Wadge Degrees

Alessandro Andretta
alessandro.andretta@unito.it

May 24, 2011






Contents

I Elementary Results on the Wadge Hierarchy 1
1 Prologue . . . . . . . . 1
2 Preliminaries . . . . . . . . .. ... o 2

2A  Trees. . . . . 2
2.B  Lipschitz and continuous functions. . . . . . . . . . .. 4
2.C  Games.. . . . .. 6
2.D  Regularity properties. . . . . . . ... ..o 9
3 Reducibilities . . . . . . . .. ..o oL 13
4 Lipschitz and Wadge games . . . . . . . . . .. .. ... ... 14
) Lipschitz degrees . . . . . . . . .. ..o 20
6  The well-foundedness of the Lipschitz hierarchy . . . . . . .. 26
7  Wadgegames . . . ... ... .. 30
8 The Wadge hierarchy . . . . ... ... ... ... ... ..., 31
8.A  The length of the Wadge hierarchy . . . .. ... ... 32
8.B  Boldface pointclasses . . . . . . ... ... L. 33
8.C  An overview of the Wadge hierarchy . . . ... .. .. 35
9  Proof of the Steel-Van Wesep Theorem . . . . . . . ... ... 38
9.A  The Martin-Monk method. . . . . . .. ... ... ... 38
9.B  Proof of Theorem 8.1. . . ... ... ... ... .... 40
10 Other ambient spaces . . . . . . . . . .. ... 42

IT SLOY and Wadge degrees 43
11 Countable choices over R and perfect subsets . . . . . .. . .. 43
12 SLOW and the well-foundedness of <w . . . . . . ... . ... 50
13 The Wadge treeof aset . . . .. .. ... ... ... ... .. 52
14 SLOY and the Wadge hierarchy . . . .. . ... ... ..... 57
15 The next non-self-dual pair . . . . . . .. ... ... ... ... 59
16 Addition of degrees . . . . . . . ... 63
17  Propagation of SLOY . . . . . .. ... 68
18  Jumping wi-many Steps . . ... ..o 75



i

CONTENTS

111 Borel reducibilities 81
18.A  The Wadge and Lipschitz hierarchies . . . . . . . . .. 83
19  The Borel-Wadge hierarchy . . . . .. ... ... ... .... 84
20 Non-self-dual pointclasses . . . . . . ... ... ... ..... 92
IV Wadge determinacy 97
V The Semi-Linear Ordering Principle 99
21 SLOY and the Structure of the Wadge Hierarchy . . . . . . . 99
22 Operations on the Degrees . . . . . .. ... ... ... .... 110
22.A°  The Next Non-Self-Dual Pair . . . .. ... ... ... 111
22.B  Addition of Degrees . . . . . . ... .. ... .. ... . 114
22.C  Jumping wi;-many Steps . . . . . .. ... 117
22.D Back-track Reducibility . . . . . ... ... ... ... 123
22.E  The Stretch Operation . . . . ... ... ... ..... 129
22.F  Degree Multiplication . . . . . . .. .. ... ... ... 137

22.G Wadge Determinacy and the Semi-Linear-Ordering Prin-
ciple . . .. 149
Additional Exercises . . . . . ... ... 154
Notes and References . . . . . . . ... ... ... ... 157
23 Borel-Wadge degrees . . . . . . .. ... L. 158
23.A The Structure of A . . . . .. ... ... ... 158
23.B  Generalized Boolean Operations . . . . . . . . . .. .. 165
Additional Exercises . . . . . ... ... 168
Notes and References . . . . . . . ... ... ... ... 168
24  Boldface Pointclasses . . . . ... ..o 168
24.A  Separation . . . . . ... .. 169
24.B Reduction . . . .. ... ... 178
Notes and References . . . . . . . ... ... ... ... 182

25

Scattered results . . . . . . . .. 182



Introduction

Descriptive set theory can be roughly described as the study of definable
subsets of the Baire space “w which—as customary in this area—is identi-
fied with R. The concept of “definable set” is a bit vague as it depends—
essentially—on the amount of strong axioms of set theory that one is willing
to accept: if we restrict ourselves to ZFC alone, then we should diet on Borel
sets only, but if we are willing to assume large cardinals, we might consider
projective sets, or sets in L(R), or even sets in larger inner models for de-
terminacy. In any case, descriptive set theorists restrict their scope to some
nice collection of sets which is immune from all pathologies spawned by the
Axiom of Choice, e.g.: sets which are non-Lebesgue measurable, or do not
have the property of Baire, etc. An obvious requirement is that such collec-
tion of sets (like the Borel sets, the projective sets, etc.) should be closed
under continuous pre-images, and this is where the Wadge hierarchy comes
into play. For A, B subsets of R, say that A is continuously reducible to
B if A is the continuous pre-image of B, in symbols A <y B. Although
the notion of continuous pre-image harks back to the dawn of general topol-
ogy, and had been used in a variety of situations, it was William W. Wadge,
a PhD student of John Addison in Berkeley in the late 60s—early 70s that
studied first the structural properties of the relation <w per se. Wadge’s
breakthrough relied on a reformulation of <yy in terms of games, and it was
during that time that games and determinacy hypotheses were becoming a
standard tool in descriptive set theory. In Wadge’s own words [Wad83, p. 3]

Yet nowhere (to our knowledge) is the relation A = f~1(B) for
some continuous f ever explicitly defined and studied as a partial
order, not even in exhaustive work such as Kuratowski (1958) or
Sierpiniski (1952). In the latter, Sierpiriski discusses preimage in
general, continuous image and homeomorphic image, but not (ex-
plicitly) continuous preimage, which is perhaps the most natural.
One possible explanation is that the investigation of < naturally
involves infinite games, and it is only recently that game methods
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have been fully understood and appreciated.!

Using games, Wadge proved a simple, but fundamental result, now known as
Wadge’s Lemma, which has ushered a whole slew of new results in descriptive
set theory: Assume AD. Then for all A, B C R

A<wB Vv R\B<yA.

The equivalence classes of the induced equivalence relation are called Wadge
degrees and the pre-order <y induces a partial order < on them. A degree
is self-dual if it is the degree of a set which is Wadge reducible to its comple-
ment: for example the degree of a clopen set is self-dual, but the degree of an
open, but non-clopen set is non-self-dual. Wadge showed that pairs of non-
self-dual degrees and self-dual degrees alternate: immediately above a pair
of non-self-dual degrees there is a self-dual degree and immediately above
a self-dual degree there is a pair of non-self-dual degrees. Wadge’s Lemma
says that there cannot be three mutually incomparable degrees—and hence
the antichains have length at most 2. In other words: if we coalesce each
non-self-dual degree with its dual, then < becomes a linear order. Wadge
then embarked on a thorough analysis of the degrees of Borel sets, showing
that the relation < is well-founded. Therefore, to every Borel subset of R
an ordinal (its Wadge rank) measuring the complexity of the set can be as-
signed: if A < B then the Wadge rank of A is no greater than the Wadge
rank of B. Wadge also characterized the Borel sets with limit Wadge rank:
a set is self-dual if and only if its Wadge rank has countable cofinality. By
1972, Wadge had complete the herculean task of giving a complete analysis
of the structure of < restricted to Borel sets, including a computation of
the Wadge ranks of the sets involved. All these results were obtained as-
suming Borel determinacy (before this was proved by Martin in 1974) and
are contained in his dissertation [Wad83] which did not appear until 1983.
In the meanwhile other mathematicians started working on Wadge degrees:
Tony Martin, building on partial results of Leonard Monk, showed in 1973
that AD implies that < is well-founded, and hence every set of reals can be
assigned an ordinal measuring its complexity. (For this reason < is often
called the Wadge hierarchy.) The technique of the proof became known as
the Martin-Monk method and has been applied time and again in the study
of Wadge degrees. For example a couple of years later John Steel and Robert
Van Wesep (at the time both students in Berkeley) used the Martin-Monk
method to generalize Wadge’s result to all sets (assuming AD) by showing

'Kuratowski (1958) and Sierpifiski (1952) are, respectively, the monographs [Kur58]
and [Sie52], and < is our <w.
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that a set of limit Wadge rank A is self-dual if and only if A is of countable co-
finality. In the forthcoming years many set theorists developed and extended
Wadge’s results turning the theory of Wadge degrees into a sophisticated area
of set theory. Unfortunately most of this material is not easily accessible (for
example Wadge’s thesis was never published and can only be retrieved at
Wadge’s own web page http://i.csc.uvic.ca/home/hei/WadgePhD.pdf),
and in any case there is no general introduction to the subject.

Which bring us to the reason for this manuscript. I wanted to collect and
organize some of the material that I've been studying/working on, so these
notes represent more of a personal journey than a treatise. It is certainly not
meant (nor was ever meant) to be a scholarly work. My apologies to all set
theorists who have worked in this area and whose work hasn’t been properly
presented (or hasn’t been presented at all): this does not mean I consider
certain results/topics unimportant or less important than the ones presented
here. Again, this is just a very personal account of the subject and I make
absolutely no claim of completeness.

Finally, it is not at all clear whether this manuscript will ever materialize
into a real book, so probably you should not refer to it in published journals,
but otherwise you can use and distribute it freely.

Prerequisites and Notation

We assume acquaintance with basic descriptive set theory—all undefined
notions can be found in [Kec95] or [Mos80]. Since we will work under vari-
ous determinacy assumptions, our base theory will be the Zermelo-Fraenkel
set theory ZF. We will state explicitly any (weak) form of the Axiom of
Choice, AC, used in the arguments—among such choice principles, the most
prominent are the Axiom of Countable Choices over the Reals:
(AC.(R))
If ) # A, C R, then there is an f : w — R such that f(n) € A, for all n,

and the Axiom of Dependent Choices over the Reals:

(DC(R))
If RCR x R is such that Vo € R3y € R (z,y) € R, and if 25 € R,

then there is a sequence (x,, | n € w) such that (x,,z,4+1) € R, for all n.

These two choice principles can be generalized by replacing R with a nonempty
set X in the definitions above—these revised statements are denoted by
AC,(X) and DC(X), respectively. AC, and DC are the global versions of
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these principles:
(AC,) VX (X # 0= AC,(X))
(DC) VX (X # 0= DC(X)).

Since we will refrain from using the full Axiom of Choice, AC, care must
be exerted when dealing with the notion of cardinality:

[ X| < Y|
means that there is an injection of X into Y, and
| X] = [Y]

means that | X| < [Y|A Y| < |X], which by the Shréder—Bernstein theorem
is equivalent to the assertion that there is a bijection between X and Y.
“Finite” means “in bijection with a natural number”, so that “X is infinite”
does not necessarily imply that “w < |X|”, unless, of course, the axiom of
countable choices AC,, is assumed.

Exercise 0.1. Show that:

1. If X is the surjective image of Y, then AC,,(Y') = AC,(X) and DC(Y) =
DC(X).

2. AC,(R) implies that the countable union of countable sets of reals is
countable, and that w, is regular.

(These facts will often be used without specific acknowledgment).

Our terminology is quite standard, but for the reader’s convenience we list
some of the notation that will be used throughout this book. The identity
function on X is the map

dy : X =+ X

such that idx(z) = « for every € X. The symbols “C” and “C” stand for
“inclusion” and “proper inclusion”, respectively, while

P(X)={Y |Y C X}
is the power-set of X. If A is a subset of the domain of f,
f(A) ={f(a) | a € A}

is the pointwise image of A. This should not be source of confusion since
we will hardly ever deal with transitive sets, and in those rare cases we shall
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use the notation f“A. If z is a finite or w-sequence then lh(z) is the length
of z, i.e., its domain dom(z). For s a finite sequence and z a finite or an
w-sequence,

s"z
is the sequence obtained by concatenating s and z, that is lh(s~z) = lh(s) +
lh(z) and for i < lh(s) + lh(z)

(°2)(i) = {s(z) if i € dom(s),

z(i —1h(s)) otherwise.

When z is of length 1, i.e. z = (x), we will often write s~z instead of s™(x),
if there is no possible source of confusion; similarly, 2~ s denotes (x)"s. For
any x the symbol Z denotes the w-sequence

(x,z,x,...).

N ={0,1,2,...}, the set of all natural numbers, is construed as w, the first
transfinite ordinal. If xz,y € “X, then x & y is the element z € “X defined
by

2(2n) = z(n)
z(2n+1) =y(n).
Conversely, given a z € “X, then (z); and (2)11 are the unique elements of
“X such that

(02> (Z)I &) (Z)II = Z.

These notions extend to finite sequences as well, but, obviously, when writing
s @t we implicitly assume that 1h(¢) < lh(s) < lh(¢) + 1.

Int and Cl are, respectively, the interior and closure operators in a topo-
logical space. A subset X of a topological space is

nowhere dense if Int(Cl(X)) = 0,

(0.1)

meager if X =, X, with X,, nowhere dense.

MGR, the collection of all meager subsets of the given topological space, is
closed under subsets and (assuming AC,) under countable unions.

A topological space is Polish if it is separable and completely metrizable,
i.e., it admits a complete metric compatible with its topology, and a Polish
metric space is a complete metric space (X, d) such that the topology is sep-
arable. A topological space is extremely disconnected or 0-dimensional
if it has a basis of clopen sets. We will be mostly concerned with the Baire
space “w and with the Cantor space “2, both of which are Polish and
0-dimensional.
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Chapter 1

Elementary Results on the
Wadge Hierarchy

1 Prologue

If X and ) are topological spaces, and A C X and B C ), we say that A is
continuously reducible to B, in symbols

(1) A<yY B,

just in case A = f~}(B) for some continuous f: X — ). The “W” in the
sub-script is after William W. Wadge, and the formula above also reads: A is
Wadge reducible to B between the spaces X and ). Any continuous
function witnessing A S{X;y B is called a (continuous) reduction of A to
B: checking whether “x € A” reduces to the problem of verifying whether
“f(z) € B”. When X =Y, (1) is written as

(2) A<y B.

The relation <g is a pre-order (i.e., a reflexive, transitive relation) on Z(X)
and the intuition behind the definition of (2) is that

the set A is no more complex than the set B.

Complexity here refers to some intuitive notion of topological intricacy: we
require that no set can be strictly simpler than its complement. Thus if
A <& B holds, any upper bound for the complexity of B yields an upper
bound for the complexity of A and — conversely — a lower bound for the
complexity of A yields a lower bound for the complexity of B. For example,
if B is Borel (or F,, closed, etc.), then also A must be Borel (resp. F,,

1



2CHAPTER 1. ELEMENTARY RESULTS ON THE WADGE HIERARCHY

closed, etc), and if A is not Borel (or F,, closed, etc.) then same can be said
of B. It is quite natural to ask whether the converse property holds, that is:
suppose A is no more complex than B, must A be the continuous pre-image
of B? The answer, in general, is negative, as the following example shows.

Ezample 1.1. Let X = R = (—o0,+00) be the real line, let A = Q, let
C C [0;1] be the usual 1/3-Cantor set, and let B C C. We claim that there
is no continuous f: R — R reducing A to B: since B can be taken to be
not in Gy, and since A € F,, then R\ B £§ A, and this will witness the
failure of Wadge’s Lemma for A and B. To-wards a contradiction, suppose
A = f~Y(B) for some continuous f. Then

R = CI(Q) = CI(f(B)) € f7(CU(B)) € £71(C),

where Cl denotes the closure. Thus ran(f) € C. But ran(f) is connected,
and since the connected components of C' are its points, it follows that f is
constant, and hence it cannot be a reduction of A to B.

Since the same argument applies to any Polish space A containing a
non-empty connected open set, we shall focus on totally disconnected (i.e.,
O-dimensional) spaces. Since all 0-dimensional Polish spaces are — up to
homeomorphism — closed subsets of “w [Kec95, Theorem 7.8], it is natural to
restrict our attention to the Baire space. When X = R = “w, the superscript

is dropped and we write
A<w B.

In this chapter we will show that the Axiom of Determinacy — introduced in
section 2.C below — yields stringent structural properties for the pre-order
<w, the most notable ones being that it is well-founded (Theorem 6.1) and
that it has antichains of length at most 2 (Lemma 4.5).

2 Preliminaries

2.A Trees.

A tree T on a set X is a subset of <“X closed under initial segments, that
isteT ANsCt=s&T. The elements of T are called nodes. Two nodes s
and t of <“X are said to be incompatible, in symbols s L ¢, if

i € dom(s) Ndom(t) (s(i) # t(7)) .

tn(7") is the set of all terminal nodes of 7', that is, all ¢ € T such that
there is no s € T' with s D t. The boundary of T is the set

T ={se~“X|s¢T &s|lh(s)—1e€T}.
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A branch of T is a function b: w — X such that b [ n € T, for all n € w.
The body of the tree T is the set of all branches of T’

T)={be“X |Vn(bneT)}.
A tree T is
pruned if it has no terminal nodes, i.e., tn(T) = 0,
perfect if every node has two incompatible extensions,

Vie Tds,ue T (tCs,ulhs Lu),

finite branching if every node has a finite number of immediate successors,
ie,forallteT

HueT |tCunlh(t)+1=1h(u)} <w.

If either A C <“X or A C“X, and s € <“X let
sSTA={s"z | x € A}

and let

(3) A =A{z|s"z € A}.

The set A, is called the localization of A at s. It is immediate to check
that if A C “X then s7A, A, € “X, and that if T" is a tree on X then
T, is also trees on X. When s = (x) and there is no danger of confusion,
we will write 27 A and A, instead of (x)"A and A|();. We will be mostly
concerned with the Baire space “w and with the Cantor space “2, both
of which are Polish and 0-dimensional. In fact the Baire and Cantor spaces
are particular cases of the following construction: given X a discrete space
(i.e., every subset is open), endow the set “X with the product topology, i.e.,
the topology generated by the sets

(4) N, =N“X;s)={fe“X|sC [}

with s € <“X. A complete compatible metric is given by

()

0 otherwise.

4 g) = {2” if f =gl nand f(n)# g(n),
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The space “X is separable just in case | X| < w. Since
“X\N, = J{N, |t Ls},

it follows that each IN; is clopen and therefore “X is O-dimensional. If T is
a tree on X then [T is a closed subset of “X and, conversely, every closed
subset of “X is of the form [T] with 7" pruned. The function

(6) hy: “X x“X ->“X
defined by

f(k) if n =2k,

M b (f,9)(n) = {g(k) O

is a homeomorphism, and we will call it the canonical homeomorphism of
“X x“X with “X. When X is clear from the context, we shall write h instead
of hx. Note that X C Y implies that hxy = hy | “X x“X; in particular, the
restriction to the Cantor space of the canonical homeomorphism of R x R
and R yields the canonical homeomorphism of “2 x “2 and “2.

2.B Lipschitz and continuous functions.

A function ¢: S — T, where S and T are non-empty pruned trees, is said to
be

monotone if s C s = ¢(s) C p(s'),
Lipschitz if it is monotone and lh(s) = lh(p(s)),
continuous if it is monotone and lim,_, th(¢(x [ n)) = oo, for all x € [5],

tame if it is monotone and such that for all n and s™n € S,
©(s) C p(s7n) = Ih(p(s"n)) = Ih(p(s)) + 1.
If ¢ is monotone, then

D, = {o €[] | lim Ih(p(z | n)) = oc}

n—oo

is a TT) subset of “X and hence of [S], and every II9 subset of “X is of this
form. The function

fo: Dy — [T, z =, p(x [ n)
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is continuous and for every continuous f: G — [T], with G a TI5 subset of
[S], there is a monotone, tame ¢: S — T such that D, = G and f, = f (see
[Kec95, Proposition 2.6]). Clearly if ¢: S — T is Lipschitz then it is also
continuous, and, for all z,y € [5],

zln=yln=foz)In=/[f(y) In

or equivalently
dM(fo(2), foly) < d¥(a,y)

where d°l and dl’! are the two complete metrics induced on [S] and [T
given by (5). Thus f,: [S] — [T] is a Lipschitz function (in the usual sense
of Real Analysis) with constant < 1. Conversely, every Lipschitz function
f: [S] = [T] with constant < 1 is of the form f, with ¢: S — T Lipschitz.
A function f: [S] — [T] which is Lipschitz with constant < 1/2, i.e., such
that

zln=yln=f(z)Int+l=[f(y)In+1

it is called a contraction and it is induced by a monotone ¢: S — T such
that lh(e(s)) = lh(s) + 1. In this book, we make the following convention:
For a function f: R — R, “Lipschitz” means “Lipschitz with constant < 1,”
that is f = f,, for some Lipschitz ¢ as above. Similarly “f is a contraction”
means “f = f, for some contraction ¢.”

Since a continuous (Lipschitz) function R — R is completely determined
by a continuous (res. Lipschitz) <“w — <“w, and since these objects can be
coded as subsets of w, a map x — f, can be defined so that

{fe |z €R}.

is the collection of all continuous (res. Lipschitz) functions f: R — R. We call
such a map a parametrization or coding of the continuous (res. Lipschitz)
functions. We now fix once and for all a parametrization of all Lipschitz
functions: For any = € R let ¢,: <“w — <“w be defined by
(8)

wr(s) =t & 1h(s) =1h(t) AVnVi <1h(s) (s, =s i1+ 1=1t(i) =x(n)),

where
(9) (sn |1 €w)

is a standard enumeration without repetitions of <“w \ {@} such that s, C
S, = n < m. This is well-defined since s [ i + 1 = s,, for a unique n, and
clearly each ¢, is Lipschitz. If z,2’ € Yw and x(n) # 2'(n), then let i be
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such that i + 1 = lh(s,): then ,(s,) # @ (8,), since these two sequences
differ on their last element

(0a(80)) (i) = x(n) # 2'(n) = (0w (80)) (7) -

In other words: x # ' = @, # @u. Suppose now ¢: ““w —
Lipschitz: if x(n) is the last element of ¢(s,), then ¢ = ¢,. Therefore

““w is
R = {p]|¢: ““w— ““w is Lipschitz}, T Py

is a bijection. Letting £,: R — R be the Lipschitz functions induced by ¢,
it is not hard to see that the evaluation map (x,y) — £,(y) is continuous.
Therefore we have shown that

Lemma 2.1. There is a bijection
R — {f € *R | f is Lipschitz}, =L,

such that
R* - R, (z,y) = £L.(y)

18 continuous.

Exercise 2.2. There is no parametrization x +— f, of continuous functions
such that the evaluation map R? — R, (x,y) — f.(y), is continuous.

2.C Games.

Given a set A C “X a game G(A) on X is defined where two player I and
IT take turns in picking points from X

I i T
II Yo Y1
Player I wins just in case the sequence (xg, Yo, 1, ¥1,...) is in A. In other

words, I and II cooperatively construct an element z of “X: I's goal is
to ensure z € A, while II’s goal is to ensure z ¢ A. We will say that
x = (xg,x1,...) and y = (yo, y1, ... ) are the plays of I and II, respectively,
while z @ y is the complete play. A run of a game is organized in rounds
or innings with I and IT playing z,, and ¥, in the n-th round. A position
or partial play is simply a finite sequence p € “X, and if it is of even
length, we say it is the position after the n-th round or, equivalently, before
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the n+ 1-st round, where 2n = lh(p). The sequences (p)1 and (p)ir are called
I's and IT’s positions associated with p.

A strategy for I is any function o: <X — X, and o is said to be
winning if

oxY = <U(®)7y07 U(<y0>)7y17 U(<y07 y1>)7 Y2, U(<y07y17 y2>> e > €A

for any y € “X. Conversely, a strategy for IT is any function 7: <“X \
{0} — X, and 7 is said to be winning if

z 7 = (20, T((T0)), 21, T((T0, 71)), T2, T({T0, 1, T2)) .. .) ¢ A

for any x € “X. A play z € “X is said to be according to o, strategy for I
(or 7, strategy for I) iff Iy € “X (z = o % y), (res. Ir € “X (z =z x7)).

Suppose 7 is a strategy for IT for a game on X and define 7(s) by induction
on lh(s)

7(0)=0
7(s7(x)) = 7(s) " (7(s7(2))) -

Then 7: ““X — <X is Lipschitz, and, conversely, if ¢: ““X — <“X is
Lipschitz then

p(s) = w(s)(Ih(s) — 1)
= the last element of ¢(s)

is a strategy for II. Since 7 +— 7 and ¢ — ¢ are inverse operations, the
distinction between Lipschitz functions and strategies for IT will often be
blurred. Similarly, strategies for I can be identified with contractions. Let o
and 7 be strategies for I and 11, respectively, for games on X:

g xT

is the element of “X obtained by pitting o against 7, i.e., is the unique play
according to o and to 7. Since the play o * 7 lies either inside or outside a
given set A, it follows that in any game at most one player can have a winning
strategy. Our definition requires that a strategy acts against the sequence of
moves provided by the opponent, but at times it is more convenient to think
of a strategy as a recipe suggesting what to play next at any given position
where we are to make a move. Therefore we could define strategies for I and
II as maps
o: U2"X — X and T: UQ"HX — X.
n n

A z € “X is according to & iff Vn (29, = d(2 | 2n)), and & is winning for I
in G(A) just in case every play according to ¢ is in A. (The definition of 7
being winning for IT is analogous.)



S8CHAPTER 1. ELEMENTARY RESULTS ON THE WADGE HIERARCHY

Exercise 2.3. Show that the two definitions of strategies are equivalent. In
particular, show that o (or 7) is a winning in G(A) iff the same is true of &
(res. T).

There is another, apparently more general notion of game on a set X. Let
T be a non-empty pruned tree on X and let A C [T]: the game G(T; A) is
just like G(A) except that both players must make moves so that the partial
play is always in T, the first player to break this rule losing outright. A
legal position is just a node of 7', and a move that extends a legal position
to another legal position is called a legal move. The definition of strategy
must be modified accordingly so that they yield only legal moves. Note that
all games of the form G(A) can be considered as games in this new sense,
G(*“X; A).

Exercise 2.4. Show that any game G(T; A) is equivalent to a game G(A),
for some A C <“ X, in the sense that either player that has a winning strategy

in G(T; A) has also a winning strategy in G(A), and conversely.

A game is determined if one (and only one) of the two players admits
a winning strategy. The Axiom of Determinacy for games on X is the
statement

(ADx) For every A C “X the game on X with pay-off A is determined.

Exercise 2.5. Show that |X| < |Y| implies ADy = ADx.

If X is empty or a singleton, then ADx is trivial. When X = w this is the
usual Axiom of Determinacy, AD, and by a result of Mycielski, ADy, = AD.
Therefore if 2 < a < w; then by Exercise 2.5

AD, < AD.

The Axiom of Real Determinacy ADg is (much) stronger than AD. By deep
results of Woodin, assuming large cardinals, both AD and ADg are consistent
with ZF+DC(R) — see [Kan03, pp. 464-468]. On the other hand, both AD,,,
and AD s ) are inconsistent with ZF — see Exercise 10.2.

AD contradicts the Axiom of Choice since, for example, it implies many
regularity properties for sets of reals which are known to be inconsistent with
AC (see section 2.D). Yet AD is consistent with weak forms of choice.

Lemma 2.6. AD = AC,(R).

Proof. Given () # A,, C R consider the game on w where I plays n (and then
his moves are irrelevant) and II, in order to win, must construct a real in
A,. Then I cannot have a winning strategy, and any strategy for II yields a
choice function for the A,s. O
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On the other hand it is open whether AD implies DC(R) — see also the
Open Problem 6.4.

Open problem 2.7. Does AD = DC(R)?

Kechris has shown [Kec84] that the answer is affirmative under the ad-
ditional assumption that V = L(R), showing thus that the consistency of
AD + DC from that of AD, i.e.,

Con(ZF + AD) = Con(ZF + AD + DC) .

AD does not imply neither DC nor AC, by results of [Sol78] and Woodin
(unpublished). By unpublished results of Woodin’s the theory ZF + AD +
—DC(R) proves the consistency of ZF 4+ ADg.

Although ADy is inconsistent for any X containing w, the same need not
to be true for the weaker statement Detx (I') requiring only the determinacy
of games with payoff sets in some given pointclass I' C Z(“X),

(Detx(I')) For every A € I' the game on X with pay-off A is determined.

The pointclass I' is usually some collection of sets defined in topological
terms, e.g., the Borel pointclasses X2, TI?, and A, or the projective point-
classes 3} T} and A}. Gale and Stewart [?] showed that AC and VX Detx (IT9)
are equivalent over the base theory ZF. Thus ZFC proves the determinacy
of all games with closed pay-off, on any space “X. This was extended by
Martin [Mar75, ?] to A} — for uncountable X the pointclass A} is strictly
larger than the collection of Borel sets. Martin’s result is optimal (in ZFC)

since the determinacy of games on w with II; payoff implies the existence of
0% [?].

2.D Regularity properties.

We will now look at three regularity properties for sets of reals: perfect
subsets, the property of Baire, and Lebesgue measurability.

The perfect subset property is the statement that every set of real
numbers is either countable or else it contains a non-empty, perfect closed
set. Since any non-empty perfect closed set contains a homeomorphic copy
of the Cantor space, the perfect subset property can be stated as

(PSP) VX CR(|X|<w V df: “2— X, f continuous and injective) .

PSP contradicts choice: if R is well-orderable then there is a Bernstein set,
that is a set B C R such that BN P # () and P\ B # () for every non-
empty perfect closed set P, [Kec95, Example 8.24]. Clearly the existence of
Bernstein sets contradicts PSP.
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Lemma 2.8. PSP implies there is no wi-sequence of distinct real numbers.

Proof. Towards a contradiction suppose f: w; — R is injective. Then ran(f),
being uncountable, must contain a copy C' of the Cantor space. Then C,
being a subset of ran(f), is well-orderable, and so is R, since it is in bijection
with C: a contradiction. O

Since closed sets are determined by pruned trees on w, and since trees
can be identified via their characteristic functions with a real, it follows that
PSP implies there is no wi-sequence of closed or open sets.

A set A C R is said to have the property of Baire if there is an open
set U such that AAU € MGR. We abbreviate the expression “all sets have
the property of Baire” with BP. Just as with the perfect subset property, BP
implies that R cannot be well-ordered, and hence it contradicts AC.

The Lebesgue measure on “2 is the completion p of the measure de-
fined on the basic open sets by p(IN(“2; s)) = 27"() and it is often called the
coin-tossing measure. The statement “all subsets of “2 are Lebesgue measur-
able” is abbreviated by LM, and by the isomorphism theorem for measures
[Kec95, Theorem 17.41] it is equivalent to the statement that every subset
of R is Lebesgue measurable. (Here R is the usual Euclidean line with the
traditional Lebesgue measure studied in analysis.) By a well known theorem
of Vitali, if R is well-orderable, then LM fails. On the other hand, a weak
form of the Axiom of Choice, AC,(R), is needed for the construction of the
Lebesgue measure on R (or for that matter: any non-discrete measure on an
uncountable Polish space): the crucial issue is the verification that the outer
measure Z(R) — (0; 00)

A inf{z 0(1,) | (I, | n € w) is a sequence of half-open intervals such that A C U I}
n=0

n

where ¢(I) is the length of the interval I, is indeed o-subadditive — see
[Fre00, Proposition 114D].

If D is non-principal ultrafilter on w then, identifying each set of natural
numbers with its characteristic function, D can be construed as a subset
of “2: under this identification, D is an example of a non-measurable set
without the property of Baire [Kec95, Exercise 8.50].

The three regularity properties are consistent with and independent of
ZF. We summarize here a few known facts

e assuming R is well orderable we have that —-PSP, -BP, —-LM;
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e by a celebrated result of Solovay [Sol70], assuming the existence of an
inaccessible cardinal it is consistent that

L(R) k= DC + PSP + BP + LM

e both PSP and LM imply the consistency of an inaccessible cardinal;

e Shelah in [She84| showed that Con(ZF) = Con(ZF + DC + BP), and
therefore there is a model satisfying DC + BP + -PSP + —=LM;

e Di Prisco and Todorcevic [DPT98] constructed a model of ZF + DC +
PSP containing a non-principal ultrafilter on w, and therefore in this

model BP and LM fail.

Definition 2.9. A set F' C “2 is a flip set if the truth of the statement “z €
F” flips between true and false every time the value of z in one coordinate
is changed, that is

Vz,w e 23k z(k) #wk) = (e Fewd F)).
FS is the statement: there is a flip set.
Thus if F' is a flip set and |{k | z(k) # w(k)}| = n then

neven =(z€ F&sweF),
nodd =(zeFew¢lF).

Proposition 2.10. The existence of a non-principal ultrafilter on w implies

FS.
Proof. For any z € “2 let z € “2 be defined by

2(0) = =(0)
Zn+1)=Z2(n)+2(n+1)

where + denotes addition modulo 2. Let N = w x {0,1} and let
A, ={(n,2(n)) e N | n € w}.
If ng is the unique natural number such that z(ng) # w(ng), then

Vm >ng((m,i) € A, < (m,i+1) € A,),
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that is: A, and A, partition N \ ng x 2. Since N is in bijection with w
we may assume that there is a non-principal ultrafilter D on N, and by the
equation above

A,e D A, ¢ D

whenever z and w differ in exactly one coordinate. Therefore
F={z¢e%“2| A, € D}
is a flip-set. O]

Therefore if R is well-orderable, then FS holds.
Proposition 2.11. No flip set has the property of Baire.

Proof. Towards a contradiction, suppose F' is a flip set with the property
of Baire. Since “2\ F is also a flip set , by the Baire category theorem F'
and “2\ F' cannot be both meager or both co-meager. Therefore — possibly
replacing F' with its complement — we may assume that F' is non-meager.
Let U be open in “2 and such that FAU is meager. Since F' ¢ MGR then
U # 0, so pick n and s € "2 such that N(“2;s) C U. Let f,: Y2 — “2 be
the Lipschitz homeomorphism

(10) fn(2) (1) =

1—2z(i) ifi=mn,

2(7) otherwise.
Then f,(IN;) = Ng and F' is co-meager in IN;, hence “2 \ F' = f,(F) is
co-meager in Ny, contradicting the Baire category theorem. O

Proposition 2.12 (AC,(R)). No flip set is Lebesque measurable.

Proof. Towards a contradiction, suppose F'is a Lebesgue measurable flip set.
Let s be any finite sequence and let n = lh(s). Since =F = f,(F'), where
fn is as in (10), and since each f, preserves the measure, then pu(F N N;) =
U(NG\ F) = 1/2p(N;). In particular F' is non-null, hence u(IN;NF') = pu(Ny)
for some s: a contradiction. O

The Axiom of Determinacy implies all these regularity properties: PSP,
BP, and LM (see [Kan03, pp.373-377]). Moreover they are all provable in
ZFC if restricted to the realm of analytic sets.
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3 Reducibilities

In order to study the theory of Wadge reducibility, it is often necessary
to study other forms of reducibilities (like Lipschitz reducibility, or Borel
reducibility). Let X be a topological space and let F C *X be a family
of functions closed under composition and containing the identity and all
constant functions c,, i.e.,

[LgeEF = fog€eF,
(11) idg € F,
c, € F (x € X)),

where ¢, is the constant function x € X. For A;B C X, say that A is
F-reducible to B, in symbols

A<F B,

just in case
df e FVz e X (r € A< f(x) € B)

for some f € F. By our hypothesis <% is reflexive and transitive. Set
AE]:B = AS]:B/\BS]:A,

and
A<]:B = AS]:B/\B%]:A

An F-degree is an equivalence class of =, and
(Al = {B| B =5 A}
is the F-degree of A. Notice that
A<rB <& -A<Lz-B,

where for A C X

—A=X\A
is the complement of A in X. A set A is F-self-dual iff A <y —A iff
A =75 —A, otherwise it is F-non-self-dual. Since self-duality is invariant
under =, it can be applied to F-degrees as well. The dual of [A] - is [~A] -,

and a pair of distinct degrees of the form {[A] -, [~A]+} is a non-self-dual
pair. The pre-order <z induces a partial order < on the F-degrees:

Ar<[Bl, & A<B.
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Similarly define
[Al- <[Blr <« [Alz<[Blx A [Al#[Bly & A<rB.

If 7 C G are sets of functions like in (11), then the pre-order <g is coarser
than <z, hence

(13) A is F-self-dual = A is G-self-dual
(14) [A] C [A], .

Notice that [X]- = {X} and [(]» = {0} form a non-self-dual pair, and
since F has all constant functions they are <-least among F-degrees. We
say that [A] - is a successor degree if there is a [B] - < [A] - such that for
no C' C R we have [B] - < [C]z < [A]£. (In this case the degree [B] - is an
immediate predecessor of [A]..) If an F-degree is not a successor and it
is neither [X]- nor [@] -, then we say it is a limit degree. A limit degree
is said to be of countable cofinality if it is the least upper bound of an
increasing sequence [Ag] » < [A1] » < ... of F-degrees; otherwise it is said to
be of uncountable cofinality.

If F is the collection of all continuous functions, the “F” in all subscripts
is replaced by “W,” while if F is the collection of all Lipschitz functions,
we use “L.” If F is the set of all functions from X to X, then the structure
of the F-degrees is trivial, since there are only three degrees: [X]., [0],
and Z(X)\ {X,0}. On the other hand, AD implies that for any reasonable
F C *R there is no largest F-degree — Lemma 4.7 below.

4 Lipschitz and Wadge games
The Lipschitz game for A and B

GL(A, B)

with A, B C “X, is the game in which I and II play elements of X «a; and b;,
respectively,
1 ag aj

II bo by

and player II wins just in case

a=(aliecwyeAd < b=(blicw)eB.
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In the literature the game Gy, is often called Wadge game rather than Lips-
chitz game, but we will use that name for another game to be introduced in
section 7.

Exercise 4.1. Show that GL(A, B) is indeed a game on X in the sense of
section 22.C.

The notation GL(A, B) is a tad ambiguous: if A,B C “X and X C Y,
then we may consider the game G,(A, B) as a game on X or as a game on
Y, and these can be quite different: for example, if A, B C “2 C “w with
A # “2 closed and B = “2, then II has a winning strategy in Gp,(A, B) if
this is construed as a game on w, but not if it is construed as a game on 2.
Therefore whenever there is danger of confusion we will adopt the following
convention: if A, B C [T] where T is a pruned tree, then

G{ (A, B)

is the game described above with the moves restricted to 7.
Fix a space “X. A winning strategy for IT in G, (A, B) is — essentially
— a Lipschitz function f: “X — “X such that A = f~!(B), hence

(15) IT wins GL,(A,B) < A<.B

Conversely, a strategy for I yields a contraction thus, in particular a Lipschitz
function f: “X — “X such that =B = f~!(A). Therefore

(16) I wins GL(A,B) = -—B<pA.

In this case we cannot revert the implication since a Lipschitz function wit-
nessing =B <p, A isn’t necessarily a contraction.

Exercise 4.2. Let A, B C“X.

(a) Let 7 be a winning strategy for II in Gp(A, B) and suppose p and ¢
are positions for I and II, respectively, according to 7, that is ¢ = (p * 7).
Then A, <p, Bl and 7(s) = 7(p"s) is winning for IT on G(A|,, B|g))-

(b) If ¢ is a winning strategy for I in Gp,(A, B), then 7 = o \ {(0,0(0))}
is a winning strategy for II in G1,(B,~A|,@)). Conversely, for any x € X,
if 7 is a winning strategy for I in G,(B, ~A[)), then 0 = 7 U {(0,2)} is a
winning strategy for I in G1,(A, B).

The Wadge game for A and B,

GW(A7 B) >
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is the variant of the Lipschitz game where II is allowed to pass (i.e., not
to play) at any round, but he must play infinitely often otherwise he loses.
Formally, this is a game on X U {p}, where p (=the passing move) is an
object that does not belong to X. An example of a run of Gw(A, B) is

I ag ar ... ay (i1 L

11 p p...p bo p p...p by

As in the case of G, IT wins just in case
a=(a;|icw)e A=b=(h|icw) e B.

A strategy for either player for Gw is called a Wadge strategy, and by
decree, a strategy for II in must play infinitely often on any given input.
Although Gw(A, B) is a game on X U {p}, it is more convenient to think of
it as a game on X: all moves which are not p are called active moves, and
the position ¢ of II at round n is the sequence of active moves of IT up
to round n, disregarding all p’s (thus lh(q) < n is possible). The sequence of
length n recording all of IT ’s moves (including passing) is called the true
position of II at round n, and has, obviously, length n.

Exercise 4.3. Show that if w < |X|, then the Wadge game for the space
“X can be formulated as a game on X.

Just like the case of Lipschitz games, G (A, B) is the Wadge game for
A, B C [T], where the moves of the players are restricted to T, a pruned tree
on X.

Since a strategy 7 for IT always produces a sequence with infinitely many
entries different from p, the map
(17)

71 WX - VX, s — the sequence of active moves of 7 on input s

is continuous. Formally:

0 if s =10,
7(s) = ¢ 7(s [ '1h(s) — 1)"7(s) if 7(s) # p,
7(s [ Ih(s) — 1) otherwise,

Conversely every continuous ¢: <“X — <“X yields a strategy 7 for II in
the Wadge game on X such that 7 = ¢ — just take

0 if s =10,
7(s) = { p(s)(Ih(s) — 1) if 5 # 0 and @ (s) # (s  Ih(s) 1),
p otherwise.
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For this reason we will often blur the distinction between continuous functions
and strategies for IT in Wadge games. On the other hand a strategy for I
in a Wadge game yields a whole family of contractions, since player II can
reveal his moves as slowly as he wants. Summarizing:

(19) I wins Gw(A, B) = -B <, A.

The following is the analogue of Exercise 4.2(a) for Gy.

Exercise 4.4. Let 7 be a winning strategy for II in Gw(A, B) and sup-
pose p and q are positions for I and II, respectively, according to 7, that is
q = (p*7)u. Then A, <w By and 7(s) = 7(p"s) is winning for II on
Gw (AL, Blg))-

The statement that all Lipschitz games on the space “ X are determined:
(AD%) VA,BC“X G, *(A,B)is determined,

is called Lipschitz determinacy for the space “X, or simply Lipschitz
determinacy (AD"), when X = w. Similarly

(ADY) VA, BC“X Gw(A,B) is determined,

is called Wadge determinacy. Clearly ADy implies ADI;( and AD\;(V, hence
Lipschitz determinacy is a consequence of the Axiom of Determinacy. Just
like ADy, the principles AD% and ADY are inconsistent if w; < |X| — see
Chapter II, Proposition 11.5. For this reason we will concentrate from now
on to the case X = w. Whether AD follows from AD" is an open problem —
see section ?77.

Wadge observed the following simple, but crucial fact:

Lemma 4.5 (Wadge’s Lemma). Assume AD, or even just AD®. Then for
every A,BCR

(20) A<, B Vv -—B<pA.
Clearly (20) implies
(21) A<wB V -B<yA,

which is also a consequence of ADY. Wadge’s Lemma implies that if A %1, B
and B ﬁL A, then =B <;, A and A <;, B and hence A =, -B. In
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other words: if A and B are <p-incomparable, then {[A],,[B].} is a non-
self-dual pair, and hence if C' is a set not equivalent to either A or B (i.e.,

C ¢ [A]; U [B];) then either
C<i, A N C<yB

or else
A<, C N B, (C.

Thus the ordering induced on the Lipschitz degrees is almost a linear-order
(if each degree is identified with its dual, then it is indeed linear) and for
this reason (20) — the thesis of Wadge’s Lemma — and (21) are called the
Semi-Linear Ordering Principle for Lipschitz maps and Semi-Linear
Ordering Principle for continuous maps, respectively, and are denoted
by

SLO" and SsLoV.

