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ABSTRACT

In this report we investigate the general theory of grey-scale morphology within the framework of complete
lattices and fuzzy logic. This includes grey-scale granulometries, hit-or-miss operators for grey-scale images,
rank operators, and connected operators. We also show that the Matheron’s representation theory does not
hold for general grey-scale images and we present some results related to the representation theory. Besides
these, in this report, we put forward a new approach to fuzzy morphology through the extension of infimum,
supremum, and conjunction.
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1. INTRODUCTION

Mathematical morphology was founded in the early sixties by Matheron [10] and Serra [13] as
a novel geometry-based technique for image processing and analysis. Originally, mathematical
morphology was developed for binary images and used simple concepts from set theory and
geometry such as set inclusion, intersection, union, complementation, and translation. This
resulted in a collection of tools, called morphological operators, which are eminently suited
for the analysis of shape and structure in binary images [16]. The most well-known of these
operators are erosion and dilation. In binary morphology, a series of theories, such as the
well-known Matheron’s representation theorem, hit-or-miss transform, granulometry, and
morphological filters, have been developed.

Soon thereafter, mathematical morphology was extended to grey-scale images. Such an
extension requires rules for the ‘combination’ of different grey-values. In the binary case, the
set paradigm leads in a natural way to ‘combinations’ based on concepts from Boolean logic.
In the grey-scale case, the set paradigm is no longer valid, and as a consequence it is not
a priori clear which ‘combination mechanism’ should be used. Furthermore, many theories,
for instance, grey-scale granulometry, connectivity and connected operators, haven’t been
developed.

In our first report [5], we founded morphological operators within the framework from
fuzzy logic. In that report, a large class of morphological operators for grey-scale images was
conducted, and the classical grey-scale Minkowski addition and subtraction are the special
case within fuzzy logic framework.

The first author using concepts from fuzzy logic in mathematical morphology is Goetcherian [6].
Since then, several authors have followed this approach, for example Sinha and Dougherty [14,
15], Bloch and Maitre [1, 2], and De Baets, Nachtegael and Kerre [4, 3, 11]. An excellent
source is the recent volume edited by Kerre and Nachtegael [8].

This report is the sequel of our first one. In this report, we investigate granulometry, hit-
or-miss operator, rank operator, connectivity, and the Matheron’s representation theorem



for grey-scale images. Besides these, we put forward a new approach to fuzzy morphological
operators by the extension of infimum and supremum operators as well as conjunction. This
report just is an attempt to develop these theories, and contains some preliminary ideas which
need to be worked out in much greater detail in the future.

2. GREY-SCALE MATHEMATICAL MORPHOLOGY
Let U be a nonempty set called a universe, let P(U) be the family of all subsets of U, and let
F(U) be the family of all fuzzy subsets (fuzzy sets) on U. In general, we take U = RY, the
d-dimensional Euclidean space, in which case a subset X of U represents a continuous binary
image on U, or we take U = Z%, in which case X C U represents a discrete binary image on
U.

In this section, we briefly recall some primary concepts and results in Mathematical mor-
phology.

2.1 Binary Morphology
In set morphology, dilation § and erosion ¢ are defined from the Minkowski addition and
subtraction as follows

SA(X)=X®A and eq(X)=XO0A.

for any image X € P(U). The set A is called structuring element in the morphological
literature.
The most important relation between dilation and erosion is

YOACX «— YCX0A, X,V,A ePU),

which is called the adjunction relation.
Let A € P(U) be a structuring element, for any binary image X € P(U), the opening and
closing of image X by A are, respectively, defined as follows:

ap(X)=Xo0A=(X0A)PA and fa(X)=XeA=(XDA)OA.

2.2 Morphology on Complete Lattices
In mathematical morphology, the framework of complete lattices is a right implement.

2.1. Definition. Suppose that £ and M are complete lattices, and that J is an index set.
An operator 6 : M — L is called a dilation if 6(\/;c;Y;) = V;c;6(Y;) for every collection
{Yi|i€ J} € M. An operator € : L — M is called an erosion if e(\;c; Xi) = N;c;e(Xi)
for every collection{X; | i € J} C L. Note in particular, by choosing J to be the empty
set, we get 6(L) = L and ¢(T) = T, where L and T are the least and greatest elements,
respectively. Two operators ¢ : L = M and 0 : M — L are said to form an adjunction if and
only if
I(Y)<X <= Y <e(X)

for any X € £ and Y € M. In this case, we say that (¢,0) is an adjunction between £ and
M.

2.2. Proposition. Let L and M be two complete lattices, and let (e,d) be an adjunction
between L and M, then € is an erosion and 0 is a dilation.

2.3. Proposition. If§ : M — L is a dilation, then there exists a unique erosion € : L — M
such that (€,0) is an adjunction between L and M. Dually, if ¢ : L — M is an erosion, then
there exists a unique dilation § : M — L such that (¢,0) is an adjunction between L and M.

2.4. Proposition. Assume that (¢1,061) is an adjunction between complete lattices L and
M, and that (9 ,02) is an adjunction between complete lattices M and N, then (g1 ,0102)
is an adjunction between L and N .
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2.5. Proposition. Let (g;,d;) be an adjunction between complete lattices L and M for any
i € J, then (N;jcyei, Ve 0i) is an adjunction between L and M as well.

2.6. Definition. Given a complete lattice £, an operator a : £L — L is called an opening
if a is increasing (that is, X; < X, implies that a(X;) < a(X3)), idempotent (that is
a(a(X)) = a(X), or briefly o® = «), and anti-extensive (that is a(X) < X, for every
X € L). Dually, an operator ( is called a closing if it satisfies the first two properties and
also extensive (that is X < (X)), for every X € L).

2.7. Proposition. If (e,0) is an adjunction between complete lattices L and M, then €0 is
a closing on M, whereas de is an opening on L.

2.8 Fuzzy Logical Operations
In this subsection, we review some basic concepts from fuzzy logic which are important for the
sequel of this report. Special attention should be paid to the conjunction C' and implication
I, and the interpretation of how these two notions can be paired by means of the adjunction
relation discussed in the previous subsection. There is a huge literature on fuzzy logic and
fuzzy set theory (see e.g. [9, 12, 17]), and it should be clear that the discussion presented
here is far from complete.

In fuzzy logic, the operations C' and I are extended from the Boolean domain {0, 1} x{0,1}
to the rectangle [0,1] x [0,1].

2.8. Definition. A mapping C': [0,1] x[0,1] — [0,1] is called a fuzzy conjunction (briefly,
conjunction) if it is increasing in both arguments and satisfies the boundary conditions of
classical logic

C(0,0) =C(1,0)=C(0,1)=0 and C(1,1)=1. (2.2.1)

A mapping I : [0,1] x [0,1] — [0,1] is called a fuzzy implication (briefly, implication) if it
is decreasing in the first argument, increasing in the second, and coincides with the classical
implication

1(0,0) = 1(0,1) = I(1,1) = 1 and I(1,0) =0. (2.2.2)
2.9. Definition. An implication I and a conjunction C' are said to be adjoint (on [0,1]) if
Cla,t) <s < t<I(a,s) (2.2.3)

for all a,s,t € [0,1].

Thus an implication I and a conjunction C' are adjoint if for every a € [0,1], the pair
(I(a,-),C(a,-)) forms an adjunction on [0,1], (briefly, we say that the pair (I,C) is an
adjunction). This means in particular that I(a,-) is an erosion on [0, 1], or alternatively,
continuous from the right, and that C(a,-) is a dilation, or alternatively, continuous from the
left.

In the context of grey-scale morphology, the grey-value set usually is a discrete point set,
for instance, Z = Z U {—o0, +00}, or {ag,ai,... ,an}.

Let us firstly present the definition of conjunctions and implications on arbitrary complete
lattices.

