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1. INTRODUCTION.

Suppose one is given a sequence X,X,,... of iid. observations from some distribution function F.
Suppose for some constants a,>0 and b, and some yeR
max(X;,X,,...,X,)—b
lim P{ (X1, X2 x) b <x} = G,(x) (L.D)

n—o a,

for all x where G, (x) is one of the extreme-value distributions
Gy(x) = exp—(1+yx)~1". (1.2)

Here v is a real parameter (interpret (1+yx)~!/Y as e™* for y=0) and x such that 1+yx>0. The
question is how to estimate y from a finite sample X,X,, ..., X,.

A traditional method uses “yearly maxima” i.e. breaks the sample into blocks of equal size and uses
maximum likelihood estimation under the assumption that the maximum in each block follows exactly
distribution G,. Consistency has been proved here under certain conditions ( J.P. CoHEN, 1986). By
using this method some information from the sample seems to be lost.

A less traditional method consists of restricting attention to those observations from
X1,X3, - - -, X, that exceed a certain level M (n) and using the method of maximum likelihood under
the assumption that these observations follow exactly one of the asymptotic residual life-time distribu-
tions. Asymptotic results for this procedure have been obtained by R.L. SmitH (1985).

An attractive alternative estimate has been proposed by J. Pickanps III (1975): Let m(n) be a
sequence of integers tending to infinity and let m(n)/n—0 (n—>00). The estimate is

Xom) — X om)

Ya:= (log2)™log Xomy— Xam)

where X(1)=X05= - - - =X, the descending order statistics of X;,X,,...,X, (note that we
suppressed the extra index » in the notation). Pickands proved that this estimate is weakly consistent.
We shall give a short proof of this result and show that if the sequence m(n) increases suitably rapidly
then there is strong consistency. Also we give quite natural and general conditions under which the
estimate is asymptotically normal. The analytical work involved in the translation of the condition for
the inverse of F into conditions for F is given in a separate section that should be useful in other

(1.3)
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contexts as well. In this section we assume that the reader is familiar with the theory of II -variation
and I' -variation (see e.g. J.L. GELUK AND L. DE HAAN 1986)

Knowing the asymptotic distribution of ¥ is particularly important: since there is a discontinuity in
the shape of the distribution G, at y = 0, one often wants to test hypotheses of the type y = 0,y=0
or y<0.

2. CONSISTENCY AND ASYMPTOTIC NORMALITY

We shall need the following simple result:

LemmMa  21: If F(x) =1—e™™ (standard exponential distribution) m(n)—>oo and

m =—"lnml—>0 (n-»>00), then

V2m (X(m) - X(2m) - 10g2)
has asymptotically a standard normal distribution.

ProOF: We use the representation for exponential order statistics usually referred to as Rényi’s
representation: for each n there exist i.i.% random variables Z,,Z,,... with stangazl;fl ?xponential dis-

tribution such that {X(m) —'X(m+1)}"m_=ll = {Zm/m};',,';ll. This giVCS X(m) _X(Zm) = 2 Z,/l The rest
i=m
of the proof is easy (use e.g. B.V. GNEDENKO and A.N. KOLMOGOROV 1954, chapter 5). [I

COROLLARY 2.1: X,y — X(om)—>log2 in probability e.g. (n—o0).

Further we list a well-known result (see L. DE HAAN 1984).

LEMMA 2.2: Suppose (1.1) holds and define U: Z(F—LF " (the inverse function). Then for x,y >0,y=1

im LU0 _ 2] formly (= 0B% 1 _
B U@)—U@) ~ yr—1 el wniformly (=g, Jor 1 =0

THEOREM 2.1: (weak consistency) If (1.1) holds, m(n)—c0 and m(n) / n —0 (n—>c0), then y,—>v in pro-
bability (n—0).

PROOF: Let 4,,4,,... be iid. exponential randomdvan'ables and let {4y} be the descending order
statistics of A41,43,...,4,. Then {X(m}m=1 ={U(eA"")}Z.=1. Note that m(n)/n—0 implies
e 500 as. (n—>00). Now

U(eA"'")— U(eA“"’) _ U(eA""" ,eA(..)—Aa...))_ U(eA""") N 27 —1 - o

U(eAa'"’ )— U(eA“"") U(eA“"’ )— U(eA""" e lam —A@.)) 1—2-7
in probability by corollary 2.1 and lemma 2.2. The result follows.  [J

THEOREM 2.2: (strong consistency). If (1.1) holds, m(n)/n—0 and m(n)/loglogn— oo(n—co), then

Yooy as.  (n—o0).

