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Abstract

We study the sum of wheighted Lebesgue spaces, by considering an abstract
measure space (€, A4, u) and investigating the main properties of both the Ba-
nach space

L(Q)={ui4uz:u €L" (Q),us € L2 ()}, L% (Q):=L¥%(Q,dp),

and the Nemytskil operator defined on it. Then we apply our general results to
prove existence and multiplicity of solutions to a class of nonlinear p-laplacian
equations of the form

—Npu+V (|2]) [uP2u=f(z|,u) inRY

where V is a nonnegative measurable potential, possibly singular and vanishing
at infinity, and f is a Carathéodory function satisfying a double-power growth
condition in wu.

1. Introduction

The recent mathematical literature has seen a growing interest in what we may call,
borrowing a terminology from [19], the zero mass case of noncritical elliptic problems

of the form
~Au+V(@)u=gu) nRY, N>3, (1.1)

namely, the case of nonlinearities different from the critical power and such that
g' (0) = 0, and potentials satifying liminf|; .V (z) = 0 (which is also a particular
eritical frequency case, as termed in [22, 23]).



These problems are variational in nature and the main difficulty in studying exis-
tence is that the related energy space

H' (RN, V) = {u € D" (RY) : /

V (z)u?dr < +oo}
RN

is not necessarily contained in any Lebesgue space L?(RY) with ¢ # 2* := 2N/ (N — 2)
and thus, not only the standard compact embeddings of H!(R") are not avaliable, but
also a single-power growth condition of the form |g (u)| < (const.) |u|? (with ¢ # 2*)
does not ensure the finiteness of the energy functional of the equation on H*(RN, V).

The existence of solutions for a null potential V' = 0 was obtained by Berestycki
and Lions in [19], where the authors probably first used the so-called double power
growth condition on g, namley, g (u) behaves as a subcritical power u9*~! at infinity
and a supercritical power u%~! near the origin, where ¢; < 2* < ¢s.

More recently, the zero mass case of equations (1.1) with noncritical nonlinearities
behaving as a single power has been widely studied in both the autonomous and
nonautonomous cases (see e.g. [10, 12, 21, 24, 25, 36] and [1, 3, 20, 30, 36] respectively,
and the references therein), showing essentially that the existence of solutions relies on
suitable compatibility conditions between the power of u and the growth and decaying
rates of V' (z) (and possibly of the nonlinearity) at zero and infinity.

Besides, many authors resumed the study of equation (1.1) under the double power
growth condition, after it was successfully exploited in [14, 15] in dealing with the
semilinear Maxwell equations (see also [4, 5] for other recent works using the double
power assumption). The autonomous zero mass case of (1.1) has been considered,
e.g.,in [7, 8,9, 11, 13, 16, 17, 18], where it is seen that the double power assumption
allows the potential V' to be very general and no compatibility condition is needed in
order to get existence. For instance, the radial existence and multiplicity results of
[11] only require the mild integrability assumption (V) below, in such a way that no
behaviour is prescribed either at infinity or at the origin to the potential, which may
also have a nonempty, even continuous, set of singularities. As far as we know, the
nonautonomous zero mass case of equation (1.1) is only studied in [6], where (1.1)
is considered with V' = 0 and ¢ (z,u) = K () f (u), and in [27], where the authors
assume V < 0 and deal with nonlinearities of the form g (z,u) = f (u) + K (z).

Here we study the nonautonomous radial case of equation (1.1) with nonnegative
potentials and double power nonlinearities, by actually considering the more general
p-laplacian problem

~Bpu+ V() [uf " u= (e, u)  inRY (1.2)
where 1 < p < N and Ayu = div(|Vul[’"* Vu). More precisely, we assume that

V1 (0,400) — [0, +00] and f : (0, +00) xR — [0, +00) are, respectively, a measurable
and a Carathéodory function, both nonnegative; then we define the space

whp (RN,V) = {u € D'» (RN) : / V (|z]) |ul|? dz < +oo}
RN



and prove existence and multiplicity of solutions to (1.2) in the following weak sense:
we say that u € WHP(RN, V) is a weak solution to equation (1.2) if and only if

/ (|Vu|p_2Vu-Vh+V(|az|)|u|p_2uh> da::/ F(lz|,u) hdz (1.3)
RN RN

for all h € WHP(RN V).
Denoting F (x,t) := (ff (z,8)ds and p* := pN/(N — p), we will exploit the
following hypotheses where (f) is a double power growth condition:

(V) V € L' ((a,b)) for some open bounded interval (a,b) with b > a > 0;

(f) there exist v > p such that for almost every r >0 and all t > 0 one has
0 <F (r,t) < f(r,t)t < Mmax{r®, r?2} min{t?, 1%} (1.4)

for some constant M > 0 and 01,02, q1,q2 € R such that

0 0
p<q<pt+—L <p*+—2pp<q2. (1.5)

N—p~— N —

Note that (1 4) implies f (-,0) = 0 almost everywhere and observe that the inequality
p<p*+ Nlp <p*+ 02_”]) of (1.5) is equivalent to

0y > 61 > —p. (16)

The requirement g; > p is not restrictive and may also be avoided in (1.5).

Our existence and multiplicity results are the following Theorems 1.1 and 1.2,
which, as far as we know, are also new for the nonautonomous semilinear case p = 2.
Note that no assumptions neither on the regularity of V' nor on its behaviour at zero
or infinity are made, and that V' = 0 is allowed in both Theorems 1.1 and 1.2.

Theorem 1.1. Assume (V) and (f). If there exists t. > 0 such that
F (r,t) >0 for almost every r > 0 and all t > t., (1.7)

then equation (1.2) has a nontrivial nonnegative radial weak solution.
Theorem 1.2. Assume (V) and (f). If for almost every r > 0 and all t > 0 one has
frt)=—=f(r,=1), (1.8)

F (r,t) > mmax{r? %2} min{t® 19} (1.9)

for some constant m > 0 (with the same exponents 01,0z, q1, g2 of assumption (f)),
then equation (1.2) has infinitely many radial weak solutions.



For instance, the assumptions of both Theorems 1.1 and 1.2 hold true for

‘(12*2

[v with 8 > —p and ¢1 < p* +

0
Tlu) =2 s
el ) = lol” T Pt o

< @2.

More generally, Theorem 1.1 applies for example to nonlinearities of the form
f (], u) = K(|z]) g (u)
provided that K : (0,400) — (0, +00) is measurable and such that

K (r) K (r)
ro r02

lim sup
r—0t

< 400, limsup
r—+00

< 400 for some 61,05 satisfying (1.6),

and ¢ : R — [0, +00) is continuous and satisfying

g(t) g(t)

ta2—1 ta—1

lim sup
t—0t

< 400, limsup

t——+oo

< 400 for some q1, ¢ as in (1.5)

together with
ty
/ g(s)ds >0 for somet, >0
0

and the so-called Ambrosetti-Rabinowitz condition:
t
Iy >p, Vt>0, 7/ g(s)ds<g(t)t.
0

Theorems 1.1 and 1.2 will be proved in Section 5 by applying some abstract results
from the previous sections, where we study of the sum L% + L% of Lebesgue spaces
L% . In fact, for a complete treatment, variational problems involving double power
nonlinearities need the use of such a particular type of functional framework, to such
an extent that its main properties have been investigated by different authors in
different works, such as [7, 11, 13, 15, 18, 34] and the unpublished note [32], which
is a preliminary version of our Sections 2 and 3. These studies, though occasional,
have clarified the main features of the L9 + L% spaces, showing essentially that
they share several important properties with the usual Lebesgue spaces and that, in
many respects, they play for the Sobolev space D1:2(R") the same role that the usual
Lebesgue spaces play for H'(R") (see for instance [15, Lemma 3] and the compactness
results of [7]). Here, owing to nonautonomous nonlinearities, we need to consider the
sum of wheighted Lebesgue spaces instead of the sum of the usual ones, so that the
interest of our Sections 2, 3 and 4 is actually twofold: on the one hand, we collect
some general results which have already been used in many of the above-mentioned
papers, but which are presently expounded in the unpublished works [32, 34] only; on
the other, we extend the investigation to the sum of wheighted Lebesgue spaces, by
considering an abstract measure space (€2, A, 1) and studying the space

L(Q) = {uy +us: uyg € L9 (Q), up € L2 ()}, L% (Q) := L% (Q,dp). (1.10)



Going into more detail, the paper is organized as follows.

Section 2 is devoted to the study of the basic properties of L(2). Some charac-
terizations of the set L({2) are given in Proposition 2.3, showing in particular that it
is made up by the measurable functions which are g;-integrable on some measurable
subset and ¢o-integrable on its complement. Then we structure L(f2) as a Banach
space by introducing a natural family of equivalent norms and proving an isometrical
identification between L(Q) and the dual space of L% () N L% (), ¢, = ¢;/(¢; — 1),
endowed with the norm [|-[|  ; + [[[| 4. The related topology is brielfy studied and
some useful inequalities are given in Subsection 2.3. In the last part of Section 2, we
show that L(£2) can be characterized as an Orlicz space (cf. [29, 28, 33]), whose Orlicz
norm induces the same topology. We observe that some of the results of Section 2
could be deduced from the theory presented in [29, Chapter 12] for the sum of Orlicz
spaces; nevertheless, the proofs are often simple and direct, so we give them anyway
here, for sake of completeness.

