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ABSTRACT

In this paper we study a two-phase free boundary problem describing the stationary flow of fresh and salt water
in a porous medium, when both fluids are drawn into a well. For given discharges at the well (Q) s for fresh water
and @, for salt water) we formulate the problem in terms of the stream function in an axial symmetric flow
domain in R (n = 2,3). We prove existence of a continuous free boundary which ends up in the well, located
on the central axis. Moreover we show that the free boundary has a tangent at the well and approaches it in a
C* sense. Using the method of separation of variables we also give a result about the asymptotic behaviour of
the free boundary at the well. For given total discharge (@ := Qf + (QJs) we consider the vanishing Qs limit.
We show that a free boundary arises with a cusp at the central axis, having a positive distance from the well.

This work is a continuation of [AD2,3].
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1. Introduction

In two previous papers [AD2,3], we studied a free boundary problem that results
from a model describing the withdrawal of fluid from a reservoir. In that model
we considered the stationary flow of two incompressible fluids through a homo-
geneous and isotropic porous medium (the reservoir). The fluids have constant
but different densities and are assumed to be separated by an abrupt transition,
an interface. In the reservoir one or more wells are present to recover one of
the fluids. Such models are relevant, for instance, when designing fresh water
reservoirs in coastal regions. Then fresh water overlays salt water from the sea.

When we think of a horizontal interface in the absence of the wells, we will observe
an upconed interface after applying the wells to the fluid on top, see Figure 1,
where a reservoir with only one well is shown.

stagnant ﬂPld, salt horizontal plane, JR"!
R N O SRS

Fig. 1: Smooth upconed interface, Q) < @,

Assuming only horizontal flow along the vertical boundaries of the reservoir,
with a fixed and prescribed position of the interface (ug), a stationary flow and
a stationary interface may result for which the fluid below is stagnant. The fluid
on top is drawn into the wells. This case is studied in detail in [AD2]. It leads
to an elliptic free boundary problem involving a parameter (), which is related
to the withdrawal rate or discharge of the wells. It was shown that a critical
rate ., > 0 exists such that for Q < ). the interface can be represented by
an analytic function of the horizontal coordinates. Moreover, the height of the
interface increases whenever the rate increases. At Q = )., a cusp develops in
the interface, being still at a positive distance from the well, see Figure 2. These
results were proven for flows in R”,n > 2.
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Fig. 2: Interface with cusp, @ = Q.

In the second work [AD3], we analyzed in detail the local behaviour near the
cusp. This was done for the two dimensional case (n = 2) only. Applying our
local results to a configuration with one well, as in Figure 2, we obtain for points
(x, z) on the interface (x horizontal, z vertical) near the cusp (xo, 2o)

lim 7|x — %o
T—T0 (20 — 2)3/2

=C

for some constant C > 0.

Keeping the reservoir dimensions (H and R) and all physical parameters fixed,
the value of the critical rate Q.. only depends on h — ug, where h denotes the
distance between the well and the bottom of the reservoir. We conjecture that
Qer = Qer(h — ) is continuous and strictly increasing with Q..(0) = 0.

Qer

h—uo

0

Fig. 3: Sketch of behaviour of @)..; the shape of the curve is unknown

Instead of considering the critical cusp case as the limit of subcritical cases, all
having smooth interfaces with stagnant salt water below, we propose in this paper
a different stategy. In this strategy we let the salt water move as well and we
characterize the cusp case as the limit of vanishing flow in the salt water region.

Thus we first need to address the problem what happens when the salt water too
moves towards the well. We expect a fluid distribution as in Figure 4.
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Fig. 4: Salt water moves towards well

The main result of this paper is that there are stationary solutions of this type.
We study these solutions for axial symmetric flows (n = 2, 3), with only one well
on the central axis. This allows us to formulate the problem in terms of a stream
function, as in [ACF1] or [AD1].

In Section 2 we present the weak formulation for the flow problem in a bounded,
axial symmetric reservoir of constant thickness. Now the formulation involves
two parameters: Qs (outflow of salt water at well) and Qs (outflow of fresh water
at well), or rather @, and @ := Q, + @ (total outflow at well). As a result of
this formulation we are able to prove that a weak solution exists (Section 3). In
Section 4 we show that the interface is a continuous curve in z-direction. On the
axis it ends up in the well W and on the lateral boundary in a well-defined point
(R, us).

In Sections 5 and 6 we consider the free boundary near the well. First we show
in Section 5 that the free boundary has a tangent at W and approaches it in a
C'-sense. The tangent direction is given by the angle

m Qs_Qf
- = for n = 2,
2 Q5+Qf
Wy =
. Qs_Qf
arcsin ———  for n = 3,
Q5+Qf

with respect to the horizontal plane. Note that w, only depends on the discharge
at the well and does not involve density (gravity) effects. The asympotic be-
haviour at W is studied in Section 6. Introducing polar coordinates and writing,
for free boundary points (r, z)

r+i(z — h) = et

we give by means of the method of separation of variables an estimate for the
rate of convergence (see Theorem 6.7)

w(s) = wy as s\ —00.
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Concerning the vanishing ), limit we only have a partial result. We show in
Section 7 that if ) is sufficiently small, depending only on the reservoir dimensions
and the position of the well, then Q)5 ™\, 0 results in an interface with a cusp at
the origin, having a positive distance from the well, and with stagnant fluid below
it. For larger values of () we have no precise mathematical results when taking
this limit. However we conjecture the following behaviour:

If @ < Q. (h), see Figure 3, then Qs N\, 0 results in a decreasing sequence of
interfaces, converging to a cusped interface satisfying Q..(h — up) = @, where
Uy = QliI{lo us. Only for Q < Q..(h) this is rigorously demonstrated.

If @ > Qc(h), then Qg N\, 0 results in a decreasing sequence of interfaces con-
verging to a cusped interface which partly coincides with the horizontal bottom
of the reservoir, see Figure 5.
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Fig. 5: Conjectured interface for Q > Q.. (h)

In the two dimensional setting such interfaces have been constructed explicitly
using hodograph techniques, for example in [Y].

2. Formulation of the problem

Let the reservoir occupy the bounded, axial-symmetric region

Q:{($1a"';$n)5\/m<R, 0<uxz, <H},

with n = 2, 3 describing the physical cases. It is saturated by either fresh water
or salt water, which are macroscopically separated by an interface S. We also
write

Q=Q,USUQ,

where Q s and Q, denote the regions filled up by the fresh and salt groundwater,
see Figure 6.
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Fig. 6: Axial symmetric reservoir

At the central axis, a well W is located at a distance h € ]0, H] above the
horizontal plane {z, = 0}. We will study the case where both fresh and salt
water are being extracted from the reservoir through W. Let Q; > 0 denote
the discharge of fresh water and s > 0 the discharge of salt water. Then
Q = Qs + @y is the total production rate of fluid from the reservoir. Each fluid
has a constant specific weight v;, with 0 < v < 7, < oo and the fluid-medium
interaction is characterized by a constant mobility A > 0. The model is described
by Darcy’s law
g+ Agradp+ve,) =0

and the fluid balance equation
div g = —Q oy

in Q, where v = vf in Qf and v = 7, in Q,. In these equations, ¢ denotes
the specific discharge, p the pressure, e, the unit vector in positive x,-direction
(against the direction of gravity), and dy the Dirac distribution at the point
W. Along the upper and lower boundary of Q we require a no-flow condition,
expressed by

q-e,=0 on{z,=0} U {z,=H}.

Along the cylindrical, lateral boundary we assume horizontal flow, i.e.
q is normal at {z] + -+ +22_, = R*}.

Because of the cylindrical form of the reservoir and the central location of the
well, we expect axial symmetry of the unknowns. Thus introducing

r=+/x2---+22 , andz=mx,,

we consider p,q and v to be functions of these variables. We obtain in the two
dimensional domain

Q={(r,2):0<r<R, 0<z<H}



again Darcy’s law

(2.1) q+AXVp+rye,)=0,

1
where now ¢ = g.e, + q.e,, with e, = —(zy,--+,2,1,0) and e, = (0,---,0,1),
r

and V = (0,,0,). The fluid balance equation in € becomes

1
rn—2

81" (TniZQT) + az(]z =0.

The latter equation suggests the introduction of a stream function ¢ : 2 — R
satisfying

1 1
(22) 1= (3 00 5 00 ).
r r
At this point we first introduce dimensionless variables. Let I' = A(vy5—7;). Then

we normalize
Y :=¢/(TH"?);Q, Qs and Q; similar

vi= (v =)/ (Vs — )

r=r/H ;z H,R and h similar.

An equation for ¢ results by taking the two dimensional curl of Darcy’s law (2.1)
and by substituting (2.2) into the result, see also [ACF1] or [AD1]. This yields

1
(2.3) v. <r”_2 Vo + m) —0 inQ,
with
0 in Qf,
T 1 in €.

where 2 and (2, now denote the subregions of 2 filled up by fresh and salt water,
see Figure 7.
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Fig. 7: Boundary conditions for

Because the top and bottom of the reservoir are impervious, the stream function
must be constant there. The same is true on the symmetry axis, except, of course
at the location (0, h) of the well, where fluid is being extracted from the reservoir.
There the stream function exhibits a jump (). With reference to Figure 7 we take

1 =0 along AOW

and
Y = @ along BCW.

The assumption of only horizontal flow along the lateral boundary requires
0, = 0 along AB.

For future reference, we denote the boundary of € by 02, the part AOCB by
0pS) and the part AB by Oy(). Because the interface is stationary, ¢ must be
constant there as well. To ensure that the prescribed salt water discharge @), is
being extracted from the reservoir we take

1 = Qs along fresh-salt interface.

Now considering equation (2.3) in Qy and 2, we expect to find, by the strong
maximum principle,
0< <@, in
and
Qs <Y <@ inQy.
Therefore we write
v=1-H(—0Qs) inQ,
where H(-) denotes the Heaviside graph

1 for s > 0,
H(s) =1 [0,1] fors=0,
0 for s < 0.