Proor: The conditions on the sequence m(n) imply 4, +logll-'(ly)- - 0 as.
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(J. WELLNER 1978, corrollary 4). Hence A () —A am)—log2 (n—o0) a.s. The rest of the proof is as
before. We thank R. Helmers for making us aware of the Wellner reference. O

THEOREM 2.3: (4symptotic normality) Suppose U has a positive derivative and suppose there exists a func-
tion a such that for x>0 and yER (with either choice of sign)

i ) TV _

bares a(h) logx
(I1- variation, notation *t'~YU'(t)eIl(a)), then
Vim G —7)

has asymptotically a normal distribution with mean zero and variance YR+ 1)/ (22" — log2)? for
sequences m=m (n) satisfying m(n)=o(n/g* (n)) where g (t):=51>"2{U'(t)/a(t)}*

Before we prove this theorem we will formulate the conditions on U in terms of the distribution func-
tion F and its density. The proof of theorem 2.4 will be given in section 3 (theorem 3.1, 3.3 and 3.8;
lemma 3.3).

THEOREM 2.4: Suppose U has a positive derivative U'. Equivalent are (with either choice of sign)
a. ="U@ell
b. fory>0: 'tV p(Hell,

Jor y<0: U(o0): =t1im U(f)<oo and 5t~ 1"V F'(U(0)—t Vel

—>00
for y=0: let fo=(1—F)/F and x":=sup{x|F(x)<1). There exists a positive function a with
a(t)—0 (¢1x") such that for x>0
1—-F(t +xfo(1) -
" 1-F() x2

= F=—e7*
ey —a(t) 2

In case y=0 the following condition is sufficient for (b): suppose F is three times differentiable,
*£">0, ‘lim fo' ' (O)fo(®)/ fo'(£)=0 and ‘lim f0'(t)=0 then (b) holds with y=0.
—00 —»00

PROOF of theorem 2.3: Assume for the moment that + ¢!~YU’(r)eIl. This implies FeD(G,). Write
V(t):=U(e"). We have
V'()y—e V't +x)
o)
for some positive function « satisfying a(t +x)~e™a(t) locally uniformly and a(¢)/ V'(£)—0 (t—o0).
Now

—>—X locally uniformly ,

V(t +x)— V(()—e® V(1) +e* V(t —x) =
= 7{ V't +5)—ePV'(t +s—x)}ds =
0

TV +s)—e” V't +s—x) a(t+s)
= alt )(-,[ a(t +5) o)
hence locally uniformly
lim Vi +x)—V@O)—e V() +e™V(t—x) _ X e —1

@.1)

t->00 at) Y




We write as in the proof of theorem 2.1
Xy~ Xom o _ V({Am—Aem}+tAem)—Vdem)
Xam) = X am) V(A4 @m)—V({A@m) —Aam} +4 m)
V({dem —Aam}tAem) = VA am) =2V (A am) =2V ({4 gm —Agm} +4 @m))
V(A om)— V(A4 @m) .
In view of the result of lemma 2.1 we introduce
0= "V2m(A (m)— A omy—10g2) and
Ry =Vam(A omy— A4 4my ~log2).

Note that 9, and R, are independent and asymptotically standard normal.
We start by evaluating the denominator of (2.2) asymptotically. Note that #!~YU"(r)eIl implies
V'(t +x)~e"™*V'(¢) locally uniformly (t—c0). Hence

T Vamts)
Vldom)~Viam)=Vdam) [ — 882
—log2— R,/ \am @m)

=

22

ds~V'(Aam)y '(1—-277)

in probability (n—c0), with the usual convention log2=": 127 when y=0.
For the numerator of (2.2) we proceed as follows:
0. R,
V(A4 gmy+log2+—=—=)—V (4 —-2'vV4 +2"V (A om) —log2—
- (4 @m) +1og2 \/i;) A @my) (A @my) (4 em —log2 \/‘-‘-”—l) _
- Vdaom)
Q./Vom o, 0 7
V(A oy +1og2+ V(A o) —log2 +
= Vm [ Llemtlets), oo [ Llam—logts) ,
4 V(A @m)) RV V(A (2m))
+ Vi V(A om +1082)~ V(A4 2m)) = 2"V (A amy) + 2" V(A 2y — lOg2)

V(4 @my) ’

Now V(¢ +x)~e™ V'(t) locally uniformly (—00), hence the sum of the first two terms converges in
distribution to 2'~#Q —27!R where Q and R are independent and standard normal. Our aim is to
make the last term negligible by choosing the sequence m (n) appropriately.

Using (2.1) we get that the last term converges to =7~ (log2)(2" — 1) for any sequence m(n) with if

VoY A om)

We now investigate what sequences m(n) satisfy (2.3).

