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ABSTRACT
We use probabilistic subordination and time change to compare the

first eigenvalues for problems of the type Gy + Ay = 0}

Gy - qy + Apy = 0, with zero boundary conditions.

KEY WORDS & PHRASES: First eigenvalue, subordinate process, time change.

*) Permanent adress: Apartado 52120. Caracas 1050-A Venezuela.

Work done during a sabbatical stay at the Mathematical Centre.






1. INTRODUCTION

The aim of this paper is to use probabilistic subordination and time

change to compare the first eigenvalues of the problems

(1.1) G +Ap =0 inD y/3D =0
(1.2) GY —qp+ 2 =0 " inD ¢/3D =0
(1.3) Gy —qp +xpyp =0 in D ¢/3D =0

for an adequate class of operators G.

In Section 2 we consider a Hunt process (Xt) with state space (E,E)
whose semigroup possesses a nonnegative symmetric density f(t,x,y) with
respect to a Radon measure m on (E,E), such that if D is a bounded open

subset of E with m(3D) = 0 then

2
'(J £7(t,x,y)m(dx)m(dy) <
DD
and such that, if T = inf{t > 0 : Xt ¢ D°} is the first exit time from D,
then

P¥(T<®) = 1 Vx e D.

By stopping (Xt) at the boundary of D and subjecting it to a local death
rate q(x) we are able to compare the first eigenvalues of the problems
(1.1) and (1.2), when G is the infinitesimal generator of (Xt).

In Section 3 we consider an adequate time change of the process with
generator G-q to compare the first eigenvalues of problems (1.2) and (1.3).

Basic for all the comparison results is the fact that under the
stated assumptions on the semigroup one can get eigenvalue expansions for
these various processes which allow one to give a simple characterization
of the first eigenvalue. This characterization (proposition 1 in Section 2)
is well known for diffussions (see chapter 14 of [41]).

Section 4 is devoted to the discussion of examples.

We refer the reader to [1] for the basic notation and definitions



throughout the paper.
2. COMPARISON OF (1.1) AND (1.2)

Let (XE) be the process (Xt) killed when it leaves D and (QB) its

transition semigroup, that is
D X
Qtf(x) =E [f(Xt),t<T].

It is proved in [5] that there is a sequence {Aj} of eigenvalues of G such
that 0 < Al < Az <...< An Seeey A -+ o and a complete orthonormal set of
eigenfunctions {¢j} such that the series zj=l e ¢ (x)¢ (y) converges
absolutely and
D —xnt
(2.1) Qf® =Je 7 ¢ (0 J ¢, (M E(yIm(dy)
D

=]

for f € LZ(D).

) A similar expansion can be found for the semigroup

Q f(x) = E [f(X )M ;t<T] of the process subordinate to (X ) with respect
to the multlpllcatlve functional M = exp (- IO (X )ds) where q is a con-
tinuous positive function on E (see alsa [51]).

The first eigenvalue of the problem
(1.1) Gy + AY =0 in D, /3D =

can now be characterized as follows

PROPOSITION 1. If X, s the first etgenvalue of the problem (1.1) then

A= sup{): sup Ex[exT] < w},
xeD

PROOF. It follows from (2.1) that

=]

-At
PX(T>t) =Y e T ¢ () J ¢, (Mm(dy) .
D



Let Kn = ID ¢n(y)m(dy) then one has

¢ -\ -t
]=—Je)‘thx(T>t)=2Kn¢n(x)J-)\ne R T
0 n

0
ln
z Kn ¢n(x)(k -X)'
n n

Clearly, when A ~ A this series diverges. Also, ExtexT] is an increasing

Ex[elT

function of X, so 1t suffices to show that E [e ] < o for X < A , Vx € D.

