll, yn = I+ R)a, = yn/|znll,

we have that y/, — 0, as n — +o0, since {y,} is bounded. By construction,

|L|| = 1 for all n, so that we have, up to a subsequence, the existence of
nEToo Rz, =1’
But then
i = () = o
and clearly ||2'|| = 1, 2/ € L. Moreover

(I+R)x’ = lim (I+R)x), =—-2'+2'=0,

n—-+o0o

and this contradicts the choice of L. Thus, the sequence {z,} is bounded,
and we have, up to a subsequence, that

lim Rz,
n—-+o0o
exists, and, consequently, so does
lm z,=y— lim Rz,.
n—+00 n—-+o0o
Denoting x := lir}rl Zn, we have that (I + R)x = y, proving the closedness
n——+0oo
of Im(I + R). O

Theorem 4.1.4. Let A € L(E1, Es) and let By, By € L(FE3, E1) be such
that

BiA=1+ Ry, ABy =1 + Ro,

where R; € K(Ej, Ej),j =1,2. Then, A is a Fredholm operator from E; to
FEs.
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Proof. By Proposition one has that I + Rj, is a Fredholm operator
from FEj; to itself, j = 1,2. Then

Ker A C Ker(B1A) = Ker(I + Ry),
thus dim Ker A < dim Ker(/ + R;) < +00. Moreover, we have that
Im A D Im(ABy) = Im(I + R»).

Given z € Fjs, let us denote by x + Im A the lateral class of  in Coker A =
Ey/Im A. Since Im(/ + Ry) C Im A, one has a homomorphism f : Ey/
Im(I + R2) — Ea/Im A given by x +Im(I 4+ R2) — =+ Im A. Notice that f
is well defined: taking x 4+ v1,z +ve € o+ Im(I + Ry), v1,vy € Im(I + R3),
we have that f(x + v1), f(z +v2) € z +Im A, since

fl@+v) = flz+v) =2 +v1 — (x+v2)
= V1 — Vg EIII](I—I—RQ) CImA= v —vy €lmA.
Next, let us show that f is surjective. Given y + Im A, we have to find

x+Im(I + Rs) such that f(z+Im(I + R2)) = y+Im A. Choose an element
v € y+ImA and set z 4+ Im(I + R2) = v+ Im(I + R2). By definition of f,

fle+Im(I+ Ry)) =v+ImA=y+ImA,

as desired. Of course, choosing v,v’ € y +Im A, v # v, one obtains, in
general, different classes v’ +Im(I + Ry), v+ Im(I + Ry), in Coker(I + Ry).
However, again by definition of f,

fOW +Im(I+ Ry))=v"+ImA=v+ImA=y+ImA.

Finally, by assumption, Coker(I+ Rg) = E2/Im(I+ R3) is finite dimensional,
and, by the surjectivity of f : Coker(I + Ry) — Coker(A), this holds also
for Coker A = Ey/Im A. O

4.2 Global bisingular operators

In this section we present a class of global bisingular operators whose bi-
symbol are adapted to Shubin calculus, see [ShuO1]. This calculus was re-
cently studied by U. Battisti, T. Gramchev, S. Pilipovi¢ and L. Rodino (for
additional details and the proofs, see [BGPR13]).

Definition 4.2.1. I'"12(R™ R"2) is the set of all functions in C>°(R™! x
R™ x R™ x R™) such that, for all multi-indices «;, 8;, i = 1, 2, there exists
a constant Cy, o, 8,8, > 0 such that

|D?11 D?;Dfi nga(mlv €2, fl? 52)|
< Cog,a27ﬁl7ﬁ2<(l’1, 51)>m1_|0‘1|_|51|<(x1’ 52)>m2—|o¢2\—|52|7

for all z;,§ € R™. An element of I'"2(R" R"2) is called a (global)
bi-symbol.
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Definition 4.2.2. A linear operator A : C{°(R™1"2) — C®(R™1"2) is
called a (global) bisingular operator if it can be written in the form

Afu)(1,22) = (Op(@)[u) (&1, 22)
= g o fo CE R (e, 22,6, )16 ) derd
RRCTSITET ane a(ry, 2,81, 82)ul(81,82) aS1ads,

where a € T ™m2(R™ R"2). G™>™2(R™ R"2) denotes the set of all bisin-
gular operators with bi-symbol in T2 (R™ R"2). Moreover, we set

Foo,oo(qu’Rng):: U le’mQ(Rnl,an),

mi,ma2

F—oo,—OO(Rm’an):: ﬂ le,mg(Rnl’Rng)’

mi,m2

and we denote by G°>°(R™ R"2) G~°~°°(R",R"2), respectively, the
corresponding class of operators. The operators in G7°~°°(R™ R"2) are
called smoothing operators.

