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ABSTRACT

We study the infimum of functionals of the form fﬂ MVu-Vu among all convez functions v € Hg (2) such
that [, |[Vu|> = 1. (Q s a convex open subset of RY, and M is a given symmetric N x N matrix.) We
prove that this infimum is the smallest eigenvalue of M if {2 is C'. Otherwise the picture is more complicated.
We also study the case of an z-dependent matrix M .
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1. INTRODUCTION
There has been a recent surge of interest in variational problems where the class of admissible functions
is characterized by a convexity condition. These are problems of the form

inf{/ﬁf(a:,u,Vu);uEC},

where
C:={p € Hy(Q) ;¢ is convex} .

Such problems arise independently in different fields such as mathematical physics (Newton’s problem
of the body of least resistance, cf. [2], [6]), fluid mechanics (cf. [1]), and mathematical economy (cf. [3]).

Even in the case of well-behaved (convex and coercive) functionals, problems of this type with
and without convexity constraint on u can be very different (cf. [5]). The convexity constraint can
be expressed by Lagrange multipliers in the Euler-Lagrange equation associated with the problem:;
these multipliers are second derivatives of a bounded symmetric nonnegative matrix of measures [7];
however, the optimal regularity of these measures is still an open question, and since their support
can be dense, the Euler-Lagrange equation is often of little practical value. This is for instance the
case in Newton’s problem of the body of minimal resistance (cf. [6]).

While studying this minimal resistance problem the authors were confronted with the question of
the value of the infimum of a quadratic functional of the gradient (that is, [ f(Vy), where f(V) =
a+b-V+ MV -V) over the set

{v €eC; 1= ||v||§16(9) :;/QWUF}.

Since [ V¢ = 0, this reduces to the minimization of [ MV - Vi in this set, or equivalently to the
minimization of [ MV -Ve/ [, |Ve|* in C\ {0} (we will implicitly ignore the zero function in the
following). This is the problem considered in this paper.
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It is well known that if Q@ C RV is an open set, and M a given symmetric matrix, then the infimum

e JaMV- Vo
pemy(@) [, |Vl

is not attained (except if M € R I) and equals the first eigenvalue Ay (M) of M. This can be proved
by considering the sequence ¢, (z) := n(z)sin(nz&) where n € CZ(Q) is fixed and & € RY \ {0}
satisfies M &y = Ay (M)&o; it is now easy to verify that [, MV, - Vn/ [, |Vn|® converges to Ay (M)
as n — o0o.

We are interested here in the same minimization problem, under the additional constraint that
¢ € HY(Q) is convez (i-e., ¢ € C). Since the set of convex functions is far from dense in H}, and since
the sequence ¢,, mentioned above obviously does not belong to C, it is quite surprising that we can
prove a similar result and obtain the same infimum. Note that it is necessary to assume that the set
) is convex, since otherwise C = {0}.

2. MAIN RESULTS
Theorem 1 Let Q C R? be a conver domain, and let M € R?>*2 be a given symmetric matriz. Then

MV¢$-V
AM(M) < in fgiu <essinf Mv(z) - v(z) (2.1)
tg)eHé(Q) fQ |V €00

where X\ (M) is the smallest eigenvalue of M and v : O — S! is the a.e. defined map giving the
normal exterior vector v(zx) at x. In particular, if Q has a boundary of class C', then the previous
infimum is exactly equal to A\ (M).

The first inequality in (2.1) is obvious. Moreover, if Q is of class C!, then the essinf in the right-hand
side of (2.1) equals A; (M), since v is continuous and surjective.

If  is not of class C*, then the relationship between the first eigenvalue and the inf above is an
interesting open problem. It is simple to construct non-smooth boundaries such that the essinf above
is nonetheless equal to A1 (M), so that both inequalities reduce to equalities. In the alternative case,
however, the first inequality is strict:

Theorem 2 Under the same assumptions as Theorem 1, assume that

ezsgfi)rglzf Mv(z)-v(z) > A\ (M). (2.2)

Then the second inequality in (2.1) is strict.

In Section 6 we present an explicit counter-example which shows that the second inequality in (2.1)
can also be strict. The question whether in the general case the second inequality is saturated or not
remains, to our knowledge, open.

Note that statements and proofs are given here in dimension N = 2 for the sake of simplicity. The
general case is clearly similar.

