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A CALCULUS OF FOURIER INTEGRAL OPERATORS
WITH INHOMOGENEOUS PHASE FUNCTIONS ON R¢

SANDRO CORIASCO AND JOACHIM TOFT

ABSTRACT. We construct a calculus for generalized SG Fourier
integral operators, extending known results to a broader class of
symbols of SG type. In particular, we do not require that the phase
functions are homogeneous. An essential ingredient in the proofs
is a general criterion for asymptotic expansions within the Weyl-
Hormander calculus. We also prove the L?(R%)-boundedness of
the generalized SG Fourier integral operators having regular phase
functions and amplitudes uniformly bounded on R2<.
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0. INTRODUCTION

The aim of this paper is to extend the calculus of Fourier integral
operators based on the so-called SG symbol classes, originally studied
by S. Coriasco [9], to the more general setting of generalized SG symbols
introduced in [11] by S. Coriasco, K. Johansson and J. Toft.

Explicitly, for every m, u € R, the standard class SG™*(R?) of SG
symbols, are functions a(z,£) € C®(R? x RY) with the property that,
for any multiindices &« € N? and 3 € N, there exist constants C,5 > 0
such that

\D;Dfa(x,g)y < Coplz)mlel(gyn=1Al £ eR*xRL (0.1)

hold. Here (z) = (1 + |2|?)"/?2 when x € R? and N is the set of natural
numbers. These classes together with corresponding classes of pseudo-
differential operators Op(SG™*"), were first introduced in the '70s by
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H.O. Cordes [8] and C. Parenti [24]. See also R. Melrose [23|. They
form a graded algebra, i.e.,

Op(SG™ 1) 0 Op(SG™™#7) € Op(SG™ e tiz),
whose residual elements are operators with symbols in

SG*RY) = () SG™"(RY)=.7R™),
(m,u)ER?

that is, those having kernel in . (R??), continuously mapping .’ (R?)
to .7 (R?).

Operators in Op(SG™*) are continuous on .%(R?), and extend uniquely
to continuous operators on .’ (R%) and from H*°(RY) to H*~™7~#(RY).
Here H'(R%), t,7 € R, denotes the weighted Sobolev space

HT(RY) = {u € SR Juller = () (D)7ull12 < oo},

An operator A = Op(a), is called elliptic (or SG™*"-elliptic) if a €
SG™*(R?) and there exists R > 0 such that

Cl)™ (" < lalz, ), |a|+ ¢l = R,

for some constant C' > 0.
An elliptic SG operator A € Op(SG™*) admits a parametrix P €
Op(SG™"7#) such that

PA=I1+K,, AP=1I+ Ko,

for suitable K1, K5, smoothing operators with symbols in SG™°*~>*(R4?),
and it turns out to be a Fredholm operator on the scale of functional
spaces H(RY), t,7 € R.

In 1987, E. Schrohe [26] introduced a class of non-compact manifolds,
the so-called SG manifolds, on which it is possible to transfer from
R? the whole SG calculus. These are manifolds which admit a finite
atlas whose changes of coordinates behave like symbols of order (0, 1)
(see |26] for details and additional technical hypotheses). An especially
interesting example of SG manifolds are the manifolds with cylindrical
ends, where also the concept of classical SG operator makes sense, see,
e.g. [18,23].

The calculus of corresponding classes of Fourier integral operators,
in the forms

-~

£ s (Op,(a)f) (@) = (2m) / ¢ a(r, ) 7€) de,

Rd

and

> (Op(a 1)@ = @) [ [ o900y 1)

f e Z(RY), started in [9]. Here the operators Op,(a) and Op}(a) =
Op,(a)* are called Fourier integral operators of type I and type II,

respectively, with amplitude a and phase function ¢. Note that the
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type II operator Op,,(a)* is the formal L?-adjoint of the type I operator
Op,(a).
We assume that the phase function ¢ belongs SG*'(R?) and satisfy

(e(z,€)) =< (§) and  (pe(z,§)) = (),

if nothing else is stated. Here and in what follows, A < B means that
A< Band B < A, where A < B means that A < ¢- B, for a suitable
constant ¢ > 0. In many cases, especially when studying the mapping
properties of such operators, ¢ should also fulfill the usual (global)
non-degeneracy condition

[ det(ege(@, ) > ¢, xR,

for some constant ¢ > 0. The calculus developed in [9] has been first
applied to the analysis of the well-posedness, in the scale of weighted
spaces H™(R?), of certain hyperbolic Cauchy problems. These involved
linear operators whose coefficients have, at most, polynomial growth at
infinity, and was studied in [10, 14].

The analysis of such Fourier integral operators subsequently devel-
oped into an interesting field of active research, with extensions in many
different directions. For example, an approach involving more general
phase functions compared to [9,10] can be found in [1] by Andrews.
In [5] Cappiello and Rodino deduce results involving Gelfand-Shilov
spaces, and in [6,7], boundedness on FLP(R?) and the modulation

com
spaces are obtained. The LP(R%)-continuity of tﬁe above operators is
studied in [15], extending to the global R? situation a celebrated result
by Seeger, Sogge and Stein in [27], valid on compact manifolds.
More general SG symbol classes, denoted by SG%)(Rd), r,p > 0,
r 4+ p > 0, have been introduced in the aforementioned paper [11]. In
place of the estimates (0.1), a € SG%)(Rd) satisfies

|DED{a(w,€)| < Cope(w, €)(z) (€)= (0.2)

for suitable weight w and constants C,3 > 0, see Subsections 1.1 and 1.2
below. For the corresponding pseudo-differential operators, continuity
results and the propagation of singularities, in terms of global wave-
front sets are established in [11]. (See also [13,23] for related results.)
These generalized SG symbol classes are well suited when investigating
singularities in the context of modulation and Fourier-Lebesgue spaces.
(See [19-21] for details on these functional spaces.)

In Section 2 we extend the calculus developed in [9] to include oper-
ators Op,,(a) and Opj,(a) with phase functions in SGH(Rd) and am-
plitudes in the generalized SG classes (0.2). More precisely, in the first

part of Section 2 we prove that for every a,b € SG“) and p € SG®)
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we have

Op(p) o Op,(a) = Op,(c1) mod Op(By),
Op(p) o Opj,(b) = Opj,(c2) mod Op(By),
Op,(a) o Op(p) = Op,(c3) mod Op(By)
Op;,(b) o Op(p) = Op;(cs) mod Op(By),

for some ¢; € SG®os) 5 = 1,...,4, and suitable weights wp,;. Here
Op(By) is a set of appropriate smoothing operators, depending on the
symbols and the phase function. Furthermore, if ¢ € SG“Y and b €
SG©2) then it is also proved that Op.,(b)oOp,(a) and Op,(a)oOp(b)
are equal to pseudo-differential operators Op(cs) and Op(cg), respec-
tively, for some 5, cg € SG“04) j = 5,6. We also present asymptotic
formulae for ¢j, 7 = 1,...,6, in terms of a and b, or of a, b and p,
modulo smoothing terms, with symbol which in most cases belong to
SGT T = 7.

The results shown in this paper are an essential part of the study of
the propagation of singularities, in the context of general modulation
spaces, from the data to the solutions of the Cauchy problems consid-
ered in [10,13,14]. Another application of the calculus developed here
has been the proof of boundedness results between suitable couples of
weighted modulation spaces for the class of Fourier integral operators
studied here. Both these applications are examined in [12].

The paper is organized as follows. In Section 1 we recall the needed
definitions and some basic results concerning the generalized SG sym-
bol classes. In Section 2 we give the definition of the generalized SG
Fourier integral operators, and prove our main results, i. e., the compo-
sition theorems between generalized pseudo-differential and generalized
Fourier integral operators of SG type, as well as between the Fourier
integral operators. The parametrices for the elliptic elements are also
studied, together with an adapted version of the Egorov theorem. In
Section 3 we discuss the global L?(R¢)-boundedness of the generalized
SG Fourier integral operators under the hypotheses that the phase func-
tion is regular, see Subsection 2.1 below, and the amplitude is uniformly
bounded on R??.
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1. PRELIMINARIES

We begin by fixing the notation and recalling some basic concepts
which will be needed below. In Subsections 1.1-1.2 we mainly summa-
rizes part of the contents of Sections 2 in [11]. In Subsection 1.3 we
state a few lemmas which will be useful in the subsequent Section 2.
Some of these, compared with their original formulation in the SG con-
text, appeared in [9], are here given in a more general form, adapted
to the definitions given in Subsection 1.2.

1.1. Weight functions. Let w and v be positive measurable functions
on R% Then w is called v-moderate if

w(z+y) Sw)v(y) (1.1)

If vin (1.1) can be chosen as a polynomial, then w is called a function or
weight of polynomial type. We let Z(R%) be the set of all polynomial
type functions on R% If w(x,§) € 2(R?) is constant with respect
to the z-variable or the {-variable, then we sometimes write w(§), re-
spectively w(x), instead of w(z,§), and consider w as an element in
P (R or in 2(RY) depending on the situation. We say that v is
submultiplicative if (1.1) holds for w = v. For convenience we assume
that all submultiplicative weights are even, and v and v; always stand
for submultiplicative weights, if nothing else is stated.

Without loss of generality we may assume that every w € Z(R?)
is smooth and satisfies the ellipticity condition 0%w/w € L. In fact,
by Lemma 1.2 in [28] it follows that for each w € Z(R?), there is a
smooth and elliptic wy € Z(R?) which is equivalent to w in the sense

w X Wy.