For the operators in I'**°(R" R"2) we have ./(R™ x R"2) and .&/(R™ x
R™2) continuity, and

D0~ (R™, R™) = #(R™ x R™ x R™ x R™).
We associate with every A € I'™12(R™ R"2) the two maps
Al R™M « R™M G™(R"™) : (z1,&1) — a(z1, x2,&1, D2), (4.1)
A2 R™ x R™ — G™ (Rnl) : (:L‘g,fz) — a(l’l,l'g,Dl,fg). '

Remark 4.2.3. Also the global version of bisingular calculus in Definition
takes the form of an operator-valued calculus, cfr. Chapter

Theorem 4.2.4. Let A € ™2 (R™ R™) and B € P12 (R™ R™).
Then, AB ¢ ['matp1,me+p2 (Rm?an)‘

Definition 4.2.5. Let a € I'"™2(R™ R"). Then a has a homogeneous
principal bi-symbol if

i) there exists am,,. € I'"™2(R™ R") such that

Ay (t21, T2, 161, 62) = "™ gy (21, 22,61, &2),

a —P1(z1,&1)am,,. € TMLm2,

for all x, &2, for all 21, & such that |z1]|+[&1| > 1, and all ¢ > 0, where ¢
is an 0-excision function. Moreover, am,;.(z1,x2,&1, D2) € G2 (R™),
so, being a classical global symbol on R™2, it admits an asymptotic
expansion with respect to (x,&2).
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ii) there exists a.,,, € I'"1"™2(R™ R"?) such that

CL.;m2 (1‘1, txg, fl, tfg) = thCL.;m? (.731, o, 51, fg),

a — Po(9,€2) A, € T2

for all z1, &1, for all zg, & such that |z2|+|&2| > 1, and all £ > 0, where 12

is an 0-excision function. Moreover, .., (x1, 2, D1,&2) € G (R™),

so, being a classical global symbol on R™, it admits an asymptotic
expansion with respect to (x1,&1).

ili) the symbols a,,;. and ..y, have the same leading term, so there exists
@y ;m, Such that

Amy;- — ¢2(1’2752)am1;m2 € Fm17m2_1(Rnl,Rn2)a
A.my — Y1 ('Ilvé-l)aml;mg € prma-hme (RTH?R"H)’

and

a— 1/}lamlg- - ¢2a-;m2 + ¢1w2am1;m2 € le_lmm_l(Rnl ) an)

The bi-symbols which admit a full bi-homogeneous expansion in (z1,&;) and
(z2,&2) are called classical bi-symbols, their class is denoted by 'V (R™,R"2),
and the corresponding operator class by G/ (R™,R"?).

Given A € GJV"*(R™,R™), we can define maps o!(A), 0?(A), c'?(A) as
follows:

ol (A) :T*R™ \ 0 — GI/*(R™)

(@1,&1) = amy;- (21, 22,&1, Da),
2(A) - T*R™ \ 0 — G™1 (R™)

(z2,82) > @y (71,22, D1, §2),
o2(A) : (T*R™ \ 0) x (T*R"™\ 0) — C

(w1, 22,81,82) = Qmyims (21, 72,61, 62).

In this way, denoting by op(z, &) the principal symbol of an operator P, we
have

Tt (A)(z1,61) (T2, §2) = T02(A)(,2) (21, 1)

4.2
= 0" (A)(21,22,£1,£) = Qmymsy (71,72, &1, ). “2)

We call the couple (0!(A),0%(A)) the principal bi-symbol of A.

We can now introduce the notion of bi-ellipticity. As in the case of the
bisingular calculus on closed manifolds, we restrict ourselves to classical
operators.
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Definition 4.2.6. Let A € G}V (R™,R"2). We say that A is bi-elliptic
if

i) 012(A)(v1,ve) # 0 for all (T*R™ \ 0) x (T*R"2\ 0);

ii) o!(A)(v1) is invertible as an operator in G/J2(R"2) for all v; € T*R"™\0,
iii) o?(A)(v) is invertible as an operator in GIJ* (R™) for all vy € T*R"2\0.