2.10. Definition. Let £ be a complete lattice, the least and greatest elements of L are
denoted by | and T, respectively. A conjunction C' on L is defined as an operator from
L x L to L, satisfying that C' is increasing in both arguments, and

C(L,1)=C(L,T)=C(T,L)=1 and C(T,T)=T,



whereas, an implication I on L is decreasing in the first argument, increasing in the second
and satisfying that

I(L,1)=I(L,T)=IT,T)=T and I(T,L1)=1.
An implication I and a conjunction C' on L are said to be adjoint if
Cla,t) <s <= t<I(a,s), a,s,teL.

2.11. Proposition. Let L be a complete lattice, and let o : [0,1] — L be a continuous
increasing mapping such that o(0) = L and o(1) = T. I and C be two functions from
[0,1] x [0,1] = [0,1], respectively. For any s,t € L, define Cy(s,t) = o(C(o7(s),071(2)))
and I,(s,t) = o(I(c="(s),071(t))), then the following assertions hold.

(1) I is an implication (C is a conjunction) if and only if I, is an implication (Cy is a
conjunction).

(2) (I,C) is adjoint on [0,1] if and only if (I, ,C,) is adjoint on L

2.4 Grey-scale Morphology

Let U be the universe discoursed, 7 be the grey-scale value set of images on U, and let
TV ={F | F:U — T} be the family of all mappings in which every mapping F represents a
grey-scale image on U. If T is a complete lattice with a partial ordering <, then TV is also a
complete lattice with a partial ordering, also denoted by <, defined as, for any Fy ,Fy € TV,

Fi < Fy < Fl(I)SFQ(IE), VzeU.

We denote 7Y by F(U) which can be regarded as the family of all fuzzy subsets on U.
From this viewpoint, a grey-scale image F' on U is a fuzzy subset F' € F(U). A fuzzy subset
(or fuzzy set) F' is uniquely determined by its membership function pp(x), briefly, denoted
by F(z), z € U.

We may extend the set relations inclusion and intersection of two crisp sets to fuzzy case.

Let F',G € F(U), we denote by |G C F| the degree of fuzzy set G included in fuzzy set F,
then

|G C F| := a quantity concerning I(G(y),F(y)), foraly e U
= NI(GW),F)|yeU}
= N I(G(y),Fly),

yeU

where [ is a fuzzy implication.

The degree of erosion of the grey-scale image F' by G, called a structuring element (a
structuring function) at point z should be |G, C F|, here G, is a fuzzy set, denoting the
translation of fuzzy set G along z, G,(y) =Gy —z), y € U.

Analogously, we denote by |G 1} F'| the degree of fuzzy set G hitting fuzzy set F, then

|Gt F| := a quantity concerning C(G(y), F(y)), for some y € U
= \{C(GW),Fy) |yeU}
=\ CGWw),Fy),

yelU

where C' is a fuzzy conjunction.

The degree of dilation of the grey-scale image F' by the structuring function G' at point
x should be |G, f+ F|, here G and G, = (G); mean that G(y) = G(—y) and Gu(y) =
G(r —y), y € U, respectively.
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2.12. Definition. Let G € F(U) be a structuring element (structuring function), F' € F(U)
be a grey-scale image. Suppose that implication I and conjunction C form an adjunction,
define dilation and erosion of the grey-scale image F' by G, separately as follows

Do(F) () = (FecG)(z) = \/ C(G F(y)),
yelU

Ea(F)(x) = (FocG)(z) = N\ I(Gly— =), F(y)),
yeU

for every z € U.

2.13. Proposition. Let I be an implication and C be a conjunction on [0, 1], then (I,C)
is adjoint on [0, 1] if and only if (£ ,Dq) is an adjunction on F(U) for any G € F(U).

2.14. Proposition. If (I,C) is an adjunction, then

Ba(F)(z) = (F o¢ G)(z) = E¢(Da(F))(z)
is an adjunctional closing, and

ac(F)(z) = (F oc G)(z) = Dg(Ea(F))(z)

is an adjunctional opening. That means, for a fired G € F(U), and any F ,Fy ,F, € F(U),
Zf F1 S FQ, then

Ba(F1) < Ba(F2), ac(F1) < ag(Fy),
Ba(Ba(F)) = Ba(F), aglac(F)) = ac(F),
aq(F) < F < fg(F)

It is easy to check that all of the morphological operators, £ and Dg, as well as ag and
B¢ are translation invariant.

2.15. Proposition. Let (I,C) be an adjunction, if C is continuous from the left for the
first argument, then for any F € F(U) and {G;}icq C F(U),

U, 6.F)=UDe,(F) and &y _ c,(F) =) Ec(F)
1€J 1€J

lﬂ}here (Uies Xi)(z) = sup;cy Xi(z) and (;e; Xi)(z) = infics Xi(z), {Xitics € F(U), v €

2.16. Proposition. Let (I,C) be an adjunction, if conjunction C' is commutative and asso-
ciative, then (F®cG1)®cGe = FOc(G1®cG2) and (FOcG1)0cGy = Foo(G1®cGs) for
any F, G, Gy € F(U).

This proposition shows that structuring elements are decomposable.

Let the grey-value set 7 = {0,1}, which means that the grey-scale images on U are
actually binary images. In this case, 7V and P(U) are isomorphic. For this reason, we don’t
distinguish between the elements in 7Y and that in P(U).

2.17. Proposition. Let (I,C) be an adjunction, F,G € P(U), then
Dg(F) =6G(F) and Eg(F)=eq(F).

2.18. Proposition. Let (I,C) be an adjunction, then C(1,t) =t for every t € [0,1] if and
only if for any F € F(U), G € P(U), and any x € U,

= \/F(y) and Eq(F /\F

yeGy YEG,



3. GRANULOMETRY

In the processing of images, granulometry is an important concept and implement. In this
report, we will investigate granulometry for grey-scale images. This work is just a beginning
in this area.

3.1. Definition. Let G € F(U) be a fuzzy set, {Ga}ac(o,1) be a family of crisp sets, if
(1) 0<a<p<l=GsCG,,
(2) G(z) =\V{a € (0,1) |z € Gy}, z€U,

then we call the family {Ga}ac(o,1) Of sets a set representation of fuzzy set G.

3.2. Definition. Let G € F(U), a € [0,1], [Gla ={z € U | G(z) > a} and [G]* = {z €
U | G(z) > a}(a # 1) are called the cut set and strictly cut set of fuzzy set G at level «,
respectively.

3.3. Proposition. The families of cut sets {[Gla}acpo,1] and strictly cut sets {[G]%}ocp0 1)
are the set representations of fuzzy set G.

3.4. Proposition. {Ga}ac(o,1) 5 a set representation of fuzzy set G if and only if for all
ac(0,1),
[G]* C Gy C [Gla -

Proof. =: If {Ga}ac(o,1) is a set representation of fuzzy set G, then Va € (0,1),

z€[GY = G@)>a
= \{re(©,1)]zeG}>a
= 3B € (a,l) such that z € Gg
= z€G,
= G@)=\/[{re(©,)]zeG}>a.

<: Suppose that there exists a family of sets {Ga}ae(,1) such that [G]* C G, C [Gla. If
O<a<f<l,thenzeGp=>z€[Glg=>G(x)>p>a=z€[G]" =z € G, Thus, Gg C G,.
We define fuzzy sets a[G]a, a[G]® and oG, as, respectively, for every z € U,

a, z€[ a,
o[Gla(e) = <l
0, otherwise.
o a, z€l[G]e,
o[G)" (2) = -
0, otherwise.
aGu(z) = mEGD‘.’
0, otherwise.

By the condition [G]* C G4 C [Gla, we have a[G]* C aG, C a[G]s. Thus, by Decomposition

Theorem
G=\ a@*= "\ aGl.

a€gl0,1) a€l0,1]

It’s natural that

That is, for any x € U,

Gz)= \/ (aGa)(x)=\/{a€(0,1):z€Ga}.

a€(0,1)
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3.5. Proposition. If the family of crisp sets {Ga}ac(o,1) 18 the set representation of fuzzy
set G as well as fuzzy set H, then G = H.