The weights involved in the sequel have to satisfy additional con-
ditions. More precisely let 7,p > 0. Then 2, ,(R??) is the set of all
w(z,€) in Z(R*) [N C*°(R?) such that

920 w(x, §)
Lyrlal (gyolBl 22 7E
()"1(E) (2.6

for every multi-indices o and 3. Any weight w € 22, ,(R*®) is then
called SG moderate on R2?, of order r and p. Note that there are
elements in Z2(R?¥) which have no equivalent elements in 2, ,(R*?).
On the other hand, if s,¢ € R and r, p € [0, 1], then 2, ,(R??) contains
all weights of the form

€ L= (R, (1.2)

Ompu(2, ) = ()™ (€)", (1.3)

which are one of the most common type of weights.
It will also be useful to consider SG moderate weights in one or three

sets of variables. Let w € Z(R3) (N C®(R3), and let ry,ry,p > 0.
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Then w is called SG moderate on R3¢, of order 7y, ry and p, if it fulfills

80‘180‘28 (l’l ) f)

riloa| rolaz| e\ plB] ZF1 22 Y

<$1> <$2> <£> CU(.CEl, T, f)

The set of all SG moderate weights on R3¢ of order 71, ro and p is

denoted by £, ., ,(R3*?). Finally, we denote by Z,.(R?) the set of all

SG moderate weights of order r > 0 on R? which are defined in a
similar fashion.

€ L®(R*).

1.2. Pseudo-differential operators and generalized SG symbol
classes. Let a € #(R?¥), and ¢t € R be fixed. Then the pseudo-
differential operator Op,(a) is the linear and continuous operator on

< (R?) defined by the formula

(Opy(a)f)() = (2m) / / E00((1— ) + ty, &) (y) dyde (1.4)

(cf. Chapter XVIII in [22]). For general a € .'(R*?), the pseudo-
differential operator Op,(a) is defined as the continuous operator from
< (RY) to '(R?) with distribution kernel

Kia(t,y) = 2m) 2(F ) (1 = )z +ty, o —y). (15)

Here and in what follows, % f = f is the Fourier transform of f €
Z'(R%) which takes the form

(Z1)(E) = f(€) = (2m) " @) —ile8) gy

when f € .7 (R?), and Z,F is the partial Fourler transform of (z,y) —
F(z,y) with respect to the y-variable.

If ¢ =0, then Op,(a) is the Kohn-Nirenberg representation Op(a) =
a(x, D), and if t = 1/2, then Op,(a) is the Weyl quantization.

In most of our situations, a belongs to a generalized SG symbol class,
which we shall consider now. Let m, u, 7, p € R be fixed. Then the SG
class SG%"(R??) is the set of all « € C*°(R??) such that

|DgD{a(x, )] S ()™l e)—#1P,

for all multi-indices o and (. Usually we assume that r,p > 0 and
p+r>0.

More generally, assume that w € 22, ,(R??). Then SG*)(R*®) con-
sists of all @ € C*°(R??) such that

DY D{a(z, §)] < w(x,&)(x) " ™,z geRL (L6)

for all multi-indices « and 5. We note that
SGE(R™) = S(w, grp), (1.7)
when g = g, , is the Rlemannlan metric on R??, defined by the formula
(9r0) .y (@:6) = () N2 + () [P (1.8)
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(cf. Section 18.4-18.6 in [22]). Furthermore, SGq(n’ = SG" when w
coincides with the weight ¥, , defined in (1.3).
For conveniency we set

SG(wﬂ_oo 0) (RQd) _ SG wﬁ_oo 0) R2d m SG w19 N,0) R2d>

N>0

SG(wﬁo —o0 <R2d) — SG wﬁo —oo) R2d ﬂ SG(Wﬁo -N) RQd)

N>0

and

SGW-==)(R?) = SG/-=—=)(R*) = (1] SG/——V(R™).

N>0
We observe that SG’~=2)/(R*) is 1ndependent of 7, SG&—=)(R*)

is independent of p, and that SG “”9*"" —<)(R?) is 1ndependent of both
r and p. Furthermore, for any x, 50 € R? we have

SQWI-a0) (R2) — sgf}woﬁfooﬁ)(RZd), when  wy(§) = w(xo, §),
SG L) (R2) = SGEt-~)(RY), when  wn(x) = w(z, &),

r

S

and
SG(wﬂfoo’foo) <R2d> — y<R2d> )

The following result shows that the concept of asymptotic expansion
extends to the classes SGS";))(RM). We refer to [17, Theorem 8| for the
proof.

Proposition 1.1. Let r,p > 0 satisfy r + p > 0, and let {s;};>0 and
{o;}j>0 be sequences of non-positive numbers such that lim;_ . s; =
—oo when v > 0 and s; = 0 otherwise, and limjﬁOO oj = —oo when

p >0 and o; = 0 otherwise. Also let a; € SG / (R2d) j=0,1,...,
where w; = w -y, 5. Then there is a symbol a 6 SG (RQd) such that

a— Za] € SG! AR J(R29). (1.9)

The symbol a is uniquely determined modulo a remainder h, where

h e SG;fﬂ*”’O)(RQd) when 1 >0,

h e SGWh—=)(RX)  when p >0, (1.10)
h € . (R*) when 1 >0,p> 0.



Definition 1.2. The notation a ~ ) a; is used when @ and a; fulfill
the hypothesis in Proposition 1.1. Furthermore, the formal sum

2

Jj=0
is called (generalized SG) asymptotic expansion.

It is a well-known fact that SG operators give rise to linear contin-
uous mappings from . (R?) to itself, extendable as linear continuous
mappings from .#/(RY) to itself. They also act continuously between
general weighted modulation spaces, see [11].

1.3. Composition and further properties of SG classes of sym-
bols, amplitudes, and functions. We define families of smooth func-
tions with SG behaviour, depending on one, two or three sets of real
variables (cfr. also [16]). We then introduce pseudo-differential opera-
tors defined by means of SG amplitudes. Subsequently, we recall suffi-
cient conditions for maps of R? into itself to keep the invariance of the
SG classes.

In analogy of SG amplitudes defined on R??, we consider corre-
sponding classes of amplitudes defined on R*?. More precisely, for
any ms, mo, j1,71,72, p € R, let SGIM2#(R) be the set of all a €
c> (R3d) such that

05105207 alwy, w, )| S ()™ Il (o) Eleal (el (111

r1 Y2

for every multi-indices aq, as, 8. We usually assume rq,79,p > 0 and
r1+ro+p > 0. More generally, let w € 2, ,, ,(R*). Then SG*)_(R3?)

T1,72,p
is the set of all a € C> (R*) which satisfy
0202080l ,€)] < (s, o, €) () T s} ol (€) 8 (111

Tl T2

for every multi-indices o, s, 8. The set SG“) (R3") is equipped

T1,72,0
with the usual Fréchet topology based upon the seminorms implicit
in (1.11)".
As above,
SGWY),, = SGRLrat when  w(wy, 5,€) = (1) ™ (w2) ™ (€)".

Definition 1.3. Let ri,r5,p > 0, 1y + 1o+ p > 0, and let a €
SG (R, where w € 2,, ., ,(R*). Then, the pseudo-differential

T1,72,0
operator Op(a) is the linear and continuous operator from . (R?) to

Z'(R%) with distribution kernel
Ku(z,y) = (21)"(F5 'a) (2, y,x — ).
For f € . (R%), we have

(Op(a)f)(z) = (2r) / / ¢ a(z, y,€)f(y) dyde.
8



The operators introduced in Definition 1.3 have properties analogous
to the usual SG operator families described in [8]. They coincide with
the operators defined in the previous subsection, where corresponding
symbols are obtained by means of asymptotic expansions, modulo re-
mainders of the type given in (1.2). For the sake of brevity, we here
omit the details. Evidently, when neither the amplitude functions a,
nor the corresponding weight w, depend on x5, we obtain the definition
of SG symbols and pseudo-differential operators, given in the previous
subsection.

Next we consider SG functions, also called functions with SG behav-
tor. That is, amplitudes which depend only on one set of variables in
R?. We denote them by SG&“)(Rd) and SG™(R?), r > 0, respectively,
for a general weight w € Z2.(R%) and for w(x) = (z)™. Furthermore,
if : R" — R%, and each component ¢;, j = 1,...,ds, of ¢ belongs
to SG¥)(R™), we will occasionally write ¢ € SG&)(R%; R%). We use
similar notation also for other vector-valued SG symbols and ampli-
tudes.

In the sequel we will need to consider compositions of SG amplitudes
with functions with SG behavior. In particular, the latter will often
be SG maps (or diffeomorphisms) with SG°-parameter dependence,
generated by phase functions (introduced in [9]), see Definitions 1.4 and
1.4, and Subsection 2.1 below. For the convenience of the reader, we
first recall, in a form slightly more general than the one adopted in [9],
the definition SG diffeomorphisms with SG°-parameter dependence.

Definition 1.4. Let Q; € R% be open, Q = Q) x --- x  and let
¢ € C°(R*xQ; R?). Then ¢ is called an SG map (with SG°-parameter
dependence) when the following conditions hold:

(1) (¢(x,n)) < (x), uniformly with respect to n € ;
2) foralla € Z¢, B = (By,....B), B; € Z¥,j =1,... k, and any
+ j -
(z,m) € R x Q,

0000 -+ 02w, m)| S ()1 (py) 71T () TP
where 7 = (n1,...,n) and 7; € Q; for every j.

Definition 1.5. Let ¢ € C°°(R? x Q;R%) be an SG map. Then ¢ is
called an SG diffeomorphism (with SG"-parameter dependence) when
there is a constant £ > 0 such that

| det ¢, (z,m)| > e, (1.12)
uniformly with respect to n € (2.