Also for this global calculus, it is possible to define adapted Sobolev spaces
and prove some continuity results.

Definition 4.2.7. The Sobolev space of exponent (s1, s2), s1,s2 € R, is the
space

Q51,52 — Q51,32 (Rnl X RnQ)
= {u e SR x B™) : Op({(a1,6))" (22, £2)))u € L2(R™ x R™)}.

In particular,

QYO(R™ x R"™) = L2(R™ x R™).

For u € Q%152 get

[ullsy,s, == [[OP({(21, £1))* (22, £2))°* ) ull2-

Remark 4.2.8. We notice that, if A € G} (R™,R"?) satisfies condition
ii) and condition iii) of Definition one can prove that both the oper-
ators o1 (A)(z1,&) € G2(R"2) and o?(A)(z2, &) € G (R™) are injective
Fredholm operators, therefore invertible operators also in the Q? spacesﬂ
for all s € R. Therefore, in Definition [4.2.6] it is equivalent to require in-
vertibility of the operators on the Schwartz spaces or on the Sobolev Q°
spaces.

Proposition 4.2.9. If s; > s, so > sb, we have

Qsl,SQ C Qs’l,s/2

and the embedding Q%52 < Q152 is continuous. If s; > sy, s2 > s, the
embedding is compact.

Proposition 4.2.10. A bisingular operator A € G""2(R™ R"2) extends
to a continuous operator

A . Q51:52 (Rnl X R’WQ) N Qsl_m1752_m2 (Rnl X IR'"»Z)7

for every si,s2 € R.

!The QF spaces are the scale of Sobolev spaces adapted to the global Shubin calculus.
For more details, see [Shu01].
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We conclude this section with the analogue of Theorem [1.2.12

Theorem 4.2.11. Let A € GJ""*(R™,R"2) be bi-elliptic. Then, there
exists B € L™~ ™*(R™,R™?) such that

AB=IT+K, BA=I+Kb>,

where [ is the identity map and K7, K9 are smoothing operators. Moreover,
the principal bi-symbol of B is (o1(A)™1, 0%(A)71).

4.3 Fredholm property for global bi-elliptic oper-
ators

Let A € G"™(R™,R™). In this section we will prove the main result
of this chapter, namely, that A is bi-elliptic if and only if A is a Fredholm
operator.

First, let us see that we can, without loss of generality, restrict ourselves
to operators A € GS{O(RM,R”Q). To do so, consider the so-called order
reduction operators, that is, operators

Am1,m2 c GZIM,T”Q (R’m , an )’

invertible, with inverse (A my)” " = Ay —my. These operators are an
isometry Q™2 — Q%0 = L2, For the construction of these operators in
the Shubin calculus, see, e.g., [NR11]. Thus, from Proposition and
Theorem the study of the operator

A . QslysE — Qsl_m1732_m2
is equivalent to the study of
A - Q0,0 N Q0707

where
A = As1fm1,827m2AA*51,*32 S GO’O(Rnl’Rn2)'

cl

In fact, the following diagram is commutative.

Q81,82 (R"l X Rﬂz) A S Q81—m1782—m2 (Rm X Rﬂz)
\LAS1—M1782—M2

Q0,0 (Rnl % R™2 )

Ay msp) 71 =As s l

Q0,0 (Rnl % R™2 )
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4.3.1 Sufficiency of bi-ellipticy

In this subsection we will prove that bi-ellipticity is a sufficient condition for
a global bisingular operator to have the Fredholm property.

Proposition 4.3.1. Given mi,ma >0, A € G (R™,R") is a com-
pact operator from H%1%2 to itself, for every s1, s € R.

Proof. Since my, ma > 0, for every (s1,52) € R? we obviously have s; < 51+
mi, s3 < 89 + mo, and, by Proposition this means that QSt+m1.s2+mz2
is compactly embedded into Q*52. Thus, by Proposition

A - Qsl,sz — Qsl—(—ml),sz—(—mz) — Q31+m2,52+m2 C Q81’52,
and the embedding is compact. O

Theorem 4.3.2. Let A € GS{O(RM,RW), and let A be bi-elliptic. Then, A
is a Fredholm operator from L?(R™ x R"2) = QUY(R™ x R"™2) to itself.