(We will show in Chapter IV that SLOY < SLO™ < AD".) More generally, if
F is a family of functions on a space X as in (11), the notion of Semi-Linear
Ordering Principle for F-maps is

(SLO (X)) VA, BC X (A<Ff B Vv =B <% A),
with the understanding that SLO” means SLO” (R). If F C G then, by (12),
(22) SLOT (X) = SLOY(X).

In particular, if F contains all Lipschitz functions and X = R, then SLO” is
a consequence of AD®, and hence of AD. Notice that if A is F self-dual, then
SLO” implies that [A] 7 is a node of the ordering of the F-degrees, that is it
is comparable with all other F-degrees

(23) (Bl # [Alr = ([Blr < [Alz V [Alr < [Blz).

In order to study the Semi-Linear Ordering principle of different A’’s, it
is convenient to introduce the following terminology: the F-structure of X
is the model-theoretic structure

<‘92<X)7 _'Xa §§>
where =% is a l-ary operation of taking complements, =* A = X \ A. When
F is the set of all continuous (Lipschitz) functions, we will speak of Wadge
structure (Lipschitz structure). Suppose X is a retract of ), that is, X is
a closed subset of )} and there is a continuous surjection 7: ) — X which
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is the identity on X. (The map = is called a retraction of ) onto X.) We
claim that the map ®: 2(X) — Z(Y), ®(A) = 7 1(A) is an embedding of
the Wadge structure of X into the Wadge structure of V: it is easy to check
that it is an injective map that preserves complementation, so it is enough
to show that

A<y, Be ®(A) <% (B).

If f: X — X is continuous and A = f~!(B), then for: Y — X C Y
witnesses ®(A) <% ®(B); conversely, if g: J — ) is continuous and ®(A) =
gt (QD(B)), then Tog | X: X — X witnesses A < B. Therefore we have
shown

Proposition 4.6. If 7: YV — X is a retraction, then the map A — 7 (A)
is an embedding of the Wadge structure of X into the Wadge structure of Y.
In fact

SLOY(Y) = SsLoV(x) .

(The last statement is immediate since SLO" is a V-formula in the lan-
guage for Wadge structures, and therefore down-ward absolute.) If S C T
are pruned trees, then by [Kec95, Proposition 2.8] (see also (6)) there is a
Lipschitz retraction of [T onto [S], hence SLO" implies SLO™(¥2) and, more
generally, SLO™([T]) for any pruned tree T on a countable set.

If F = ®R then SLO” holds for trivial reasons, but if F is a reasonable
collection of functions, then SLO? becomes highly non-trivial: for example,
if we restrict ourselves to continuous functions, then the semi-linear ordering
principle implies the prefect set property — see Corollary 11.4. The next
result shows that if F is not too large, then there is a uniform way to construct
from a set A C R, a new set which is <z larger than A and —A. Thus, in
particular, there is no largest F-degree.

Lemma 4.7. Let F C ¥R be as in (11) and suppose F is the surjective image
of R and that SLO” holds. Then there is a map J = Jr: 2(R) — P(R)
such that

VACR(A <z J(A) N mA <z J(A)).
Proof. 1f x — f, is a surjection R — F, let
J(A) ={0"z | fo(07z) ¢ AyU{1"z | fo(172) € A},

where {f, | z € R} = F. By diagonalization J(A) <z A or J(A) <z -A
are impossible, hence by SLO”, A, ~A <x J(A). ]
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Remarks 4.8. If we replace R with “.X, then everything so far goes through
with minor or no modifications at all, but, of course, we must replace AD
with ADx in Lemma 4.5, and must assume that X has at least two elements
in Lemma 4.7. This last assumption is not an issue since if X is empty or a
singleton, then “X is utterly uninteresting. Let us take a closer look at the
spaces “X.

(a) If | X| = n, then “X is homeomorphic to the Cantor space, “2, and ADx
is equivalent to AD.

(b) If w < |X| < wy, then “X is homeomorphic to the Baire space, “w = R,
and, again, ADy is equivalent to AD.

(c) If | X| = |R|, then “X is non-separable, yet ADg yields a theory of its
Lipschitz/Wadge degrees completely analogous to the theory of Lips-
chitz/Wadge degrees for the Baire space.

(d) If w; < |X|, then ADx is inconsistent. Yet it still might be the case
that the analogue of Wadge’s Lemma might hold for spaces like “w;. In
other words, one could ask if (it is consistent that) for any A, B C “w;

it is the case that either A S:wl Bor“w \ B S:wl A. We shall show in
Chapter II, Proposition 11.5 that this is not the case.

5 Lipschitz degrees

In this section we start our systematic study of Lipschitz degrees.

Lemma 5.1. Suppose A <;, B and s,t € <“w are sequences of the same
length. Then s~ A <y, t"B.

Proof. 11 wins G(s"A,t"B) as follows. As long as I enumerates s then
IT enumerates ¢, with the understanding that if I deviates from s at some
round n < lh(s), then IT deviates from ¢ at the same round n and then plays
whatever he likes, say, 0. If after the Ih(s)-round the two positions are s and
t, then IT applies his winning strategy in G1(A, B) from now on. O

The preceding proof — like most proofs involving determinacy — is cast
in mundane terms and uses freely many intuitions and suggestions borrowed
from games that people play in everyday life. Some readers may feel a bit
uneasy at first with this game-theoretic jargon, and may want to translate
our proofs into a more classical lexicon. As a template, the proof above can
be reworded as follows: A formal — but much less intelligible — rewording
would be:
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Let 7 be a winning strategy for IT in G,(A, B). Then
t(lh(u) — 1) if u C s,

t(lh(u) —1)+1 ifu [lh(u)—1Cs, but u g s,
0 if 3k < 1h(s) (u(k) # s(k) A kE+1 <lh(u)),
7(v) if u=s"v.

is a winning strategy for II in G, (s"A,t"B).

We feel that this translation is much less intelligible than the original proof
since it obscures the simple ideas behind it, and therefore in this book the
game-theoretic jargon will always be used.

Exercise 5.2. Show that
(1) A SL SAA,

(i

i) if Ih(s) <1h(t) and A <;, B then s"A <y, t" B,
(iii) A <L A
)

(iv) if A <p, —=A then s”A <p, =(s™A) for all s.
Thus A <p, 0" A, and if A is Lipschitz self-dual, the inequality is strict.

Lemma 5.3. Suppose A <y —A. Then A <y, 0"A. Moreover, assuming
AD", [0~ A], is the immediate successor of [A].: if B <i, 0" A then B <y, A.

Proof. Let T be a winning strategy for IT in G1,(A,—~A),

I o T
II Yo Y1
Then I wins G(0"A, A) by playing 0 and then following T,

I 0 Yo n

S

11 Zo T1

Therefore IT does not have a winning strategy in Gp,(0"A, A), hence 0" A %y,
A, and therefore A <1, 0" A.

Suppose now B <, 0" A. Since 0" A is Lipschitz self-dual, this is equiv-
alent by (23) to 0"A £, =~B. By AD" let ¢ be a winning strategy for I in
GL(0"A,—=B). Then II wins GL(B, A) by pretending that a 0 was played
before the play started, and then following o. In other words: IT’s winning
strategy is o | (F“w \ {0}). O
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This should be contrasted with the continuous case: if x € = A then the
function ¢: “Yw — ““w

0 if s =10,
o(s) =<t if s =07t,
x [ 1h(s) otherwise,

is continuous and witnesses 0~ A <w A. Therefore

(24) Vs€ “w(A#£R=s"A<w A).

Proposition 5.4. If A <;, = A then Vn (AI_nJ <L A). Conversely, assuming
AC,(R) + AD", if Vn (A, <1 A), then A <p —A.

Proof. Suppose A <, =A and A, =1 A, for some n € w. Then A}, is
Lipschitz self-dual hence A,,; <, n" A}, <1, A: a contradiction.

Vice versa, suppose Vn (ALnJ <y A). Since A £y, A, choose o, a win-
ning strategy for I in Gy, (A, Aj,,)). Then IT wins G1,(A, ~A) as follows: if I
plays n at round 0 then II follows o, from now on

I n ao a,

I by =o,(0) b1 = 0,({ao)) by = on({ao, a1))

so that
na€Asac Ay, &be A,

hence A is Lipschitz self-dual. O

We now introduce an infinitary operation on sets: for A, C R let

(25) D, An = U,n" An
and for A, B C R let
(26) Ae B=6, A,

where Agn = A and A2n+1 = B.

Exercise 5.5. (i) Show that A, B <;, A® B and A; <|, @, A, foralli € w.

(ii) Show that A <, A" A B<, B = A& B <, A’ ® B’. Assuming
AC,(R), show that A, <, A, = P, A, <. B, A4,.

(iii) Show that — (A ) B) =1, "A®-B and —\@nAn = @n—\An.
(iv) Show that A® B =1, B ® A and that @, A, =1, @, Ajn for any

surjection 7: w — w.
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Thus the operations @ and € can be extended to degrees:

Definition 5.6. Let F C ®*R be a family of functions satisfying (11) and
containing all Lipschitz functions.! Define

[A]L ©® [B]L = [A ® B]L
@n [An]L = [@nAn]L'

It is easy to check that these operations are commutative.
If I is a countable set, then let

DicslAilL = DnlAjmle
for some/any surjection j: w — I.

Suppose ¢, : ““w — <“w is continuous and witnesses that A, <w A.

Then
(s) = 0 if s =0,
o= on(t) if s=n"t,

is continuous and witnesses @, A,, <w A. Therefore AC,(R) implies that

Lemma 5.7. A @ —A is Lipschitz self-dual. Moreover if AD* holds, then
[A]; @ [A]y, is the least degree above [A];, and [-A];.

Proof. Consider the strategy 7 for IT that in the first round plays

e 0, if T has played 1,

e 1, if I has played 0,

e k+ 2, if I has played k + 2,
and then copies I's moves from now on. Then 7 is winning in GL(A ®
-A, ﬁ(A D —|A)).

Suppose now A is Lipschitz non-self-dual. Then A, —A <, A® —A hence
it is enough to show that if B <;, A @ —A then

(28) B<, A v B<p A,

IThe F that we will consider in the next few sections are the set of al Lipschitz functions
and the set of all continuous functions.
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By assumption IT does not win G,(A@—A, B) hence I has a winning strategy
o. If B =R then (28) follows at once, so we may as well assume otherwise.
If in the first round o plays an integer # 0, 1, then I will not produce a real
in A ® —A, hence IT can win by enumerating an arbitrary real not in B.
Therefore () = 0 or o(@) = 1. For the sake of definiteness assume the
former. Then o yields a winning strategy 7 for IT in G(B,—A) by letting
7(s) = a(07s). O

Lemma 5.8. Assume SLO" and AC,(R) and suppose A, C R are such that
(29) Yn3Im >n (A, <y An) .

Then @, /A, is Lipschitz self-dual and A; <1, @, A, for each i. If moreover
we assume AD" then [@, An], is the least-upper bound of the [A], 's: if
A, <1, B for all n, then @, A, <1, B.

Proof. Let f:w — w
f(n) = the least m > n such that A, <p A, .

By SLO" 4,, <, =4 f(n) holds, so, by AC,(R), let us fix winning strategies 7,
for IT in G(An, = Af@m)). Then II wins GL(B,,An, 7P, Ay) as follows: in
the first round, if I plays n then II responds f(n); after this first round II
follows 7.

Towards a contradiction, suppose A, <, B, for all n, and that @, A, %1,
B. Then player I has a winning strategy o in G,(€D,, A, B). Then B <, =4,
for some n, and since SLO" implies that —A, <j, Ag(ny, a contradiction is
reached. O]

The assumption (11) can be relaxed a bit, but cannot be completely

removed: assuming A, = A for all n, if A is non-self-dual, then @, A, is
non-self-dual and if A is self-dual, then @, A, =1, 07 A is self-dual, but it is
not Lipschitz equivalent to A, the least upper bound of the A,’s.

Exercise 5.9. (i) Show that if A, < A,y for all n, and f:w — w is
strictly increasing, then @, A, =1 @, Asn)-

(ii) Suppose Vn Im (A, <1, By,) and Yn3m (B, <, A,). Then @, A, =1,
D, B..

Proposition 5.10. Assume AD"+ AC,(R). A limit Lipschitz degree is self-
dual if and only if it is of countable cofinality.
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Proof. 1f the A,’s witness that [A]; is of countable cofinality, then Lemma
5.8 implies that €, A, =1, A is self-dual.

Suppose [A]} is self-dual, so that by Lemma 5.4 A|,,; <y, A for all n. Let
Bo = ALO | and

B _ ALn—i—lJ if B,, <1, AL”'HJ?
mH 0~ (B, ® —B,) otherwise.

By induction A, <1, B, <1, A and B,, <1, By 41, hence €, B, is Lipschitz

self-dual and

But ,,B,, is the least upper bound of the B,, <;, A and thus @, B, <1, A.
Therefore @, B, =1, A, and the [B,];’s witness that [A]; is of countable
cofinality. ]

Lemma 5.3 shows that if [A]; is self-dual, then [07A], is its immediate
successor and it is self-dual. Therefore we can define the successor operator
L on self-dual Lipschitz degrees

(30) L([A]L) = [07A], .

This operation can be iterated through the countable ordinals:

LO([A]L) = [A]L’
LoH([A]) = L(£2([A])),
LM[A]L) = D, [An]; if \ is limit,
(

where A,, € £%([A],), and the a,s are increasing and cofinal in A\. Thus
above a self-dual Lipschitz degree there is an wi-sequence of self-dual Lips-
chitz degrees.

Remark 5.11. (a) If in the definition of £*([A]; ) we choose another increasing
cofinal sequence o/, and sets A/, € L ([A],), then @, A, =1 @, A, by
Exercise 5.9, so the operation £* is well-defined.

(b) In order to choose the A, € L ([A];) we only need to appeal to
AC,(R). To see this it is enough to verify by induction on o < w; that
(31) B e LY[A])) = B <w A.

In fact if (31) holds at A and {f, | = € R} is an enumeration of all continuous

functions, then
Xo={z eR| f'(A) € L2 ([A])}
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is non-empty, so by AC,,(R) we can choose z, € X, and hence A, = f,'(A).
To show (31) notice that the successor case follows from (24), while the limit

case follows from (27).

(c) Had we defined £ on sets rather than degrees (by putting, say, £L(A) =
0~ A) we would have run into troubles when trying to iterate the operation in
the transfinite, since there is no uniform, definable way to pick an increasing
cofinal sequence converging to a limit ordinal. In fact, PSP (which is a
consequence of AD, and in fact of SLO") implies that there is no w;-sequence
of distinct clopen sets — see Lemma 2.8. (The argument above shows that
there is an w-sequence of distinct Lipschitz degrees of clopen sets.)

(d) If we look at the Lipschitz degrees in the Cantor space — rather
than in the Baire space — then Lemmas 5.3 and 5.7 imply that [A @& —A];
is self-dual and the immediate successor of {[A];,[~A];} and that above a
self-dual degree there are w self-dual degrees. Proposition 5.4 and its proof
hold also for “2 (if in the statement we understand n to vary in {0,1}), and
this implies that every limit degree is non-self-dual: if [A]; is self-dual, then
A= Ao ® Ap is the least upper bound of A|g), A|1], hence [A]; cannot be
limit.

6 The well-foundedness of the Lipschitz hier-
archy

Wadge’s Lemma implies that if every Lipschitz degree is combined with its
dual then <j, is a linear order. In fact under this identification it is a well-
order.

Theorem 6.1 (Martin—-Monk). Assume AD. There is no sequence (A, | n <
w) of sets of reals such that Vn € w (A1 <1 Ap) orVn € w (A1 <w 4y).

Corollary 6.2. Assume AD + DC(R). Then <y, and <w are well-founded
on Z(R).

Proof. Since <y, refines <y it is enough to prove the result for the Lipschitz
case. Towards a contradiction suppose @) # A C Z(R) does not have an <p,
minimal element, and let A € A. Fix an enumeration {f, | = € R} of all
Lipschitz functions and let

T = {0, 21, ..., 2n) € “R | Vi <n (far,,(A) <1 fur(A))}.

T is the tree on R searching for an infinite <p-descending chain (f,,(A) | i €
w) in A. By the Theorem such a sequence does not exist, hence 7' cannot
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have an infinite branch. But by the assumption on A, the tree T is pruned,
hence by DC(R) it must have an infinite branch: a contradiction. ]

In view of this result we can give the following

Definition 6.3 (AD + DC(R)). The Lipschitz rank of A C R is the rank
of A in the well-founded relation <i, and it is denoted by

Al -

Similarly
1Al

denotes the Wadge rank of A in the <y pre-order.
For technical reasons, Lipschitz and Wadge ranks take values in the non-
zero ordinals, that is

101, = IR[l, = 1= 10y = R[]}y -

Therefore AD+DC(R) yields a fine calibration of sets of reals that enables
us to prove results about Z(R) by induction on the Wadge rank. This is
most remarkable since AD forbids any kind of well ordering of R.

It is a well-known open problem in descriptive set theory whether AD =
DC(R). The following also seems to be open:

Open problem 6.4. Is DC(R) needed for Corollary 6.27

Proof of Theorem 6.1. Towards a contradiction suppose A, <p, A, for all
n. Then A,, £y, A,41 and A, £1, = A,41 so that by AD" and AC,(R) there are
winning strategies 02 and o) for I in G1(4,, A,11) and in GL(A,, ~A,41),
respectively. For z € “2 let

G = G (Ana An—i—l) if Z(n)
" Gr(An, —Ans) if 2(n)

0,
1.

The games {GZ | n € w} will be played simultaneously with I using o7 i
G; and II copying I's moves from the next game, G: . To see how this is

done consider the diagram of Figure 1 where —“> is the strategy o™ and

== is the copying strategy. I starts by filling-in the first column, then II
copies and fills-in the second column. Now I can use his strategies to fill-in
the third column. And so on. Let aZ = (a%(i) | i € w) be the real played by I
is G7. Then af ., is also the real played by I in G;. So we have the following

n

z(n)=0= (a € A, & a’,, ¢ An)

32
(32) z(n)=1= (a € A, & a’,, € Apta).
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Loo®)=ai(0)  ai() a5 a5(3)
G A A
I ai(0) @) a(2)
/ / /
Lo0)=a0)  a0) a2
Gi S
I a3(0)  a3(1)
/ /
I os(0) = a30)  a3(1)
G; >/

g3

Figure 1: A Martin-Monk diagram

Notice that if z and w are eventually equal, that is for some my
Vm > mg (2(m) = w(m)),

then
VYm > mg(a;, = ay) .

Claim 6.2.1. Suppose z,w € “2 are such that Ik € w (z(k) # w(k)). Then
ag € Ap = ay ¢ Ao

Proof. As z and w agree after k, then aj,, = a},,. By (32) above, af €

Ay & af ¢ Ag. As z | k= w | k and again by repeated applications of (32),

CLSEA0<:>CL6U¢A0. ]

Therefore F' = {z € “2 | af € Ay} is a flip set, contradicting BP and LM,
and hence AD. O

Notice that the existence of a flip set implies the ill-foundedness of <y, in
the Cantor space — see Exercise 10.3.
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Remarks 6.5. (a) The strategies o, in the proof of Theorem 6.1 are (or better:
induce) contractions f,, and having them play against each other amounts
to construct a some sort of projective limit

BRI RYR

and the real in the first row of the diagram of Figure 1 is the unique element
of ,, Bn, where

(33) By = foo---o fu(R).

(b) By looking at Figure 1 it is clear that if 2 | n = w [ n then the
diagrams relative to z and to w agree in the upper triangular part, that is

i+j<n=a;(j)=a(j),

so that the map z +— af is Lipschitz and F' <, Aj. Therefore, in order to
reach the desired contradiction, we only need the property of Baire to hold
of sets <y, Ap.

(c) Determinacy was used in a “local” way in the proofs of Wadge’s
Lemma and the Martin-Monk Theorem. For example, in order to prove
Wadge’s Lemma for sets in some pointclass I' it is enough to assume the
determinacy of all sets contained in the smallest Boolean algebra containing
I'. So, for example, the well-foundedness of the Wadge hierarchy restricted
to Borel sets can be proved in ZFC. In fact it can be proved in second order
arithmetic [LSR88], while Borel determinacy is not provable in Zermelo’s
set theory with choice, ZC, that is ZFC without replacement [Fri71]. On
the other hand by results of Harrington and Martin the determinacy of II}
sets implies the determinacy of boolean combination of IT} sets, hence it is
enough to prove SLO™ and the well-foundedness of <y, for IT} and X} sets.

(d) The statements and proofs of Theorem 6.1 and Corollary 6.2 were
given for R, but work for any space [T], with 7" a pruned tree on w.

Corollary 6.6. Assume AD +DC(R). The order < on the Lipschitz degrees
in any space of the form [T] with T a pruned tree on w is well-founded and
the anti-chains have size at most 2.

(a) If the space is R, there are blocks of length wy of consecutive self-dual
degrees and non-self-dual pairs at levels of uncountable cofinality. There-



30CHAPTER I. ELEMENTARY RESULTS ON THE WADGE HIERARCHY

fore the Lipschitz hierarchy looks like this:

[ J [ ] [ ] [ J
e o6 0o - ® @ O - e @ e eeeean
—_—— —_——
® w1 ° w1 [ ] [ J
T T
lcof = w| \cof>w\

with non-self-dual pairs occurring exactly at levels wy-a, with a successor
or limit of cofinality > w.

(b) If the space is “k, there are blocks of length w of consecutive self-dual
degrees, and non-self-dual pairs occur at all limit levels.

LN ]
N

(]
N~
w

7 Wadge games

The analogue of Lemma 4.5 for Gw is also called Wadge’s Lemma:
Lemma 7.1. Assume AD, or even just ADY. Then for every A,B C R
(SLOW) A<wB V -B<yA.

Thus ADY and AD" imply SLOY and SLO", respectively, and are both
consequences of AD. Keeping in mind (22) we have that

ADY —— SLO"

(34) AD < “

ADY = SLOW
In Chapter IV we shall prove that, assuming —=FS + DC(R),

SLOY < SLO" & ADWY < AD".

For the time being let us point out that many of the preceding proofs did go
through under weaker assumptions. For example:

Theorem 7.2. Assume AC,(R) + —FS + AD". Then there is no sequence
(A, | n € w) of sets of reals such that Apy1 <p An.
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and

Corollary 7.3. Assume DC(R) + —FS 4+ AD". Then <y, is well-founded on
Z(R).

The following seems to be open:
Open problem 7.4. Does SLOYW imply —FS?

Many of the results in the forthcoming pages are stated under rather
technical assumptions like the ones in 7.2 and 7.3, since these assumptions
will be of importance in the subsequent Chapters, but on first reading, the
reader should probably replace them with AD.

8 The Wadge hierarchy

As was observed in part (b) of Remark 5.11, each w;-block of consecutive
self-dual Lipschitz degrees is included in the same self-dual Wadge degree.
The next result — whose proof is deferred to the next section — implies that
this Wadge degree contains no other Lipschitz degrees.

Theorem 8.1 (Steel, Van Wesep). Assume AD" 4+ =FS. For all A C R
A<y A= A<, A,

Corollary 8.2. Assume AD" + AC,(R) + —FS.

(a) [A]} is self-dual iff [A]yy is self-dual, and in this case [Aly, = [A];, and

{BCR|B<LA}={BCR|B <y A}.

(b) Every self-dual degree [Aly, is the union of an wy-block of consecutive
Lipschitz degrees and

{(BCR|B<, A} C{BCR|B<wA}.

(c) Every self-dual Wadge degree has a non-self-dual pair of immediate suc-
CESSOTS.

(d) Every non-self-dual pair of Wadge degrees has a self-dual degree as im-
mediate successor.

(e) Assume also DC(R).
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e [f we work with the Baire space “w, then at limit levels of countable
cofinality there is a self-dual Wadge degree; at levels of uncountable
cofinality there is a non-self-dual pair.

e If we work with the Cantor space “2, then at all limit levels there
is a non-self-dual pair of degrees.

Therefore the Wadge degrees on “w look like this:

) ...... ...... ... ...... ..
T T
| cof = w | | cof > w |

(36) o« o o ... o e ...

8.A The length of the Wadge hierarchy

The two diagrams (35) and (36) suggest the following question: what is the
length of the Wadge hierarchy? A binary relation < is a pre-well-order
(pwo for short) on X if it is reflexive, transitive, well-founded and connected,
ie.,

Ve,ye X (x<y vV y<a).

Any pwo yields a norm on X, i.e., an ordinal valued function |-|4: X — Ord:
|z|< = the rank of = in the well-founded relation < .

Conversely any norm f: X — Ord gives rise to a pwo on X. A norm is
regular if its range is an ordinal — all canonical norms associated to pre-
well-orders are regular. The length 1h(<) of a pwo < is the range of its
canonical norm.

Definition 8.3. The ordinal © is defined by

© = sup{lh(Q) | < is a pwo on R}
=sup{a | 3f: R — « is surjective} .

Exercise 8.4. Show in ZF that © is a cardinal and © > w,.
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Assuming AD, O is a fixed point of the N-functions, i.e., Ng = O, but it
is not the least such fixed point; in fact it is larger than the least fixed point
of the enumerating function of all fixed points of the N-function, and so on
(see [Kan03, pp. 396-399]).

Theorem 8.5. Assume AD + DC(R). Then © is the length of the Wadge
hierarchy:

© = sup{[|Afw | A S R}.
Proof. Let f: R — « be a surjection. Define (A4, | v < a) by
A,=J({z@yeR]| flz) <vAye Aim})

where J = Jr is as in Lemma 4.7 and F is the collection of all continuous
functions. Then v < { = A, <w Ag¢, hence

O < sup{[|Ally, | A S R}.

For the other direction, fix {g, | z € R} a parametrization of all continuous
functions: if ||A|yy = a then f: R - a+1

f@) =gz (Al

is a surjection. O

Since O is a cardinal bigger than w; then w; - © = O, and O is also the
length of the Lipschitz hierarchy.

8.B Boldface pointclasses

The theory of Wadge degrees can be seen as the general theory of boldface
pointclasses. A pointclass in X is simply a non-empty I' ¢ Z(X). If X
is a topological space a boldface pointclass is a pointclass closed under
continuous pre-images; boldface pointclasses are denoted by capital boldface
Greek letters, like ', A, etc. If X is not mentioned, it is understood to be
R. Assuming SLOY, every boldface pointclass T' (on R or “2) is down-ward
closed under <y and it is of the form

(37) I'={ACR|A<yC}
or

(38) I'={ACR|A<yC}.
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In the latter case I is said to be principal and generated by C, and the set
C (and hence any other C' € [C]y,) is said to be I'-complete, or complete
for I'. Not every pointclass is principal for example A7, the collection of
Borel sets, is not. The dual of a pointclass I is the pointclass

=" ={-A|AeTl}.

A pointclass I is self-dual if I' = T, that is, if it is closed under complements;
otherwise it is called non-self-dual. If T is principal and generated by A,
then

T is self-dual < A is self-dual.

Exercise 8.6. Show that SLOY implies Wadge’s Lemma for boldface point-
classes, i.e. for any I' and A,

'CA v ACT.

Show that the non-self-dual pointclasses are exactly those which are principal
and generated by a non-self-dual set.

Give an example of self-dual pointclass which is principal, and one which
is non-principal.

ForACX xY, zeXandyeY,
Ay ={y | (z,y) € A}
AW = {z | (z,7) € A},

are, respectively the vertical and horizontal sections of A through z and .
A set U C R x R is universal for T' if

I'={Upy | v € R}
and h(U) € T, where h: R x R — R is the canonical homeomorphism of (7).

Proposition 8.7. Assume SLO". Every non-self-dual T' admits a universal
set U, and h(U) € T is complete.

Proof. Let T' be non-self-dual and generated by A, and let
U={(z,y) | Lu(y) € A}.
Then h(U) € T, and since every Lipschitz function is continuous
{B|B<, A} CT.

Conversely, if B € T', and, towards a contradiction, B %, A, then A <, —B:
since B <w A, then by transitivity B < —B and hence A =w B would be

Wadge self-dual, contrarily to our assumption. Therefore U is universal for
I ]
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8.C An overview of the Wadge hierarchy

A clopen partition of a topological space X' is a family {D; | ¢ < N} such
that

(i) 1< N<w

(ii) each D; is clopen and non-empty,
(iii) i< j < N= D;,ND; =0,
() Usoy D = .

The partition is said to be finite iff N < w. In the Baire space any non-
empty clopen set D can be written as D = |, ., Dy with each D, clopen,
and n # m = D, N D,, = (), so any clopen partition can be refined to an
infinite clopen partition.

Exercise 8.8. Let X be a topological space. Show that:

(i) If {D; | i < N} is a clopen partition of X and f;: D; — X is continuous,
then |J,_y fi: & = & is continuous.

(i) If D C X is clopen, f: D — X is continuous, B C X, and A = f~(B),
then A <, B.

(iii) If {D; | ¢ < N} is a clopen partition of X', then

A<y B&Vi<N(AND; <y B).
Proposition 8.9. Let A, B, C R.

(a) A <w D,,c,Bn ilf there is a clopen partition {D,, | n < w} of R such
that

(39) n (A N D, <2nF Bn> .

(b) A <w By ® By iff there is a clopen partition {Do, D1} of R such that
AND, <w By, foralln=20,1.

Remark 8.10. The definition of <™ is given in (1), and when B,, # R, (39)
is equivalent to AN D,, <w B, by Exercise 8.8(ii).
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Proof of 8.9. If f is continuous, then D,, = f~'(INy,) is clopen and {D,, | n €
w} is partition. (For (b)use Dy =, ™' (Nen) and Dy = U, f~ (Nent1))-)
Then

90 = f 1 Dy: D, = R

is continuous and such that g, '(B,) = AN D, so we are done by part (iii)
of Exercise 8.8. O

The very same proof yields

Proposition 8.11. If A, By, B; C “2, then A <\’ By ® By iff there is a
clopen partition { Dy, D1} of “2 such that AN D, S\?V"’wQ B,, form=0,1.

If T is a well-founded tree on w, then
Ve e R3ls € 0T (s C x)
so that R = (J,cyp INs, and since
Vs,t € T (s #t= N;,N N, =0),

it follows that {IN; | s € 9T} is a clopen partition of R. Conversely, if
{D, | n < N} is a clopen partition of R, then

T={te“w|Vn(N, & D)}

is a well-founded tree on w. Since every real belongs to a unique D,,, then
{N; | s € 0T} is a clopen partition refining {D,, | n < N}. We shall refer
to the {Ns | s € 0T} thus obtained as the canonical clopen partition
refining {D,, | n < N}.

Suppose T is a tree on w, and suppose A = (A, | s € 9T) is a sequence
of sets of reals. Then let

(40) S(T;A) = | ] s”A,.

s€dT
There are two cases when this definition is problematic:
o if 7=, then 0T = {0}, so S(T; (Ap)) = Ay,
e and if 7 = <“w then 0T =), so A = and S(T; 4) = 0.

Proposition 8.9 can be strengthened to
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Proposition 8.12. Let B, C R. The pointclass generated by €D, B, is
{S(T; A) | T is well-founded, and Vs € 0T In (Ay <w B,)}.
Similarly, then pointclass generated by By ® By is
{S(T; A) | T is well-founded, and Vs € 0T Ji € 2 (A, <w B;)}.

Proof. For the sake of definiteness, let us focus on the pointclass generated
by €D, B, the other case being left as an exercise. By Proposition 8.9, its
elements are sets A such that AN D, g@”’R B,,, for some carefully chosen
clopen partition {D,, | n < N}: if {N; | s € 0T} is the canonical refinement
of {D, | n < N}, and if N, C D,, then A = S(T; (A, | s € 9T) and
ST A SVNVS’R B,. Since A gg}NS 57 A|g), the result follows. H

We are now going to look at the first few Wadge degrees or — equivalently
— at the first few boldface pointclasses. By the general remark after (14)
on page 14, at the bottom of the Wadge hierarchy there is the non-self-dual
pair [0]y, = {0} and [R]y, = {R}. (For the sake of definiteness, these facts
are stated for R only, but they also hold for “2.) Notice that these are also
boldface pointclasses, albeit trivial ones. The self-dual degree immediately
above it is [0 & R]yy, and the pointclass it generates is AY, the collection of
all clopen sets. Thus

[0 & R]y, = A7\ {0, R}.

The two non-self-dual pointclasses immediately above are Y and TIY, the
collection of open and closed sets. To see this notice that if B <y A and A is
open, then B is open and by SLOY, =B <w A and hence B <w —A, which
implies B is closed. Therefore B is clopen. Notice that the appeal to SLOY
is not necessary since the games involved are Borel and therefore determined
in ZFC.

The next w; levels of the Wadge hierarchy are occupied by the Hausdorff
difference pointclasses over II] sets (see Exercise ??) so that the sets of
countable Wadge rank are the AJ sets. In other words, Hausdorff’s analysis
of AJ sets is exhaustive: all non-self-dual boldface pointclasses between IT{
and AY are the a-TIY and their dual. On the other hand between X and
IT) (which live at level w;) and X and IT; there are many more non-self-
dual pointclasses than the a-II9 and their dual. In fact the Wadge rank of a
complete X3 (or IT) set is not w; + wy, but wi*, see section ?? for more on
this.
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9 Proof of the Steel-Van Wesep Theorem

The proof of Theorem 8.1 uses a variant of the technique in the proof of The-
orem 6.1, usually called the Martin-Monk method. This technique figures
prominently in the theory of Wadge degrees, so we start with some remarks
on how to formulate it in general terms.

9.A The Martin-Monk method.

Given a sequence o, of strategies for I in a Lipschitz game, we can pit them
against each other, pretending that the opponent of the player using o, is
the player using o,,1. Therefore the diagram of Figure 1 can be conveyed in
a more compact form

(41)

oo | ag =00(0) aj =oo((a

0 0 0, 41
01 aézal(@) a% :Ul(<a(2)>) a§:01(<ag,a%
oy | ag = 02(0) af = 02((af 0 0

The player using o, operates on row n and contrasts the moves of his oppo-
nent on row n + 1

I o0,a a e row n

11 ag™! ap™ row n + 1

(42)

while the player on row n + 1 is using 0,41 to contrast the moves of the
next player on row n + 2, and so on. Thus Remark 6.5(b) says that knowing
00, - - ., 0y (Or even just a finite part of them) allows us to fill-in the upper-left
triangular part of the Martin-Monk diagram with entries aé, with i 4+ 7 < n,

a§ a? e a%fl al
Qg ay an71‘
(43) :
ay”  ay”
ag

(Formally, the finite region filled-in by o0y,...,0, isan f: D — w with D C

wxw finite, and with the obvious requirement that the values f(k,0), f(k,1),...

are the output at, a}, ... on row k computed by o on the input given by row

k+1.)
Suppose now we want to repeat the construction when some of the o, are
strategies for II. To this end let’s convene that the player using o, always
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makes his moves are on row n while his opponent moves on row n + 1. Thus
if o, is a strategy for I we have (42), if o, is a strategy for IT we have

II o, ag aif e row n

(44) I ag™ aytt o row n + 1

Therefore if row n + 1 has the first k entries filled-in, then row n has the
first kK + 1 or k entries filled in, depending whether o, is a strategy for I
or II. The presence of strategies for IT slows-down the filling-in procedure,
and the diagram cannot be completely filled-in unless o, is a strategy for
I for infinitely many n. A more topological way to say this is that, if A,
are as in equation (33) then diam(A,;;) < diam(A,) if and only if f,41 is
a contraction, i.e., 0,1 is a strategy for I. The region filled in by a finite
number of strategies og,...,0, is, in general, smaller than the triangular
region of (43). For example, if among oy,...,05 only 0y, 02, and o3 are
strategies for IT | then the region of the Martin-Monk diagram filled-in is

oo | a) a¥ a
1 1 1
o CLS a3
3 0 1
04 ag ot‘l1
05 ag

Finally, and this is the most interesting case, suppose each o, is either a
strategy for I or a Wadge strategy for IT (and this second case includes the
possibility that o, is actually a strategy in a Lipschitz game). In this case it
is not true anymore in the region filled in by oy, . .., o, that rows with smaller
indexes are at least as long as rows with larger indexes. If, for example, in
the example of (45) above o3 passes in the first two innings, the region filled
in by og,...,05 is

o1 CL(IJ
02
(46) ”

Suppose (0, | n € w) is a sequence of Wadge strategies for IT and Lipschitz
strategies for I, and let f,,: D,, — w be the finite region of the Martin-Monk
diagram filled-in by oy, ...,0,. The following is a tedious, but straightfor-
ward verification.
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Exercise 9.1. Show that n < m implies D,, C D,,, and f,, [ D, = f,.

We will say that (o, | n € w) admits a global play iff | J,, D, = w X w,
and |, f, is the fill-in of the Martin-Monk diagram. It is not hard to see that
the existence of infinitely many n’s such that o, is a strategy for I does not
guarantee that there is a global play, i.e., that the diagram can be completely
filled-in, since a Wadge strategy for IT can take a lot of naps and can drive
the filling-in procedure to a grinding halt. The cure for this is to guarantee
that the rows on which a Wadge strategy for II is used are sparse enough
compared to the rows where a Lipschitz strategy for I is used. We will see
an example of such a situation in the next proof.

9.B Proof of Theorem 8.1.

Suppose, towards a contradiction, that oy is a winning strategy for II in
Gw(A,—A) and oy be II's copying strategy, i.e., 01(s"n) = n. Let also o9
be a winning strategy for I in GL(A,—A). We shall define an increasing
sequence of natural numbers

0:M0<M1<M2<...
and let

GL(A,—~A) otherwise.

When n = M;, player II uses either oy or oy in the game G, = Gw(A,-A)
on row n: the choice will depend on the value of z(i), with z € “2. On all
remaining rows, player I uses oy. If the M;’s are sparse enough, the diagram
can be filled-in, no matter what z is used, and an argument as in the proof
of Theorem 6.1 will yield the desired contradiction. Since My = 0, player II
can use either oy or oy on the 0-th row — for the sake of definiteness, let’s
assume that the former holds. Choose n’ large enough so that if o5 is used on
rows 1,2,...,n" and hence n' values of row 1 are determined, then oq makes
a move in row 0 (remember that oy may pass.) Let M; = n’ 4+ 1. Since oy is
the copying strategy, we can conclude that no matter what I uses on row My,
then at least the first value of this row is determined. Choose now n” > M;
large enough such that if on rows M; +1 < M; +2 < --- < n” player I uses
09, then at least the first two entries on row M, will be filled-in, no matter
what strategies IT uses on rows My and M;. Let My = n” +1, and so on (see
picture 77?).

Here is the formal construction. Suppose My, ..., M} have been defined,
and let s € 713 be such that

(47) Vn < My (s(n) € {0,1} & ne {M;|i<k}).

G _{GW(A,ﬁA) if ne{M|iew},
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Claim 9.1.1. There is an m such that lettingt = s~0™) | the T4(0)5 - - - » Ot(My+m)
fill-in (at least) the first k + 1 entries in the 0-th row, i.e., if f: D — w is
the region filled-in by the o4y, . . ., OyMy4m), then n < My = (0,n) € D.

Proof. Consider the element w = s~0 € 3. Then (Cwm) | » € w) admits a
global play, since all strategies from some point on are for I. Let x be the
real in the M}, + 1-st row. Since each oy(), . .., 0w, are (or better: yield)
continuous functions, there is an m such that x [ m is enough to compute
the value of the real in the 0-th row up to k + 1. This m will do. O]

Let mg be the least m as in the Claim and let
Myy1 = My, +sup{m, | s € 13 A s satisfies (47)}.

This concludes the definition of (M | k¥ € w). Finally for any z € “2 let
w, € “3 be obtained by coping the values of z on the set {M,, | k € w} and
set the value 2 in the other spots, that is

w,(n) = {z(@) +1 ifn=M,

2 otherwise.

The sequence of strategies (0., () | » € w) admits a global play f*: wxw —
w, for each z € “2, since the first M, strategies are enough to determine the
first £ + 1 entries of row M,. Let h: “2 — “w

h(z) = (f*(0,m) | m € w)
= the real in the 0-th row of the diagram.

Arguing as is the proof of Theorem 6.1, the set {z € “2 | h(z) € A} is a flip
set, contradicting —FS. This concludes the proof of Theorem 8.1. ]

In view of Corollary 8.2 above we will say that a set A is (non-)self-dual
iff the Wadge degree [A]y, or equivalently the Lipschitz degree [A];, is (non-
)self-dual. Notice that Theorem 8.1 is non-trivial even for Borel sets. For
example it implies that if A € X%\ TI® and B = f~!(A) for some continuous
f then B = g '(A) for some Lipschitz g.

Exercise 9.2. Assume —FS. Show that if A <y = A then there is no con-
traction f such that A = f~1(A).
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10 Other ambient spaces

In the previous sections we have seen how AD (or some of its consequences)
plus DC(R) yields a complete description of the Lipschitz and Wadge hier-
archies on R and on the Cantor spaces “k. Assuming the stronger ADg,
the same analysis can be carried out for “R, where R is given the discrete
topology: in this case the Lipschitz and Wadge hierarchies look like their
analogues on R. Suppose now we work in the space [T'], where T is a perfect
pruned tree on w. These spaces are not (in general) homogeneous, in the
sense that
T) =[] and " [T] = N(T):s)

need not to hold.

Additional exercises

Exercise 10.1. Let T" be a pruned, perfect, finite branching tree. Construct
a@: T — <“2such that f,: [T] — “2 is a homeomorphism.
Show that “k and “h are not Lipschitz isometric when 2 < h < k < w.

Exercise 10.2. Consider the game GG on w; where I plays an ordinal a@ > w
in his first move (and then his other moves are irrelevant) and IT plays natural
numbers n;, with the condition that IT wins iff (n; | i € w) codes a well-order
of length a.. Show that the determinacy of G implies the failure of the PSP.
Conclude that AD,, is inconsistent.

Show that AD 5 ) is inconsistent.

Exercise 10.3. Show that a flip set F' is Lipschitz self-dual, and that F|
is a flip set, for all s € <“2. Conclude that the existence of a flip set implies
that <j, is ill-founded.

Notes and references

The basic results of this Chapter are from Wadge’s Ph.D. thesis [Wad83].
Our account follows closely that of [VWT78], where Theorems 6.1 and 8.1
are presented: Martin never published Theorem 6.1, but other accounts of
this result are in [Mos80, Exercise 7D.14s] and [Kec95, Theorem 21.15], while
Theorem 8.1 was proved independently by Steel and Van Wesep and recorded
in their dissertations [Ste77], [VWT77]. Lemma 4.7 and Theorem 8.5 are
from [Sol78]. Example 1.1 is taken from [Wo099, Remark 9.26, page 624].
Proposition 2.10 is due to Camillo Costantini, while the notion of Wadge
structure and Proposition 4.6 are due to Alberto Marcone.



Chapter 11

SLOY and Wadge degrees

In this Chapter we start a systematic investigation of the consequences of
SLOW. It turns out that many results proved in Chapter I under various
assumptions like AD, AD", ADW, and SLO" are already consequences of
SLOW (see diagram (34)). For example the axiom of countable choices over
the reals and the perfect subset property follow from SLOYW, and hence from
ADY, SLO" and ADY. In fact SLOY is strong enough to recover the basic
structure (diagram (35)) of the Wadge hierarchy. The detailed analysis of
the Wadge hierarchy will be carried out under the assumption of SLOY or
some “local” version of it—the reason for this technical twists will be clear
in Chapter IV.