Remark 1.6. Condition (1) in Definition 1.4 and (1.12), together with
abstract results (see, e.g., [3], page 221) and the inverse function the-
orem, imply that, for any n € Q, an SG diffeomorphism ¢(-,7n) is a
smooth, global bijection from R to itself with smooth inverse ¢( - ,n) =

¢ (-,n). It can be proved that also the inverse mapping ¥ (y,n) =
9



¢'(y,n) fulfills Conditions (1) and (2) in Definition 1.4, as well as
(1.12), see [9].

Definition 1.7. Let r,p > 0, r +p > 0, w € £, ,(R*), and let
b, ¢1, o € C°(R? x R%; R?) be SG mappings.

(1) w is called (¢, 1)-invariant when

w((b(xv T+ 772)7 g) S w(¢($> 771>7 6)7

for any x,& € RY, n,n, € R%, uniformly with respect to
ny € R%. The set of all (¢, 1)-invariant weights in &2, ,(R*?) is
denoted by 20} (R*);

(2) w is called (¢, 2)-invariant when

W([E, ¢(€’ m + 772)) 5 UJ(LE, ¢(€7 771))7

for any z,& € R%, n,m € R%, uniformly with respect to
ny € R%. The set of all (¢, 2)-invariant weights in 2, ,(R??) is
denoted by Z¢2(R*);
(3) w is called (¢1, ngg) invariant if w is both (¢, 1)-invariant and
(2, 2)-invariant. The set of all (¢1, ¢2)-invariant weights in 22, ,(R??)

is denoted by 225 (R2?)

We now show that, under mild additional conditions, the families
of weights introduced in Subsection 1.1 are indeed “invariant” under
composition with SG maps with SG’-parameter dependence. That is,
the compositions introduced in Definition 1.7 are still weight functions
in the sense of Subsection 1.1, belonging to suitable sets &2, ,(R*?).

Lemma 1.8. Let r,p € [0,1], 7+ p > 0, w € P, ,(R*), and let
¢: R* x RY — R? be an SG map as in Definition 1.4. The following
statements hold true.
(1) Assume w € @ﬁ’pl(RQd), and set wy(z, &) = w(o(x,§),§). Then,
wr € gzl’p<RQd>.
(2) Assumew € ,@ff(RQd), and set wy(x,§) = w(x, p(&, z)). Then,
Wo € e@r,l(RQd).

Proof. We prove only the first statement, since the proof of the second
one follows by a completely similar argument, exchanging the role of x
and &.

It is obvious that w; € C*(R? x R%). The estimates (1.2) follows by
Faa di Bruno’s formula (cf. [9]). Explicitly, for |o 4+ 8| > 0,

()N D¢ wi (2, ) = ()19 0 (w(@(x, €).€))
belongs to the span of

(@)elE) P (000w (9(x,8).€) - [[ 0rore(z,e): D = a,zajz/ﬁ}.

1<5< ol Jj>1 3>0
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Denoting by fagys, ¥ = (Y0, V1, -« -+ Vol)s 0 = (01, .., d}5), the terms
in braces above, in view of the hypotheses we have

| fapys(2,8)|
S (@) w(@(x, €), ) (B, &) TPl Tl T () hol() =1

1<5<] ol
S w(@(@,€),6)-(a) YA () ~hol(g) =PIl () ol () = sz il g) = 21 ]

= wy(z, &) - () (&) = wy(z,€),

which implies (1.2) with » = 1, p € [0,1], |a + 8| > 0. The estimate
for « = f = 0 is trivial. Then, (1.2) holds true for w; with r = 1,
p € [0,1], as claimed. It remains to prove (1.1). To this aim, observe
that, by the moderateness of w, using the properties of ¢ we find, for
some polynomial v,

wi(r+y,§+n) =wlolr+y,E+n),E+n)

=z
A

1
- ¢(x,£+n)+/0 O.(x 4ty € 4) - ydt €

Sw(ox, & +n),&v(zn).

Since |¢,(z + ty, £ +n)| $ 1 for any z,y,&,n7 € RY, ¢ € [0,1], so that
|z| < |y|, we conclude, in view of the (¢, 1)-invariance of w, that

wi(z +y, &+ n) Swle(r,§+n), &) - 0(y,n)
S w(d(z,§),8)0(y,n) < wil(x, &) o(y,n),

for some other suitable polynomial ¢ and any z,v, &, n € R%. The proof
is complete. U

Remark 1.9. It is obvious that, when dealing with Fourier integral
operators, the requirements for ¢ and w in Lemma 1.8 need to be
satisfied only on the support of the involved amplitude. By Lemma
1.8, it also follows that if a € SG%JI)(RM) and ¢ = (¢1, ¢2), where
o1 € SG}:?(RM) and ¢o € SG?:}(RM) are SG maps with SG° parameter

dependence, then a o ¢ € SG%O)(RM) when wy := w o ¢, provided w is

(¢1, ¢2)-invariant. Similar results hold for SG amplitudes and weights
defined on R3¢,

Remark 1.10. By the definitions it follows that any weight w = ¥,
s,0 € R, is (¢,1)-, (¢,2)-, and (¢1, ¢o)-invariant with respect to any

SG diffeomorphism with SG” parameter dependence ¢, (¢1, ¢2).
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We conclude the section by recalling the definition, taken from [9],
of the sets of SG compatible cutoff and 0-excision functions, which we
will use in the sequel. By a standard construction, it is easy to prove
that the sets Z2(k) and Z(R) introduced in Definition 1.11 below are
non-empty, for any k, R > 0.

Definition 1.11. The sets Z2(k), k > 0, of the SG compatible cut-off
functions along the diagonal of R x R?, consist of all x = x(z,y) €
SGY(R??) such that

ly — 2| <k{z)/2 = x(z,y) =1, (1.13)
ly — 2l > kz) = x(z,y) =0.
If not otherwise stated, we always assume k € (0, 1).
E(R) with R > 0 will instead denote the sets of all SG compatible 0-
excision functions, namely, the set of all ¢ = ¢(x,&) € SG(I):(I)(RM) such
that
|+ =2 R = <(z,8) =1,

iz + €| < R/2 = <(x,€) =0. (1.14)

2. SYMBOLIC CALCULUS FOR GENERALIZED FIOs oF SG TYPE

We here introduce the class of Fourier integral operators we are in-
terested in, generalizing those studied in [9]. In particular, we show
how a symbolic calculus can be developed for them. We examine their
compositions with the generalized SG pseudo-differential operators in-
troduced in [11], and the compositions between Type I and Type II
operators. A key tool in the proofs of the composition results below are
the results on asymptotic expansions in the Weyl-Hérmander calculus
obtained in [17].

2.1. Phase functions of SG type. We recall the definition of the
class of admissible phase functions in the SG context, as it was given
in [9]. We then observe that the subclass of regular phase functions gen-
erates (parameter-dependent) mappings of R¢ onto itself, which turn
out to be SG maps with SG° parameter-dependence. Finally, we define
some reqularizing operators, which are used to prove the properties of
the SG Fourier integral operators introduced in the next subsection.

Definition 2.1. A real-valued function ¢ € SGH(RM) is called a
simple phase function (or simple phase), if

(¢e(x,€)) = (x) and (@}, (x,£)) = (§), (2.1)

are fulfilled, uniformly with respect to £ and x, repectively. The set of
all simple phase functions is denoted by §. Moreover, the simple phase
function ¢ is called regular, if |det(<pg§(x,§))| > ¢ for some ¢ > 0 and

all z,& € R?. The set of all regular phases is denoted by F.
12



We observe that a regular phase function ¢ defines two globally in-
vertible mappings, namely & — ¢ (7,§) and » = @(z,§), see the
analysis in [9]. Then, the following result holds true for the mappings
¢, and ¢9 generated by the first derivatives of the admissible regular
phase functions.

Proposition 2.2. Let ¢ € §. Then, for any x9,& € R?, ¢,: R4 —
R: z — ©e(x,&) and ¢: RY — R%: € — ¢ (70,€) are SG maps
(with SG° parameter dependence), from RY to itself. If ¢ € F", ¢1 and
bo give Tise to SG diffeomorphism with SG® parameter dependence.

For any ¢ € §, the operators ©; , and ©, , are defined by

(@1,@f)(x,§) = f(%olg(xa 6)76) and (@2#7.]0)(‘%‘75) = f(.%‘, QO/Z(I‘, 6))7
when f € C'(R*), and remark that the modified weights

(@17600‘}) <x> 5) = W(@’g(% 5)7 5) and (@2,@("))(7;7 f) = w(:z:, (10;0(3:’ f))?
(2.2)
will appear frequently in the sequel. In the following lemma we show
that these weights belong to the same classes of weights as w, provided
they additionally fulfill

@1#,0.) = @2#,(&) (23)

when ¢ is the involved phase function. That is, (2.3) is a sufficient
condition to obtain (¢1,1)- and/or (¢, 2)-invariance of w in the sense
of Definition 1.7, depending on the values of the parameters r, p > 0.

Lemma 2.3. Let ¢ be a simple phase on R?*?, r.p € [0,1] be such
that v =1 or p = 1, and let ©;,w, j = 1,2, be as in (2.2), where
w € 2, ,(R*) satisfies (2.3). Then

0Q;.w € Z. ,(R*), j=1,2

Proof. Evidently, the estimates (1.2) for ©¢ yw and O, ,w follow from
Lemma 1.8. We need to show that ©; ,w and O, ,w are moderate.

By Taylor expansion, and the fact that w is moderate, there are
numbers 0 = 0(x,y) € [0, 1] and N; > 0 such that

(O1pw) (2 4y, ) = w(pe(r+y,£),€) = wlwe (e, ) +{Pr e(2+0y, ), 1), )
5 W(Splg(xa 5)7 5)((90;2’5(1’ + an 5)7 y>>Nl 5 w(goé(x, 5)7 §)<y>Nl
This gives
(O14w)(x +4,£) S (O1,w) (7, &) {y)™.