The aim of Section 3 is the investigation of the Nemytskii operator A defined on
L (Q), which is a central topic in nonlinear analysis. Unfortunately, the characteri-
zation of L (2) as an Orlicz space is not very helpful in this direction, since, at least
to our knowledge, not many results on the subject are avaliable in the literature; for
instance, the classical monograph [28] only gives some results for Orlicz spaces on a
base set of finite measure, while the Nemytskii operator is considered in [26] just from
the point of view of its good definition (see Remark 3 below). On the other hand, the
case

N:L(Q) — LI(Q)

can be studied through direct arguments, and we will show that, in this respect, L (£2)
behaves exactly as the usual Lebesgue spaces (cf. [37, Theorem 19.1]): whenever the
Nemytskii operator is well defined, it is continuous and (under a suitable continuity
assumption on the measure p) it is also bounded (see Theorems 3.1 and 3.4 for precise
statements). A differentiability result will also be given (Proposition 3.7).

In Section 4 we prove a new compactness result (Theorem 4.1) involving L (12)
with @ = RN and du = w (z) dz. Some consequences are pointed out at the end of
the section (Corollaries 4.5 and 4.6), recovering a compactness lemma of [15] as a
particular case.

Section 5 is finally devoted to the proofs of Theorems 1.1 and 1.2.

Notations. We conclude this introductory section by defining some notations of
frequent use throughout the paper.

e N is the set of natural numbers, including O.

e Lor every r > 0, we set B, := {a: ERYN : |z| < 7‘}.

e For any subset E of an ambient set {2 (which will be understood from the context),
we set E°:=Q\ E and denote the characteristic function of E by x .

e |-y and X’ denote a norm and the dual space of a Banach space X, in which —
and — mean strong and weak convergence respectively.

e — denotes continuous embeddings.

e p' :=p/(p—1) is the Holder-conjugate exponent of p.

e p* :=pN/ (N — p) is the Sobolev exponent related to p.



e For any mapping u :  — R, we denote A, := A, () :={z € Q: |u(z)| > 1}.

2. The space L (1)

Let (2, 4, 1) be a nonempty o-finite measure space and fix 1 < ¢1 < ¢ < 00.

For any measurable set £ C ), we will omit the indication of the measure u in
the Lebesgue space notation LP (E,du), simply writing LP (E) = LP (E,du).
2.1. Definitions and basic properties of L ()

We denote by M () the linear space of the real valued measurable functions defined
on €2, in which equality is meant in the p-a.e. sense, and, as in (1.10), we define

L(Q):=L" (Q)+L"2 Q) :={ue M((Q):u=u; +uz, ug € L% (Q), ugs € L2 (Q)},

which clearly contains both L% () and L% (€2). Observe that the set L (£2) is actually
of interest only if ¢; < g2 and the base set {2 has infinite measure, since p (Q) < 400
or 1 = qo implies L% () C L% () and thus L () = L? (). Nevertheless, we do
not require such restrictions, for future convenience in encompassing particular cases.

Proposition 2.1. Let u € L(Q2) and let E C Q be a measurable set. Then
wE)<+oo=uecL®(E) and ue€lLl*(E)=uel®(E).

Proof. Let u; € L7 (Q) and ug € L% (Q2) be such that u = w3 + uz. Then p(E) <
+oo implies L% (E) C L? (E) and thus v = u; + ug € LT (F). Now assume u €
L> (E). Since u; € L9 (E) and ugy € L% (E), in order to get u € L% (E) we need
only to show that u; € L2 (E). Setting A, = {z € Q: |uy (z)| > 1}, we write

E=(EnA,)U(ENAS).

Since q1 < g2 and |uy| <1 p-ace. in A§ , we get

/ |u1|q2 d,u :/ ‘ul‘q2—q1 |ul|q1 du S/ ‘ul‘m d,u < +oo.
EﬁAﬁl ENAc¢ ENAc

uy uq
On the other hand, one has
‘ul‘ = |U - u2| < ||uHLoo(E) + |'U/2‘ H-a.e. in E‘7

so that

[ e <ozt [ (e + el de
EﬂAul EmAul

29271 (Iul?w(Ew(AulH/ Juz| du) < +oo
ENAqy,

IN

since A, has finite measure. l



Corollary 2.2. One has L () N L>® (Q) = L% (Q) N L™ (Q).
Proof. Since the inclusion L% (2) N L>° (2) C L (£2) N L*>° () is obvious, the claim

readily follows from Proposition 2.1.

We now give some first characterizations of the functions in L (€2). In particular,
we show that L () is the set of the functions v € M () which are ¢;-integrable on
some measurable subset £ C Q (possibly depending on ) and ge-integrable on its
complement E°. For any u € L (), one of such subsets is

Ay =AMy (Q)i={2z€Q:|u(z)] >1}, (2.1)

which is defined (up to null measure sets) for every u € M (Q) and will play an
important role hereafter.

Proposition 2.3. For any u € M (), the following propositions are equivalent:
(i) we L(Q)
(ii) w € L9 (E) N L% (E°) for some measurable subset E C )

(iii) w e LT (Ay) N L2 (AS) and pu(Ay,) < +00

(iv) lu| € L(Q)
(v) |u| < v for some v e L(Q).

Proof. Since the implications iii = ii and iv = v are obvious, we need only to show

.....

(i=iii) If u € L(Q) then u € L? (AS) by Proposition 2.1 and u = u3 + us for some
up € L1 (Q) and ug € L2 (Q) by definition. Since 1 < |u| < |u1| + |ug| implies
|uj| > 1/2 for some j € {1, 2}, we get

) ) 1 1
w00 [ fui®du [l duz g [ du= g,
Q A 205 Jp, i

which also yields that v € L% (A,) by Proposition 2.1 again.

(ii = i) If u € L9 (E)NL% (E°) for some measurable set E C Q then u = uxp+uxge
with uxg € L () and uxge € L9 (E°), which means u € L ().

(i=iv) It follows from from the already proved equivalence i < iii, since u €
L% (Ay) N L% (AG) & [ul € LT (Ay) N L2 (A5) and Ay, = Ay

(v=1i) If v € L(Q) then v € L™ (A,) N L% (AS) by implication i = iii, so that
|u] < v implies w € L% (A,) N L% (AS). This gives that u € L () since ii = i. B



2.2. The Banach structure of L (Q)

The set L (€2) has a natural linear structure as a subspace of M () and can be
equipped with a family of equivalent norms by setting

ol = Nl 2= int_ (uall o oy + ol o (22
[lull, ::UIJirr;g:u (||U1H§;q1(9) + IIUQHZqQ(Q))l/t forl<t<oo  (2.3)
Jull” s= flull oo :=, inf_ max {Jluallpar g 2l on ey} - (2.4)
Notice that
l|lwll, :ul_iir%f:u [|(u1,u2)||, forevery 1 <t < oo,

where

1t
(el @y + 2l )~ i1t <00

[[(ur, uz)l, == (2.5)

max {1l o o) » 02 ooy} = o0

defines the usual family of equivalent norms of L% (2) x L% (Q).

Proposition 2.4. {||-||,},,... is a family of equivalent norms on L (). Moreover,
wll, = || lu] ||, for every uw € L (£2) and 1 <t < oo.

Proof. The fact that the functionals (2.2)-(2.4) define a family of norms of L ()
is trivial. We just observe that such functionals are positive definite since |lul|, = 0
implies the existence of (u1 p,u2,,) € L9 () x L% (Q) such that v = uy ,, +uz, — 0
p-a.e. in £ as n — oco. The equivalence readily follows from the fact that the right
hand sides of (2.2)-(2.4) are the infima of equivalent norms of L% (Q) x L% ().
Finally, if u € L(Q), uy € L9 (), ug € L9 (Q) are such that u = ug + ug, letting
sigh (4) = X{u>0} — X{u<o} We have |u| = sign (u)u = sign (u) u1 + sign (u) uz with
[Isign (w) url Ly () = lull par () and [[sign (w) wa| Loz () = [[2ll Loz (), Which implies
|| lulll, < |lull,. Similarly, if @; € L9 (Q) and @y € L? (2) are such that |u| = 41 + a2,
then u = sign (u) |u| = sign (u) @y + sign (u) @p yields |lul|, < || |u||,. ®

Proposition 2.5. The infimum in ||-||, is attained for every 1 <t < oo.