11 Countable choices over R and perfect sub-
sets

The axiom of countable choices over the reals, AC,(R), is used all the time in
descriptive set theory (and many other parts of mathematics). It is equivalent
to a seemingly weaker statement: given any family of non-empty sets of reals
A, it is possible to choose an element from A,,, for infinitely many ns.

Lemma 11.1. The following are equivalent:
(a) AC,(R),

(b) For any sequence (A, | n € w) of non-empty sets of reals, there are
(an, | n € w) and kg < k1 < ... such that ¥n (a, € Ay,).

Proof. (a)=-(b) is trivial, so we may assume (b) towards proving (a). Given
(A, | n € w) be as in the statement, let By = Ay and

Bojn={xdy|xe€ A1 Ny € B,}.

43
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By induction on n, §) # B,, hence fix an increasing sequence of integers
ko < k1 < ... and elements b, € By,. By composing the surjections

By — Ay, z = (2)r1

and
Bn+1 — Bn, Z (Z)II

where (z)1 and (2)g1 are as in (0.2), canonical surjections
Tmn @ Bm — Ap (n <m)
are obtained. Define for k,,_1 <n <k, (and k_; = —1),

Ay = ka,n(bm) S An

For A C R let
(1) A" =, 0M 1A and  A°={0}UA".

The operations A — AY and A — A° will be studied extensively in section
15. For the time being it is enough to notice that A <;, AV and A <7, A° via
the function x +— 17x.

Theorem 11.2. SLOY = AC,(R).

Proof. Let (A, | n € w) be a sequence of non-empty sets of reals. We want
to replace the A,’s with sets B, that code the A, and are <yw-increasing:
using the function Jw of Lemma 4.7, define inductively

By={z®y|ze ANy e R},
B ={z®y|z €A Ny € Jw(B) ®Bp)}.
Since B, <w By @ By, via x — (0,1)"z, since By ® B, <w Jw(By ® By)
by definition of Jy, and since Jw (Bz @ B;’L) <w Bni1 viay — T @y, where
T is some fixed element of A, 1, it follows that
@,R<W By <w B1 <w ....

Notice that for any fixed n

(2) Bg7 BT?” _'Bga _‘BZ <w BﬁJrl .
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Let
C=y,n B}
and
D = Uppeo 0k +17By .

Claim 11.2.1. D £w —C.

Proof of the Claim. Suppose otherwise, and let o be a winning strategy for
ITin Gw(D,—~C). Let I play 0’s as long as II passes: since o is winning, there
is a first round h when IT plays some natural number 7, that is a(O(h)) = n.
Let I answer n + 2, so that after this round the true positions of the two
players in Gw(D,—-C) are

h
——
I 0. 0 n+2
I p---p n )
N——
h—1

where i € wU {p}. Since o is winning, IT can use o to win what’s left of the
game, namely Gw (D |gm~zi2): (7C) ). But

-B: ifi e {p,0},
(=) gy = { "Ba ifi=1,
0 otherwise,
so in any case, by (2)
(_‘C) I_(’ITLJH <W Bﬁ-i—l SW B§+1 — DI_O(}L)Aﬁ_;’_QJ ;
a contradiction. [

By SLOY C <w D holds so let 7 be a winning strategy for II in
Gw(C, D). Since n~0 € C but 0 ¢ D, for every n there is a least m such
that 7(n~0™) is a non-zero natural number &, + 1 and let A be the number
of 0’s played so far by 7; that is 7 responds with 0"k, + 1 to I playing
n~0m),

Claim 11.2.2. n < k,,.

Proof of the Claim. Suppose otherwise. Then 7 would yield a continuous
reduction of B}, to D|gm~p, 41| = By <w B, <w B;: a contradiction. [
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For every n let m and h be as above: since 0W~k, + 170 ¢ D and
n~0 € C, and since 7 is winning, there are i € w and g(n) € R be such that

Mok, +1°09°17g(n) € D

is the result of applying 7 to n~0 € C. Then Vn € w (9(n) € By, ) hence

= g(n)1 € Ay,. Therefore we have constructed a sequence of integers k,
and reals a, € Ag,. By Claim 11.2.2 {k, | n € w} is infinite, so by passing
to a subsequence we may assume that the k,’s are increasing, so we are done
by Lemma 11.1. O

We now turn to the PSP. Let
(3) P={xeR|3I*° x(n) =0}

be the set of all sequences containing infinitely many 0Os. It is easy to check
that P € II5.

Lemma 11.3. For every A C R, if P <w A then A contains a perfect set.

Proof. Let f : R — R be continuous and such that f~!(A) = P. Let also
¢ ““w — ““w be such that f = f,. We will construct a complete binary
tree T such that [T] C P and f | [T] is injective, and therefore f([T7]) will
be a perfect subset of A. The tree will be

T={te“w|Jwe Y2t Cs,)},
where the map <“2 — <“w, w + s, is such that
o 2 Cw= 8, C Sy
e 2l w=s, L s,.

Set sy = (). Since 0 € P an dT¢P then f(0) € A and f(1) ¢ A, hence
there are n,m such that p(0™) L p(1™). Let sy = 00" and s; = 1™ ~0;
since ¢ is monotone ¢(sg) L ¢(s;). Arguing as before, f(s;"0) # f(s;,"1), for
i = 0,1, so there are n’,m’ such that ¢(s;) L ¢(s;0), where s;9 = $;,70()
and s; g = $,°10m) 0. We can now repeat the argument for s¢ g, 0.1, 51,0, 51,1,
constructing all s,, for w of length 3, and so on. m

Corollary 11.4. SLOY = PSP. In particular SLOY implies that R cannot
be well-ordered.
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Proof. We must show that if A C R is uncountable then it contains a perfect
set. By SLOY
P<wAV A<y —P.

If the former holds, then we are done by the Lemma. Otherwise A € X9,
and hence A = |, C,,, where each C,, is closed. By the Cantor-Bendixson
theorem (which is provable in ZF) each C,, is either countable, or it contains
a perfect set: if some (), contains a perfect set, then so does A; otherwise
each (), is countable, hence by Theorem 11.2 and the remark following it, A
is countable. ]

Let us consider the notion of continuous reducibility in the generalized
Baire space “w;. In this space, the games Gw are games on w; and we know
that AD,, is false in ZF (Exercise 10.2). Therefore this does not bode too well
for the consistency of the statement: “all games Gw(A, B), with A, B C “wy,
are determined.” In order to avoid unpleasant surprises we might just retreat
to SLOY (“w,), the analogue of SLOW for “w;. Unfortunately, even this move
won'’t save us:

Theorem 11.5. SLOY (“w,) is inconsistent with ZF.

Proof. The proof is an elaboration of the ideas behind Theorem 11.2. Sup-
pose SLOY (“w;) holds, and let 7 : “w; — “w be the retraction

z(n) if z(n) < w,
2 otherwise.

(The rationale for the 2 in the formula above is explained in (4) below.)
Then, by Proposition 4.6, SLOW follows and hence Theorem 11.2 holds. We
will show that there exist an w; sequence of reals, contradicting PSP and
hence Corollary 11.4. In order to simplify the notation, let’s agree that G is
the Wadge game on the space “wy, i.e., G = G, where T' = <“w;. Similarly
g“’w‘” and <°JW‘“1 are abbreviated with < and <. The definition of AV and A°
(1) work also in the case of A C “wy. If A C“2, then AY, A° C “2 and

(4) TN AT = AT A p(A°) = A°.

(This is the point of the specific definition of 7.) For any z € “2 let E, be
the binary relation on w given by

nE,m< x((n,m)) =1

where (-,-) : w X w — w is a standard bijection, e.g., (n,m) = 2"(2m + 1).
As usual, WO, is the set of all reals coding a well-order of type a > w, i.e.,

WO, ={r €2 | (w, E,;) = a}.
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By a theorem of J. Stern [Ste78]
WOé = WOWQ S 2(2](14—2 \ 2(2]04—1-1 :

Since W¢ is a countable union of sets in 35 ,, then R\ W2 € T, ,, and
therefore

(5) Oé<ﬁ:<W3 fw R\W;,R\Wa, WOY).
Let
A= U oW, and B = U 00 WY
1<a<wi hew
1<a<wy

We claim that
AAB N BAYw\A,

and hence SLO(“w,) fails.
Lemma 11.6. B £ “w; \ A.

Proof. Suppose otherwise, and let 7 be a winning strategy for IT in G(B,“w; \
A). Let I play 0’s as long as II passes: since 7 is winning, there is a first
round h when IT plays some ordinal number @, that is 7(0)) = a. Let I
answer a+ 1, so that after this inning is over, the positions of the two players
in are

h
——
r 0------ 0 a+1
II p---p « 7
——
h—1

where i € wy U {p} and p denotes “passing”. Since 7 is winning, IT can use
7 to win what’s left of the game. In other words, recalling the notion of
localization of a set at a given sequence (3):

Wi = Biomrapr) = (Fwr A)L(am ’
and this last set is

sw \ WS il € {p,0},
(wwl \ A) L(@,i)] = wwl \ W& if i = 1,
“wi if7 < 1.

The third case is impossible, since the only X such that X < “w; is “w; itself
and W, # “w;. Therefore

Wan 2w \Wg v Wiy 2w\ Ws.
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Proposition 4.6 and (4) imply that
Wi, <wR\WS v W, <wR\Ws,
and since Wa41 <w W, either of these contradicts (5). O

Suppose now A =< B and let 7 be a winning strategy for II in G(A, B).
If T plays a~0 € A, then II cannot respond with 0 since 0 ¢ B, so for any
a > 1 let m, € w be least such that 7(a~0™)) = ~, > 0, and let h, be
the number of 0s played so far; that is, after the m,-th inning is completed,
the sequences of actual moves' played by I and IT are a~00™) and 0()
respectively. (Notice that h, < m, is possible, since 7 can pass.) If 7, < «
then

W, = W°
= Aja~oma) |
= Blgthar g
—w

and hence, by Proposition 4.6, W, <w W, , contradicting (5).

Therefore oo < 7, for all 1 < a < wy. Since a0 € A but o(hoﬂwgﬁ ¢ B,
player IT cannot go on playing Os forever, and arguing as before, the first
non-zero ordinal played must be a 1. Let g(a) € W, be such that

00) 77,7017 g ()

is 7’s answer to I playing a~0. Let C' C w; be unbounded and such that the
map « — v, is injective. Since the W,’s are disjoint, then the map C' — R,
a+— g(a), yields an w; sequence of distinct reals, contradicting PSP.

This concludes the proof of Theorem 11.5. ]

Some remarks about the proof. Recall that a set A C “X is Ei if it
is the projection of a closed subset of “X x R, and it is A7 if it and its
complement “X \ A are both in X]. Every Borel set of “X is A} and if
X is countable the converse holds by a theorem of Suslin [Kec95, Theorem
14.11]. For X uncountable Suslin’s theorem fails and A] is strictly larger
than the collection of Borel sets, and an alternative definition of A} is the
following: it is the smallest D C Z(“X) containing all open sets, closed
under complements, countable unions, and open-separated unions, i.e.,
for any family A; € D (i € I) such that there are open disjoint sets U; D A;,
then | J,.; A; € D. Working in ZFC, Martin showed in [Mar90] that all A}

il

!That is, disregarding the p’s.
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games with pay-off in “X are determined and therefore under AC, no pair
of Aj sets can witness the failure of SLOY(“w;). On the other hand, the
determinacy of closed set (and hence of Al sets) of “X, for any X, implies
AC, so Martin’s theorem does not apply in ZF. Our construction gave (in
ZF + AC,(R)) a pair of A sets A and B such that B £ “w; \ A and such
that A < B implies the existence of an w; sequence of distinct reals: this
contradicts PSP, but it is a consequence of AC, and in fact ZFCH A < B.

12 SLOY and the well-foundedness of <y

As we already mentioned before on page 19, if S D T are pruned trees on
some set X, then there is a retraction of S onto 7', i.e., there is a Lipschitz
map ¢ : S — T which is the identity on 7. Obviously there are many
retractions of S onto T, so we will now define a specific one, called the
canonical retraction of S onto 7', when S O T are non-empty pruned
trees on w

(6) QS,T S =T
by setting @5r(s) =t,if s € T, and for s"n ¢ T

if Qs,T<S)An eT,
if 057(s)"n & T and m is least
such that ggp(s)™m € T'.

QS,T(S )

~n
QS,T(SAm) = QS,T(S)Am

Notice that if

(7) te TLQS,T(S)J = QS,T(SAt) = QS,T(S>At‘
The Lipschitz surjection induced by gg is denoted by

(8) rsr: [S] = [T],

and it is also called the canonical retraction of [S] onto [T]. When S = <“w
we shall drop it from the index and write g, : ““w — T and 7 : R — [T] .

In order to state many results in this book at the right level of generality
we need a “local form” of the semilinear-ordering principle: for any A C R,

SLOY, holds iff
(SLOY)) VB,C <w A(B <w C V =C <w B).

Exercise 12.1. Show that:
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(i) SLOY, < SLOY ,,
(ii) SLOY, = VB <w A (B <w —A4),
(iii) If B, <w B <w A for all n, and SLO‘SNA holds, then B is self-dual.

Lemma 12.2. (a) If A <w B then there is A’ =w A such that A’ <1, A and
A <, B.

(b) Assume SLO;’VB and A <w B. Then there is A’ =w A such that
A" <y, B and A’ <y, =B wia a contraction, i.e., I has a winning strateqy in
GL(—=B,A’) and GL(B,A").

Proof. (a) Let ¢ : ““w — <“w be a tame map whose induced function
witnesses A <y B. Then

S ={s€<“w|VtCs lh(p(t)) <Ih(p(s))}

is the set of all sequences where ¢ properly extends its previous values. The
idea is to replace S with <“w via some enumeration of <“w, so that the
resulting map will be Lipschitz. Recall from (9) that (s; | i € w) is some fixed
enumeration without repetitions of <“w such that so = 0. Let v : <“w — <“w
be the continuous map

*Y(t) _ Sk0+1A R Skn+1 1f t= <I€0, ce kn> ,
0 ift=20,

and let g = f, : R — R be its induced function. Let

C={z€eR|Vn lh(p(r(z [ n))) =n}
={zeR|Vn~y(z|n)eS}.

Given a real z € R we can construct, continuously in z, a real h(z) =z € C
such that x = s.(0)4178-(1)+1" - - ¢ if 2 [ n has been defined, let s be of least
length (which exists since ¢ is continuous) such that s.gy417 -+~ 8.(—1)4175 C
x and SZ(O)_HA s sz(n_l)ﬂ“s € S, that is lh(gO(Sz(o)_HA s Sz(n_l)_HAS)) =
n + 1, and set z(n) = the unique k such that sy.; = s. C is closed since
C = [T] where
T={s|n|seSAnecw}
is a pruned tree. Clearly the function g [ C': C — R, 2 = 8;0)+17821)41" - -

is Lipschitz. Let
A= (g © rT)il(A) )
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where 77 : R — [T'] = C'is the Lipschitz retraction of (8). Then A’ <;, A, and
A <y A’ since A = h™'(A). Moreover the Lipschitz map ¢t — (v (rr(t)))
witnesses A’ <1, B.

(b) If Vk (A Zw Bx)) then, by SLOYy, Vn (B <w —A) hence B <y
—-A <w —B: a contradiction. Similarly ¥m (A £w ﬂBLmJ) does not hold,
so fix k and m such that A <w Bz, ~Bjm|- Choose ¢,¢ : ““w — ““w
continuous, tame and such that f;'(Bz) = A and f;'(Bjm)) = A. Let v
and g : R — R be as above, and let

C ={zeR|Vn min{lh(p(y(z | n))),lh((v(z I n))} =n}

Arguing as in part (a), C' is closed, so C' = [T] for some pruned tree T
and let 7 = rp : R — [T], h: R — C, and let A’ = (g o ry) '(A) be as
above. Then A’ <, A via gory and A <w A’ via h, and t — <p(7(rT(t)))
and t — ¢(7(T'T(t))) witness A" <p, Bz and A" <, =B, respectively.
Therefore A’ <;, B, =B via contractions. O

We can now re-prove Martin’s Theorem 7.2 for <yy:

Theorem 12.3. Assume =FS+DC(R) +SLOY. There is no sequence (A, |
n € w) such that A, 1 <w A, for alln € w.

Proof. Using Lemma 12.2(b), by induction on n choose A, € [A,],, such
that I has winning strategies o in Gr,(A,, A},,,) and o, in Gi(-A], AL, ).
(The ¢!, are reals and the A/ are of the form £,'(4), so can be coded
by reals; therefore choosing A/, 09, and o} requires only DC(R).) We can
now repeat verbatim the argument of the proof in Theorem 6.1 and reach a
contradiction. O

In fact the proof shows that

Theorem 12.4. Assume DC(R) 4+ SLOY,. Then there is no sequence (A, |
n € w) such that A, <w A, <w A for alln € w.

Exercise 12.5. Suppose Ag <w A1 <w Az <w ... and assume that SLO‘Q’An
holds, for all n. Show that if @, A, is self-dual and [P, A, ]y is the least
upper bound of the A,,’s.

13 The Wadge tree of a set

Wadge introduced the following definition:

(9) T(A) ={s e ~“w| A =w A}.
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Exercise 5.2((iii)) implies that T'(A) is a tree, and since Ajg; = A, it is a
non-empty tree.

Exercise 13.1. Show that T'(—=A) = =T'(A) and that for t € T'(A)

T(Ay) =T(A) [t] -

If s is a terminal node of T'(A), then A~,| <w A =w A| for all n, which
by SLO\SNA implies that = A|;~,) <w A[s for all n, and hence @, ~4 |, <w
Als) = D, As~n is self-dual. Therefore we have shown that

Proposition 13.2. Assume SLOY, + AC,(R). If T(A) is not pruned then

A is self-dual. In particular, if T'(A) is well-founded, then A is self-dual.
Conversely:

Theorem 13.3. Assume AC,(R)+—FS. If A is Wadge-self-dual, then T'(A)
is well-founded.

Corollary 13.4. Assume SLO\SNA + AC,(R) + =FS. Then

A is self-dual < T(A) is well-founded < T(A) has a terminal node,
A is non-self-dual < T (A) is ill-founded < T(A) is pruned.

Proof of 13.5. Towards a contradiction, let z € [T(A)] and A <w —A.
Clearly for every n € w, I wins Gw(A|gin), 7A|zn)) Via some strategy 7,,
and I wins GL(A|zin); 7 Alzint1)) Via the strategy o, that plays x(n) in the
first round and then copies IT’s moves. Let 7 be II’s copying strategy, i.e.,
7(s) = the last element of s. We are now going to apply the Martin-Monk
method. The basic idea is to pit 7 against the 7,,’s so that a flip set is con-
structed, contradicting our assumption —=FS. The problem is that 7 and 7,, are
strategies for II, while we need strategies for I in order to start the filling-in
procedure of the Martin-Monk diagram. This is where the 0,,’s come into the
picture: an increasing sequence of natural numbers 0 = My < My < My < - -+
is defined so that My +1 < M, and on the M,-th row II plays using either
T or 7, for some n, and on the m-th row with m ¢ {M; | k € w} I plays
using o, for an appropriate n. More precisely, letting (N; | j € w) be the
enumeration of w \ {M;. | k € w}

- on the Mj-th row IT is playing Gw(—A|z}i), A|z1:)) using 7; or 7, where
7 is such that N; = My + 1;

- on the Nj-th row I is playing Gr,(A|zjj, 7 Az1j+1)) using o;.
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The choice of using 7 versus 7; on the My-th row, with M, + 1 = N;, will
be given by z(k) where z € “2: 7 will be used when z(k) = 0, and 7; will
be used when z(k) = 1. For example, if the first few M;’s are (0,3,5,8...)
and z = (0,1,1,0,...) then the strategies in the Martin-Monk diagram are:
(T,00,01, T2, 09, T3,03,04,T,05,...). Since T is the copying strategy, for any
s € “w, T’s response to s is a sequence of the same length as s, that is Th((sx*
7)11) = lh(s). On the hand, the 7,,’s might pass, so it can happen that 7,,’s
response to s is a sequence of shorter length, 1h((s*7,)1) < lh(s). Therefore
the M’s are to be taken sparse enough so that the filling-in procedure does
not come to a grinding halt. Arguing as in the proof of Theorem 8.1, suppose
(M | k < n) has been defined and for every s € "*12 the finite diagram with
n + 1 rows where 7 is used on the M-th row iff s(k) = 0, has the first n
entries of the O-th row are filled-in. Fix any s € "™'2. Suppose the M, + 1-st
row is filled-in with (x(m + ¢) | m € w), where i is such that N; = M,, + 1.
Then the 0-th row is completely determined, so by continuity of the strategies
there is a j = j(s) > 0 such that (x(i),z(: + 1),...,2(i + 7 — 1)) is enough
to fill-in the first n + 1 entries of the 0-th row. Therefore if the ¢’s are used
in the rows M,, +1,..., M, + j, then the first n + 1 entries of the 0-th row
are filled-in. Let

M,y = sup{M, +j(s) +1]s e 2},

By construction of the My’s, for any z € “2 the Martin-Monk diagram rel-
ative to z can be filled-in. Then {z € “2 | the real in the 0-th row of
the Martin-Monk diagram relative to z is in A} is a flip set, contradicting
—FS. O

Lemma 13.5. Assume —FS + AC,(R) and that A =w B.
(a) If f: R — R witnesses A <w B then f([T(A)]) C [T'(B)].
(b) AN[T(A)] =w BN[T(B)]

Proof. (a) follows from Exercise 4.4.

(b) If A and B are self-dual or if A = B = R, then result follows for trivial
reasons, so we may assume that A and B are non-self-dual and different
from R. Let 7 be IT's winning strategy in Gw(A, B). The II wins Gw(A N
[T'(A)], BN [T(B)]) as follows:

As long as IT plays inside T'(A) then II follows 7, so that if I ends
up with a real in [T'(A)], then z € A & (zx7)ip € BN [T(B)].
If at some round the positions of I and II are p € T(A) and
q € T(B), respectively, and if I plays n such that p™n ¢ T(A),
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then II starts enumerating a real outside B|,j, which exists since

[
Proposition 13.6. Assume ACM(R)+ﬂFS+SLO\§NA. Then AN[T(A)] <., A.

Proof. If A is self-dual then the result holds trivially, so we may assume that
A is non-self-dual and hence T'(A) is pruned. We may also assume that
A #R. We claim that if t"n € 9T(A), then N; \ A # (). In fact if N, C A
then R = A, =w A so that A = R, contrarily to our assumption. Then II
wins Gr,(AN[T(A)], A) as follows:

IT copies I's moves as long as they yield positions inside T'(A),
so that if I’s play is in [T'(A)] then IT wins this game. Suppose
at some round I plays n so that his resulting position is t"n €
OT'(A): then II follows from now on a real in IV; \ A.

]

In general, AN [T(A)] is much simpler than A —see Lemma 15.2(c). If
AN[T(A)] is of the same degree as A, then the operation T applied to A or
to AN[T(A)] yields the same tree.

Proposition 13.7. Assume —FS + AC,(R). Then
A=w AN[T(A)] = T(A) =T(AN[T(A)]).

Proof. Suppose A =y AN[T(A)]. If A = R, () then the result follows at
once, so we may assume A # R (). If t € T'(A) then

[(T(A)) )
[T(Ap)] by Exercise 13.1
=w AN[T(A)]

(AN[T(A)), = Ay N

the third line following from A|;; =w A and Lemma 13.5(b). Therefore
te T(AN[T(A)]).

Conversely, suppose t ¢ T'((A): then 0 = (AN[T(A)]),,) <w AN [T(A4)],
and by case assumption the inequality is strict. Hence t ¢ T(AN[T'(A)]). O

A set A C R is said to be homogeneous just in case T(A) = <“w. For
example R and ) are homogeneous, and so is the set P of (3). On the other
hand no open or closed set other than R and () is homogeneous, nor is any
self-dual set. Since T'(—A) = T'(A) then homogeneity is preserved by taking
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complements; on the other hand it is not preserved by Wadge equivalence: for
example, if A is homogeneous, then A =w 0~ A but 0™ A is not homogeneous.
Van Wesep characterized in [VW77] all degrees which contain a homogeneous
set—see Chapter 7?7 For the time being let us prove the following result.

Lemma 13.8. If A is non-self-dual and A =w A NT(A), then there is
B =1 AN[T(A)] such that B is homogeneous.

Proof. If A is closed the result is trivial, so we may assume otherwise. Let
P = 0ra) - “w — T'(A)

be the canonical surjection of <“w onto T'(A) and let r : R — [T'(A)] be the
induced Lipschitz retraction—see (6),(8). By (7) s € T'(A) ), = p(t"s) =
p(t)"s. Let B=r"1(AN[T(A)]).

Claim 13.8.1. Vi € <“w <A|_P(t)J N [T(A)hp(t” SL BLtJ) .

Proof of Claim. Fix a t € ~*w. Player II wins Gw (A, N[T(A) ,4]: Bly)
as follows:

As long as I plays inside T'(A) p(t))» then IT copies I's moves: if
I's complete play is a € [T'(A) ;] then II" complete play will
also be a and

CLEALp(t)J <:>CL:7’_1(G> eB,

since 1 [ A N [T(A) is the identity.

Lp(t)J]
Suppose that at some round I plays an n such that s™n € 6(T(A) Lo(0)] ),

that is, p(t)"s"n € 0T (A). Since I's play will be for sure out-
side Ay N [T(A) ] we must guarantee that II’s play will be

outside By;) Since p(t)~s € T'(A), then A =w A|,)~s) and hence
AN[T(A)] =w Appiys) N T (Apey-s))]

by Lemma 13.5(b), and since T'(A|,4)~)) = T(A) -5 Py Exer-
cise 13.1 and AN[T(A)] =w A is not closed by case assumption,
then [T'(A)] | ,i)-s) \ Alp)~s) # 0. Then IT can enumerate a real
a € [T(A)]yi)~s) \ Alpt)~s) from now on, so that his final play
will be s7a. Since s”a € [T(A)] ), then r(s"a) = s”a and
therefore s”a € B|;) would imply s™a € A, contrarily to the
choice of a. Therefore s™a ¢ Byy).
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]

By taking ¢ = () in the Claim, we have that AN[T(A)] <., B and since r
witnesses that B <y AN [T(A4)],

B =, An[T(A)].

By Proposition 13.7 T(AN[T(A)]) = T(A), and since p(t) € T(A) for every
t, then
vt € ““w((AN[T(A)]) 0 =w AN[T(A)] =w A).

Therefore by the Claim Vt € <“w (BLtJ =w A), that is T'(B) = <“w, which
is what we had to prove. O

14 SLOY and the Wadge hierarchy

Proposition 14.1. (a) Assume SLOY, + AC,(R). If there is {D, | n < N}
a clopen partition of R such that Yn < N (AN D, <w A), then A < —A.

(b) Assume AC,(R) + —FS. If A is not clopen and A <w —A then there
is {D,, | n <w} a clopen partition of R such that ¥n < w (AN D,, <w A).

Proof. (a) AND,, <w —A by SLO‘;VA, so we can choose continuous reductions
fn i R = R such that f,;'(=A) = AN D,. Then U, (f» | D) : R = R is
continuous and witnesses A <y —A.

(b) By Theorem 13.3 T'(A) is well-founded so

A= | tAy.

tedT(A)

Let {D,, | n < w} be an enumeration without repetitions of {IV; | t € 0T (A)}
so that it is a clopen partition of R. Then each AN D, is of the form " Ay
with t € 8T(A) if AUJ # R then tAALtJ =w AM <w A, and if AUJ =R
then ¢” A is clopen, hence <w A. Therefore Vn < w(AND, <w A). O

Exercise 14.2. Assume SLOY, + AC,(R) + —FS. Then [A], is self-dual iff
the clopen partition of R can be taken to be finite—in fact of size 2.

Lemma 14.3. Assume —=FS + DC(R). If A <w B are self-dual and SLO;VB
holds, then there is a non-self-dual C' such that A <w C <w B.
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Proof. 1t is enough to show that there is some C such that A <w C <w B,
since if every such C' were self-dual, an infinite descending chain would result

A<W--~<WCQ<W01<WCO<WBa

contrarily to Theorem 12.3. Towards a contradiction, suppose there is no C'
such that A <w C' <w B. If t € tn(T'(B)), then for every n € w

By~ <w By =w B
and by SLOYj and A =y —A4,
(10) Bipon) <w A
By Theorem 13.3 T'(B) is well-founded. O

The following is the analogue of Lemma 5.8 for the Wadge hierarchy.

Exercise 14.4. Assume SLOY, and AC,,(R) and suppose A, <w A are such
that

(11) Vndm > n (A, <w 4n) .

Then [, Anlyy is self-dual and it is the least-upper bound of the [A4;]y’s.
We are now able to prove Corollary 8.2 under weaker hypotheses.

Theorem 14.5. Assume SLOY + =FS + DC(R). Then

(a) <w is well-founded,

(b) immediately above a self-dual Wadge degree there is a non-self-dual pair
of Wadge degrees,

(c) immediately above a non-self-dual pair of Wadge degrees there is a self-
dual Wadge degree,

(d) at limit levels of countable cofinality there is a single self-dual Wadge
degree, and at all other limit levels there is a non-self-dual pair of Wadge
degrees.

Proof. (a) and (b) follow from Theorem 12.3 and Lemma 14.3, respectively.

If A Lw —A, then, arguing as in Lemma 5.7, A ® —A is Wadge self-dual
and above A and —A. If A <w B and —-A <w B via reductions ¢ and
¥, then IT wins Gw(A @& —A, B) by passing in the first round, and then
following the appropriate reduction depending on wether I played an even
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or an odd number. Therefore [A @ —A]; is the self-dual degree immediately
above [A]y, and [-A]y,. This settles (c).

Now for (d). If Ay <w A1 <w --- witness [A],; is of countable cofinality,
then by Exercise 12.5, @, A, is Wadge self-dual and @, A, =w A. Con-
versely, suppose [A]y, is limit and self-dual, so that by Lemma 13.3 T'(A) is
well-founded. Then {N; | s € 0T (A)} is a clopen partition of R. If B is
such that

Vs € 8T(A) (ALSJ <w B) ,

then A = U cora) 5 Als) <w B by Exercise 8.8, and therefore |[Ally, =

sup{||A|s) HW | s € OT(A)}, witnessing that [A],;, is of countable cofinality.
[

Note that the same proof shows that the Wadge hierarchy has the ex-
pected behavior below A, if SLO?A rather than the full SLOY is assumed.

15 The next non-self-dual pair
Recall from (1) the definition of A” = J 0™ ~1"A and A° = AY U {0}.
Exercise 15.1. Show that:

(i) A<y A7, A%

(i) A <w B = A" <w BY A A° <w B°, and similarly for <, instead of
<w;

(iii) (AY)Y =, AY and (A°)° =1, A%
(iv) RY is open and R® is the closure of RY;
(v) #° = {0} and 0V = 0.

There is an annoying lack of symmetry between ((iv)) and ((v)) due to
the specific definition of AV in (1): had we defined it as

U 0™ m~A

n>0
m>0

all of the previous result would still hold (with minor changes in the proofs)
and ((iv)) would become

((iv))" RY =R\ {0} and R° = R.
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The reason for the specific definition in (1) is that it makes sense even if A
is a subset of the Cantor space.
In view of ((ii)) the ¥ and ° operations can be defined on Lipschitz and
Wadge degrees:
(Al =[A"], and [A]} = [A4°],.
[Alyw = [A7]y and [A§; = [A%y -
Lemma 15.2. (a) If A is self-dual, then AY =w —A°.

(b) If ~FS+AC,(R) holds then AY and A° are non-self-dual and {[Aly,, [Alw}
is a non-self-dual pair above [A]y,.

(c) If =FS + AC,(R) hold and A # 0, then [T(AY)| N AY <w A".

Proof. (a) Let 7 be the winning strategy for IT in Gw(A, —A). Then II wins
Gw(AY,—A°) as follows:

As long as I plays 0 then IT answers 0. If at some round I plays
a non-zero integer n, then II plays n, and after that follows 7.

The proof that A° < AV is similar.

(b) Since T(AY) = T(A4°) = {0™ | n € w} is ill-founded, Lemma 13.3
implies that A” and A° are non-self-dual. Therefore {[A"], [A°]y} is a
non-self-dual pair above [A]y,.

(¢) By part (b) AY is non-self-dual and AY # (). By Proposition 13.6,
) =[T(AY)] N AY <, AY, and the result follows at once. O

Proposition 15.3. Assume SLO;VB with B non-self-dual, and let A =w
-A <w B.

(a) If [T(B)]\ B # 0 then A” <w B.
(b) If [T(B)| N B # 0 then A° <w B.
Proof. Suppose z € [T(B)]\ B. Then II wins Gw(B, A”) as follows:

IT enumerates = as long as I plays 0s. Suppose n is the first round
when I plays £ > 0: up to this round IT’s positionis z [ n € T(B)
and

(12) B =w B|zn)

We distinguish two cases:
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e k& =1. Then II passes and then by (12) follows a reduction
of A to BLITHJ'

e k> 1. Then II from now on enumerates some y ¢ B|gn
—such y exists by (12) and B # R.

This proves (a). The proof of (b) is analogous and it is left to the reader. [

Corollary 15.4. Suppose A is self-dual and assume SLO;VAV or, equivalently,
SLO?AO. Then {[A"]\, [A°)w} is the least non-self-dual pair above [A]y,, and
for any B =w AV and C =w A°

[T(B)NnB=0 A [T(C)CC.

Proof. Suppose B is non-self-dual and, say, A <w B <w A", so that SLOY}
holds. (The case of A <w B <w A° is analogous.) If there is an z €
[T(B)]N B then A° <w B and hence A° <y A", contradicting Lemma 15.2,
so [T(B)]N B = (. Therefore AY <y B, which implies AY =w B and
A° =w —B. O

The hypothesis SLO\gAv in the Corollary can be weakened to SLO\SNA—see
section 17. Conversely

Proposition 15.5. Suppose A is non-self-dual and SLO;VA + AC,(R) holds.
Then either [T(A)] C A or [T(A)]NA =0 imply [A]ly, is a successor degree
or A € {R,0}.

Proof. For the sake of definiteness, suppose [T'(A)] C A and, to avoid triv-
ialities, suppose A ¢ {R,(}, so that T(A) # <“w. Let {B, | n € w} be an
enumeration of {A ), ~A5 | s € 0T (A)}. The set B = @, B, is self-dual,
as each B, is the dual of some B,,. By SLO\Q]A each B,, <w A and therefore
B <w A. As A is non-self-dual the inequality is strict, i.e., B <w A. We will
show that A <\ B° and therefore A =w B°, completing the proof. Player
IT wins Gw (A, B°) as follows:

As long as I plays in T'(A) then II plays 0. Suppose at some
round I reaches a position s € 9T(A): then II plays n, where n
is such that B, = A, and copies I's moves from now on.

This completes the proof. ]
Exercise 15.6. Show that:

(a) If Tis a tree on w, By <w A for all s € 0T, and SLOY, +AC,,(R) holds,
then B B
S(T;B) <w A" AS(T; B) U [T] <w A°.
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(b) If A <w —A and B <y AY, then B = S(T;B) for some sequence

B = (B | s € OT) such that By <w A.

Similarly, if A <w —A and B <w A°, then B = S(T; B) U [T for some
sequence B = (By | s € 0T such that By <w A.

Using this we can characterize the sets in non-self-dual successor degrees.

Proposition 15.7. Assume -FS+AC,(R) and A <w —A. Then B € [A"]y,
iff B = S(T;B) for some tree T on w and some B = (B, | s € OT) such
that

(13) dz € [T|VA' <w AVn e wIs €T (s Dz [ nANA <w By).
Similarly, B € [A°]y iff B = S(T;B)UI[T] for some T, B satisfying (13)

Proof. We consider only the case of A", the other one being similar. All sets
S(T; B) as above are <y A" by the Exercise 15.6, so we must check that IT
wins Gw(AY, S(T; B)):

As long as I plays 0’s, IT enumerates z. If at some point

[
Assume SLOY + —FS, and let [A]y, be self-dual. Then [A]y,, [A]y are

the immediate successors of [A]y,, and by Exercise 15.1
[Aly < MW, ALy and - [Aly < [AL [Alv

and since [A]y, [A]y are dual to each other, the inequality is strict. By
Lemma 15.2 [A]y, and [A]y, are non-self-dual so

[Alw @ [Aly < [Aly, [Aly -
By Exercise 15.1
([Aly @ [Aly)” < [Aly" = [Alw < ([Aly @ [A]y)

hence ([Aly, @ [Aly)” = [Aly and, similarly ([A]y, @ [Aly) = [Aly-
Therefore {[A]y, [Alyy } is the least non-self-dual pair above {[A]y, [Aly }-
The following diagram summarizes the situation:

The computations above are done under the assumption of SLOYW for sim-
plicity reasons, but by the results in the next section, only SLO;VA is needed.
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Proposition 15.8. Suppose A is self-dual and SLO‘;VAO holds. If B,C €
[A°]\, and BNC = 0, then there is D <w A such that B C D and DNC' = .

Proof. By Corollary 15.4 [T'(B)] C B and [T'(C)] C C, and [T(B)|N[T(C)] =
() so that T =T(B) NT(C) is well-founded. We will define

D= ]t Dy

tedT
as follows. Let t € 0T we consider two cases.

Casel t e aT(B) Then Bm <w A° so BUJ <w A. Let DUJ = BUJ SO
that DUJ N OUJ = 0.

Case 2 otherwise, that is, t € T'(C)\T'(B). Then C|4) <w A°so C|y] <w A.
Let 'Dl_tj = _‘CL” so that D\_tJ 2 Bl_tj

It is easy to check that the set D is as required. [

16 Addition of degrees

For any v € ““wUR, let x+1 = (x(n)+1 | n € lh(x)), and for A C ““wUR,
let

(14) At ={z+1]|z e A}.
The addition of two sets A and B is defined as
A+ B={s+17(0)"z |z € AL UB*.

Notice that the definition of A*, and hence of A 4+ B does not make sense in
the Cantor space.

Exercise 16.1. Show that:

(iv

)
)
(iii) —~(A+ B) = -A+ -B;
)
)
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(vi) A<p ANB<, B =A+B<, A+ DB

(vii) (A+B)4+C=, A+ (B+C);

and similarly for the <y pre-order.

Lemma 16.2. If A CR and Int(A) =0, then A =g, A".

Proof. The map x — x* witnesses that A <;, AT so it is enough to check
that IT wins GL(A™, A). Here is a strategy:

As long as I plays integers of the form n 4 1 then II answers n.
Suppose at some round I plays 0, and let p be II's position before
this round. Since Int(A) = 0, there is an « ¢ Aj,|, and II can
follow = from now on.

The addition operation can be defined on Wadge degrees by
[A]W + [B]W =[A+ B]W .

This definition makes sense also for Lipschitz degrees or, more generally, for
F-degrees, where F C R is a family of functions containing all Lipschitz
functions and satisfying (11), but we have no use for such generalizations.
Although addition on degrees is associative, it is far from commutative; in
fact, as we shall see, addition of sets pretty much resembles ordinal addition.

Exercise 16.3. Show that
(i) R+R=Rand ) 4+ 0 = 0.
(i) Assume AC,(R) and A #R. Then A+ 0 =1, AY and A+ R =, A°.

(ili) Suppose A <w —A. Assume AC,(R) and SLOY,,  or—equivalently—
SLOY,.. Then VB (A <w A+ B).

The assumption in (iii) that A be self-dual is crucial, since there are non-
self-dual B such that B4+ B =w B —see (??7)—while by the results of section
17 the hypothesis SLOY, g could be weakened to SLOY,.

Suppose that A is self-dual and that 7 is a winning strategy for II in
Gw(A+ B, A+ B'). We claim that if IT follows 7 then he is not the first
player to play a 0. Suppose otherwise: then at some round I reaches a
position s + 1 and II plays 0 reaching a position (¢ + 1)~(0). Then IT must
be able to win what’s left of the game and hence

A+ Bl = (A4 B) oy Sw (A+ B i) = A
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contradicting Exercise 16.3(iii). Therefore 7 yields a winning strategy s
7(s+1)—1for ITin Gw(B, B'). Since the implication B <w B’ = A+ B <y
A+ B’ is immediate, we have shown that

Proposition 16.4. Assume AC,(R) + SLOY . and that A <w —A. Then
B<wB & A4+ B<wA+DB.

Thus set-addition is strictly increasing in the second variable; on the other
hand, it need not be strictly increasing in the first variable, as the next result
shows.

Lemma 16.5. Suppose B is non-self-dual and B + B =w B. Then
-B+ B=w (B@—!B)—I—B.

Proof. For notational ease, let A = B & —~B. By Exercise 16.1 =B <w A
implies -B+ B <w A+ B, so it is enough to show that A+ B <w B+ B.
Again by Exercise 16.1 it is enough to prove that II has a winning strategy
in Gw(A+ B,—B + (B 4 B)). Here is such a strategy:

As long as I plays non-0 natural numbers, IT copies and adds 1.
If at some round I plays O for the first time, then IT passes. In
the next round, if I plays an odd integer (choosing the —B-side of
A) then II plays 0 and then copies; if otherwise I plays an even
integer (choosing the B-side of A) then II plays 1 and then copies
and adds 1.

]

Lemma 16.6 (Wadge). Suppose A <w X with A self-dual, and assume
SLO‘;VX. Then there is a Y <w X such that X =y A+ Y.

Proof. The tree
T ={te~“w| Xy £w A}

is pruned, since X |4~ (,y| <w A for all n implies X|;) <w A. Let g7 : ~*w — T
and r7 : R — [T] be as in (6) and (8). Then
Y =r;' (X N[T]) <w X .

It is enough to show that A +Y =w X.
To show that X <w A 4+ Y consider the following strategy for II in
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As long as I plays in T, then II copies and adds 1. If T ever
reaches a t € T, then X|;] <w A. Then II plays 0 and from
now on follows a strategy witnessing X|;) <w A.

To show that A + Y <w X consider the following strategy for II in
Gw(A+Y,X)

As long as I plays non-zero integers, then IT subtracts 1 and uses
or. Suppose at some round I plays first a 0, and let s and ¢ be I's
and IT’s positions reached before this round: then ¢t € T, hence
XydwA=(A+ Y)LSAOJ. Since X|;) <w X and A <w X, then
SLO;VX implies that

(15) (A+Y) ) <w By

and therefore IT can easily win the game from this point on.

Therefore, by (?77?), if A is self-dual and SLO\Q]A 4 p holds, then
(16) A+ Bllw = [ Allw + [[Bllw -

Suppose SLOY, holds and that [|Ally, > w. Let D be clopen. By Lemma
16.6 there is a C' <w A such that A =y D+C and hence || Ay = 2+(C|lyy-
Thus || 4]l = ||C|l\y, which implies A =w C and hence D + A =w A. Since
A<w O+ A<y D+ A, then A=y 0+ A= A", Since Int(A") = 0, we
have that

(17) SLOY, A |Ally > w = 3B =y A(Int(B) = 0) .
Using this and (??7) we get
(18) SLOY, A || Ally > w = A=w A'.