In the same way we get

(O2,pw)(, & +1) 513(@2,@@(33, )(m™,



for some Ny > 0. From these estimates we obtain

(O2pw) (@ + 4,6 +1) S (O2w)(w +1y,&)(m)™
= (O1w) (@ +y,6) ()™ < (Orpw)(x, &) ()™ ()™
= (On,ow) (2, ) (y)™ () ™.

Hence O, ,w, and thereby ©; ,w, are v-moderate, when v(z, ) = (x)M (£)M2.
U

In the following lemma we recall some facts on mapping properties
for the operators Ry and 2, given in [9]. For ¢ € §, are defined by the
formulas

1— A
(pe(2,€))? — ilep(, &)’

P
PO = o O — ihep(@,©
Here and in what follows we let
‘a(z,€) = a(g,x) and (a")(z,€) = a(, @),
when a(z,§) is a function.

Lemma 2.4. Let ¢ € § and let Ry and & be defined by (2.4) and
(2.5). Then the following is true:

(1) Rye™ =e'%;
(2) Bi=2(1 = A¢):
(

3) for any positive integer [,

R, =

(2.4)

and

(2.5)

(‘R)'=(1-A8)7- (1 -0)7 = D'+ Qu(Z. D), (2.6)

[ times

where Qi(D, A¢) is a suitable differential operator depending on
[, 2, A¢, whose terms contains exactly | factors equal to 9 and
at least one equal to Ag.

(4) If w € 2, ,(R*), where r,p € [0,1] are such that r +p > 0,
then the mappings

.@l : SG&M)(RM) N SG&W‘ﬂ—m,o)(RM)’
Ql(-@, Ag) SG (RQd) — SG ““9 21,—2 (RQd)

are continuous.

The next two lemma follows by induction (see e.g. [9]). The details
are left for the reader.

Lemma 2.5. Let ¢ € SGH(RM), and let o and [ be multi-indices.

Then 858?61@(:”*5) = bop(x, )€ @8 | for some by g € SG‘IBA"&'(RM).
14



2.2. Generalised Fourier integral operators of SG type. In anal-
ogy with the definition of generalized SG pseudo-differential operators,
recalled in Subsection 1.1, we define the class of Fourier integral opera-
tors we are interested in terms of their distributional kernels. These be-
long to a class of tempered oscillatory integrals, studied in [16]|. There-
after we prove that they posses convenient mapping properties.

Definition 2.6. Let w € £, ,(R*) satisfy (2.3), 7,p > 0, 7+ p > 0,
¢ €3, a,beSGY (R¥).

(1) The generalized Fourier integral operator A = Op,(a) of SG
type 1 (SG FIOs of type I) with phase ¢ and amplitude a is
the linear continuous operator from .#(R?) to .%/(R%) with
distribution kernel K4 € .#/(R??) given by

Ka(z,y) = (21)"*(Fa(ea))(x, y);

(2) The generalized Fourier integral operator B = Op,(b) of SG
type II (SG FIOs of type II) with phase ¢ and amplitude b
is the linear continuous operator from .7 (R%) to .%/(R?) with
distribution kernel Kp € .#/(R*) given by

Kp(z,y) = (2m) *(F5 " (e7D))(y, v).

Evidently, if u € .(R%), and A and B are the operators in Definition
2.6, then

Au(z) = Op,(a)u(z) = (2m)~ / ¢#09 a(a,€) (Fu)(€) e, (27)

and

Bu(z) = Opg(b)u(x)

= (2m) ¢ [[ 10 By uly) dyde 2.5)

Remark 2.7. In the sequel the formal (L?-)adjoint of an operator Q
is denoted by Q*. By straightforward computations it follows that the
SG type I and SG type II operators are formal adjoints to each others,
provided the amplitudes and phase functions are the same. That is, if
b and ¢ are the same as in Definition 2.6, then OpZ,(b) = Op,,(b)*.

Obviously, for any w € £, ,(R%*), 'w = w* is also an admissible
weight which belongs to 22, (R*?). Similarly, for arbitrary ¢ € § and
a € SG¥)(R), we have ‘o = ¢* € § and ‘a,a* € SGY)(R™). Fur-
thermore, by Definition 2.6 we get

Op,(b) =7 1oO0p_,.(b") 0o F !
— (2.9)

Op,(a) = F o Op” .(a*) o Z.
15



The following result shows that type I and type II operators are
linear and continuous from .(RY) to itself, and extendable to linear
and continuous operators from .#’(R?) to itself.

Theorem 2.8. Let a, b and ¢ be the same as in Definition 2.6. Then
Op,(a) and Op},(b) are linear and continuous operators on .7 (R?), and

uniquely extendable to linear and continuous operators on .7’ (R%).
Proof. First we consider the operator Op,(a). By differentiation under
the integral sign, using Lemma 2.5 and the facts that differentiations
and multiplications by polynomials maps SG classes into SG classes, it
is enough to prove that

[Au(a)] S pu), ue SR,

for some seminorm p on . (RY). By a regularization argument, using
the operator R; defined in (2.6), in view of Lemma 2.4 we find, for
arbitrary [ and ® = (¢})* — iA¢p,

Au(m)z@w)ff ¢#@0 (R, Y a(, €)(Fu) (€))dE =

_ (on —cy ew(x,s){ a(z,§)
2 @Oy
— ) (Z(.T,g)
R
) @9
with coefficients ¢, € SG °”9 2.-2)(R24) depending only on a and D,

a(z, §)
(D(z,€))!

and u € .7 (R?), it follows that, for any [ and a suitable m € R, there
is a semi-norm p on .¥ such that

Au(z)] < ()™ p(u) / (€&)~+1de < plu),

as desired, choosing [ and k large enough. The .#-continuity of the
operators of type II follows by similar argument. The details are left
for the reader.

Finally, the continuity and uniqueness on .%/(R?) of the operators
Op,(a) and Opy,(b) now follows by duality, recalling Remark 2.7.  [J

(FW)(E) + QU A [a <x,5><%><f>]}d5

S (Fu) () + D ey(w, DN (Fu)(€) | de

lv|<2l

and € SG&‘;'?*LO (R*). Since w is polynomially bounded

2.3. Compositions with pseudo-differential operators of SGtype.
The composition theorems presented in this and the subsequent sub-
sections are variants of those originally appeared in [9]. We include
anyway some of their proofs, focusing on the role of the parameters in
the classes of the involved amplitudes and symbols, as well as on the
different notion of asymptotic expansions needed here, see [17]. The
notation used in the statements of the composition theorems are those

introduced in Subsections 1.2 and 2.1.
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Theorem 2.9. Let rj,p; € [0,1], ¢ € § and let w; € 2, , (R*),
1 =20,1,2, be such that

p2 =1, ro=min{ry,ro,1}, po=min{pi, 1}, wo=wy - (O2,wa),
and wy € P,1(R*) is (¢, 2)-invariant with respect to ¢: & — ¢ (x,€).
Also let a € SG“) (R?), p € SG?) (R2), and let

r1,p1 r2,1
Then
Op(p) 0 Op,(a) = Op,(c) Mod Opw(SG(()WO’_“)), r1 =0,
Op(p) © Op,(a) = Op,(c) Mod Op(-¥), r >0,

where ¢ € SG&‘;’?KJ)O(RM) admits the asymptotic expansion

il

l,€) ~ 30 S (DER) . 6, €)) DY ay, )], (21)
«

As usual, we split the proof of Theorem 2.9 into various intermediate
steps. We first need an expression for the derivatives of the exponential
functions appearing in (2.11). Again, Lemma 2.10 is a special case of
the Faa di Bruno formula, and can be proved by induction. For the
proof of Lemma 2.11, see [9]. Then, in view of these two results, in
Lemma 2.12 we can prove that the terms which appear in the right-
hand side of (2.11) indeed give a generalized SG asymptotic expansion,
in the sense described in Definition 1.2. and [17].

Lemma 2.10. Let ¢ € C°°(R*?), and let ¢ be as in (2.10). If o € N¢
satisfies |a| > 1, then

Dy eV = T,e™

where
Nj
Ta= (0, =)+ (0, o) [[ Dy (212)
j k=1

for suitable constants c¢; € R, and the summation in last sum should
be taking over all multi-indices 6; and [, such that

N
5+ Bix=a, and |Byl>2. (2.13)
k=1
In (2.12), ¢}, = (2, ), @y = ¢, (y,€) and 9y = OFp(y,§) is to be

understood.

Note that, by (2.13), we have, in each term appearing in (2.12),

Nj
(0]
laf > 1Bl > 2N; = N; < % (2.14)
k=1

17



Lemma 2.11. Let ¢ € SGy1(R*), and let ¢ be as in (2.10). Ifa € N¢
satisfies |a| > 1, then

a;eiw(%y»f) ‘y:x c SG[lT1|a|/2]’[|a|/2] <R2d>

= g vO| < a2 al2(T, €)-

y=x

Moreover, |y — x| < e1(x),e1 € (0,1), implies that each summand
in the right-hand side of (2.12) can be estimated by the product of
a suitable power |y — x|™ times a weight of the form (x)™({)*, with
0<mo<p<la, m<— ‘O‘|

Lemma 2.12. Let ¢ € §, ¢ be as in (2.10), and let a, p, wj, rj and
pi, 3 =0,1,2, be as in Theorem 2.9. Then

Z Cot(j!: 6)7
. (2.15)
with  co(x, &) = Z‘O‘|(Dap)(37 @ (7,€)) a[ =8y, f)}

S a genemlized SG asymptotic expansion which defines an amplitude
¢ € SG“) (R modulo a remainder of the type described in (1.10).