Proof. Let 1 <t < o0, fix u € L(Q) and consider a minimizing sequence for |lul|,,
namely ||(u1,n,u2,.n)ll, = [Jull, and u = u1 , +ua, p-a.e. in Q. Since LI () x L2 ()
is a reflexive Banach space with respect to the norm (2.5), up to a subsequence there
exists (u1, ug) € LT (Q) x L9 () such that (u1 p, u2,n) — (u1,u2) in LT () x L9 ()
and

[(ur, u2)ll, <Timinf [(urp, wzn)ll, = (ol - (2.6)

Now we observe that the linear mapping defined by (v, w) +— v+ w is continuous from
L7 (Q) x L (Q) into L (), as one has

lo+wll, < llvll, + llwll, < lollpa @) + Wl e @) = 1w w)]; -



Hence w1, +u2, — u1 +uz in L (). Therefore, uq , +ug, = u implies © = w1 + us
by uniqueness of the weak limit, so that ||u, < |[(u1,u2)||, by definition of |lul|,.
Together with (2.6), this means |jul|, = ||(u1, u2)|,- H

Proposition 2.6. The norm ||-||, is uniformly convex for 1 < t < oco.

Proof. Let 1 < ¢ < oo. From the abstract theory of product spaces, the norm (2.5)
is uniformly convex, that is, Ve > 0 there exists § > 0 such that

[[(wr, ua)l,, [[(v1,v2), <1 1
: ! = —|[(u1 +v1,u2 +v2)||, <1—6.
|(ur —v1,u2 — v2), > € 2

Now, if u,v € L (Q) satisfy [Jul|, <1, ||v|l, <1 and ||u —v||, > ¢, then by Proposition
2.5 there exist (u1,u2), (vi,v2) € L9 (Q) x L% (Q) such that [|(u1,u2), = [Jull, <1,

(v, v2)[l, = llvll, <1 and e < [Ju—vl|, < [[(ur —v1,u2 — v2)l|;. Hence [ju+vl|, <
|(u1 4+ vi,ug +v2)||, <2(1—6). 1A

According to Proposition 2.4, we will henceforth consider L (€2) as a normed topo-
logical vector space, equipped with the equivalent norms (2.2)-(2.4).

Proposition 2.7. Let {u,} C L () be such that for every € > 0 there exist n. > 0
and a sequence of measurable sets E. , C §2 satisfying

Yn > ne, / [t | dp + / |t | dp < €. (2.7)
Een B¢

Then u, — 0 in L().

Proof. Let E = E. , for brevity. Since u,, = unXg + UnXge, (2.7) implies u,xg €
L4 () and up x ge € L9 (€2) and thus, by definition (2.2), one has [|un || < |lunl| o, )+

[unll oz (gey < gl/a 4 gl/e for all n > n., with ¢ arbitrary. B

Proposition 2.8. The convergence in L (Q2) implies pointwise convergence (ji-a.e.
and up to a subsequence).

Proof. Let {u,} C L(92) be such that |u,|;, — 0 as n — oo. Then for every
n > 0 there exists (u1,n,u2,) € L9 (Q) x L% (Q) such that w, = u1, + uz, and
|(uin,u2n)ll; < llunlly +1/n. Hence ui, — 0 in L% () and uz, — 0 in L% (£2),
which implies that, up to a subsequence, uin,u2, — 0 p-a.e. in Q. Therefore
Up = U1y + U2y, — 0 p-ace. in Q. M

We now prove the most important result of this section, an isometrical identi-
fication between (L(f2),]|]|*) and the dual space of (L% (£2) N L9 (£2)
where

’H.HLqiqué)’
qi
g —1

This will also ensure that L () is a reflexive Banach space (see Corollary 2.11 below).
For future reference, let us give first the following lemma.

7= and  [lell g = 190 oty + 2l g - (2.8)



Lemma 2.9. For any u € L () and ¢ € L% (Q) N L% (Q) one has

/Q lupl dp < [Jull™ 1l Lot o pas

and
| teldi <l e {1t Il -

Proof. Let u € L(Q2) and let uy € LT () and ug € L% (Q2) be such that u; +us = u.
Then, by Holder inequality, Vo € L9 (Q) N L% () one has

[ ueldi < [ larer [ useldn < Tl 1915 oy 02 19115
which easily yields the result. H

Theorem 2.10. For any u € L (Q) and ¢ € L% (Q) N L% (),
J ()@= /ngad,u

defines a linear continuous functional J (u) : L% (Q) N L% (Q) — R. Moreover the
linear operator J : L (Q) — (L% (Q) N L9 (Q)) is bijective and one has

« upd
(R Jowedn

forevery w € L(2). (2.9)
operst @i (@) 19l et ) 19l L4 o)

Proof. Denote L := L(Q2) and L? := LP (Q) for brevity.

We begin with some preliminary remarks about the dual space (L% N L%)" of
L% N L% equipped with the norm (2.8). First we observe that there is a natural
linear isometry between L9 N L% and the closed subspace

A = {((p,lb) c LN x L% :go:w}

of the Banach space L% x L% equipped with the norm 1 O Loy pas = Mol Lag +
|41l as - Hence (L9 N L9)" isometrically identifies with the dual space A/, so that for
any g € (L% N L9%) there exists a unique G € A’ such that |G|, = ||9||(L‘I’qu'2)'
and G (¢, p) = g () for all p € L9 N L%. Then, by the Hahn-Banach theorem, there

exists G € (Lqi X ng)/ such that Hé”(Ltﬁqué)/ = ”g”(LQQmLQQ)/ and 6(90,90) =g(p)

for all p € L% N L%. Now, since G (p,0) = G (p,0) + G (0,) with G (-,0) € (L)
and G (0,-) € (ng)/ , by the Riesz representation theorem there exist v; € L% and
vg € L% such that

YV (p,0) € L9 x L, é(w,w)z/vwdw/vzwdu-
Q Q

10



This gives in particular

Vo € L9 N L% g(p) = /Q (v1 +v2) pdp. (2.10)

Moreover if v # 0 then

~ Jovipdu+ Jquabdu _ [ loi]" du
S " > = = [lo1 ]

200 el + 10l oy 2%
where, for the inequality, we have taken v = 0 and ¢ = \111|'“_2 vy € L% . Similarly

one obtains HéH( |val| fap if v2 # 0. Thus we conclude

qul XLqé)’ 2
gl pat mpasy = NG pat s pagy = max {Jlvillpar s lvallpa } > flon +o2fF, (2.11)
( ) ( )
which trivially holds even when v; = v = 0.

Now let u € L and let u; € L% and us € L% be such that u; + us = u. For every
¢ € L% N L% one has

/Q usodu‘ < /Q s o dps| + /Q uspdpl < sl s 191, 05 + ltiall o ],

< max {[luallpar s [[uzllpo IOl 0 n 0 -

N

Hence J (u) € (L9 x L%) and

1 (w) < Jlull”, (2.12)

H(LQQQLqé)/
which also implies that the linear operator J : L — (L% N L%) is continuous. The
injectivity of J is plain, as fQ updp = 0 for all ¢ € L% O L% implies © = 0 [-a.e.
in 2. Moreover J is surjective by the previous preliminary discussion, since (2.10)
ensures that for any g € (Lq1 N Lqé)’ there exist v; € L% and vy € L% such that
g = J (v1 +v2). Finally, if u € L is fixed, then (2.12) and (2.11) (in which we take
g =J(u)) yield

lull =11 (u) > [loy + vol|" = [Jull”

H(Lqiqué)/

where the last equality holds thanks to the injectivity of J, because (2.10) means
J(w)=J(v1+vy). A

Corollary 2.11. L (Q) is a reflexive Banach space.

Proof. It follows from the completeness and reflexivity of L9 (Q) N L% (), by
Theorem 2.10. B

Corollary 2.12. Let u € M () and v € L (). Then |u| < v implies |Jul|* < ||v]|*.
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Proof. Recall that |u|] < v € L(Q) implies |u| € L(2) by Proposition 2.3. Since
0 < |u| < v, one has

sup 7f9 [ul = su fQ [ul < sup fQ v = sup 7f9 ve

020 10l ot npar @20 100 Lot npas — 020 10l as e w20 (01 Lot e

where ¢ varies in L% () N L% (Q). Then |jul|* = || |u| |* < ||v||* by Proposition 2.4
and Theorem 2.10.

2.3. Some inequalities and continuous embeddings

Recall from Proposition 2.1 that L (Q)NL>* (E) C L% (E) for any measurable E C ),
and L () C L (E) if u(E) < 4o0.