Extension Principle Let f : U? — R be a mapping, C be a conjunction, and G , G5 € F(U)
be two fuzzy sets, then f(Gy,G2) is a fuzzy set on R. Moreover, for every z € R,

f(G1,G2)(z) = V C(G1(z1),Ga(x2)) -

f(z1,22)=2,(z1,22)EU?

If for a x € R, there doesn’t exist (z1,22) € U? such that f(z1,22) = z, then f(G1,G2)(z) =
0.

3.6. Proposition. Let f: U?> — R be a non-decreasing mapping, C be a conjunction satis-
fying C(a,b) < min(a,b) for any a,b € [0,1], G1,Gy € F(U) be two fuzzy sets, then

(1) [f(Gr, G)]* = F([G1]*, [G2]®) = {f(s,1) | s € [G1]%, t € [Ga]?}, € [0,1).
(2) [f(G1,G2)la 2 f([Gi]a, [Gola) = {f(s,1) | s € [Gi]a, T € [Gola}, a €0,1].

(3) If {(G1)atac,1) and {(G2)atac,1) are the set representations of fuzzy sets Gi and
G, respectively, then {f((G1)a,(G2)a)}tac(,1) 8 a set representation of fuzzy set
f(G1,Ga), where f((G1)a,(G2)a) = {f(s,1) | s € (G1)a,t € (G2)a}-

Proof. (1) For alla € [0,1), z € R,

z € [f(G1,G2)]" f(G1,Ga)(z) > a

\V C(G(z1),Ga(x2)) >
f(z1,z2)=z, (21 ,22)EU?
J(s,t) €U?, 3 f(s,t) =z & C(G1(s),Ga(t)) > «
f(s,t) =2 & Gi(s) > a & Ga2(t) > «
f(s,t) =z & s € [G1]* & t € [G2]*
F(s,8) =2 € F(GA]* , [Ga]").

rrer 11

The proof of (2) is analogous.
(3) It’s sufficient to prove the conclusion

[f(G1,G2)]* C f((G1)a,(G2)a) C [f(G1,G2)]a-

In fact, for all @ € (0,1), [G1]* C (G1)a C [Gi]a and [G2]* C (G2)a C [G2]a- In term of the
monotonicity of mapping f and (1), (2), we have

[f(G1,G2)]"

f([G1]*,[G2]%)
f((G1)a, (G2)a)
f([Gila s [G2]a)
[f(G1,G2)]a -

N 1NN

O

3.7. Definition. Let G € F(U) be a fuzzy set, for any z,y € U, r € [0,1], if G(rz + (1 —
r)y) > min(G(x),G(y)), then G is said to be a convex fuzzy set.

Note that the membership function of a convex fuzzy set is not always a (up-)convex function.
For example, a fuzzy set characterized by its membership function F(z) = e~% is a convex
fuzzy set, but F(x) is not a convex function, nor a concave function. The fuzzy set of ‘young
people’ is a convex fuzzy set.

3.8. Proposition. The following three statements are equivalent:



(1) G € F(U) is a convex fuzzy set.
(2) For any a € [0,1], [G]qa is an interval.
(8) For any o € [0,1), [G]* is an interval.

Proof. (1) = (2): If G is a convex fuzzy set, then Vo € [0, 1], for any z,y € [G]a, and any r € [0, 1],
G(rz + (1 —r)y) > min(G(z),G(y)) > min(a,a) = a. That is to say, rz + (1 — r)y € [G]n. Thus,
[G]q is an interval.

(2) = (3): Let « € [0,1), any r € [0,1], and any =,y € [G]*, then G(z) > a, G(y) > a. So,
there exists g > 0 (g9 < 1 — a) such that G(z) > a + g and G(y) > a + €. Thus, z,y € [Glate,-
Since [Glate, is an interval, rz + (1 — r)y € [Glate,- That is Grz + (1 —r)y) > a+e > a.
re + (1 —r)y € [G]?, e.g., [G]* is an interval.

(3) = (1): Vz,y € U, Vr € [0,1], let @ = min(G(z),G(y)). If o =0, then G(rz + (1 —r)y) >
0 = a = min(G(z),G(y)). If « > 0, then Ve > 0 (¢ < a), we have G(z) > a > a — ¢, and
G(y) > a >a—e. That is, x,y € [G]* °. By the fact that [G]* ¢ is an interval, so, rz + (1 —r)y €
[G]*7¢, e.g.,, G(rx + (1 — r)y) > a — e. By the arbitrary constant of £, we obtain the conclusion
G(rx + (1 —r)y) > a =min(G(z),G(y)) which means that G is a convex fuzzy set. U

3.9. Proposition. If G is a convex fuzzy set on U, then for any s > 0, sG is also a convez
fuzzy set on U.

Proof. For any x,y € U and any r € [0,1],
sGra + (1 =1)y) = Glra/s + (1= r)y/s) > min(G(x/s) , G(y/s)) = min(sG(a) ,sG(y)),
which means sG is a convex fuzzy set. ]

3.10. Proposition. Let G be a convez fuzzy set, a € [0,1], s > 0, then [G]y = [a,b] <~
[5Gla = [sa,5b]; [G)" = (a,b) <= [sG]* = (sa,sb), (a # 1).

Proof. z € [a,b] =[Gla < G(zr) > a < sG(sz) =G(z) > a < sre[sGla=[d ,b] <
sz € [sGa = [sa, sb].
By analogy, the second statement can be proved. O

3.11. Definition. Let [a,b],[c,d] be two closed intervals, the Minkowski addition and sub-
traction between two intervals [a,b] and [c,d] are, respectively, as follows

[a,b] +[c,d] =[a+c,b+d],

and
[a,b] —[c,d] =[a—c,b—d].

The Minkowski addition and subtraction between open intervals can be defined analogously.
3.12. Proposition. Let G € F(U) be a convex fuzzy set, s >0, t >0, then

(1) Yo € [0,1], [sG]q + [tG]la = [(s +1)G]a -

(2) Ya € [0,1), [sG]* + [tG]* =[(s +t)G]*.

3.13. Proposition. IfG € F(U) is a convex fuzzy set, C is a conjunction satisfying, for any
a,bel0,1], C(a,b) <min(a,b), then, foranys >0, t >0, sGHctG = tGBcsG = (s+t)G.

Proof. In Extension Principle, let f(z;,22) = 21 + 3, then, for any s > 0, t > 0, f(sG,tG) =
sGBctqG.

Let {(sG)a}ae(0,1) and {(tG)a}ac(0,1) be the set representations of fuzzy sets sG and tG, respec-
tively, then {(sG)a @ (tG)a }ae(o,1) should be the set representation of fuzzy set sG®ctG, where © is
the Minkowski addition. That is, for any a € (0, 1),

[sG]* C (sG)a € [5Gla, [tG]" C (tG)a C [tGla, (3.1)
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and
[sGBtG]* C (sG)a ® (tG)q C [sGDctG]q -

By (3.1), we obtain
[sG]* @ [tG]* C (sG)a & (tG)a C [sGla & [tGla -

Since [sG]q , [sG]%, [tG]q and [tG]* are intervals,
[5G)a @ [tGla = [sG]a + [tG]a = [(s + 1)G]a ,

[sG]? & [tG]* = [sG]* + [tG]Y = [(s + )G]* .
Thus
[(s +1)G]* C (sG)a @ (tG)o C[(s +1)G]a,
which means that the family {(sG)o ® (tG)a}ae(0,1) i the set representation of fuzzy set (s + t)G.
So, sGdctG = (s + t)G.
Since the Minkowski addition @ is commutative, tG®csG = (s + t)G. O

3.14. Proposition. Let implication I and conjunction C' be adjoint and let C be commuta-
tive and associative satisfying the condition in Proposition 3.13, G € F(U) is a convex fuzzy
set, s >0, t >0, then

Ds¢Dic = Disyiyc and Esa&ia = E(s41)G -
PT‘OOf. For any F' € f(U), DSG(F) = F®esGE, Dt(;(F) = Fdcotd.