T0,P0

Proof. Using Lemma 2.11, the hypothesis a € SG“") . and the proper-

1 01’
ties of the symbolic calculus, we see that
e «Q w(x,y, a—
D [0, = 3 (§) DDy alng
0<B<a y=x
wWo ¥ _ o (la|—
c Z SGﬁ—wvzuﬂm) . SG£’1?p1 1ol -18]).0)
0<B<a
_ Z g @rV=rilaltir-1/2)181.181/2)
- min{ry,1},min{p1,1}
0<8<a

(W19~ min{ry,1/2} |al,|al/2)
c SGmln{rl,l} min{pi,1} ’

Using ¢ € §, in particular (2.1), and the results in Subsections 1.2 and
2.1, we also easily have:

(Dgp) (. ¢ (a, ) € SG,73= "

ro,l

Summing up, we obtain, for any multi index «,
/19— min{r [e% «
calz,€) € SG (w2 {r1,1/2}lal,~| |/2)’

min{rq,r2,1},min{p1,1}

which proves the lemma, by the hypotheses and the general properties
of the symbolic calculus. U

The next two lemmas are well-known, see, e.g., [8,9], and can be

proved by induction on [.
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Lemma 2.13. Let
Q :{(xay7n> S R3d; |$—y| > 0}7
and let Ry be the operator on (), given by

Z P yP (2.16)

Then Roe'*=vm = Xo=vm ywhen (x,y,n) € Q, and for any positive

integer [,
=Y e "

e y|21

for suitable coefficients cy.

Lemma 2.14. Let Q C R? be open, f € C™(Q) be such that |f)(y)| #
0, and let

d
R = (pE > i) D (217
Then Rse'l = e, and for any positive integer [,
(‘Rs)! |f' I > P, (2.18)
lal<l
with
Po=>) s s} D}f---Dyf, (2.19)

where the last sum should be taken over all v and 6 such that

l
=20 and |6 >1, Y 6]+l =21, (2.20)
j=1

and c,ﬂ;1 5, are suitable constants.

Lemma 2.15. Let ,a,p,rj, p; be as in Theorem 2.9, x € =(e1), and
let

b, §) = (2m) [ [ 0o (1)l (o, ) dyd

Then h € . (R*).

For the proof of Lemma 2.15 we recall that for every € > 0 it exists
an £¢ > 0 such that

ly — x| > eo{y) when |y — x| > e(z). (2.21)
Hence,

(@) y)? < @)+ () Sly—2| when |y—az|>e(z). (2.22)
19



Proof. We make use of the operators
~ 1-A,
Rl - / 2 ; ’
<S0y(y7 5)) - ZAy‘P(ya é-)

which has properties similar to those of the operator R; defined in (2.4),
and Ry, defined in (2.16). For any couple of positive integers [y, l; we
have

ha, €)=(2m) / / GO O--21) (1 _ y(z,y))aly, €) [(‘Ro)p)(a, ) dydn
:(27r)‘d //ei(w(yf)—so(x,ﬁ)+<m>)(tﬁl)ll [e‘”y”’)q(as,y,f,n)] dydn (2.23)

when

q(z,y,&.n) = (1 — x(z,9))aly, &) [(‘Ra2)"p](z, n).

By Lemma 2.13, we get
9, q(w,y,&,m) =

0 | (1= xte )l 3 el (Do)

= |

=S O Y e Gare - 00

|0]|=l2 altaztaz=a
L ACE)
az, 0-p1__ 1 B2 Y
o “mﬂz w'% SV P
1 2=Q3

with P, homogeneous polynomial of degree |3,|, while 64,0 = 1 for
a1 =0, 0ja,,0 = 0 otherwise. Then we obtain

1057 q(x, y,& )]
S, Z w2( )190 |9|(ZL’ 77) Z <y>_|al|w1(y7g)ﬂ—m\aﬂ,o

|6]=l2 a1 +oaztaz=o

Z |$ _ y||9|*|51|+\52|*212*2|52|

B1+B2=as3
5 w1 (.ZU, 77)“2(1% 5) : 190,—[2 (.ZU, 77)

Z v min{rl,l}(|al|+|a2|),0(y’ g) u _ y‘*lzf\a:ﬂ_

altaztaz=«a

In view of the fact that |y — x| > $(z) on supp(g), from (2.21) and
(2.22) we also obtain

y—al 2 Sa) = ly—al 2 () = ly— 2l 2 (@) + (o) > (@) w)?,
20



and we can conclude

05 q(z,y, &)

S wi(@,mwa (Y, &) - V_ty 2, -172(w,y) - ()2 (y)~mintrel/2Hel (2 24)

Finally, since admissible weight functions are polynomially moderate,
it follows by choosing [y large enough that that the order of ¢ can be
made arbitrary low with respect to x,y,n. Moreover, when derivatives
with respect to y are involved, ¢ behaves as an SG symbol.

We now estimate the integrand of (2.23). As shown in Lemma 2.4,
we have

(R [e7 @ g(x,y,&,m)] =

= 5@‘”31?;@ a7 T2 A) [l y. &),

as in (2.6). Due to the presence of the exponential in the argument
of Q(2,4,), in the second term there are powers of 1 of height not
greater than 2/;. Owing to (2.24) we finally find

2 h(z,&)| < (z)"FHel(g)~2tAl
/w(y’@ <y>_l§dy/wo($an) ()~ 32y < 1,

for all multi-indices «, 3, provided that [; and [, are large enough,
since w; and wy are polynomially bounded. Here [y is chosen first, and
thereafter [, is fixed accordingly. Differentiating hy and multiplying it
by powers of x and ¢ would give a linear combination of expressions
similar to (2.23), with different wy, we and parameters for the involved
symbols, which are then similarly estimated by constants. The proof is
complete. O

Proof of Theorem 2.9. Let
ol €) = (2m) 0 [ [ et eted- ety )pe.n) dyd
By explicitly writing Op(p) o Op,(a)u(z) with u € ., we obtain
Op(p) o Op,,(a)u(z) =
= (2m) 292 [[eleSpa,g) [0 [ gy, yiaty) dudyds
= (2m) 9% [ el o) dy

= (2m) [ e, a(6) e
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We have to show that ¢ € SG{*?) . Choosing y € Z2(e;), with e, € (0,1)

70,00 "

fixed below (after equation (2.41)), we write ¢ = ¢y + h, where

co(x, &) = (2m) ™ / / e P —e@=lv=ry (7 y)a(y, &)p(x,n) dydn

and

h(z, &) = (2m)~* / / el =eleO==em) (1 — y(z,y))a(y, &)p(z, n) dydn.

By Lemma 2.15 we get h € .. We shall prove that ¢, € SG“°) and

70,00
admits the asymptotic expansion in Lemma 2.12. o
In fact, let n = ¢ (z,&) + 0. Then
ilel e Z\al
p(z,m) = Z 1 (Dep)(@, ¢, €)) Z (2,€,0)

o] <M |=M
(. 6.0) = Af[fu-—ﬂM'%z@pxxﬁécus>+u%da
by Taylor’s formula. Also let
H.(x,£,0)=0"F (eiwx”’{)x(x, Ja(- ,f)) (0)
= & (D O, Ja(-,£) (6).

Then
Co(l’,g) = 0071<x7xa§) + 0072<x7xa§)7
where
jlol Do Ll (z, -
coa(z,y,§) = Z g Ep)(ax, 7l f))(g; Yo (2,5 ) ()
|a|<M ’
il
a3, = D (T ralen, Hale, &, )
la|=M )

Now, since every derivative of x vanishes in a neighbourhood of the
diagonal of R? x R%, and x(z,z) = 1, we get

%mm22%%

|a|<M
Coalx, &
CO,Q(waaf) = Z %a
lo|=M ’

where ¢, is the same as in (2.15), and

Co(, €) = (2m) 2 / @0y (5.6 0)Ho(w, €, 0)d0

By the properties of the generalized SG asymptotic expansions, we

only have to estimate ¢4, || = M to complete the proof (cf. [17]).
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Let xoe = x0((§)7'+), where xo € C5°(RY) is identically equal to 1
in the ball B.,/»(0) and supported in the ball B, (0), where £, € (0, 1)
will be fixed later (after equation(2.28)). Then,

supp Xo.c C Bey(e)(0).
Next we split ¢y o into the sum of the two integrals

C1,a(7,§) =(27T)_d/2/6“’“”“%(%6,9)Xo,g(9)Ha(9€,€, 0)do:;

cral,§) =2m) 7 [ e (a,6,6) (1~ x0e(6)) Halz &, 6)db;
We claim that for some integer Ny > 0, depending on w, only, it holds
[e1.a(2,€)| S wil@, €)(Ozpwn)(x, ) (x)mintr/Dlel(g)Nolel/2 (2. 95)
and that for every integers N; and N, it holds

[e2,a(@, )] S ()~ (€)™ (2.26)

In order to prove (2.25) we set

fa(x7§7y) = f}\il (ra(:c,é, : )XO@) (y)

and use Parseval’s formula to rewrite ¢; , into

Cra(z,€) = (QW)‘d/z/fa(rr,E,x —y) Dy (e y(x,y)aly, €)) dy.

(2.27)
By our choice of yg and ¢ € § it follows that for any multiindex 3, on
the support of the integrand of ¢; 4,

| Dyra(,€,0)]

< / (i (. €)  10) (g, €) + 1)~ (1 M1 g9
0
< (O,p02) (2, ) (€)M (141D (2.28)

for a suitable Ny € Z, . In fact, w is polynomially moderate, while the
presence of xp in the integrand of ¢; , and ¢t € [0, 1] imply

0] < ex(S),  [t0] < e2(8) and (g (x,€) +0) < (£).