Proposition 2.13. Let u € L(?) and let E C Q be a measurable set such that
p(E) < 400 and v € L* (E€). Then

*

< max {Jlull s gy el oo ey } (2.13)
ful < ||“HLq1(E)+||U||qu(Ec)- (2.14)

Proof. From Proposition 2.1 we know that uxy € L% (Q) and uxg. € L2 (Q).
Hence the claim follows by definitions (2.2) and (2.4), since u = ux g + uxg.. W

Proposition 2.1 can be complemented by the following result.
Proposition 2.14. Let F C Q be a measurable set.

i) If n (E) < 400, then for every u € L () one has

IN

lll oy < (L (B (215)

1 —1
il gy < max {10 ()00 L (2.16)

N

ii) For every u € L (Q) N L (E) one has

1 1
lul2ttny < (lull g + a0 ™ (2.17)
1 1
lul2y, < max {20 2} lull- (2.18)

Proof. First we prove (2.17)-(2.18), which are is obvious if v = 0. Accordinlgy,
assume u € L (Q)NL>® (E), u# 0, and define
ul”

w = qa2—1 XE'
[ull oz (5

12



Then
[ 1eul®dn = e [ i au=1
T ||m<E>

a (q2—1)qy
/QI%\ dp o@D 1ql/l | dp

and

La2(E)
(g2—1)q1—q2 (g2—1)q1—q2
T A S L) o
To(ee—Dd; | | (g2—1)q)—q2’
[ull ez () e | pas ()

since q1 < go implies (g2 — 1) ¢} > g2. So @, € L9 () N L% (Q) and thus, since

[ ot = e [l d = [l
Q ” Hqu (E)
Lemma 2.9 gives
el ey
il zoa iy < el (100l gy + 1900t gy ) < Nll” | e
” HLQQ(E
and
H ||(12 1— (12/q1
el oy <l ms {pull e - 120l gy} < Nl mae § LB
La2(E) = ullpay (@) > Wullpaa(g) [ = T q2—1—q2/q;’ ’
L92(E)
which yield the results, since go — 1 — g2/q] = ¢2/q1 — 1 and
1 1
Jujlegt \ max {llply " gty )
Woa2/a—1° B q2/q1—1
lull iz () lullFiz ()

Now we let u € L (), assume that p (E) < +oo and let u; € L% (Q) and ug € L9 (Q2)
be such that u = u; + uy. By Holder inequality we get

1 —1
2l por iy < et | s iy + izl sy < Mol s gy + 12 (E)Y 7Y% fua| s g

whence

IN

1 -1
lilpon gy < (14 (B2 ) masc o o ) s 2l s i
1 —1
lull por gy < max{l,p(E) /o /qz}(”ul”qu(E)+||u2HLL12(E)>'

Then (2.15)-(2.16) ensue by passing to the infima. ll

A

Recall that L (Q) and L% () are the same set if p () < +o00.

13



Corollary 2.15. If 1 (2) < 400, the norms of L () and L% (Q) are equivalent.
Proof. One has " < e, < (144 ()" /%) ] by (213) and (215). W

Recall from Corollary 2.2 that L () N L> () and L% () N L*>° () are the same
set.
Corollary 2.16. On the subspace L% (€)NL> (Q2) of L (2), the norms [|u[+|[ull (o)
and |[ul| o () + U]l () are equivalent.
Proof. If u € L% (2) N L*> () then (2.14), with E = &, gives ||ul| < [[u/[14; q)- On
the other hand, if {u,} € L% (€2) N L> () is such that [|un || + |[unll o) — 0, then
(2.18) yields

a4t < (14 Junll 2t ) 0 (1) as n— oo,

which implies ||unHL‘12(Q) — 0.1

The next proposition collects some embedding properties of L (€2), some of which

are consequences of the above inequalites. Another relevant embedding result will be
proved in Section 4 (Theorem 4.1) for Q = RY.

Proposition 2.17. The following continuous embeddings hold:

i) L(Q) — L(E) for any measurable E C 2, namely, for every u € L () one has
xpu € L(E) and |[xpullpz) < llull o)

ii) L(Q) — L% (E) for any measurable E C Q such that p(E) < +o00;
iii) L1 (Q) — L (Q) for any q € [q1, q2].

Proof. The first and second continuous embeddings straighforwardly follow from
definition (2.2) and Proposition 2.14.i) respectively. So we take ¢ € [¢q1, ¢2] and show
that L7 (Q2) — L (). Let uw € L9(Q2) and recall the definition (2.1) of A,. Then
@1 < qand

/ dy < / 0l da < JJullty g < +o0
imply u € L% (A,) and, by Holder inequality,
a1/ q1/q (1—a1/0)
St e ([ )< T ul ) = -

On the other hand, ¢ < g2 and |u| < 1 imply |u|? < |u|?, so that u € L% (A¢) and

[ s [l dn <l
A¢ A

u u

Thus u € L(€) since u = ux,, + ux,c, and Proposition 2.13 gives

||u||<\|u||qu o F e ey < Tl %) + ul 94,

Q) — 0 and the proof is thus complete. B
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Remark 1. On L1(Q), ¢1 < g < g2, the norms (2.2)-(2.4) and the standard L7 ()
norm are not equivalent in general. For this, we have two different counterexamples,
according as ¢ < q¢ < q2 or ¢ = qa, both for Q = RN endowed with the Lebesgue
measure. In the first case, q € [q1,q2), define the sequence

() 1/n if x| < ne/N
U, () ==
0 otherwise.

Then one has

1 —
Hun”qu(RN) - nd /.’1»|<n<12/N dx = (const.) n~7 — +o0,

whereas (2.14) (with E = &) gives

1/q2
1
< ([ i) -
| <naz/N T2

1/q2
/ dx = (const.).
|| <naz/N
Similarly, if ¢ = g2, the sequence

()= | 7 el (219
Uy, (x) == .
0 otherwise

Sl

is bounded in L () (by (2.14) again, with E = B,, ¢, /~ ) and such that |[u, || 7o, gy —
+00.

The next result is a corollary of Propositions 2.13 and 2.14.
Corollary 2.18. Let u € L () and recall the definition (2.1) of A,,. One has

flull u
max { Tt Ll ngy — 3 < Hull” < max {Jull g o, > ol pon a)

(2.20)
and

[lull
maX{max{l,u(fj;fﬁﬁ)—u@}, l[ull s (pc) = l} < ull < lull oy a,) + lull Loz ac ) »

(2.21)
where 1 := (g2 — q1) (ql/q2)q2/(q2*q1) /a1
Proof. Since [u|pepe) < 1 and p(Ay) < 400 (recall Proposition 2.3), the right
hand inequalities of (2.20)-(2.21) and part of the left hand ones directly follow from
Propositions 2.13 and 2.14 respectively. Then, setting ¢ := ||u| 4, (4. ), from (2.18)
we get h
ta2/a

max {1’ taz/a—1

v <l

15



so that the remaining part of (2.21) follows from the inequality

ta2/a

max {1, t‘h/‘h_l} B

t>—l

which holds for every ¢ > 0. Finally we show that
HUHL(Iz (AS) S max (2 ”u”* 71) ’

q2/q1—1

Lo2(Ac) and use

which completes the proof of (2.20). To this end, we set t := |Jul|
(2.17) to deduce

t *
s g agy <l

Then [[ul 7,45 (pc) > 1 implies ¢ > 1 (recall that g2/q1 > 1) and thus we get [[u[[ 7.4, (pc) <
2 ||lu||*, since t > (1 +¢)/2. A

Remark 2. Note that, according to the above proof of Corollary 2.18, the inequality
[ull oo (acy —1 <2 lul|* of (2.20) actually holds in the stronger form

lll os () < max (2 lull”, 1) .

On the other hand, inequalites (2.20)-(2.21) cannot be improved in the following sense:
there is no constant C' > 0 such that

lull s ey < Cllull”  for all u € L(Q). (2.22)

Indeed, arguing by contradiction, for any u € L () N L>* (Q), u # 0, we set 4 :=
u/ |l o (qy (0 that Az = @) and by (2.22) we obtain

ull”

”uHLOC(Q)

Hu||L<12(Q)

C = CH{LH* > Ha”qu(Aﬁ) = Hﬂ”L@(Q) =

ull o ()

that is,
ull Loa ) < C llull” - (2.23)
But the sequence {u,} C L (Q)NL> () defined in (2.19) does not satisty (2.23) and

thus a contradiction ensues.

We end this section with a characterization of the boundedness of a sequence in

L(Q).
Proposition 2.19. Let {u,} be a sequence in L () and denote A,, := A,,,. Then

{un} is bounded in L (Q) if and only if {||un|[ra (a,)}s {lunllpeac)} and {u(An)}
are bounded. "
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Proof. The “if part” directly follows from Corollary 2.18, which readily gives also
that {[|unll e (ac)} is bounded if {u,} is bounded in L (£2). We now use an argument

from [15]: since |u,| > 1 on A, from (2.20) we get

||UnHLq1(Au) > M(An>1/‘h

llun ™ > >
" 1+H(Au)1/q1_1/q2 1+M(An)1/(I1_1/QQ

— o0 as pu(A,) — oo

and therefore the boundedness of {||u,|*} implies the one of {u(A,)}, and then of
{llnl o, (An)}' u

2.4. The Orlicz structure of L ()

Define
é (1) := min{t?~* t271} forall t >0
and set "
D (t) = ¢(s)ds forallteR,
0
that is,
= lt® if |t <1
D(t) = D11 g . (2.24)
Sl + o= it > 1

Then @ : R — [0, 400) is a nice Young function, i.e., an even, convex and continuous
function such that
® (1)

P (t
limﬁzﬂ, lim —* =400 and ®(t)=0&t=0,
t—0 t—+oco ¢

and we can consider the Orlicz class

L*(Q) := {UEM(Q) : /Q@(u)d,u< +oo}.
We will show that L® (Q) is exactly L (£2). Note that ® satisfies the so-called global
As condition, that is, there exists 1 > 0 such that

O (2t) <n®(t) forallt>0,

so that L® (Q) is a vector space (see [33, Theorem 3.2]).
Proposition 2.20. One has L® () = L (Q).
Proof. By (2.24), for any u € M(Q) we have

1 1 1
/ S(uydu=— [ (17 — 1) dp+ —p(Aa) + — / 1 d
Q q1 JA, q2 a2 Jae

(where A, is defined in (2.1)), so that u € L®(Q) if and only if u(A,) < +oo and
u € L (A,) N L2 (AS). This is equivalent to w € L(£2), by Proposition 2.3.
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As to the complementary function

U (t) :==sup(|t|]s—D(s)) foralteR
s>0
and the corresponding Orlicz class

LW(Q)={weM(Q):/Q\I’(@)du<+OO},

an easy computation shows that ¥ is actually given by

ral if [t <1
U(t)=max(|t|]s—®(s) =4 =, (2.25)
5>0 L (|t|fh - 1) + L if > 1
qy a3
(where ¢} = ¢;/(g; — 1) as usual), i.e.,
|t‘ ’ ’
U (t) = max{s® ! s%27'ds for all t € R,

0
so that the same argument of the proof of Proposition 2.20 yields that

LY (Q) = L% (Q) N L% (Q).