DsgDig(F) = Dsa(Dic(F))
(FoctG)dosG
= Foc(tGodosG)
= Foc(sGoctG)
= Fec(s+t)G

= Dpel(F).

The second statement can be proved analogously. O
3.15. Definition. A family of opening {«a; },~0 on F(U) is called a granulometry if
QprOs = QgQp = Qs, S>17>0.

A granulometry {a; },>¢ is called a Minkowski granulometry if for any = > 0, the opening «,
is translation invariant, and a,q(rF) = ray(F) for any F' € F(U).

3.16. Proposition. Let implication I and conjunction C form an adjunction; In addition,
if C satisfies the conditions in Proposition 3.14, and G is a convez fuzzy set, then for any
r > 0,{a, = DrgErc}r>o define a granulometry. Moreover, {ay}r>o is a Minkowski granu-
lometry.

Proof. In order to prove the fact that {a,.},>0 is a granulometry, it’s sufficient to prove that, for any
s >r >0, and any convex fuzzy set G € F(U), aras = asa, = as.

By the adjunction of (£,¢,D,q) for any r > 0, we have D,¢E¢Dr¢ = Drg- Thus, for any
s >r >0, we have Dsg = DygD(s—r)g- Thus

aras = DrgEraDsalsa = ’DrGngDrGD(sfr)GgsG

= DTGD(S—T)GgSG =DycEsa = as.

Analogously, the assertion asa, = ay is also true.

If s =7 > 0, by the idempotence of opening, it’s natural that a,.a; = asa, = as.

It’s not difficult to check that the granulometry {a,},>o satisfies the conditions of Minkowski
granulometry.



In fact, for any F' € F(U), h € U. By the definition of translation F}, of fuzzy set F along h,
(Fp(z) = F(x — h), z € U), we have

ar(Fy) = (Dra&ra)(Fr) = Dra(Era(Fn))

=Dra((Era(F))n) = (Dra(Era(F)))n = (o (F))n
and for any x € U,

0(rF)@) = Diaba(rF)() = Dra(Era(rF)()
= \ C0Gr—-y), \ I(rG(z — y),rF(2)))
yeU zeU
= \/ CG(a/r—y/r), \ I(G(z/r —y/r).F(z/r)))
yeU zeU
= \/C (z/r—y /\I (= —y),F(z)))
y eU 2'eU
= Dala(F)(z/r)
= o (F)(z/r)
= rai(F)(z).
This means that {a;}r>o is a Minkowski granulometry. U

Note that the sufficient condition such that {a; },~¢ to be a granulometry needs to be worked
out further.

4. HIT-OR-MIss OPERATOR

4.1 Hit-or-Miss Transformation for Binary Images

4.1. Definition. Suppose that X € P(U) is a binary image, A, B € P(U) are two structur-
ing elements satisfying the condition AN B = (), the Hit-or-Miss transformation of image X
by structuring element pair (A, B) is as follows:

X®(A,B)={h|A, CX and B, C X°}.
It is easy to see that
X®(A,B) =ca(X)Nep(X9).

Following this definition of hit-or-miss transform, the thickening and the thinning of binary
image X by the structuring element pair (A, B) can be defined as, respectively,

Xo0(A,B)=XU(X®(A,B)),

and
X®(A,B)=X\(X®(A,B)).
The following properties of Hit-or-Miss transformation hold.

4.2. Proposition. Let X ,A,B € P(U), h € U, then
X® (A, 0) =ea(X),
X®(0,B) =ep(X),
‘@®(A,B) =X®(B,A),
Xh®(AaB) = (X® (AaB))ha
X® (Ap,Bp) = (X®(A,B))-s
‘O(4,B)=(Xo(B,4)°.



4. Hit-or-Miss Operator

4.2 Hit-or-Miss Transformation for Grey-scale Images
4.3. Definition. Let v be a negation, and G,H € F(U), for every F € F(U), the Hit-
or-Miss transformation of grey-scale image F' with respect to the structuring function pair
(G, H) is defined as

Fo (G, H)(z) = C(a(F)(z),En(F)(z))

for every x € U, where C is a given conjunction.

That means that the degree of a point x € U belonging to the Hit-or-Miss transformed set
F® (G, H) equals to the value of conjunction at the point (s,t), here s and ¢ are the degree
of G ‘being included in’ F' and the degree of H ‘being excluded from’ F'| respectively.

There is some difference from that in crisp case. When G N H # (), the Hit-or-Miss
transformed set F® (G, H) may be non-empty set.

4.4. Proposition. Let (I,C) be an adjoint satisfying C(s,s) = s for any s € [0,1], then
for any s,t,r € [0,1], we have

I(s,t)>r iff s>r=t>r.

Proof. By the fact that I(s,t) > r <= C(s,r) <t for any s,t,r € [0,1]. So, if I(s,t) > r and
s>r,thent >C(s,r)>C(r,r)=r.

On the other hand, since for any s,¢,r € [0,1], from s > r, we have t > r, therefore t > s =
C(s,s) > C(s,r). Hence, I(s,t) > r. U

Let F' € F(U) be a grey-scale image, a € [0, 1], the thresholding set X(F', @), and strong
thresholding set X(F', &), by simplicity denoted by [F],, and by [F]%, respectively, of F at
level a are

[Flo ={z €U | F(z) 2 o},

and
[F1*={z €U | F(z) > a}.

4.5. Proposition. Let v be a negation, and let (I ,C) be adjoint, if for any s,t,r € [0,1],
C(s,s) =s, and when C(s,t) > r, min(s,t) > r, then for any F,G,H € F(U), and x € U,

® (G, H)(z) = \/[{a €[0,1] | 2 € [Fla ® ([Gla,[Hla)},

where

[Fla ® ([Glas[Hla) = g6y ([(Fla) N e, ((F19)), ae0,1].

Proof. Tt is sufficient to prove that, for any a € [0,1], [F® (G, H)a = [Fla ® ([Gla,[H]a) -
Let a € [0,1], for any z € U,

ze[Fe (G, H)]
C(la(F)(x),En(F")(z) > a

Eq(F)(z )>a & Ep(F*)(z) > @

N\ I(G( F)>a & /\ (z—2),F"(2)) > a
yeU

VyeU, I(Gly —x),F(y)) >« & VzeU, I(H(z—x),F*(2)) >«
VyeU, Gyly) >a=Fy) >a & VzeU, Hy(z) >a=F"(z) >«
VyeU, ye€[Gila :>y€[F]a & VzelU, zE[H]a:>z€[F*]a
[Gela C[Fla & [Hila C[F']a

C[F" ]CE = ([F]" @)
)9)

([Gla)s C [Fla & ([Hla)s C1
T € E[G]a([F]a) & ze€ E[H]q (([F]
z € [Fla® ([Gla;[H]a)

poregee vt



Note that there is slight difference between [F|, ® ([Gla , [H]a) in Proposition 4.5 and the
binary Hit-or-Miss transformation [F]o® ([Gla, [H]a) = €g1. ([Fla) N €a, (([Fla)€) - This
fact also shows that grey-scale Hit-or-Miss cannot be generated by binary Hit-or-Miss via the
thresholding set (binary image) of a grey-scale image. Even though, grey-scale Hit-or-Miss
still possesses properties similar to that for binary Hit-or-Miss transformation.

4.6. Proposition. Let v be a negation, and let F,G,H € F(U), h € U, then
F® (G,0) = FocG = Eq(F),
Fe () ,H) =v(F)ocH = E(FY),
F'¢(G,H)=F®(H,G),
Fh®<GaH> = (F®<GaH>)ha
Fe ([Gln, [H]n) = (F& (G, H)) -
The theory of thinning and skeleton for grey-scale images is to be developed.
5. ABOUT MATHERON’S REPRESENTATION THEORY
Matheron’s Representation Theorem plays an important role in the theory of classical math-
ematical morphology.