For the next result we need to recall the definition of additively inde-
composable ordinal: a non-zero ordinal A is said to be additively indecom-
posable iff Vo, f < AMa+ 5 # A) iff Vo, 5 < AMa + S < A). The additively

indecomposable ordinals are exactly those of the form w?, for some ~.

Lemma 16.7. Assume SLOY, + DC(R) so that ||Ally is defined. Let § <
| Ally be an additively indecomposable ordinal. If C' <w A and |C|ly, < 9,
then C + A =w A.
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Proof. Assume first that C' is self-dual. Let D <y A be such that || D|ly, = ¢:
by Lemma 16.6, there is a D" <w D such that C+D’" =w D. By (16) ||C|ly+
D'\ = |IC+ D'll\y = 9, hence || D'||y = ||D|ly by indecomposability.
Thus D' =w D, hence D =w C+D. If § = ||A|\y, then D =w A and we are
done, therefore we may assume § < ||Al|y,. If D is self-dual then, by Lemma
16.6 again, D + A’ =w A for some A’, hence

C+A=wC+D+A)=w (C+D)+A=yD+A =y A.

If D is non-self-dual, it is enough to show that C' + (D & —-D) =w D @
=D, and since D @ —D is self-dual we can proceed as before: by (16)
IC+(D®-D)ly = ICly +6+1=06+1 = [D&-Dly. hence we
are done.

Assume now C'is non-self-dual. Then C + A <y (C & -C)+ A=yw A
by the previous paragraph, and since the reverse inequality holds trivially,
we are done. ]

Lemma 16.8. Let T be a (non-necessarily pruned) tree on w such that [T] #
0, and let X,Y,Z C R.

(a) If XN[T] <w Z and Vs € 9T (X|5) <wY), then X <w Y + Z.

(b) Suppose Z <w X N [T, Int([T]) = 0, and Vs € OT (Y <w X|s)), then
Y + 7 <w X.

(c) Suppose X = f1(Y + Z) with f : R — R continuous, and [T] C
fTHRT and Int(Z) = 0. Then X N[T] <w Z.

(d) Suppose X = f~1Y + Z) with f : R — R continuous, and suppose T
is the pruned tree such that [T] = f~1“RT. Then

Vs € OT (XLSJ <w Y)

Proof. (a) Let 7 be a winning strategy for IT in Gw(X N [T],Z). Then II
wins Gw(X,Y 4 Z) by following 7 + 1 as long as I’s position is in 7', and if
I ever reaches a position s € 9T, then II plays 0 and then uses the reduction
X SwY.

(b) Let 7 be a winning strategy for II in Gw(Z, X N [T]). Here is a
winning strategy for IT in Gw (Y + Z, X): as long as I plays non-0 integers
then IT subtracts 1 and follows 7; if at some round I plays 0, then II reaches
a position s € T (and this is possible, since Int([T]) = () and then follows
the reduction Y <w X|4.
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(c) Let 7 be IT's winning strategy in Gw(X,Y + Z) defining f. Then
IT wins Gw (X N [T], Z) as follows: As long as I plays in T, then II follows
7 — 1. If T reaches 0T, then II starts enumerating a real not in Z —here is
where we need that Int(Z) = 0.

(d) Let 7 be a winning strategy for IT in Gw(X,Y + Z) and suppose that
at round n I reaches a position s € JT. Since 7 can pass, it may happen
that at round n IT’s position be still in (<“w)™, although any play extending
s will eventually bring IT’s play outside R*. Therefore

U={p|((s"p)*7)y € (““w)*}

is a well-founded (possibly empty) tree. Then IT wins Gw (X, Y) by pass-
ing, until I reaches a position s’ O s, s’ ¢ U, where 7 plays 0 for the first
time. Then II follows 7. ]

Theorem 16.9. Assume DC(R) and suppose SLO\;VA holds, with A non-self-
dual and ||Al|\, limit. Then

|Allw is additively indecomposable < A =w [T(A)JNA.

Proof. Suppose A is non-self-dual so that T'(A) is pruned. If ||A||y, is limit
and additively decomposable, and B,C <w A are such that A =w B + C,
then T(B + C) = T(C)* and by (?7?)

AN[T(A)] =w (B + C) N [T(B + O)] = C+ 0 [T(C)H] <w C.

Since ||C||yy is limit, then C* =w C by (18), hence AN[T'(A)] <w A by (?7?).
Conversely, assume || 4|,y is additively indecomposable. For any s € 0T'(A)
(if any such s exist) Aj;) <w A, and since cof(||A|;) > w, there is a self-
dual B <w A such that Vs € 0T (A) (A;] <w B). Lemma 16.8(a) implies
A <w B+ (T(A)] N A), 50 that [Ally < [Blly + (AN Al and
therefore A =w [T(A)] N A by (??) and case assumption. O

17 Propagation of SLO"

In this section we will prove that if A is self-dual then SLO?A = SLO;VA )
Since A+ A is also self-dual, this argument can be iterated to prove SLO\gA%
for all n, where

A.n:A_|_(A_|_(...(A_|_A)...))
(19) :i4+A+"’+4'

n
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In fact this construction can be pushed through the countable ordinals, but
in order to state it in a convenient form it is better to introduce the following
notation: since A =w B = (SLO\SNA & SLO;VB), let

SLO\g[A]W & SLOY for some B € [A]y,
& SLOY; for any B € [A]y, .

For 1 <a <w; and A C R define [A]yy, - « as follows:
[A]W 1= [A]W

and for 1 < a, A < wy

[Alw - (@ +1) = [A]y - a + [Aly
[Alw - A= sup [Aly - o

where X is limit and «,, — A is an increasing sequence. The definition of
[A] - A does not depend on the choice of the a,,’s by Exercise 14.4. By an
argument as in Remark 5.11 it can be shown that there is no definable map
(A, ) = A -« such that [A-aly = [A]y - @

The main result of this section is

Theorem 17.1. Assume DC(R) + —FS + SLO\SN[A]W where [Aly, is self-dual.
Then SLO‘;V[A]W,Q holds, for 1 < a < w;.

Strictly speaking, the statement of Theorem 17.1 is not quite correct,
since the definition of [A]y, - (with o limit) assumes that SLO" holds of all
the sets of rank < ||A||yy - @, which is what the theorem aims to show. The
correct reformulation is

Theorem 17.2. Assume DC(R) + —FS + SLO;’V[A]W where [A]y is self-dual.

Then for each 1 < ~ < w; there is a set C' such that SLO;VC holds and
1Clw = 1Al - -

First of all, let us notice that it is enough to prove this when || Al|,; is an
additively indecomposable ordinal, or the successor of an additively indecom-
posable ordinal. (Recall that a limit ordinal A is additively indecomposable
iff V€, n < A(§ + 71 < A) and that all such ordinals are of the form w®.)

Theorem 17.3. Assume DC(R) + —FS + SLO\SN[A]W where [Aly is self-dual
and either || Al is additively indecomposable, ore else is the successor of an

additively indecomposable. Then for each 1 < v < wy there is a self-dual set
C such that SLOXV[C] holds and ||C|lw = || Allw - -
S w
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In fact, suppose [A]y, is self-dual, but || Al|y, is neither additively indecom-
posable, nor the successor of an additively indecomposable ordinal. Let w®
be the largest additively indecomposable ordinal below || A||,. If cof(a) = w,
let A’ be a set of rank w?®, and if cof(a) > w, let A" be a set of rank w® + 1.
In either case, [A'],; is self-dual and SLO?[ 41, holds. Since

sup ||A/||W ©7Y = Sup ||A||W "

y<wi Y<wi

then Theorem 17.2 follows at once from Theorem 17.3.
Towards proving Theorem 17.3, let us start with a few preliminary results.

Lemma 17.4. SLO;VA = SLO‘;VAQ%A.

Proof. Suppose X = f~1(A@® —A) with f : R — R continuous. For ease of
notation let Ag = A and A; = —A, let

D= f~Y(U, Nents)

and let X; = X N D;, for (i =0,1). If A; <w X for both i =0 and i = 1,
then I wins Gw(A @ —A, X) by passing in the first round and then choosing
the right reduction. If A; £w X, for some i = 0,1, then SLOYj implies
that X; <w B;_; and therefore IT wins Gy (X, A;_;) by passing until I has
gotten into Dy or D; and then chooses the right reduction. Therefore if
XY <w AP -Athen X <w Y orY <yw —X. O

Lemma 17.5. Suppose Ay <w A1 <w ... and let A = P, A,. If SLO‘Q’AR
holds for every n, then SLO;VA holds.

Proof. The assumption Vn < w SLO‘;VAn is enough to prove that each A, <w
= A, 41 hence A = @, A, is self-dual. Let X = f~!(A) with f : R —» R
continuous, and let D,, = f~1(INyyy). If

VYndm A, <w XND,,,

then let m(n) be the least m such that there is an f,, : R — R witnessing
A, <w X N Dy, since f(Cl(An)) € Dy and since D is clopen, we may
modify f,, (if needed) so that ran(f,) € Dy, ») while preserving the fact that
A, is reducible to X N D,y ny; therefore II can win Gw(A, X) by using the
reduction f, if I plays n in the first round. If instead

InVm A, £w X N D, ,

then since X N D,, <w Ay, the hypothesis SLOY, ~(when n < m) implies
that X N D, <w =4, <w A, and hence IT wins Gw(X, A,+1) by passing
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until I enters in some D,, and then uses the reduction. Therefore we have
shown that

Thus if X,Y <w A then either X =y A =w Y, or X <w A=w Y, or
Y <w A =w X, orelse X,Y <w A, for some n. This shows that SLO\SNA
holds. ]

Lemma 17.6. Assume A is self-dual and that SLO‘;VA_TL holds. Suppose that
(kam) VX gWA.(n+1)(X <wAV I <wA-n(X EWAH/)).

Then SLOY, (1) holds.

Proof. We must show that for any X, Xy <yv A-(n+1)
(20) X <w X2 V X, <w —X;.

If both X; <w A and X, <w A then (20) follows from SLOXVA. If X; <w A
and Xy =w A+ Y,, then X; <w X, by (16.3). If X; =y A+ Y (with
Vi <w A-nand i =1,2) then V] <w Y5 or Y5 <w —Y; by SLOEVA% hence
(20) holds. - O

Lemma 17.7. Assume SLOY ., with A self-dual and suppose either || Ally
is an additively indecomposable limit ordinal or else A =w B ® B with
B non-self-dual, B 4+ B =w B, and || Bl additively indecomposable limit
ordinal. Then (*4.,) holds.

The proof is word-by-word that of Lemma 16.6: there the assumption
SLO\gB was only used to prove (15), while here we replace it with the following

Lemma 17.8. Assume SLOY, . with A self-dual, and suppose either || Al|y, is
an additively indecomposable limit ordinal or else A =w B®—-B with B non-
self-dual, B 4+ B =w B, and ||B||\, additively indecomposable limit ordinal.
Suppose also X <w A-(n+1) and X <w A. Then either A+ 0 <w X, or
else A+ R <w X.

Proof. Since ||A - n|ly, > w, then by (17) we may assume that Int(A-n) = 0.
Let X = f~1(A-(n+1)), with f : R — R continuous, and suppose X %w A.
Suppose X <w A-:n: then n = 1 implies that X <w A (contradicting
our assumption), and n > 1 implies A <w X by SLO\<’VA,n, and therefore
A+ 0 <w X or A+ R <y X. Therefore we may assume that X %w A -n.
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The set f~'(RT) is closed and let AT O T be the pruned trees such that
7] = f~Y(R*) and [T] = [T] \ Int([T]). By Lemma 16.8(c)

~

(21) XNT|<wA:n and XN[T]<wA-n.

Suppose s € 9T If s € T then X|s) <w A by Lemma 16.8(d), and if s € T
then XLSJ g [TLSJ] =R so

X =(XN[T), <wXN[T]<wA-n

5]
Therefore

(22) Vs € 0T (X[sj <w A- n)
and that For each t € T let
o(t) = sup{|| X, HW | s € 0T Ns Dt}

and let
U={teT|pt)>|Aly}-

Since s C t = ¢(s) > ¢(t), then U is a (possibly empty) subtree of T
(Notice that the Wadge ranks mentioned above are defined, since the sets
involved are reducible to A + n and SLO;VA% holds.)

Claim 17.8.1. Suppose o € [U]. Then zp € X = A4+ R <w X and
Tod X = A+ 0 <w X.

Proof of the Claim. Suppose zo € X. Then IT wins Gw(A+R, X) as follows

As long as I does not play 0, then II follows z,. If, at round n
Player I first plays 0, then II passes until I reaches a position
g = (t 4+ 1)°07p such that (A+R), = A <w A (and this
is bound to happen, since A is self-dual). Since [T] has empty
interior, IT can reach a position s D xg [ n, with s € 9T, such
that (A 4+ R) g Sw X|s) and then follows this reduction.

The proof when zy ¢ X is completely analogous. O]

Therefore we may assume that

(23) U is well-founded.

Case 1: ||A]|\y is an additively indecomposable ordinal.

Claim 17.8.2. Vu e OUNT (XLuJ <wA- n)



17. PROPAGATION OF SLOW 73

Proof of the Claim. Let v € OU N'T and let 7 be II's winning strategy
for Gw(X | N [T]u)], A - n), which exists by (21) and by X, N [T{y] =
(X N[T]),) <w X N[T]. Let C be such that p(u) < [|Cly, < [[Allyy —such
a set exists since ||A]|yy is limit. By Lemma 16.7, C + A-n =w A-n, so it

is enough to show that IT wins Gw(X|,,C + A n):

IT follows the reduction 7 and adds 1, as long as I is in 77 if
I ever reaches a position s € 9T, then II plays 0 and follows a
reduction witnessing X|,| <w C, which exists, since HX s HW <
p(u) < [|Clly-

]

The Claim yields that X <w A-n, contradicting our assumption. In fact
IT wins Gw (X, A - n) as follows:

IT passes as long as I plays in U. Suppose at round n I reaches
a position v € OU. If uw € T then X|,) <w A-n by the Claim.
If w e 0T, then X|,] <w A-n by (21). In either case II has a
winning strategy.

Case 2: A =w B ® —B with B non-self-dual, B =w B + B and ||B||y, is
additively indecomposable.
Let

T,={teT|3sDt(s€dT NB; <w X5))},

where, for notational simplicity, By = B and B; = —B. Then Tj and T}
are (possibly empty) subtrees of T'. Notice that our assumption implies that
B, + B; =w B;, for i = 0,1, hence by Lemma 16.5

(24) B,L —|— Blfi =W A —|— Blfi .

Suppose s € T'\ (To UTy UU). Then ¢(s) < || By Since [Bly is limit and
non-self-dual, then SLOY, implies that cof(||Bl|yy) > w, hence there is a set
C, such that

(25) tDsAtedl = X <wCs.

Arguing as in Claim 17.8.1 we get

Claim 17.8.3. Suppose x¢ € [To) N [T1]. Then zg € X = A+ R <w X and
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Therefore we may assume that
(26) Ty N'T} is pruned.

Suppose 7 is a winning strategy for IT in Gw(B;—;, X N [T;]). Then II wins
Gw(B; + B1_;, X) by (subtracting 1 and) following 7, as long as I does not
play 0; if at some round I plays 0, then, by the definition of 7}, IT can reach a
position s € 91" such that B; <w X|,| and then follow this reduction. Using
(24) we get that

Bii <w XN[T] = A+ B <w X.

Since A+ R, A+ 0 <w A+ B; by monotonicity, then the result follows from
Bi_; <w X N|[T;]. Therefore we may assume that B;_; “w X N[T;]. Keeping
in mind that By_;, X N[T}] <w A-n, SLOY,., implies X N[T}] <w B;. Thus
we may assume that -

(27) XN[T] <w B;.

We are now going to show that X <y A - n, contradicting our initial as-
sumption. Here is a winning strategy for IT in Gw(X, A - n):

By (26) and (23) II passes until I reaches a position s ¢ (To N T7) U U,
and consider three cases:

Case A s ¢ T. Then s € 0T and therefore X|,j <w A-n by (22).

Case B s € T\ (I UT)). Let C, be as in (25). Then II reduces X
to Cs + A - n by following the reduction X,y N [T] <w A -n by (21)
as long as I plays in 7', and then using (25) as soon as I reaches 07T
Since [|Csllw < ||Bllw and || Bl is additively indecomposable, then
Cy+ A-n=w A-n, and therefore we are done.

Case C s € T;\ Ty, for some ¢ € {0,1}. If T} is wellfounded, then IT passes
until I reaches a position ¢ € 0T; and we follow Case A or B depending
wether t ¢ T or t € T. So we may assume [T;] # (). We will show that
X <w B;+ B; =w B;, and since B; <y A <w A-n, we are done. The
winning strategy for IT in Gw(X, B; + B;) is as follows: as long as I's
position is in T;, use that X N [T;] < B; by (27), if I reaches t € 0T},
then IT plays 0 and follows the reduction X ;; <w B;.

This conculdes the proof of Lemma 17.8. n

By Lemmata 17.6 and 17.7 we get
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Corollary 17.9. Suppose A is self-dual and SLOXVA holds. Suppose also that
either ||Ally is an additively indecomposable limit ordinal or else A =y B @
—B with B non-self-dual, B+ B =w B, and || B||\, additively indecomposable
limit ordinal. Then, for everyn > 1, SLOZVA.n holds.

Finally, we prove the “propagation of SLOY” result mentioned before.

Theorem 17.10. Suppose A is self-dual and SLO\SNA holds. Then, for every
1 < v < wy there is a self-dual C' such that A <w C, SLO\SNC holds, and
1Cllw = 1Al -

Proof. Let us first prove this under the additional assumption (x) that:

either || Ay is an additively indecomposable ordinal or else A =
B@&—B with B non-self-dual, B4+ B =w B, and || B||,; additively
indecomposable of uncountable cofinality.

The result clearly holds for v = 1 by taking C' = A, so assume v > 1 and
that the result holds for ordinals < ~.

If v is limit, then choose an increasing sequence +,, — ~ and, by inductive
hypothesis, choose C, such that SLOY., holds and [|Cply = ||Allw - ¥»- By
Lemma ??, @, C,, witnesses the theorem for ~.

Suppose v =7’ + 1. If 4/ € w, then we are done by Corollary 17.9, so we
may assume that v > w. Let 6 < 4/ be the largest additively indecomposable
ordinal. By inductive hypothesis, SLOY}, holds and ||D||y, = [|Allyy - 0, for
some self-dual set D, since cof(§) = w. Let n be least such that §-n >~ and
let D = D - n: then by Corollary 17.9 SLOXVD holds and therefore there is a
self-dual set C' <y D such that SLOY, holds and ||C|lyy = | Ally - 7-

Now for the general case: Let 7 < ||A]|y, be the largest additively inde-
composable ordinal. Suppose that the set A" of Wadge rank + is self-dual:
then by (x) SLOY, holds for every C such that ||C|l, < 7 - wi, and since
vow = ||Allw - w1, we are done. Suppose instead that the set B of Wadge
rank + is non-self-dual, and let A’ = B@® —B. By (x) SLOY,, holds for every
C such that [|Clly < (v + 1) - w; = || Ay - w1, hence we are done. O

18 Jumping wi;-many Steps
We will now introduce two new operations on sets, A* and A’ such that

([A%)y, [A’]y) is the least non-self-dual pair above the [A]y, - a’s, (o < wy),
when A is self-dual.
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Definition 18.1. For A C R

A ={s0"(z+1)|s€ “wArrec AJUAT
and

A =AU{zeR|I® z(n) =0}.

A% can be seen as some sort of infinite sum of copies of A, and since
A" = A" 4+ A, then it is natural to think of it as A" = --- + A + A.

Exercise 18.2. Show that for A, BC R, s € ~“w, x € R
(i) A <w A" A%

(i) A <w B = A% <w B and A” <w B’. Thus we can define the § and b
operations on Wadge degrees by setting

[Aly = [4%y,  and  [AJy = [A]y .

(iii) # € A" <= s70"x € Aband v € A & 57072 € A’;
(iv) Athﬁoj = A" and Ab[s“OJ = A’
(v) A% =y A% and A” =y A
Lemma 18.3. For any ACR and 1 < a < wy,
(Al - @ Zw [Aly, (4],
Proof. By induction on . m

Theorem 18.4. Assume —FS + AD". For A self-dual ([Af]y, [A"]y) is the

least non-self-dual pair above the [Aly, - o’s, (1 < a < wy), and therefore,
assuming DC(R),

b

145 = |4

HW = HAHW Twip .

Proof. We first show that B € U, [Alw @ & B <w A% A°. One

direction follows from 22.15(iii) so it is enough to prove that B <y A% A’
implies that B € (J,.,.,, [Alw - @ We need the following

Lemma 18.5. Assume -FS+ADY. For any A, B C R, if B <w A", A" then
there is a winning strategy T for II in Gw (B, A%) such that any play for 11
according to T belongs to R* = {x € R | V*®°n x(n) # 0}.
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Proof. Let 75,71 be II's winning strategies for Gy (B, A®) and Gw(B, A%),
respectively. The plan is to use alternatively 79 or 71, switching each time
the strategy being used requires to play a 0. We dove-tail 7y and 7 as follows:
for any s € <“w let uq, ..., un, v, ..., V, € ““w be such that

(s % 70)rr = (ug + 1)7(0)" - 7(0) " (u,, + 1)
and
(s*7)m=(vo+1)7(0)" - 7(0)" (v, + 1)
then let
(s#7)m = ((uo +1)7(0)" (vo 4 1)7(0)™ -+ - ~(0) " (ug +1)"(0)"(vg + 1)) [ Ih(s)

where k& = min(n, m). It is easy to check that this defines a strategy for II.
Claim 18.5.1. Vz € R ((z * 7)1 € RY).

Proof. Deny. Let x € R be such that (z * 7)ir ¢ R?, that is

(1) I*n 1oz [n) =0
and
(2) 3%°n 7 (x [ n)=0.

Then by (1) (z * 7o)t ¢ A hence x ¢ B and by (2) (z * 7)1t € A° hence
r € B: a contradiction. O

Let us check that 7 is winning for IT in Gw(B, A%). Suppose I plays z
and let y = (z % 7)ip be IT's response. Then either

(A) 7 settles on 7, that is
y = (uo+1)7(0)"(vo+1)"(0)" -+ -7 (0)" (un+1)"(0)" (va +1)7(0)" (2 + 1)
where (ug + 1)™(0)" -+~ (0)" (1t + 1)~ (0)" (2 + 1) = (& # 7o), or else
(B) 7 settles on 7, that is
y = (uo+1)7(0)"(vo +1)7(0)" - -7 (0)" (un + 1)7(0)" (w + 1)

where (vg 4+ 1)7(0)" -~ (0) " (vp—1 + 1)7(0) " (w + 1) = (z * 7 )11.
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Assume (A) holds, i.e., 7 settles on 7. Then

r€BE (x*7)n € A" (by definition of 79)
&z € A (by 22.15(i))
syc A (by 22.15(i) again)
Case (B) when 7 settles on 7 is completely analogous. ]

Let’s go back to the proof of 22.16. For any s € ~“w let

(s) = the largest ¢ < lh(s) such that s(i) = 0,
10, if Vi < Th(s) (s(i) #0),

and let < be the strict partial order on <“w defined by
s<tesn(s)Ct]nt).
Fix a strategy 7 as in the Lemma and set
st < (s*T)ir < (t* 7)1 -

Then < is a strict partial order on <“w, and it is well-founded, since otherwise

there would be an x € R such that y ¢ R%, where y is IT's response via 7 to

I playing x. We will prove by induction on « that B € [A]y, + (o + 1), where

a= 0]

Suppose a = 0. This corresponds to the case where Vs € <“w (7(s) does not contain any 0

Then IT wins Gw(B, A) by playing 7(s) — 1, for any s played by I: this is

indeed a winning strategy since if x and y are the reals played this way by I

and IT then

reEBeoy+lecAlaeycA.

This proves that B <y A.
Suppose a > 1 and let C' € [A],y - a. Consider the following strategy for
IT in the game Gw(B,C + A):

As long as I stays in a position p such that ||p||« = « then II
plays 7(p). Suppose at some round I reaches a position p such
that ||p|l« < a. Then IT answers 0 and from now on, to any further
move he answers 7,(p"q) + 1, where 7, is a strategy witnessing
By <w C. Such a 7, exists by inductive hypothesis.

Let us check that this strategy is indeed winning for II. Let z and y be the
reals produced by a complete play. If ||z [ n||q < « for some n, then let 2’ and
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y' be such that z [ n”2’ =z and ((z [ n) *7)"(0)"(y + 1) = y. (Note that
Ih((z [ n) * 7) < n is possible since 7 may pass.) Then 2’ € B|,| &y € C
since 7, witnesses B,| <w C and therefore x € B < y € C' 4 A. If instead
Vn (||z | n||lq = @) then ¥n (7(z | n) # 0) so y € R* hence

treBeoycAoy-—1lcAdsyeC+A.

Therefore [Bly, < [Aly - (4 1).

Finally, let us show that A% #Zw A°. Otherwise if A® <w A’ then by the
argument above, since A <y A% we should have that [A"]y, <w [A]ly * @
for some a < wy. Then

[Alyw o <w [A]y « (a+1) by 22.8(i)
<w [A%y by 22.15(iii)
hence [A"]y, <w [A%]y: a contradiction. O

Corollary 18.6. Assume =FS+DC(R)+AD". Let A be self-dual. For every
B such that || Al < 1Bl < 1Ally -1,

[BYw = [A%w and [B’lw = [A]y -

Proof. Let o be least such that || B|ly < || 4|y -« and let C' € [A]y, - a. By
monotonicity (22.14) A® <w B <w C?. The argument for A’ is similar. [

Exercise 18.7. (i) Show that
RY={z e R|V®n z(n) #0} € T3\ A}
and that

0 ={zeR|3I® x(n) =0} € TI3\ AY.

(ii) Show that R* = (R @ ())f and (" = (R @ 0)°, §* = 0, R” = R.

(iii) (DC(R)) Show that X5\ AS and IT) \ A occupy the w;-th level of
the Wadge hierarchy.

(iv) Show that R?+R! =y R" and therefore VB <y R" (R“ + B =w ]Rh).

(v) Show that ([R®]y, [0 ]w), ([R* ]y, [0"®]yw),- - -is an increasing se-
quence of non-self-dual pairs of degrees whose Wadge rank (here we assume
DC(R) so that we can talk about Wadge ranks) are w?, w?,. ...
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Therefore the map [A]y, — [A]E)v acts like this

Yy (Y "
[0]w * — [Ryy * — [0"]y
[R]w ® 0]y ® [R¥]y
and the map [A]y, — [A];v acts like this
Pl o Ry o [0
[R]w ° — [Pl ° — [R¥]y
) ) )
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Borel reducibilities

In order to prove more results on the F-degrees we must impose further
restrictions on the set F.

Definition 18.8. F C FR is amenable iff either F = Lip, or else:
1) there is a surjection R — F,

3

F is closed under composition,

(1)
(2) F 2 Lip,
(3)
(4) if each f,, € F then @@, f,, € F, where

D..fn () = foo)(@7),
and z~ = (z(n+1) | n € w).

Typical examples of amenable F are the collections of all Lipschitz func-
tions, all continuous functions, and all Borel functions. The “F” in <z,
[A] -, SLO7” etc., will be replaced by “L” in the Lipschitz case, by “W” in the
continuous case (after Wadge), and by “B” in the Borel case. Notice that
Lip satisfies (1), (2), and (3), but not (4).

Lemma 18.9. Let F # Lip be amenable and let A C R.

(a) A®—A is F-self-dual and A, —~A <z A®—-A. Moreoverif A,-A <z C,
then A @ —A <z C. In particular [A & —A] - is the <z-least degree
above [A] x and [=A] -

(b) Assume SLO” and suppose [A]  is limit of countable cofinality. Then
[A] - is self-dual.

81
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Proof. (a) The first part is trivial by (2) of Definition 18.8. For the second
part, notice that if f~1“C = A and ¢7'“C = —A, then @, f, witnesses
A® A <z C, where fy, = f and fop11 =9

(b) Let Ay <z Ay <r ... witness that [A] - is limit of countable cofinality.
Since A, 11 £ A, then there is f) € F witnessing —A,, <z A, by SLO”.
The functions f,(z) = (n+1)" f! (z) belong to F by (2) and (3) in Definition
18.8. Therefore @, f, witnesses that €@, —A, <z D, A, that is P, A,
is F-self-dual. Clearly (2) implies that A; <z @, A, for each i, and if g,
witnesses A, <z C then @, g, witnesses P, A, <r C. In other words
D, A, is a least upper bound of the A,’s. Therefore P, A, =5 A. H

The Lemma is still true if 7 = Lip (and hence it is true for all amenable
F) but the argument is more involved and SLO" must be assumed also for
case (a)—see [?].

The Lipschitz game on A, B C R, G1(A4, B), introduced by Wadge in
[Wad83] is the game on w where I plays a real a, II plays a real b, and II
wins iff a € A < b € B. Wadge’s Lemma is the simple, but fundamental
observation that a winning strategy for II yields a Lipschitz map witnessing
A <i, B, while a winning strategy for I yields a Lipschitz map (in fact: a
contraction) witnessing =B <;, A. Therefore AD implies SLO", and since the
smaller the F the stronger the SLO”,

AD = SLO" = SLOW = SLOB.

We do not know whether any of these implications can be reversed—see
[?7] for more on this. In fact, a well-known open problem (probably first
formulated by R. Solovay) asks whether SLO™ or even SLOY implies AD,
assuming V = L(R). A similar question can be asked for SLO® or, more
boldly, for SLO”:

Open problem 18.10. Assume V = L(R). Does SLO® = AD? Does
SLO” = AD, if F is amenable?

A less ambitious goal would be to prove some of the standard conse-
quences of AD (like BP and LM, the assertion that all sets of reals are
Lebesgue measurable) from some form of semi-linear ordering principle. This
would yield some evidence for positive solutions to these open problems. For
example it is known that the perfect set property [Wad83] and the axiom of
countable choices for sets of reals [?] follow from SLOY, but the following
seems to be open:

Open problem 18.11. Assume V = L(R) and let F be amenable. Does
SLO” = BP? Does SLO” = LM?
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This is open even when F is the smallest amenable set of functions (and
hence SLO” is strongest semi-linear ordering principle), that is when F =
Lip, the collection of all Lipschitz functions.

Another partial evidence for the truth of the Open Problem 18.10 would
be to prove the equivalence between the various semi-linear ordering princi-
ples, say between SLO", SLOY, and SLO®—again see [?].

18.A The Wadge and Lipschitz hierarchies

Assuming AD + DC(R) then the following properties hold of the Wadge de-
grees:

(1) <w is well-founded,
(2) immediately above a self-dual degree there is a non-self-dual pair of

degrees, and immediately above a non-self-dual pair of degrees there is
a self-dual degree,

(3) at limit levels of countable cofinality there is a single self-dual degree,
and at uncountable cofinality there is a non-self-dual pair,

while for the Lipschitz degrees we have the following:

(4) <y, is well-founded,

(5) every self-dual Wadge degree is the union of w; consecutive Lipschitz
self-dual degrees, while the non-self-dual pairs of Wadge degrees coin-
cide exactly with the non-self-dual pairs of Lipschitz degrees,

(6) at limit levels of countable cofinality there is a single self-dual degree,
and at uncountable cofinality there is a non-self-dual pair.

Therefore the Wadge hierarchy looks like this:

[ ] [ ] [ ] [ ]
o 0o 0 . ® O O - e @ e eeeaan
A >
Vv Vv
[ ] w1 [ J w1 L] [ ]
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with each wi-block of self-dual Lipschitz degrees collapsing to a single self-
dual Wadge degree. In [?] it is shown that (1)-(3) follow from SLOY + BP,
and that (4)-(6) follow from SLO“ + BP. Therefore, if F is amenable—so
that the F degrees are coarser than (or equal to) the Lipschitz degrees—
and if AD (or even just SLO" + BP) is assumed, then <z is well-founded
and every non-self-dual F-degree is a non-self-dual Lipschitz degree, i.e.,
AZr A= [A]r = [A].

19 The Borel-Wadge hierarchy

We now focus on Borel-Wadge degrees. Our first goal is to prove that the
well-foundedness of <g follows from SLO® + BP. The standard proof of the
non-existence of an infinite <y-descending sequence (A, | n € w) uses AD
to pick winning strategies for I in Gp,(A,, An+1) and in GL(A,, 7 An41). By
pitting them against each other, a flip-set is constructed, contradicting BP.
If we start from an infinite <g-descending sequence (A, | n € w) we would
like to argue, assuming SLO®, that T wins G1,(A,, A,11) and Gr.(A,, 7 An41)
and proceed as before. In order to do this we need a few preliminary results.

A topological space is O-dimensional if its topology is generated by the
clopen sets. A metric space (X, d) is Polish if it is separable and d is complete.
The collection of Borel subsets of (X, d) is denoted by B(X,d).

Lemma 19.1. Suppose (X,d) is a Polish space and (A, | n € w) is a
sequence of Borel subsets of (X,d). Then there is metric d' on X such that

(1) (X,d') is Polish and 0-dimensional;

(2) the new topology is finer than the old one, i.e., every d-open set is also
d' -open;

(3) each A, is d'-clopen;

(4) the two topologies give rise to the same Borel sets, that is B(X,d) =
B(X,d).

See [Kec95, Theorem 13.1 and Exercise 13.5] for a proof. An easy conse-
quence of this is the following result—see [Kec95, Theorem 13.11].

Lemma 19.2. Let (X, d) be a Polish space, let B € B(X,d), and let f : B —
B be a Borel function. There is a metric d' on B such that

(1) (B,d') is Polish and 0-dimensional;
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(2) the topology ' generated by d' on B refines the topology that B inherits
rom X, i.e., 7 D {UN € 7}, where T is the topology on X ;
X, i '2{UnB|U h s the topol X

(3) (B,d’) has the same Borel structure as B, that is: for every C C B,

C eB(X,d) & CeB(B,d);

(4) [:(B,d)— (B,d) is continuous.

By [Kec95, Theorem 7.8] every 0-dimensional Polish space is homeomor-
phic to a closed subset of the Baire space, so using Lemmata 19.1 and 19.2
will not take us outside of Z(R).

Lemma 19.3. (a) If A <g B then there is A* =g A such that A* <y, A
and A* <;, B.

(b) Assume SLO® and A <g B. Then there is A* =g A such that I has a
winning strategy in Gr(—B, A*) and in Gi(B, A*).

Proof. (a) Let f : R — R be Borel such that f~'“B = A. By Lemma 19.2
there is a O-dimensional Polish topology 7 on R that is finer than the standard
one and makes f continuous. Let G : C'— (R, 7) be a homeomorphism with
C' C R a closed set, and by [Kec95, Proposition 2.8] let 7 : R — C be
Lipschitz and such that 7 [ C' is the identity. Let

A= (Gom) " “A.

Then A’ <w A via Gom, and A <g A’ via G' : R — C C R. Since
foGom: R — R is continuous and

re A< Gr(r) e A& f(G(n(x))) € B

then A’ <w B. We need the following result from [?, Lemma 19, part (a)]:

Lemma 19.4. If A’ < A then there is A” =w A’ such that A” <;, A" and
A" < A.

Let A” be as in Lemma 19.4. Since A” <;, A’ <w B, then A" <y B,
so by Lemma 19.4 again there is A* such that A* < A", A" <w A*, and
A* <;, B, which is what we had to prove.

(b) If Vn (A £B Bjn)) or Vn (A £8 —B|,)), then by SLO® we would have
that Vn (BLnJ <p ﬁA) or Vn (BLnJ <g A), hence B <g —A or B <g A, con-
tradicting our assumption in either case. Therefore there are ng, mg € w such
that A <g B\, and A <g —B|,,| via Borel functions f and g. By successive
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applications of Lemma 19.2 there is a 0-dimensional Polish topology on R
that is finer than the standard one and makes f and g continuous. Arguing as
in part (a) there is an A" <;, A such that A <g A’ and A’ <y, By, and since
A" < =By, there is A* <;, A’ such that A" <g A* and A* <y, =B,
By playing mg and then following the reduction witnessing A* <y, =B, I
wins G(B, A*); similarly I has a winning strategy in Gp(—B, A*). O

Corollary 19.5. Assume SLO® + BP. Then <g is a well-founded relation
on Z(R).

Proof. Suppose (A4, | n € w) is a <p-descending sequence of sets. Then
A1 < A, and A, £p A,i1, and hence, by SLOB, 4,1 <g A, and
—A,11 <B A,. By Lemma 19.3 we can construct inductively Aj = Ay and
Al =w A, such that I has a winning strategy o, in Gr,(A%, A% ;) and o) in
GrL(—A;, AL, ,). For any z € “2 let x,, = 2 be the real in the n-th row of the

(n)

following diagram where I uses o5, on the n-th row against his opponent

on the (n + 1)-st row:
US(O) zo(0) (1) -+ =um
a2 (0) (1) - =

Thus 27 is the result of applying o2 to 7, ,. Then {z € “2 | 23 € A} is
a flip set, contradicting BP.

Lastly, to show that <pg is well-founded on Z(R), it is enough to show
that <g is well-founded on {B € Z(R) | B <g A}, for any A C R. So fix
A C R. Since there is a surjection R — {f € BR | f is Borel}, 2 + f,,
consider the pre-order on R defined by

T<ye [ A<y fTA

Then <p is well-founded on {B € Z(R) | B <g A} iff < is well-founded
on R, which, by DC(R) is equivalent to the non-existence of an infinite <-
descending sequence. But any <-descending sequence in R yields a <g-
descending sequence in {B € Z(R) | B <g A}, hence we are done by the
first part of the proof. O

Thus, assuming SLO® + BP, the canonical rank function for the well-
founded relation <g on Z(R) can be defined. It is called the Borel-Wadge
rank and it is denoted by A — ||Al|g. It is immediate that [A]g is a limit
degree iff || A||g is a limit ordinal, and that [A]g is of countable cofinality iff
cof(||A]|g) = w. For technical reasons (see [?, Proposition 13]) it is convenient
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to assume that the Wadge rank [|Al|y, of a set is a non-zero ordinal, and
hence, by analogy, we make the same assumption of the Borel-Wadge rank.
Thus (8] = B = L

The tree T(A) = {s € “w | A5 =w A} is a standard tool to investigate
the structure of the Wadge degrees. For example [A],, the Wadge degree of
A, is self-dual iff T'(A) is well-founded i.e., if the converse of the extension
relation on T'(A) is well-founded. Notice that if T'(A) is well-founded, then

(N,|s¢T(A) & s [Ih(s) — 1 € T(A)}

is a partition of R into countably many clopen sets D such that DN A <w A.
This suggests the correct generalization of T'(A) to the Borel context.

Definition 19.6. Let B C R. A Borel partition of B is a family {B, | n <
N} of non-empty pairwise disjoint Borel sets such that B = (J,_y B, and
2< N <w.

First a trivial but useful fact:

Lemma 19.7. Let B C B’ be Borel. If ANB"# R, then ANB <g AN B'.
In particular if B is Borel and A # R, then AN B <g A.

Then:
Lemma 19.8. Let {B, | n < N} be a Borel partition of R, and let A # R.

(a) Yn < N(ANB, <g A), and if C is such that ¥n < N (AN B, <g C),
then A <g C. In other words: [Alg is the <g-least upper bound of
{[BnNA]g|n< N}

(b) Assume SLOP. IfVn < N(ANB, <g A) then A <g ~A. Moreover,
if N < w then [A]g is a successor degree.

Proof. (a) The first part follows from Lemma 19.7. If g,, witnesses B,NA <g
C, then g =, 9» | By is Borel and witnesses A <g C.

(b) AN B, < A implies, by SLO®, that there are Borel functions f,, :
R — R witnessing AN B, <g —A. Then f = |, f. | B, is Borel and
f71“2A = A. Suppose now, towards a contradiction, that [A]g is a limit
degree and N < w. Let Cyp = BgN A and, for n +1 < N, let C,y1 =
Cn @ (Bn+1NA). By induction, using Lemma 18.9(a) and that [A]g is limit,
Vn < N(C, <g A). But B, N A <g Cy_; for n < N, hence A <g Cy_1 by
part (a): a contradiction. O
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Definition 19.9. For A C R, let

Z(A) ={B | B is Borel and 3(B,, | n € w) Borel sets such that
B=\J, B,and B,NA<g A}.

By Lemma 19.7, the sets B, in the definition can be taken to form a
partition of B, since Z(A) is empty when A = R or A = (). The following
result can be easily verified.

Lemma 19.10. Assume SLO®.
(a) If B € Z(A) and C C B is Borel, then C € Z(A).
(b) If B, € Z(A), then |, B, € Z(A).

Recall that a o-ideal of Borel sets is a non-empty collection J of Borel
subsets of R, closed under Borel subsets and countable unions. A o-ideal
of Borel sets J is proper if R ¢ J. Then Lemma 19.10 says that Z(A) is
a o-ideal of Borel sets, and Lemma 19.8(b) says that if Z(A) is not proper,
then [A]g is self-dual.

Theorem 19.11. Assume BP and suppose A <g —A. Then there is a Borel
partition {B,, | n € w} of R such that Yn < N (B, N A <g A).

Proof. Towards a contradiction, suppose that for every Borel partition {B,, |
n < N} of R there is ng < N such that B,, N A <g A. For ease of notation,
let Z="17(A).

Claim 19.11.1. If B is Borel and B ¢ I, then there is a Borel function
f: B — B witnessing

Vre B(re ANB < f(z) e “ANB).

Proof of Claim. By case assumption B # (), and if B = R the result follows
at once, so we may assume B # (), R. By Lemma 19.7, AN B <g A and
AN B <g -A. If AN B <g A, then, taking B, = B in Definition 19.9,
we would have B € Z: a contradiction. Therefore ~ANB <g —-A <g A =g
ANB. Let h : R — R be a Borel function witnessing that ~ANB <g ANDB,
and let k : R — B be defined as

if B
k(:v) _ r 1xrc . ,
b otherwise,

where b is some fixed element of AN B. Then f = (koh) | B is the required
function. ]
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We will construct a sequence of Borel sets
R=By2>2B;2---
such that B,, ¢ Z. Using the Claim, let f, : B,, — B,, be Borel and such that
Ve e B,(r € ANB, & f.(x) € "ANB,).

We will also choose a separable complete metric d,, on B, such that d is
the usual metric on R, and the topologies 7, generated by the metrics d,, are
all 0-dimensional and 7,1 refines 7,, that is, {U N B,y1 | U € 7.} C Tpy1-
We also require that f,, [ Byi1: (Bpy1, dny1) — (Bn, dy,) be continuous, and
that for any m < n and every a,b € B,

(1) A (gm © -0 gn(a), gm 0 -+ -0 gn(b)) < 27",

where each g; is either f; [ B;y1 or the identity on B;,;. Then we can apply
the Martin-Monk method as follows:
Fix z € “2 and let

. {fn | Busr if 2(n)

L,
id [ Bpy1  if 2(n) = 0.