We expect certain smoothness (at least Lipschitz continuity) away from the lo-
cation of the well. To capture the singular behaviour of ¢ there, we consider the
function vy which corresponds to v =0 in 2 : i.e. it satisfies

(2.4) v. (T:Z wO) —0 inQ

and the -boundary conditions on 0f).

2.1. Lemma. There exists exactly one such 1y, smooth (at least C') away from
W, with 0,109 > 0 in Q. Near W it satisfies

o = e + smooth terms ,

where

2 —h
Q (— arctan : + 1) for n =2,
2 \m r

Q —h
B ((r2+(zz—h,)2)1/2 +1> for n = 3.

Po(r, z) =

Proof. We give the proof only for n = 3. It uses the pressure formulation in the
three dimensional domain €). Let py be the weak solution of the problem

Apy = 27Qdy  in Q,
0,pp =0 on top and bottom of €,
po =0 on lateral side of Q.

By standard elliptic theory, e.g. see [GT], there exists a unique py which is smooth
outside W. Clearly py is axially symmetric. Therefore, writing x = (21, x9, x3),

Po(x) = po(r, z), with (r,z) € Q.
The function pg is smooth inside €2 where it satisfies the equation
3r(7”arp0) + az(razpo) =0.

Since 2 is simply connected, this implies the existence of a unique (up to an
additive constant) function 1y : Q\IW — R which satisfies

1 1
(2-5) 0.po = —; 1pp and Orpo = ; . o.

One easily verifies that 1y solves equation (2.4) in €2, that ¢ is piecewise constant
on dp<2 (except at W) and that 9,1y = 0 on Ix2. To show that 1 jumps with Q)
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at W we integrate the three dimensional equation for py over a small cylindrical
neighbourhood of W. For £,§ > 0 and sufficiently small, let

Cs :={x = (v1,29,73) : \J2? + 25 <e,|v3 — h| < d}.

Then
2mQ = / grad py - v
aCs
)
=27 / £0rpo(e, 2)dz + / {0.p0(1, 22,9) — 0,po(x1, T2, —0) }dx1d>.
h=s (el rad<e)

In the first integral we replace the integrand by 0,1(¢, 2).
Then for ¢ fixed and ¢ \, 0 we find

Q= ¢0(Oah’+ 5) - %(Qh - 5)7

which shows that indeed 1)y satisfies the correct jump condition at . The proof
concerning the z-monotonicity of ¢y in €2 follows as a special case of the proof of
Proposition 3.4. (i.e. without gravity). It will therefore not be given here.

The asymptotic expressions follow from the observation that near W, p, can be
written as
po(z) = =27Q F(x — W) + smooth terms,

where F'is the fundamental solution of —A with respect to the origin. Conse-
quently, near W,
Q z—W

————— + smooth terms

grad 250(55) = 5 |1‘ _ W|3

or

Q
2(r2 + (z — h)2)32

Finally we use relations (2.5) and obtain

Vpo(r, z) = (re, + (¢ — h)e,) + smooth terms.

g = 1. + smooth terms  near W,

with ¢, as in the assertion. O

Using ¢y we introduce the following weak formulation. Let

V={¢eH"™*Q):(=0in0pQ and r'=* V( € L* (4R}



Find ¢ € g +V, v € L*>®(Q) and vy € L*(0y2) such that

(4 [velomvw - ae) = [ om

oNQ2

for all ( € V, and

(4) {vel—H(w—Qs) in €,

weEl—H—Q,) indyQ.

Remark. If the value of v would exist at dy§2, and coincide with ~y, then
the weak formulation (at least formally) implies 0, (1) — 1) = 0 at On€2. Since
0,1y = 0 along dy(2, this gives the desired boundary condition for ).

3. Existence of weak solution
3.1. Lemma. There ezists at least one weak solution {1V, v, vy}

Proof. In the equation for 1) we introduce on e-regularization with respect to
and, based on the function ¢y in Section 2, an e-regularization with respect to
the term 1/r"2 in the differential equation, the Dirichlet condition on the axis,
and due to the special construction below also with respect to the domain.

The perturbed domain is
Q. :=]0,R—¢[ x]0,1]

and the perturbed function

77Z)0,a : Qe — R,
is defined by the shift

Yo, (r,z) =o(r +¢e,2) for (r,z) € Q..

Each function 9y, is a smooth solution of the perturbed equation

1 .
V<Wv¢0,g>:0 IHQE

and satisfies the boundary conditions, see Figure 8,

10
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Fig. 8: Shifted domain €,

wo,g =0 on OAg, 1/)075 = Q on BEC
BC.$ 0y, =0on A.B,
z/)O,f-: = 77Z}0(<C:7 ) on OC:
where ¢y (e, ) satisfies : 1y (g,0) =0, tho(g,1) = Q, 0:¢o(e,-) > 0 and ¥y (e, 2)

%
o(0, 2) as € N\, 0 pointwise for z # h (with 14(0,-) =0 on OW and ,(0,-) = Q
on WC'), see Lemma 2.1.

Next we turn to the e-regularization for ¢, which we define through the problems
(for any small € > 0)

1 .
p ) ¥V agme VO H = Qu)e) =0 in Q.

1 satisfies BC.,

where H, is a smooth monotone approximation of the Heaviside graph. As for
instance in [A] or [BKS], Problem P. has a unique smooth solution .. We first
show that Problem P. satisfies a comparison principle.

3.2. Proposition. Let 1 and vy be two solutions of the 1. -equation satisfying
Uy < g on Opde and O, (11 — 1) = 0 on ONyQ.. Then

P <y in ..

Proof. The proof is a modification of the proof of [T: Theorem 1]. There he
tests the equation for the difference ¢, — 1o with the function (for § > 0)

g:HLw with w = (1 — s — 8),.

11



Following this procedure we arrive at the identity

1 |Vw|? Orw
Ho—H) —
B = v Rl B RO s
{1 —92>6} {1—92>6}
w
£ [ um-m) s =0,

{1 =2 >6}n{r=R—¢}

where we used the notation H; = H.(1; — Q5). The first and second term are as
in [T] and can be treated similarly. The third term is non-negative, by the mono-
tonicity of H., and can therefore be disregarded from the estimates. Proceeding
as in [T] results in ¢y < ¢y in Q. O

3.3. Corrollary. 0 <. < @Q wn (..

Proof. Since constants satisfiy the equation, these inequalities follow from
BC.. ([l

Returning to the existence proof we introduce the difference

Ve = 1. — g, in €,
which satisfies the equation, with h. := H.(v. + 1y — Qs),

1
(r4¢e)n2

V- ( Voue+ (1—he)=0 in Q.

and the homogeneous boundary conditions
Velopo. =0 and 0,v:|syq. = 0.

Multiplying the equation by v. and integrating over (2. gives

1

VP == [ =)+ [ (b

[ gl (=h)dre+ [ (1=ho
Qs QE {T:R—E}

Absorbing the first term in the right hand side and using Corrollary 3.3. for the

second term, we obtain the uniform estimate

1
/ W|V'U5|2 S C.

&

Introducing the characteristic function of the set 2., we deduce

Xeo. ( Ve is uniformly bounded in L?(R*; R?),

12



Xa. Ve is uniformly bounded in L™ (R?).

Consequently there exist functions v* € L?(Q; R?) and v € L*(2) such that for a
sequence € \, 0

XQE( Ve — Xq v° weakly in L?(R*; R?),

r+e)2!
Xa Ve — XU Weak star in L°(R?).

Since then xq, Vv, — x,72 10" weakly in L?(R?; R?), it follows that v € H'2(1)
with

*

Vo=r2"1y a.e. in 2.
Therefore v. — v weakly in H.%(2) and thus for a subsequence
v, — v a.e. in ).
Since also 1. — ¢ locally uniformly in Q\W, there exists 4 € L>®(Q) such that
Xoo He (ve +1hoe — Qs) = 7
weak star in L®(R?) with ¥ € H(v + ¢ — Qs), and Yy € L®(IxQ) such that
He(ve +thoe — Qu)(R—¢,) & An(R,)
weak star in L>(]0,1[) with 4y € H(v + ¢y — Qs).

Finally we test the v.-equation with ¢ € V. This gives

11@[% (Xs( Jrvsg——1> /aan H, (ve 4 e — Qs))

_ / C(1— H.(v. + o, — Q,))-

{r=R—¢}

We have now all ingredients to pass to the limit for ¢ \, 0, which gives the weak
equation (x) for ¢ := v + . O

Crucial for the existence of a free boundary is the inequality.

3.4. Proposition. 0,1 > 0 in sense of distributions.

Proof. For § > 0, sufficiently small, we define the domain

Q0 =10,R— <[ x ]0,1]

13



and the translated function
Vo(r,2) = . (r,z —6) for (r,z) e Q.
Using the properties of BC. and Corrollary 3.3 we have
P! <. on OpQ and 9, () —1b.) = 0 on OnQ.

Since 1! satisfies the 1.-equation as well, the comparison principle gives 10 < ).
in Q2. From this inequality 9,1, > 0 in €, is immediate. Letting ¢ \, 0 completes
the proof. O

For later use we show continuity properties of the solution 1.

3.5. Theorem. ¢ is Hilder continuous in Q\W.

Proof. The Hélder continuity away from the axis follows from standard tech-
niques. Since 7y depends only on the z-variable the weak equation for ¢ can be
written as

! Ve (Tnl_Zw +(y— %v)&«) )

for all ¢ € V, with ((r, z) = 0 for small r. If
C=n*(y —m) with m € R, n € C(R?)

is such a test function, we derive that

| 2

2 _ \Y
Ve <cf (n 0 VI - m)Z) .
Q

Tn

Q

In particular, if 2o = (19, 29) € Q with 7y > 6 (6 > 0, fixed) and if ro — 2p > 9, let
n be a standard cut-off function satisfying n(z) = 1 for |x — x¢| < p and n(z) =0
for | — x¢| > 2p. In the three cases

(i) Bylzo) T m= [ 4

QN B2y (x0)\ By (zo0)
(it1) 1o =R, [20—2p, 20+ 2p] C [0,1], m as in (i);
(i1i) 20=0 (or 1), 2p <1, m=0 (or Q);

we can apply the above inequality. Using Poincaré’s inequality for ¢y — m on
QN Byy(z9)\B,(xg) we obtain an estimate

[ weE<c |+ [ vl

QN B, (o) QN B2, (20)\ By (z0)

14



From this we deduce for given 6 > 0 (as above) and € > 0

/ (V> < Cs.p7°

QNB, (a)o)

for all zy = (rg, zo) € Q and p > 0 with o —2p > §. Then by the Morrey lemma,
see [GT], the Holder continuity of ¢ away from the axis and with any Holder
exponent follows.