We now show that the Orlicz norm
|l = sup {/Q lup|du:pe LY (Q), /Q\Il (p)dp < 1} (2.26)

gives rise on L (2) to the same Banach structure we have considered so far. Recall
the definition (2.8) of |||

LYNL%

Lemma 2.21. There exists § > 0 such that for every ¢ € LY (Q) = L% (Q)NL% (Q)
one has

ol a; npas <60 = / @) dp < 1. (2.27)

Proof. Since
qé < ‘12 < ‘12
el dns [ el dn < el

@
and
a q; a
nAy) < / ol du < [ 1o du < ol

(recall definition (2.1)), from (2.25) we get

1 /
/ W (o) dp —/ || dpu+ (—, - —,) 1(Ay) + —,/ | dp
Q q1 42 JAe

il q; d2
< (el + 10l % )

(recall that ¢4 < ¢}) and the result ensues. B
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Proposition 2.22. The Orlicz norm (2.26) is equivalent to (2.4).

Proof. Let u € L* (Q) = L(Q). For any ¢ € LY (), ¢ # 0, the mapping

B o= o —— € LY (9),
Tl ot s

where & is given by Lemma 2.21, satisfies [, ¥ (¢) du < 1 by (2.27), so that we get

- dpl
updp| =06 UQWP
/Q 7 “‘ Vol oyt

fully > [ uplde>
Q
by (2.26). Hence (2.9) yields

« up di up di
T L L P

0#£peLY(Q) H‘:O”Lq’lqué 0#£peL¥(Q) ”SOHququz

On the other hand, since ¢4 < ¢}, for every p € LY () we have

/ ol dye > / ol dy and / ol dpu > / ol d
A A Asr A;

® @

(recall definition (2.1)), so that, using (2.25), we get

1 / 1 1 1 ’
[v@ra = 2 wl‘“du+(—,—,>u(A¢)+—,/ 1% dp
Q a1 Ja, 4@ @ 42 Jag
1 ’ ’ 1
> —,< / ol du+ / |<P|q2du>2—, { / ol d, / |<P|q2du}
a1 \Ja, Ag Ui

Hence, by Lemma 2.9, [, ¥ (¢)dp < 1 implies

by (2.26). This completes the proof. B

3. The Nemytskil operator on L ()

As in the previous section, we fix 1 < g1 < g2 < oo and let (€, .4, 1) be a nonempty
o-finite measure space, on which we also consider here a second measure A\, possibly
not different from g, such that g and A are absolutely continuous with respect to each
other, that is,

dp = w (z)d\  for some measurable function w: Q — (0, +00).
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Accordingly, we use the expanded notation LP (€2, d)\) for the Lebesgue spaces with
respect to the measure A\, while we still briefly denote

LP:=1P (Qdp), L:=L%+L%=L"(Qdu)+L? (Qdu) = L(,dpy).

Notice that a proposition holds p-a.e. if and only if it holds A-a.e., since u and A have
the same null measure sets.

Theorem 3.1. Let 1 < g < oo and let f : Q2 x R — R be a Caratheodory function
such that

If (z,u(2))|"d\ < 400 for allu € L (Q,dpu). (3.1)
Q
Then the operator
N L(Q,du) — LI(Q,dN) (3.2)
N (u) () := f (z,u(z)) (3.3)

is continuous.
The proof of Theorem 3.1 will be achieved through several lemmas.

Lemma 3.2. Let {u,} be such that u, — 0 in L. Then, up to a subsequence, there
exist {ul,} C L? and {u/'} C L% such that

Up = ul, +ul, Z/ lul, | dp < oo, Z/ [ull|** dp < +o0. (3.4)
n=1"% n=179

Proof. Let {e,} be an arbitrary sequence of real numbers such that
Z €n < +00. (3.5)
n=1

Since u, — 0 in L, Vn there exists k, € N such that ||ug, | < min{s}/ql,E}l/qz}, and
thus, by definition (2.2) of ||-||, there exist u; € L% and ujy € L% such that

uy, =uyp, +uwy and ”u;CnHqu + ||u§€'n}|m < min{el/a gl/e=},
Together with (3.5), this gives the result. l

Lemma 3.3. Let 1 < q < oo and let fo : @ x R — R be a Caratheodory function
such that fo(-,0) = 0 and fo (-, u(-)) € LY(Q,d\) for all uw € L(Q,dp). Then the
operator

No : L(Q,du) — L9(Q,d)N)

No (u) (z) := fo (z, u(x)) (3.6)

is continuous at 0.
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Proof. First, we notice that Ny is well defined and Ay (0) = 0. Then, arguing by
contradiction, we assume that Nj is not continuous at 0, that is, there exist § > 0
and a sequence {u,} C L such that u, — 0 in L and

”NO <un)||L‘1(Q,dA) > ¢ for all n,

that is,
a
/ wdu = / |fo (z,upn (2))]|9dX > 67 for all n. (3.7)
Q w () Q
Passing in case to a subsequence, let {u),} C L% and {u]/} C L% be such that (3.4)
holds according to Lemma 3.2.
We claim that Vk € N there exist D, C Q and ng € N such that

1w(Dy) < 400 (3.8)
DyNDy = @ if k 7é 4 (39)

|fo (@, un, ()| o
/Dk ne dp > 5 (3.10)

Let us proceed by induction on k. For k = 0, we set ng = 0, so that (3.7) and the
o-finiteness of p imply that 3Dy C Q such that u (Dy) < oo and

‘fO (x7uno (‘r))|q 64
/DU Tdu > 67 > ?

Then suppose that we have Dy, ..., D C Q and ny,...,n; € N satisfying (3.8)-(3.10),
and define the set

k
D:= | D;.
=0

Since p (D) < 400, by Proposition 2.17 we know that w, — 0 in L9 (D,du) and we
can apply the classical theorem on Nemytskil operators (see [37, Theorem 19.1]): the
operator B

No : L9(D,du) — LD, dp)

No (u) (2) = w ()" fo (2,u(z))

(associated to the Caratheodory function fo (z,t) := w (w)_l/q fo (z,t)) is continuous
and such that Aj (0) = 0, and thus there exists ng+1 € N, ngy1 > ng, such that

|f0 (xvunk+1 (x))|q ﬁ
/D () dp < 5 (3.11)

On the other hand, again by (3.7) and the o-finiteness of p, there exists D’ C 2 such
that p (D) < +o00 and

/ [fo (@, unyss (x))}qdu - (3.12)

w ()
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Then, setting
Dy =D'\D,

from (3.11)-(3.12) we deduce

|fo (2, unyi (x))|q &1
Aml FIF )

and the claim is proved.
Now, using (3.9), we can define

00

7} : /

- unkXDk
k=0

and, by (3.4), we get

[wran=3" [ i a3 [ ] dn <o
@ k=0" Dk k=0 '

so that v’ € L. Analogously, one defines " € L% by setting

Z unkXDk

Therefore u := «' + u” belongs to L and satisfies

o0

Z Uy, + unk XD, = Z Unk XDy, »

k=0

which, by fo (-,0) = 0 and (3.10), implies

/|fo z,u(x))|"dh = / \fo du Z/ —\fo Akl ))lqduz—i-oo.