For each n, pick y,11 € B,,11 and let

$nm:gmo"'ogn(yn+1)€Bm7

for all m < n. By construction, for any fixed m

(2) 1 > m (g (@),41) = 7,

and {z}, | n > m} C B,, is a Cauchy sequence with respect to d,,, since
dp (27, 2k ) < 27 min(k) by (1), Therefore we get an

mIUm

Ty = lim z,, € B,
n—o0

and by continuity of ¢,, : (Bpm+1, dms1) — (Bm, dm) and by (2)
gm(xm+1) =T -

Naturally x,, really depends on z € 2, so we should write x,, = x,,(z). By
construction, if ¥n > ng (z2(n) = w(n)) then

Vn > ng (x,(2) = z,(w))
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and if z(ng) # w(ng) then
Tno(2) € AN By < xp(w) € AN By, .

The usual argument yields that {z € “2 | zo(z) € A} is a flip-set, contradict-
ing the property of Baire.

Therefore it is enough to construct the B,’s and d,’s. As required, set
By =R, dy the usual distance on R, and let fy : R — R be a Borel function
witnessing A <g —A.

Suppose By, fm, and d,,, have been defined for all m < n. Fixan s € "2,
and, for i < n, let g = g; be f; or the identity, depending on whether s(i) = 1
or (i) = 0. For each m < nlet {C! |i € w} be a Borel partition of B,, such
that d,,-diam(C",) < 27™. We now inductively construct B, 2 B® O B! D
.-+ D B™ as follows. By the o-additivity of Z there is i € w such that

B = (gyo---0g.)" “Cy ¢ T,
and by c-additivity again, inductively choose i,, € w such that
B = B (gno - og)” Clp ¢ T,

for m < n. Since the construction above depends on the chosen s € "12, let
B(s) = B™. Now we can repeat the construction above for each element of
190 let (s; | 1 <4 < 2" be an enumeration of "2, and construct B(s;)
as above, then construct B(sy) using B(s;) instead of B, and so on. This
gives a sequence of Borel sets not in Z

B, 2 B(s1) 2+ 2 B(sgn) = Byt1
and by construction, for any a,b € B,,1, any m < n, and any s € ""12

dp (g, 0---0g,(a),gp,0---0g,(b) <27".

Since By ¢ Z then AN B,11 <p "AN B,y and let f,11 : Byi1 — Bhi
witness this. In order to complete the construction we need to prove the
existence of d,,; on B,,;. This follows at once from Lemma 19.2 taking

(X, d) = (andn)u f = fn+1, and B = Bn+1. ]

Notice that the Property of Baire is used in a “local way” in the proof of
Theorem 19.11: if [[, B, C “R is endowed with the product topology of the
T.'s, rather than with the topology induced by “R, then the map

“25 [[ B 2+ (wm(2) | m € w)
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is continuous by (1), hence the map “2 — By = R, z — x¢(2), is continuous,
and hence the flip-set is the continuous pre-image of A. Therefore the proof
only requires the property of Baire for sets which are Wadge reducible to A.

Suppose [A]g is limit and self-dual, and let {B,, | n < w} be a Borel
partition of R as in Theorem 19.11. If C' <g A were an upper bound for the
AN By,’s, ie., Vn(AN B, <g C), then Lemma 19.8 implies that A <g C, a
contradiction. Since by Lemma 19.7

ANBy<p AN(ByUB;) <p AN (ByUB1UBy) <p---<p A,

and AN B, <g ANU,, Bi, then ||A||g = sup, |[ANU,., BiHB' Therefore
if [A]g is limit and cof(||A|lg) > w, then [A]g is non-self-dual.

We have already seen that immediately above a non-self-dual pair ([A]g, [-A]g)

there is a self-dual degree [A @ —A]g. We will now argue that immediately
above a self-dual degree there is a non-self-dual pair. This amounts to prov-
ing that if [A]g < [B]g are both self-dual then A <g C' <g B for some C.
Let {D,, | n € w} be a Borel partition of R such that Vn (BN D, <g B). If
BN D, <g A for all n then B <g A, which is absurd, so let ng € w be such
that BN D,, ﬁB A. By SLOB, -A <g BN D,, and since A =g —A, then
A<g BND,, <g B. Thus we have proved:

Corollary 19.12. Assume SLO® + BP.
(a) A limit Borel-Wadge degree of uncountable cofinality is non-self-dual.

(b) Immediately above a self-dual Borel-Wadge degree there is a non-self-
dual pair.

Therefore the structure of the Borel degrees is isomorphic to the structure
of the Wadge degrees:

[ J L] (] [ ] [ ]
o o @ e ° @ .- ®

[ ] [ ] [ ] [ ] [ ]

T T

At the bottom of the hierarchy there is the non-self-dual pair ([R]g, [0]g)
which—as already pointed-out in section ??7—is ({R},{0}). Immediately
above it there is the least self-dual degree, A} \ {0, R}. We call these three
degrees [R]g, [0]g, and A\ {0, R} trivial: in other words, [A]g is non-trivial
just in case ||A|lg > 3. Lastly we prove the converse to the second half of
Lemma 19.8(b).



92 CHAPTER III. BOREL REDUCIBILITIES

Proposition 19.13. Assume SLO® + BP. If [A]g is a non-trivial self-dual
successor degree, then there is a Borel partition of R, {By, B1}, such that
BZﬂA <B A, fOTiZO,l.

Proof. Let [C]g be the immediate predecessor of [A]g. Then [C]g is non-
self-dual and [C' @ —Cg is its immediate successor, that is A =g C & ~C.
Let f: R — R be Borel witnessing A <g C & —C, let Dy = {z € R| 2(0) is
even} and D; = {z € R | 2(0) is odd}, and let B; = f~'“D,. Then {By, B}
is a Borel partition of R, and f witnesses B; N A <g D; N (C & =C'). Since
C # R,0, then Dy N (C & ~C) =g C, and since C < A we have that
ByN A <g A. Similarly, BN A <g D;N(C & -C) =g ~C <p A. O

Corollary 19.14. Assume SLOP + BP. [A]g is a non-trivial self-dual suc-
cessor degree iff there is a Borel partition of R, {B, | n < N} such that
Vn < N(B,NA<gA). Moreover [A]g is a successor degree iff N can be
taken to be finite, and in fact N can be taken to be 2.

20 Non-self-dual pointclasses

Assuming AD, Steel and Van Wesep independently showed that A <y —A =
A <p, —A, hence [A]y, = [A]; for every non-self-dual [A];. In fact both
statements are provable assuming SLO" + BP—see [?]. The analogue of the
first statement for <g and < is clearly false: if U is open but not closed,
then U <g =U but U ﬁw —U. Nevertheless the second statement can be
generalized to the Borel case.

Proposition 20.1. Assume SLOY + BP. If A #g —A, then [Alg = [Aly-

Proof. If B € [A]g and B #w A, then, since A =w —B cannot hold, either
B <w Aor A <w B. For the sake of definitiveness, assume the former. Then
C € [A]g for any B <w C <w A. Since by SLO" +BP we certainly can find
such a C' which is Wadge self-dual, we have that A =g C =w —-C =g —A4, a
contradiction. ]

Each non-self-dual pair of Wadge-Borel degrees is a non-self-dual pair of
Wadge degrees, but not vice versa. Notice that assuming SLO" + BP the
conclusion for non-self-dual [A]g can be strengthened to [A]lg = [A],. On
the other hand, the self-dual Borel degrees are obtained by glueing together
many Wadge degrees. For example, the first self-dual degree is the collection
of all Borel sets except for R and (). For A =g —A let h([A]g) be the
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length of the interval of Wadge degrees used to construct [A]g. Thus, if
A€ AP\ {0, R}, then [A]lg = A} \ {0, R} and

h[Alg) = o
= the length of the Wadge hierarchy restricted to Aj
= || Blly, where B € ¥{ UTII} \ A].

In analogy with the case of the Lipschitz-vs-Wadge hierarchies, where each
self-dual Wadge degree is the union of w; consecutive Lipschitz degrees, it is
tempting to conjecture that h([A]g) = 0 for any self-dual [A]5. However this
is not true. In fact, h([A]g) > ||All\y for all self-dual [A]g, and therefore the
Borel-Wadge hierarchy is obtained by collapsing to a single self-dual Borel-
Wadge degree larger and larger blocks of the Wadge hierarchy. To see this
we need to recall the definition—due to Wadge—of addition of sets of reals.
For A, B C R let

A4+ B={(s+1)"0)(x+1)]|se “Yw&kre A}U{z+1]|z € B},

where y + 1 = (y(n) + 1 | n < lh(y)), for any sequence (finite or infinite)
y. If A =y —A and assuming SLO" + BP, we have that |A+ By, =
| Allw + | Bllyw (see [Wad83] or [?] for more on this). In particular, if B <g A
and f witnesses this, then

o) = {f(x— 1) ifVn x(n) #0,

y if = (s+1)7(0)"y, for some s € ““w.

is Borel and witnesses A + B <g A. Therefore h([A]g) > || Allw + [ Allw >
JAlly-

Awssuming SLOW we can now describe the first few Borel degrees. Im-
mediately above the trivial degrees [R]g, [0]g, and A} \ {R, @} there is, by
Proposition 20.1, the non-self-dual pair (37 \ A}, I} \ A}). At the next level
we have a self-dual degree: it is the collection of all Borel-separated-unions
of a true X} and a true II7,

{AUB|AeSI\A' & BeI'\ A & IC e AL (ACC & BNC =0)}.

In order to compute the next non-self-dual pair of degrees it is more con-
venient to work with pointclasses rather than with degrees. Recall that
a collection of sets I' C P (R) is a boldface pointclass if it is non-empty
and closed under continuous pre-images. It is self-dual if it is closed under
complements, otherwise it is non-self-dual. The dual of T is the pointclass
I'={-~A| AeT}, and let A = Ar be the pointclass ' N T'. Under SLOY,
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the non-self-dual boldface pointclasses are of the form {X C R | X <y A}
with [A]y, non-self-dual, while the self-dual ones are of the form {X C R |
X <w A}, with A # R, (). Conversely, if T is non-self-dual, then T\ Tis a
non-self-dual Wadge degree by SLOW. Therefore SLOY yields that boldface
pointclasses are (essentially) well-ordered under inclusion: either I' C A or
A CT. By Proposition 20.1 and the discussion following its proof, [A]g is a
non-self-dual degree iff {X | X <w A} is closed under Borel pre-images. A
set U is T-universal if it R-parametrizes I' and belongs to T, i.e., U C R2,
I'={U, | * € R} where U, = {y | (z,y) € U}, and U (or better: its image
under the standard homeomorphism R? ~ R) is in I'. If I" has a universal set
then it is non-self-dual. Conversely, SLO® 4+ BP implies every non-self-dual T’
has a universal set: choose an R-parametrization (g, | z € R) of all Lipschitz
functions such that (z,y) — g,(y) is continuous; by the theorem of Steel and
Van Wesep mentioned at the beginning of this section, I' = {X | X < A}
for some A #;, A, and let U = {(x,y) | 9,(y) € A}. Similarly, by choos-
ing a parametrization (f, | * € R) of all continuous functions such that
(z,y) + f.(y) is Borel, SLOY implies that if [A]g is non-self-dual then
I' = {X | X <w A} has a universal set.

Wadge gave a concrete description of the next non-self-dual pair of bold-
face pointclasses above a non-self-dual I': Suppose I' = {X | X <y A} with
A non-self-dual and let

I"={UnNnX)uU\X)|UU e&UNU =0 & X,X' €T}.

Then TUT C TV, and TV and its dual (I'7) are the least non-self-dual pair

of pointclasses above I' UT. Notice that the self-dual pointclass Apv = {X |

X <w B @® =B} is made-up of those (U N X)U (U \ X’) € TV such that

U C C C =U’ for some clopen set C. This suggests the following definition.
For T' a boldface pointclass closed under Borel pre-images let

M={PNX)U(P\X)| PP el & PNP =0& X,X' €T},
%nd let A* = Ap-. Taking P = R or P’ = R we have that I' C I'" and
rcr-.

Lemma 20.2. Assume SLOV and let T be a non-self-dual pointclass closed
under Borel pre-images. Then T'" is non-self-dual and is closed under Borel
pre-images.

Proof. As both T' and H% have universal sets, I'" also has a universal set,
hence it is non-self-dual. Since both T' and II; are closed under Borel pre-
images, it follows that I'* is closed under Borel pre-images. O]
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Lemma 20.3. Let [A]g be non-self-dual and let T' = {X | X <w A}. Then
any set in A* is Borel reducible to A ® —A.

Proof. Let Y € A* and let P, P| € I} and X,, X| € T witness that
Y=(PFPNX)U(P\X]) el
and let P, Py € I, X5, X} € T witness that
Y = (PNXo)U(Py\ Xy) eI,

Then P, U P, U P, U Py = R. By Reduction for IT}, let {B;, B}, By, By} be
a Borel partition of R such that By C P, B C P/, Bo C P, and B}, C Pj.
Then

reEB = (xeYerelX)
reB = (eYerd¢ X))
rE€EBy=(reY & ur ¢ Xy
re€By=(xeY & xeX).

This implies the desired conclusion. [

Theorem 20.4. Assume SLOY. Let [A]lg be non-self-dual and let T' = {X |
X <w A}. Then

A"={X| X <g A®-A}
={XU-X'|3B€ A (XCBC-X) &X,X' T}
and A*\ (TUT) = [A® -A]g, ie., it is the self-dual degree immediately

above ([Alg, [~A]lg) and (T \ A", (T*) \ A%) is the next non-self-dual pair
above it.

Proof. 1t is easy to check that A ® —A € A and that the sets which are
Borel-reducible to A @ —A are of the form X U —-X’ with X, X’ € T" Borel
separated. Therefore we are done by Lemmata 20.2 and 20.3. O

Wadge’s analysis shows that if T',, is an increasing sequence of boldface
pointclasses, then

r={U,U,.nX,) | U, € 30 are pairwise disjoint and X,, € T',,}

is non-self-dual, and I' and its dual are the least non-self-dual pointclasses
above the I',,’s.
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Similarly, if (', | n € w) is a strictly increasing sequence of pointclasses
closed under Borel pre-images, then let

A ={U,(B.NX,) | B, € Aj are pairwise disjoint and X,, € I',,}
and let
A={U,(P.NX,) | P, €I are pairwise disjoint and X,, € T',,} .

If A,iq € T'yiq \ T, and there are pairwise disjoint Borel sets B,, such that
A, C B, then it is not hard to see that | J, A, is Wadge self-dual, that

A:{XlXSWUnAn}

is self-dual, that (J,T', C A, and that there is no boldface pointclass in
between. Arguing as above we get:

Theorem 20.5. Assume SLOY + BP and suppose T,,, A and A are as
above. Then A and A are closed under Borel pre-images and are the least
non-self-dual pair of boldface pointclasses above the I',,’s, and A = Ap.

We can now give a complete description of the first w; levels of the <g
hierarchy. By Theorem 20.4 the least non-self-dual pair of pointclasses closed
under <g and above £} and IT! is (I, T'), where Y e T'iff Y = P,U P, \ Ps
with P, P, Py € II} and P, N P, = (. Without loss of generality we may
assume P; C P, hence Y = (P UP,)\ P, hence T is the collection Diff(2; IT})
of all differences of ITj sets. Inductively, using Theorem 20.5, one can show

that the a-th pair of non-self-dual pointclasses closed under Borel reducibility
is (Diff (a; IT}), Diff (o; IT})).
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Wadge determinacy
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Chapter V

The Semi-Linear Ordering
Principle

21 SLOY and the Structure of the Wadge Hi-
erarchy

We briefly recall the basic facts about the Wadge hierarchy. Unless otherwise
indicated, R denotes the Baire space

R="w.

<w

Recall that a function f : R — R is continuous if there is a ¢ : <“w — <“w

which is
(1) monotone, that is s Ct = ¢(s) C p(t), and
(2) Vo € R(lim,, o lh(p(z [ n)) = 00),

and such that f(z) =, ¢(z [ n). We will say that f is induced by ¢ and
write f = f,. With a minor abuse of notation, a ¢ as above, satisfying (1)
and (2) is also said to be continuous. A function ¢ : ““w — ““w is tame if
it is continuous and satisfies

(3) Vs<¥wVn (gp(s) C p(sin)) = lh(p(sin))) = Ih(p(s)) + 1).

Every continuous f : R — R is induced by a tame ¢. If condition (2) is
strengthened to

(2) Ih(p(s)) = Th(s),

99
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and ¢ satisfies (1)+(2') then it is said to be Lipschitz, since

vln=yln= fo(r) [ n="Ffy)ln,

i.e., f, is Lipschitz with constant > 1 with respect to the usual metric on R

do.y) = {3 ii r:n;y [n & x(n) =y(n),

Clearly every Lipschitz function f : R — R of constant > 1 is of the form
f = f, with ¢ Lipschitz. A function ¢ : ““w — <“w is a contraction if it
is monotone and satisfies

(4) 1h(p(s)) =1h(s) + 1.

Thus a contraction is continuous and the induced map f,, has Lipschitz con-
stant < 1/2.

Definition 21.1. For A, B C R, say that A is Wadge reducible to B, in
symbols A <w B just in case A = f~1“B for some continuous f : R — R. If
f~1“B and f is Lipschitz, then A is said to be Lipschitz reducible to B,
in symbols A <j, B. A <w B stands for A < B and £w A, and similarly
for A <1, B.

It is clear that <y and <j, are reflexive and transitive, so the relations

AELB@ASLB&BSLA

are equivalence relations, and the equivalence classes are called, respectively,
Wadge degrees and Lipschitz degrees. [A],, and [A]; are, respectively,
the Wadge degree and the Lipschitz degree of A. It is immediate to check
that the relations <y and <y can be defined on the set of all Wadge degrees,
and similarly for <p, and <j. The dual of the Wadge/Lipschitz degree of a
set A is the degree of = A; a degree is self-dual if it coincides with its dual;
otherwise it is called non-self-dual.

In order to prove non-trivial results about the ordering A <w B we need
two games invented by Wadge. The first one, called the Lipschitz game
for (A, B), in symbols G(A, B), is the game:

1 Qo aq

I1 bo by
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where I and II alternate and play a;,b; € w. Let a = (a; | i € w) and
b= (b;|i € w). Then II wins iff (a« € A < b € B).

The second game Gw(A, B), which we will call the Wadge game, is
similar to G,(A, B), but II has the option of passing, with the proviso that
if he does not play infinitely often then he loses:

I q a ... Gy Ani1 Gpia oo G

11 p p...p bo p p...p b1

As before II wins iff (a € A< b€ B).
For s € <“w, let
ALSJ :{ZL’ER|SAZL’€A}.

(When s = (n) we will write A}, rather thanA|y,.)
Exercise 21.2. Show that
(ii) IT wins GL(A, B) iff A <, B;
(iii) I wins G1,(A, B) iff 3n (=B <1, A));
(iv) if I wins Gw(A, B) then I wins G,(A4, B);
(v) if IT wins G(A, B) then I wins Gw(A, B).

Since A, <y, A for all n € w, (iii) implies that I wins GL(4,B) =
B <, A, hence we have shown:

Theorem 21.3 (Wadge’s Lemma). If G1(A, B) is determined, then A <;, B
or =B <y, A. If Gw(A, B) is determined, then A <w B or =B <w A.

The Semi-Linear-Ordering Principle, SLOW for short, is the state-
ment
VAIBCR(A<w B VB <wA).

SLO" is the analogous statement where the maps are taken to be Lipschitz
rather than continuous. Therefore

AD = SLO" = SLOW.

It is open whether these implications can be reversed. It is known that
SLOY implies certain simple consequences of AD, for example AC,(R) and
the perfect set property—see [?, 11.16, 11.10]. SLOY implies that if [Alw
and [B]y, are not <y-comparable, then A =w —B. Hence the antichains
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in the <y order on degrees have size at most 2, and every antichain of size
2 is of the form {[A]y, [Alw} with A #w —A. We will call such a pair
([Alw, ["A]w) a non-self-dual pair. If A, C R let

D A = Ut 4,
and let A@ —A =&, A, with Ay, = A and Ay,1 = —A. Clearly
e A< A®—-Aand -A < AP —A,
° ﬁ(A@—!A) = ﬁA@ASLAEB—!A,
o A,ﬁA chiA@_'A <w C.

Therefore [A @ —A], is self-dual, and it is the least degree above [A]y, and
[~A]yy. Here is a characterization of successor self-dual degrees.

Exercise 21.4. Assume SLO". A successor degree [B]y, is self-dual iff there
is a clopen partition CUD =R, CN D = (), such that BNC,BND <w B.

If every degree is coalesced with its dual, then SLOY implies that <y is
a linear order. In fact Martin, extending a partial result of Leonard Monk,
showed that <y is well-founded, assuming AD. The technique used in this
proof (the so-called Martin-Monk method) is a standard tool in the theory
of Wadge degrees.

Theorem 21.5 (Martin). AD implies there is no infinite <yw-descending
sequence

AQ <WA1 <WA().

Proof. Suppose otherwise and let (A,, | n € w) be the offending sequence. By
SLOY, —A, 1 <w A, hence A, £w —A,41, so I does not win Gw (A, 7 A,41).
Since IT does not win Gw(A,, A,+1) as well, then, by AD, fix winning strate-
gies 0¥ and o} for T in Gw(A,, A1) and Gw(A,, A1), respectively.

(n)

For any fixed z € “2 we pit the strategies o, ~ against each other, with
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Uz(ffrl)playing as player Iin Gw (A, 11, Ant2) and as player ITin Gw (A, Api1),
z(0 2 z z z z
7" | ai(0) aj(1) a3 (2) a(3) ... af
/=) /=) /=)
0 0 0
af(l) ai(0) ai(1) ai(2) oo df
gz /)
z(1 z z z
oMW1 az(0) ai(1) @
@
2
z(1 P z
03( ) a3(0) . a4

a’ is the real constructed in the n-th line of the diagram above. If z, w differ
exactly in one coordinate ng, that is Vn # ng(z(n) = w(n)) and z(ng) #
w(ng), then the two diagrams obtained using z and w agree below the ng-th
line, hence n > ng = aZ = a,;. On the other hand

ar, € Any & an & Ay,

0

and by induction on ny it is easy to check that af € Ay < af ¢ Ag. We need
the following

Definition 21.6. A set Z C “2 is a flip set if for all z,w € “2if {n € w |
z(n) # w(n)} is finite, then

(zeZeowelZ) s |{new|z(n) #wn)} is even.

A flip set cannot be measurable nor can have the Baire property (see [?,
5.23, 6.41]). In particular, AD implies that flip sets do not exist. Going back
to Martin’s proof, it is easy to check that

Z={z€“2|af € Ay}
is a flip set, contradicting AD. O

Note that AD was used twice, once to get winning strategies for I in the
Wadge games, and the second time to obtain a contradiction from the ex-
istence of a flip set. We will now re-prove Theorem 21.5 under the weaker
assumption SLOY + BP, where BP stands for “All sets have the Baire prop-
erty”. BP is needed to obtain the contradiction from the existence of a flip
set. In order to avoid the first use of determinacy in Martin’s proof we need
to prove a preliminary lemma.
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Lemma 21.7. (a) If A <w B then there is A’ =y A such that A’ <;, A and
A <, B.

(b) Assume SLOY and A <w B. Then there is A’ =w A such that
A" <, B and A" <1, =B wia a contraction, i.e., I wins Gp(—-B,A") and
GL(B,A").

Proof. (a) Let ¢ : <“w — <“w be a tame map whose induced function
witnesses A <y B. The set

S={s€<“w|VtCs Ih(p(t)) < h(p(s))}

is the set of all sequences where ¢ properly extends its previous values. The
idea is to replace S with <“w via the standard enumeration (s; | i € w) of
<“w, so that the resulting map will be Lipschitz. Let v : ~“w — <“w be the
continuous map

0 ift=40,
and let G = f, : R — R be its induced function. Let

C={zeR|V¥n h(pe(y(zn))=n}
={zeR|Vn~y(z|n)eS}.

’y(t) = {SkO"rlA o Skp+1 if t = <k07 BRI kn> s

Given a real x € R we can construct, continuously in z, a real F(z) =z € C

such that x = s.(0)11782(1)+1" - if 2 [ n has been defined, let s be of least
length (which exists since ¢ is continuous) such that s.y417 - -~ S.—1)41"8 C
x and lh(¢(s.)+1” " Sz(n—1)4+175)) = n + 1, and set z(n) = the unique

k such that sp.; = s. Clearly C' is closed and G | C' : € — R, z —
8.(0)41"8z(1)41 - - - is Lipschitz. It is easy to check (see e.g. [?, 2.23]) that
there is a Lipschitz 7 : R — C such that 7 | C' is the identity. Let

A =(Gom) 1A,

Then A’ <;, A, and A <w A’ since A = F~1“A’. We are only left to check
that A’ <, B. Since the map ¢ — ¢(v(r(t))) is Lipschitz, its induced
function witnesses A’ <;, B.

(b) If Vn (A £w Bjn)) then, by SLOY, ¥n (B|,; <w —A) hence B <y
—A <w —B: a contradiction. Similarly Vm (A £w ﬂBLmJ) does not hold, so

fix ng,my € w such that A <y B|p,|, 7B|m,)- Fix tame ¢ and 1 such that
fso_l“BLnoJ = A and fw_lu_'BLmoJ = A. Define

C={zeR|VYn min{lh(p(y(z [ n))),th(Y(y(z [ 1))} =n}.
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Arguing as in part (a), C' is closed and fix 7 : R - C, F : R — C and
A" = (Gom) 1“Aas above. Then A’ <y, A via Gom and A <w A’ via F, and
t—= o(y(r(t))) and t = ¢ (y(m(t)) ) witness A’ <p, Bjny) and A’ <1, =B, |,
respectively. Therefore A" <1, B, - B via contractions. ]

Theorem 21.8. Assume BP + SLOY. There is no sequence (A, | n € w)
such that

"'<WA2 <WA1 <W‘A0.

Proof. Using 21.7(b), by induction on n define A], € [A, ]y, such that I wins
GL(A;, Al ) and G (—A], Al ;). We can now apply the Martin-Monk
method of Theorem 21.5 and reach the desired contradiction:

Let oY be I's winning strategy in Gp,(A),, 4], ,), and o;, be I’s winning
strategy in Gp(—A}, Al ,). For any z € “2 let x,, = 27 be the real in the

(n)

n-th row of the following diagram where I uses o5, on the n-th row against

his opponent on the (n + 1)-st row:

i@ 3(0) wo(1) - =g

z
04

Thus 27 is the result of applying o™ to x; ;. Then {z € “2 | 2§ € Ay} is
a flip set, contradicting BP. ]

Exercise 21.9. Assume BP + SLOY + DC(R). Show that < is a well-
founded pre-order on Z(R).

Therefore BP + SLOY + DC(R) implies that the Wadge degrees are es-
sentially well-ordered, each level consisting of a single self-dual degree or of a
non-self-dual pair. Let ||A|l\y be the rank of A in the well-founded pre-order
<w. A degree [A]yy is a successor/limit degree iff || A|ly is a successor/limit
ordinal.

In order to show that above a self-dual degree there is a non-self-dual pair
we need the following tree introduced by Wadge:.

Definition 21.10. For A C R let
T(A) ={se~“w| A, =w A}.

Lemma 21.11. Assume AC,(R) + BP. If A <w —A then T(A) is well-
founded.
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Proof. The proof uses the Martin-Monk method and an idea as in [VWT78,
3.1]—see also [?, 11.31].

Towards a contradiction, let z € [T(A)] and A <w —A. Clearly for
every n € w, IT wins Gw(A|z1n), 7 A|zn)) Via some strategy 7,,, and I wins
GL(A 2], 7 Alzins1)) Via the strategy o, that plays x(n) in the first round
and then copies II’s moves. Let 7 be IT's copying strategy, i.e., 7(s) = the
last element of s. We are now going to apply the Martin-Monk method.
The basic idea is to pit 7 against the 7,,’s so that a flip set is constructed,
contradicting BP. The problem is that 7 and 7,, are strategies for 11, while we
need strategies for I in order to start the filling-in procedure of the Martin—
Monk diagram. This is where the o,,’s come into the picture: an increasing
sequence of natural numbers 0 = My < M; < My < --- is defined so that
My +1 < Mgy and on the M-th row II plays using either 7 or 7, for some
n, and on the m-th row with m ¢ {M | k € w} I plays using o,, for an
appropriate n. More precisely, letting (N; | j € w) be the enumeration of
w\{ M | k € w}

- on the Mj-th row II is playing G (A|z}i|, 7A|2}4)) using 7; or 7, where

- on the Nj-th row I is playing Gr(A |21, 7 A|1j+1)) using o;.

E.g., if the first few M}’s are (0,3,5,...), then the table below summarizes
the games and strategies used.

Row Game Strategy
MO =0 Gw<A, _\A) T Oor Tp
No=1 GL(A7 ﬂAmlj) 00

Ny =2 | Gu(Aen), ~App2)) o1

M1 =3 Gw(ALﬂQJ,_'ALx[QJ) T Or To

Ny =4 | Gr(Az2), ~Alzis)) o)

MQ =5 GW(ALJUW’J’ _‘AL:(:[?)J) T Or T3

N3 =6 | GL(Az13), 2Alz)a)) o3




21. SLOY AND THE STRUCTURE OF THE WADGE HIERARCHY 107

The choice of using 7 versus 7; on the M;-th row, where 7 is such that
M + 1 = N,;, will be given by z(k) where z € “2: 7 will be used when
z(k) = 0, and 7; will be used when z(k) = 1. For example, if the first few
My’s are, as before, (0,3,5,...) and z = (0,1,1,0,...) then the strategies
in the Martin-Monk diagram are: (7, 0¢, 01, T2, 09, 73,03, ...). Since 7 is the
copying strategy, for any s € <“w, 7’s response to s is a sequence of the
same length as s, that is 1h((s * 7)) = lh(s). On the other hand, the
T»’s might pass, so it can happen that 7,’s response to s is a sequence of
shorter length, 1h((s * 7,)1) < lh(s). Therefore the My’s are to be taken
sparse enough so that the filling-in procedure does not come to a grinding
halt. Suppose (M | k < n) has been defined, and suppose that for every
s € ™12 the finite diagram with M,-many rows and with 7 is used on
the Mj-th row when s(k) = 0, has the first n entries of the 0-th row are
filled-in. Fix any s € ""'2. Suppose the M, + 1-st row is filled-in with
(x(m +14) | m € w), where ¢ is such that N; = M,, + 1. Then the 0-th
row is completely determined, so by continuity of the strategies there is a
j = j(s) > 0 such that (z(i),z(i+1),...z(i + j — 1)) is enough to fill-in the
first n + 1 entries of the O-th row. Therefore if the o’s are used in the rows
M, +1,..., M, + j, then the first n + 1 entries of the 0-th row are filled-in.
Let

M, 41 =sup{M, +j(s)+1|se"2}.

By construction, for any s € "*!2 the finite diagram with M, ;-many rows
and with 7 used on the My-th row when s(k) = 1 has the first n+1 entries of
the 0-th row filled-in, and therefore for any z € “2 the Martin-Monk diagram
relative to z can be filled-in. Arguing as in Theorem 21.5, {z € “2 | the real
in the 0-th row of the Martin—-Monk diagram relative to z is in A} is a flip
set, contradicting BP. O

Lemma 21.11 admits a converse. Given (4,, | n € w), then Vm (4,, <w @,, A»)
and if Vm (A, <w C) then II wins Gw (D, An,C): if I plays ng then II
passes and then applies the winning strategy witnessing A,,, <w C. In par-
ticular if A,, <w €, A, for each m, then by SLOY Vm (=4,, <w @, A,)

hence
_'@An = @ﬁAn SW @Ana

ie., @, A, is Wadge self-dual. Therefore if A is a <y-least upper bound of
A, <w A (ie., A, <w Aforall n, and there is no C such that Vn (4, <w C <w A))
then A =w ,, A, is Wadge self-dual.

Lemma 21.12. Assume SLOY. If A is Wadge non-self-dual then T(A) is
pruned and therefore ill-founded.
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Proof. Suppose s € tn(T'(A)). Then
Als~imy) <w Al = D Aoy

and clearly A is the <w-least upper bound of the A -, ’s. Therefore
A =w A, is Wadge self-dual. O

Corollary 21.13. Assume SLOY. A is Wadge self-dual iff there is a parti-
tion of R into clopen sets R =, Dy, such that Vn (AN D, <w A).

Proof. If T(A) is well-founded then

A= Ag= U NnA.
s€dT(A) 5€0T(A)

Since (IN; | s € 0T'(A)) is a clopen partition of R we are done.
Conversely, suppose (D,, | n € w) be a partition of R into clopen sets such
that AN D, <w A. By SLOY AN D, <w —A via some f,, hence A < —A

via J,, fn | Dn. O

We can now show that immediately above a self-dual degree there is a
non-self-dual pair. Suppose [A]y, <w [Bly are both self-dual and let s €
tn(T'(B)), which exists by the well-foundedness of T'(B). IfVn (Bjs~ ) <w A)
then B <w A, which is absurd, so dng (A <W Bls~(ng)] <w BLSJ). Thus
[B]y cannot be the immediate successor of [A]y, and therefore immediately
above a self-dual degree there is a non-self-dual pair.

We have already seen that if [A]y, is the least upper bound of an increasing
w sequence of degrees then it is self-dual. Conversely, if [A]y, is limit and
self-dual, then A = @, or(a) Als), and [A]yy is the <w-least upper bound of
{Af5) | s € 0T(A)}. Since T'(A) is countable, cof(||Ally) = w.

Therefore BP + SLOY + DC(R) yield the usual picture for the Wadge
hierarchy: at levels of countable cofinality there is a single self-dual degree,
at levels of uncountable cofinality there is a non-self-dual pair.

\ cofT:w | \ cofT>w |

Exercise 21.14. If s~ A <j, B for some s € <“w\ {0}, then I wins G,(—B, A),
i.e., A is reducible to B via a contraction.
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Exercise 21.15. Show that if Resy(—B) # 0) then IT wins Gw (A, B) for any
A € Diff(2; I19).

Conclude that A(Diff(2;I19)) \ (ITY U X9) is the <w successor of (IT{ \
30 $O\IIY) and the <w predecessor of (Diff(2; T19)\ Diff (2; IIY), Diff (2; I19)\
Diff (2; T19)).

Exercise 21.16. Assume SLOW.

(i) Show that if [A]y is self-dual then [A @ —A]yy, is the immediate suc-
cessor of ([Aly, ["A]w)-

(ii) Show that [Ag & (A1 @ - - - (An—1 B Ap) - -+ )]y is the least upper bound
of [Aolyws - -+ [Anlw-

Lemma 77 admits a converse.

Lemma 21.17. Assume SLOY.
(a) If T(A) is well-founded then A =w —A.
(b) If [Aly is self-dual and limit then it is a join-degree, i.e., it is the

least upper bound of an w-sequence [Bylw <w [Bilyw <w - -

Proof. (a) Replacing A with A} with s € tnT(A), we may assume that
T(A) = {0}. Then Vn (ALnJ <w A) hence by SLOW, Vn (AULJ <w ﬂA) and
therefore A = @n ALnJ SW -A.

(b) As before we may assume T'(A) = {0} so that Vn (A[,] <w A) and we
can take B, = Ag®---®A,. B, <w A, since [A],y is limit, and if the [B,]ys
were bounded by [C]y, <w [A]ly, then A = @, A, <w P, B, <w C, a
contradiction. Lastly, by thinning-down the sequence of the B,’s we may
assume that they are strictly increasing. [

Exercise 21.18. For A C R let (Res,(A) | @ < wi) be the sequence of sets
defined by:

Resp(A) = A
Res,(A) = AN (1] Cl(Resg(—A)) .

B<a

(i) Show that

a < = Res,(A) D Resg(A),
Resat1(A) = X NClL(Resq(—A4)),
Resy(A) = m Res, (A) (A limit),

a<

Resa(A) = 0 = Resqq1(—A4) = 0.
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Thus, for example,

Resi(A) = ANCl(—-A)
={aec A|3b,|new)e“(—A) limb, = a}

is the set of points in A which are limit of points in —A, and Ress(A) is the
set of points in A which are limit of points in =A which are limit of points
in A. Resy(A) is sometimes called, after Hausdorff, the first residue of A.

(ii) Show that
A€ X < Res;(A) = ()

and that if Resy(A) = () then —A N CI(A) is closed, and therefore A €
Diff (2; T19). Conversely show that for U,V open sets Res(U \ V) = () and

therefore
A € Diff(2; TIY) < Resy(A4) = 0.

Conclude that if A € A(Diff(2; 1)) then
Vee Rdk e w (Amkj is open or closed) )

(The converse implication will be proved in 23.7.)
(iii) Show that if Resg,(A) = 0 then

A= Cl(Resys(A)) \ Cl(Resps1(—A)) € Diff (205 119)

B<a

and that if Resyay1(A) = () then
=A = | J Cl(Resys(=4)) \ Cl(Resps1(A)) € Diff (20 + L;TI9)

BLa
Therefore
{ACR|3a <w Res,(4) =0} CAY.
(The other inclusion will be proved in 23.3.)
(iv) Show that 2 € Res, (A) implies (z(n+1) | i € w) € Resq(Azm)) # 0.

22 Operations on the Degrees

This and the next section are devoted to the detailed analysis of the Wadge
hierarchy. They safely can (and probably should) be skipped on first reading.
We will develop the theory under BP + AD". The assumption that all sets
have the property of Baire (or even that there are no flip sets) comes from
the Martin—-Monk theorem ?? and the Steel-Van Wesep theorem ?77.



22. OPERATIONS ON THE DEGREES 111

22.A The Next Non-Self-Dual Pair

We have seen how the maps

A Ap-A
<An|n€w)H@An

allow us to construct the immediate successor of a non-self-dual degree, and
the supremum of an w-sequence of degrees. There is a uniform way to con-
struct from a self-dual A a pair of non-self-dual sets immediately above A.

Definition 22.1. Let TV be the tree {0™ | n € w} given by the initial
segments of 0. For A C R let
A” = S(A;TY)
= U 0 (m +1)"A

and

A° = S(A;TY) U [T
= A" U {0}

Exercise 22.2. Show that:
(i) A <w A", A°,

(i) if A <w B (or A <p, B) then AY <w B" and A° <w B° (respectively:
AY SL BY and A° SL Bo),

(iii) AV =w AY and A =y A°.

By (ii) we can define the operations ¥ and ° on the Wadge degrees by
letting [A]yy = [A"]y and [A]y, = [A°]y, and similarly for the Lipschitz

degrees.

Proposition 22.3. Assume BP+AD". Suppose A is self-dual. Then ([A"]y, [A°]y)
is the least non-self-dual pair above [A]y,.

Proof. We first show that A <y A" and that A° £w A" and AY £y A°. By
22.2(i) II has a winning strategy in Gw(A, AY) so it is enough to show that
IT does not have a winning strategy in Gw(A", A). Towards a contradiction
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let 7 be a winning strategy for IT and let n be least such that 7’s response
to 00 is in 9T (A), i.e.,

(O(H) * 7')11 =S Ec OT(A) .

Thus
AV = AFQ(n)J <w A'_SJ <w A7

a contradiction. Therefore A <w AV.

The proof that no strategy 7 for II in Gw(A", A°) can be winning is
analogous. If 0% 7 = 0 then IT would lose since 0 € A° \ AV, so let n be least
such that 7(0() = m # 0. Then I's position is 0™ while II’s position is
0% ~(m) with k < n. Then

A" = Ao SW Al ~ gy = A

which is impossible.

Similarly A° £w A",

Therefore ([A"]y, [A°]yy) is a non-self-dual pair above [A]y,. We now
show it is the least such.

Let B be non-self-dual so that by ?? T(B) is pruned, and such that
A<w B.

Claim 22.3.1.

[T(B))N-B#0 = A" </ B
[T(B))NB+#0) = A°<.B

Proof. Suppose b € [T(B)] \ B. Then II wins G1,(A", B) as follows:

As long as I plays 00 then II plays b | n, so that if 0,b are
the final outcome then IT has won. If at some stage I first plays
m # 0 then II still follows b so that after this round I and II
have reached positions 0"~V (m) and b | n, respectively. Then
AFO““”””(m)J = A and By, =L B, since b [ n € T(B) and by
??(c), so II can now use his winning strategy in GL(A, B).

The proof that IT wins G1,(A°, Bjs,)) is analogous. O
This proves that ([AY]y, [A°]y) is the immediate successor of [A]y,. O

We can now give a characterization of the limit non-self-dual sets in terms
of T.
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Proposition 22.4. Assume BP + AD". Let A be non-self-dual. Then
[Al is imit < [T(A)]NA#0 & [T(A)]N-A#D.

Proof. (<=) It is clear that A # ), R, so it is enough to show that [A]; is not
a successor. Let C' <w A be self-dual. Then by Claim 22.3.1 CV,C° <w A
and since CV Zw C°, then CV,C° <w A.

(=) Suppose instead [A],y, is limit and, say, that [T'(A)] € A. Fix an
enumeration (A, | n <w) of {A5 | s ¢ T(A)}. Pick

such that the B,’s are self-dual. This can be done as follows: if A,, is non-
self-dual, let B, = A, & —A,, if A, is self-dual let B,, = A} & A?. Then
B =@, B, <w A,—A is self-dual by ??(iv), and therefore B <w A. Let
C' = B° so that C is non-self-dual, C' <y A and [T'(C)] C C. (Had we
assumed [T'(A)] N A = () we would let C' be BY.) Then II wins G1(A,C) as
follows:

As long as I’s position is in T'(A) then IT enumerates some fixed
c € [T(C)]. (Although irrelevant for the proof, notice that ¢ must
be 0.) If at some round n I reaches a position s € OT'(A) then
IT plays ¢(n): at this point the two positions of the players are s
and ¢ [ n+1and Ajy) <w A and C|¢jpy1) =w C. Since A5 = Ay,
for some k, and Ay <w Bp <w B <w C, then A} <w C, so Il
can now use his winning strategy in Gp,(As, C).

Therefore A <w C, hence A cannot be limit: a contradiction. O

Exercise 22.5. Assume BP + AD".

(i) Show that if A is successor and non-self-dual then A =w AY or A =y
A° depending on whether [T'(A)] € —=A or [T'(A)] € A. Conclude that for B
self-dual BY° =w B° and B°Y =w B".

(ii) Show that for A limit and non-self-dual then A =w AY = A°.

The following diagram summarizes the situation when [B]y; is self-dual
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and cof (|| A|ly) > w:

| )
[BO]W. [A]w
...... [B]w v o [Bo . Bv]w -
[BV]W [ﬁA]W
LV) v

22.B Addition of Degrees

Using the operations A — A", A° and (A4, | n € w) — @, A, it is easy to
construct the next w; degrees above any [A]y,. We will now define the sum
of two sets A + B in such a way that |A+ By = |Allw + 1 + | Bllw:
whenever A is self-dual.

Definition 22.6. (i) For x € “w or x € <“w let
r+1=(x(n)+1]|ne€lh(zx))
and for X CR or X C <“w let

Xt ={z+1|zeX}.

(ii) For A, B C R let
A+B={(s+1)(0)z|s€ “Yw&xre A} UB".
Therefore BT =0 + B.

Exercise 22.7. Show that AO < Al & BO <y B = AO + B(] <L Al —+ Bl7
and similarly for <.

Therefore we can define the addition of two Lipschitz/Wadge de-

grees by
[A] + [B] = [A+ B].