We have also, for any multi-indices «, 3,

v fal@ & 9)| = |77 (D) (rales€ x08) )|

D? <ra(x,§,9)X0,£ ((%))

23
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where | B, (0)] is the volume of B, (0). In view of (2.28),

Dj (ral.&,0)x06(0))| S D 1Djra(e &)l | D) "x0s

v<B

< 3 (@) (x, €) ()Mol () (11D

v<B

S (O, pw2) (w, ) ()N~ UoHIEl - (2.30)

Since Bz, (0)] < (£)¢, uniformly with respect to e, € (0,1), (2.28),
(2.29), and (2 30) imply, for any multi-indices «, 5 and integer N,

10 fal, €, 9)| S (Onpn)(, €) (€)M No—lol=18)

giving that

[1y1¥ ()" fa(, & y)| < (Oapwn)(w, €) ()07,

This in turn gives

[fal(@, &) S waple,€) (T (14 [yl (€)™

for any multi-index « and integer N.
By letting N = Ny +d + 1 with N; arbitrary integer, the previous
estimates and (2.27) give

lera(z,€)]
< (Oyp00) (2, O)K <x@@WMWM-/u+w—x%w*“”@

where
Ko(2,8) = Sup ((Z3 T Ho) (& 9)| (1 + |y — 2(€) ™) . (2.31)
That is,
le1a(2,€)| S (Oapwn) (2, §) Koz, §)(€) Mol (2.32)

In order to estimate K, (z,&), we notice that

D (£e+Ox(e: et 0) =

Z ﬁl w 75(z,y, €)™ ¥ DIy (z,y) Dia(y,¢),

BHy+io=a

where 75 are the same as in Lemma 2.10. Furthermore, by the support
properties of y, Lemma 2.11 shows that

<£E> = <y>7 and wl(y7£) S wl(ma f) <Z/ - x>M1
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in the support of (%, 'H,)(x,&,y), for some constant M; > 0. Hence,
if s = min(ry,1/2), we get

2% (eiw(m’y’ﬁ’x(fv y)a(y, 5)) |

< >

Bl 151‘ s(z,y,€) Dyx(x,y) Dya(y,§)|

5+’7+§ a
S > sy O ) M wiy, €) ()P
B+vy+é=a
< wi(z, &)y — z)™M Z Z|y ||5\ *\B|<§>Nj+|9j\<y>fmlv+5\
B+y+o=a j
S wi(T,§)(y EONT Sy Pl 1O gy NS ) il
B+y+o=a j
< wi(z, €y Z Z ly — |6| (VN3 ()~ s|B+v+]
B+y+d=a j
wr(2,€) @)z —yle))™ Y Y
BH+y+ié=a j

for some constants M, and M;. Note that all terms in the last sum, are

never larger than (€)/8/2 < (€)l21/2 in view of (2.14). Moreover, (2.13)
implies

N; < N;+ - 151_ (2N + 16,])

1
<3 (5+Zm) ol

We conclude that, for N; large enough, we get
|Cl,a (l‘7 5) |

< Wi (, ) (O ) (x, &) ()~ (€)No1l/2 sup (| — g ()) M ™

yERA
< Wy (2, €)(Og,pwn) (x, &) () ~mH1el/2 (g)No—lal/2

and (2.25) follows.
Next we show that (2.26) holds. Let

f(@,y,6,0) = (y,0) — ¥(2,y,¢)
= (y.0) = (0(y,8) — ¢(x. &) = (y — =, ¢, (2,))), (2.33)
which implies
fo(,y,6,0) =0 — (p,(y, ) — (2, €)),
giving that
(fy(x,9,€,0)) S (0) + (&)
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Let
1= AY)

R, =
o)
Then 'Ry = Ry and Rye’®? = /@9 By induction we get

Cr.al@,€) = (2m) / eSO R (o (2., ) (1= Xoe) Ha(x. €, +))(0)d0
= / GO (6,0 vs(0) DL H(, €,0) dO, (2.34)
J

for every integer [ > 0, where x;¢ = x;(-/(¢)), and x; and r;, are
smooth functions which satisfy
x; € LN O™, suppy; € R\ B.,(0) (2.35)
and
[75.0(,€,0)] S wag (@, )(0) 0y ol (2, €)- (2.36)
Here |3;] < 21 and the induction is done over [ > 0.

We need to estimate the integrals in the sum (2.34). It is then con-
venient to set

Thrs(@.y,6) = 15(2,,€) O)x(2,9) y* a(y, £). (2.37)

and

7, 5(2,€,0) = (2m)7/? / e et gl (x,y,€) dy. (2.38)

In fact, by expanding the Fourier transform in (2.33), and using the
same notation as in Lemma 2.10, we have that ¢y, is a (finite) linear
combination of

C2,5.a(2, §)

al i{x,0 j
-3 / 0 (1,6, 056 (0).T), (1, €,0) dB,(2.39)
where the sum is taken over all multi-indices 3, v, § such that f+~v+4§ =
a.

In order to estimate c; ;o we first consider ng s and the factor ggﬁm 5
in its integrand. By the relations

75 € SGYIY € SGYTY y e8GYYY, aesGi
and |f;] < 21, it follows that

Iy € SGITI S SGINY and yPialy,€) € S

min{re,1},p0 °

This in turn gives
j (UJS)
gﬁl‘/é c SGme{m,l},min{poJ}’ (240)

where ws(z,y,§) = wo(y, &) Yoy 1o (¥, ).
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In order to estimate |Jé7%5| we consider the operator Rz in (2.17),
which is admissible, since

5@, 9,6,0)1 = 10 = (£, (y,§) — @(, )l

> (0] — 1, (4, €) — (@ )] 2 (0) + (&) =< {(€,0)) 2 ((£)(0))2,
when (z,y) € suppx, 0 € supp xj¢, (2.41)

provided €; € (0,1) in the definition of x is chosen small enough.

In fact, if 6 € supp xj¢, then [0 > £2(€)/2. Moreover, if (z,y) € X,
then |y — x| < e1(x), which gives

0o, (U §) — ¢, (2,€) =
—Z/wwxﬂ £).€) (g — ) de

S ez ><£>/0 (@+tly —2)) " dt S e () (a)(z) ™" = er(§),

and (2.41) follows by straight-forward applications of these estimates.

We note that ‘R3 acts only on g}_s, leaving @0y, and x;¢ un-
changed. By applying (2.18), (2.19), (2.39) and (2.40) we get, for any
integer [,

|J;/§,%5(x> ga e)l

= ‘ / e VSO (RyYo gl (x,y,€,0) dy

1 Z y
Yy 1IN

[k|<lo

In the support of the latter integrands we have |z —y| < €;(x), which
gives
() <(y), lz—ylS ), vie—y) S y™,

o) S @)™ and Jy| < {a), (243)

for a suitable mg € Z,, which only depends on w;. Here v € £(RY)
is chosen such that wi(z + v,&) < wi(x,&)v(y). Hence it suffices to
evaluate the integrals in (2.42) over the set

O={ye R?: ly| < Co(z)| and Ci(z) < (y) < Cy(z) },

provided C} > 0 is small enough and C5 > 0 is large enough.
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By brute-force computations, (2.41), (2.42), (2.43) and (2.42) we get
‘Jé,'yﬁ(xa fa 9)|
SUNGDDY / 1y, €)1 w10 (9> )((0) + €)™ {y) 1 dy

[k|<lo

SO (&, 0) 00w (2, €) D 2110 ol () Y /| ot "

|k|<lo
<) T HON T Pwi (@, )V a2ty ol (2. €)  (244)
Inserting this into (2.39), we get

e250(0, )] S (O9,009) (2, )0t _1of (1,6) 3 / T (2. 6.0)| b

S (0 €) B a) 2, )70 3 [ (€)1 (0)Y - dp

S wi(2,€) (O, pwn) (w, &) () (€)%, (2.45)
provided
lo > max{2N, 2l +d + my}.
Here the sums should be taken over all j and 3, v and 0 such that

f+vy+0=a.
Since [ and [y can be chosen arbitrarily large, and

Wao (2, &) wo(w, &) S ()™ ()",

for suitable m, ;> 0, it follows that (2.26) is true for every integers N;
and Ny. In particular it follows that the hypothesis in [17, Corollary
16] is fulfilled with a = h and a; being a suitable linear combination of
Cq- This gives the result. O

The next three theorems can be proved by modifying the arguments
given in [9], similarly to the above proof of Theorem 2.9. The relations
between Type I and Type II operators, and the formulae for the formal-
adjoints of the involved operators, explained in Remark 2.7, are useful
in the corresponding arguments.

Theorem 2.16. Let rj,p; € [0,1], ¢ € § and let w; € P, , (R*),
7 =0,1,2, be such that

o = 1a o = min{rla 1}7 Po = min{pbp?a 1}7 W = W1 * (61,<pw2)a

and wy € Z,1(R*) is (¢, 1)-invariant with respect to ¢: & — i(x,§).
Also let a € SG“)) (R?4) and p € SG“?)(R24). Then

T1,P1 1,p2
Op,(a) o Op(p) = Op,(c) Mod Opw(SGéwﬁ’w’o)), p1 =0,
Op,(a) o Op(p) = Op,(c) Mod Op(¥), p1 >0,
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where the transpose ¢ of ¢ € SG«0) (R admits the asymptotic expan-

70,P0
sion (2.11), after p and a have been replaced by 'p and a, respectively.