So we get a contradiction with fo (-, u () € L1(Q2,d\). B
Proof of Theorem 3.1. Let ug € L and define

Jo(@,t) := f (2,0 +uo (x)) — f (2, u0 (z))

(for almost every z € Q and every ¢ € R). Then the operator Ny : L — L% (€, d)\)
defined by (3.6) is continuous at 0 thanks to Lemma 3.3, and therefore A is continuous

at ug since N (u) — N (ug) = Np (u — ). B

We now introduce the following condition:
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(1) for every v € L' (Q,dp) and n > 1 there exists a partition {Q;},,<, of  such
that ) o
/ \v\du:—/ |v|dp  for all i =1,...,n.
Q; nJa

We observe that (u) holds for example if Q@ C RN and du = w(x)dz for some
w € LlloC (Q,dx); indeed, in this case, the mapping the mapping ¢ : p — anBp |v| du
is continuous, monotone and such that ¢ ([0, +00)) = [0,a] where o := [, |v|dp, so
that, setting p; := ¢! (ai/n) and Q; := QN (B, \ B,,_,) for i =1,...,n, one has

/ vl dp = /
Q; QNB

Theorem 3.4. If () holds then, under the same assumptions of Theorem 3.1, the
operator (3.2)-(3.3) is bounded (i.e., it maps bounded sets into bounded sets).

ai a(i—1 !
pldn— [ plag=2 22D 2
onB,, n n n

P 1

Proof. Define
fo(z,t) = f(x,t) — f(x,0) forall (z,t) € Q xR,

so that the operator Ny : L — L7 (£, d)\) defined by (3.6) is continuous at 0 thanks
to Lemma 3.3. Note that
No (w) =N (u) — N (0) (3.13)

and thus Ny (0) = 0. Hence there exists R > 0 such that Vu € L one has
[ull < B = [|No (W)ll pa(,an) < T- (3.14)

Now let u € L and let n € N be such that
s H%UH < (n+ 1)V, (3.15)

By definition (2.2) of ||-||, there exist v’ € L% and w” € L% such that

2u 2u' 24"

= — 4+ — 3.16
7 7t (3.16)
/ "
nl/a2 < ‘ Qi ’ 2u < (n+ 1)1/Q2’
R La1 R Laz

whence we get

2u’ 2u"

R

<(n+1)"",
La2

<n+D)Y2 < (n+ 1)V and ‘

L1

R q1 R g2
/ Ju/|™ dp < (n+1) (—) and / |u"|® dp < (n+1) (—) .
Q 2 Q 2
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Hence, by assumption (u), there exist two partitions {A;}, ;<. and {Bi}; c;cpiq
of Q such that for all i = 1,...,n + 1 one has o o

R q1 R q2
/ |u'|" dp < <§) and / [u"|" dp < (5) :
Ai Bi,

Define a new partition {C;;} of Q by setting
Cij:=A;NB; fori,j=1,..,n+1

Then v’ € L9 (Cyj,dp), v’ € L% (Cyj, dp) and [|u'|| ;o (Cijrdp) 1 Hu//Hqu(Ci‘,-,du) < R/2,
so that the mapping defined by

g () = { u(z) ifz € Oy

0 otherwise
belongs to L by Proposition 2.3 and satisfies
lwisll < 1 par (o + 10 o gy < B
since (3.16) implies u;; = u'xc,, +u"x¢,,- Hence (3.14) gives |\ (i)l Lagaany <1

and thus we get

n+1
o @laoay = [ ho@olin=Y [ i@l o

ij=1
n+1 n+1
= > [Ifaleun)l dr= 3 o )l
ij=179 ij=1

(n+1)°.
Therefore, by (3.13) and the first inequality of (3.15), we deduce

IN

2 q2 2
IV (@)= N O = I Ol any < ((F) Il 1)

This yields the result and the proof is thus complete. ll

A growth condition on f ensuring (3.1) can be easily obtained by Proposition 2.3.

Proposition 3.5. Let f : 2 x R — R be a Caratheodory function and let o, 3 > 0

be such that
Q@

a2
Assume that there exist q € [q2/0,q1/a] and g € L2, dp) such that for almost every
x € Q and every t € R one has

£ @) < (Mmingd* 117} + 9 (@) w ()7 (3.17)

< and (< qo.

| e

where M > 0 is a constant. Then the Nemytskil operator N : L (Q,du) — L9 (£, d))
given by (3.3) is well defined and continuous, and it is bounded if (p) holds.
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Proof. By Theorems 3.1 and 3.4, it is sufficient to show that f(-,u(:)) € L7 (Q,d))
for all w € L. So let u € L and recall the definition (2.1) of A,,. Since a < 3, we have

If( ()] < (M [ul* xp, + M |u\ng3 +g> w'/?  almost everywhere on €,

so that there exists a constant C > 0 such that

a q
Lir@aoran < [ (arju s, + 0 xag +9)"w (@) ar
< C(/ \UI“qle/ IUIﬁqdqu/quu)
Au Ac Q
<

c(/’quu+/ m%@wwm&a,
A Ac

where we have used the fact that ag < ¢; and 8q > ¢o. The conclusion then follows
from Proposition 2.3.iii. H

Remark 3. If u = A, then Proposition 3.5 ensures that the operator N : L — L4
given by (3.3) is continuous (and bounded if (p) holds) for every q € [q2/0,q1/¢],
provided that (3.17) holds with w (z) = 1 and g € L9/* N L9/, Taking into account
the characterization of Proposition 2.20, such a result was partially given in [26,
Theorem 2.3], where it is shown that a necessary and sufficient condition in order
that N acts from L® into L9 is that there exist M > 0 and g € L' such that

|f (z,8)|? < M® (t) + §(z) for almost every x € Q and every t € R. (3.18)

Indeed, under the assumptions of Proposition 3.5, it is easy to check that there exists
a constant C' > 0 such that min{|t|*, |t|°}? < C® (¢) for all t € R, so that (3.18)
holds provided that (3.17) holds.

The following corollary concerns the case, of particular interest in the applications,
in which the Nemytskii operator works between L = L (Q,du) and its dual space L'.
Recall from Theorem 2.10 that L’ identifies with L% N L% = L9 (Q, dp) N L9%2(Q, dy).

Corollary 3.6. Let f : © x R — R be a Caratheodory function and assume that
there exist M > 0 and g € L% N L% such that for almost every x € Q) and every t € R
one has

|f (@, )] < Mmin{[t] 1, ("7} + g (2).

Then the Nemytskii operator N : L — L% N L% given by (3.3) is well defined and
continuous, and it is bounded if (p) holds.

Proof. Recalling the intersection norm (2.8), the continuity and the boundedness
of N1 L(Q) — L% N L% is equivalent to the ones of A" from L into both L% and
L%. On the other hand, f satisfies (3.17) with o = q1 — 1, 8 =g — 1, w(z) = 1
and g € L% N L%. Hence the result follows from applying Proposition 3.5 with
7=q1,4>- W
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Another consequence of Theorem 3.1 (and in particular of Corollary 3.6) is the
next differentiability result, which will be exploited in Section 5.

Proposition 3.7. Let f: Q x R — R be a Caratheodory function and set
t
F(z,t) ::/ f(x,s)ds forall (z,t) € QxR.
0

Assume that there exist M > 0 and g € L% N L% such that for almost every z €
and every t € R one has

£ (@)l < (Mminft” |12 4+ g (@) w (). (3.19)
Then the operator
F:L(Q,dp) — L* (9,dN) (3.20)
F (u) (z) := F (x,u(x))

is well defined and of class C*, with Fréchet derivative F' (u) at any u € L (€, dpu)
given by
(F' (u),h) (z) = f(z,u(x))h(x) for all h € L (2, du) .

Proof. From (3.19) it follows that 3M > 0 such that
[F (2, 1)] < (J\Zmin{lt\q1 "+t g (1’)) w (x)
(for almost every z € {2 and every ¢t € R), so that v € L implies
|F ()] < Mmin {Jul®, [u]®}w + |u] gw € L (2,dA)

since

/ min {Ju]® , [u[®"} wdA = / min {[u]™ , [u[®} djs < +oo,
Q Q

/|u|gwd/\:/ lul gdp < +o00
Q Q

by Proposition 3.5 and Lemma 2.9 respectively. Hence the operator (3.20) is well
defined.