Note that (see e.g. N.V. SMIRNOV 1967)

» H~>00, 2.3)

A(2m)+logﬂnﬂl)— — 0 in probability, n— oo,

so that (2.3) reads
1 —1oe- 2 (1) AN
\/2—m—~ Vi(—log n ) (2m) U(Zm)

3 a(—logﬂnnl) V2 a()
where a is the auxiliary function for ¢!~ U’(t)ell, or

n~ g () U e = g
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with geRV, (for definition see theorem 2.5 below). The function g has an asymptotic inverse
g €RV;. So (2.3) is equivalent to

n
28°(m)
and the latter sequence is RV,. Thus the sequences m(n) for which the condition holds, tend to

infinity rather slowly.
Let mq(n) be the sequence of integers defined by

m(n)~ (n—>00) 249

mo(n):=[n/2g< (n)]. 2.5)
We claim that the statement of the theorem holds for any sequence of integers m (n)— oo satisfying
m(n) = ofmy(n)) , n—o0. (2.6)
To see this recall that
p V(logi;% +log2)— V(logf";—o)—z' V(log—i-'n;o—) + 2 V(log—z—-:;,—)—logZ) _ 1 o nvo
V'(log,—)

Since (2.6) makes Vm of smaller order than \/m, and log(—:;ll-) of no smaller order than log;:-'—, we
0
must have '
o - Iy gy N1y o
V(log - +log2)—V (log 2m) 2"V (log ™ )+2"V(log > log2)

m -0, n>ow
oot
V'(log o

and the statement of the theorem holds for the sequence m(n). The proof in case —¢!~YU’(r)ell is
now obvious. [

The normal distribution satisfies the conditions of theorem 2.4 and we then have asymptotic normal-
ity of ¥, for sequences m(n)—>co satisfying m(n)=o(log?n). See the end of section 3. For distribu-
tions like the Cauchy distribution we have the following theorem.

THEOREM 2.5 Suppose that one of the following conditions holds:
a. For some y>0, p>0, ¢>0 the function t'*VYF'(t)—c is of constant sign and
o GO —e _
100 tl-H/'yFr(t)._c
(regular variation with exponent —p, notation ={t'* VP F'(f)—c}eRV _,).
b.  For some y<0, p>0 and ¢>0 the function ={t~'~'Y F/(U(c0)—t"1)—c}€RV _,,.
Then

Vim {(0g2)"! log (5 _Xem _)
X 2m) = X am)

has asymptotically a normal distribution with mean zero and variance Y*(22/*! +1)/{2(2' — 1)log2)? for
sequences m =m(n) satisfying

m(n)=o(n/g=(n)), n—co,
where g is the inverse function of
gQ): =5 {U /U@~y




6

PROOF. Note that ={r'*VYF'(t)~c}eRV_, if and only if F{ITTU(0)~c"y'* )RV _,,, hence
(t—>00)

1 V’(t)—e"""V’(t+x)_)_e"";;-—l1 lly uniformly.

Y V'(t)—evcry'tY
The rest of the proof is similar to that of theorem 2.3 and is omitted. [

REMARK 2.1. Note that g(1)ERV 43, so that t/g()ERV 3py/(1 +20y)- SO here the asymptotic normal-
ity holds for sequences m(n) increasing more rapidly than in the situation of theorem 2.3.

The Cauchy distribution satisfies the conditions of theorem 2.5 and we then have asymptotic normal-
ity of ¥, for sequences m(n)—>co satisfying m (n)=o(n**). We deal with examples more extensively at
the end of section 3.

3. ANALYTICAL RESULTS

The conditions in theorem 2.3 are phrased in terms of U, the inverse functions of 1/(1—F). The aim
of this section is to formulate these conditions in terms of the distribution function F itself and its
density. The main result here is actually in terms of F alone but this result is not immediately applica-
ble for theorem 2.3. It is given for completeness and since it will probably be useful in other contexts
as well.

The relation to be studied is ¢!~ U’(f)eIl. We only consider this relation with the + sign except
for theorem 3.7. In the other case the relevant formula’s in the theorems below should be multiplied
by —1. First we consider the case y>0.

THEOREM 3.1: Suppose U has a positive derivative U’ and y>>0.
Equivalent are

a t"U()ell @3.1D
b. —U@®)+y tU'(H)eRV,. (3.12)
¢ @TYUQ@)YeRV_,. (3.13)
d " P@)ell (3.1.4)

Proor: (s?e DE HAaAN 19'{7)
(a)e=(b): fs‘“"logsds'e— f (ts)
0

(b)y=(o): gbvious
(bY>(d): Replacing 1 by 1/(1—F(s))ERV 11, in (b) yields
4 1-F o ,

1 F,(S)S —s€RV, ie. vy {(1—F(s))—sF (s)ERV _y)y.

This is a relation like (b) for U. The equivalence of this relation and (d) also and the converse impli-
cation are proved as in the first part of the proof. O

U)o - U@y '1UE)
a(®) t'a(r)

Relation (c) of theorem 3.1 implies + ¢~YU(¢)Il. The latter relation can also be translated for F
even when there is no derivative. That is the content of the next theorem.