Theorem 2.17. Let rj,p; € [0,1], ¢ € § and let w; € Z,, ,,(R*),
7 =0,1,2, be such that

p2 =1, ro=min{ry,r, 1}, po=min{p;,1}, wo=wi - (Os4w2),
and wy € Z,.1(R*) is (¢, 2)-invariant with respect to ¢: & — ¢ (x,£).
Also let b € SG™) (R24), p € SGY% (R2), 4 be the same as in (2.10),

71,01 ro,1
and let q € SGS;?I) (R2?) be such that
iled
a(@, &) ~ Y~ DEDEP(x, ©). (2.46)
Then
Opf;(b) o Op(p) = Opw(c) Mod Op;(SGéMO"W)), ri =0,
Op;,(b) o Op(p) = Op,,(c) Mod Op(¥), ry >0,

where ¢ € SG&;’?/))O(RM) admits the asymptotic expansion

jled .
o(2,8) ~ Y - (DEQ)w, (0, ) DY Ob(y, )], - (2:47)

Theorem 2.18. Let rj,p; € [0,1], ¢ € § and let w; € Z,, ,, (R*),
7 =20,1,2, be such that

ro =1, ro=min{ry, 1}, po=min{py,pe,1}, wo=wy - (O1,wa),
and wy € Z,1(R*) is (¢, 1)-invariant with respect to ¢: & — i(x, ).
Also let a € SG™) (R*) and p € SG*?)(R?4). Then

1,01 Lp2
Op(p) o Op},(b) = Op,(c) Mod Op;(SG(()W’w‘O)), p1 =0,
Op(p) o Op;,(b) = Op,(c) Mod Op(.*), p1 >0,
where the transpose 'c of ¢ € SGi,‘;?p)O(RQd) admits the asymptotic expan-

sion (2.47), after g and b have been replaced by 'q and b, respectively.

2.4. Composition between SG FIOs of type I and type II. The
subsequent Theorems 2.19 and 2.20 deal with the composition of a type
I operator with a type II operator, and show that such compositions
are pseudo-differential operators with symbols in natural classes. We
give the argument only for Theorem 2.19, since the proof of Theorem
2.20 follows, with similar modifications, from the one given in [9] for
the corresponding composition result.

The main difference, with respect to the arguments in |9] for the anal-
ogous composition results, is that we again make use, in both cases,
of the generalized asymptotic expansions introduced in Definition 1.2.

This allows to overcome the additional difficulty, not arising there, that
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the amplitudes appearing in the computations below involve weights
which are still polynomially bounded, but which do not satisfy, in gen-
eral, the moderateness condition (1.1). On the other hand, all the terms
appearing in the associated asymptotic expansions belong to SG classes
with weights of the form ws ,, - ¥_j, _, where W = w; - wy. In view of the
results in [17], this allows to conclude as desired, since the remainders
are of the forms given in Proposition 1.1.

In order to formulate our next result, it is convenient to let S, with
@ € §, be the operator, defined by the formulas

(Sof)(@,y,€) = f(z,y, ®(x,y,8)) - |det Pe(x, y, )|
' (2.48)
where /0 o (y+tx —y), ®(x,y,&))dt =&

That is, for every fixed x,y € R%, & — ®(x,y,&) is the inverse of the
map

£ o / Ayt — y). ) dt. (2.49)

Notice that, as proved in [9], the map (2.49) is indeed invertible for
(z,y) belonging to the support of the elements of Z2(g), provided
is chosen suitably small, and it turns out to be, in that case, a SG
diffeomorphism with SG° parameter dependence.

Theorem 2.19. Let r; € [0,1], ¢ € § and let w; € P, 1(R*™), j =
0,1,2, be such that wy and ws are (¢, 2)-invariant with respect to ¢: & —

() "Mz, §),
To = min{rla T2, 1} and WO(xv 5) = W1(IE, ¢($a f))bdz(l’, Qb(flf, 5))7
Also let a € SGE)(R*) and b € SG“% (R*). Then

r2,1
Op,(a) o Opj(b) = Op(c),

for some ¢ € SG%?l)(RQd). Furthermore, if ¢ € (0,1), x € E2(e),
co(z,y,€) = a(z, )by, ) x(x,y) and S, is given by (2.48), then ¢ ad-
mits the asymptotic expansion

jled

o(r,6) ~ Y — (D DE(Spc0))(@,9,)] ., (2.50)

«

For the proof Fourier integral operators involving amplitudes ¢(z, y, £)
and phase functions ¥ (x,y, £), defined on R? x R% x R¢ ~ R3? appear
in natural ways. The corresponding operator Op,(z,y) is defined as
the operator with distribution kernel

(2,) — (2m) / gz, y, €) de,
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provided the integral is well-defined as an oscillatory integral. As usual
we write

Op,(q)u(z) = (27) / / VD g0,y €uly) dyde

PTOOf. Let w € '-@rl,TQ,l(Rgd) be given by w(xvya f) = w1<x7§)w2(y7€>7
let u € .Z(RY), and write

Op,,(a) o Op,(b)u(z)
= (2m)™¢ / "8 a(x, €) [ / e W0 b(y, &) uly) dy | d¢

— (2m) / VL g, y, €) uly) dydé = Opy(co)ul)

Where Uz, y,8) = ez, 8) — ¢y, €) and co(z,y,£) = a(z,§) - by, &) €
SGTl T2,

Let )i € Z2(e), £ € (0,1), and let ¢; and ¢, be given by ¢ (x,y,£) =
X(l’ y) (x;y7£) and 02(%%5) = (1 - X(‘ray))Q(xvyag) Then C1,C2 €
SG“ ., and

rsl?
Op,(a) o Op(b) = Op,(c1) + Opy(ca).

We shall prove that Op,,(cz) is a smoothing operator and that Op,,(c1)
be written as an SG pseudo-differential operator described in the state-
ment, provided ¢ € (0, 1) is chosen suitably small.

In order to prove that Opw(cg) is a smoothing operator, we first
notice that |z —y| > 5(z) on supp c;. We shall apply the operator

R _ D
T |wg<:c v.6) 122% ©::6) P

analogous to the operator in (2.17), in the integral formula of Op,,(co)u(x).
In fact, let v = wi(z,§) and w = i(y,§). By Proposition 2.2 and

the fact that ¢ € SGH, we get
|z =yl < Mlpe(2,€) — @y, &) = M| fe(x, y, €I,
for a suitable constant M > 0, which implies
ez, 9,1 2 |z =yl 2 () + (y)

on supp c. Then, using Rze'/ = e/, (2.18)—(2.20) and that ¢ € SGH,
for any integer [,

Op,(ea)ulx) = (2m)~ / VLD ((CRy)er) (2, g, €) uly) dyde
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and

1
((“Rs)'er)(w,y,6) = ngpzaa Sea(z,y, €)
> () + @)1 (2, €) waly, £) () 1!

< lal<t

~ ({z) + (w)*

Hence
Op¢ Co)u /K z,y) u(y) dy,
where
K(ay) = (2n) ¢ [ 009 (Ry)ea(a,y.€) e

where [ can be chosen arbitrarily large. Since w is polynomially bounded,
and (z)+ (y) > ((z)(y))?, it follows K (z,y) < ((x)(y))~ for any inte-
ger N. The derivatives of D;‘DgKl (x,y) can be estimated in the same
way, since any such expression is of the same form as K, for a suitable
replacement of ¢y and w.

This proves that K € .(R*?), and hence Op,(cz) is a smoothing
operator.

Next we prove that Opy(c;) is a generalized SG pseudo-differential
operator. On supp ¢; we have |z —y| < e(x) which gives (z) =< (y). Let

1
Vo) = [ Gyt =), O
0
In [9] it has been proved that

¢: R R : (&, (2,9) = ¢(& m,y) = U(z,y,8)

is, on the support of ¢;, an SG diffeomorphism with SG® parameter
dependence.
We now prove that

U(z,y,§) = (€).

on supp ¢;. In fact, the upper bound is immediate, and we also have

w(z, y, )] < [z —yl- S 1H (y + t(x — y). | < ex)(y) (&)

S e(€) S ey, €))
(U(z,y,8)) = (0, (y,6) + w(z,y,8)) < (£, (y,6)) < (&).
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For a suitable choice of € € (0, 1), ¥(z,y; &) satisfies all the require-
ments of Definition 1.5. Furthermore, ¥(z,y,§) is an SG diffeomor-
phism with SG° parameter dependence on supp ¢;. From these proper-
ties we have

O, (cx)ule) = (2m) ¢ [ [[elembemm e,z u(y) dndy.
By making the substitution

we get

Opy(er)u(z) = (2m) ™ / Y8 (Syer) (m, y, §)uly) dyd,
where

(Sper)(w,y,€6) = cr(w,y, (P (@, 9,6)) - [det (P71)e(,5,6))[ . (252)
Here the inverse of W in (2.51) should be taken only with respect to
the n variable.

Consequently, Opw(cl) is a pseudo-differential operator with ampli-
tude (2.52). We claim that this can be written as a pseudo-differential
operator with a symbol in SGE,;J?l)(RQd), obeying the expansion (2.50).