Now let u,h € L and let {t,} C (—1,1) be any sequence such that ¢,, — 0. By the
mean value theorem, we infer that for almost every x € Q and every n there exists
0, = 0, (z) € [0,1] such that

|F(x>u+tnh) - F(m,u)|

|f (@, u+ Ontnh)| [tn| ||
(M min{fu -+ Ontnbl ™ fu+ Outahl =1} + g) ltn] |l w

IN

IN

(M min{(ful + 1R)™ ", (jul + )5} + g) Ital [B] o,
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so that almost everywhere on 2 one has

F (u+tph) — F (u)
tn

F (u+tph) — F(u)
tn

— f(xz,u)h asn — oo,

< Mmin{(ful + [R)" 7", (Jul + [B)® 7"} |h|w + g|hl o

where
min{(Jul + [R)™ ", (jul + [A) 27"} [Blw, g|hlw € L' (Q,d))

by Lemma 2.9, since |u| + |h| € L (recall Proposition 2.3.iv) and Corollary 3.6 gives
min{(|u| 4+ |A)® ", (Ju| + |R])® '} € L% N L%, Hence

F (u+tph) — F (u)
tn

— f(z,u)h in L' (Q,dN\) (3.21)

by dominated convergence. On the other hand, the Caratheodory function defined by

]?(ac7 t) = f;a(::;;f)

for all (z,t) € QxR

satisfies

Fe.t) = LI < im0 )

(for almost every x € Q and every ¢t € R), so that, by Corollary 3.6, the operator

u— f(x,u) acts from L into L9 N L% and it is continuous. Hence the linear operator
F'(u):h €L f(x,u)h €L (Q,d\)

is continuous by Lemma 2.9 and thus, by (3.21), it is the Gateaux derivative of F at
u. Moreover, denoting by £ the space of linear and continuous operators from L into
L' (Q,d)), for every u,v € L one has

17 ) = @l = s [ [Flow) = F oo e < 170 = F .90 st

by Lemma 2.9 again, so that the mapping v € L — F’ (u) € L is continuous and thus
F' (u) is the Fréchet derivative of F at u. H

4. A compactness result

As a particular case of the previous sections, here we consider the space L(RY,dpu)
where j is a o-finite Borel measure such that p and the Lebesgue measure of RY are
absolutely continuous with respect to each other, that is,

di = w (z)dr  for some measurable function w : RY — (0, +00).
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Accordingly, we only omit the indication of the Lebesgue measure, briefly writing
LP(Q) = LP (Q,dx) for any Q C RY,

while, in order to exclude possible misunderstandings, whenever the measure p is
concerned we shall use expanded notations, that is,

L (RY,w(z)dx) = L (RN, dp) = L (R, du) + L2 (RN, dp)

just avoiding the mentioning of the exponents ¢, g2 in the sum space notation.
Assuming 1 < p < N, we will prove a compactness result involving the radial

subspace
D-? (RY) == {u e D" (RY) s u(z) = u(|z])}

rad

of the Sobolev space
D7 (®Y) = fue 17" (RY) :[Vul € L7 (RV) |,

where p* := pN/(N —p). Recall that D'?(RY) is actually the completion of C2°(R")

with respect to the norm
1/p
fullpo = ([ |17 a)
RN

as well as DA (RYN) is the closure in DP(RY) of the radial subspace aa(RY) of

C>(RY). Moreover, the continuous embedding
D' (RY) — L¥" (RY) (4.1)
holds, thanks to Sobolev inequality.

Theorem 4.1. Assume w € LS (RYN \ {0}) and that there exist 61 > — (1 + N/p')
and 65 € R such that

w (z)
02

lim esssup w () <400 and lim esssup < +00. (4.2)

=0t o< |z|<r \x|91 =+ > |

Then Drléﬁ (RY) is compactly embedded into L(RY ,w (z) dx) for every q1,q2 > 1 such
that 9 9
* Lp * 2p
< —_— d — < @o.
‘gl p+N7p an p+pr 2
The proof of Theorem 4.1 relies on the following lemmas, where the first one is
a generalization of a pointwise estimate which is well known for p = 2. Some easy
consequences of Theorem 4.1 will be pointed out at the end of the section.

Lemma 4.2. There exists a constant Cnp, > 0 (only depending on N,p) such that
Yu € DP(RN) one has

rad

1
lu(z)| < Cnpllullpr» —5= almost everywhere on RV,

€T p
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Proof. See for example [36, Lemma 1]. H

For future convenience, in the next two lemmas we give more general results than
the ones needed in the proof of Theorem 4.1 (where we will apply with A = u).

Lemma 4.3. Let > — (1+ N/p') and 1 < ¢ < p* +60p/ (N —p). Then there exists
Co = Co (N, p,0,q) > 0 such that for every u € DLR(RN), h € DVP(RN) and 7 > 0
one has
* 0
2l [ul bl dz < Cor@ 5D a0 1hl| e

B,

Proof. We denote by C' any positive constant only depending on N,p,0,q. Take
6 =6(N,p,q) > 0such that g—p* < § < g—1, in such a way that (p*—1)/(¢—1-0) >
1. Then by Hélder inequality, Sobolev embedding (4.1) and Lemma 4.2, for every
ue DEP(RY), h e DYP(RY) and r > 0 we have

rad

. . (p*—1)/p" 1/p*
P (g—1) *
/ l2|? [u|T |hde < (/ miu |u| et dx) (/ |h[P d:r,>
B, B, B,
</ |:L. 9
B,

1/p*/
5 0— —25 L 1-6
O ullSe, ( [l R oo da:) 1hll e

T

IN

_s)p* (p*—=1)/p
P || T [ dw) 1l s

IN

Applying Holder inequality again (with conjugate exponents t = (p* —1)/(¢ — 1 —6)
and ¢’ = (p* = 1)/(p™ — ¢+ 6)) we get

/ 2l u] ™ 1] de
B,

p*—g+é gq—1—6
SN p* . F
< c(/ 1| (0= ) 7 dx) (/ Jul? dw) [l 18] prs
B, B,
Tog_sNY_ bt N (p"=q+6)/p" .
< C </ p( 7P_*)p*—q+é'+ B dp) ”quDl,p Hh”DLp (43)
0
where

6N p* N ( Op )
— 4 N=—" p*+ —q)>0
( p*)p*—q+5 pr—q+46 P N-—-p 1

by assumption. Hence we conclude

3

. *_q+8 *
/ |x|9 ‘u|q—1 |h‘ dl' S C ||U/H%1,p (rp*i\iz+6 (p +Ve—%7q))(p q )/p

By

which yields the result. H
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Lemma 4.4. Let § € R and let ¢ > 1 be such that ¢ > p*+60p/ (N — p). Then there
exists Coo = Coo (N, p,6,q) > 0 such that for every u € DLE(RN), h € DY?(RN) and
R > 0 one has

Coo

" |h] da < & IRl o -
el T e < s e

Proof. We denote by C' any positive constant only depending on N, p,0,q. Taking
6 =6 (N,p,q) > 0 as in the previous lemma, the same computation giving (4.3) yields
that for every u € DL (RN), h € D'?(RV) and R > 0 one has

rad
/.

where

—1
lull B 1Al s

oo 5N * (p"—q+8)/p"
|a:|9 |9 b de < C </ p(GP—*)—Lp*q+b+N1dp>
R

c
R

SN p* N ( Op )
0 — — 4 N=—~" (pr+—F——¢g) <0
( p*)p*q+5 p*—q+06 P N-—p 1

by assumption. Hence we obtain

* (p*—q+06)/p"
0 14— ey et -
|l e < € (RO ) Jullet 1l
R

and the result then ensues. Il

Proof of Theorem 4.1. Let u, — 0 in Drléﬁ(RN), whence {u,} is bounded in
DYP(RVM), and let ¢ > 0. By assumption (4.2), there exist C;,C2 > 0 such that
w(z) < Cy |z|” for almost every |z| small enough and w (z) < Cs|z|* for almost
every |z| large enough, so that, by Lemmas 4.3 and 4.4 (applied with u = h = u,,),
we can fix r., R. > 0 such that

/ \un\qlw(x)dx—&—/ [un|? w (z) dx

= Re

< 01/ |2|” \un|q1dx+C’2/ |2|% |un|? da

B"‘s B%g

PR —a) AR G0
< oI e gy Il

RE N—p P

Py —a ) R 1 €

s S . B
Re N—p P

for some suitable constant C' > 0 and for all n. Then, if g; < p, from the compactness
of the embedding DA (RY) < LP (RN) we deduce that

rad

[ el e@ds < el gn, [ el de—0 asn o,
BRE\BTs ) - Br

e \ Br.
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On the other hand, if ¢; > p, we use Lemma 4.2 to deduce that there exists a constant
C. > 0 such that

/ |un|‘11 w (1’) dx S HwHLOO(BRE\BTE)/ ‘U/n“h—p "U,n|p dx
Br\B;, Br\B,
< ol by Yool [ twpd
> w ) = U X
PRBRAB) T ER ) s,
<

C’E/ [un|? dz — 0
Br.\B,.

as n — o0o. Therefore condition (2.7) holds with E., = Bg, and the conclusion
follows from Proposition 2.7. H

The following results are straightforward consequences of Theorem 4.1. In par-
ticular, the first one contains a compactness lemma due to Benci-Fortunato (see [15,
Lemma 3]), corresponding to the case p = 2 and w constant.

Corollary 4.5. If w € L>(RY), then the space D:,‘;ﬁ (RN) is compactly embedded
into L(RYN,w (z) dz) for every 1 < q1 < p* < qa.

Proof. If w € L°(RY) then condition (4.2) holds with §; = 65 = 0 (which are also
the best exponents for such a condition) and the result follows from Theorem 4.1. Il

Corollary 4.6. If w € L (RN \ {0}) and (4.2) holds for some 01 > — (1 + N/p)

loc
and 0y < 6y, then D-P(RN) is compactly embedded into LI(RN,w(z)dzx) for every
q > 1 such that

* 92]7 * 01]7

p +N—p <qg<p +N—p'

Proof. Since 05 < 6, implies p* 4+ ap/(N — p) < p* + 01p/(N — p), we can apply
Theorem 4.1 with ¢ = ¢2 = ¢ and the result ensues, because L(RY,w (z)dr) =
LYRY w(z)dz). A

5. Application to quasilinear equations
Assume 1 < p < N and let V : (0,+00) — [0,400] and f : (0,+00) x R — [0, +00)

be, respectively, a measurable and a Carathéodory function satisfying (V) and (f).
We define the weighted Sobolev spaces

W = Wbhp (RN, V) = {u e D' (RN) : / V (2] JulP dz < +oo} :
RN
LppN
Wia = Wik (RY) = Ty @ Awrr @y, vy

equipped with the norm given by

Julfy = [ (9l +V (fa) ") da,
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with respect to which they are uniformly convex Banach spaces. Note that assumption
(V) ensures that both W and W,,q are nonempty. Moreover, since W-convergence
implies almost everywhere convergence (up to a subsequence), all the mappings in
Wiaq are spherically symmetric.