Note that the sum of two degrees is far from being commutative, that is
A+ B #w B+ A. On the other hand part (v) below shows it is associative.
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Exercise 22.8. (i) Show that AY =, A+ and A° =, A+R. Conclude that
(assuming BP + AD") if A is self-dual and B is arbitrary, then A <w A+ B.

(ii) Show that
(A4 B)|s41) = A+ By
and
(At B) sty = 4.
(iii) Show that =(A + B) = =A + —B. In particular, for A self-dual,
(iv) Show that €@, (A + B,) =w A+ (B,, Bn).
(v) Show that (A+ B)4+C =w A+ (B+C).

(vi) Show that ) +0 =0 and R4+ R = R.

(vii) Let C be closed and U be open. Show that () + C' is closed and
R + U is open. Show that if C' # R and U # () then () 4+ U is not open and
R + C is not closed.

Lemma 22.9. Assume BP + AD". For A,B, B’ C R and A self-dual

Proof. (<=) follows from 22.7 so it is enough to prove (=).
Suppose T is a winning strategy for IT in Gw(A+ B, A+ B’). It is enough
to show that II is not the first player to play 0, i.e.,

—3s,t € ““w (r(s+1) = (t+1)7(0))
since then IT wins Gw(B, B’) using 7’ defined by
(s)=ter(s+1)=t+1.

Towards a contradiction suppose 7(s+ 1) = (¢ + 1)7(0), for some s,t € ““w.
Then

A<WA+BLSJ (by 22. 8( ))
—(A+ B (by 22.8(ii)
<w (A4 B') 4+1)~0)] (since 7 is winning)
=A (by 22.8(ii))

a contradiction. O
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The lemma fails if A is non-self-dual—see 22.19. Therefore for A self-dual
the map A — A+ B is <w-preserving. The next result shows that it induces
an isomorphism between the whole collection of Wadge degrees and the ones
above [A]y,. Again 22.19 shows that the assumption that A is self-dual is
crucial.

Lemma 22.10. Assume BP + ADY. Suppose A is self-dual and A <w B.
Then
ACCR(A+C=w B) .

Proof. Let

T = {S € “w | A<W BLSJ}'
T is a tree since ) € T by hypothesis and t C s = B|;] <w By. Also if
n (BLS”WJ <w A) then B|;) <w A, hence T is pruned. Let ¢ : <“w — T be
Lipschitz and such that ¢ | T'=1id, and let f : R — R be the map induced
by ¢ (see 7?). Let C'= f~'“B so that BN [T] = C N [T]. We claim that

IT wins Gw (B, A 4+ C) as follows:

As long as I plays s € T then IT plays s+ 1: if I's play x belongs
to [T] then

reBsrzeBNT=CnT<zs+1€A+C

so IT wins. If at some point I reaches a position s ¢ T, by
SLOY, then B} <w A so II plays 0 and then uses his strategy
in Gw(B|s), A): in this case I's play will be s”z ¢ [T] and II's
play will be (s + 1)7(0)"y so that

ssreBereBeycAs (s+1)7(0)ye A4+ C,
hence II wins.
And here is a winning strategy for II in Gw(A 4+ C, B):

As long as I plays s + 1, then II plays ¢(s): if x + 1,y are the
reals constructed by I and IT then

r+leA+CereCesy=f(r)eB.

Suppose instead there is a first stage when I plays 0. Then
IT plays an extension t € T of p(s) (which exists since T is
pruned) so that the positions of the two players are (s + 1)7(0)
and t € T. Thus A <w By, so that IIT has a winning strategy in
Gw(A, Bjy)). Let II use this strategy.
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]

The following diagram summarizes the behavior of the map C'+— A+ C
with A self-dual. (For the sake of definiteness C' is taken to be non-self-dual.)

° ° ° ° [Clw
° o - [Aly ° °
N\ <
° ° ° ° [A+Cly
° o --- [A]W ° o -.-

Corollary 22.11. Assume BP + AD™ + DC(R) so that the Wadge rank is
defined, and let A be self-dual. Then

A+ Bllw = Al + 1+ 1Bl -

Exercise 22.12. Assume BP + AD" + DC(R). Show that if ||Cy, > w or
|Cllyw = 0 then

[Alw + [Cly = [Aly + [Clyy = [Aly + [Cly -

Notice that DC(R) was used only to state 22.12 in a more compact form,
using the Wadge rank, but can easily be eliminated.

What about B + C' when B is non-self-dual? Exercise 22.19(iii) shows
that for B of limit Wadge rank and small C;, B+C' =w B can hold. By 22.12
if B=w AV or B =w A° and ||C||\y > wor ||C||y = 0then A4-C =w B+C.
The assumption that ||C||\;, > w cannot be removed: if U # R is open then
A+ U <w B+ U, since otherwise by 22.8(v) and 22.9

A4U=w (A+0)+U=w A+ 0 +U)=U=w 0+ U

contradicting 22.8(viii). Yet we will see in 23.20 that if C' is non-self-dual
and 0 < [|C|lyy < w and A is self-dual, then either AY 4 C =w A+ C or
A4+ C=w A+C.

22.C Jumping wi;-many Steps

Iterating the + operation one can construct

A-n:A+...+A
N——

n
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for any n > 0 and therefore by 22.9 we can define [A]y, - n = [A - n],. We
can also set

A.w:@A-(n—Fl):U<n>A(A°(n+1>>v

n

and [A]y, +w = [A - w]y. The definition of multiplication of a degree by
an ordinal can be easily extended to all countable ordinals by letting

[Alw -1 = [Alw

and for 1 < a, A < wy

[Aly - (@ +1) = [Aly - a + [A]y
[Aly - A= sup [Aly + o

where A is limit and o, — A. By ??(iv) the definition of [A]y; -+ A does not
depend on the choice of the «,,’s.

By an argument as in Remark ?7? it can be shown that there is no definable
map (A, a) — A -« such that [A- o]y = [A]y - @

We will now introduce two new operations on sets, A% and A’ such that
([A%w, [A’]y) is the least non-self-dual pair above the [A]y, « a’s, (@ < wy),
when A is self-dual.

Definition 22.13. For ACR

A ={s0)(z+1)|se“w&krecAUAt
and

A =AU{reR|I® z(n)=0}.

A" can be seen as some sort of infinite sum of copies of A, and since

A = A" 4+ A, then it is natural to think of it as A" = --- + A+ A.
Exercise 22.14. Show that for any Ay, A1 C R
Ay <w Af, A

and
Ag <w Ay = A5 <w AL & A <y 4.
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Thus we can define the f and b operations on degrees by setting
[A]W [Au]w and [A]W [Ab]w
Exercise 22.15. (i) Show that for any s € <“w:
reA'e s7(0) x € A
e s (0)ze A
b i
A ~0)] = =A
A" o = A

(ii) Show that A% =y A% and A” = A”.

(iii) Show that [A]y + a <w [A%]yw, [4"]y, for any self-dual A C R and
any 1 < a < ws.
Theorem 22.16. Assume BP + AD". For A self-dual ([A%]y, [A’]y) is the
least non-self-dual pair above the [Aly, - o’s, (1 < o < wy), and therefore,

assuming DC(R),

14% |l = 14| = 1Al « w1 -

hw = 114l

Proof. We first show that B € ;. ., [Alw - & B <w AR AP, One

direction follows from 22.15(iii) so it is enough to prove that B <y A% A’
implies that B € U,<,.,, [Alw - @ We need the following

Lemma 22.17. Assume BP+AD". For any A, B C R, if B <w A!, A® then
there is a winning strateqy T for Il in Gyw (B, A%) such that any play for 11
according to T belongs to R* = {x € R | ¥*®°n x(n) # 0}.

Proof. Let 75,71 be II's winning strategies for Gw(B, A") and Gw(B, A%),
respectively. The plan is to use alternatively 7y or 71, switching each time
the strategy being used requires to play a 0. We dove-tail 7y and 7 as follows:
for any s € <“w let ug, ..., u,,vg, ..., v, € ““w be such that

(s*70)mm = (ug + 1)7(0)" - 7(0) " (u,, + 1)
and
(s* 7 )= (vo+1)7(0)" - 7(0)" (v, + 1)
then let
(s#7)m = ((uo +1)7(0)" (vo 4 1)7(0)™ -+ - ~(0) " (ug +1)"(0)"(vg + 1)) [ Ih(s)

where k = min(n, m). It is easy to check that this defines a strategy for II.
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Claim 22.17.1. V2 € R ((z * 7)1 € RY).
Proof. Deny. Let x € R be such that (z * 7)ip ¢ RY, that is

(1) I*n 19(x [n)=0
and
(2) I*n m(x[n)=0.

Then by (1) (z % 7o) ¢ A hence ¢ B and by (2) (z * 7)) € A® hence
x € B: a contradiction. ]

Let us check that 7 is winning for II in Gy (B, A%). Suppose I plays =
and let y = (z % 7);p be I’s response. Then either

(A) 7 settles on 7y, that is
y = (uo+1)7(0)" (vo+1)7(0)" - -7 (0)" (un+1)7(0) " (va+1)7(0) " (2+1)
where (ug+1)7(0)" -~ (0)(un, + 1)7(0)"(2 + 1) = (z * 7)1, or else
(B) T settles on 74, that is
y = (uo +1)7(0)" (vo + 1)7(0)" -7 {0)" (un + 1)7(0)"(w + 1)
where (vg +1)7(0)" -7 (0)" (vn-1 + 1)7(0)"(w + 1) = (2 * 71)mr

Assume (A) holds, i.e., 7 settles on 79. Then

€ B & (%7 € A (by definition of 79)
&z € A (by 22.15(i))
syc A (by 22.15(i) again)
Case (B) when 7 settles on 7 is completely analogous. O

Let’s go back to the proof of 22.16. For any s € <“w let

(s) the largest ¢ < lh(s) such that s(i) =0,
n(s) =
0, if Vi < 1h(s) (s(i) #0),

and let < be the strict partial order on <“w defined by

s<tesn(s)Ctln(t).
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Fix a strategy 7 as in the Lemma and set
sAt e (s*7)ip < (E* 7)1 -

Then < is a strict partial order on <“w, and it is well-founded, since otherwise

there would be an z € R such that y ¢ R* where y is II's response via 7 to

I playing . We will prove by induction on « that B € [A]y, - (v + 1), where

a= 0.

Suppose o = 0. This corresponds to the case where Vs € <“w (7(s) does not contain any 0).

Then IT wins Gw(B, A) by playing 7(s) — 1, for any s played by I: this is

indeed a winning strategy since if x and y are the reals played this way by I

and IT then

reBey+lecAaeycA.

This proves that B <y A.
Suppose a > 1 and let C € [A]y, - . Consider the following strategy for
IT in the game Gw(B,C + A):

As long as I stays in a position p such that |[p|lq = a then II
plays 7(p). Suppose at some round I reaches a position p such
that ||p||lq < a. Then IT answers 0 and from now on, to any further
move he answers 7,(p”q) + 1, where 7, is a strategy witnessing
By <w C. Such a 7, exists by inductive hypothesis.

Let us check that this strategy is indeed winning for II. Let = and y be the
reals produced by a complete play. If |z [ n||q < « for some n, then let 2’ and
y' be such that x [ n~2’ =z and ((x [ n) *7)°(0)"(y + 1) = y. (Note that
Ih((x | n) * 7) < n is possible since 7 may pass.) Then 2’ € B|,) &y € C
since 7, witnesses B|,| <w C and therefore x € B < y € C + A. If instead
Vn (||z | n||lq = @) then ¥n (7(z | n) # 0) so y € R* hence

reBoycAoy—1lcAdsyeC+A.

Therefore [B]y < [Aly « (a4 1).

Finally, let us show that A% #Zw A°. Otherwise if A" <w A’ then by the
argument above, since A <y A% we should have that [A%], <w [A]ly * @
for some o < wy. Then

[Aly - o <w [A]ly * (@ +1) by 22.8(i)
<w [A%y by 22.15(iii)

hence [A%]y, <w [A%]y: a contradiction. O
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Corollary 22.18. Assume BP4+DC(R)+AD". Let A be self-dual. For every
B such that ||Allyw < ||Bllw < |Ally « w1,

[Bh]w = [Au]w and [Bb]w = [Ab]W'

Proof. Let a be least such that || Bl < ||A|lw « « and let C' € [A]y, - a. By
monotonicity (22.14) A% <w B* <w C% The argument for A” is similar. [J

Exercise 22.19. (i) Show that
R = {z € R | V®n z(n) # 0} € I\ A
and that

0’ ={xeR|3I® x(n) =0} e I3\ AY.

(ii) Show that R = (R @ ())* and (* = (R @ 0)°, §F = 0, R> = R.

(iii) (DC(R)) Show that X9\ AJ and II9 \ A} occupy the w;-th level of
the Wadge hierarchy.

(iv) Show that R%+R? =y R% and therefore VB <y R (R“ + B =y R“).

(v) Show that ([R®]y, [0 ]w), ([R* ]y, [0"*]w),. - -is an increasing se-
quence of non-self-dual pairs of degrees whose Wadge rank (here we assume
DC(R) so that we can talk about Wadge ranks) are w?, w3,. ...

Therefore the map [A]y, — [A]% acts like this

Yy Y (Y
[0lw . — Ry . — [y . —
Rlyw o Pl o [R®]yy .

and the map [A], — [A]%V acts like this

[0]w d [Rh]w * [@bh]w ¢
[R]w d g W)b]w ° e [Rub]w i —
W) W) W)
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22.D Back-track Reducibility

There is a coarser notion of reducibility which is quite useful. It is defined
in terms of games.

Definition 22.20 (Van Wesep). G (A, B) is a game like Gw where I and
IT alternate in playing integers. Just as before IT has the option of passing at
any round (with the proviso that he must play infinitely often, otherwise he
loses), but moreover II has a further advantage: at any round he can back-
track (whence the subscript in Gy;) and erase his moves (but not changing
I’s moves) starting his board anew. The only restriction is that he cannot
backtrack infinitely often, otherwise he loses. Let x be I's play and let y be
the sequence of moves that IT plays after his final back-tracking (if he ever
used this option). Then IT wins Gy (A, B) iff

reAsyeB.

In Exercise 22.50 we will look at similar games where various form of
back-tracking is allowed.
For A, B C R, A is back-track reducible to B, in symbols A <y, B iff

IT has a winning strategy in Gyi(A, B) .
Exercise 22.21. (i) Show that < is reflexive and transitive so that
A= B A< B& B< A
is an equivalence relation. Let [A]y; be the =, equivalence class of A, called

the bt-degree of A.

(ii) Show that A <w B = A <;; B. Conclude that <y is well-founded
on the bt-degrees.

(iii) Show that A <y, B < A <w B% B’.
(iv) Show that if A #,, = A and then [A],, = [A]y.
(v) Show that if A =w @,, A, and Vn (A4, =, ~A4,) then A =, A,

By (ii) each bt-degree is union of Wadge degrees and [Aly, 2 [A]y, and
(iii) implies that [A]y, D [A]yy for A self-dual. As with the Wadge degrees
{0} = [0]pt and {R} = [R]y are at the bottom of the bt-hierarchy. If [A]y,
self-dual i.e., [Ayx = [7A]p then for any B € [A]y such that B =w —-B
the degrees [B%;,; and [B");,; are dual to each other and are minimal above
[A]pt. Therefore above each self-dual bt-degree there is a non-self-dual pair
of bt-degrees, and above each non-self-dual pair of bt-degrees there is a single



124 CHAPTER V. THE SEMI-LINEAR ORDERING PRINCIPLE

self-dual bt-degree. By (v) at limit levels of cofinality w there is a single self-
dual bt-degree. Proposition 22.24 will imply that at levels of uncountable
cofinality there is a non-self-dual pair of bt-degrees, just like in the Wadge
hierarchy. Therefore the bt-hierarchy looks like this:

O O O O O
0 O 0O ceenn. 0 0O cee... 0

O O O O O

T T

In order to analyze the bt-degrees we need the following result. It can be used
to characterize those Wadge degrees that contain homogeneous sets i.e., sets

B which are Wadge-equivalent to any of their localizations, i.e., T'(B) = <“w.

Proposition 22.22 (Van Wesep). Assume BP + AD"“. For A ¢ TI the
following are equivalent.

(1) A £pi —A,

(2) 3B € [A] (T (B) = ~*w),

(3) 3B € [A], (BN [T'(B)] =1 B),
(4) VB e [A]l, (BN [T(B)] =L B).

Proof. (1) = (2): By 22.21(ii) A £w —Aso VB € [A]; = [A]ly (T(B) is pruned )
by ??7. Let o be a winning strategy for I in Gpi(A,—A). Then T =
ran(o) U {0} is a pruned tree so by ?? there is a Lipschitz map f: R — [T]]
such that f | [T] =id. Let also ¢ : <“w — T be the Lipschitz map inducing
f. Let B = f~'“A. Since f is Lipschitz B <;, A, hence in order to prove
that A <y, A it is enough to show (by AD") that B £y, A, i.e., that I wins
GL(B,—A): Asran(o) C [T] and [T] N A C B it is easy to see that o is
winning for I in Gy,(B,—A). Therefore B € [A];. We will show that this B
works, that is that B, =w B for every s € ~“w.

Fix s € “w. As By = B we may assume that lh(s) > 0. Since
B|s) <w B comes for free, by ADY it is enough to show that I has a winning
strategy & in Gw(B|), ~A):

Since ¢(s) € ran(o) let p be a position for IT in Gyt (A, —A) such
that o(s) is o’s answer to p. (Notice that p may contain some
back-tracking or passing.) It is II’s turn to move in this game
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and let’s have him back-track.

v(s)
I © e .- o
th(A,_'A)
1T e .- o bt
—_——
p

Then I using o plays some g € w in Gp(A, —A) and let 25 € w
be such that ¢(s7(z0)) = @(s)"(xg) —such a z, certainly exists
since p(s)~(xg) € T. Define 6(0) = z, i.e., this is I's first move
in Gw(B,—A). From now on we simply copy II's moves from
Gw(B,—A) to Gy (A, = A) and transfer-back I's moves via : if
IT plays yo in Gw(B,—A) let 21 be o’s response to this move in
this game and let z; be such that ¢(s™(z0,21)) = @(s)" (o, x1),

and so on:
I o(s) o Z1 T2
Con(A,~A) / /
IT p~(bt) Yo Y1
I 20 21 %2
Gw(Bs), ~A)
II Yo 1

Thus we end up with reals ¢(s)"z and y in Gy (A, —A), z and y in
Gw(B|s),~A). Notice that ¢(s)"z € [T] and since o is winning

p(s) e AN[T] < y¢-A.
Since f(s"x) = x then
sTzeBey¢-A
that is & is winning for I in Gw(B|,), 2 A).

(3) is obvious.

)
(4) follows from ?7?.

=
=
= (1). Assume (4) so that in particular [T'(A)]N A =1, A. Since
# () then A is non-self-dual by ??. If [A],, were successor then either
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NA=10orelse [T(A)] C A by 22.4 and therefore either A =1, () or

else A =y, [T(A)], contradicting the assumption that A is not closed. Since

¥p € T(A) (T(Ap) =T(A),  and Ay =1 A)

the argument above shows that

(*)

Since —A |, =1, A for any p € T(A), fix 0, a winning strategy for I in
Gw (A N[T(A)p], ~A). Consider the following strategy for Iin G (A, —A):

Vp € T(A) ([T(A)p] € Apy) -

As the play develops we inductively define a sequence of positions
for the two Players (po,qo), (p1,q1),- -, (Pn,qn) With @ = py C
<+ Cppand ) =gy C -+ C gy, such that (qi,...,q,) lists all the
positions where IT back-tracks (i.e., if ¢ is a position of the current
play such that ¢(lh(q) — 1) = bt then ¢ = ¢; for some 1 < i < n.
We will maintain that p; € T'(A) so that A|,,) =w A. Let I follow
o = op, = 0p as long as II does not back-track or o does not
force I out of T'(A). Suppose at some round we are at positions
p € T(A) for I and ¢ for II, but p~(c(q)) ¢ T'(A). Notice that
N,NA = () since otherwise I could defeat o in Gw(AN[T(A)],-A)
by playing the elements of some y € N, N A from this point on.
Then I picks a branch b € [T'(A),] \ A|p) which exists by (x)
above, and follows b from now on. Suppose we reach a round
when II decides to back-track and let p;,q; be the positions of
the players at this round: then in order for I to win it is enough
to show that he has a winning strategy for Gy (A, |, 7A). Since
A =w Ajp,) we can repeat the argument above: I follows o = 0,
until—if ever—either IT back-tracks or o forces us out of T'(A).
And so on.

The following flow-chart gives a dynamic description of o:
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— ggi%\gtaélf Yes,/ Is 0, getting Is T
[T(A)]\ A out of T'(A)? back-tracking?

IsII
No \back-tracking?

Yes

Let us check that this strategy is winning: consider a play according to it
and let n be the latest round when IT did back-track, if this ever happened,
or n = 0 otherwise. Let p = p, be I's position at round n. If o, never
takes us out of T'(A)|,, then we kept on using it forever. Let x and y be
the reals played by I and II after round n. Since o, is winning for I in
Gw (A, ~A) then v € A © ye Asop ™z € A& y € A, hence I wins
Gui(A,—A). If at some round n’ > n, g, forces us out of T'(A) then we follow
abe [T(A)]\ A passing through our (i.e., Player I's) current position p’ 2 p.
Since II does not back-track any more, we stick to b from now until the end
of the game. Since b ¢ A, in order for I to win Gyi(A, 7A) we must check
that y, the real played by II after round n, belongs to —=A. Let ¢ be II's
position at round n': since o, is winning for I in Gw(A,) N [T(A)p)], ~A)
and as 0,(¢") ¢ T(A) then Ny N A =0, since otherwise II could defeat o,
by playing any v’ € N,y N A. Therefore y ¢ A. ]

Exercise 22.23. Assume BP + AD".
(i) Show that if A ¢ IT] and A =, —A then for any C € [A]y

Vs e w3t Dds(t¢T(C)),
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that is <“w \ T'(C) is dense in ““w.

(ii) Let A #p, ~A with A ¢ TIY and let [B]p, be the <pi-successor of [A]y,
and [—Aly. Show that {s € ““w | B|;) <w A V B|,) <w —A} is dense in

<ww.

Proposition 22.24 (Steel). Assume BP + AD". If A is non-self-dual and
VB <w A (Bu <w A) then A fbt —A.

Proof. Tt is enough to show that AN [T(A)] =w A and apply 22.22. Since
AN[T'(A)] <w A follows from A being non-self-dual, we may assume, towards
a contradiction, that A N[T(A)] <w A. If [A],, were the successor of a self-
dual [B]y, then A <w B, contrarily to our assumption, so [A]y, is a limit
degree. Also [A]y, is not a join degree, since otherwise it would be self-dual.
Therefore @,, A, <w A where (A, | n € w) is an enumeration of {A, | s ¢
T(A)}. Thus we can find a B <w A such that Vs ¢ T(A) (Ajs) <w B) and
AN[T(A)] <w B. Since B <y B* and Als) <w B for s ¢ T(A), we can fix
winning strategies for II: 75 in Gw(A N [T(A)], BY) and 75 in Gw(A4, B).
Then II wins Gw (A4, B) as follows:

As long as I's position is inside T'(A) then IT uses 7y. If I ever
moves into a position s ¢ T(A) then II plays 0 and then uses
T, + 1.

Therefore A <w B and since B® <y —A by hypothesis, A <w —A4: a
contradiction. O

Corollary 22.25. Assume BP + AD" + DC(R).

A=A (1Al =0V 36> 0 (1Al = wf & cof(€) £ w)) .

Below is the picture of the bt-hierarchy versus the Wadge hierarchy (a
dot e denotes a Wadge degree and a box O denotes a bt-degree):

(] (] (] (]

(] (] (] (]
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Using Wadge’s analysis of the Borel hierarchy (see §2377), it can be shown
that the sets of Wadge rank wf with £ < w; are exactly the sets in Dy =

Diff (&; T19) \ Diff (&; T19). Therefore the first w; levels of the <y-hierarchy
are:

[@]W D, Do Df
Ap,
[R]w D, Do D¢

22.E The Stretch Operation

Here is another useful operation on sets and degrees.

Definition 22.26. (i) For z,y € R y is the stretch of z iff there is a strictly
increasing f : w — w such that for all m € w

y(m) = {x(n) +1 if f(n)=m

0 otherwise.
Notice that y can be the stretch of at most one real. In this case we say that
x is the unstretch of y.

(ii) For A C R the stretch of A is the set

Astreteh — £, e R | 3z € A(y is a stretch of x)}
Here are the basic properties of the stretch operation.

Exercise 22.27. Assume BP + AD".
(1) A SL Astretch;
(11) Astretch =L (Astretch)stretch.
(lll) Vs € <wiy ((A\_SJ)StrEtCh — (Astretch)\_s+1j);
(iv) Astreteh ig non-self-dual;

(V) A<, B= Astretch <y, Bstretch
Therefore we can define the stretch operation on the Lipschitz/Wadge
degrees by

[A]i‘ﬁretCh _ [Astretch]L _ [Astretch]w _ [A]i;;emh,

the middle equality being true by (iv).
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(vi) Show that Rs"*h = { € R | 3%°n x(n) # 0} is IT3-complete and

VA € AJ (A # 0= AV is TT)-complete) .

(vii) [T(A)] N A # 0 = [Al" is limit non-self-dual;
viii A + B stretch =y, Astretch + Bstretch.
(vii) (

22.27 yields a complete description of the stretch operation on degrees of
rank < w?. If A= {z € R|V>®n x(n) = 0} € XY\ I then Astetch = {5 ¢
Retreteh | yoon (p(n) # 0 = x(n) = 1)} € Diff(2;T19). More generally, if A €
Diff (n; T13) \ Diff (n; T19), then As**® e Diff(n + 1;TI3) and —A <y, Astretch
(see ??). Since D, = Diff(n;I13) \ Diff(n; II3) occupies the wl-th level of
the Wadge hierarchy (see §23?7), then by 22.4 and part (vii) above, A € D,
implies cof (HAStretChHW) > w and therefore As"*h ¢ D, ;.

In other words the first w degrees of the form [A5**M]  are [@]y, D1, Do, . ..
and their Wadge ranks are 0, wy,w?, . ... And this is how the stretch operator
acts on the first wy degrees:

Yy ) ()
0]y ° — D, ° — Dy ° .
[R]y, . D, . D, .

Next we want to see how the stretch operates on a degree [A]y, which is the
upper bound of stretched degrees. If cof(||Al|yy) = w then A <y ASTeh by
22.27(iv) and in fact HAStretChHW is an immediate successor of || Ay

Proposition 22.28 (Van Wesep). Assume BP4+AD". Suppose A is self-dual
and VB (B <w A = Bs"eth <\ A). Then

(a) [A]i;/retch _ [A]\VN = [A]W + [@]W
and
(b> YC CR ([A + C]%E]remh _ [A]W + [C]?;/remh>

Proof. We start proving part (a). A <w A5™*N gince A is self-dual and
22.27(iv), hence either AV <y Astreth or else A° <y AS™eh. We prove that
the former holds by showing that IT wins Gp,(AY, Astreteh):

IT plays 0 until, if ever, I plays a non-zero integer: then II plays
0 again and from now on he plays ¢ + 1, where ¢ is I's move.
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In order to show that IT wins Gy (A%"*" AY) keep in mind that T'(A) is
well-founded (77?):

IT plays 0 until, if ever, I reaches a position p of the form
p = 0% (mg + 1)°0*) "~ (my + 1) - 20%) (i, 4 1)

and Aj;] <w A, where s = (my,...,my) € ““w. At this round
IT plays 1, and since (AS7e*h) = (A5))st? by 22.27(iii), from
now on he uses the strategy to reduce (Aj5))**" to A.

Therefore [Aljn"" = [A7] -

Now for (b): If C' = @ then by (a) [A 4 C]yy = [Aln®"" hence by 22.27(ii)
and by @sth = () then

[A+ I = (AT = (Al + [T

If C' # 0 then [CTpr"™ = [0]yy + [CTow""™ by 22.27 (v) and (vii), hence

[Aly + [CI" < [AIw" + [CTre" by 22.7
= ([A]W + [®]W> + [C]igemh by (a)
= [A]y + [CT" by 22.12.

Since the stretch operation commutes with addition the result follows at
once. [

Notice that the appeal to DC(R) in the proof of part (b) could be easily
eliminated at the expense of clarity. Assuming the results in 23?7 the least
A as in 22.28 is of rank wy, e.g. A =6&p, A, with A, € D,41.

Exercise 22.29. Assume AD" and A %, B*"**®. Then I wins Gw(4, B).

22.28 shows that the stretch operation is periodic with period w$ and
enables us to compute A%*M when ||Ally, < w¥ - w; = wiT'. The next
result settles what happens at later stages: if [A]y; is non-self-dual and has
infinitely many <j;-predecessors, then A =y, Astretch,

Proposition 22.30 (Steel). Assume BP+AD". If A #,, —A and A ¢ Diff(<

w; II0) = the smallest Boolean algebra containing I15, then [Aly, = [A]5reteh
Proof. In order to motivate the technicalities that follow, let us see where
the naive attempt to prove the result breaks down. Towards a contradiction,
suppose ASTh ;A and let o be a winning strategy for I in Gy, (A, A).
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We now apply the Martin-Monk method to ¢ and 7, the copying strategy
for II. For any z € “2 let X2 = o if z(n) = 0 and X2 = 7 if z(n) = 1, and
consider the diagram generated by (X? | n € w) and constructed according to
the following rule: take x™*1(z), the real in the n + 1-st row, unstretch it and
feed it into X2 to construct the n-th row 2(z). If z and w differ for exactly
one entry, then H(z) € ASeth o H(w) ¢ Asreth where H : “2 — R
is the map z — 2%(z). Therefore {z € “2 | H(z) € As"*h} is a flip-set,
contradicting the property of Baire. The only problem is that for some z and
n the real 2"71(2) may not be the stretch of anything, that is 27"'(z) = 0
for all sufficiently large 7, so that the diagram does not admit a global play.
As in the proof of 77 we need some “padding” in the Martin—-Monk diagram,
i.e., we need to introduce enough well-behaved strategies that guarantee the
existence of a global play for every z € “2. Here are the details:

Recall from 22.6 that X* = {z + 1 | 2 € X}. Rather than working
with A we shall work with A™ since it is technically more convenient not to
subtract 1 when unstretching a real. Let 7 : <“w — <“w be the map that
erases all 0’s from a sequence, i.e., m()) = () and 7(s7(0)) = 7(s). Therefore
7 induces a continuous function g : Rseteh — R,

By 22.22 we may assume that T(A) = <“w so that T(AT) ={t+ 1|t e
<“w}. IT wins Gp,(AT, A) as follows:

As long as I plays integers of the form n 4+ 1 then II answers n.
Suppose at some round I plays 0, and let p be II's position before

this round. Since A, =w A #R, let x ¢ A|,,|. Then II follows
x from now on.

Since A <;, AT is immediate, we have that A =;, A" and since A is non-self-
dual, so is AT. In other words I wins G,(AT,—A™).

Towards a contradiction suppose that A¥e £, A = A" so fix o a
winning strategy for I in Gy (Astreteh, AT),

Exercise 22.31. (i) Show that for any z € R
o (w+1) € RN = {y | I¥m (y(m) # 0)} .

(i) Show that Vs € T(A") = {t+1 | t € ““w} there is a winning strategy
os for T in Gp(AT,—AT) that always plays non-zero natural numbers (i.e.,
ran(os) C w \ 1) and such that plays s in the first l1h(s) moves, regardless of
II'’s moves.

Also let 7 be the copying strategy for II. We now apply the Martin—-Monk
method. Let (X, | n < w) be a sequence of strategies such that

Vn (Yo € {0 | s € T(AN)} & D941 € {0, 7}) .
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Let also
GL(AtT,—AT)  if nis even,
Gn = Gr(Asteth AT) if ¥ = o,
GL(AT, Astreteh) i 0 =7

so that X, is winning in G,,. The X, s construct together with 7 the following
diagram:

2 20 2 e _ 40
Go, 2o

PR R —

T

e R B — 2
Gi, 2

P R B _ 3

T

T S B
Ga, X

o S _ P

where the vertical arrows represent the application of the = map: if in the

(2n)-th row we have filled-in a sequence (22", ..., z3") then in the (2n —1)-st

row we copy w((z2", ... x2")) = (zg"" ', ..., 27" 1), the subsequence of all
non-zero elements of (¥2",...,x2"). Notice that if (z2",... z2") = Q¢+
then m((z3", ..., 23")) = 0, i.e., we do not copy anything at this point in the
(2n — 1)-st row. Thus if for some n > 0, z°" is definitively equal to 0 then
we cannot complete the (2n — 1)-st row and hence (X, | n € w) does not
admit a global play. If instead 3°m (22" # 0) then z?"*! = g(z*"). Since 7
and the o,’s always yield elements of R™, problems can only occur between
rows with indices of the form 4n + 2 and 4n + 1 and such that X5, = 0.

We will construct (s, | n € w) € “T(AT) such that for any z € “2 the
sequence (X% | n € w) defined by

o, if n =2m,

Yi=<o if n=2m+ 1 and z(m)

T if n =2m+ 1 and z(m)

0,
1

Y

admits a global play, which amounts to say that ¥Yn > 03°m (22" # 0), or
equivalently (by the exercise), that 3°m (22 # 0). Notice that if n is odd
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and X, = o then the (2n)-th and (2n + 1)-st rows in the diagram are

2n 2n _ .2n
I ‘/EO xl ...... =

GL(Astretch, A+), o

11 Ign+1 x%n+1 — x2n—|—1

and z?" € Astreteh o g2t ¢ AT Vice versa is n is odd but X, = 7 then the
(2n)-th and (2n 4 1)-st rows are

II x%n x%n ...... — x2n

GL(A+, 14stretch)7 T

1 a2t 2 _ g2l

and 2" € Asteteh o p2nFl ¢ AT gince 22 = 22" and 22"t = g(2?"1?) €
R+,

Given (s, | n € w) as above we reach a contradiction as in ?7: let
H :“2 - R, z — 2%2z) = the real in the 0th row of the Martin-Monk
diagram when (X7 | n € w) is used. As before H is continuous and H'(A™)
is a flip-set, i.e.,

Aln (z(n) # w(n)) = (H(z) € AT & H(w) ¢ A7),

contradicting ?7. Therefore we are only left to construct the s,’s.
We need the following

Lemma 22.32. Let (X; | i < 2n) be such that X; € {05 | s € T(A")}
if © is even, and X; € {o,7} if i is odd. Then the set of all t such that
(X |1 < 2n)~(oy) admits a finite play with its 0-th row of length at least n
is dense in T(AY), that is to say

Vs e T(AY)Ju e T(AY) (s Cu & Vt € T(AM) (D, f) finite play
for (X; i< 2n) (o) and |[DN {0} x w| >n).

Proof. Let (X; | i < 2n) and s € T'(A™) be as in the hypothesis. It is enough
to show that for some Z € RT N IN,, letting %! = Z, then the reals in the
first 4n — 1 rows "2, "3 .. 2% are defined, since, by continuity, we can
take uw = z | k for k sufficiently large. How do we get such an z? Since
the only possible source of troubles is when Y; = o, we may assume that
{i <2n | X; =0} # () and since the z™’s with larger labels are constructed
first, let (Jo, ..., Ja) be the enumeration of {i < 2n | X; = o} in decreasing
order. We must find an Z € R™ N N, such that the rows z2%, 2?1 .. . z2/m
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are in Rs"eth 5o that the filling-in procedure of the diagram does not come
to a grinding halt. For any z € As*h then g(z) € AT and

(osxg(2)) € AT,
(1) (9(2) * T)r € AT,
(O’ * Q(Z))I ¢ Astretch .

In other words, applying o,’s or 7’s do not change membership in Astreteh
while o does change membership in A5"*®, Using this

7 ¢ A+ N I2J0+1 ¢ A+ PN ZL’2J0 — 0 % J]2J0+1 c Astretch.

So if x ¢ AT = 22/ € Rs¥*th However the converse implication does not
hold since by continuity of  — 22/ it would imply that AT (and hence A)
is IT), contrarily to our hypothesis. Thus we can find Y € N, N A* such
that 220 € Rsteteh for all z € Y, and therefore 22%0~1, ... 22/t are defined.
By (f) again, for z € Y,

= A+ PN $2J0 §é Astretch PN $2J1 c Astretch

2J1—1 ( 2J1) 2J2)

so that x and hence z is defined. Trying to enforce that g(x is
defined presents the same problem again, so that we must find a Y/ C N\ AT
such that for every z € Y” all the rows up to 22’2 are defined. By iterating
the argument M-many times, each time changing our minds on whether or
not T € A", we can determine Z.

The informal argument above can be given a sleeker presentation so that
the real & will be obtained as a play in a game which we now describe.

For every m € w we say that x € R codes a real in the m-th coordinate
iff

Viewdljewdk e w(zk) = (m,{i,7))),

that is {((n),, (n);) | (m,n) € ran(z)} is the graph of a function w — w.
In this case let ¢(zm)(7) be the unique j such that (m, (i, j)) € ran(z). If «
codes ¢(y,m) in the m-th coordinate and ¢, ) € R* then g(c(Lm)) is the real
obtained from ¢y ) by deleting all 0 entries. It is easy to check that

{z € R| g(c(m)) is defined } = {z € R | c(zm) € R} € IT7.

As above, let (Jy, ..., Jy) be the enumeration in decreasing order of {i <
2n | X; = o} and let

B={yeR |3k <M (g(cy,,) is undefined and k is odd & Vi < k (g(c(y.s,)) is defined))} .

Then B is a Boolean combination of IT) sets and hence, by our assumption,
B <w A. Therefore I wins G1,(A",—B). In fact by an argument as before
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we may pick a winning strategy ¢ for I in G(A*,—B) that plays s in the
first 1h(s) moves and such that never plays a 0. The real z we are looking
for will be given by ¢ played against the strategy for II 7 defined as follows:

Suppose p and ¢ represent the positions of I and II at some
round in Gp(A",—=B). If for some ¢ < M there are k,h such
that (J;, (k,h)) ¢ ran(q) and h is in the m-th row and the k-th
column of the partial play of (X; | i < 2n) generated by p, where
m = 2J;+1, i.e., ' = h, then 7 plays the least such (J;, (k, h)).
Otherwise 7 passes, if there is no such a triple.

Let  and 4 be the reals played by ¢ and 7. The following Claim shows that
7y is indeed defined.

Claim 22.32.1. 7 does not pass forever.

Proof. Since 2n >k > Jy = X, # o then 271 2472 . 22/ are defined,
and so is 2270 = g x 22/0*! Therefore by waiting long enough II can always
find triples of the form (Jo, (k, h)) which he has not yet played. O

As ¢ is winning in GL(A",=B), then 7 € At & § € B.

Claim 22.32.2. 7 ¢ AT

Proof. Deny. Then y € B, and if k is least such that g(c,s,)) is un-
defined, that is c¢(ys,) ¢ R then k is odd. As § encodes the rows
g2+l g2h+l - x2Jk1—1in the sense that

Vi <k (C(Q,Ji) = I'QJH_l)

b

then, by (1) and since k is odd,

T = x4n71 c A+ o x2J0+1 — C(?j,Jo) ¢ Astretch

2J1+1 Astretch

=T = C(g,n) €

2Jp_1+1 __ stretch
< = C(H,Jk-1) ¢ A :

Therefore g(c(g,s,_,)), which is defined by the minimality of £, does not belong
to A*. As the o,’s and 7 always yield elements of RT, then z*/+! = ¢ )
is defined and since 2271 = g(c.s,_,)) & AT, then 22+ = ¢(; ;) € Astreteh
and therefore g(c(y.s,)) is defined: a contradiction. O
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Thus z € A" and § ¢ B. Suppose g(c(g,,)) is undefined for some k < M.
If k is the least such, k£ must be even, since otherwise y € B. Arguing as
above

= A+ o C(g,Jo) c Astretch o C(g,Jl) ¢ Astretch VENEN C(ﬂ,Jk,l) gé Astretch’

hence g(cg,7,)) is defined: a contradiction. Therefore g(c(,s,)) is defined for
all £ < M, that is

VE <4n —1 (wk is deﬁned)

and in particular the Oth row x° is defined, and this is what we had to
prove. [

Let’s go back to the proof of 22.30. Suppose the (s; | ¢ < n) has been
defined: considering the 2" many (X, | ¢ < 2n)’s such that Xy, = s; and
Yoir1 € {o,7}, and applying consecutively 2" many times the Lemma we
get a s, such that (X, | i < 2n)~(o,,) admits a finite play with at least 2n
non-zero entries in the Oth row.

This completes the proof of 22.30. ]

Using 22.25 and the fact that any set in Diff(< w;TI5) has Wadge rank
< wy (see §2377) we obtain at once that

HAHW == wf & COf(g) > w = AStretch = A

This result will be generalized in 22.41 to the case when ||A|, = wi - o and
cof(a) > w.

22.F Degree Multiplication

We have seen several ways to construct new sets of higher Wadge rank from
old sets. For example HA“HW = ||A"HW = ||A|ly * w1, for A non-self-dual.
We now introduce a new operation on sets that will allow to take even larger
leaps on the Wadge hierarchy.

Definition 22.33 (Steel). For A, B C R the multiplication of A and B,
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in symbols A - B C R is defined by

re€A-B&[AnIsg, ..., 80, € “w\{0}Jac A
(z=(s0+1)7(0)"(s1+ 1)7(0)" - ~(0) (520 + 1)~ (0)~(a + 1))] V
[An3so, ..., S2011 € “w\ {0} Ty eR
(x=(s0+1)7(0)"(s1 +1)7(0)" - - 7(0) " (Sont1 + 1)"(0) " (y + 1) &
S0 82" -+ Ts9n "y € B)| V
[B(si |i€w) € (*w\ {0})
(@=(s0+1)7(0)"(s1+ 1)7(0)" - {0) (s + 1)7(0)" -+ &
80A82A84A ce- € B)]

The intuition behind this definition is that for any real x not containing
two consecutive 0’s and not starting with 0, i.e.,

z=(50+1)7(0)" (51 +1)7(0)" - -

we can think of x as being entered on two different rows, the s3,’s on the
B-row, the sg,.1’s on the A-row:

B-row s So
A-row $1 S3

with the understanding that if x(m) is definitively non-zero, that is if
2= (so+1)7(0)" - "(sn + 1)7(0)"(y + 1),

then y is recorded on the A-row, if n is even, or on the B-row, if n is odd.
Call an x such that it does not contain two consecutive Os, a product real.
Thus = € A+ B just in case x is a product real and either we write infinitely
often on the B-row and b € B, where b is the real recorded there, or else
from some point on we only write on the A-row and a € A, where a is the
real recorded there from that point on.

Just like with A + B or A% the game Gw(C; A - B) can be given an
alternate description.

Exercise 22.34. For A, B,C C R the game G.(C; A, B) is a Wadge-style
game where I and IT play natural numbers and II has the option of passing
at any stage, but must play infinitely many times. Player II's moves are
recorded on two different rows, the A-row and the B-row. His first move
must be on the B-row, but after that he can flip between the two rows. Let
x be the real played by I. If II plays infinitely often on the B-row (i.e., if he
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flips infinitely often between the two rows or if he eventually settles on the
B-row) let y be the real recorded on it:

| B-row Yoy -+ 5 Yng Yno+1s- - Y0y
A-row 205+ 5 Fmg) Fmo+1s - Fmas

Then IT wins G.(C; A, B) iff
reC&syeB.