For n = 2 the same procedure applies at the axis outside the well. To obtain
the result for n > 3 we switch to the pressure formulation of the problem. In
the proof of Lemma 2.1 the function vy has been defined by py. Here we want
to define the pressure p by the stream function ¢ , which locally in €2 is a weak
solution of

1
V-( QVI/)—F’)/Q,«):O,
-

where the vector field under the divergence is in L7 .(€;R?). Since Q is simply
connected there exists (up to an additive constant) a unique function p € H;;>()

with ) )
azp == <mar¢ + 7) ) arp = m a’ﬂ’Z}

Further, since 0,0, = 0,0, in distributional sence, p is a weak solution of
0, (r"20,p) + 0,(r"2(0,p + 7)) = 0.

Now consider the corresponding quantities on the n-dimensional domain Q, e.g.

Py, xn) = p(r,x,) with r = \/x% +e a2z,

It follows that for ¢ € C°(Q), with {(z) = 0 for small r,

[ VC (Vptien,) = [ VC (Tp+ e =0
Q Q

where }

C(r.2) = [ o€ 2)an(9).
Moreover, since ¢ — 1 € V it follows from (2.5) that 7>~ |Vy|* € L'(Q\B.(W)).
This implies that 7" 72|Vp|? € L' (Q\B.(W)), that is |Vp| € L*(Q\{r = 0}\ B.(W)).

Since the axis {r = 0} is a removable singularity for H 1’2—sp~aces, it follows that
pe HZQ\W) and [ V- (Vi+7es,) =0 forall ¢ € CP(Q\W). We then can
Q

loc

apply the above technique to obtain

[ Vil < cp

Bp(f)

15



locally in Q\W. Covering (n — 2)-dimensional rings by balls this gives
/ Tn_2|Vp|2 S C (1 4 (T_O)n—2> pn—a
QﬂBp(m'o) P

for balls B,(z¢) away from the well and zy = (79, 20).
Since
r VY < 20" (V) + 1),

we obtain the estimate

|
/ IV[* < Cp*~.

Tn72
QﬂBp(m'o)

Again the Morrey lemma implies the Holder continuity, at the axis and away
from the well. O

3.6. Theorem. v is Lipschitz continuous locally in QU {(R, 2);0 < z < 1}.

Proof. We follow the proof of Lipschitz continuity in [ACF2; see also ADI1:
Theorem 3.8]. To include the boundary oy we reflect ¢ by

Y(r,z) :=9Y(2R —r,z) for R <r < 2R.
Setting

P2 forr <R v(r, 2) forr <R

a(r, z) == , B(r z):=
(2R—r)>™" forr >R —v(2R —r,z) forr>R

we see that equation (x) in Section 2 becomes
(3.1 [ V¢ @yt se) = [ Com
D anQ

for test functions ¢ with support in D := {(r,z); 0<r < 2R, 0< 2z < 1}.
Note that a is locally Lipschitz continuous in D.

First we derive a monotonicity formula. Let
o) = 1(p) - 22(p) + ilp) 1= £ alVuil,
BP

where B, = B,(xq) with ¥(zg) = Qs, and w; = max(¢) — Qs,0) , wy = min(¢yh —
Qs,0). We claim that
¢' > —2Lgp,

16



where L is the local Lipschitz constant of a. To prove this replace ( by (w; and

obtain
/ V(¢ w;) - aV w; =2 / C wiyn —/ 0r(C w;) 3
D

D N2
—af2 [ Cwi— [ 0w+ [ a(Cw} =0,
N DNQ D\Q

where ¢, = 0, ¢; = 1 and (xx) in Section 2 has been used. Letting { — xp, in
an appropriate way, we derive that for almost all p

/ alV w;|* = /a w; 0, w;.
B, 0B,

Since

/ é _ ©;(p) Al w2
o)+ o) =3 P [ alv il

P i#j o8,

we have to consider only the case p(p) > 0. Then

1
S a0, wil” + |;30wz'|2)

¢'(p) 9B,
p +4=p)
©(p) i [ aw;d, w
8B,

([ al0pw;*)'/?
0B,
Z 22 ( f a|wi|2)1/2 Z QM\/S_E

P

where
i}glf a a£ |0p w|
c £ and s;:= £
p sup a ’ [ |w;|?
B, 0B,

Since (see [ACF]) /51 + /52 > 2, we obtain

¢'(p) Z—Q¢G—1)

©(p) p

Since ¢, > 1 — Lp the assertion follows.

Next we derive a mean value estimate. Let again B, = B,(zy) with ¢(zy) =
(s, G Green’s function for the negative Laplacian with pole x € B,,, and P, the
corresponding Poisson function. Then, setting u = ¥ — Q,

u(a:)—/ P, u :/VGI-V@/},

8B, B,

17



where the right-hand side is well defined by the L2-gradient estimate in the pre-
vious proof. Using identity (3.1) with ( = G, it becomes

1
Wy B, B,NoNQ
Therefore we obtain for x € B/,

u(@) = [ Pl <C{[ 1901+ [INGl+ [ 1G]}

0B, B B,NOn Q2
< Cp(IV¥llas,) +1)

< Cp.

For x = x this gives

I/UISCp-

0B,

Together with the monotonicity formula it follows as in [ACF2: Lemma 5.2] that

/ u| < Cp.

0B,

Then the above estimate for x € B,/» implies

[ullz=(s,,,) < Cp.

Finally, we use the fact that V-aVy = 01in QN {y # Q,} with smooth coefficient
a. Let € QN {¢ # Qs} near the free boundary, p := dist (z,{¢ = Q;}) and
zy € OB,(x) N {¢y = Qs}. Then by the elliptic C1*-estimate

1
V()| <C = + [ —Qsl,
'

where the interior estimate was used if B,/;(z) C Q. Otherwise one has to
apply the boundary estimate with homogeneous Neumann data. Since B,(x) C
B;j2(z9) with p = 4p, we obtain by the above L*-estimate

[Vip(z)| < C. O
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4. Free boundary.

The continuity and z-monotonicity of the solution % in Section 3 imply that in €2
the boundary of {¢) > @} is the graph in z-direction of an upper semicontinuous
function, similarly the boundary of {¢) < @Q,} the graph of a lower semicontinuous
function. We prove that the two functions coincide, i.e. a mushy region does not
occur.

This essentially follows from the following
4.1. Non-oscillation lemma. Suppose in € there are four vertical lines
b={(ri,z);z1 <z<z},i=1,---,4

with z1 < 29, 11 < 19 < 13 < 14, such that v — Q4 has no zeros on these lines and
changes sign on successive lines, for instance as in Figure 9.

Then
2L
29— 21 < — (ra — 1),
]

where L is the Lipschitz constant of 1 on the rectangle enclosing the four lines.

V4
2 e — -
s > Qs ¥ <Qs > Q,
Y <@s | /w Q o ‘/w Q
4] 2 43 4
P4
r1 T9 T3 T4 r

Fig. 9: Sign change of ¢ — 5 on successive lines

Proof. We use the following. In the open set {¢) # @} the stream function
solves the analytic elliptic equation

1 1

It follows that at each point (r,2) € Q with ¢(r, 2) # Qs either Vi(r,z) # 0 or
that Vi (r, z) = 0 and the level set {1 = ¢(r, 2)} near (r, z) consists of an even
number of smooth lines:
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either

Vi(r,z) #0

V(r,z) #0

1) = const

In particular, points with the latter property are isolated. By an arbitrary small
perturbation of z1, 2o we can assume that

Vi(r,z) #0 for ri <r <ry z=2z or z.
For definiteness, let us assume that ¢ < Q); on ¢;. Consider the rectangle
Ry :=[ry, 73] X [21, 22)-
Choose & with ry < & < r3 so that

Y(&1,21) = sup P(r,z1) > Q.
ri<r<rs
Since 0,7 > 0 by Lemma 3.4 and V(&,2z1) # 0 by the choice of z, it follows
that Vi (&, 21) points upwards, i.e. 0,1(&1,21) > 0. We thus can construct in
Ry a curve s — o1(s), with o1(0) = (&, 21), so that

) = L)
1 W6 6))

and so that oy is Lipschitz continuous. By the properties of ¢ on 9R; it follows
that the curve reaches a point (&1, 22) = 01(s1) on Ry, as in Figure 10.

whenever Vi (oy(s)) # 0,

Zg——==

curve oy

4

T & T2 73

Fig. 10: Construction of curve oy in R,
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Similarly, let
R2 = [7"2,7"4] X [21, 22]

and choose &, with max(rg,gl) < & < ry, so that

¢(§2722) = illf ¢(Ta ZZ) < Qs-

max(rz,§1)<r<rq

As above Vi)(&, 29) points upwards, so that there exists a curve s — oy(s) in
RZ, with 0'2(0) = (52, ZQ), so that

Vih(oa(s))

_W whenever Vi (os(s)) # 0.

73(s) =

As before, this curve reaches a point (52, z1) = 09(s2) on ORs.