Matheron’s Representation Theorem Every increasing and translation invariant op-
erator ® can be represented as the union of erosions e 4, e.g.,

o = U eq or ®(X)= U ea(X), XeP),
AcV(®) AeV(®)

where V(®) = {B € P(U) | 0 € ®(B)} is the kernel of operator ®.

In grey-scale morphology for fuzzy sets, Matheron’s representation theorem doesn’t work.
Let us give a counter-example.

Assume that U = (—o00, 00), and that implication I and conjunction C' form an adjunction.
For every z € U, let F(z) =1, ¢ € U, and

1 0,1
G(z) = r<l, ze€l0,1],
0, z ¢ 0,1],
then for every z € U, and any H € F(U),

(FecH)(z) = \ I(H(y — ), F(y)) = 1.
yeU

But, for every z € U,

(FocG)(z) = \/ C(G(z—y), \ I(G(z —y), F(2)))

yeU zeU
= \/ CG-y),1)=C(r1) <1
yeU

That means that fuzzy opening which is increasing and translation invariant operator cannot
be represented as the union of fuzzy erosions.
Let ¥ be an increasing, translation invariant operator on F(U), define the kernel of ¥ as

V(¥) ={F cFU) | ¥(F)(0) >0},

and define, t € (0, 1]
Vi(¥) ={F € F(U) [ ¥(F)(0) = t},



5. About Matheron’s Representation Theory

then V() is a decreasing set family with respect to ¢. That means that

s<t= Vt(\p) - Vs(\I/),

U) = V(¥

s<t

- U v

te(0,1]

Furthermore,

If ® and ¥ are two increasing, translation invariant operators, then
P CU = Vy(®) CWV(T), te(0,1],
where @ C ¥ means that for any F' € F(U), ®(F) C U(F).

5.1. Proposition. Let (I,C) be an adjunction, if C(s,1) = s for any s € [0,1], then the
equivalence relation
s<t < I(s,t)=1

holds for any s,t € [0,1]. Furthermore, the equivalence relation

GCF < E(F)0) =1

= U W),

holds. Meanwhile,

GeVy(7)
where
Viléa) = {FeF{U)|E(F)0) =t}
= {FeFU)|I(Gy),Fy) 2t,ye U},
and

Vi(€q) ={F e F{U) |G CF}.

Proof. For any s,t € [0,1], if s < ¢, then for any r € [0,1], C(s,r) < C(s,1) = s < t. Thus
I(s,8) = V{r € [0,1] | C(s,r) <t} = 1.

On the other hand, if I(s,t) =1, then s = C(s,1) = C(s,I(s,t)) = C(s,\V{r €[0,1] | C(s,r) <
t}) =V{C(s,r) | C(s,r) <t} =1t.

The second equivalence relation can be proved straightforwardly.

Now, we prove the third equality.

For any H € Vi(¥), we have that H € V1(€n) = {F € F(U) | H C F} C Ugey,(w) V1(€a). Thus
Vi(¥) € Ugey, ) V1(€a)-

On the other hand when H € Vi(¥), ¥(H)(0) > t, By the increasingness of ¥, for any F, if
H C F, then ¥(F)(0) > ¥(H)(0) > t. So, F € V4(¥), and {F € F(U) | H C F} C V,(¥). But,

{FeFU)|HCF}=Vi(€r). Therefore, Ugey,w) Vi(Ea) C Ve(¥). O
5.2. Proposition. For every F € F(U), let
oF) = |J &(F
GeVy ()
then

V(@)= J vt (Ec)
GeVi (T
for any k.t € (0,1]. Moreover, when k =1,
Vi(®) = Vi (7).
Proof. F € Vi(®)) <= ®@(F)0) >t <= (Ugey,(v)Ec(F))(0) >t <= thereexistsa H €

Vi(¥) such that Ey(F)(0) >t < F € Vi(ln) FeUGevk ) Ea(F).

Since Vi (¥) = Ugey, (v) V1 (€a) and Vi(®) = Ugey, (w) V1(Ec) = UGev ) Vi(€g), the last equal-
ity holds. [l



6. RANK OPERATOR
Let U be a finite universe, F' € F(U) be a fuzzy subset, and G = {(a;, G(a;)) | i =1,2,... ,n}
be a finite fuzzy subset on U. Assume that I and C form an adjunction are implication and
conjunction, respectively, and C(1,t) = ¢ for every t € [0, 1].

For every z € U, let u; = C(G,(b;),F(b;)) = C(G(a;),F(z — a;)) (b = = — a;) and
v; = I(Gy(b;), F(bi)) = I(G(a;) , F(z + a;)) (b = 2 + a;).

For every z € U, 1 < k < n, we define rank operators

rgyk(F) () := the kth largest number among w1 ,us ... , Uy ,
ré £(F)(x) := the kth largest number among v ,va,... , 05,
then 7“87k(F) and ré ,k(F) are non-increasing with respect to k, k =1,2,... ,n. That is

Tgn(F) < Irg,nfl(F) <...< 7“8,2(F) < 7“8,1(F)a

and
G n(F) <16 1 (F) <<y o(F) <o 1 (F).
Thus
ré 1 (F) = \/ui = Dg(F) = FocG,
i
Té,n(F) = /\Ui =E&q(F) = FocqG.
i
When G is a crisp set, u; = F(x — a;) and v; = F(z + a;),i=1,2,... ,n. So,
ré (F)(@) = \/uw =\/Flz - a) = Fooq,
i i
and
Té,n(F)($) = /\Uz' = /\F(IE-FGZ') = FocG.
i i
Furthermore, if G is symmetrical and 0 € G, then u; = v; for every ¢ = 1,2,... ,n. So,

rg,k(F) = ré)k(F) for every k =1,2,... ,n.

7. CONNECTIVITY AND CONNECTED OPERATORS

Let U be a nonempty set, P(U) be the power set of U, and let £ be a complete lattice, whose
least element is denoted by L, and whose greatest element by T. Let £V be the family of all
L-fuzzy subsets (or L-fuzzy sets) on U, that is LY = {F | F: U — L}. Any grey-scale image
F on U can be regarded as a L-fuzzy set F € LU, whose membership function is written as
F(z) € L,z €U. Let L] denote the family of all L-fuzzy points on U, e.g.,

LY ={f="fo,r|z€U, XEL},

A =
Y= for any y € U.

where f = f; is a L-fuzzy point satisfying f, A(y) = )
1, otherwise

1. Every L-fuzzy point in U is a special L-fuzzy set on U, so Lg c LY.
2. EI()] is a sup-generating family of £V. Let F € LV be a L-fuzzy set, then for any z € U,

Fla)=\{fe,x €LY [N Fl2), Ne L}, (7.1)

3. If £ =10,1], then L-fuzzy sets and L-fuzzy points are, respectively, ordinary fuzzy sets
and fuzzy points.
Let C satisfying Eg C C C LY be a sub-family of L-fuzzy sets on U. If C satisfies



7. Connectivity and Connected Operators

T, y=0

for any y € U
1, otherwise vy ’

(1) f =0 €, where 0 means that 0(y) = {

(2) If 7 €C, forany i € I, and A\;c; F; # 0, then \/,.; F; €C,

then C is called a connectivity.
In the sequel of this section, we call a L-fuzzy set briefly a fuzzy set if there is no confusion
occurred.

7.1 Path-Connectivity

Given a fuzzy set F € LY, which denotes a grey-scale image on U. For every fuzzy subset
F C F, which represents a sub-image of image F, and which may be a fuzzy point such as
[z, » or a fuzzy set generated by means of (7.1).