THEOREM 3.2: Equivalent are (for y>0)
a t7TU@ell 321




b —tV1(1—F(s)ell (322)

ProoOF: Suppose for some positive function & and all x>0

U@x) U@
(txya(t) tY — logx (t—>o0). 3.3)
Then since 1Ya(t)/ U (£)—0 (t—0),

U(tx) ) ~ U(tx)
x'U@)’ ~ x'U(®)
Hence with R(¢):=logU(e*) and a(7):=e"a(e’)/ U(e’)

log U(tx)—log U(t)—vlogx = log( -1 (t—>o0).

o( +x)a —(g O Jocally uniformly,

for all x and a(#)—0 (t—00). Set S(): =log{-i——;—,(——,—)-}, then for €0 and all x
~F(e

R(E@+x)—t—yx _

a(S()
>REOQT)-RE@)—yx _ REEO)teaSO)_RGsM)—yeaS®) _
a(S () a(S@®)
Hence liminf R(S (tl_;—; ()t;;t —Y% >x—ye. This together with a similar upper inequality gives

lim R(S()+x)—t

—yx _ .
lim T0) x locally uniformly,

hence in particular

R(S@)—t=0(a(S (1) (t->0),
ie. with V(r):= 1_}, 7 (and using logy~y ~1 for y—>1)

uy@)—t = (V@) a(V (1)) (t—>00). (34
Further (3.3) is equivalent to '

1
v+1

t 1

U@O—@+1e" [ Updy ~ a@)y+1) [ y'logydy = t7a(z) (t>0).
0 0

Replacing ¢ by V(¢) in this relation and using (3.4) we obtain

t
t—lVl% [ xdV(x) eRV, since acRV, and VERV,-,, ie.
0

t
__:. a +-§-) [ Vx)dx + V(©)eRVy,
0
which is obviously equivalent to ¢ ~!/Y¥(¢)eIl and hence to (b). O

Next we consider the case y<<0.

THEOREM 3.3: Let y<<O and suppose U has a positive derivative U’. Equivalent are, with
U(e0): =tlim u@),
—>00




a tYU@)ell 35D
b. U(o0)<oo and —{U(oo)—U(t)+y“‘tU’(t)} ERYV,. (3.5.2)
¢. U(o)<oo and —( Y{U(e0)—U(t)})'€RV _;. (3.5.3)
d U(eo)<oo and —t " E(U(0)—t eIl (3.54)
PROOF:

= 2 @) YU =TIV 4o, U(e0)—U)+y~ U
Z:((b; {,S- o | a® T ra@
C). OoDViOus.

(bys(d): Write U(co)-U(t) =s with U(co)—U()eRV, then = U-(U(w0)—s) and

U< (U(0)—s H)=1/{1-F(U(0)—s")}eRV _y;, . ,

Replacing ¢ by U= (U(c0)—s ") in (3.5.2) yields

1 USU()=s™Y 1 1=F(U(0)—s™h) . -y =
ST W= Y T FUe) s Y -rueingUT)
{1-F(U(0)—s "}

U(1/{1-F(U(x)—s 1))

F/

(a-Fp~

Since F;(U(oo)—s“‘) =

€RVy4+1/y, We obtain finally

o0
—{s T\ P (U(s0)—s )+ [F(U(c0)—u~"yu"2du} =
s
—sTUF(U(o0)—s )=y Y{1—F(U(0)—s"1)} eRVyy .
The implication (d) = (b) is proved in an analogous way. LI
The case y=0 is considerably more complicated. We start with a theorem on U.

THEOREM 3.4: Suppose U has a positive derivative U'.
Egquivalent are:

a. tU'@)ell(a). (3.6.1)
b. tU'(H—-UQ@) + % j U(s)ds~a(t) (t—>o0) where a is slowly varying, (3.6.2)
0

U@tx)—U(@)—tU'(t)logx

@) - % log’x (t—>00) for x>0, where a is a positive function.  (3.6.3)

Proor:
U()— % [Us)s—1U'(t)
0
a(t)

1 7 _ ?,
(@)(b): — f txU'(tx)—tU'(t) dx—s
0

a(t)
1

- flogxdx = —1 (t—>o0).
0

(@)=>(c): For x>0 and t—>o00

U(tx)—U(t)—tlogxU'(t) _ j yU' ) —tU'(t) dy j logy & (=),
1 1 Y

a(t) a() y




(c)=>(a): (As in OMEY and WILLEKENS 1986) For x,y >0
V()= Up)—U@)+U@) _ U@xy)—U@O—tU'Olog(xy)

a(t) a(r)
_ U(ty)—U(;)(t—)tUa)logy _ U(tx)—U(Q(:)’U @logx _, 108 x10gy

It follows that for all x>1 the function U(tx)— U(t) is in Il(a(f)logx) for t—oc0. Hence aeRV,.
Now for t—o0

[logxy]’ o Un)=U@O)—1log))U'@) _

s a(?t)
Uy)—Uy)—tylogxUty) | a(ty)
a(ty) a(®)
+ U-UO=tlogyU @) | 1, HUG—1U(Q) |
a(?) a(?)