§ &
R//
. o2 < Qs
(25 Y > Qs
& &

Fig. 11: Construction of region R

Since 1) > Q, on 0y and ¢ < Q, on o, it follows that & > &. Let R be the
region bounded by 01,0, and the horizontal segments {(r,21) : § <r < &} and
{(r,2z2) : & <1 < &}, see Fig. 11

The idea is now to integrate Aty over R and to use on the one hand Gauss’
theorem and on the other hand the differential equation. To make this precise,
we have to use the weak equation for ¢ with test function

C(r,z) =n(z)d,(r,z), p>0 small,

where .
d,(r, z) = min(1, — dist ((r, z),0R)),
p

and where 7 is a cut-off function n € C§°(]z1, 22[) with 0 < n < 1. Then

[ V¢ Vo= [ V¢ (e
R R

Tn—2
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= _/ ny ardp-
R

For small p we have 0,d, # 0 only near oy, where v = 1, and near o, where

v = 0. Hence the right hand side integral becomes

—/ / Ord,(r, 2)dr) dz

{r ( z)ERNBy(02)}

= 72 n(z)dz

fn(z)dz :/%d,ﬁzn azw+/ Tn—n_szp-VL/)
5 A J

Thus

The last integral tends to 0 as p — 0 since V1) is tangential on oy, 05 by con-

struction of these curves. Hence we obtain

29 1
[n(z)dz < / Tn*2|azn||azw|

21] |< /|az77 |dz

Now choosing 1 as in Figure 12 and letting ¢ \, 0 we obtain the assertion.

1 T-—— T
|
|
i
|
I
[
I
1

-+ e —— — —

—t k4
——
21 € € 22

Fig. 12: Properties of testfunction n

Next we show

O

4.2. Proposition. Free boundary cannot contain isolated vertical segments: i.e.

a situation as below cannot occur.
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'd}>Qs ¢<QS

Fig. 13: Isolated vertical segment

Proof. See also [AD1]. It follows that 0,7 = 0 in distributional sense in a
neighbourhood U of the segment. For small § > 0, consider the function v(r, 2) :=
(r,z+0) —(r,z). Then v > 0 by Proposition 3.4, v = 0 on the segment, and
v is a continuous solution of V- (72~ Vv) = 0 in U. By elliptic regularity theory
v is smooth, and therefore v = 0 by the strong maximum principle. We conclude
that ¢(r,2) = ¢(r) in U with a continuous function ¢ different from @, away
from the segment. This argument extends to small vertical strips, on the left of
the segment reaching the top of €2 and on the right of the segment reaching the
bottom of €2. This yields a contradiction to the Dirichlet data. ([

Next we show that a mushy region (if it exists), increases to the left.

4.3. Lemma. Suppose there exist ro € |0, R[ and 2z, 2z € ]0,1[, with z; < 2o,

such that
> Qs for m<z<l1
P(ro,z) ¢ =Qs for 21 <z< 2
< Qs for 0<z< 2.
Then

v=0Qs in ]0,ro] X [z1, 22].

Proof. Consider two points T' = (r¢, z7) and B = (rg, 2p) with z; < zp < zp <
29, and two sequences (Z,)nen, (Tn)nen With z, = (1, 2n), ™ < 10, T, — T as
n — oo and T, = (T, 2n), T < To, Tn — B as n — 0o, see Figure 14. Now
assume that 1 (x,) < Qs and ¥ (z,) > Qs for large n.
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! w<Qs

R

Fig. 14: Sequences (z,)nen and (Z,,)nen

Then in view of the non-oscillation result, these sequences cannot exist simulta-
neously. Therefore we have to deal with one of the following two cases.

Case 1. ¢ > Qs in a left neighbourhood N of T'.
Case 2. ¢ < ) in a left neighbourhood N of B.

N -
X
1
LT
\\
T .= Y= Qs
v =Q, s
I/ §
< Q9B
e
N~ T~
top case bottom case

Fig. 15: Two possible cases

In the first case we assert:

4.4. Claim. ¢ = Q, in L := NN |0, 7] X [2B, 27]-

Proof. Suppose the assertion is not true. Then there exists a point x € L, where
(x) > Q5. The Holder continuity of 1) implies the existence of a neighbourhood
M where 1) > ()5 and consequently v = 0, see Figure 16.
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. L
P> Qs

v =0 } m}&s
M S~

-~
-

Fig. 16: Construction of sets

Next consider the set C' C L being the shaded region in Figure 16. Since ¢ > (),
in C' we have
V- (r* "Vi) >0 and thus 9,7 <0 inC,

by the differential equation for ¢. Using v > 0 in €2 and v = 0 in M, we find
v =0,V (r¥ V) = 0 and, by the strong maximum principle, ¢ > @, in C.

Next we choose points P # P as in Figure 17. By the non-oscillation result
(argue as for cases 1, 2 above, but now from the right instead of the left) we have
either ¢ > @), in a small horizontal strip to the right of the point P, or ¢ < @)
in a small horizontal strip to the right of P.

§¢\ X& NS Zanm
NLES SANGRA

Fig. 17: Possible situation near P

First consider 1) > Qs in a right neighbourhood of P. This implies again

V- (r*7"V) > 0 and 9,7 < 0 in the shaded area of Figure 17. Since v = 0 in
C, we have v = 0,V - (r>™"V4) = 0 and thus ¢ > @, in the shaded area. In
particular ¢)(P) > @5 which gives a contradiction.

Finally consider the case ¢ < @5, ¢ # (s, in every small right neighbourhood
of P. If ' = (', 2') is a point in such a neighbourhood with 1 (z') < @ then,
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using similar arguments as before ¢ < )5 in the shaded region of Figure 18. In
particular ¥ (r', 2') < Q, for r > r'. Since 0,1 > 0, this implies 1) < Qs and v =1
in the region with upper left corner 2/, see again Figure 18.

p w S QS: w i QS

_|

P” <
SRRSO
7=0 %& \\X\\g
o
P = Qs

Fig. 18: Construction in right neighbourhood
By assumption, there exists a sequence (2 = (r!,2"))neny with 2/ — P as

n — 00, r, > ry and P(z)) < Qs. As a consequence of Figure 18, we therefore
arrive at the following situation

P
veq, | U9
y=0

/
Y = Qs

which is a contradiction to Proposition 4.2. This concludes the proof of the claim.
O

We continue with the proof of Lemma 4.3 using Claim 4.4. Assuming the top
case of Figure 15, we find v = Q)5 in L and, using 0,9 > 0, ¢ < Qs below L.
Thus top case implies bottom case. Conversely, starting from the bottom case of
Figure 15, we find ¢» = Qs in an upper left neighbourhood of B (repeat proof of
Claim 4.4 with reversed signs). Using again the z-monotonicity of ) we observe
that bottom case implies top case. Therefore always both cases are true. Thus,
by Claim 4.4, we are left with ¢y = @), in L, and similarly ¢» = ), in some left
upper neighbourhood of B. This gives ©» = @) to the left of the segment BT,
which proves the lemma. O
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With these preparations we can prove

4.5. Theorem. The free boundary QN { = Qs} is the graph in z-direction of
a continuous function g : |0, R[— R. Moreover,

h = ll{%g(r) and us = }%g(r) €]0,1]
ex1sts.

Proof: From the continuity of ¢ in Lemma 3.5 it follows that the free boundary
stays away from the lower and upper boundary of €2. Therefore, if the free
boundary is not a continuous graph, a vertical segment as in Lemma 4.3 exists.
But then we conclude that ¢» = @, to the left, and therefore v cannot attain
its boundary values on {r = 0}, which are either 0 or ). Hence g exists and
by the continuity of Theorem 3.5 we infer that g(r) — h as r \, 0. The last
statement follows from the Non-Oscillation Lemma 4.1, taking into account that
1 is Lipschitz continuous up to the right boundary of € (Theorem 3.6.). O

4.6. Remark. Theorem 4.5 implies that v = x{<gr)y and yv = X{z<u.}-
Moreover we find for fixed z € |0, us [U] us, 1 |

lig y(r, 2) = 1 ().

As a consequence, v satisfies the Neumann condition on dy{2, away from the free
boundary point.

27



5. Free boundary near well.

It follows from Theorem 4.5 that the free boundary approaches W as a continuous
curve. In this section we prove that the free boundary has a tangent at W and
that it approaches W in a C'-sense.

We use polar coordinates.

(5.1) r+i(z —h) = pe”
and consider a small neighbourhood
D,y i={(r,2) € Q; 7> + (2 — h)*> < pp}.

The function ¢, defined in Lemma 2.1 plays an important role in this section as
well as in Section 6. It has the form

Pul(r, 2) = %(go*(r, z) +1) with

2
—0 for n = 2,
/s

sinfl forn =3,

implying that 1), is constant on rays starting at WW. We therefore set

~ Q 5
5.6) = S (5.0) + 1)
As 1y, the function v, satisfies
0, (r*7"0, 1,) + 0. (r* "0, 1,) = 0.

Hence, the local weak equation of 1) near W can be written as

(5.2) | VPV = ) +ve) =0

for all ¢ € C§°(D,,).

5.1. Definition. Define w,, with —g <w, < E, by

2
7;* (w*) — Qs-
Thus 1, = Q, on the ray in direction e**. We have
~ Qs - Qf
(Wi) = Qpey i = ———F7,
Pu(ws) ! Q, +Q;
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that is -
5 Qrel for n = 27

Wi =
arcsin Q,,; for n = 3.
We shall need the following.

5.2. Comparison Lemma. Let D C Q be open and connected, and let i) €
Cior(D), v =1— H(¢) — Q) be a weak solution of

V-(r*"Vi+vye,)=01inD.

Further, let ¢ € C'ZO(;CI(D), f=1—H(p—Qs) be a smooth strict supersolution in
the sense that

V- (r*"Vp) =0 in DN {p # Qs},
Dn{p=Q,} is a C* — curve,
[V (r* "V + Be,)] <0 on DNo{p < Q,}.
Then ¢ < ¢ in D implies ) < ¢ in D.

Note. The corresponding version for strict subsolutions also holds.