If instead after a certain stage II always plays on the A-row let y be the real
on the A-row recorded after this stage:

B-row s Son

1 A-row S1 Yo, Y1, - - -

Then II wins G.(C; A, B) iff
reCeyeA.
Show that G.(C; A, B) is equivalent to Gw(C, A - B).

The following exercise summarizes the main properties of multiplication
which will be used in the sequel.

Exercise 22.35. (1) AO <w A1 & B(] <y, B; = Ag . BO <w Al - B
Thus if B is non-self-dual we can define

[A]W : [B]W = [A : B]W'

(ii) A- ) =w A" and A - R =y A°.

(iii) If B # (), then A- ((0)"B) =w A+ B + A.
Therefore By <p, By in (i) cannot be replaced by By <w Bj.

(iv) A+ (B, B.) =w D, (A- B, + A).

(v) A-Bi=w (A-B)fand A- B’ =y (A - B)’.
(vi) A-(B4+C)=w (A-B)+ (A-C).

(vii) If A and B are self-dual, so is A - B.

(viii) Astreteh <) (). ((0)" A).

The main result on multiplication of sets is the following
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Theorem 22.36 (Steel). Assume BP +AD" 4+ DC(R). Let A be self-dual. If
cof (|| Bllyy) > w then

|A - Bllyw = [|Allw - w1 - [[Bllw -
This result will be proved through a series of lemmata.

Lemma 22.37. Assume BP + AD". For A, B,C C R with A self-dual
A-B<, A-C=B<, C

and

Proof. We shall prove the second implication only (i.e., the case of <yy) since
the other one is similar. Fix a winning strategy 7 for IT in G\ (A - B, A-C).
We will define a winning strategy 7 for II in Gw(B,C) such that if b and
¢ = bx 7 are the reals played by I and IT in this game, then there are reals
x and y = x x 7 played by I and IT in Gw(A - B, A - C) so that b is the
component of z on the B-row and c is the component of y on the C-row.
Here is the definition of 7:

Suppose I plays by, bi,... in G = Gw(B,C). These values are
copied on the B-row of I in § = Gw(A- B,A-C). As long as
T passes or plays cg, cq,... in the C-row, the 7 passes or copies
Co, C1, - .. in Gw (B, C). Suppose we reach a round n — 1 when II
first decides to play in the A-row: then 7 responds with 0 and a;
to b, and b,

I bO? R bn—17 bn7 bn+1
g
11 Coy.-yCpnr—1 —
B-row bO? R bn—17 b?’w bn+1
1
A-row
g
C-row co,...,Cp_1,
11 A-row aq

(Keep in mind that n’ < n since 7 may pass.) 7 passes at round n:
this is denoted by the “—" in the diagram above. If (a;) € T(A)
then 7 passes at this round. Suppose I plays b, 2. If 7 announces
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that he is going to play in the C-row, i.e., 7 plays 0 then 7 passes
this turn and then copies 7’s moves:
B I b07 CRCIRS 7bn—17 bn7 bn+17 bn-i—?a bn+37 C
g
IT Coy- -5 Cnf-1, — - - Crn/
I B-row bo,...,bn-1, bny bny1, bny2, bpys
A-row
g
| C-row co,...,Cp_1, Cotyev s
A-row ay
If instead 7 passes or plays ag in the A-row such that (ay,as) €
T(A) then 7 passes again. And so on. Since A is self-dual T'(A)
is well-founded, hence there is a least ¢ > 0 such that for every
j <i—1, at round n + j the strategy 7 has either passed or has
played a; in the A-row (with j* < j since 7 might have taken
naps) such that (aq,...,a;) € T(A), but at round n + ¢ either
(1) 7 decides to play in the C-row, or else
(2) 7 plays ay in the A-row such that ¢ = {(ay,...,a,) ¢ T(A).
If (1) holds then 7 first passes and then copies 7.
N I bO?"'ybnflu bn; bn+17"'7bn+i717 bn+i7 bn+i+17"'
g
11 COyevvy Cpiely, — s — Cnlyv
I B-row bO?"'abnflu bn; bn+17"'7bn+i717 bn+i7 bn+i+17"'
A-row
g
I C-row  Coy.vvy Cprq, Cots - -
A-row A1y Qi_q,

Otherwise (2) holds: since A;] <w A, let o be a winning strategy
for Iin Gw(A, Ay)) and let Player I use o to obtain values in his
A-row of Gw(A- B, A-C) by pitting ¢ against 7. (In the diagram
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below the output of o is @ = (ag, ay,...) and ayyq is 7’ response
to I playing 0, i.e., having announced his entering the A-row.)

1 B-row bO:"'abn—h bn7 bn+17"'abn+i>
A-row ag, A1, - - -
1 C-row co,...,Cp_1,
A-row A1y« 5 Qpry Qpra1, Ay, Airas, ...

As o is winning, 7’s response cannot always be on the A-row,
since otherwise

acAs (an|m>iY¢Aycad A

which would imply that IT loses this run of Gw(A - B, A - C),
contrarily to the assumption that 7 is winning. Therefore at
some round 7 must decide to switch-back to the C-row; then 7
passes until then, and after that copies 7’s moves on his C-row:

I bo, - -y b1, bny bngr, oy b

11 COy ooy Ciely —tvveer — Cy

I B-row bOy-‘-7bn—1>bn7bn+17~'7bn+z’7
A-row g, @y - - -

I C-row o, ..., Cu—1, Cr
A-row Ay, ..... s gt a1, Qg 42, - - .

The argument can now be repeated.

By construction we have insured that 7 plays infinitely often so we end up
with two reals b, ¢ which are a play of Gw (B, C) and z,y which are a play of
Gw(A-B,A-(C). Since b and ¢ are the components of x and y on the B-row
of I and on the C-row of 11, respectively, and since 7 is winning

beBsreA-BesyceA-Cscel

hence 7 is a winning strategy for IT in Gw (B, C). O
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Exercise 22.38. Assume BP + AD™. Show that if A is self-dual and B is
non-self-dual then

(i) A+ B is non-self-dual and =(A - B) =w A - (-B), and
(ii) A- (B@®-B)=w A- B+ A.

The heart of the proof of 22.36 is the fact that the map B — A+ B is—in
some sense—continuous when A is self-dual.

Lemma 22.39. (AD"+DC(R)) If A is self-dual and B non-self-dual, B # 0,
then
[A - Blly = sup{[|A- Clly | € <w B}.

Proof. ||A- Bl = sup{||A-C|w | C <w B} follows from 22.351 ) so it is
enough to prove by induction on || B[y, the other inequality.

Suppose first ||B||\y is a successor ordinal. Pick C' self-dual such that
[B]yy is the immediate successor of [C]y,. Then either B =w C 4+ 0 or else
B =w C + R. If the former holds, using 22.35

A-B=yw A-(C+0) (by (1))
=wvA-C+A-0 (by (vi))
=w A-C + A" (by (ii))

Analogously, if B =w C +R then A- B =w A-C + A°. In both cases, using
22.35(vil) and 22.16, ||A - Blly = |4« Cllw+ I Allw-wi- I |C' ||, = [|Cl,+«
for some v < wy, then 22.35 (iii) and (iv) imply that ||A - C'|ly, = A« C|lw+
| Al - @, and since [C]y is the union of wy Lipschitz degrees,

sup{[|A - C"lly | €" € [Clyw} = A+ Cllw + [[Ally - w1
Therefore sup{||A -+ C’|lyy | ' <w C} = ||A - Bl|y-

Suppose now || Bl is limit. We distinguish three cases.

o v < [|Blly (1Bl = v-w).

Then by changing v to v + 1 if needed we may assume that there is a self
dual C' of Wadge rank v so that B =w C? or B =w C”. Then using 22.35
(vii) and (v) we see that A - C' is self-dual hence, in either case,

|4 - Blly = [|A - Cllyy - wr.

o v < |[|Blly (1Blly <v-w).
Fix v as above and let £ < w; be least such that ||B||\, < v-&. Since B
is non-self-dual then cof(||B||yy) > w hence £ must be a successor, £ = a+ 1.
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Thus v - o+ f with 8 limit, cof(8) > w, and 8 < v < ||B||\y. Let C be
self-dual of Wadge rank v -« or v-a+ 1, and let D be such that || Dl = f.
Then B=w C+Dand A-B=w A-C+ A-D. Since ||D||y < ||Blly, by
inductive hypothesis
A= Blly =4+ Clly +[|A- Dlly

1A~ Clly + sup{|A- D[l | D <w D}

—sup{| 4+ (C+ D)y | D <y D}

< sup{| A+ Bl | B' < B},

o VW < [|Blly (v-wi <[[Bllw)-

Then || Bl|y, = w§ with cof(€) > w, so by 22.30 and the remarks after its
proof on page 137, Bs"*t = B and (=B)s"*t = —B. Let C' <w A - B.
We must show that C' <y A-D for some D <w B. Since C' <y —(A:B) =w
A - (=B) by 22.38, fix 79, 71 winning strategies for IT in Gw(C, A - B) and
Gw(C, A - (—B)), respectively. Let

Z ={z € R |3 ((x *71)1(j) is entered in the B-row) &
35 ((z * 71)11(j) is entered in the =B-row)}

Exercise 22.40. C' N Z <y B¥™h and C'N Z <y (=B)streteh,

Since (—B)stretch =y —(Bstretehy = —B_ it follows that C' N Z <w B,
so it is enough to show that C' <w A (C'N Z). We will define a winning
strategy 7 for IT in Gw(C, A+ (C'N Z)) such that any play of IT according to
7 is a product real, and if y = (¢ * 7)1 then either

(1) y was entered infinitely often on the CNZ-row, and ¢ is the real recorded
there, i.e., y = (so+1)7(0)"(s1+1)7(0)"--- and ¢ = 50" 59" - - -; or else

(2) from some point on y was only entered on the A-row, i.e.,
y=(s0+1)7(0)" -7 (0) (s2n +1)"(a+ 1)
and for some i € {0,1}, Im < n3tg, ..., tay € ““w \ {0} such that
(c* 7)) = (to +1)7(0)" -+~ (0)" (tom + 1)"(a + 1).
Here is the definition of 7:

Let I play the real ¢ in the three games
G=Gw(C,A-(CN2Z))
Go = Gw(C, A- B)
G, = GW(CaA : (“B)> :
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As long as 7y and 7; pass or enter elements in the B-row and
the = B-row, respectively, when presented with ¢y, cq,.... then 7
simply copies them on the C'NZ-row. If this happens forever then
ce Zsoce (C s ceCnNZ. Sosuppose n is least such that,
say, 7o responds to ¢, with entering the A-row. We temporarily
forget about 71 and G; and concentrate on 75 and Gy. As long as
To keeps on playing on the A-row of Gy then 7 simply copies these
values in the A-row of G:

I Coy---5Cn—15 CnyCnyls---
Go
B-row bo, e 7bn’—17
A-row ag, @y, . . .
I Coy--+5Cn-15 CnyCnyly---

CNZ-row coy...,Cp_1,
A-row ad,al,. ..

11

(As usual n’ < n can happen since 7y may pass.)

Suppose 7y stays in the A-row forever. If (bg,...,b,y_1) # 0 then

ceCseacA (since 7y is winning)
S ((cIn)+1D)0) (@ +1)eA-(CNZ).

If (by,...,bp_1) = 0 then (¢ * 79);r = II’s play in Gy is not a
product real, hence it does not belong to A - B, hence ¢ ¢ C' and
¢ ¢ C N Z. Therefore in either case IT wins G.

Suppose instead 75 comes back to the B-row at some round m >
n. Let so = c | n and s; = (a),...) be the values entered by 7,
in the A-row between rounds n and m — 1. First 7 goes back to

the C'N Z row and there he plays ¢,
I S0 CnyCn+ly---5,Cmy Cmyl
g

I CNZ-row s Cn

A-row S1
and now he turns his attention to 7.

If at round m+1 the strategy 71 is acting (i.e., playing or passing)
in the A-row, then we set sy = (¢,) and have 7 enter the A-row
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of G and copy 7;’s values from round m + 1 on:

I COy-vr v sCmy Cmtls Crmt2y .-
G1
—B-row b, - - -
-TOW ag, G- .-
I COoyevv «vesCmy Cmtly Cmt2y .-
I CNZ-row s S
1
A-row 51 ag, - - -

where s3 = (a}, . ..) are the values played by 7 after round m +
1. Thus we now turn the attention again to 79 and repeat the
argument.

If instead 7, at round m + 1 was already in the —B-row then
we skip the paragraph above and focus the attention on 7y right
away.

If both 79 and 77 are in the B-row and —B-row, then we are in the
same situation as in the beginning of the game, so the arguments
above can be repeated.

And so on: we keep dove-tailing 7y and 77 unless one of the two
settles on its A-row.

It is immediate to check that 7 is winning for IT in Gw(C, A-(CNZ)). O

We are now ready to show that if A is non-self-dual then cof(||B|y,) >
w= [ A- Blly = [Ally - w1 - [ Bllw-

Proof. 22.36 By induction on || B||y.
If || B||yy = wi then either B =w Rf or B =w (. Assume the former.
Then keeping in mind that HAWHW = ||A|l\ - w1 - wr and using 22.35

1A~ Blly = [|A-RY,, (by (1))
= |(A-R)¥|,, (by (v))
= A% (by (ii))

= [|Ally - w1 - 1Bl -

Similarly if B =w (.
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So we may assume that || B||,; > wi. By Cantor’s normal form theorem
1Bl = @i -0+ - - + i -

with & > --- > & and 0 < ng, ..., M < Wr.
Suppose first £ > 0. Then pick C of least possible Lipschitz rank and
such that ||C||y, = wi® - 9. We distinguish two cases:

C is self-dual. Then by 22.10 there is a D such that C + D =w B and
|ID|lw = WS+ oo 4 Wi - s of cofinality > w. By inductive
hypothesis ||A - D|w = [|Allyw - w1 - | D|ly- Fix (v | n < w) increasing
and converging to w$ - 7y such that cof(1,) > wy, and let ||Cy ||y = vn.
Then by inductive hypothesis [|[A+ Cyllywy = [[Allw - w1 - [|Cnllyy, and
@D, C,, =1 C. Thus by 22.35

|A-Clly = || A-ECn (by (1))

W%

= |EP(A- C, + A)

n

(by (iv))

W
=sup{||A-C, + Al | n <w}.

Since A - C), is non-self-dual we cannot apply 22.11 and we only have
[Allw - w1 - [Cally < 1A Cn 4 Allyy
<A Cullw + [[Allw
= [[Ally - w1 - 1Cllw + [1Allw
< Al - wr - G llw
hence

sup{[|A - Cp + Allyy | n < w} = sup{[[Allyy - w1 - [Cullyy [ n < w}
= [ Allw - wr- 1Cllw

and therefore
|A-Blw=1[A-(C+ D)|w (by (i))
= [|[A-Cllyw + [|4- Dl (by (vi))

= Al w1 - [1Cllw + [[Allw - wr - 1Dl
= [l Ally - w1 - 1Bl -
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C' is non-self-dual. As before choose D such that (C @ -C) + D =w B
and || Dl = W 4 -+ 4w ;. Then by 22.38 and the inductive
hypothesis

|4 Blly = [[A-(C & =C)lly + A+ Dlly
A+ C + Ally + Al - w1 - 1Dl

As ||A- CHW <||A-C+ AHW <|A- C”w + HAHW7

|A-C+ A”W + HAHW Ty ||D||W =|A- CHW + ||A||W Twip e ||D||W
= [ Allw - w1 - (IC]lw + IDllw)
= [[Allw w1 - |Bllw -

which is what we had to prove.

So we may assume k = 0, that is
IBlly = wi -7

Since this is an ordinal of uncountable cofinality, n must be a successor
and ¢ either a successor or cof(§) > w. If n = v+ 1 with v > 0, then
|B|ly = wi -7+ wt, we can choose ||Clyy = wi -7 and [|C|ly, = i, and
proceed as before. So we may assume n =1, i.e.,

||B||W = Wi-

If € is a successor, £ = d+1, then choose C' of least Lipschitz degree such that
B =y C%or B =w C” and ||C|yy = wi. If C is non-self-dual then we are
done by 22.35 and the inductive hypothesis, so we may assume C' is self-dual,
i.e., cof(§) = w. Let (v, | n < w) be increasing and cofinal in w? and such
that cof(v,) > w. Pick C, such that ||C,|ly = v» so that @, C, =1 C.
Then again we are done by 22.35 and the inductive hypothesis.

Finally, suppose cof(§) > w. Then by 22.39

[A - Bllw = sup{[|[A- Clly | € <w B}
=sup{[|A- Clly | € <w B & cof([|Clyy) > w}
= sup{[|[Ally - w1 - [[Clly | € <w B & cof([|Cly) > w}
= [l Allw - w1 - 1Bl -

Corollary 22.41. Assume BP + AD" + DC(R).
(a) If || All\y = w1 - |Ally s of uncountable cofinality, then ASTeth =y A.
(b) If | Al = w¥ -« and B <w A then BS"h <y A.
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Proof. (a) Let D be clopen and non-trivial, i.e., D # (), R. By 22.35
AP < - ((0)°A) =w 0- A+ D <wD-A+0.

Then by 22.36, |D - A+ 0|y, < ||Allw + 1 and since A***" is non-self-dual
(22.27) then either Astretch <y A or else Astreth <y —A. The latter is
impossible, since A <y A%l hence A =y Astreteh,

(b) If « is limit, then ||B|ly, < w{ -~ for some v < a. Let C be of
least Lipschitz degree and such that B <w C <w A and ||C||y = wi - 7. If
cof(7) > w then by part (a) Bsteteh <y, Cstreteh = O <y A, so we may
assume cof(y) = w. Let (v, | n € w) be increasing and cofinal in wy{ - 7, and
such that cof(v,,) > w. Choose C, such that ||C,||\y = v». Then @, C,, =1, C
and, as before,

Bstretch éW C«stretch SW D.C 4+ @ =w @(D . Cn + D) + @

where D € AY\ {f,R}. Arguing as in the proof of 22.36

and therefore Bstreteh < A. O

&o-c.+ D)

n

=sup{||D - Cy|ly | n € w} =sup{wi-v, | n € W} <wi-a
W

22.G  Wadge Determinacy and the Semi-Linear-Ordering
Principle

We are now going to prove the equivalence between ADY and AD".
Theorem 22.42. BP + DC(R) + AD" = ADW.
Proof. We will show that

(a) 7A =w B and A is non-self-dual, or

(b) B <w —A.

then I wins Gw(A, B). This implies that every game Gw(A, B) is deter-
mined: if A <y B then IT wins and if A £w B then by sLoW (which follows
from ADY) either (a) or (b) holds, hence I wins. The result will be proved
by induction on (||A|ly , [|B|ly) using Gédel’s well-ordering of Ord x Ord

(e, B) < (7,0) & max(a, f) < max(y,d)V
(max(a,ﬁ) = max(7y,0) & (a, ) <iex (7,5))
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e Suppose (a) holds.

We will show that I wins Gw(A, B). Let’s agree on the following nota-
tion: If ¢ is a sequence of non-zero integers and p’s let ¢ — 1 be the sequence
obtained from ¢ by subtracting 1 whenever possible, i.e., for all i < 1h(q)

D) — q(i) =1 if q(i) € w,
(= 10) {p if (i) =p.

There are four cases:

(1) [A]y is a successor degree.

Then either [T'(A)] C A or else [T'(A)] N A = (. For the sake of defini-
tiveness suppose the former, so that [T'(B)] N B = (). Let I enumerate
some fixed real a € [T'(A)] as long as II plays inside T'(B) or passes. If
IT never plays outside T'(B) then he loses so let’s assume that at some
round we have positions p € T'(A) for I and ¢ € 0T (B) for II. Then
BLQJ <w B =w -A and ALPJ =w A so BLQJ <w A\_PJ‘ By inductive
hypothesis I wins Gw (A, Bg))-

(2) [Alyy is a limit degree and [|Ally, = a - w1, with a < ||A]|yy-

Pick a self-dual C' <w A such that {[C%]y, [C°lw} = {[Alw, [Blw}
for the sake of definitiveness say C? =w A and C* =w B. Since
by ?7?(c) there are Lipschitz reductions C" <, A and C" <, B, any
winning strategy for I in Gw(C?, C) induces a winning strategy for
I in Gw(A,B). Since C <w —C* by 22.16, then (||C?||,, . IC]ly) <
(HCHHW,HC"’”W) hence by inductive hypothesis there is a winning
strategy o for I in Gyw(C?, =C). Then I wins Gy (C%, C”) as follows:

At round 0 I plays o(0) + 1.
If at any round n IT plays O then I plays 0 at round n + 1.

If after having played a 0 II plays non-zero integers or passes
then I applies o to II's inputs —1 as if the game had just
restarted after the 0. In other words if II's true play is

70" (0)"q1~(0)" ... with ¢; € <“({p} Uw \ {0}) then
I o(®) po 0 p 0

IT 0% 0 @ 0

where
i = {U*(Qi_l) if ¢; # 0,

0 otherwise.
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(4)

If IT plays O infinitely often then so does I, and I wins by definition
of C% and C”. Thus we may assume that the play of I is of the form
s7(0)"(z + 1) and that the true play of II is of the form ¢~(0)"z, with
s € Ww, t e “{ptUw), lh(s) =1h(t), z € R, z € “({p} Uw \ {0}),
and x +1 =0 % (2 —1). If z is definitively = p then II loses so we may
assume otherwise. Let y + 1 be the real obtained from z by dropping
all p’s and, similarly, let £ be the sequence obtained from ¢ by deleting
p. Then

s (z+1)eCier+leCieoydC et (0 (y+1)eC.
Therefore T wins Gy (C?, C”).

[A]y is a limit degree and ||A|ly; = @ + w; and (2) does not hold.

Choose A’, B',C with C is non-self-dual, A" =, =B, A =, C + A/,
B =, C+ B, and w; = ||Al||W = ||B/||W < ||C||W < ||A||W By
(2) and by inductive hypothesis I has winning strategies ¢ and 7 for
Gw(A', B') and Gw(C,—C) respectively. It is enough to show that I
wins Gw(C + A", C + B’).

As long as II does not play 0 I can use o against ¢ — 1, where
q is the true position of player II. If at some round n I plays
0 then at round n 4 1 I plays 0 and then switches to 7.

It is immediate to check that this is a winning strategy for I in Gw (C'+
A C+ B).
[A]yy is a limit degree and (2) and (3) fail.

Hence ||A|ly = w{-a with cof(a) > w. Then by 22.41 B =, Bstreth £,
A and we are done by 22.29.

e Suppose now (b) holds. Again we must examine various cases.

(5)

[A]yy is self-dual.

Then I plays along T'(A) until at some point he hits a terminal node
p € tn(T(A)). Then he can play i such that B <w —A|,~. Let ¢
be II’s position at this round. (Note that ¢ = ) is possible, since he

can pass.) In any case B|, <w B, so by inductive hypothesis I wins
Gw (A1) Blg)), and hence I wins Gw (A, B).

[A]yy is non-self-dual and [B]y; is self-dual.

Then I plays in T'(A) as long as II plays in T'(B). Since T'(B) is well-
founded and IT cannot pass forever there is a stage after which the
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positions are p € T'(A) and ¢ € 9T (B). Since B, <w B then, by
inductive hypothesis, there is a winning strategy o in Gw(A||, Blg)),
hence I can follow o from now on.

Therefore we may assume

A and B are non-self-dual.

(7) [Alyy is a successor degree.

Then either A =, CV or else A =y, C° where C is self-dual and ||C|y, +
1 = ||A|ly, say A =1, CV. Then it is enough to show that I wins
Gw(CV, B): Iplays 1 (or any non-zero integer, for that matter) so that
after the first round the two Players are facing the sets CLV1 | = C and
B|q) where lh(g) < 1. In any case, since B <w —C, then B|, <w —~C
so by inductive hypothesis I wins.

(8) [Alyy is a limit degree.

Let C be non-self-dual and such that ||C|ly, = [|B|lyy +2. By (7) I
wins Gw(C, B) via some o, and since C' <y, A ¢’s moves can be copied,
obtaining a winning strategy of I in Gw(A, B).

O

We now turn to the other implications, that is ADY = AD™ and SLO" =
ADY. These are somewhat trickier than 22.42 since the theory in the previous
sections was developed under the assumption of AD, and hence many of the
basic constructions are not immediately available. For example, special care
must be paid when dealing with (non)-self-dual sets, since the equivalence
of the Lipschitz and Wadge version depends on ?? which used AD" in an
essential way. We will develop the theory as much as we can under the
weakest assumption, namely SLOW.

Since the proof of 22.3 used only that T'(A) is well-founded iff [A]y, is
self-dual, then SLOYW implies that immediately above each self-dual [A]y,
there is a non-self-dual pair ([A°]y, [A"]y)-

Lemma 22.43. Assume BP + DC(R) and either SLO" or ADY.

(a) |Allw < |Bllyy = II wins GL(A, B) and ||Ally > || Bllw = I wins
GL(A, B).

(b) If A =w B are non-self-dual then A =y, B.
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Proof. (a) Assume first SLO. If ||Ally, < [|B|ly then =B %L A so, by
SLO™, A <y, B hence II wins G1(A, B). Vice versa, if ||Ally, > || B\ then
(0)"B =w B <w —A so by 21.14 T wins GL(A, B). The argument under
ADY is simpler, since a winning strategy for I in Gy is also winning in the
Lipschitz game.

(b) Since A £w —B and B %£w —A, then A £, =B and B £;, =A. Hence
A =1, B by SLO®. The simpler case under ADY is left to the reader. ]

We can now re-prove the Steel-Van Wesep theorem.

Theorem 22.44 (same as ?7?). Assume BP + DC(R) and either SLO™ or
ADY. Then
ASW_'A:>A§L_|A.

Proof. By induction on ||A|ly - [|T(A)|| let us show that IT wins Gp,(A, ~A).
As long as I plays inside T'(A) then II copies I's moves. When I reaches a
position p~(n) € 0T (A) (and this is bound to happen since T'(A) is well-
founded) then A~y <w A =w A, hence by 22.43(a) I'wins GL(A ), Ajp~my))
via some o. Then II can use o to answer I's moves in G,(A, -A). O

Since the proofs of 22.3 and 22.4 used only that T'(A) is well-founded
when A =w —A, we can conclude, under BP + DC(R) and either SLO" or
ADY | that for A non-self-dual

e [A]yy is a successor degree iff either [T'(A)] € A or else [T'(A)|NA =0,
but not both; and

o [A]y is a limit degree iff [T(A)]N A # 0 and [T(A)] N —A # 0.
Finally:

Theorem 22.45. Assume BP+DC(R) and either SLO* or ADY. Then AD"
holds.

Proof. By induction on (||A||\ .|| Bll\w) we show that if [A],, = [B]yy is self-
dual then

IT(A)| < T(B)|| = II wins GL(4, B)
[T(A)] > T(B)] = T wins GL(A, B).
Since 22.43(a) takes care of the cases when ||Ally, # || By, and 22.43(b)

takes care of the cases when A =y —B are non-self-dual, this will prove the
theorem.

Let o = ||T(A)|| and 8 = | T(B)||. If @ < /8 then II wins G(A, B) as
follows
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As long as I plays so that his position p is inside T'(A) then
IT plays so that his position ¢ is inside T(B) and ||p|lra) <
llg||z(By- Suppose at some round I plays outside T'(A) (and this
is going to happen sooner or later, since T'(A) is well-founded),
say I plays i so that p~(i) € 0T(A), A~ <w Ap) =w A
Let ¢ be II's position before starting this round, i.e., Th(p) =
Ih(¢) and ¢ € T(B). If ||q|lz) > |pllray = 0, then IT can
play a j such that ¢7(j) € T'(B). Then A~ <w Bjg~()|, 80
(|41 llw : [1Bra~611[lw) < (14Tl [1Bllw), hence we are done
by inductive hypothesis.

If instead ||q||z() = ||p||Ta) = 0 we distinguish two cases.

o [Al],; is a limit degree. Then [A], is a join degree and since
Alpl :_eanALp“Wj and B, = B, BL.quH, then IT can
choose j such that Ao <w Blg-g))- Since ([[Ap-g) ||y [[Bla~iy | w)<
(|1 Allw » [ Blly) again we are done by inductive hypothesis.

o [Al],; is a successor degree. Then A =w C @ ~C for some
non-self-dual C'. If ALP“(Z‘)J <w C, since By =w C & -C
then IT can choose j such that B~ =w C, and simi-
larly if A~y <w —C. Again we are done by inductive
hypothesis.

Suppose now « > 3. Then I plays ag such that (ag) € T'(A) and ||{ag)|| >
f. Then both players can switch roles and since T'(—=(A|q))) = T(A)[a)
has rank > 3 we can apply the argument above and conclude that IT wins
GL(B,~(A|4))), hence I wins G1,(A, B). O

Additional Exercises
Exercise 22.46. Assume BP + AD" and let A C R be non-self-dual.
(i) Suppose T is an ill-founded tree on w such that <“w \ T is dense, i.e.,
Vs € “wItDs(te¢T).
Show that S(A;T) =w AY and S(A;T) =w A U [T(A)] =w A°.
(ii) Show that

Be[A")y = [T(B)NB=0,
Be[A], = [T(B)CB.
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Exercise 22.47. For I' and A pointclasses let

V@) ={JW, nAn) | (Un | n <w) €“A& (A | n<w) €T
&Vn<m<wU,NU,=0)}

and let

Similarly

| @) ={UJW. nAn) | (Un | n<w) €“A& (A, | n<w) €“T &

A n
Vn<m <w(U,NU,

0) & | JU. =R}.

Thus, for example, the elements of \/5o(I') are countable disjoint unions of
sets in I each of which is contained in an open set so that these open sets
are pairwise disjoint. If the U,’s form a partition, i.e., |J, U, = R, then
they ‘rnust'be clopen so we simply obtain the pointclass | |oo(I') = [so(I')
described in 77,

(i) Show that if I and A are boldface pointclasses then \/, (T") is a bold-
face pointclass.

(ii) Show that for any A, B C R

B<w A"« Be\[({CCR|C<w A})

=
and
B<w A= Be \{CCR|C <y A}
=
Fix A C R.

(iii) Let F,, = 5,"(0)"(R + 1), and let A, = {u"x | lh(u) = lh(s,) +
1& s,7(0)"(x~1) € A}, where n~m = n—m if n > m and = 0 otherwise,
and (s, | n < w) was defined on page 7?.

Show that A, <w A and that A, N F, = A"N F,, for any n.

(iv) Show that {B | B <w A*} € Vip({B | B <w A}) € Vsu({B |
B <w A}).

(v)
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(vi) Conclude that for any A C R

{BIB<w A} =\/({B|B<wA})=\/({B|B<wA4})

9 =9
and

{B]B<w A} = \({B|B<wA}).

9
Exercise 22.48. Show that

)l <a<f<w = Ay -a< Ay and if A # R0 then
a<f=[Aly-a<[A]y-F

(i) [Aly * (sup, an,) = sup,, [Aly * .
(iil) [Aly - (@ + 8) = [Aly - a + [Aly - 8-
(iv) [Aly - (a- ) = (Al - @) - 5.

Exercise 22.49. We now describe a few Wadge-style games (like Gy) that
model the relations A <y B+ C, A <w B-n, A <w B etc. In all of them
I and IT alternatively play natural numbers x(0), z(1), ... and y(0),y(1),.. .,
and, just like in Gw, II has the option of passing at any round, with the
proviso that if he does not play infinitely often then he loses by default.
Player IT will also have the opportunity at any round to erase his moves and
start his play all over again.

e In G, (A, B,C) Player II can take back his moves at any round, but
can do so at most once. If IT never took back his moves then he wins
iff

reAsyeB.

Suppose instead II erased his moves at round n, that is first he plays
y(0),...,y(n — 1) and then he plays y'(0),3/(1),...: then IT wins iff

reAsy el.

e In G.,(A, B) Player II can erase his board at most n times, so that a
typical play looks like (sq, ..., sk, y) where k < n and s, ..., s € ““w
are his initial plays before he changed his mind. IT wins iff

reAsyeB.
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e G., (A, B) is similar, but IT must play some n € w together with his
first (real, non-passing) move, and then he can take-back his moves at
most n times. Therefore a play of II looks like (n, s, ..., sk, y) where
k<mn,sg,...,s, € “wandy € R. The winning condition is as before.

e In Gy(A, B) II can take-back his moves as many times as he wants—
even infinitely often. If IT erases the board n many times, i.e., his play
is (S0, .., Sn—1,y) then IT wins iff

reAsyeB.
If instead he erases his back infinitely often, then IT wins iff

ré¢A.

e G,(A, B) is similar, but when II takes back his moves infinitely often
then he wins iff

reA.
Show that
IT wins G4+(A,B,C) & A<w B+C,
IT wins G.,(A,B) & A<w B-n,
IT wins G.,(A,B) & A<w B-w,
IT wins Gy(A,B) & A<w B*,
IT wins G,(A,B) & A<w B.

The following exercise asks to develop a division algorithm for degrees
below A°.

Exercise 22.50. Assume ADY. Show that if A is self-dual and B <y A®
then exactly one of the following holds:

L. [Blw < [Alw,
2. [Bly = [Alyw - @, for some 1 < o < wy,

3. [Blw = Alw * o+ [Cly, for some 1 < a < wy and some C' <y A.

Notes and References

Everything in §§A-D and exercises 22.46-22.50 are from [Wad83]. The ma-
terial in §§E-G is from the union of [Ste77] and [VW77|. The material in
§22.G is, to the best of our knowledge, due to the author.
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23 Borel-Wadge degrees

23.A The Structure of A
Recall from 21.18 the definition of Res,(A), and from ?? that A) = [ J

Also for simplicity of notation let
| Diff(o; 1Y) if « is even,
“ | Diff(o; I19) if o is odd.

Diff (o; ITY).

a<wi

Note that D,, is a non-self-dual pointclass.
Lemma 23.1. (AC,(R)) Suppose o < w;y and A, B CR. Then
AeD, & Res,(—B)#0 =A<, B.

Proof. By induction on . If a = 0 then D, = Diff(0; I1{) = {0} so 4 = 0.
Since =B = Resy(—B) # () then B # R so A <y, B.

Suppose a > 0 and assume the result for all 3 < a. We assume first that
a is even and hence D, = Diff(a; I1%). Then

A= (Ca\ Copn)

2v<a
with Cy O C D - - - closed sets, and let

U: U ﬁCYQV_A,_l € 2(1]

2v<a

Pick b € Res,(—B) # 0. Then II wins G1,(A, B) via the following strategy:

IT plays 6(0),b(1), . .. while I plays a(0), a(1), ... until, if ever,
N, € U. If this never happens then II's play will be b. If
instead ng is least such that N, € U let v be least such that
N, C =Cs, 11, were s = a [ n. Then

Ag= |J @\ Cs,., €Diff(2v+ 1L;TIY)
2y<2u+1
where €7 = (C;) . Thus A, € Dy where o/ =2v +1 < a.
Let t = b | ng. By definition of Res,(—B) there is a ¥/ € Resy/(B)

such that t C ¥, and since the “Res” operation is defined in terms
of Boolean and topological operations by ??

Resa (By)) = (Resa (B)) ) # 0.

Therefore by inductive hypothesis II has a winning strategy in
GL(—As,~Byy). Let II follow this strategy from now on in the
game GL(A, B).
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It is easy to check that this is indeed a winning strategy for II.
The case when « is odd is similar: since

A= Co\ Coir,

2v<a
then set
U = U _|C2l/
2v<a
and proceed as before. O

This implies

Proposition 23.2. (AC,(R)) For all @ < wy and B C R the following
conditions are equivalent:

(1) Res,(—B) # 0,
(2) =B ¢ Da,
(3) B is D,-hard.
Proof. (2) = (1) follows from 21.18(iii), and (1) = (3) follows from the

lemma, so it is enough to prove (3) = (2). }

Since Diff (a; I1Y) is non-self-dual (??(iv) ) pick A € D, \D,. Then A <y
B by hypothesis hence =B € D, would imply —=A € D,: a contradiction. [J
Corollary 23.3. {A C R | 3a < w; Res,(4) =0} = AY.
Proof. From 21.18(iii) we already know C. If Voo < wy (Resy(A) # 0) then
A ¢ Uycw, Da, and by ?2(iii) and ?? |J,,,, Do = AJ, so A ¢ AL, O

Proposition 23.4. For any 1 < a < wy and any B C R the following are
equivalent:

(1) V3 < a(Resg(B) # 0 & Resg(—B) # 0),
(2) B¢ UpcoDp and =B ¢ U, Ds,
(3) B is A(D,)-hard.

Proof. (1) < (2) follows by 23.2.
Since Dy # D, for all 5 < a by ?? then (3) = (2).
Suppose B, —B ¢ U6<a Dg. Let A€ DgU f)ﬁ for some 3 < a. By 23.2

0 =Reso(A) = AN [ Cl(Res,(—A))

B<a
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and
0 = Resa(~A) = AN (1] Cl(Resa(A))

B<a

Fix a € R: since either a € A or a € —A, there is a < « such that
a ¢ Cl(Resg(—A)) or a ¢ Cl(Resg(A))
hence there is n such that
N, N Resg(—A) =0 or N, N Resg(A) =10.
Then IT wins Gw (A, B) as follows:
IT passes until I reaches a position a | n such that either N, N
Resg(—A) = 0 or Ny, N Resg(A) = 0 for some f < a. This
means that either Resg(—Aqpn)) = 0 or Resg(Aan)) = 0, which
by 23.2 means that

ALamJ c D@ U f)g .

Since B,=B ¢ |, ., D, then by 23.2 B is Dy UD;s-hard hence II
has a winning strategy in G'w(A|qn), B). Let II use this strategy
in Gw(A, B) from now on.

It is easy to verify that this is a winning strategy for II, hence A <y B.
Since A € A(D,,) was arbitrary this establishes (3). O

Corollary 23.5. (AC,(R)) For any B C R, either B € A or VA €
AY (A <w B).

Proof. If Res,(B) = () for some a < w; then B € A}, so by 23.2 we may
assume that B is D,-hard for any a < wy, which is the same as saying that
VA € A (A <w B). O
Exercise 23.6. (AC,(R)) Show that the only Wadge degrees below AJ are
Diff (o; I)\A(Diff (0 T1)),  Diff(a; TP\A(Diff (o TIY)),  A(Diff (o TIY)) .
Exercise 23.7. (AC,(R)) Show that

A(Diff(2;T19)) = {A C R | Va € R3k (AN N,y is open or closed )}
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7?7 shows that if A € TI7 \ Aj then we cannot prove in ZFC that A is
IT)-hard. We shall see shortly that the pair IT), IT} is—in a sense—the least
potential counterexample to AD", in that if A € TI) and B € £} then either

A<w B V - B<yw A
or
A<w BV B<yw A.

Before we prove this we turn to a generalization (due again to W. Wadge)
of the reducibility <w to pairs of sets:

Definition 23.8. For Ay, Ay, By, B C R
(AOaAl) sep (B0>Bl)
just in case f~[By] 2 Ag and f~![B;] 2 Ay, for some continuous f : R — R.

The intuition behind <, is that Ay and A; are no harder to separate
(i.e., to tell-apart) than By and B; are. The reason why we do not require
f7YBi] = A; (i=0,1) is that even if AyN A; = ByN B; =) and A and A,
may be very complex but lying far apart (and hence easy to separate) while
By and Bj are simpler but tightly entwined (and hence hard to separate).
We shall see that AD implies an AD" principle for pairs of sets

(Ao, A1) <sep (Bo, B1).-

Exercise 23.9. For Ay, A1, By, B1 C R show that
(i) Ao <w By & (A,-A) < (B,~B).
(ii) (Ao, A1) <sep (Bo, B1) < (A1, Ag) <sep (B1, Bo)-
(i) (Ao, A1) <sep (Ao, 7 Ap) and (A, A1) <gep (A1, Ar).
(iv) Ag € By & A; C By = (Ao, A1) <sep (Bo, By).
(v) Ag = A1 =0 = (Ao, A1) <sep (Bo, B).
(V) = By =0 = (Ao, A1) <sep (Bo, B1).
(Vu) <sep 18 reflexive and transitive.

Thus every pair of non-disjoint sets is <qp-maximal and =g,-equivalent
to one another. (Here =, is the equivalence relation induced by <g.)

Exercise 23.10. For Ay, A, By, By € R and I' a boldface pointclass, if
(Ao, A1) <sep (Bo, B1) and By, B; can be separated by a set in I' (i.e., 3C €
I'(By CC & BiNC =0)) then Ay, A; can be separated by a set in T.
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Just like in the case of <y the preorder <, can be characterized in
terms of games.

Definition 23.11. Let Gy, (Ao, A1, Bo, B1) be the game where I plays a, IT
plays b with the understanding that he can “pass” infinitely often as long as
he plays infinitely often, and II wins iff

(a€eAg&beBy) V (€A &beBy) V (a¢ AgUAy) .

If AN Ay = ByN By = 0 then the winning conditions of Ggp can be
expressed via the following table

bGBO 6631 b¢B0UBl
a€ A II I I
ac€ A I II I
ad AgUA; | II I T

Exercise 23.12. Show that in the game Geep(Ao, A1, By, B1) Player IT wins
iff (Ao, Al) Ssep (Bg, Bl), and Player I wins iff (Bl, Bo) Ssep (A(), Al)

Therefore AD implies that
(Ao, A1) <sep (Bo, B1) V (B1, By) <sep (Ao, A1) -
As a simple application let us show the following lemma.
Lemma 23.13. (AC,(R)) For A, B € XY disjoint sets
(A4, B) Sup (B*,0%)
where

E*={x € R|V*n x(n) is even}
O"={z €R|Y*n z(n) is odd} .
Proof. Let A =, [T%,] and B = |, [Ton41], with T,, C T),45 pruned trees.

The IT wins Geep(A, B, E*,O*) by playing at round n the least m such that
aln+1eT,. O

Definition 23.14. A set A C R is guessable iff there are disjoint subsets
Y (for yes) and N (for no) of <“w such that for all a € R

ac€A & dIngVm>ngalmey
a¢ A & dngVm>ngalmeN

The pair (Y, N) is called a pair of guessing sets for A.
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Definition 23.15 (Hausdorff). For A C R let Rm(A) the remainder of A
be the set

Rm(A) = (Am M a (ReshA))) U (ﬂm 1 a (Res(A)))

a<wi a<wi

Lemma 23.16. ANRm(A) and ~ANRm(A) are dense in Rm(A).
Proposition 23.17. If A is guessable and Rm(A) # () then T wins Gw(B, —A).

Proof. Let (Y, N) be guessing sets for A and let z € Rm(B) N B. I wins by
playing z(0), z(1), ... until IT’s sequence is guessed to be in = A. If we reach
such a place then since z [ k has an extension in Rm(B) N B (i.e., z) there is
an extension in Rm(B) N =B, thus let 2’ be such an extension and let I play
2" until IT guesses A. And so on. ]

Proposition 23.18. A is guessable < A € Aj.

Proof. Suppose A is guessable and let Y, N be guessing sets for A. Notice
that N,Y are guessing sets for =A. Then

(A7 _'A> SSep (E*7 O*)

where £* and O* be as in 23.13, since IT wins Gy, (—A, A, E*, O*) by playing
at stage n

0 italn+1eY
1 ifaln+1eN

where a [ n + 1 is I’s play at stage n. Since E*,0* € £) and =4 = f~![E*]
and A = f~1[O*] then A € A).