Since everything else converges, also the last term must converge, hence tU'(t)eIl(a). O

After these preliminary statements on U we show what the translation to the inverse function is going
to be in the nice case when one can work with derivatives. This serves as an introduction to the gen-
eral results given afterwards. ,

Let O be a three times differentiable function, then

2
QU +0)—00) = 00 + 5 0"() + X~ 07) + -

If Q'(1)>0 and Q"(r)/Q'(1)—0 then all terms except the first one are asymptotically negligible:
Q") Q'(t)>0 implies Q'(¢ +x)/Q'(t)—>1 (t—>o0) for all x and hence {Q(t +x)—Q()}/Q'(t)—>x
(t—>00) locally uniformly for all x (just integrate). This is basically II-variation. Suppose next that
Q"(1)>0 and Q"'(¢)/Q"(t)—0 (t—>00), then all terms except the first two ones are asymptotically
negligible: Q"'(¢)/Q"(¢t)—0 implies Q" (¢ +x)/Q"(t)—1 (t—c0) for all x and hence

2
{0 +x) — QO—xQ' MY/ Q"() > 2= (t>o0) ™

(use the just mentioned result for Q’ instead of Q and integrate).

Now let P be the inverse function of Q. Let x":=sup{x|P(x)<1}. We expand P as follows (we
still suppose Q’>0, hence P’'>0)
_E_Z- Pz + .ﬁ P'"(t

2 {P@yy 6 (P
If P"O/{P'(t)}> -0, then P'(t+x/P'())/P'(t)—>1(t1x") locally uniformly, hence
P(t +x/P'())—P(t)»>x (t1x") locally uniformly. This is basically I-variation. Suppose next
P"(t)> 0, P"(£)/{P'(H)}*— 0 and P"'(t)/{P"(t) P'(t)}— O (t}x"), then

x_ P +x0/P(t)
P'(t) P"(t +x0/P'(t)

-0 (#x") locally uniformly

P(t+x/P'(t)) — P(f) = x +

log P"(t +x/P'(1))—log P"(t) =

- xP"'(t +x8/P'(1))
P'(t +x0/P'(1))P"(t +x0/P'(¢))
where §=0(t,x)<[0,1] and we can prove (see lemma 3.3 below)
Pi+x/Pt)—P(t)—x
— PO} {P'@O)Y
Note that the joint statements Q”(¢)/Q’(t)—0 and Q"'(t)/Q”(t)>0 (t—>c0) are equivalent to the

2
- lz— (t1x") locally uniformly. **

&
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statements P"(z)/ {P'(t)}*—0 and P"(t)/ {P"(£) P'(£)}-0 (t1x").

To relate this to our problem, let P:=—log(1—F) hence Q= Ucexp. Relation (*) is the same as rela-
tion (3.63) from theorem 34. Note that P(t+x/P'(t))—P(t) > x (t}x") means
{1-F@ +xf,(t)}/{1— F(t)}—-> e™* (¢11x") with f,(£)={1—F(t)}/F'(t). Hence (**) can be translated
as follows (note f'(£)—0, (¢1x"))

I-FE+xf) _ _, e *log { 1= F( +x£,(t)) }

1—F(1) N (1-F(@)
X0 S'®
_ —P@+x/P')+P)+x o 2 —x . .
= ) - x“e”* (t1x"), locally uniformly.

We shall see that this is basically the relation we get in the general case.
We now work in an order different from what we did for y0 and start with deriving the result
with no differentiability assumption. The differentiable case will then be quite obvious. -

THEOREM 3.5: Suppose Q is non-decreasing and P =Q*. Equivalent are
2@ +x)—0(t)—xa\(t) x2

5~ (t—>) for all x and some positive functions a, and a, 3.7.D)

ax(?)
b. P(etxf itc)x)(t_)P(t)—x - %2— (t—»oo) Jor all x locally uniformly , (3.7.2)
where f and a are positive functions and a(t)—0 (t1x7) .
Proor:
(a)=>(b): For ¢>0 and all x
O (O)+0)~1>{QP () )~ QP () ~ (P O+ D) 0P 1))

A similar upper inequality is obtained, hence by the local uniformity in (3.7.1) and because
a2 (P (#))/ a\(P(1))-0 (1—>00),

Q@) tx)—t—xa,(P@®)

X2
Jim a(P(t)) T2
locally uniformly and in particular
QP @)t = ofax(P(1))) (t—>00). (3.3)

Also, with a(t)=a,(P(t)) /a,(P()),

0P +x— o) —1— (x—E-a())aP@) ~ L-ax(P),

hence locally uniformly for ¢>0 and ¢ sufficiently large
QP+~ o)~ —xa PN} ar(PO)<e .