3. PROOF OF THEOREM 1

Proof. For the length of this proof we change notation: instead of using x as a two-dimensional
vectorial coordinate, we let 2 and y be two scalar coordinates, so that (x,%) denotes an element of R?
with respect to a given orthogonal basis. The differential operators 9, and 0, denote differentiation
with respect to these coordinates, and V = (8,,9,)T. By choosing the basis appropriately, M takes
the form of the diagonal matrix diag (A1, A2); moreover

(N0 0 0
M—<O )\2>—>\1I+(A2_A1)<0 1)
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implies

[ MV$-Vo _ J(0y0)°
[Vl [Vl

Let 09 be twice differentiable at (20, y0) € 0Q, with normal vy = (s, pty). Since

AL+ (A2 — A1)

MI/() Vg = Al + ()\2 — )\1)/./,;,

the estimate (which we shall prove)

2

OO o (3.1)
ocHy (@) [V
¢ convex

implies that

. MV¢ -V

g 0 MVO VO o) - vlao,o) (32)
ﬁeHo(Q) Jo Vel

convex

The assertion of the theorem follows from (3.2) by remarking that every convex function—in particular,
the boundary 0Q—is twice differentiable almost everywhere [4, Section 6.4], and that therefore (3.2)
is valid for almost every (zg,yo) € 9.

It is therefore sufficient to prove (3.1) for this choice of (zg,yo) € 9. Since Of2 is convex, it can be
parameterized in the form s € [—a,a] — (2(s),y(s)), with (2(0),y(0)) = (zo, yo), where a > 0 is half
the length of 092, and z, y are Lipschitz continuous functions whose derivatives , 3 satisfy @2 +7% = 1
almost everywhere. We take the parametrization in the positive direction.

Let € > 0 be a given number, (x.,y.) a point in  (to be fixed in a while). We consider the largest

convex function ¢. defined in ) satisfying ¢.(z.,y.) = —1 and ¢. = 0 on 0. Its epigraph is a
(generalized) cone in R® with vertex (x.,y.,—1). This implies that

vVt € [0,1], Vs € [—a,aq], de(tx(s) + (1 —t)xe, ty(s) + (1 —t)y.) =t — 1.
Hence we get by differentiation

{ (CU(S) - ws)am(bs + (y(s) - ys)8y¢s =1
i(5)0, 0 + y(s)0y¢- = 0.

That gives

ax¢s = L ay¢s = _L’

we(s)’ we(s)

where w,(s) := y(z — z:) — &(y — y-). We have w.(s) # 0 for all s since |w.(s)]| is the distance from
the interior point (z.,y.) € 2 to the tangent of 9Q at (z(s),y(s)). Since the Jacobian determinant in
the change of variable

(s,) = (ta(s) + (1 = t)ze, ty(s) + (1 — t)ye)

is t |w. (s)| we get

a 1 i.2 1 @ i’z
Jyowr = || e =5 [
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and similarly

fver=5/ ok

Since ) is convex, there exists at least one point and at most a segment with exterior normal equal
to vgy. If there is a segment, then let s; < s < so parametrize the segment. By possibly changing the
choice of (z9,yo) we can ensure that (xg,yo) lies in the interior of the segment (since such a change
does not alter (3.1)). Since the parametrization was chosen for (g, o) to correspond to s = 0, we
have s; < 0 < so. If there is only one point, then we set s; = s = 0. Both in the case of a segment
and in the case of a single point, we translate (zo,y0) to the origin so that (2(0),y(0)) = (0,0).

We now choose the point (z.,y.) on the normal to the origin at distance ¢, that is we set

Te = —Elbg, Yo 1= —Efly.

We thus have we(s) = eugy(s) —epy@(s) + wo(s) where wo(s) := yx — &y does not depend on e. Note
that the assumed regularity of 9Q at the origin implies that the functions g, &, and wy are Lipschitz
continuous at s = 0.

Using @2 + y? = 1, which implies that s parametrizes arc length, we can estimate wy(s) near s = 0:

lwo(s)| = (4, =) - (z,y)] < |(z,y)] <|s].

Hence

¢ ds /a ds
lim = = 400. 3.3
) @] = ) Two)] (3:3)

Since w.(s) # 0 for almost all s, and wp(s) # 0 for almost all s outside the interval [sy, s3], we can
now choose d(¢) > 0, such that

o If 57 =59, 0(g) = 0 and

o) s ¢ ds
—_— — —1 ase — 0;
—s(e) lwe(s)| —a [w=(s)]
o If 51 < s9,0(e) =0.

The rationale behind this choice is that now in both cases

=2 2
swip  #(s) — i,
—0+51<8<d+s2

by the continuity of &, and
(=)t g ¢ ds
[ ) Lot
—6(e)ts1 [we(5)] —a [we(5)]
as € = 0. Denoting the integrals above by I5 and I for short, we now observe that

a 52 d+s2 72 72
/ -/ + [ (3.4)
—a |U)€| —5+s1 |U)€| [—a,—d+s1]U[0+s2,+a] |w5|

< I; sup &(s)+ (I = I) ||& (3.5)
—0+51<85<d+s2

’ ||L°°(7a,a)
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which implies

. a jf2 5
I / e (3.6)

—a |w6|

ase — 0.
Writing (3.6) again with the original function ¢., we obtain

/Q (9y6-)? / /Q NN

and therefore (3.1) is proved. O

4. CASE OF A VARYING MATRIX
It is also possible to prove a result similar to Theorem 1 with a quadratic form depending on z.