Proof. From Theorem |4.2.11] we know that there exists B € LSI’O(RW,R"?)
such that

AB=1+K; BA =1+ Ko,

where K7, Ky are smoothing operators, that is, operators in L™~ (R R"2).
Thus, from Proposition K1 and K3 are compact operators from L2(R"! x
R™2) to itself. In view of the abstract result from Section this proves
our claim. O

4.3.2 Necessity of bi-ellipticy

In this subsection we prove that bi-ellipticity is a necessary condition for a
global bisingular operator in order to have the Fredholm property. To this
aim, we show a result in the more general class of operators with operator-
valued symbols in a Hilbert space. Theories of operator-valued symbols were
originally developed by Schulze, see, e.g., [Sch98]. The following definitions
are variants of his original concepts, adapted to the presently used Shubin-
type calculus. They are defined as follows:

Definition 4.3.3. Let E be a Hilbert space. I'*(R", Z(F)) is the set of all
a € C*(R" x R", Z(F)) such that, for all multi-indices «, § there exists a
constant Cy, g > 0 such that

IDEDSa(x,€) )| 2(m) < Cayp{(z, €))7 11=1AL

for all (z,€&) € R™ x R™. An element of I'*(R", #(E)) is called an operator-
valued symbol. The corresponding pseudodifferential operator A : C5°(R", E) —
C>®(R™, E) is defined as

Au(z) == (Op(a)[ul)(z) == / e"a(z, €)a(€) dE, u e C(R", E),
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and the corresponding class by G*(R", Z(E)).

For this class of “abstract” symbols all the standard features of pseudod-
ifferential calculus work essentially as in the case of scalar symbols. In
particular, it is possible to define classical symbols, that is, the elements of
I'*(R™, Z(FE)) which admit a homogeneous expansion in (x,&), and their
principal symbols 4. For more details and properties of operator-valued
symbols, we refer to [Sch98| and [Tay74]. From now on, we will assume that
all operator-valued symbols are classical.

Remark 4.3.4. Given A € Ggl’O(R”I,R”Q), we have
Op(A!) € GOR™, Z(L*(R™))),  Op(A?) € G°(R", Z(L*([R™))),
with A!, A? as in . Moreover,
Top(any(71,&1) = 0 (A)(21,61),  0op(az)(22,62) = 02 (A) (22, &)

Definition 4.3.5. Let b € I'*(R", Z(F)), A > 1,0 < 7 < 1/2 and (¢, &) €
R™ x R™, |(z0,&)| = 1, be fixed. We set

ba(x, ) := b(Axo + A 72, Ao + ATE). (4.3)

Lemma 4.3.6. Let b € TH(R", Z(F)), by as in (4.3)), u < 0, (z0,&) €
R™ x Rn, ’(l’o,goﬂ =1. Set

.
= 4.4
p=— (4.4)

(notice that 0 < p < 1, since 0 < 7 < 1/2). Then, for any A > 1, and any
a,B €7, we have
| DEDIbA, )l (m) < CapA! ™A, )10, (4.5)
uniformly in (z,£) € R™ x R™.
Proof. By direct computation, we get
|Dg DEb(Azo + A~ 72, Ao + AE) | 2(m)
< Caﬁ)\la\T—\ﬂlT«)\xo + AT, A& + ATE)YRlel =Bl
< NT=IBIT (g + AT, Ay + ATE)HPlel
< NT=IBIT((Azg, Ao )Y Pl (AT, ATE))Pled =1
< Alelr=I8lr xu=plad yprlal=rn (4 ¢))Plal=n
< AA=T=lBI yled(r=ptpr) (5 ¢)yplal—r

where we used Peetre’s inequality (1.1.1)) and that p|a| —p > 0. From (4.4)),

7_2

T—p+pr=T7-— = 0.

1-7 1-—71

The proof is complete. O
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We can now prove the following Proposition:

Proposition 4.3.7. Let (xo,&) € R" x R", |(x0,&)| =1,and 0 <7 < 1/2
be fixed. Set

Ryu(z) = X2 0 (X (z — Aao)),  u € CP(R™, E).
Then
i) R, is an invertible isometry L?(R", E) — L?(R", E);
ii) Ryu — 0 weakly in L2(R", E) for A — +o0;
iii) For any A € G*(R", Z(E)) and u € L*(R", E) we have

”R;lAR)\'U, - O'A(LL’O, go)“’”[ﬂ(R”,E) — 0.