Then also P(t)+x— iciz—ot(t)sP (t+xa (P(5))+eaz(P()) or (by substituting y =x +ea(t))
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P(t +ya,(PO)—P()—y=—ea(t) — ﬁ%ﬂﬁ a(t) .

A similar lower inequality is readily derived. Relation (b) follows.
(b)=>(a): The proof follows the same line. For ¢>0

P(QO)+xf(Q@)—t=
={P(QO)+x(Q®)) — P2} — {P(QO)+ea(QUNAQ®)) — P(2())}
In the same manner as above this yields, with a,(r): = f(Q(?)),
PQO+xa)—t=x  x?
—«(@@) 2

and in particular
P(QM)—t = o(a(Q()) (t—00). (3.9)
Also locally uniformly '
2
PQO)+xa1()— - a(@O)ar()—1—x
—a(Q()
hence for €>0 and sufficiently large
2
@) + xai(t) - "J-cz—a(Q(t))al(tKQ(t +x +ea(Q (1))

- and as above

-0

L QE+N-0O—xa®) _ £
g T v S
The other inequality is obtained similarly. O]

COROLLARY 3.1: If condition (b) of theorem 3.5 holds, then ot +xf(t))~a(t) locally uniformly (¢1x").

PrOOF: Since a(t)—0, P(t +xf(t))—P(t)—x locally uniformly (+{x*). We must prove (cf. the first
part of the proof of theorem 3.2) that a,(P(¢)+xf (t))~a;(P(t)) locally uniformly for i =1,2. Now
a;(t +x)~a;(t) locally uniformly hence a,(P(t+xf(t))—P(t)+P(t))~a; (x +P(t))~a;(P(t)) (cf
Omey and Willekens 1986). 0O

COROLLARY 3.2: If condition (b) of theorem 3.5 holds, then {f (t +xf())—f(®)} /{—a(t)f (t)}-x
locally uniformly (t1x").

PrOOF: Replace ¢ in (3.7.2) by ¢ +yf (f)—co for some real y, then (¢1x")
P(t+{y +xLCL @y 1) pi)—(y +xLEEUO,

x2 f@® f@ a(t)
2 —afr) at +f (1))
_ PEHyf@)-PO—y @)
—a(?) at +yf (1)
_ _xat)  fEHyf@)
@ o0

Since every other term converges, also the last term must converge, thus giving the statement of the
corollary. OJ
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LeMMA 3.1: Let P:=—log(1—F). The function P satisfies (3.7.2) of theorem 3.5. if and only if

1-F(t) LRI -
— 5 — 5 7 (11x") locally uniformly . (.10

Moreover (3.10) holds with f replaced by g(1)~f(¢) (t1x") and -)—f,;-e ~* replaced by (—xzi +(c—Dx)e ™™
if and only if {g(t)—f )}/ {—a(t)f (1)} —>c (t1x7).

ProOOF: Suppose (3.7.2) holds. Since a(t)—->0 P(t+xf(t))—P(t)—>x (¢1x") locally uniformly ie.
{(1=F(@t +xf (£))}/ {1 —F(£)}—e ™™ (tx") locally uniformly. Hence

1-F@+xf () » _ 1-F(@+xf(1) xy
1-F() I~log{—1"F¢ } =
The converse is proved similarly. Now suppose (3.10).
xg@) - £0) £0)
Patne)-p@-x _ T VOPOG | fa
—a(r) —a(?) —a(t)

Since the first term on the right converges, the convergence of the other terms imply each other. O

—P@E+xf()+P(t)+x.

REMARK 3.2: f can be called the scale function and —a the reference function for 1—F.

THEOREM 3.6: If P:= —log(1—F) satisfies (3.7.2) then
1=F(@ +x£1(?) g
1—-F(@)
—a(?)

2
- (S-—x)e™* (t1x")

xt
[1-F(s)ds
; ; S
locally uniformly with f1(t): 1—F®)
PROOF: Write U: ( “ as before and Q:=Uc exp. Then Q satisfies (3.7.1). As in Omey and

Willekens (1986) one sees that

U@x)—U@)—DU(@)logx

ax(r)

- % log?x —logx

locally uniformly (t—o0), with DU(t):=t¢ f U(s)————U(t)—— j (U@y)— U(z)}ill’-. It follows that
locally uniformly (¢4x")

1=F(t +xDU({= F(t)))
—e —X
1—F(7) X2 s
—aQ) - ( ) xX)e™* .
11 i __ _
Now DUGT—Fay) = =@ [ U6z~ UG F(t))

1

= =5 | 70 ~ VG=pg) = Topgy [ 4E0) — e,
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using (3.8) in the last equality. The result now follows from lemma 3.1. O

COROLLARY 3.3: Under the conditions of theorem 3.6

f1t +xf@)—f1(t)
—a()f1(?)