Conversely suppose A € AS. Since by 23.13 (E*,0%) is complete for
pairs of disjoint 39 sets, then (A4, =A) <.p (E*,0%). Let 7 be II's winning
strategy in Geep(A, —A, E*,O*). Then

Y = {s| 7(s) ends with an even number }
N = {s| 7(s) ends with an odd number }

are guessing sets for A. O]

Proposition 23.19. For any A C R

Ae AV Rm(A)=0.
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Proof. If A € A) and Rm(A) # § then T wins G1(A, A): a contradiction.
Suppose Rm(A) = 0. Let

Y = {s| v < wy (s has an extension in Res,(A), but none in Res,(—A4))}
N = {s| v < w; (s has an extension in Res,(—A), but none in Res,(A))}

]

Proposition 23.20 (Van Wesep). Assume AD" and DC(R). Suppose A is
self-dual and C' is non-self-dual and 0 < |C||yy < wi. Then

C € Diff(n; T19) \ Diff(n; 1) = A" + C =y A+ C

and
C € Diff(n; I19) \ Diff(n; I1I) = AY + C =y A+ C.

Proof. By 22.8(iii) it is enough to prove the result when C € Diff(n; ) \
Diff(n; II%). Let C' = Co\ (Cy \ (---(Cp_1 \ Cp) -+ ), with Co 2 C; D -+- D
C,, = 0 closed and let

DO - _‘O
D2j+1 - CI(DQJ) N C
Dyjio = Cl(Daj11) \ C.

since C' ¢ Diff(n; I19) then D,, # 0. II wins Gy ((A” + 0) + C, A+ C) as
follows:

Pick z,, € D,, and let II play z,, + 1 until, if ever, I plays outside
Ch-1+1, i.e., reaches a position p ¢ T, , + 1, where T¢, _, is the
tree associated to C,_q, i.e., [T, ,] = C,_1. If this happens at
some round k then II chooses x,,_1 € D,,_ such that x,,_; Dz, |
k and now follows x,,_1 + 1 until, if ever, I plays out of C,,_5 + 1.
And so on. If at some stage I plays 0 then II starts playing (if
he is not already doing so) some xy + 1, with xy € Dy = =C": 11
follows xo+ 1 as long as I stays in T'(AY 4 0). If at some round I
reaches a position p ¢ T'(AY + () then (A"),] <w A so II plays
0 and follows a winning strategy for the game Gw ((AY),, A4).
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23.B Generalized Boolean Operations

For every natural boldface pointclasses I' there is a “natural construction
principle” that builds elements of T' from countable sequences of open sets:
for example the map (U, | n < w) — (), U, constructs all ITJ sets, the map
(Un | n <w) = U;N,; Uy constructs all 3.9 sets, while Suslin’s operation
A (see 7?) yields (modulo a bijection between <“w and w) a map “3! — 7.
We need a general definition of “natural construction principle.”

Definition 23.21. (i) Let F : T2(R) - Z(R) and T C L2(I). Then T is
a truth-table for F iff

VAc!PR)\VzcR(ze F(A) e {icl|zcA}YeT).

(i) F : L2(R) — Z(R) is a generalized Boolean [-ary operation
iff it admits a truth-table T C ().
(iii) Let I', A be pointclasses. Then I'is A w-ary Boolean iff 3F (F : “ Z(R) — Z(R))

is a generalized w-ary Boolean operation and I' = F*““A. If A = 2[1) we will
simply say that I' is open-Boolean.

Therefore F is a generalized I-ary Boolean operation just in case the
answer to “z € F(A)” depends only on the answers to “z € A;” fori € I. In
other words: F : TZ(R) — 2 (R) is a generalized Boolean [-ary operation
if VA,Be!2R), Vz,y e R

Viel(zre A(i) e ye B()= (€ F(A) < ye F(B)).

Exercise 23.22. Show that (), A,, U, An, U, N Atnmy are examples of
generalized w-ary Boolean operations. Show that operation A is generalized
<“w-ary Boolean.

If f: 1 — Jis a bijection, then we can copy any generalized [-ary
Boolean operation F : TZ(R) — Z2(R) to a generalized J-ary Boolean
operation G : 7 Z(R) — Z(R) by letting

G({A; 15 €)= F({(App |1 €1)).

Therefore, with a minor blurring of vision, any generalized <“w-ary Boolean
operation (like Suslin’s operation .A) will be considered to be w-ary.

Exercise 23.23. (i) Show that if I' is open w-ary Boolean, then so is I

(ii) Show that if I' is open w-ary Boolean, then I' is a non-self-dual bold-
face pointclass.
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The main point of this section is to prove the converse of this namely:

Theorem 23.24. Assume AD + DC(R). Ewvery non-self-dual boldface point-
class T' is open w-ary Boolean.

Let us prove first a particular case of the theorem.

Lemma 23.25. (DC(R)) Suppose T is non-self-dual of rank < wy, that is
VA e T (JJAlly < wy). Then T is open w-ary Boolean.

Proof. Later. O

We also need the following lemma due to Lon Radin: it says that the
theorem is true for many I'’s.

Lemma 23.26 (Radin). (AD") If [A]ly, = [A0*" then {B C R | B <w A}

1s open w-ary Boolean.

Proof. Let F: ~"“2(R) — Z(R) be defined by
F(Us|sew)={zeR|VnewIlsecw(xelU,) &Iz € AVn e w(x € U,n)}.

It is easy to check that F is <“w-ary (and hence w-ary) generalized Boolean.
Suppose Vs € <“w (U; € XY) and let B = F((U; | s € <“w)). We will show
that B <, Asr*h by exhibiting a winning strategy for IT in Gp,(B, Astreth);

Let I play x(0),z(1),.... II plays 0 until, if ever, a round mq
is reached when Ny, € Up. If this happens then II still keeps
playing 0 until, if ever, a round m; > my is reached when N, ,,, C
U,, for some unique s; € 'w. Then II plays s;(0) + 1. This takes
care of the sequences of length 1. Now II plays 0 until, if ever,
a round my > m is reached when Ny, C U,, for some unique
sy € 2w. Then II plays s3(1) + 1. And so on.

If v € B then x € (), U,p, for some z € A, and since the U’s are open,
Vn 3my, (Nym,, C Usm), so that y, the real constructed by the strategy, is a
stretch of z. Vice versa suppose z ¢ B. If |{s € "w | x € Us}| # 1 for some
n € w, then II plays a sequence eventually equal to 0 hence not in Astreteh  If
Vn3ls € "w (v € Us) then =3z € A(z € (), Usn), hence y ¢ A5t where y
is the real played by IT. Therefore F““X9 C {B C R | B <y Astreteh = A}

On the other hand suppose B = f~![A] for some continuous f. For
s € <*w let Uy = f~'[INy]. Then

Ve € “wVn € wals € "w (z € Us)

and thus clearly B = F((Us | s € ““w)). Therefore {B | B <w A} =
Fees), O
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Proof. 23.25 Let B € T'\ T and let « be largest such that w - o < | Bl If
equality holds then cof(a) > w so by 22.41(a) and 23.26 we are done. Hence
we may assume wi - a < ||B||. Choose A such that

wy-a+1 if cof(a) > w,
umm:{l @

wy -« otherwise.

Then A is self-dual and by 22.10 there is C' such that A + C =w B and
Clly < wt.

Suppose first [|C||y > w. (In fact, since C' is non-self-dual, ||C||y > w.)
Then we have the following:

Claim 23.26.1. T = {(FNU)U(G\U) | F <w A+0 & G <w C & U € X}
Proof. Let F <ww A+ 0, G <w C, and U be open. Fix 75 and 7, winning

strategies for IT in Gw (G, C) and Gw(F, A+ 0), respectively. Then II wins
Gw(FNU)U(G\U),(A+ D)+ C) as follows:

As long as I has not reached a position p such that N, C U (in
other words: as long as I has not entered U), then II follows
7o + 1, that is for any position ¢ of I he plays 79(q) + 1. If T ever
enters U at some round n then II plays 0 and then uses 7, as if
the game just started now:

I Zoy .-y Tp—1 T Tni1 Tni2

IT 70({zo,...,xn_1))+1 0 7 ({xo)) m((x0, 1))

Since ||C|yy > w then (A+0) + C =w A+ C =w B and therefore (F N
U)u(G\U)eT.

For the other inclusion it is enough to show that
A+Cec{(FNU)UG\U)|F<w A+D & G <w C & U XV},
since the collection of sets on the right is obviously a boldface pointclass. Let
F=A4+0,let G={zx|z~1€C}, and let U = {z | In x(n) = 0}. Then

F=FnU and
A+C=A4+0uCt=(FNU)U(G\U),

which is what we had to prove. O]
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Since
(A + @)stretch =w (Astretch)stretch =w Astretch =w A + @

by 22.27(ii), 22.28(a), and 22.41(b), then by Radin’s lemma {F | F <w
A + (0} is open w-ary Boolean, and let F witness this. Using 23.25 then
{G | G <w C1} is also open w-ary Boolean via some G. Then I is open w-ary
Boolean via H, where

H((Un | n € w)) = (F((Uan [ 2 1)) N Up) U(G((Uznta | 0= 0)) \ Vo) -
Suppose now ||Clly, = n < w. Then by §2323.A either C' € Diff (n; IT}) \

Diff (n; 1Y), or else C' € Diff (n; T19) \ Diff (n; I19). By 23.23(i) we may assume
the former. If n = 0 then C' = () and by 22.28(a)

B =w A-|— @ =w Astretch
hence we are done by Radin’s lemma, so we may assume n > 1. Then by
23.20 (A+0) + C =w A+ C hence the Claim holds also in this case and we
are done by the same argument. O]

Additional Exercises

Notes and References

23.23(ii) is due to Addison.

24 Boldface Pointclasses

Recall that a non-empty I' € #(R) is a boldface pointclass if it is down-
ward closed under <. Under AD any non-self-dual boldface pointclass is
of the form {B C R | B <w A} for some non-self-dual [A]y;, and under
AD + DC(R) any self-dual boldface pointclass is of the form 2(*)(R), for
some 0 < a < O.

Exercise 24.1 (Wadge’s Lemma for boldface pointclasses). (AD) Show that
if I', A are boldface pointclasses then I' C A or A CT.

We now investigate some structural properties of pointclasses.
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24.A Separation
Definition 24.2. A pointclass I' has the separation property, Sep(T"), iff
VA BET(ANB=0=3C € Ar(ACC & CNB=10)).
By ?? Sep(X]) and by ?? =Sep(I1;). We will show
Theorem 24.3 (Steel-Van Wesep). (AD) Let I' be a non-self-dual boldface
pointclass. Then exactly one of Sep(I') and Sep(I') holds.
The theorem is a corollary of
Theorem 24.4 (Steel). (AD) Let T be non-self-dual. Then Sep(T') or Sep(T").

and

Theorem 24.5 (Van Wesep). (AD) Let I' be non-self-dual. Then —Sep(I")
or =Sep(T").
Given Ag, A1, By, B1 C R, the separation game G, (Ao, A1, By, B1) is the
game where I plays z, IT plays y, and I wins iff
(yGAo\A1:>IL'EBQ)&(yeAl\A():}IGBl).

*

The next exercise explains the reason for the name GZ,,.

Exercise 24.6. Let Ay, Ay, By, By C R.

(i) Show that if T wins G, (Ao, A1, By, B1) then there is a continuous
f iR — R such that

fTAo\ A1) € By and  f[A; \ Ag] C By.

In particular if AgN A; = ) then f[A;] C B;, for i =0, 1.

(ii) Show that if IT wins G, (Ao, A1, By, B1) then there is a continuous
f iR — AgAA; CR. Moreover if ByNB; = 0 and Ay, A, € T'or Ay, Ay € f‘,
where I is a non-self-dual boldface pointclass, then By, B, are Ap-separable,

that is
HCEAF(BogC&BlﬂC:Q))

Proof. 24.4 Suppose, towards a contradiction, that Ag, Ay € T' and Cy, C €
I’ are Ap-inseparable, i.e.,

AgN Ay =0 & —3D € Ar(A4y C D & A, N D = 0),
Oomol:Q)&_'HDEAF(CogD&ClﬂD:@).

By 24.6 there is a continuous f : R — R such that f[4;] C C;, i € 2. Let
B; = f7[C;]. Therefore
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- Ay C By, A1 € By, and By N By =0,
- Ay, AL €T,
- By, B; €T

Consider the games

gO — G* (A07A1aA1aAO)7

sep

G = G, (Ao, "By, Ao, A1),

sep

gQ = G:ep<A17 ﬁBb Ala AO) .

By 24.6 again, let o; be I's winning strategy in G;, for ¢« € 3. Let also f; be
the continuous function given by ;. Thus

folAo) C A1 & foldi] C
filAdol C Ay & fi[mBo
fQ[Al]gAl & fg[ﬂBl

We will apply the Martin-Monk technique.

For z € “3, ((G.ti),0-(»)) | © € w) admits a global play x(z) as each
Player(c.¢;)) = I. Let x(2); be the i-th row of x(z), i.e., the real on the i-th
row of the global board so that

x(2); = fz(i)(x(z)i-‘rl) .

Let
X={2€“3|x(2)0 ¢ Ao UA;}.

By the definition of the f;’s, it is easy to see that
zeX =>Vnew(x(z), ¢ Ao U A1)
hence if s € "3
sTzeX=>a(s"2)p=x(2)¢ AgUA = 2€ X.

By AD the set X has the property of Baire.
Suppose first X is non-meager. Let s € <“3 be such that X is comeager
in Ny, that is: {z € “3 | sz € X} is comeager. By the remark above

XD2{ze¥3| s z€ X}
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so X is comeager. As =By U —B; = R pick ¢ € 2 such that
Y = {Z - w3 | ZE(Z)O ¢ Bz}

is non-meager. Let z € Y. If i = 0 then fy(x(2)) € A}, and if i = 1 then
fa(z(2)o) € Ap. Therefore

zeY=z((1+1)"2)g € AgU Ay

Let Y = {(i+1)"2z | z € Y'}. Then Y’ is non-meager in N1, hence in “3,
and Y’ N X = (), contradicting the fact that X is comeager.
Suppose now X is meager, i.e.,

X ={z€%3|z(2)p € AgU A1}
is comeager. Pick ¢ € 2 such that
Y ={z€“3]|z(2) € Ai}

is non-meager. Then Y is comeager in Ny, for some s € <“3. By extending
s, if needed, we can assume that s has an even number of 0’s. As f; and fo
map Ap into Ag and A; into Ay, while fo[Ag] C A; and fy[A;] C Ay, it is
easy to check that

x(2) € A; = x(s72)g € A;.

For zeY

therefore {s~(0)"z | z € Y} is non-meager and disjoint from Y which is
comeager: a contradiction. O]

We now turn to Theorem 24.5. Let Sep™(I') be the following assertion:
VA, BeT 3JA B eT(A\BC A & B\ACB & ANB =0).

Theorem 24.5 will follow from the following two lemmata:

Lemma 24.7. (AD) Let T be a non-self-dual pointclass. Then

Sep(I') < —Sep*(I')..
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Lemma 24.8. (AD) Let T' be a non-self-dual pointclass. Then
Sep*(I") V Sep(T)..

Assume, towards a contradiction, that Sep(I') and Sep(I'). The by 24.7
—Sep™(I") and —Sep™(I"), contradicting 24.7. Therefore we will be done once
we prove 24.7 and 24.7.

Proof. 24.7 (<=) Suppose —Sep(T") and let By, By witness this, i.e., By, By €
I, ByNB; =0, and =3C € Ar (By C C & B; N C = ). We must show that

VAo, Ay € T JAL AL €T (Ag\ Ay € AL & A\ Ay C A, & ALn A, =) .

Fix Ay, A; € T and consider the game G* (Ao, Ay, By, By) defined on page

sep
169. By Exercise 24.6 11 cannot have a winning strategy, so by determinacy;,

there is a continuous f : R — R such that
flAc\N A € By and  f[A1\ Ag] € B

Take A = f~[Bo] and A} = f~1[By].

(:>)uSuppose Sep*(f‘). We must find a pair of inseparable I'-sets. Let
AeT\T and let

U = {(zay,z2) | Ll(z) € A},
Vo= {(zay 2) [ £(2) € A}.

Then (U,V) is a universal pair for I, in the sense of 77.

v

By Sep®(I') there are By, By € I such that
- By,Bi CR xR, BynN By =),

- U\V ==V \-U C B,,
-V\U=-U\-V CB;.

Let A; = {z ]| (2,2) € B;} with i € 2. As By and Bj are disjoint, so are A
and Aj, and as z — (z, z) is continuous, then Ay, A; € I'. We will show that
they cannot be separated by a set in Ap. Suppose, towards a contradiction,
that Ag C C and A, NC = for some C € Ar. As =C,C €' let 2,y € R
be such that ~C' = £,'[A] and C = 2,'[A]. Let w =z ®y. Then -C = U,
and C' =V,,.
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wel = (ww)eV\UCHB
= w€A1
= wé¢dl

and

we-C = (ww)eU\V C B,
= UJEAO
= wel

in both cases reaching a contradiction. O

We now turn to 24.7. Let U and V' be a universal pair for I' as in the
proof of 24.7 on page 172. Define the following two games G, and G; on w:
let  be the real played by I and y be the real played by II

II wins iff Gy

(ygUnV) & (xeU\V=2yeV\U) & (teV\U=yecU\V).
IT wins iff G;
(yeUUV) & (zeU\V=2yecU\V) & (zeV\U=yecV\U).
Lemma 24.9. (a) If IT wins Gy then Sep*(T).
(b) If IT wins G, then Sep™(T).

Proof. Suppose 7 is a winning strategy in Gy and let f : R — R be the
induced function. Let U’ = f~[V] and V' = f~U].

Claim 24.9.1. U\V CU, V\NUCV'  and U' NV’ = 0.

Proof. Suppose z € U\ V. Then f(z) e V\U C Vsox e U = f7V].

Similarly V\U C V'. If 2 € U' NV’ then f(xz) € V N U, contradicting the
fact that 7 is winning. ]

Let A, B € I and let a,b € R such that A = = (Upep) = (=U),qp and
B = (Vues) = (V)05 Then

ANB = (AU N\ V), = (VA U) g € (U7 gep
BANA=(=VAU)g, = U\ V)aey, © (V) aa
(U)o N (V)

a®b — a®db

a®bb a®b —
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and (U') ey » (V') gqp € T Therefore Sep*(I).

(b) As in (a) let 7 be a winning strategy for IT in G; and let f: R — R
be the induced function. Let U’ = f~'[=V] and V' = f~![=U]. The proof
proceeds as before. O

Proof. 24.8 By the Lemma and by determinacy it is enough to show that I
cannot win both Gy and G;. Suppose, towards a contradiction, that og and
o1 are winning strategies for I in Gy and Gy, and let fy and f; be the induced
functions. Let y € R and = = fo(y) = 0¢ x y. As 0¢ is winning then

(xeU\V&y¢gV\U) V (zecV\U&ygU\V)V (yeUnNYV)
hence, by a tedious but straightforward computation,

(yeU\V=Ffy eU\V) &
(yeV\U=fly) eV\U) & (ye - (UUV) = f(y) e UAV) .

Similarly for every y € R,

(yeVA\U= fy) eV\U) &
(yeU\V=fyeU\V)& yeUnNV = f(y) e UAV) .

To summarize:
1) folU\V]CUNV and fo[V\U] CV\T,
2) folU\V]CV\U and fo[V\U]CU\V,

(1)
(2)
(3) filUAV] CUAV, fori=0,1,
4) fo[R(UNV)CUAV,

(5)

5 A[UNV]CUAV.

We now apply the Martin-Monk technique. For any z € “2, ((G.;), 0-(;)) |
i € w) admits a global play z(2), as Player(o.;) =1 for all i € w. As usual
x(2); is the real played on the i-th row and x(2); = f.)(2(2)is1)

Claim 24.9.2. {z € “2 | z(z)p € = (UAV)} is meager.

Proof. Suppose the set in question is non-meager. Then it is comeager in
some IN,, with s € <“2, hence

{z€“2|2(s72)g € 2 (UAV)}
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is comeager. Notice that

2(s72)0 = 2(2)mes) = fs0) © -+ © fons)-1)(2(2)o)
so by (3)
z(s72)g € 7" (UAV) = z(2)g € = (UAV)

hence Z = {z € “2 | 2(z)g € =~ (UAV)} is comeager, and therefore {z € “2 |
z(z)p € UAV'} is meager. Then Z = AU B, where

A={zeZ|z(2)eUNV}, B={zeZ|x(z)€e~(UUV)},

so A or B (or both) is non-meager. We will finish the proof of the claim by
showing that both A and B are meager, reaching thus a contradiction.
Assume A is non-meager. By (5)

ze€ A= z((1)"2)o = fi(z(2)e) e UAV

hence {z | z(2)o € UAV'} is non-meager, as it contains (1)~ A: a contradic-
tion.
Similarly if B is non-meager then (4) implies

z€ B=2z({(0)"2) = fo(zx(2)g) € UAV

hence {z | z(z)9 € UAV} is non-meager, as it contains (0)"B: again a
contradiction. O

Therefore C' = {z | 2(z) € UAV} is comeager. Suppose without loss of
generality that {z | z(z) € U \ V} is non-meager, hence comeager in some
N,. Then

D={z|z(s"2)eU\V}
is comeager. Let k = [{i < lh(s) | s(i) = 1}| and recall that x(s"2)y =
fs © -0 fsm-ny(@(2)0)-

If k is odd then by (1) and (2)

2(2)o e U\V = x(s72)p e V\U
z(z)g e VNU=2(s"2)c U\V
so E={z|x(2)o ¢ U\V}iscomeager as ENC D {z | xz(2)o € V\U} 2 D.
But this contradicts our assumption that —FE' is non-meager.
Suppose now k is even. By (1) and (2) again
z(z)g e U\V = a(s"2)c U\V
2(z)o e VU = 2(s"2)g € V\U
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so F={z]|xz(2) ¢V \U} is comeager. By (1) and (2)
zeFNC=az((1)"2)eV\U.

As the map “2 — Ny, z — (1)"z, is a homeomorphism, then {z | z(2)y €
V\U} is comeager in INyy, hence it is non-meager, contradicting the comea-
gerness of F'. This concludes the proof of 24.8. m

The separation property allows to “transfer” closure property of point-
classes from Ar to I

Theorem 24.10 (Kechris—Steel). (AD) Suppose I is non-self-dual and Sep(T")
holds. Let A = Ar.

(a) If A is closed under finite (countable) unions then so is I, that is

Usa)ca=Joncr

for a =2 w.

(b) If A is closed under projections then so is I', and hence I is closed
under co-projections, that is

FACA = (aRrgr&vagr>.

Proof. (a) Let us assume A is closed under countable unions, the finite case
being similar. Towards a contradiction suppose A, € I" and |, A, ¢ T'. Let
B e T'\T. Then |J, A, Zw —B so by Wadge’s Lemma B <w |, 4, via
some f. Then B = f~'|U, A = U, [ '[A.). Each f7'[A,] € T and it is
disjoint from =B € T, hence there are C), € A such that B 2 C,, 2 f~![A,].
Therefore B =, C,, € A, contradicting our choice of B.

(b) Suppose, towards a contradiction, that 3*T'  T'. By Wadge’s Lemma
I' C 3BT, Therefore it is enough to show that any pair of disjoint sets in I*T"
can be separated by a set in A, as this would imply Sep(f‘), contradicting
Sep(T') and 24.4. So let A, B € I*T" with AN B = (). Then

A = {zeR|JyeR(z,y) € P}
B = {reR|3zeR(x,2)e€Q}

for some P,Q € T. Let P',Q" C R3,

Pr= A{(zy,2)
Q" = {(zy,2)

(z,y) € P}

| (z,
| (2,2) € @}
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Then P',Q" € T and P’ N Q" = 0, by the fact that AN B = 0. Let D C R3,
D e A, suchthat P C D & DNQ =0, and let

C = FE’VED
= {z|JyVz (x,y,2) € D}.

Then C' € A since for self-dual pointclasses closure under 3® is equivalent to
closure under V. If x € A then (z,y) € P for some y and hence (z,vy, 2) €
P’" C D for every z, and therefore x € C'. Vice versa if o € BN C then pick
Yo, 20 € R such that (z9, 20) € Q and (z¢,y0) € VED = {(z,y) | Vz (z,y,2) €
D}: then (z9, ¥, 20) € DNQ" = 0, a contradiction. Therefore BNC'=0. O

Theorem 24.11 (Steel). (AD) Let T' be non-self-dual and suppose —=Sep(T").
If T is closed under finite unions then I' is closed under countable unions,

that is
Uz cr=Jwrcr.

Proof. Towards a contradiction, suppose | J(w;T') € T'. By Wadge’s Lemma
241T C U(w;T). Let Ag, Ay € T, AgU A; = 0 and Ar-inseparable. As T is
closed under finite unions =(AoUA4,) € T and therefore =(AgUA;) = U, Ch,
for some C,, € I". Notice that AqU C),, A € T" are also Ar-inseparable so by
24.6 let

09, a winning strategy for I in Ga, = GZ., (Ao U Cy, Ay, Ag, Ar)

Oont1 & winning strategy for I in Go,1 = Gi (Ao U Cy, Ay, Aq, Ao) -

sep

Now apply the Martin-Monk method: as Player(o,,) = Ifor alln, ((G.(n), 02(n)) |
n € w) admits a global play for any z € “w = R. Let 2(z),, be the real on
the n-th row of the Martin-Monk diagram, so that x(2), = f.)(@(2)n+1),
where f; is the function induced by o;. By 24.6

Jan[Ao U Cy) € A fonA1] € A4

fant1[Ao U C,| C Ay fant+1[A1] C A

hence fy,0---0f, ,(z) € AgUA; for any s € *w, any i < 2 and any x € A;,
and

foo--ofg (x)eA; < |{j<k|s;jisodd}| iseven.
As R = AqU A, U, Cy, to reach a contradiction it is enough to show that

{zeR|x(z)p € AgU A1}
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and

{zeR | x(2) € Cp} (n <w)

are meager.

Suppose {z € R | z(z)y € Ag U A1} is non-meager and pick i < 2 and
s € <“w such that {z € R | z(2)y € A;} is comeager in N;. By extending s,
if needed, we may assume that |[{j < k =1h(s) | s; is odd }| is even. Notice
that

z(s"z)0 = fe oo fo, (2(s72)k)
= fso ©---0 fsk—l(x(z)o)

so x(s7z2)g € A; & x(2)9 € A; and therefore X = {z € R | z(2)g € A4;} is
comeager. But

z€X = 2((1)"2)0 = filw(2)o) € A1y,

hence
{zeR|z(z)ge A1} 2(1)" X

is non-meager: a contradiction.
Suppose now M, = {z € R | z(z)y € C,} is non-meager and hence
comeager in some N, with s € *w. If 2(2)y € C,, then fo,(x(2)g) € Ag hence

x<sﬁ<2n>ﬁz)0 = fso ©---0 fSk—l(fQ’n(x(Z)O)) € AO U Al

{zeR|x(2)o ¢ Cp} 2 s (2n)" M,

hence it is comeager in N~ (9,)~5, and therefore non-meager in IN,: a contra-
diction. n

Open problem 24.12 (Steel). Assume AD and suppose I is a non-self-dual
pog’ntcl@ss closed under countable unions and intersections. Does AT C T or
AL CI'?

24.B Reduction
Definition 24.13. A pointclass I' has the reduction property, Red(I"), iff
VA, BeT3A B el (ACA&B CB&AUB=AUB &ANB =0).

We say that the pair (A’, B") reduces the pair (4, B).



24. BOLDFACE POINTCLASSES 179

Exercise 24.14. (i) Show that Unif(T') = Red(T).

(ii) Show that Red(I') = Sep(I'). Therefore under AD, if T is a non-self-
dual pointclass then Red(I') = —Sep(T").

The second part of (ii) can also be proved by quoting 24.1 and using

Proposition 24.15 (Novikov). Suppose I' has a universal set. Then Red(T") =
—Sep(T").

Proof. Deny. Let U C R? be I'-universal and let

A = {(z,y) eR*| (z,y1) € U}

B = {(l’,y)ER2| (:vaII>EU}'
Then A, B € T so there are A’, B’ € T such that A’ C A, B’ C B, and
A" NB" = 1. Suppose A’ C C and B'NC = () for some C' € Ar. Then C is

Ar-universal, contradicting ??(iii): if D € Ar let a,b € R such that D = U,
and =D = Uy, and let d = a @& b. Then

(x,d)e A & (x,a) €U
& velD
= 1'%—\D
& (z,0) ¢ U
& (x,d) ¢ B

so (z,d) € A < (2,d) ¢ B hence x € D & (z,d) € C. O

Y]

Corollary 24.16. (AD) —Red(T") V =Red(T"), for any non-self-dual T".

By Kondo’s theorem ?? then Red(II}), but one can give a direct proof of
this fact.

Theorem 24.17 (Kuratowski). Red(IT;).

Proof. Blackwell Let A, B € II} and let T, U be trees on w X w such that
—A = p[T] and =B = p[U]. For z € R consider the game G, on w where I
plays z, IT plays y and I wins iff In (x [n € U, &y [n ¢ T,).

Exercise 24.18. Show that GG, is a clopen game and hence determined.

Let

A" = {z € A|II does not win G}
B = {z€ B|Idoesnot win G,}.
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Claim 24.18.1. A\BC A" and B\ AC B'".

Proof. Let z € A\ B = p[U] \ p[T]. Then U, is ill-founded while T, is
well-founded so I wins G, by playing any = € [U,]. Therefore z € A’.
The other inclusion is similar. O]

If z€ ANB then z € A’U B’ as otherwise both I and IT would have been
winning strategies for G,. As all G,’s are determined, A" and B’ are disjoint.
Summarizing

ACA&B CB&AUB=AUB &ANB =0.
Moreover

zeA s zeA&VrIndsew((zn,s)eU& (z[n,(sx7)i) ¢ 7T)

J/

I} 0

J/

I
shows that A’ € TI; and similarly B’ € IT;. O

Theorem 24.19 (Steel-Van Wesep). Let I' be non-self-dual such that A =

%

Ar is closed under finite unions. Then Red(I') V Red(T").

Proof. By 24.3 Sep(I") or Sep(I') but not both. Assume for the sake of
definiteness that Sep(I'). By 24.14 or 24.15 —Red(T"), as otherwise Sep(I'),
so we are left to prove Red(I"). Suppose that —Red(I'). We will reach a
contradiction by proving Sep(I'). Let A, B € T' witness —Red(T") and let
C,D €T be disjoint. Consider the game where I and II play = and y and

1T wins iff
ye AUB& (reC=yecA\B) & (re D=yec B\A).
Claim 24.19.1. I does not win this game.

Proof. Let o be a winning strategy for I and let f be the induced function.
Let A’ = f~'[D]N A and B' = f~'[C] N B. By 24.10 J(2;T) C I hence
(2;T) C T and therefore A’, B’ € T'. By construction A’ C A, B C B and
ANB =0. Let y € AUB and let x = f(y): as ¢ is winning then

(xeC&yeB)V (reD &yeA)

so that (y€ fCINB=B') VvV (ye f'[DjNnA=A). In other words
(A’, B') reduces (A, B) contrarily to our assumption. ]
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Therefore II wins and let f be the map induced by the winning strategy.
Then ran(f) C AUB, f[C] € A\ B, and f[D] C B\ A. Let C' = f~![-B] =
fUA\ B] and D' = f'[-A] = f'[B\ A]. Then ¢",D' € T, C C ',
D C D and C'N D’ = 0. By Sep(I') there is an E € A which separates C
from D" and hence C' from D. As C, D are arbitrary disjoint sets in T', this
proves Sep(T"). O

Exercise 24.20. (AD) Show that if I" is non-self-dual then
()(%T) €T & Sep(T') = Red(T).
The next result shows that there are plenty of non-self-dual boldface

pointclasses T for which reduction fails for T’ and I'. In order to state it in a
convenient form we need the notion of backtrack reducibility—see 22.20.

Theorem 24.21 (Van Wesep). Assume ADY. Suppose A #,, —A, A ¢
{0,R}, and let B be non-self-dual such that [Bly is the <p-successor of
[Alpy and [~ A]y. Let

r={CCR|C<w B}
and

I'={CCR|C <y B}.
Then reduction fails for T' and T', that is —Red(T") & ﬁRed(f‘).

Proof. Let A ={C CR | C <w A}. By 24.14 reduction must fail for A or
A, say —Red(A). Let

C={zpy|xzecA}
and
D={zdy|yeA}.

We shall prove that the pair (C, D) cannot be reduced by a pair of sets in I’
nor by a pair of sets in I'.

Claim 24.21.1. (C, D) cannot be reduced by a pair of sets in AU A.
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Proof. Towards a contradiction, let (C*, D*) be a pair of sets in A U A re-
ducing (C, D). If C*,D* <w A then for any C', D’ <w A pick contin-
uous functions f and g such that ¢’ = f~![A] and D' = g~ '[A] and let
h(z) = (f(z),g(z)). Then (h=[C*],h~[D*]) reduces (C’, D’), contradict-
ing —Red(A). Therefore at least one among C* and D* is not in A, say
C* e A\ A. Pick yy ¢ A —here is where ) C A C R is used. Then

r€EA=20Yy eC&xdye¢ D=xrPy € C*

that is to say: the map x — x @y witnesses A <y C* and therefore A C A:
a contradiction. O

By 22.22 we may assume T'(A) = <“w and thus Vs € ““w (CLSJ =w C & D5 =w D).
Therefore by the arguments above

Vs € ““w (C|s), D|s)) cannot be reduced by a pair of sets in A U A.

So suppose (C*, D*) is a pair of sets in I" reducing (C, D) —the case when
C*, D* € T is completely analogous and it is left to the reader. By the
arguments above we may assume that {C*,D*} € AU A, say C* € [Bly.
Since [Blp; is the <pg-successor of [Aly, by 22.23(ii) there is an sy € <“w
such that C”L“SOJ € AUA. If D* € AUA then set s = Sg; otherwise D* = B

so again by 22.23(ii) there is an s O s such that Di, € AUA. In both cases
(Cl5)» Dfy)) is a pair of sets in AU A reducing (C, D): a contradiction. [
Exercise 24.22. Show in ZF + AC,(R) that the least non-self-dual I' D
29 U TIS witnesses —Red(T") & —Red(T")

Notes and References

25 Scattered results

Suppose /4 is a countably complete ultrafilter on some x > OY®) and let
Ult(L(R), ) = *L(R)/p be the ultrapower formed using functions in L(R).

Lemma 25.1. Ult(L(R), ) satisfies Los’ theorem.
Proof. 1t is enough to show that if

S = {Oé <k | L(R) ): EIUO gp[vmfl(a)a . afn(a)]} cp
where f1,..., f, € L(R), then there is an fy € L(R) such that

{a € STLR) = ¢lfola), fila), ..., ful@)]} € .
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Let @ : R x Ord — L(R) and let g : S — Ord,

g(a) = the least 3 (EIT € R L(R) & p[®(r, B), fil),... fula)] )

For a € S let

Ao ={r e R|L(R) |z ¢[F(r,g(a)), fi(a), ... fula)]} # 0
so there is §' C S, S” € p such that
Va,B € S (A = Ap).

Fix 7 € Ay, with @ € §'. Set fo : S — L(R), fola) = F(7,9(a)). As
g € L(R) by definability, f, € L(R) too. Hence

§"={a <k |LR) = plfo(a), fila),. .. fale)]} € p.
O

Notice that Ult(L(R), i) is well-founded, otherwise, by DC in L(R), there
would be f,, € L(R) such that [f, 1], €V*@® [£ ], Therefore

Sp={a <k | fap1(a) € fula)} € p

hence S = (), S, € p and therefore @ € S = Vn(f,11(a) € fu(a)): a
contradiction.

Also j : L(R) — Ult(L(R), u), the canonical embedding is elementary.
Thus Ut(L(R), ) = V = L(H(R)). As j(R) = R, Ult(L(R),u) = L(R),
hence R? exists, Therefore we have shown that

Lemma 25.2. In L(R) there is no measurable cardinal above ©.

O is the supremum of measurable cardinals, so if 2 € L(R), then OF®) <
© and there is a measurable O'®) < x < ©.

Some remarks.

Suppose M and N are proper class models with divergent Wadge hier-
archies. Let R = RM. Then (Z(R))M ¢ L(R) so R* exists in M. By
absoluteness of sharps, Rf exists in V.

Proposition 25.3. Assume AD + O singular. Then R¥ exists and hence
Con(ZF + AD).

Proof. In L(R) there is a ©-sequence cofinal in Z(R) and this is equivalent
to the regularity of ©. Therefore O*®) < ©. Now proceed as before. ]
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Recall the following conjecture of Martin’s in recursion theory:

Open problem 25.4 (Martin’s Conjecture). Assume AD+DC(R). Suppose
f:D — D is such that py({d € D | f(d) £ d}) =1. Then

dee Dpn({d €D | f(d) =c}) =1
i.e. f is constant on a cone.

Proposition 25.5. Assume AD + DC(R). Then Martin’s conjecture implies
that |D x 2| # |D|.

Proof. Let f : D x 2 — D be a bijection. For i = 0,1 let f;(d) = f(d,7)
so that f; : D — D. By Martin’s conjecture f;(d) >1 d on a cone of d’s
hence ran(f;) cannot be disjoint from a cone. But ran(fy) U ran(f;) = D
and ran(fo) Nran(f;) = (), so one the two must be of yy-measure 0, hence
disjoint from a cone. O

Theorem 25.6. The perfect set property for I} implies wy is inaccessible in
L.



Bibliography

[DPT98] Carlos A. Di Prisco and Stevo Todorcevic. Perfect-set properties

[Fre00]

[Fri71]

[Kan03]

[Kec84]

[Kec95]

[KM78]

[Kur58]

[LSRSS]

in L(R)[U]. Advances in Mathematics, 139:240-259, 1998. 2.D

David H Fremlin. Measure Theory — Volume one. Torres Fremlin,
Colchester, 2000. 2.D

Harvey Friedman. Higher set theory and mathematical practice.
Annals of Mathematical Logic, 2:325-357, 1971. 6.5

Akihiro Kanamori. The Higher Infinite. Springer Monographs in
Mathematics. Springer-Verlag, Heidelberg, New York, second edi-
tion, 2003. 2.C, 2.D, 8.A

Alexander S. Kechris. The axiom of determinacy implies dependent
choices in L(R). The Journal of Symbolic Logic, 49:161-173, 1984.
2.C

Alexander S. Kechris. Classical Descriptive Set Theory. Number
156 in Graduate Texts in Mathematics. Springer-Verlag, Heidel-
berg, New York, 1995. (document), 1, 2.B, 2.D, 2.D, 4, 10, 11, 19,
19, 19

Alexander S. Kechris and Yiannis N. Moschovakis, editors. Ca-
bal Seminar 76-77, number 689 in Lecture Notes in Mathematics.
Springer-Verlag, 1978. 25

Casimir Kuratowski. Topologie. Monografie Matematyczne, War-
saw, 1958. 1

Alain Louveau and Jean Saint-Raymond. The strength of Borel
Wadge determinacy. In Alexander S. Kechris, Donald A. Martin,
and John R. Steel, editors, Cabal Seminar 81-85, number 1333 in
Lecture Notes in Mathematics. Springer-Verlag, 1988. 6.5

185



186

[Mar75]

[Mar90]

[Mos80]

[She84]

[Sieb2]

[Sol70]

[Sol78]

[Ste77]

[SteT8]

[VW77]

VW78

[Wad83|

[Wo0099]

BIBLIOGRAPHY

Donald A. Martin. Borel determinacy. Annals of Mathematics,
102:363-371, 1975. 2.C

Donald A. Martin. An extension of Borel determinacy. Annals of
Pure and Applied Logic, 49:279-293, 1990. 11

Yiannis N. Moschovakis. Descriptive Set Theory. North Holland,
Amsterdam, New York, Oxford, 1980. (document), 10

Saharon Shelah. Can you take Solovay’s inaccessible away? The
Israel Journal of Mathematics, 48:1-47, 1984. 2.D

Waclaw Sierpinski. General Topology. University of Toronto Press,
Toronto, 1952. 1

Robert M. Solovay. A model of set theory where every set is
Lebesgue measurable. Annals of Mathematics, 92:1-56, 1970. 2.D

Robert M. Solovay. The independence of DC from AD. In Kechris
and Moschovakis [KMT78]. 2.C, 10

John R. Steel. Determinateness and Subsystems of Analysis. PhD
thesis, University of California, Berkeley, 1977. 10, 22.G

Jacques Stern. Evaluation du rang de Borel des certains ensenbles.
C. R. Acad. Sci. Paris, 286:A855-857, 1978. 11

Robert A. Van Wesep. Subsystems of Second-Order Arithmetic and
Descriptive Set Theory under the Aziom of Determinateness. PhD
thesis, University of California, Berkeley, 1977. 10, 13, 22.G

Robert A. Van Wesep. Wadge degrees and descriptive set theory.
In Kechris and Moschovakis [KM78]. 10, 21

William W. Wadge. Reducibility and Determinateness on the Baire
Space. PhD thesis, University of California, Berkeley, 1983. (doc-
ument), 10, III, III, 20, 22.G

W. Hugh Woodin. The axiom of determinacy, forcing axioms, and
the nonstationary ideal. Number 1 in de Gruyter Series in Logic
and its Applications. Walter de Gruyter & Co., Berlin, 1999. 10



	Elementary Results on the Wadge Hierarchy
	Prologue
	Preliminaries
	Trees.
	Lipschitz and continuous functions.
	Games.
	Regularity properties.

	Reducibilities
	Lipschitz and Wadge games
	Lipschitz degrees
	The well-foundedness of the Lipschitz hierarchy
	Wadge games
	The Wadge hierarchy
	The length of the Wadge hierarchy
	Boldface pointclasses
	An overview of the Wadge hierarchy

	Proof of the Steel-Van Wesep Theorem
	The Martin-Monk method.
	Proof of Theorem 8.1.

	Other ambient spaces

	SLOW  and Wadge degrees
	Countable choices over  R and perfect subsets
	SLOW and the well-foundedness of <W
	The Wadge tree of a set
	SLOW and the Wadge hierarchy
	The next non-self-dual pair
	Addition of degrees
	Propagation of SLOW
	Jumping 1-many Steps

	Borel reducibilities
	The Wadge and Lipschitz hierarchies
	The Borel-Wadge hierarchy
	Non-self-dual pointclasses

	Wadge determinacy
	The Semi-Linear Ordering Principle
	 SLOW and the Structure of the Wadge Hierarchy
	Operations on the Degrees
	The Next Non-Self-Dual Pair
	Addition of Degrees
	Jumping  1 -many Steps
	Back-track Reducibility
	The Stretch Operation
	Degree Multiplication
	Wadge Determinacy and the Semi-Linear-Ordering Principle
	Additional Exercises
	Notes and References

	Borel-Wadge degrees
	The Structure of  bold0mu mumu 02 
	Generalized Boolean Operations
	Additional Exercises
	Notes and References

	Boldface Pointclasses
	Separation
	Reduction
	Notes and References

	Scattered results