In fact, w is polynomially moderate, which implies that

wz,y, (T)e(2,9,6)) S (@)™ ()™ (€)",

for some my, ma, . By a straight-forward applications of |17, Theorem

12] and [22, Lemma 18.2.1] it follows that Op(Syc1) = Op(ciy) for
(wo)

oy (R??) which satisfies the asymptotic expansion

some ¢ € SG
jled
c(.) ~ 0 (DG DE(S ).,

Here we note that the a-derivatives of the first factor in (2.52) with
respect to y and &, evaluated for y = x, contain only the derivatives of
the SG diffeomorphism with SG° parameter dependence ¢: (&, x)
(@) (x,€) and the derivatives of a and b evaluated at the image
(z, (¢,) "Mz, €)). In view of the properties of the SG diffeomorphism
¢ and the (¢, 1)-invariance of w; and we, Lemma 1.8 implies that
(x,&) = w(z,z,¢(x,€)) is again a polynomially moderate weight, and
the order of the terms decreases with respect to £ in desired ways. The
proof is complete. O

For the next result it is convenient to modify the operator S, in
(2.48) such that it fulfills the formulas

(Se )@, &,m) = f(@(x,y,£),&,m) - [det O3 (2, €, n)|

1 (2.53)
where /0 Pe(P(z, & n)yn+ € —n),)dt =z.
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Theorem 2.20. Let p; € [0,1], ¢ € § and let w; € P, (R*),
Jj =0,1,2, be such that wy and wy are (¢, 1)-invariant with respect to

¢ x> (9) 7 (x,9),
Po = min{pla P2; 1} and WO(I, 5) = W1(¢<$, 5)7 €>w2(¢(‘r7 f), 5)7
Also let a € SG(R2) and b € SG2 (R2). Then

1,p1 1,p2
Op;,(b) o Op,(a) = Op(c),

for some ¢ € SG%‘:J:O)(RM). Furthermore, if € € (0,1), x € Z2(¢),
co(z,&,m) = a(z, )bz, n)x(&,n) and S, is given by (2.53), then ¢ ad-
mits the asymptotic expansion

ol

i

clw,€) ~ S0 DD (Se0)) (.6,m)] (2.54)

2.5. Elliptic FIOs of generalized SG type and parametrices.
Egorov Theorem. The results about the parametrices of the subclass
of generalized (SG) elliptic Fourier integral operators are achieved in
the usual way, by means of the composition theorems in Subsections
2.3 and 2.4. The same holds for the versions of the Egorov’s theorem
adapted to the present situation. The additional conditions, compared
with the statements in 9], concern the invariance of the weights, so
that the hypotheses of the composition theorems above are fulfilled.
Here we omit the proofs.

Definition 2.21. A type I or a type I SG FIO, Op,(a) or Op}(b),
respectively, is said (SG) elliptic if ¢ € § and the amplitude a, respec-
tively b, is (SG) elliptic.

Lemma 2.22. Let a type I SG FIO Op,(a) be elliptic, with a €

SGgﬂ)(RQd). Assume that w is ¢-invariant, ¢ = (¢P1,¢2), where ¢q
and ¢1 are the SG diffeomorphisms appearing in Theorems 2.19 and
2.20, respectively. Then, the two pseudo-differential operators Opsa(a) o
Op;,(a) and Op,(a) o Op,(a) are SG elliptic.

Theorem 2.23. Let ¢ € §', a € SG%)(RM), with a SG elliptic. As-
sume that w is ¢ invariant, ¢ = (¢1, ¢), where ¢y and ¢y are the SG
diffeomorphisms appearing in the Theorems 2.19 and 2.20, respectively.
Then, the elliptic SG FIOs Op,(a) and Op(a) admit a parametriz.
These are elliptic SG FIOs of type 11 and type I, respectively.

As usual, in the next two results we need the canonical transformation
¢: (r,€) — (y,n) generated by the phase function ¢, namely

y = ez, m).
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Theorem 2.24. Let A = Op,(a) be an SG FIO of type I with a €
SG%‘))(RM) and P = Op(p) a pseudo-differential operator with p €
SGgﬂ)(RQd). Assume that w s ¢-invariant, where ¢ is the canonical
transformation (2.55), associated with . Assume also that wy is (,2)-
invariant, where ¢: & v (o) Hx,&). Then, setting n = (¢,) " (x, )
we have
Sym (Ao Po A*) (x,€) = p(ge(z,n),n) |a(z,n)|*| det @le(,n)| !
mod SGfl'ﬁ_l’_l)(RM),

(2.56)

which is an element of SGE?(RM) with

(. €) = w(d(,€)) - wolz, (¢r) ' (x,8))"
Theorem 2.25. Let A = Op,(a) be an elliptic SG FIO of type I with
a € SG%JIO)(RQd) and P = Op(p) a pseudo-differential operator with

D E SG%)(RM). Assume that w is ¢-invariant, where ¢ is the canonical
transformation (2.55), associated with ¢. Then, we have

Sym (Ao Po A7) (z,€) = p(d(x,€)) mod SCG""V(RY), (2.57)
with w(z, &) = w(p(z,§)).

3. L*(R%)-CONTINUITY OF REGULAR GENERALIZED SG FIOs WITH
UNIFORMLY BOUNDED AMPLITUDE

In this section we deduce L*-estimates for type I SG Fourier-integral
operators. More precisely, we have the following.

Theorem 3.1. Let A = Opso(a) be a type I SG Fourier integral operator
with ¢ € §" and a € SGYp(R*), r,p > 0. Then, A € L(L*(RY)).

The proof of Theorem 3.1 is given as an adapted version of a gen-
eral L?-boundedness result by Asada and Fujiwara [2]. The argument
below is an adapted version of the one originally given in [9] for the
case a € SG?:? (see also, e.g., [4] and [25], and the references quoted
therein). We illustrate below the full argument, since Theorem 3.1 is a
first relevant mapping property for the class of generalized SG Fourier
integral operators. Other mapping properties of this type, including
a continuity result between suitable weighted modulation spaces, are
given in [12].

We need some preparations for the proof and begin to recall the
classical Schur’s lemma.

Lemma 3.2. If K € C(R¢ x RY),

sup [[1K(eg)lde <M and sup [ Ko,y dy <1
Y x
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then the integral operator on L*(RY) with kernel K has norm less than
or equal to M.

For the proof of Theorem 3.1 we also needs the following version of
Cotlar’s lemma.

Lemma 3.3. Let x — T, be a measurable function from R™ to the set
of linear and continuous operators on L*(R%), and let h;(x,y), j = 1,2,
be positive functions on R*" such that

1T < ha(,y)®, (I TET, I < ha(z,y)*. (3.1)
If hy and hs statisfy
/hl(x,y)) de < M and /hg(x,y) dx < M, (3.2)

for some constant M, then
| [@syas| , <onishoe £ e e,

Proof of Theorem 3.1. Let g € C*(R) be decreasing and such that
g(t) = 1for t < 3 and g(t) = 0 for ¢t > 1, and set x(z) = g(|z|),
z € RY, and

(lz = zx(1€ = <D

Vy(,6) = X ] . Z=(2() €R™
X7
Then
supppz C Uz = {(2,6) e R*; o — 2| <1, [€ = ([ <1}, (3.3)
max  sup ]agafwz(x,g)\ < Cy, (3.4)

‘O‘+ﬁ|§N J:,fERd
/¢Z($7§) dz = 17
where the constants Cy are independent of Z. For Z fixed, let

az(v,§) = Yz(x,8)a(r,§), and Az = Op,(az). (3.5)

Now (3.3), (3.4) and (3.5) imply that Ay is linear from Cg°(RY) to
itself, and || Az f||z2 < C|| f]|r2, where the constant C'is independent of
Z. In fact, az has compact support and (3.4) holds. Moreover,

Yy € CF C SGYY

min{r,1},min{p,1}
and
Af(z) = lim Az f(z)dZ,

where the limit exists pointwise for all x € R? and with respect to the

strong topology of L2.
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The result follows if we prove that for all compact sets K C R*?

s

for some constant M independent of f and K. To this aim, we shall
prove that Ay obey the hypothesis in Lemma 3.3.

For this reason we consider the kernel Kz, z,(x,y) of Az A} , which
can be written as

Kz, 2(x,y) = (2m) 42 / @ O=w) o) o (p g £)de,  (3.7)

< M| fllze,  f € CE(RY, (3.6)
L2

with
42z,,75 (I, Y, €> = Gz, (SL’, €)GZ2 (y7 é) € y(R3d>
supported in

We shall prove that K, z, satisfies the hypotheses of Lemma 3.2 for a
suitable M.
Let T be the operator

T=H, (1-0L),

where
L=i>" (@6 — ¢ .6)) 2,
j=1
and
2 _
Hy(z,y,8) = (14 |@e(z, &) — e (y, )]
Then
Te#(@8)=¢w8) = e =¢L)
and since

by the first part of the proof of Theorem 2.19, we get

H¢<x>y75) 5 <$ - y>2

Consequently, if Z is the map F' +— H,-I", then L and Z are continuous
on .7 (R3%). Since an analogous formula to (2.6) holds for (*T")", by the
hypotheses and the above observations we have, for arbitrary N € N

and suitable differential operators Vy(Z, L), depending on 2, L and
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N

Y

KZLZQ (iL‘, y) = (zﬁ)_d/Z /TN ei(g&(z,{)—g&(y,{)) 4z,,2, ($, Y, 5) df
= (2m)""? / =W (TN 7, (,y, ) dE

= (2m)~ 2 / (@O w) (PN L V(D, L)) 4z, 2 (w, y, €) dE

Since each term appearing in Vi (%, L) contains exactly N operators
with &, by standard arguments we find

Kanzalo) $7(952) rlo =) rly - ) (L o= o), (38)

where 7 = xp, (o) is the characteristic function of the unit ball in R%.
Then:

Sup/ ‘KZhZ2 (Z’, y)| dx
Yy

G — (2 N
<7 < 5 ) sup /BI(O)(1+|x+(21—y)|2) dx

y€EB1(22)

$7(958) s (ala-

y€B1(Z2)
S, <<1 5 CQ) (1 + ’21 . 22|2>7N

and analogously for sup, [ |Kz, z(z,y)| dy, owing to the symmetry in
the estimate (3.8). So, all requirements of Lemma 3.2 are satisfied and
summing up, we have:

|Cl_<2|22 = AZ1 }2:0
G =Gl <2 = A7 AL S U+ |2 — )"

An analogous estimate can be obtained for A% Agz,, in view of the
symmetry in the role of variables and covariables in SG phases and
amplitudes. Then, also the requirements (3.1) and (3.2) of Lemma 3.3
are satisfied. This gives the result. U
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