— x locally uniformly (t1x").

Proor: Corollary 3.2. O

LemMA 3.2: If (3.10) holds for F, then the same relation holds with F replaced by
xt
! 1—F(s)ds

1= Fi(0):=max(0, | {1~ F()}du) and f replaced by f(t):=H—— o

PROOF:

=Py +3it) [ +1@) 1) _
1R 70 —F ()

T e * it +x/1)— /1)}/{—a)f1(0)} .
Use corollary 3.3. O

e *Y —a(t) = e *}/ —a(t) +

Next we proceed to give sufficient conditions in terms of derivatives.

LemMA 3.3: Suppose F is three times differentiable and F'>0. Set fo:=(1~F)/F’. If

Jo" () o(®)/ fo'(£)—0 and f'(£)—0 (¢1x7), (3.11.1)
then

So'(t +xfo(O) fo' (-1 (¢1x") locally uniformly . (3.11.2)
If (3.11.2), then

Jo(t +xfo(2))—fo(?)
Jo'®)fo(®)

— x locally uniformly (t1x"). (3.11.3)

If (3.11.3), then
I-F+xfo@®) ___,

I—F}(t,)(t) N -{;—e ~* locally uniformly (t1x"). 3.11.4)
)

PROOF: fy'(+)—0 implies fo(2)/t—0 if x* = oo and fo(r)/(x* —£)—>0 if x* <oo, hence

fo(t +Xf0(t)) -1 = j‘fl(t +uf0(t))du -0 locaﬂy umformly .
Jo(® 0

Using this we find

log fo'(t +xfo(t))—logf'(t) =
— ol +x0f6@) _  folt +x0fo(ENfo"(t +x6fo()
O fo't +x0fo(2) fo't +x8fo(2))

for some §=0(t,x)€[0,1]. Hence (3.11.1) implies (3.11.2). Further (3.11.3) follows from (3.11.2) by
integrating both sides of (3.11.2) over x€[0,y] and (3.11.4) follows from (3.11.3) by integrating both

&
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sides of the relation fy'(2)/fo’ (¢t +xfo(t))—1 over x €[0,y] and using lemma 3.1. [J

Necessary and sufficient conditions are contained in the next theorem.

THEOREM 3.7: Set Fy:=F and l—‘F}(t):=max{0,ftx..(l—F,~_,(u))du} Jor i=12,---. Also set
fi():= (1-F@®)} {(1—-F;()} fori=1,2, - - - . Equivalent are
a. For some functions f > 0, a(t) > 0 (t1x*) and « of constant sign+0 (3.12.1)
I—I;—t;():) e x2
~ o) - Se™* locally uniformly (¢1x").
b. fy' is of constant sign 50, f3'(t) ~f2'(t) and f3(t)~fa(t) (#1x*). (3.12.2)

He+xfi@)— /1)

x, 3.123
/@O G129
locally uniformly (t1x*) for some function a(t)—0 (t1x*) of constant sign 0.
X
d 1—F(t)=g(t) exp f E% with g, g positive, both satisfying (3.12.3), (3.124)
0 2

£2() - 0 and g1(1) = g2()(1—2a(t) + o(g2()} (¢1x).

REMARK 3.3. The derivatives are to be taken in the Radon-Nicodym sense, if necessary.

ZSZ?(%): Note that a(?)—0, (¢1x*) implies f3(¢)~f2(¢) ( L. DE HAAN 1970). Now
1-F(t +x£1(¢)) -
1-F l(;)(t) - fg—e ~% (#fx*) locally uniformly
by theorem 3.6 and lemma 3.2. But then according to theorem 3.6 also
1—=F,(t +xf2(1)) -
1—-Fy(r)
—aft)

— 1 (¢1x*) by lemma 3.1.

2
- (-%——x)e"‘ .

SHiO)—f2(0)
Henee " a@fatt)
Repeating this reasoning with 1—F replaced by 1—F,, and 1—F replaced by 1—F;, we also get
LO—f20)
—a(0)f2(¥)
Now note that f'(r)= —1+f(t)/fi-1(t) for i=2.
(®)=(c):

— 1 (x*).

[ _ 6 L hoh .
iy 2 [ * 2 N = f2h 0 (1)
Hence f3'(t +xf3(t) ~f3'(?) locally uniformly (¢1x*) by lemma 3.3. Using f3'=—1+f3/f; gives
Sf3(t +xf3)—f2( +x£3())

— 1 locally uniformly (¢fx*)

@O0
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and hence (using lemma 3.3 again)
L@ +xfs@)—fr(0) _ Lo +xfs0)—f3¢ +x/3()) +
f5@Of3@) F3'0Of@)
S3( +xf3(0)—f3(0) + O 0]
F3'@0f@) [@0f@)
In exactly the same way one then obtains
hHE+xf1O)-fH1O)  NE+xf0)—LH0)
' @ON®) F5'Of:0)

— x locally uniformly (z9x*) .