Now, 1f 0 < A < Xl then

A
n+l < n

AT A=
n

An+l—

hence

>‘n Al D
2 Kn ¢n(x)<k —A) = A=A Q0 1(x) < .
n n 1

REMARK 1. A similar characterization for the first eigenvalue of problem

(1.2) clearly holds

REMARK 2. The heuristics of the situation is as follows:

EXe?y = - J Atap¥(T>t) = J re SPX (T>s)ds =
= J rers Ex[l(Xs),s<T] =2 J o8 le(x) when PX(T<») =
0 0

So what one does is '"look at the poles of the resolvent"

In order to compare the first eigenvalues of problems (1.1) and (1.2)
we consider (X ), the canonical realization of the process subordinated
to (X ) with respect to M = exp(-foq(X )ds) on the space Q= Qx[0,~], and
denote by P* its correspondlng measures on Q (see [1] ch.3 for all the con-
structions) .

Following [1], let vy: Q- [0,»] be the projection y(w,A) = A, and

T = inf{t > 0 : Xt e D%}



T = inf{t > O : Et e D°}.
LEMMA 1. 55017 < 51?1,  wx e D.

PROOF. It follows from the definition of (gt) that

{T>t} = {ES €D, s<th={X €D, s<t,y>t}=

{T>t; v> t}

and therefore, by the definition of P* we have

§X(T>t) = Ex[Mt;T>t].
Noﬁ
. © ®
EXery = - J M EaB*(Tot) = - f et ¥ sToe] =
0 0
T T
=1 + AEX J ektM dt < 1 + AE® J eltdt = Ex[eAT].
0

the integration by parts in the third equality is possible since
P*(T<w) = 1 Vx € D.
The following comparison result now follows easily from Proposition 1

and Lemma 1.

THEOREM 1. Let A be the smallest eigenvalue of problem (1.1) and 71 the

smallest eigenvalue of problem (1.2) then

REMARK 3. In the same manner, one can compare the first eigenvalues of the

problems

]
o

0 in D /3D

Gh - a b+ A

]
o

Gy =4y +up =0 in D /3D



for qy 2 q;- In fact, let (Xt) now denote the process with generator
G—ql, and let (it) be the process subordinated to (Xt) with respect to
Mt = exp(- fg(qz(Xs)—ql(Xs))ds) then, the same reasoning as before gives

My p4 kl.

REMARK 4. The comparison results will hold whenever a characterization for
the principal eigenvalue, as the one given in proposition 1 holds; there-
fore, these results will be valid for the elliptic operators considered by
FRIEDMAN [4] Vol.2, Chapter 14. '

3. COMPARISON OF (1.2) AND (1.3)

We will now compare the first eigenvalues of the problems

il
o

(1.2) G-q)y + A\ =0 in D /3D

n
o

(1.3) (G=q)y + App =0 in D /3D

for p continuous and p = ¢ > 0.

Let (Xt) now be the process with generator G-q = G (we warn the reader
that to be consistent with the notation of section 2 we should work with
(it)’ but we feel this would become too confusing).

Suppose (Xt) has a symmetric transition demsity p(t,X,y) with respect

to the Radon measure m which satisfies

(3.1 J J P2 (£,%,y)m(d)m(dy) < =
DD

(3.2) J p(t,x,x)pE)m(dx) < » Vt
D

for bounded sets D.
Let (At) be the following additive functional of (Xt)

t
At = J p(XS)ds
0



and let-(Tt) be the right continuous inverse of (At); that is

T, = inf{u; Au > t}.
One may check that (Tt) satisfies
t
T, = _ds _ s (X ) being the time changed process.
t pX ) T
T t
s
Call X XTt’ then
X = (Q Fs Fr ,xt,eT ,P ) is a strong Markov process (see [1] Ch.V) and it
t
follows from Dynkin's formula that (X ) has generator %u
The following proposition allows one to use the same procedure as that

of proposition 1 in Section 2 to characterize the first eigenvalue of

problem (1.3) as

X] = sup{)A: sup Ex[ekT] < o}
xeD
where

~

T = inf{t > O: it e D°}.