Proof. Let zy = (ro, 20) € D with ¢(zo) = ¢(z0). If ¢¥(z) > Qs then the strong
maximum principle implies that ) = ¢ in the connected component of {1 > Q,}
containing x,. The same argument applies if ¢)(zg) < Q. Thus it remains to
exclude the case that ¢(z¢) = Q5. We consider the blow-up at zy. Since ¢ has a
C? free boundary, the functions

o3() = (o +02) — ¢(x0))

converge to a piecewise linear function g, and {¢y = 0} is a line through the
origin. Moreover,

[V (r§™" Vo + By €,)] <0
on this line, where 3y =1 — H (). Similarly

s — 1y weakly in H % (R?),

Y5 — 7o weak star in L (R?),

loc

where 1) is globally Lipschitz continuous with 1,(0) = 0 and
V- (rd™™ Vb + 7 €,) = 0 in R%.
Furthermore, as in [AD1 : Lemma 3.10],

Vips — Vb strongly in L7 (R?).
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Following again [AD1 : Lemma 3.10] and using the monotonicity formula derived
in the proof of Theorem 3.6, we arrive at the following two cases:

(i) 1y is a piecewise linear 2-phase solution. Then {¢y = 0} = {y = 0}. Since
Yo < o, Yy satisfies the free boundary condition, and g the strict free boundary
condition for a supersolution, we end up with a contradiction.

(ii) 1o has a sign. Since 1)y < ¢p and {py < 0} is non-empty, 15y < 0 is a
1-phase solution. Further, min(py, 0) is a strict 1-phase supersolution at its free
boundary. Then we apply the bump argument [see AD1: proof of Lemma 5.2] to
derive a contradiction. O

The next statement implies, that the free boundary has the unique tangent di-
rection e™* at the well.

5.3. Lemma. For small p > 0 there exist £, > 0 with €, — 0 as p — 0 so that

Ve — 6, S < th+ g, in D,

Proof. Let € # 0 be small, —g < we < g, and define

€+ z;i*((i)) Qs — <) for — g <0< w,,
(0) = < )
\Q+s g_—;/)((j)) (Q+z-0Q,) forw5<9§g

|
!
|
|
i
1
|
|
|
|
|
un
T
2

Fig. 19: ¢ forn=2and ¢ > 0

Then
¢'(w: = 0) (2) ¢'(w: +0)
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if and only if . }
Pi(we) (S) Yulwi) — &
For small || > 0 this is satisfied if w, = w, — ae, with a > 1/¢/(w,) > 0. We
define
o(r,z) := ¢(0) with 6 as in (5.1)

Then on the free boundary of ¢
v "V (r,2) = r' [ 1(0) = —o0 (+00),

as (r,z) € 0 {¢ < Qs} — W. It follows that ¢ is a smooth strict super-(sub-)
solution in D,_ in the sense of Lemma 5.2, if p. is small enough. Moreover, if |¢|
is small enough, then 0,¢ > 0.

In order to compare ¢ with ¢ we use the fact that V(¢ — ,) € L*(D,,). Then
by the Courant Lemma [C], there is a countable sequence p — 0 with

C](& _'dﬁ)(pad — 0.

)

SIER
W[y

[,

Since (p, —5) =0 =1,(—%), we can choose p < p. so that
Y — .| < |e| on QN OD,.
Then on this set ¢ (S) ¢, + ¢ (é) ¢ and therefore

¥ (S) ¢ on OD,\W.

To apply Lemma 5.2 let p;(r,z) = ¢(r,z +d) for 6 > 0 (< 0). Obviously
Y (g) ¢s in D, for large |§]. Here we take the value Q for ¢ at W and ¢ for 5
at W — de, (0 for ¢ and @ + ¢ for ¢5). Choose |§| minimal with this property.
Assume [6] > 0. Then ¢ (S) @5 in D, by Lemma 5.2. Since 0, > 0 we still
have 1 (S) @5 on 0D, which contradicts the minimality of |§|. Thus |6| =0 and

consequently _

¥ (2) ¢ (2) v+ Ce in D,

For later use we introduce the scaling
VYo(x) ;== p(W + p(x — W)) for x = (r, z) near W,

the same for v,. Equation (5.2) then becomes

(5.3) | V¢ PV, — )+ 5 pe) =0

l)po/p
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for ¢ € C§°(Dy,/p)- Let R > 0 be a fixed large number and p < po/R.
From Lemma 5.3 we infer
(5.4) |V, — )] <e, = 0as p—0in Dg,

2e,

(5.5) {0, =Q N DrC{W+se?; s>0, |0 —w,| < 0

}

5.4. Proposition. For o > 0 consider the region
GS = {(r,2) =W +s¢€? € Dp; s > 0,0 —w,| > 0}

Then for small p
\V(¢, —.)| < C(o,R)e, in G%.

Proof. For small p we have V - (r2"V(1, — 1b,)) = 0 in G35 Then elliptic

Cl*estimates together with (5.4) give the result.

The goal is to prove that V (¢, — 1,) is small up to the free boundary of ¢,. We

can prove at least the following:

5.5. Lemma. Let R > 1 and 7 > 0 be fixred. Then there exists k > 0 with the

following property for small p : For balls
BC Dpn{Y, (S)Q,}, diam B> 2,
T €dBN{Y,=Q,}, |#-W|>2,

we have

Fig. 20: Cone property
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Vi,(t+se)-e>k
for |s| <1 and |e] =1 withe -0 > 1 (resp. e- (=0 > 7)), where ¥ is the outer

normal to OB at .

Proof. It follows from (5.5) that for some oy > 0 and for small p, for all B as in
the statement . X
B:={reB; (x—2)-v< -1} C GR.

Consider the case B C {t, < Q,}. Then, by (5.4), for small p
% < 'Q/)*"i_gp < 7;*((1)* —UU)+€p < Qs —50 in B,

for some dy > 0. Since ¢, < Q, and V - (r> "V1),) = 0 in B, it follows from
elliptic theory that

(5.6) U,(2) < Q, — ko dist (z,0B), x € B,
for some kg > 0 being independant of p and B.

Now let k > 0. Assume the assertion fails. Thus consider a sequence p — 0 and
B,,%,,7, as in the statement and points

(5.7) Ty, =1T,+ S, € |5, <1,
(58) |6p| =1, €p - ﬁp > T,
such that

(5.9) Viby(z,) - €, < k.

The properties of B, together with (5.4), (5.5) imply that for a subsequence
p—0

(5.10) Ty = T, = (rs, 2) = 5. with s, > 0,

(5.11) D, — v, = ie".

We claim that § := |z,—%,| — 0 as p — 0. If not, it follows from (5.11), (5.8) and
(5.5) that for a subsequence p — 0, =, € G, for some o > 0. Then Proposition
5.4 implies, if s, = s and e, — e as p — 0,
Vipp(z,) € = Vii(z,) - e, — Clo, R)e,
— Vb (2, + se) - e.
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Since Vi, (x,) is proportional to vk, the infimum ; for all such values of s and
e with |s| < 1, |e] =1, e- v, > 7 is positive. Thus we derive a contradiction if
K < Kji.

We first consider the case z, € Ep, that is s, < 0. We perform the blow-up with
respect to the distances § = |z, — &,| = |s,|, that is we consider

oola) 1= 5 (0 = )0 +02) = (8 — ) (7))

The regularity results obtained in Theorems 3.5 and 3.6 apply in a neighbourhood
of ., uniformly in p, to the solutions 1, of (5.3). Therefore the functions ¢; are
Lipschitz continuous in any bounded domain, uniformly in §. We conclude from
(5.3) (as in the proof of Lemma 5.2) that @5 — ¢ in H*(R?) for a subsequence

loc

§ — 0, and that V- (r2™" V) = 0, that is ¢ is harmonic. Moreover, ¢ is globally
Lipschitz continuous and ¢(0) = 0. Then it follows from Liouville’s theorem that
@ is linear, that is

(5.12) ¢(r) = a -z with a € R®.
For points #, + 0z € B, we have, using (5.6),
ws(r) < —ko dist (2, + 5:6,81%[,)
5 Waliy +62) — . (3,)
which, as p — 0, results in lower case,
o(x) < kg x v — Viho(x,) -z for x-v, <O0.
Since Vi, (x,) = [ v, for some > 0, we see that (5.9) implies a = a v, with
a > kg — f.
Next w consider a subsequence for which

—(z, —2,) =—e, > —e
with e-v, > 7 > 0 and we use (5.9). By (5.5) the free boundary corresponding to

@s converges to {z-v, = 0}. It follows from elliptic theory that ¢; — ¢ smoothly
near —e. In particular Vis(—e,) = Viy(—e) = o v,. Using assumption (5.9) we

obtain
V@5(_€P) € = V(¢p - z/)*)(-'Ep) *€p
<k —=Vi(z,) - e,
—K—[Pu,-e€
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and find
k> (a+ B)ve-e>1(a+ B) > T Ko,

a contradiction if kK < 7 K.

Next we consider the case s, > 0, where we assume that ¢,(z,) # Q. Again
consider the blow-up with respect to 6 = |z, —Z,| = s,. As before ¢(z) = az v,
with « > kg — 3. Let ¢ > 0. Then for z - v, > ¢ we have

S8y +02) — Q) = ula) + 5 (W, +00) = ¥ (2,)

— (a4 B)x v > ko€ >0,

locally uniformly in z. Choosing ¢ < e - v, this says, that the free boundary
corresponding to ¢s stays away from e, in particular ¢,(z,) > @ for small p.
We then derive a contradiction as before. Note, that a posteriori this proves that
Vo(2,+se,) > Qs forall 0 <s <1. 0O

We are now in a position to prove the following.

5.6. Theorem. Let e be any direction different from +e™*. Then for small p
the free boundary in QN B,(W) is a graph in direction e.

Proof. Consider the situation for the scaled functions 1,. Choose two balls
By, By as in Lemma 5.5 and W = (0,h) # W, so that a region G as in Figure
21 is well defined. For definiteness we assume that By, B, C {¢, < @} and that
h < h.

Fig. 21: Shaded region is G
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Note, see the previous proof, that i1, 75 are close to i €' “= if p is small.