7.1. Definition. The degree of connectivity of F' at points =,y € U is defined as

Dp(z, y) =sup inf F(z),

Loy #€Lay
where L;, denotes a path from point = to y.
For any z, y € U we always have,
Dp(z, y) < min(F(z), F(y)).

For a A € L, if Dp(z, y) > A, then we say that the fuzzy set (grey-scale image) F' is A-
connected from point z to y. If F' is A-connected for any two points in U, we say that F
is A-connected in U. In general, for a given A € L, an image F' is not always A-connected
in the whole area U. However, it may be true in some parts (zones) of U, respectively. Let
P (F)={z €U | F(z) =L}, then for any =,y € P,(F), Dp(z,y) = L. The area P, (F)
is called the background of image F'.

For any F' C F, Dp is a fuzzy relation from U x U to L. Moreover, it is obvious that
Dp is symmetric. For any z,y, z € U, let min(Dp(x, y), Dr(y, z)) = A. If there exists
at least one point p € {z, y, 2} such that p € P, (F'), then Dp(z, z) > XA = L. Otherwise,
there exist paths L, and L, ., respectively, such that for any z; € L;, and for any 29 € Ly,
F(z1) > X\, F(z2) > X. Therefore, for any z3 € Lyy., F(23) > X\. So, Dp(z, z) > A, which
means that Dpg is transitive.

Let Iy be an identity relation on U, e.g., for any x € U, Iy(x, ) = T, then the new
relation Dp = DUy is a fuzzy equivalence relation on U. By D, given different thresholds
A € L, U can be partitioned into different kinds of set-families (partitions of U) Py (F), called
flat zones partitions.

(1) When A = L, P\(F) = {U}, which is the coarsest partition of U for any F C F.

(2) When A\ = T, P\(F) is the finest partition of U for any F' C F and F # . At this
T, Fl@)=T,

time, Py (F') is the partition of binary image [F]\ = [F|T =
AE) p y image [F]x = [F]t {L’ Flz) < T

(3) When A; < Ay, the partition Py, (F') is coarser than Py, (F). That is, for every Py, €
Py, (F'), there exists a unique set (class) P:\1 € Py, (F) such that Py, C P)'\l. That means
that every class (set) in Py, (F) is a subclass (subset) of a certain class in Py, (F).

(4) F(z) >sup{\ € L |z € P\ € P\(F), PANPL =0}, z€U.

[x € Py € PA\(F) = VYy € P\,Dp(z,y) >\ = F(z) > A\ =z € [F]y = P, C
[F]x = VAP\(z) = sup{A | z € P\} < V A[F]\(z) = F(z)]



In the sequel of this section, we always assume that A > L.
For a given F' € F and X\ € L, Py(F') possesses the following properties.

e For any P, € P\(F) = Py # 0.

o For any (Py)1, (P\)2 € PA(F) = (P\)1 = (Py)2 or (Py)1 N (Py)2 = 0.

o U=UPs(F) =U{P\| P\ € PA(F)}.

e For any x € P, there exists one and only one set P\ € Py (F) such that Py = {z}.
o PL(F) =Upep, poy=r Pr=1{2 €U |z € P\ € Py(F), F(z) = L}.

Let (P\) | (F)={P\ € P\(F) |z € P\, F(z) = L}. For any class Py € P\(F) \ (P\).(F),
we have for any =,y € Py, Dp(z, y) > A, which means that F is connected in Py, or F' is
A-connected in Py, or Py is a singleton {z} such that F(z) > L. Let

Yo, \(F) ={P\ € Px(F) \ (P\)L(F) | F is A-connected in Py ,z € Py},

then v, A(F) is a connected component of grey-scale image F at level .
7z, » possesses the following properties.

{0}, if A>1,
1. For a eU, 0) =
r any Yz, A(0) {U, o=l
{z}={y}, if y=a&p>r>1,
2. Letfy,ueﬁg,then%,,\(fy,#): U, if y=z&pu=XA=1, and

0, otherwise,

and P, (0) = U\ {0}.

PLlfy, ) = U\ {u.
3. For a fixed A € £, and any z,y € U, v, A(F) = vy, A(F) or v5, A(F) Ny, A(F) = 0.
4. For a fixed x € U and F C F, vy, A(F) is decreasing set function with respect to A.

That means that when A\ < Xa, 75, 3 (F) C vz, x, (F).

5. For a fixed z € U and X\ € L, if F; C F, C F, then PJ_(FQ) - PL(Fl)a and Yz, /\(Fl) -

Ye, A(F2). That is, every set in Py(F1) \ (Py) 1 (F1) is a subset of a set in Py (F) \ (Py) 1 (F2).
6. Let LV | F={F|Fe LV, FCF}) Givenaz € U anda X € L\ {L}, a mapping

F: LY |F — L given by

F(F) = Py, A(F))

or concretely, for any y € U,

A Y EY ),
1, otherwise,

F(F)(y) = {
then it is easy to show that F(-) = (v, A(+)) is an opening. That means that
e F(.) is increasing: Fy; C Fy = F(F}) C F(F)).
e F(:) is idempotent: F?(F) = F(F).
e F(.) is anti-extensive: F(F) C F.
For the opening operator F(-) = -(v,, A(*)), and F € LY, let
Joox=F(F) =F(yz,A(F)), ze€U, XeL,

then {f; A}, together with 0, forms a connectivity of F.
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7.2 Connected Operator

Let F € £Y, an operator ® : LY | F — LV is called connected (connected operator) if
the partition [Py (®(F)) \ (Py)L(P(F))|U{PL(P(F))} is coarser than the partition [Py(F') \
(Py)L(F)JU{P (F)} for FCFandany A€ L, A\ > L.

7.2. Proposition. An anti-extensive operator ® is a connected operator if and only if

Dory(x, y) > Dr(x, y)  x,yeU (7.2)
where
— T, z,ye P (F),
Drle. y) = ve i)
Dp(z,y), otherwise.

Proof. It ®(F) C F, then by the fifth result of the above subsection, we have, P, (F)) C P, (®(F)),
and also, every class in Px(®(F)) \ (P\)L(®(F)) is a subclass of a certain class in Px(F) \ (Px)L(F)
forany Ae L, A > L.

<: If (7.2) is true, then for any class Py € Py(F), if P\ C P, (F), then P, C P, (®(F)); If
Py € PA(F)\ (Px) L(F) and Dp(z, y) > X for any =, y € Py, then Dgp)(x, y) > X So, there exists
a class Py € Py(®(F)) \ (P\)L(®(F)) such that Py C Py; Otherwise, Dgpy(z, y) < A. In this case,
P, C P, (®(F)). Therefore, the partition [Px(®(F)) \ (Px)L(®(F))|U{PL(®(F))} is coarser than the
partition [Px(F) \ (Px)L(F)]U{PL(F)}, which implies that ® is connected operator.

=: If ® is a connected operator, then for any F' C F, any A € £, and for any class Py € [Px(F) \
(P\)L(E)]U{PL(F)}, there exists a class P;\ € [PA(®(F)) \ (P\)L(P(F))]U{PL(®(F))}, such that
P\ C P,.

Foranya:,yeU,ifa:,yEPJ_(F)thenx,yEPL((P(F)) Dy
If 2,y € Py € Px(F)\ (P\)L(F), there exists a set P, € [P ( ( )
such that Py C Py. If P, C P, (®(F)), then Dgp)(z,y) = 1 >
(P\)L(®(F)), then Dg(py(z, y) > . So, Dopy(z, y) > Dr(z, y
P, (F) and another is in Py € Px(F)\ (P\)L(F), then Dp(z, y) = L, and moreover Dg(z, y) = L <
Dy (r)(z, y). Therefore, (7.2) holds. O

z,y)=1>Dp(x, y)=1.

) (

(P L)) UAPL(R(F))}
(z,y). If P, € P\(B(F))\
If for the x and y, one is in

Da(r)
)\
Dr
).