Proof. In this proof we follow the ideas in [RS82, §2.3.4].

i) Obviously, we have || Ryul|p2mn gy = [[ullL2(rn g for all u € C§°(R", E).
We get the claim by density.

ii) Pick u,v € C°(R", E), and notice that the inverse of Ry in given by
R;lu(x) _ )\—Tn/Qe—i)\()\*Tw-i-)\xo)Eou(/\—’rx + )\xo)

Hence,

Ry, )z iy < X2 [ (0O (@ = M), o(0)e] da
< AT / (), oAz + Azo)) | do
< AiTn/?HUHLl(R",E)HU”LOO(]R",E) —0
for A — 4-00. Moreover, observe that
|(Rau,v)| < ||R>\U||L2(]R“,E) ||v||L2(R",E) = ||U||L2(Rn,E) ||U||L2(1Rn,E)-

Fix u,v € L?>(R", E), choose {u;}, {v;} C Cg°(R™, E) such that u; —
u,v; = v in L*(R", E) for j — +oo. Then,

[(Rau, )| < [(Ra(u —uy),v)| + [(Raug, v — ;)| + [(Raug, vj)]

< lw—wjllp2 Joll g2 + lujll g2 lv —vjll L2 + [(Rawg, v5)].

Thus, for every € > 0 we can choose N > 0 such that, for all j > N,

€
lu = wjll 2 Jvll 2 + Nl 2 [lo = vill 2 < 5
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iii)

and A >> 1 such that .
|(Rauj, v)] < 5,

since ||lu;l], [|v;|| are (uniformly) bounded with respect to j. This implies
(Rau,v)p2@mn. gy — 0 for A — o0,
for all v € L?(R™, E), that is, Ryu — 0 weakly in L?(R", E).

Let A = Op(a) with a € T°(R", Z(F)), and choose an excision func-
tion x(z,&) such that a(x,&) = x(z,&)oa(x,&) + r(z,£), where r €
I'~Y(R", Z(E)). From

Ryu(g) = A2 P00l 20) (¢ — Agy)ATT),
u € C°(R™, E), we get, by direct computation,
R, 'Op(a)Ryu(x)
= / e (x(Amg + ATz, ATE + Ao)aa(Azg + AT, ATE + A))
+ r(Azg + A T2, ATE 4 M) ) (&) d¢
= /eifﬁ(x(mo + ATz NE+ M) oa(zo+ AT e &g + AT
+ r(Azg + AN T@, ATE 4 Ao)) (&) d¢
= [ e (at o) + )it e
= (Op(d}) + Op(ry))u(z),
with
a\(2,€) = x(Azo + AT, N7+ Mo)oa(zo + N7 1o, & + AL,

and 7\, € T7Y(R", Z(E)) as in (4.3). First, we want to show that, for
A — 400,
Op(ry)u — 0 in L*(R", E). (4.6)

Due to Lebesgue’s Theorem on dominated convergence, this is true
provided we verify

a) Op(ry)u(z) — 0 in E pointwise for z € R";

b) There exists g € L'(R") such that ||Op(ry)u(z)||g < g(x) for all
z € R™and A > 1.

Using (4.5) with u = —1, for fixed x we get

lra(z, )il < llra(z, ).z 4(6)le
< A (@, ) [a(€)lle — 0
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for A — 400 for every £ € R, because 7 — 1 < 0. Since u € Cj°(R™, E),
for any N € N we have ||0(¢)||g < (£)~, thus

Irx(z, ©)a(€)lle < X (@, OMaE)lle < €)',

which is in Ll(R?, E) for N > 14 n. This, by Lebesgue’s Theorem on
dominated convergence, implies a).

Now, for fixed M € N, consider (z)?"Op(ry)u(z). By an integration
by parts argument, we get

R Op () = (7 / e"Ery (@, €£)i(8) dg
— /eixf(l + AE)M<T>‘(‘Z.7£)&(€)) ac.

Using again that v € C§°(R"™, E), (4.5) and Leibniz’s product rule,

I Op(ra)u(e)l < [ 11+ 20" (ra(er €)a€)) | 8¢
< [t e agg)lpag
< (o)t [ (e ae) | de
< (z)2MpHL / (£)2MPH1I=N ge < 4o

n+1

for any N > 2Mp+ 1+ n. Hence, for any M € N with , M > 21 )
-p

1Op(ra)u(@)|lp < (x)*M~DF = g(z) € L'(R™),

i.e. b) is verified. Thus, we have(4.6).