The following is a consequence of (5.4), (5.5) and Lemma 5.5. Consider a ray
starting at . For rays contributing to dG, the function v, is strictly increasing
on 0G. For rays cutting 0G, the function 1, attains its minimum at the first

cutting point and its maximum at the second cutting point. Now let A < 1, near
1, and define

Ul@) 1= Qo 5 (0 + Mz = W) - Q)

Gy = {z; W+ Xz —W) € G}.
Then 1,, is a weak solution in G. Below we show that
(5.13) Y, <, on O(GANGQG).

If ¢)° denotes the approximation of ¢ from Section 3, then also 7, < 7 on
9(Gx N G) for small e. As in Proposition 3.2 it then follows that ¢7, < ¢f in
G N G resulting in ¥,y < 1), in Gy N G. As a consequence z/)p is monotomcally
increasing in G along rays starting at 1. Since we can vary By, B, and W the
assertion follows.

[t remains to prove (5.13) for A near 1, provided the geometry of G is chosen
appropriately. Consider the part

S:{x:W+se; s1 < s < sy}

of one of the above rays intersecting G. It follows from (5.4), (5.5) and Lemma
5.5 that for small p
Vips(x) e > kK

forall z € Sif S C G, or for z near W + sie and W + sse otherwise. Note, that
> 0 is independent of the domains G that were chosen. It follows that for all
points x = W + se under consideration and all A < 1, near 1,

wp(W + se) — Y,(W + Ase) > k(1 — A)s.

Thus with A
£ :=1,(W + se),
z/)p,\(W + se) — @/JP(W + se)

<Qs—E&+ (€= r(1=XA)s—Qs)

An—l
1 11—\t
= o ((5 Q)—)\—’%)
< l_f\(2L(82—81)—/€81)



where L is the Lipschitz constant of ¢ in a suitable domain. Then it follows from
(5.5) and Proposition 5.4 that for small p we can choose in the definition of G the
two rays starting at ¥ so that they enclose an angle of magnitude Cs,. Finally
we choose G so that s, — sy < C ¢, and s; > ¢ > 0. This proves (5.13) for small
p- 0
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6. Asymptotic behaviour near well.

In Section 5 we have proved that the free boundary has a tangent e~ at V.
Now we study how the free boundary approaches this tangent direction. In the
analysis we use the standard conformal transformation

(6.1) r+i(z —h)=e" p=eé.

Then the neighbourhood D := D, in Section 5 becomes

D= {(s,0); —g <0< g, —00 < § < Sp}, with so = log po.

v =Q ¥ > Qs

Qs

Y < Qs
Fig. 22: Free boundary approaching the well

We denote the transformed functions by a superscript, for instance 1/;(5,9) =
(r, z) with arguments related by (6.1).
We recall, the local weak equation of ¢ near W:

(6.2) / \YE (rn12V(1/) — ) + 76r> dr dz =0
D

for all ¢ € C§°(D). Since

VC: 1 [T—Zlvé,

r242z22 | 2 —r
the transformed weak equation becomes

(6.3) /vg.<Tn1_2 V(w—w*)jwl desdGzO

J —Z

D

for all ¢ € C°(D), where r = ¢* cosf and z = e®sin .
To demonstrate the behaviour near the well we apply the general method of
separation of variables by giving an eigenfunction expansion in f-direction and
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by reducing (6.3) to ordinary differential equations for the coefficients in the
s-variable. We first consider

6.1. Lemma. The eigenvalue problem, with m =n —2 andn =2 or 3,

1 1 ™ ™
Au = Tl
% <cosm9 89u> + cos™ 6 u=20 for 2 << 2’

has the following eigenfunctions e, and eigenvalues A\ for k> 1: form =0

2
en(0) = /= sin(k(0 + 1)), Ay = k2,
T 2
and form =1

Me(2E4+1) 1

ex(f) = 2 2kl

(K18 = DF) | — gings e = k(k+1).

These functions form an orthonormal basis of the weighted L?-space with inner

product
w/2

_ [ u@w®)
(u,v) .—/ Wd&.

—7/2

Proof. We only prove the case m = 1. Consider the transformation ¢ = sin 6.
Then the equation for @(t) := u(#) is

(6.4) (1 —1)0}a+ A =0,
and this gives for v := 0;u
(1 — 2)00) + A\ = 0.

Solutions (7, ) are given by the Legendre polynomials

1
Pelt) 1= g 06 = 1 e =k(k +1),
normalized so that Pj(41) = (&1)*. Moreover

1

| PPty =

-1

2

L S
2% +1
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Then for k£ > 1 the functions

Eu(t) ::/Pk(s)ds— A

vanish for t = £1. Set Ey(f) := Ej(sinf). Using (6.4) for (E), \,) we see that

- 1—1t2 Ak I,
L [ PPt = ——2 5
= S k J2 )\k(2k+1) k.l
Therefore define e, := /2 (2k+1) E),.. The rest of the result then follows from

spectral theory.
O

In addition we need the following estimates.

6.2. Proposition. There ezists a constant C so that for all k > 1 and for all

0] <3
(6.5) ex(0)] < C,
(6.6) €4 (0)] < C KIHE

Proof. Again we only consider m = 1. We use the representation
Py (cos ) Z bibg_; cos((k — 2i)0)

where 1 1-3--(2k—1)
_ L 132k
b= 11 (-5 = 2-4---(2k)

1<i<k

which implies that for |t| < 1, setting ¢ = cos 9,
k
|Pe(t)] <> bibg—; = Pi(cos0) =1,
i=0

see [PS: p93, 290]. It follows, again with ¢t = cos¥,0 < 9 < 7, that

Ex(t) :/Pk(cosﬁ) sin ¥dv

_ k b;bi_ z/ {sm k+1_22)19)—51n((k—1—2l) )}dﬁ

=0
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With _
a;(0) = j / sin(j)dd = cos(j9) — cos(j)
¥

this gives
5 biby—; bi1bps1i
E.(t) = —_— Q —92 J) — et g i 9).
2i£k+1 S

For 1 < ¢ < k the expression

bibp—i — bi—1bp 41—

k+1—2i
does not change if we replace i by £+ 1 — 7, and it equals
bi—1bg—; 1 1 bi—1bg—;
EiL1—9 ( __')_(1_—_') T ok +1— i)
k+1—2i 2i 2(k+1—1) 2i(k +1—1)
Further a; = a_;, so that
~ boby, bi—1bg—;
Er(t) = ag1 (V) — o Ar1-2i(V).
k+1 " 1<§% 2i(k+1—14) "
Now, |a;(9)] < 2 and by < (k + 1)7/2 since
b 1 11
loghy = log(l— =) < —=> = < —-log(k+1)
i=1 21 25

This implies the estimate

1Ey(t)] <2k+1)732+ ¥ i ?2k+1—10)3?

1<i<hil
<2k +1)2(1+ V25 i),
=1

which proves (6.5). Since
E}.(8) = Py(sin6) cos 0,
and |Pg(sin#)| < 1, we obtain (6.6). O

We note that estimate (6.6) might not be optimal, but it is sufficient to prove
the desired convergence of the free boundary. In order to start the procedure, we
need the following initial information about the free boundary near the well.

6.3. Theorem. For small enough py there exists a continuous function

s—w(s) €] — g,g[ so that
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1. ¢(s,0) < Qs, for —g <0 <w(s),

P(s,0) > Qs, for w(s) < < g

2. w(s) = wy as s\ —00,

where w, is defined in 5.1.

Proof. Follows from Lemma 5.3 and Theorem 5.6. [l

Next we define the coefficients in the eigenfunction expansion. For convenience
we keep here the notation m =n — 2.

6.4. Definition. For any s < so and k > 1, set

/2

ex(d) - ~ ~ ~
o) = [ O (G 0) = 500 = 5. = v,
—m/2
/2 w(s)
cr(s) = / ex(0)7 (s, 0) cos 0d0 = / e (6) cos 0,
—7/2 —7/2
w/2 w(s)
sp(s) = / e (0)7(s,0) sin0dh = / e, (0) sin 0d6.
—r/2 —7/2
We have the identity
(6.7) cr(s) + sk(s) = ex(w(s))sinw(s) for all s < sy and k& > 1.

6.5. Proposition. There ezxists a sequence (s;)jen, with s; — 0o as j — 00, $0
that for all j and for all k > 1

[(sp)” + [ (sp) [P < ™.

Proof. By the normalization of e; we have

w/2 ~ ~
(5= 35, 0)
RO // cosng

Since (¢ — o) (s, —g) = 0 we have
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0o - - o .
— 0. (s, 0)]2 P o o
/ L c:)z}s")l(; ; 0 < / cosm29 109 (¥) — ) (s, 0)|*db) db
/2 -7/2 —7/2
w/2
<C [ 106~ 5.)(5,0) 0.
—m/2

Similarly we argue for the integral over [0,7/2]. Moreover

w/2 . N ,

—7/2

df,

so that
w/2

U+ P <0
—7/2

The smoothness of the boundary data of the difference ¢ — 1, implies |V (¢ —
¥.)|?/r™ € L'(Q). Consequently

>/|V(1/)—1/)*)|2 dr dz = |V(1/~)—77/~}*)|2 ds db
rm

e™s cos™ 0

V@ -0 L,
cos™ 6

/ sup (Iee(s)* + Wi (o)) ds

From this the assertion follows.

6.6. Proposition. There exists a constant C so that for all s < sy and all k > 1

(6.8) |sk(s) — sp(—00)| < C,
(6.9) |s1(s) = s1(—00)| < Clw(s) — w.]
(6.10) lex(5) = cx(—00)| < C min (w(s) —w., k5.

Proof. Using identity (6.7) and property (6.5) we see that (6.8) follows from

(6.10). Further, (6.9) is obvious since €} is bounded, see (6.6). Also from property
(6.5)
ek (5) = cr(=00)| < Clw(s) — wil,
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therefore it remains to show that for all —g <0 <0, < g and for all £ > 1

0+
|/ er(6) cosdf| < C kL.
o

Using the differential equation for e, we obtain

0+ 0+ /
1 1.(0
/ek(Q) cos 6 do= ——/ ( (0) ) cos™ 9 df =
i cos™ 0
o_ 0_
0+

-5 e (0) COSG‘ 0_o —i—Tk /ek(H) sin @ d#.