In this case, the operator ® only changes some connected components into background or
remove some connected components and leave other parts unchanged.
It’s natural that the opening F(-) = (v, A(:)) defined above is a connected operator.

7.8 Function Connectivity
Given a relation R on £, we say that F' satisfies relation R, which means that for any =,y € U,
(F(z), F(y)) € R. Let

Fr = {F e LY | Fsatisfies relation R on L} .

Since L is a complete lattice, Fr with a certain partial ordering also forms a complete lattice.
For example, if R is an identity relation, then Fg is a family of constant functions.
Assuming that C is a (crisp) connectivity class on P(U), F € Fp, let

G () = F(y), yeCecC
¢, P = 1, otherwise,
then the collection {G¢ r}cec, together with the constant function G = 0 forms a connec-
tivity.
Taking different fuzzy relations R, there are different kinds of connectivities for a given
fuzzy set F'.

Let Fe LV, N e L,
X(F, N ={zeU|F(z) >\

is the threshold set of F' at level \.



Let C be a connectivity class, F' € Fg, then

A, yeCNX(F, N

) ,Cel, Ae L,
1, otherwise

Go,r,Aly) = {

together with the constant function G = 0 forms a connectivity.
For any z € U and X € L,

w(X(F, N)=|J{CeClzeC, CCX(F, N}

is a connected component of U. Also, it is a partition of set U.
Let
p(X(F, N)=|J{CeC|CCrv(X(F, N), CNX(F, )\ #0},

then X(F, \)Np(X(F, X)) is coarser than {v,(X(F, X))}

8. Fuzzy MORPHOLOGY
In Section 2, we fuzzified the inclusion relation and the intersection relation of two sets,
respectively. There, we dealt with the arbitrary variant family by means of common inf-
operation and sup-operation, respectively.

Let F,G € F(U), and H(y) = I(G(y), F(y)), the degree of fuzzy set G being included in
fuzzy set F is

IGCFl= N\IGW),Fly)= )\ Hy).

yeU yelU

In this expression we want to replace the infimum or A by another operator INF or M which
is compatible with the respective conjunction C, e.g.,

|G C F| = INF(H) = Myep H(y)

8.1. Definition. An extended operator INF is a function mapping from F(U) to the unit
interval [0, 1] satisfying the following properties:

(1) He F(U), H=1 < INF(H) = L.
(2) H € F(U), and H(u) =0 for some u € U = INF(H) = 0.
(3) Hy C Hy = INF(H;) < INF(H>).
t1ef0,1], y=u
(4) It H(y) = qt2€[0,1], y=1y

L, yEU\{ylayQ}
then INF(H) = C(t1,t2), where C' is a given fuzzy conjunction.

(5) For every bijection 7: U — U, INF(7(H)) = INF(H). Here 7(H)(y) = H(7(y)).
We may define an operator SUP, or denoted by LI which is an extension of sup-operation.

8.2. Definition. Let v be a negation, INF be an extended operator from a conjunction C.
Let
D(s,t) =v(C(v(s),v(t))),

forall s,t € [0,1], then D is a disjunction, and the extension of disjunction D is the extended
operator SUP.



8. Fuzzy Morphology

8.1 Ezxamples
In this subsection, we give some examples for the extended function operators INF and the
respective conjunctions.

(1) When the universe U is a finite point set, every associative conjunction C' can be
extended to the extended operator INF.

(2) The inf-operation is a particular function operator INF, and the respective conjunction
C is the min-operation.

(3) For every F € F(U), define

INF(F) = [] S(F(x)/2),
zelU
where the function S is defined as
S(z)=(—zlnz—(1—2z)In(l —z))/In2.
The respective conjunction is
C(s,t)=S(s/2)S(t/2).

When the universe U is finite, this definition of INF makes sense.

(4) Let 0 : [0,1] — RT = [0,400] be a decreasing and continuous mapping satisfying
6(1) =0,0(0) = 4+o0.

If U is a continuous space: U = IR, define INF as follows

INF(F) = 91(/U O(F(y))do).

If U is discrete, e.g., U = 7Z, define INF as follows

+00
INF(F) =07"( Y_ 0(F(y))).

Yy=—00
Meanwhile, the respective conjunction and implication are respectively
C(s, 1) =07 (6(s) +6(1)),
1 <t
I(s,t)=4{"" =
01(0(t) — 0(s)), s>t.
At this time, for any F',G € F(U),
|F CF|=NyeuI(F(y),F(y) =1,

and if conjunction C satisfies the condition C' < min, and (FNG)(y) = C(F(y),G(y)),y € U,
then
|[FNG CF|=MyerI(C(F(y),Gy), Fly) =1.

From these examples, we know that the extended operator INF should be the extension of
a conjunction C.

8.2 Commutative and Associative Conjunction
Assume that INF or M is an extension of a certain conjunction C, and that SUP or Ll is the
dual operator of INF or M.

8.3. Definition. Let M be an extension of conjunction C such that for any mapping H :
U? - 10,1,
ﬂyeU |_|1'€U H(lE ) y) = HCEEU ﬂyEU H((II ) y) )

then we said that M is commutative and associative.



If M is commutative and associative, then for any family of fuzzy sets {F, },ev € F(U), we
have

(HUEUFU)(y) = |_lyeUI{(y > U) = HUEUFv(y) .

8.4. Proposition. Let (I,C) be an adjunction, and C(a,1) = a for any a € [0,1], then
|[FCF|=1,

and
|F1§F2|:]_ — [N CEF,.

for any F,Fy ,F, € F(U).
Proof. Since for any a € [0,1], C(a,1) = a, for any ¢ € [0, 1],
16,0 = \/{re (0,11 C(t,r) < 1) = 1.

Therefore, |F C F| = NyevI(F(y), F(y)) = 1.

For the proof of the second assertion,

<: If a < b, then I(a,b) = \V/{r € [0,1] | C(a,r) < b} = \{r €[0,1] | C(a,r) < C(a,l)
b} = 1. Therefore, when Fy C F», for any y € U, I(Fi(y),F>(y)) = 1. Hence, |F1 C F|
Myevl(Fi(y), Fa(y)) = 1.

=: By the condition of |F; C F»| = 1, we haveforany y € U, I(Fi(y), F>(y)) = 1. So, forany y € U,
Fi(y) = C(F(y),1) = C(F(y), I(Fi(y), F2(y))) = C(Fi(y) , V{r € [0,1] | C(Fi(y) ,r) < Fa(y)}) =
VC(Fi(y),{r € [0,1]| C(Fi(y),7) < F2(y)}) = VIC(Fi(y),r) | C(Fi(y),r) < F2(y)} = Fa(y). O

A

8.5. Definition. Let C be a conjunction and D be its dual disjunction, if for any s,t1,to €
[0, 1],
D(S ’ C(tl at2)) = O(D(satl) 7D(Sat2)) )

and
C(S ; D(tl ,t2)) == D(C(S,tl) ,C(S,tQ)) 5

then C and D are called distributive.

8.6. Proposition. Let implication I and conjunction C form an adjunction. If C and D
can be distributive, then for arbitrary index set J,

C(S , Lljeth) = Lle]C(S , tj) and I(S , ﬂjGth) = ﬂjE]I(S , tj) , (81)
hold for any s € [0,1] and any family {t;};c; C[0,1].

If C and D are distributive, and C' < min, then (I,C) is an adjunction if and only if (8.1)
holds.

8.3 Fuzzy Adjunction
Let U and V' be two nonempty sets, F(U) and F (V') be the families of all fuzzy subsets on
U and V, respectively.

8.7. Definition. Let £ be a mapping from F(U) to F(V), and D be a mapping from F (V)
to F(U). I
ID(G) C F| = |G CE(F)

for any F' € F(U) and G € F(V), we call the pair (£,D) a fuzzy adjunction between F(U)
and F(V). If U =V, we call the pair (£,D) a fuzzy adjunction on F(U).