Now we consider

Op(ajy)u(z)

= /e””f (x(Azo + X772, A€+ Xo)oa(zo + AT g + )\T_lf))ﬂ(f) ag
For fixed x, we get

(XAzo+ AT, NTE+AE) oA (2o+ AT, o+ 1E)) 6(€) — aa(wo, o)au(€)
for A — 400 for all £ € R™. Then, for fixed z € R,

(@A (@, &)—oa(@, E)a@)lr < la@le  sup  lo(@,&)]em < €,

(z,£)ER™ XR™
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hence
Op(d})u(x) — 4 (z0, €0) / ¢ a(€) dE = o a(wo, Eo)ulx)

for A — +o00. Again, integration by parts yields

(@)*M Op(a))u(z) = /6”“"5(1 + )M (d) (2, )ae)) ag

for arbitrary M € N, and
_n
2(1-p)

In the end, by Lebesgue’s Theorem on dominated convergence, we get

|0p(ah)u(z)|| g < (z)*MP=D e LYR") for M >

Op(a))u — oa(ro,&)u in L*(R™, E).
for A — +o00, and this, together with (4.6)), completes the proof.
O

Using the previous Proposition we can prove the following result on
the invertibility of the principal symbol for operators in G°(R", Z(FE)) with
the Fredholm property.

Theorem 4.3.8. Let A = Op(a) € G'(R", Z(F)) induce a Fredholm op-
erator L?(R", E) — L?(R", E). Then, 04 is invertible.

Proof. In this proof we set ||| := ||| 2(gn ). Let B € L(L*(R™, E)) denote
a Fredholm inverse of A, i.e.

BA=T+K,

where K is compact in L?(R", E). Choose u € L*(R", E). Using the iso-
metric operator Ry, for fixed (z9,&p) € R" xR", |(z0,&0)| = 1, as introduced
in Proposition [A:3.7, we get
[ull = [Ryul| = [[(BA - K)Ryul|
< |I1Bllz2@», ) AR u|| + [[ K Ryull
< |Bllz>@np) | By ARyul| + || K Ryu|
= 1Bl 2(r2®n, ) lloa(zo, §o)ull

for A — +oo in L}(R", E), since KRyu — 0, in view of the fact that K
is compact, and compact operators map weakly convergent sequences into
strongly convergent ones, cfr., e.g., |Bre86]. Choosing u = ¢ ® e, with
¢ € L*(R"), 9]l z2rny) = 1, and e € E, we get by the previous equation

e
loa(zo, &o)ells > ——elE_
1Bl (L2 ®n,£))
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i.e. 04 is injective. Moreover, since A is Fredholm, also A*, the adjoint of
A, is Fredholm, i.e.
B'A*=IT+K'

for some B’ € L(L*(R", E)) and K’ compact. Analogously

llell =
| 2(r2@n,B))’

loax(zo,&0)ellz > B

and since (04)* = 04+, we get that o4 is bijective, as claimed. O

Theorem 4.3.9. Let A € GS{O(RM,RW) induce a Fredholm operator from
L?(R™ x R™2) to itself. Then A is bi-elliptic.

Proof. In view of Remark we can consider A as an operator belonging
to GO(R™, Z(E)) with E = L?(R"2). Then, by Theorem [4.3.8] the oper-
ator valued principal symbol ogp41)(71,&1) = ol (A)(z1,&) is everywhere
invertible.

Analogously, by viewing A as an operator in G°(R"2, Z(F)) with E =
L2(R™), also 02(A)(w2, &) is everywhere invertible.

Finally, fix (21,2, &1, &) € (T*R™ \ 0) x (T*R"2\ 0). Since o' (A4)(x1,&) €
G[?(R"2) is everywhere invertible, it is, in particular, non-characteristic at
(xg,fg). Thus

o2 (A) (21, 22,1, €2) = 051 (a) (1) (T2, E2) # 0, (4.7)
where we used (4.2]). This, according to Definition proves our claim.
U

Summing up, we have the following Theorem.

Theorem 4.3.10. Let A € GS{O(RM ,R"2). Then A is bi-elliptic if and only
if it induces a Fredholm operator from L2(R™ x R"2) to itself.

Proof. The claim follows from Theorem [£.3.2] and Theorem [£.3.9] O
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