PROPOSITION 1. Under the assumptions (3.1) and (3.2) and the symmetry of

p(t,x,y); the process (it) possesses a symmetric transition density

p(t,x,y) with respect to the measure p(y)m(dy) and moreover, if D is bound-
ed then

(3.3) J [ 52 (t,%,7)0 () p (M n(dD m(dy) < =
DD
PROOF. Observe that

0% (x) = EX J oot f(XT ydt = EX J e f(Xt)p(Xt)dt =
0 0

< < —aAt 0
= J Elp(X)E(X e Jdt = V_(p£) (%)
0

where



Vzh(x) = j e Pt Qth(x)dt
0

x. Mi
E'[e h(Xt)].

Q
Q.h(x)

If (Xt) has a symmetric transition density p(t,x,y) then (Qi) has a sym-
metric transition density as well (see [5]), call it qa(t,x,y). It is easy
to see that

o

(3.4) < (t,x,y) < e % p(t,x,y)

(recall c is such that p(x) =2 ¢ > 0).

Let vg(x,y) = f; qa(s,x,y)ds,then by inverting Laplace transforms we get,
for an appropriate contour y
?tf(x) = —lr I eot u® f(x)do =
Y

_ [ (2 ot 0 \
- [ \2ri J e VO(X,y)do/f(y)p(y)m(dy)
Y
which proves the existence of the symmetric transition density p(t,x,y).

- 1 ot O
plt,x,y) = 5;;—[ e vc(x,y)do-

Y
To prove (3.3) it is enough to show that

I B(2t,%,x)p(x)m(dx) < =.
D
But, for all a > 0

f e—atﬁ(t,x,y)dt vg(x,y) < J e %ct p(t,x,y)dt =
0 0

-ot t
c J e * P(E,X,Y)dt.
0



Hence
~ t
P(tsx’Y) < CP(E’X’Y)

and the result follows from (3.2).

Let
T = inf{t > 0: X_ e D%}
T = inf{t > 0: it € Dc}
then
(3.5) T = A(T)
and so
(3.6) {T >t} ={aA(M >t} ={T>1])

(see [1] ch.V).

- The following analytic lemmas will be needed for the comparison result.

LEMMA 1. Let F(t,w) be a measurable function on Rx Q, ((Q,F,P) being a
probability space) such that t - F(t,w) <8 monotone and right continuous

for each w. Then, for £ = 0

J f(t)dE(F(t,w)) =E J f(t)dF(t,w) .

(E denotes expectation with respect to P).
PROOF. Easy.

LEMMA 2. Let f: R =+ R be 1-1 and differentiable. If §(x-a) denotes the
delta function at a then

-1
j g(x) 6 (£(x)-a)dx = gﬁ__@l _
£'(f "(a))

PROOF. Easy by choosing an approximating S-sequence (hn).



THEOREM .1. If p < 1 then the first eigenvalue of problem (1.3) is bigger
than the first eigenvalue of problem (1.2) and if p > 1 the first eigen-—
value of problem (1.3) is smaller than the first eigenvalue of problem (1.2).

PROOF. It suffices to compare

E¥eM] with EXCeMTI.
Now
- oo (o]
E¥re’T] = - J et ¥ (Tst) = - f R @*(1>1) .
0 0
Using lemmas 1 and 2 we get
x. AT, _ X At _ X At _
E'[e" ] =-E J e d]{T>T } = E J e G(Tt T)dt
0 t 0

<o

EX f ert p(X, )8(t-T)dt = E"[e”p(xA )]
0 T T

the theorem now follows easily.

4. EXAMPLES

In this section we list some situations in which the comparison re-
sults hold. In particular, we see that the classical results of examples

1 and 2 (see [3] ch.VI) are valid for more general situations.

EXAMPLE 1. The eigenvalues of the problem A¢ — q¢ + A¢ =0 in D, ¢ = 0 on

9D; increase when q increases.

EXAMPLE 2. The eigenvalues of A¢p — q¢ + A¢ = 0 in D, ¢ = 0 on 3D; increase

when the domain D decreases.

EXAMPLE 3. This is a generalization of example 1. Let G be the Laplace-
Beltrami operator on a Riemannian manifold or compact Lie group and D an

open bounded subset. The same conclusions hold. See [7] or [8] for the
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appropriate constructions.