8. Fuzzy Morphology

8.8. Definition. An operator € : F(U) — F(V) is called a fuzzy erosion if
5(|_|UEUFU) = I—IveUg(Fv)

for every family {F}, }yerr € F(U). An operator D : F(V) — F(U) is called a fuzzy dilation
if
D(I—lvEUFv) = I—IveUD(Fv)

for every family {F,}ycv € F(V).
In the sequel of this section, we assume that U = V.

8.9. Proposition. Let (I,C) be an adjunction, and let the extended conjunction M be com-
mutative and associative, C and D be distributive, then

Ea(F)(z) = Nyev I(G(y — =), F(y))

18 an erosion, and
Dg(F)(z) = UyevC(G(z —y), F(y))

is a dilation for any G € F(U) and x € U.
Proof. Let {F,},ev C F(U) be a family of fuzzy sets, then for any G € F(U), and any z € U,

MoevI(G(y — 7)) ,Myev Fu(y)) = Myev Mvev I(G(y — ), Fy(y))
= Myev Myev 1(G(y —2), Fy(y)) -

Therefore, ¢ (F) is an erosion.
Similar proof to the dilation. O

8.10. Proposition. Let I be an implication and C be a conjunction, and C < min, then
(I,C) is adjoint if and only if (Ec,Dea) is a fuzzy adjunction for any G € F(U).

Proof. If C < min, then D > max.
=: For any a,s,t € [0,1], we have C(a,t) <s <= t < I(a,s). So for any F,G,H € F(U),

Da(F) < H Vzel, Da(F)() < H(z)
VaeU,UevC(G(z—y),F(y) < H(z)
VeeU,VyeU, C(G(x —y),F(y)) < H(x)
VI'EU, Vy€U> F(y)SI(G(l'—y),HI’))
VyeU, Fly) <Mevl(G(z —y), H(z)) = Ea(H)(y)
F<&z(H).

I A

<:Givena,s,t € [0,1], define the constant functions G = a,F = s, and H = ¢t. Then Dg(F)(z) =
UyevC(G(z—y),F(y)) = C(a,s) and Eq(H)(z) = Nyev I(G(ly—2),H(y)) = I(a,t), for every x € U.
Therefore, C(a,s) <t <= Dg(F) < H <= F <E&q(H) < s <I(a,t). O

8.11. Proposition. Let (I,C) be an adjunction, C and I be exchangeable, C(a,1) = a for
a € [0,1], and the extended conjunction M be commutative and associative, then £ is an
erosion. Furthermore, if C is continuous from the left with respect to the first argument, then
D is a dilation.



Proof. For any family {F,},cv € F(U), and G € F(U),

|G CEMvevFy)l = [D(G) CMyevFy

Muev I(D(G)(u) , Mvev Fo(uw))

Muev Mvev 1(D(G)(u) , Fy(u))
Mvev NMuev 1(D(G)(u) , Fy(u))
= Teu|D(G) C Fy

|—|v'€U|G - E(Fv)|

Myev Muev 1(G(u) , E(Fy)(u))
Muev Mvev 1(G(u) ,E(Fy)(u))
= TuevI(G(u), MvevE(Fy)(u))
= |G CMyer&(Fy)|.

o ([
—~

Taking G = £(Myev Fy), we have
|€E(Myev Fy) C MyevE(Fy)| =1,
and taking G = MNycpy&(F,), we have
| Mvev E(Fy) CE(MvevFy)| =1.
By Proposition 8.4, we have that
E(Myev Fy) = NucvE(Fy) -

The second assertion van be proved analogously. ]

8.12. Proposition. Let (£,D) be an adjunction, C(a,l) = a fora € [0, 1], and the extended
conjunction M be commutative and associative, then for any F,G € F(U),

IDE(F) CF|=1 and |GCED(G)| =1.
EDE=E and DED=TD.

Proof. Since (£,D) is an adjunction, then for any F,G € F(U), |D(G) C F| = |G C £(F)|. Taking
G = &(F) we have
IDE(F) C Fl = |E(F) C £(F)] =1.

On the other hand, taking F' = D(G) yields
G C ED(@)] = [D(G) C D(@)| =1.
Similarly, we have that
|E(F) CEDE(F)| =1 and |DED(G) CD(G)|=1.
By the increasingness of £ and D, we obtain that
EDE(F) CE(F) and D(G) CDED(G).
Combination of these results yields

EDE =E and DED =D.



9. Experimental Results
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Figure 1: Original 256 x 256 grey-scale image.

9. EXPERIMENTAL RESULTS
In this section we present some experiments showing the differences between basic morpholog-
ical operators using different conjunctions. We compare the outcomes of the operators based
on fuzzy logic with the corresponding flat operators using a crisp structuring element. Our
input image is depicted in Fig. 1. The structuring function G used for the ‘fuzzy’ operators
is represented by the matrix

9 13 15 13 9
2 6 9 10 9 6
0 2 4 5 4 2 0

0 2 4 5 4 2 0

2 6 9 10 9 6 2

1 4 9 13 15 13 9 4
G=—x|5 10 15 20 15 10 5
20 4 4

2

Observe that this matrix approximates a cone in the sense that an entry is approximately
given by 1 — £(i% + jZ)%, where (i,7) are the coordinates of the entry relative to the center
of the matrix. This approximation is based on the 5-7-11 chamfer distance [7]. The binary
structuring element is obtained by thresholding the (fuzzy) structuring function at level 0.5,
and is given by

— = = =
—_ = = .
[a—y

In Fig. 2 we show the dilation, erosion, closing and opening for the flat structuring element A,
as well as the various conjunctions. The images in columns represent dilation, erosion, closing
and opening, respectively. The first row is the images using flat structuring element A. The
last five rows stand for the operators using the structuring function G in combination with
the Godel-Brouwer conjunction, the Lukasiewicz conjunction, the Kleene-Dienes conjunction,
the Reichenbach conjunction and the Hamacher conjunction, respectively.

In Fig. 3 and in Fig. 4 we show the differences between dilation, erosion, closing , opening,
and the original image, respectively. The interpretation of the rows is same as that in Fig. 2,
the first column stands for the dilation minus erosion, the second is the dilation minus original,
and the third is the original minus erosion in Fig. 3, and in Fig. 4, the columns represent the
closing minus opening, the closing minus original, and the original minus opening.

The fuzzy nature of the operators is clearly reflected by the images, especially close to
the edges. Furthermore, there are various differences (again near the edges) among these



operators, indicating that the particular choice of the conjunction does have a serious impact
on the results.

10. CONCLUSION
In this report, within the framework of complete lattices and fuzzy logic, We have investigated
the general theory of grey-scale morphology, which includes grey-scale granulometry, hit-or-
miss operator for grey-scale images, rank operator, and connectivity and connected operators.
We also gave an example to show that the Matheron’s representation theory doesn’t hold for
general grey-scale images and presented some results related to the representation theory.
Many results of this report have to be considered as a hint and the beginning towards
a general theory of grey-scale morphology using concepts from fuzzy logic. Especially, the
content in Section 8 is very different from the existing approaches to fuzzy morphology.
We believe that the rich theory will be founded through the first step work in grey-scale
morphology and fuzzy morphology.



10. Conclusion

Figure 2: Left to right: dilation, erosion, closing and opening. Top to bottom: flat op-
erator, fuzzy operator using Godel-Brouwer conjunction, fuzzy operator using Lukasiewicz
conjunction, fuzzy operator using Kleene-Dienes conjunction, fuzzy operator using Reichen-
bach conjunction, and fuzzy operator using Hamacher conjunction.



Figure 3: Left to right: dilation minus erosion, dilation minus original, and original minus
erosion. Top to bottom: Same as in Fig. 1.
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closing-opening fo flat SE closing-original for flat SE original-opening for flat SE

Figure 4: Left to right: Closing minus opening, closing minus original, and original minus
opening. Top to bottom: Same as in Fig. 1.
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