The desired estimate follows from property (6.6) and from the observation \;, > k?
for all £ > 1. O

6.7. Theorem. As s\, —00
- _ 1+m 1 1+m
w(s) —w, =cp ™log p +O0(p ™),

where p = €°,
. 2 |61(w*)~|12(— sin w,) >0,

and

2
., - forn =2,
(10*((4)*) = n

cosw, forn =3.

Proof. In the weak equation (6.3) we substitute

((s,0) = n(s)ex(#) with n € C5°(] — oo, s¢|).

To evaluate the resulting expression we use the differential equation for e, and
Definition 6.4, i.e.

/2 , . .
| s =) = A ()
—m/2
and
w/2
€ ~ ~

| o~ ) = i),

—m/2



Then the weak equation (6.3) becomes, with p = e,

50

0 =/ (pim ('Y, + 0\ i) + p(n'ck, — 519)) ds

for all test functions 7, that is

/
(z/)k + ka> = )\kz/)—:1 — P Sk
P p
Since \; = k(k + m) this implies the identity
(e® (g — (k +m)vy + p"ex))

= (e 4 ) = (b )
= M (A, — p" i) 4 (k +m)e™ (" ey — ki)

= pk+m+1((k’ + m)ck - Sk).
Now we integrate and obtain by (6.10) and Proposition (6.5), using the notation
p=c’,

Y = (b +m)yy + p" e

S

_ / (K + m)eg(3) — si(3))ds.

— 00

A second integration leads to the formula

Ui(s) = (ﬁ)km i / e

50

—pk+m/ﬁ_2k_m / 5k+m+1 ((k +m)ep(3) — s (5 )) dsd3.

S —00

Let 90 (s) be the same expression, except that ¢ is replaced by ¢ = c;x(—o0)
and s by s? := s;(—00). Then a computation using (6.7) gives

k+m :
(6.11) Yo(s) = (%) Vr(s0) + %w%(@

where
So— S for k =1,

0 k+m
ep(s) =p _ _
{ ﬁ(p1 — k) for k > 2.



Now, since {ex; k > 1} is an orthonormal system in the Hilbert space defined in
Lemma 6.1, we have for all s and for almost all # the representation

o0

(6.12) 5(5,0) ~0.(0) =Y ve()ex(6).

k=1

Let us evaluate the left-hand side at the free boundary, that is for = w(s).
Using the identity for w, from Theorem 6.3, we obtain

— (W ( )
( o) = du(w(s))
((ﬁ*(w*) - (Z)*((,U(S)))

Since w(s) — wy as s \, —oo (see Theorem 6.3, second statement) the right hand
side of this equality can be expanded. This results in

(613) (s w(s)) ~ Bu(w(s)) = —2 BL(w) (w(s) — @) + O (jwls) — P

(s, w(s)) — du(w(s))

Il
O T O

The goal is to prove from these identities, that the behaviour of the free boundary
near the well, that is the first term in the expansion of w(s) — w, as s \, —00 is
given by ¢{(s).

For this we first use the results from Proposition 6.6 and obtain for £ > 2 the
estimate

|'l/)k;(8) ()|<Cl€m -1 0()<Cp1+mk2_

Here and in the following estimates the constants C' do not depend on # and s,.
Using (6.5) we obtain

> (Wn(s) — vi(s))er(9)] <

E>2

and also

| > (Wk(s P Lykmap, (s0))ex(9)] < C p*

k>2

All computations also hold if we replace sy by a smaller value. Let us replace s
by one of the values (s;);en from Proposition 6.5 and let p; = €%. Note, that
now all 1) depend on j. Then for s < s;

p k+m pk+m
3 (£) wtsam) <c ¥ L
k>1 \Pj k>1 Pi
1+m
—c - _
(pj — )P}
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Altogether we obtain from (6.12)

(5,0) — .(0) = () — ¥0(s)) ex(0) +

e1(w,) sin w; m 1
LI o 5)er () + 0 (P (1 + —L ).
" (0 = P)p;
Letting @ — w(s) we obtain using (6.13) and restricting arguments to s < s; — 1
(6.14)
Q, _ _ey(wy)sinw,
g~ pulw(s))) = LI e (o)
1
+(¥(s) — ¥i(s))er(w(s)) + O(p"™ (1 + 7))
Pj
Using again (6.5) and Proposition 6.6 we see that
(6.15) [(¥1(s) = ¥0(5)) ex(w(s))|
< Cp [(w(8) — w4572 [ 5w (E) - wildi)ds,

S —00

which gives the rough estimate

(6.16) [(v1(5) = 9(5))| < € 0+ (s5 = 9).

Now fix j = jo. Then for large negative values of s, say s < s, < s, the left
hand side of (6.14) is estimated by

> clw(s) — wyl.

Therefore we obtain from (6.14), (6.16) for such values of s

1
w(s) —w.| <Cpttm (1 + (8 — 8))
Pjo
< C(8jo, Ss,6)p" T "
for £ > 0. Now let £ = 1 and choose j with s; < s,. Then we obtain from (6.14)
for s <s;

[1(s) = ¥0(s)er (w(s))] < C(s50, 50, 8)P" 4,
so that from (6.14)

‘% (2rolo) = ) + LD TR i,

< Cl(sjm Sx, Sj)p1+m-

From this the assertion follows. O
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7. The vanishing Q; limit.

In this section we show that for ) sufficiently small, the limit @), ™\, 0 leads to
an interface with singular behaviour at the central axis. This limit interface will
be at a positive distance below the well.

To explain the meaning of singular behaviour, we first recall some definitions and
results from [AD2] in the context of the axial symmetric domain € (see Section
2). In that paper we studied the case Qs = 0 directly; i.e. we considered the case
of stagnant salt water underlying fresh water flowing towards the well W, while
the height of the interface along the cylindrical lateral boundary is being fixed at
a distance h — uy below the well. This yields a one-phase free boundary problem
in terms of the variable

]5—|—.’L‘n n Qf,
(7.1)

&
I

0 in Q,,

where p denotes the fluid pressure (as in the proof of Theorem 3.5).

Given a distance h — uyp, it was shown that a maximal rate exists, the so-called
critical rate Qu = Qe(h — ug), such that only for Q@ < Q..(h — ug)) existence
of W in an appropriate setting could be established. In the same range, the
corresponding free boundary has a positive distance from the well and is the
graph in vertical direction of a function of the horizontal coordinates. The free
boundary conditions are (at points of sufficient smoothness)

(7.2) w=0and 0,0 =¢, v at free boundary.

Moreover, if @ < Q. (h — ug) then @ > 0 in an upper neighbourhood of the free
boundary which is then analytic. As explained in [AD2], smoothness of the free
boundary is implied by positivity of w in an upper neighbourhood of the free
boundary and vice versa.

Uniqueness was also established for subcritical rates, implying that w and the
free boundary are axial symmetric (at least in the context of this paper).

The case Q = Q.- (h — ug) was considered as the limit @ 7 Q... As a result we
established the existence of an axial symmetric free boundary (and @), which loses
regularity at the central axis: i.e. points where w < 0 converge from above to the
free boundary at the central axis. In [AD3] we studied in detail the consequence
of this behaviour when n = 2, leading to the formation of a cusp in the free
boundary.

Because we treat here the cases n = 2,3 together, we say that a cusp is formed
at the free boundary whenever points with @ < 0 enter the free boundary: see
Property 4.17 of [AD2] for the precise statement.
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We start by showing some monotonicity results for the weak formulation. They
follow directly from Proposition 3.2 and are only valid for solutions constructed
according to the procedure of Section 3, that is to say if they are ”constructed
accordingly”. We show monotonicity with respect to @ for fixed s, and with
respect to ), for fixed Q).

7.1. Lemma. Let QQ1,Qy denote total discharges satisfying Q1 > Qo > Qs (for
Qs fized) and let Qs,, Qs, denote salt discharges satisfying Qs, < Qs, < Q (for Q
fized). If g1 and gy denote the free boundaries of the correspondingly constructed
weak solutions for one of these pairs of ordered data, then

g1(r) < ga(r) for all r € [0, R].

Proof. The function ¢ := ¢ — @, satisfies the weak formulation (x) and (sx)
with Qs = 0 and with the modified Dirichlet data, see Figure 7,

—@Qs on AOW

(10:
Q—Q, on BOW.

For both pairs of Dirichlet data we have ¢; > @5 on 9€)p. The same ordering
carries over to the Dirichlet data in BC. and, by Proposition 3.2, to the ap-
proximations ;.. Passing to the limit gives ¢; > ¢y in 2. Identifying the free
boundaries with the level sets {; = 0} and using the z-monotonicity of s, yields
the inequality. 0

Next we turn to the convergence for vanishing ()s. For convenience we denote
the weak solution coresponding to the pair (Qs, @) by .
The main result is

7.2. Theorem. Let Q < Q..(h) be fizred. Then

= li s ists in Q\W
(0 er\r,low ( exists in Q\W)

s a weak solution corresponding to Qs = 0. The corresponding free boundary has

a cusp at the central axis. In other words, v is a cusp solution corresponding to
= li .

Ug im

Proof. As in Lemma 2.1 we only give the proof for n = 3. We first constuct a

comparison function for the solutions v, to ensure that for all (), > 0, the free

boundary stays away from the bottom of Q. Choose any Q. € |Q, Q.-(h)[ and let

w. denote the subcritical solution related to Q). and ug = 0, see Fig. 23.
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Rn—l

R

Fig. 23: Properties of the subcritical solution w,

Since subcritical solutions have smooth free boundaries, we find that w,. satisfies

Aw, = 27Q). oy in Qf;

O =0 along top;

We =2 along lateral boundary;
w. =0, d,w. =e,-v along S;

W, =0 in Q.