Corollary 3 Let Q C R? be a convexr domain, and let M : Q — R**? be a measurable map of
symmetric matrices. If O is differentiable at o € 0) and there exists A € R such that

M(z)v(xo) - v(zo) < A for a.e. z €1, (4.1)
then

o JaM@Ve- Ve
very(@ [ |Vel" T

¢ convex
Note that in condition (4.1) the vector v(zg) is fixed.
Proof. Fix € > 0. We claim that there exists a constant symmetric matrix M satisfying
MU(I‘O) -v(zo) < A+e
that majorizes M, i.e. such that M — M is positive semidefinite. Applying Theorem 1 to the matrix
M we find

fQM(x)V¢-V¢< inf Jo MV -V < essinf Mv(z) - v(z).

jhal 5 < jhil P E— —
seHL Q) [, |Vl veri(@) [, |V z€09)
¢ convex ¢ convex

Since 012 is differentiable at xg,
ess inf MI/(:L’) -v(z) < MU(I‘O) -v(zg) < A+e.
€0
The corollary follows from the observation that ¢ is an arbitrary positive number.
1

To prove the claim made above, we choose as a basis of R? the vectors e; = v(zp) and ey = ef,
and write M (z) as

_ [ al@) ba)
e = (50 @ )
with respect to this basis. The inequality (4.1) implies that a(z) < X a.e.
We now choose M = diag(A +¢, K) for some large K > 0. Omitting the dependence on the variable

:I;,
det(M — M) = (A +& —a)(K —d) — b°
=ad—b> —dA+e)+ K\ +¢—a).
Since A+ —a > ¢ a.e. we can make this expression positive by choosing K large enough. This proves
the claim and concludes the proof of the corollary. O
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5. A STRICT INEQUALITY: PROOF OF THEOREM 2

Proof. Let us note Jo(¢) := [, MV¢ -V / fQ |ng$|2 for short. As in the proof of Theorem 1, we
can assume that M = (8 (1)>, therefore Jo(8) := [,,(9,8)* / [, |Ve|*, and A\ (M) = 0.
The assumption (2.2) implies that there are two points A = (z4,y4), B = (zB,yp) in 0N, and a

scalar C' > 0 such that for (z,y) € Q,

Yy—Yya
r —TA

Y—YB
lx— xR

} <c. (5.1)

ra <z <xp and max{

We write I, for {y € R, (z,y) € Q}.
If ¢ € C3(Q) is convex, then the tangent plane at (xo,y0) €  has the functional expression

p(z,y) = ¢(x0,y0) + (x — 20) 02 P(z0,Y0) + (¥ — Yo) Oy @ (To, Yo)-

By convexity, p(xa,ya) <0 and p(zp,ys) <0, so that

(o, o) + (ya — yo) Oyd(x0,Yo) < By (w0, 10) < B(xo0,y0) + (yB — Yo) Oy d(x0, yo)
To—TaA - ’ - To —TB -

Therefore, using (5.1),

/am(a:o,y)?dysmin( = )/ $(z0,9) dy+202/ B, d(x0,y)? d
I CUO—ZUA rp — o

With the Poincaré inequality,

L,|*
/ d(z0,y)* dy < 4/ By d(x0,y)” dy,
Iaq . Iaq
we find, since by (5.1) we have |I,,| < 2C'min (2o — x4,z — To),
/ Dy (0, y)* dy<202 1+ / 0y b(z0,y)* dy,

and therefore,

/|V¢|2§ {1+202 1+ }/3y¢2
Q

This proves that

inf Jo(¢) > 0= A\ (M).

6. AN EXAMPLE OF NON-SATURATION
The second inequality in (2.1) is always saturated if  is smooth; but for non-smooth 2, one can
construct a situation in which the inequality is strict.

Let © be the square

Q={(z,y) eER* : |z —y| < land |z +y| <1},
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so that v = 2v/2 (1, £1)7, and let

u=( )

Then Mv-v =0 on 01.
To construct a convex function ¢ such that

fQ MV ¢-Vo
Jo IVof

we define

)

¢o(,y) =max(z +y,x —y,—v+y,—z—y) - L
This function ¢ is convex, belongs to H(2), and Vo = (£1,£1)7 in Q; therefore MV o - Vo = 0

in Q.
The function ¢ is defined as

¢(m,y) = max((bo(x,y), A(y - 1))a

for some 0 < A < 1. Setting Q' = {(z,y) € Q : ¢(z,y) > ¢o(z,y)}, we have ¢ = ¢ in 2\ ', so that
MV ¢ -V¢ =0;in the set ', we have Vo = (0,\)T, so that MV¢ - V¢ = —\2 < 0. Consequently

/ MV¢ Vo <0,
Q
which implies that the inequality in (2.1) is strict.
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