EXAMPLE 4. The following construction, going back to PHILLIPS [6] yields

a larger class of processes (and eigenvalue problems) for which the com-
pariéon results apply. Suppose (Xt) has a transition density p(t,x,y) such
that

-\t
p(t,x,y) = g e B ¢n(X)¢n(y)

where the (¢n) are an orthonormal, complete set, and (¢n,xn) are all the
solutions to G¢n + An¢n = 0 plus appropriate boundary conditions.

Let ()50
dependent increments on [0,»]) independent of (Xt). Define a new semigroup

now denote a subordinator (a process with stationary in-

on the same state space by

(3.1) Q. f(x) = J P E®)T (du) = ) (J e U T, (du)¢ (%) I ¢ (ME(y)dy
0 "o
=3 n
=) e 9, (0 | ¢ MEG)dy
n
-l u
n

where Ho = akn - J (e -1)v(du), (a,v) being the characteristics of (Tt).
In this case, the process (XTt,Q,Pf) where Pf is constructed from
(Qt) via the Kolmogorov extension theorem, has transition semigroup (Qt)
and infinitesimal generator
(3.2) th(x) = aGf(x) - J (Puf(x)—f(x))v(du).
0
One has GT¢H + un¢n = 0 and, from completeness, there are no more solutions

to GTw + Ay = 0 (with the same boundary conditions as for Gy + Ay = 0).

EXAMPLE 5. The comparison results can be applied to the symmetric stable
process in R" of index a, 0 < o < 2; that is, the process with stationary
independent increments whose continuous transition density relative to

. N .
Lebesgue measure in R is

. [0
p(t,x) = E%E'J el(x,é)e—tlal dE t > 0.
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See [2] and [5] in connection with this example.
It is interesting to observe the connection with example 4, which is
as follows: If (NB) is the one sided stable semigroup in (0,«), B ¢ (0,1)
and P (x A) the transition semigroup of the Brownian motlon process in Ey
then, the semigroup of the symmetric stable process in Il satisfies
Pl (x,4) = j P (x,A)N
0

0‘/z(du)

(see [1] ch.I;2.20).

If one now considers the Brownian motion process killed when it first
reaches D° and one performs on it the time change of example (4) with (t )
being (N o/2 ) one obtains, as might be expected, the symmetric stable process
of 1ndex o, killed when it first leaves D. This fact follows from the fol-
lowing two lemmas, which might also be interesting for other situations.

Following the notation of example 4 define

T = inf{t > 0: X_ e D%}
T T
t
T = inf{t > 0: X_e D}
Kt = inf{s > O: T > t} the left continuous inverse of (Tt).

It is well known that

{Ls > t}ﬁ{rt< s}
and therefore

{£(T) > t} e {r, < T}.

LEMMA 1. Z(T) =

PROOF. T 2t eg'XTs €D, Vs <tem T <T, Vs <tess< £(T) Vs < t

< 2(T) .
If E[ ] denotes expectation with respect to the distribution of T, then
one has as an immediate consequence of Lemma 1 and the remarks preceding
it, that
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LEMMA 2.

E[EX[£(X_ ); t,_ < T11 = E[E*[f(X_ ); t < T 1].
Tt t Tt T

EXAMPLE 6. The Ornstein-Uhlenbeck process in R 1as a transition density
f(t,x,y) with respect to the measure m(dy) = e V72 dy which is symmetric
see [2]. |

EXAMPLE 7. The following situation may apply to discretized versions of
examples 1 or 2. Consider a symmetric Markov chain on a lattice, with
transition among nearest neighbors only. Let D be a subset of the state
space and let 3D denote the subset of D¢ consisting of nearest neighbors
to points in D. If Q denotes the rate matrix of the process killed on

leaving D, then our comparison result applies to the problems
T Q16 + (i) =05 ¢(i) =0, i e oD,
jeD

Y} QL,D)e() - qd)¢(i) + A¢(d) =0; ¢(i) =0, i e aD.
jeD
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