We will apply some results from the previous sections (in particular Theorem 4.1,
Proposition 3.7 and Corollary 2.18) with Q@ = RY and du = w (z) dz, where

w (@) = max{|z|" 2|}
according to assumption (f). Note that Wiaq is continuously embedded into Dl’p P(RY)
and thus the embedding
Wiad — LRYN,w (2) dz) := L? (RN, w (z) dz) + L2 (RY,w (z) dx)

(where g1, g2 are given by (f) again) is compact by Theorem 4.1.
Thanks to the continuity of the embedding W;aq — L(R™,w (x) dx), assumption
(f) and Proposition 3.7 ensure that the functional I : Wy,q — R given by

1
I (u) := = [lully f/ F(|z[,u)dz
p RN

where F (rt) (r,s)ds) is well defined and of class C*, L with Fréchet derivative
0
I'(u) € de at any u € Wyaq given by

(I' (u), by = /RN (\vu\f”" Vu - Vh+V (|z]) \u|”*2uh) dm—/RN F(lz|,w) hdz (5.1)

for all h € Wyaq. Hence the critical points u € Wiaq of I satisfy (1.3) for all h € Wi,g.
The next lemma shows that W;,q actually is, in some sense, a natural constraint for
finding weak solutions of equation (1.2). Observe that the classical Palais’ principle of
symmetric criticality [31] does not apply in this case, because we do not know whether
1 is differentiable, not even well defined, on the whole space W or not.

Lemma 5.1. Every critical point of I : Wy,q — R is a weak solution to equation
(1.2).

Proof. We show that if u € W,,q satisfies (1.3) for all h € Wy,q, then (1.3) holds
also true for all h € W. Let u € Wyaq. By (f) and Lemmas 4.3 and 4.4, Yh € W we
have

/ (2l whlde < M / min{[u ™, [u] 1} |hw (z) de
]RN
< j2|” Ju| " R dz + M / )% |u| " |h| da
B1
< (COHUH(“ Lo G ull ) Rl

so that the linear functional defined by

(T (u), h) = /RN (IVel?2 G- Vi 4V () " ) d /RN £l ,u) hde
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is well defined and continuous on W. Hence, by uniform convexity, there exists a
unique @ € W such that T (u) & = Hﬁ”%/v = ||T(u)\|12,v, Then, by means of obvious
changes of variable, one checks that for every h € W we have

(T'(u),h(5)) = (T (u),h) and [[h(S)|y =[]y, forall S € O(N),

one deduces @ (S-) = @ by uniqueness. This means

whence, applying with h = «,
(u),hy =0 for all h € Wiyaq, one has (T (u), @) = 0, that is,

@ € Wraq, so that, if (T
1T (w)]lyy = 0. W

By virtue of Lemma 5.1, the proof of Theorems 1.1 and 1.2 reduces to finding
critical points of the functional I, which exhibits a right amount of compactness,
according to the following lemma.

Lemma 5.2. The functional I : W,,q — R satisfies the Palais-Smale condition.

Proof. Let {u,} C W;aq be a sequence such that {I (u,)} is bounded and I’ (u,,) — 0

in W/ .. One has to show that {u,,} contains a W-converging subsequence. Exploitin
rad gmg g

the condition vF (r,t) < f (r,t)t with v > p of assumption (f), a standard argument
shows that {u,} is bounded in W;,q. Then Theorem 4.1 applies, yielding the existence
of u € Wiaq such that (up to a subsequence)

Up — w10 Wiaq
up —u  in LRN, w(z)dr).

Now set 1
I (u) := 5 flullfy and Ip(u) =1 (u) — I (u)

for brevity. Then, by (5.1) and Proposition 3.7, we get
[unlliyr = (I (un) s un) + (I (n) s un) = (I3 (u) ,u) + 0 (1), o »

so that lim, . |Jun ||y, exists and one has [jullf, < lim, o |Ju, |}y, by weak lower
semicontinuity. Moreover the convexity of I : Wy,q — R implies

I (u) =1y (un) > <I{ (Un) ,u—up) = <I/ (un),u— un>+<Ié (un),u—up) =o (1)n—>oo

and thus

: 1.
ol = T (u) = Jim Iy (un) = = Tim [y
So ||unlly — lully and one concludes that w, — u in Wyaq by uniform convexity. B

Proof of Theorem 1.1. As we are interested in nonnegative solutions, it is not
restrictive to assume

f(r,t)=0 forallr >0andt <0 (5.2)
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We want to apply the well known Mountain-Pass Theorem [2]. To this end, observe
that, by (f) and Lemmas 4.3 and 4.4 (applied with h = w), for every u € Wy,q we
have

/ Pl u)de < cl/ min{[ul” | [ul®}w (z) do
RN RN

/ ™ 2] de + / ] 2" dee < e |[ull% + cs %
B B¢

1

IN

(where ¢y, ca, c3 denote some positive constants), so that
1
UWZEW%ﬁWﬂW%—%MW“ (5.3)

Since g2 > q1 > p, this proves that I has a mountain pass geometry near the origin,
i.e., there exist ¢, p > 0 such that for all u € Wy,q with [Jul|;;, = p one has I (u) > 6.
On the other hand, there exists & € Wyaq such that [|dl|y;, > p and I (@) < 0. Indeed,
by assumption (1.7) and condition vF (r,t) < f (r,t)t of (f), one easily deduces

F(r,t.)

F(rt) 2 —p5

t7  for almost every r > 0 and all ¢t > t,

so that, VA > 1 and Yu € W,,q nonnegative such that the set {z € RN : u (x) > t.}
has positive Lebesgue measure, we get

,
/ Pl )de > / F (2] A de > - F(la| t.) u'dz
RN wu>t) Lo J >t}
>\'Y
> —7/ F(|x|,t*)u'ydx2/\v/ F (Jz|,ts)dz >0
be Sty {u>t.}

(recall that F* > 0 and F'(]-],¢«) > 0 almost everywhere), which gives

p
() g%nungv—m/ F(lal t.)dz — 00 as A — 400

u>ty

since v > p. As a conclusion, I exhibits a full mountain-pass geometry and, by Lemma
5.2, the Mountain-Pass Theorem provides the existence of a nontrivial critical point
for I, which is a weak solution to equation (1.2) by Lemma 5.1. Finally, by (5.2), a
standard argument shows that any u € W satisfying (1.3) for all h € W has to be
nonnegative. B

Proof of Theorem 1.2. By the oddness assumption (1.8), one has I (u) = I (—u)
for all u € Wy,q and thus we can apply the Symmetric Mountain-Pass Theorem (see
for example [35, Theorem 6.5]). To this end, taking into account (5.3) and Lemma
5.2, we need only to show that I satisfies the following geometrical condition: for
any finite dimensional subspace Y # {0} of Wi,q there exists R > 0 such that
for all w € Y with |lul|;;, > R one has I (u) < 0. In fact it is sufficient to prove
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that any sequence {un} C Y with [luy[ly, — +oo admits a subsequence such that
I (u,) < 0. Recall the definition (2.1) (where = RY) of A,, and briefly denote
L1 (Ay,) == L% (Ay,,w (z)dx), L2(AS, ) := LP2(AS, ,w(x)dr). Since all norms are
equivalent on Y, one has

[unllpar (a,,,) + 1unllpa ag ) = lunll = collunlly — +o0 (5:4)

for some constant ¢y > 0, where the right hand inequality of (2.21) has been used.
Hence, up to a subsequence, at least one of the sequences {|[un o (o, )} {lltnllpozac )}

diverges. We now use assumption (1.9) to obtain

/ F(|x\,un)d1’2m/ [t |" w () do +m |un | w(x) d.
RN Aup Ag

Thus, using inequalities (5.4), there exists a constant ¢ > 0 such that

I (un)

IN

¢ (lunlasa, ) + lunlBagae ) = m (Nl fha,, ) + Nl nc )

= cllunll}a (Ay,) — T Huanqul(AUn) tc Hunllﬁqz(%”) -m ”uanLQ%(Agn) ’

so that I (u,) — —oo, since g > q1 > p. Therefore the Symmetric Mountain-Pass
Theorem implies the existence of an unbounded sequence of critical values for I, to
which there corresponds a sequence of nontrivial critical points and thus a sequence
of weak solutions to equation (1.2), thanks to Lemma 5.1. Il
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