Since w, is radial symmetric we define, as before, the two dimensional pressure
Pe(r, z2) = we(r,z) —z in Qy,

and through relations (2.5) a stream function v, : Q\WW — R. Following the
proof of Lemma 2.1, we choose 1y, to be the solution of, see Figure 24,

1
V(YY) =0 inQp;

Y = @ on SUTW;
=0+ Q. on BCOW,
oY =0 on AB.
C B
We
Q)
T, o !
14
Q
O A

Fig. 24: Definition of 1)y,
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One easily varifies that w = 0 along S implies the second condition

1
_llwfc—i_er'l/zo OIIS.
r

Next we extend the construction below the free boundary. Let 1, : Q, — R be
the solution of )

V- (;VL/)) =0 in Q;

Y= Qs on S;

Y =Yg on AOT.

where 9p is a smooth function satisfying 0 < ¢p < Qs, ¥p(A) = Yp(T) = Qs
and Yp Z Q5. Such a 1), clearly exists and satisfies

1
-0y s, >0 on S.
,

We now show that the composite function 1, : 2 — R, defined by

7/)f¢ in Qfa
1/10 =
¢sc in €2,

is a super solution for 1, for any ), > 0. To see this we extend 1. by ¥, = Q,+Q.
in the half ship {(r,z) : 0 < r < R,z > 1}. We shift the composite function
downwards over distance L to obtain

wCL (7”, Z) = 1/10(7”, z+ L) (7”, Z) e Q.
Since Qs + Q. > () we have

@Z)CL > @Z)s in Q)

for L sufficiently large and for all ) > 0. Next we decrease L, i.e. shift 1.
upwards, until the two functions touch. We claim that this cannot happen for
any L > 0.
Since )

[;8,, e, ] +e€--v<0 onS,

it follows from the Comparison Lemma 5.2 that the functions cannot touch in
interior points of €2. Obviously, not on dp€2 and, by the strong maximum princi-
ple, not on dyS2. The latter observation follows from the fact that ¢, > Qs on
On§2 for all L > 0.

Denoting the free boundaries of 1), w. by the functions gs, u. (see Theorem 4.5)
we deduce from the comparison that for all (), > 0

gs(r) > uc(r) >0 on [0, R[,
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and in particular
ug > 0.

As a second step we consider the convergence of 1);. As in the existence proof of
Section 3 we deduce the uniform estimate

[ 29 - <

Q

Since 1y does not depend on (), we obtain for a sequence Q5 \, O:
s — Py — b — 1y weakly in H"?(Q);
s — 1Py — ¥ — by strongly in L?(2) and a.e. in ;
Vs 1= X{p,<Q.} — ¥ weak star in L>°(Q);
YN, 1= X{ws<Qs} — YN Weak star in L>®(0y(2).
The triple {¢,~, vy} satisfies (x) and (xx) for Qs = 0,
0<vY<Qin €,
and (in sense of distributions in Q)
V- (AVY +ye) = 0;
0,1 > 0 (inherited from approximations);

0,7 <0 (from weak equation and ¢ > 0).

Let 0{yp > 0} N Q denote the free boundary of the limit problem. The 2-
monotonicity of ¢ and r-monotonicity of v (apply same argument as in the proof
of Claim 4.4) imply for ¢ the property: if ¢(rg,z9) > 0 for some (rg,29) € €,
then ¢ > 0 in the set {(r.2) : 7 > ry, 2 > zy}. This tells us that the free boundary
is a Lipschitz graph in any intermediate direction between e, end e,, that it has
well-defined end points (0, ur) and (R, ug), and that it is decreasing it r. In fact
it is strictly decreasing. The occurrence of a horizontal segment would lead to a
contradiction using the Hopf principle and the free boundary condition 9,1 = 0.

According to Lemma 7.1, the free boundaries of the approximating problems
decrease with Q)5 \ 0. From this monotonicity and 0,7, < 0 one deduces that a
mushy region, where ¢» = 0 and v < 1, can not exists. Hence

v=11in Q\{y > 0}
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and
vy =1 in ONQ\{¢ > 0}.
In other words
¥ =1-Xqp>0y in © and vy =1 — xy>0} in OnEL.

Furthermore there exists g € C([0, R]), g strictly decreasing and g(r) > u.(r) > 0
on [0, R, such that

Hy>0tNQ={(r,z):0<r <R, z=g(r)}

We only need to verify the continuity. Using the monotonicity, this follows di-
rectly if we can rule our vertical segments. This is done by a similar argument
as in the proof of Proposition 4.2. As in Remark 4.6 it follows that

(7.3) Orp =01in {(R,2) 1 uy < z < 1}

In the third step we return to the function w, defined in (7.1). First find the two
dimensional pressure p € H*(Q) N C(Q) from the definitions

1
@P = _; r¢ -7
(7.4) in €2
1
8rp = +_8z'§/)
r
such that p = 0 along the bottom of (2. Then set
(7.5) w=p+2z in Q.
The weak equation for ¢ implies for w the weak equation
\ (T(Vw — X{¢>0}ez)) =0 in (.
Introducing wy : Q\W — R as the unique solution of
A”(I)[) = QWQ(SW in Q,

. 0,y =0 on the top,
BC< wy=0 on the bottom,
Wy = (2 — up); on the lateral sides,

we find for w — wy the weak equation

(7.6) V- (VW — 1) +7) =0 in Q
with
w=0,7=1 below free boundary,
Aw =0, ¥y=0 above free boundary.
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Moreover 1 satisfies BC, which follows directly from definitions (7.4), (7.5) and
the ¢)-boundary conditions, including (7.3).

These properties imply that (@, 7) is a weak solution of the free boundary problem
introduced in [AD2]. There it was shown that if, for some open set

U c Qn{zs =0} and for some & > 0,
W > 01in {(xy, 22, 23) 1 (x1.22) €U, § <3 <g+¢}
then
g is analytic in U.

The monotonicity of the free boundary, combined with
(7.7) Oyw > 01in €, in sense of distributions,

which is a consequence of the z-monotonicity of ¢, imply that w > 0 in an upper
neighbourhood of the free boundary, away from the central axis. Hence

g is analytic in |0, R|[.

To conclude the proof, we show that negativity of w enters the free boundary at
the top (0, ur). Clearly, @ < 0 near the well. This follows from the observation

that Wy — —oo when approaching W and @ — wy € C*(Q2) for some « € (0, 1).
Consequently, the free boundary for (), = 0 has a positive distance from the well:
ie.

up < h.

For Qs > 0 we define the function w, (and w,) from (7.4), (7.5), with ¢ = 1),
and v = 5, such that wy(O) = 0. We first show that wy is non-decreasing along
the free boundary: i.e.

(7.8) ws(r, gs(r)) is non-decreasing in r €]0, R].

If the free boundary were smooth, this would be a direct consequence of the Hopf
principle, applied to ¢ in {¢); < Q,}, and transformations (7.4), (7.5). These
transformations imply

lvws —e, = (—0,ws, Oyw,) in Qy,
,
(7.9)
1
;Vz/)s = (—0,ws, Opw,) in Q.

Hence, for an orientation as below we find along the free boundary
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s > Qs

£h. 1 = Qs

1
—a,j—l/)s —& V= (_azw57 arws) = Vuw; - (l/z; —Vr) = 0, wj
”
and, reflecting the free boundary conditions,
0< ay_z/)s = aTws ( HOpf)

Since we established only continuity for the free boundary we have to argue in a
different way. Starting point is the weak equation for ¢ for all ( € C§°(Q2)

1
0 =JVC-(=Vis+ser)
[¢) T

- vc-(%vws—erw/vc-%vmin (s, Qs),

QN{ys>Qs} 0

where we replaced v, by —(1 — ) = —X{y.>0.}- Since min (i, Q;) is a su-
persolution, the second integral is non-negative for ¢ > 0. Substituting (7.9)
yields
0> / V- (—0w,,0,w,)  for all ¢ € C2(Q), ¢ > 0.
QN {Ys>Qs}
Let z, = (rg,2¢) € {tbs = Qs}, £ = 1,2 and r; < rg, be two free boundary
points and let R CC () denote a rectangle as in Figure 25. Further let the non-

negative test functions ( convergence towards the characteristic function of R.
Since w € H,;2(Q) N C(Q), it follows that for almost all such R

loc
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ws > QS 1
) ;
o £b.
R

Fig. 25: The rectangle R

0> / (—v) - (=0, ws, 0 wy) = — / Orws = wy(xy) — wy(xs).

ORN{Ys>Qs} ORN{1s>Qs}

Because w is continuous, this establishes (7.8). Finally we consider again the limit
Qs ¢ 0, now for the functions w;. Since (ws,7s) satisfies (7.6) and wy — wy = 0
(by appropriate normalization) along the lateral boundary of Q;, we have H'?
and C* estimates implying for a sequence Q); \, 0,

Wy — Wy — W — W weakly in H?(Q) and strongly in C%()

Next we fix two arbitrary points on the central axis between the well and the top
of the free boundary: i.e.

z, =(0,0,24), k=1,2, with ur <2 < 2 <h.
Further consider for approriate Qs ~\, 0, the sequences of free boundary points

12 = (Y, = Q) N{xs =2} fork=1,2

satisfying

Wy (27") > ws(w37),
and with no free boundary points between x, and 9. Continuity of the free
boundaries ensure the existence of such sequences. Moreover, the monotonicity

in @), of the free boundaries imply that both sequences move monotonically in
the direction of the axis. In fact

C;ir\r,lo T =T
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otherwise the limit free boundary would be above z3 = wuy. The convergence
properties of 9 and w, imply

(7.10). w(xy) > w(xs).

Now suppose there exists o = (0,0, 29), with up < 2y < h, such that @w(zy) = 0.
Then, by (7.10), w = 0 on the axis between the free boundary and zy. Since w
is harmonic in a neighbouwhood of that segment and Vw - e, < 0, we obtain a
contradiction. ([l
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