— x locally uniformly (#x*).
©=():
Take cg1 = g2 =f1.
(d)=(a): Define P(¢):= j; i%. Straightforward calculation gives
2

P(t+xg(t)—P(t)—x
—a(t)

t
i.e. with 1—F.(7):= exp f
0

- -;-xz locally uniformly (#1x*)

ds
g2(5)

1—Fe(t +xg2(1)
1-F(t)
—a(t)
Next use a decomposition like the one in the proof of lemma 3.2 to obtain

1-F@+xg,(0) ., x* o
1—F() e a(t) 5 € . Finally apply lemma 3.1. O

—X

- ~%’xze ~* locally uniformly (:1x*) .

COROLLARY 3.4: If (3.12.1) holds, then (3.12.1) also holds with —a replaced by -j]é- —1=/£;’ (see the first
, 1
part of the proof of theorem 3.7) and f replaced by f1 —a (see theorem 3.6 and lemma 3.1).

Finally we turn back to the question how to translate the condition tU’(f)€ll into a condition for
the distribution function F and its derivative F’.

THEOREM 3.8: Set Fy:= F, 1—F(t) := max{0, /(I—F,-_l(u))du}, fo={1-F}/F' and
i 1= (1=F@}/{1=F,-\(t)} for i = 1,2,.... Equivalent are

a tU@)ell (3.13.1)
1—=F(t +xfy(2)) g
b. 1-F() — ie ~* locally uniformly (t1x*) (3.13.2)
—B(@®) 2

for some positive function B(t) — 0 (¢1x").

¢ [@O~f'O-0 1x°). (3.13.3)
So(t +xfo(D)—fo(®) ‘

d. - x locally uniformly (t1x*) 3.13.4)

—BOfo®)

£
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Jor some function B(t)—0 (¢t]x*).

The proof of this theorem will not be given since it follows exactly the same lines as the proof in the
general case, but uses theorem 3.4 relation (3.6.3) to get f; in relation (3.13.2). The proof here is actu-
ally easier since inversion is very simple.

EXAMPLES
1. The distribution functions F(x):=1—exp(—x*) satisfy the criterion of lemma 3.3 for all
a>0, as=1.

2. Normal distribution Using the previous example for a=2 and lemma 3.2 we find that the normal
distribution satisfies (3.12.1) with f(f)=¢"! and a(tf)=¢"2. By lemma 3.1 the same relation also
holds with f(t)=f,(r)=e""*[" e~*""2ds since { Pe s = ¢~ {4~ — 73 4 o(t73)), t->00.
(see also M. ABRaMOWITZ and LA. STEGUN ( 565) 26.2.12 pag. 932). Hence (theorem 3.8) U
satisfies (3.6.3) where tU'(t)~{U(¥)} ! and a(t)~=+={U(#)} 3 (t—o0). It follows that here the
function g from theorem 2.3 satisfies g(f)~2rlog’t so that the theorem holds for sequences
m=m(n)—>co satisfying m(n)=o(log*n).

3. Gamma distribution. The conditions of theorem 3.8 are easily checked using the expansion

(1) 73'_19_%:3_‘{1"‘ +(r =2 +o(" "))

4. Cauchytdistribution. The condition of theorem 2.5 are satisfied with p =2 and c=n"!. Then
g(t)~ct® so that the theorem holds for sequences m =m(n)—> oo satisfying m(n)=o(n*/3).

5. For the exponential and uniform distributions we have ¢!~YU’(#)=1 so that the lefthand side of
(2.1) is identically zero. It follows that the conclusion of theorem 2.3 holds for all sequences
m=m(n)—>o0, m(n)/n—0 (n—o0). The same is true for the generalized Pareto distribution
Fy(x) = 1—(14+yx)"7,yeR and 1+yx=0.

6. Extreme value distribution: G.(x) = exp—(1+yx)~!Y, yeR. For y > 0, condition (a) of
theorem 2.5 is satisfied with ¢ = y~!~1Y and p = min(1,1/y) and for y < 0, condition (b) is
satisfied with ¢ = (—y)"'""* and p = —1/y. The theorem holds for sequences
m = m(n) - oo satisfying respectively m(n) = o(n!~Vr(1+minlV}y and m(n) = o(n*3). Note
that for y = 0 the tail of Gy(x) = exp(—exp—x) ~ 1—exp(—x) is of the exponential type and
so the conclusion of theorem 2.3 holds for all sequences m = m(n) — o0, m(n)/n — 0, n — oo.
The same is true for the Logistic distribution.
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