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In this paper we prove some generalisations of congruences of Atkin and Swin-
nerton-Dyer type. This is done in the form of congruences for numbers P,,(A/\/A )
where P,(t) are the orthogonal polynomials of Legendre. The proofs are based on
complex multiplication of elliptic functions. ¢ 1991 Academic Press, Inc.

1. INTRODUCTION

This paper deals with so-called “supercongruences” for Legendre polyno-
mials. We first explain what we mean by a supercongruence. Let p be an
odd prime and consider the elliptic curve

& yi=x(x*+Ax+B),

where A, Be Z, (the ring of p-adic integers). If we choose = x/y as a local
parameter, a short calculation (given in the beginning of the proof of
Theorem 1 below) shows that the holomorphic form on the curve & takes
the form

—ﬁ—(l—zmﬂn 2 Z P,

/2 ( > (\/—_I\ 12 dt, (1)
2y o T\J4
where P,(t) is a Legendre polynomial and 4 = A>—4B. When the curve &
has ordinary reduction over [, (the field with p elements), the theory of
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formal groups (cf. [19, pp.441-446] predicts a congruence of the
Atkin-Swinnerton-Dyer type

Cl/2(mp’~1 - (P + 1 —Np) : Cl/2(mp’”l— l)+p 'Cl/'Z(mp"34 HEO mOd Pr, (2)

for any positive integer r and positive odd integer m, where we denote

A
— A" P —,
Cn n(ﬂ)

and where N, denotes the number of projective points on & over Fp. As
usual P,(t)=0 if n is not a positive integer. We consider this congruence
and all other congruences in this paper as a congruence in Z, (the ring
of p-adic integers). Assuming for the moment that the limit of
{¢amp— 1)/C1ampr-1— 1)} 1= by 7, we deduce from (2) that 7 is the root of

X’—(p+1=N,)X+p=0

for which |7t|, =1 (here is ||, the usual valuation on Z,). In this way one
can write congruence (2) in the form

A — A
Pl/’_’(mp’— 1) ("ﬁ) =V AL Pl/z(mpf-‘ 1) (‘J—‘Z) mod p”,  (3)
(see [12, 137).

The main point of this paper is that if the curve & has complex multi-
plication congruence (3) can be changed into a congruence mod p?. The
existence of the limit can be deduced from Atkin and Swinnerton-Dyer, but
it follows also from the supercongruence (5) which we prove. We call such
congruences supercongruences (cf. [12, 13]). Many of such supercongruen-
ces have been proved during the last years. We mention [12, 5-7, 10, 11,
17], etc.

If K is an algebraic extension of Q, we denote by |-|, the valuation on
K which extends the usual valuation on Q. We denote by Q, the field of
p-adic numbers. We have the following theorem.

THEOREM 1. Let p be an odd prime. Let d be a square-free positive
integer such that (—d/p)=1 (here (-/-) is the Legendre symbol). Let K be

an algebraic numberfield such that \/(—d)e K and K< Q,. Consider the
elliptic curve

E:Y’=X(X*+AX+B) with A, BeK and |A|,=|4>—4B|,=1.
(4)

Let 4=A>—4B. Let w and o' be a basis of periods of & and suppose that
t=w'/weQ(/ —d) (which implies that the curve has complex multiplica-
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tion), T has positive imaginary part, and A =32(3w), \/Z =230 +iv)—
P(3w'), where P(z) is the Weierstrass P-function. Let m, 7€ Q(/ —d) such
that ni=p, |n|,=1/p and |&|,=1. Suppose that m=u, +v,t and nt=
Uy + 0,7 With uy, vy, u,, vy integers and v, even. Then we have

A mp' =t - A r
P1/2(m,,r‘1)<—ﬁ>—38 P -n-Pl,/z(mp,—l_,l,<—\/—j> mod th, (5)

where m and r are positive integers, with m odd and

8=l'--‘uzv3+vz+p—2. (6)

Here i=./—1.

The conditions 4 =3%(3w) and v, even look arbitrary; however, these
conditions are necessary to obtain a 2-torsion point in (0, 0), which will be
fixed by the Frobenius endomorphism [n].

The proof of the theorem is based on complex multiplication of Jacobian
elliptic functions.

By comparing congruences (3) and (5) we derive another expression
for e If we put m=r=1 in these congruences then we get

N,—1

L. A~ V4P~ D mod p.
T

£= —

Note that ¢ depends on the choice of \/Z

We first give two special cases of the theorem. In both examples the
period lattice is of the form {ma+nix:m, neZ, i=./(—1), xR} but the
choice of w and ' is different.

ExaMpLE 1. Let &: Y?>= X(X>—4). We can choose periods w and o’
such that 2(3w) =0, 2w+ iw') -2 w')= -4 and /o =1= -1+ 1L
(If Y = I*(2)/4 /m, then w = (1+1) -, ' =tw = —y and 2(}o’)=2 and
Plw+iw’)= =2 (cf [1, p.658]).) Let p=1 mod 4 be a prime. Then p
can be written as p=a’+b?, with a,beZ. Let a=1 mod 4. Let i be a
p-adic integer such that ;> = — 1. Fix the sign of 4/ such that a=bi mod p.
Let m =q— bi. Then we have n = (a—b)—2bt and nt=b + (a+ b)t. Hence
g= ! w+*r=2=1 Since P,,(0)=(—4) "-(*) we derive the congruence

1

1 r 1 r—
i(mp =1 _ Vamp' Yp—~1) ; <§(mp =1 ) 2r
= (=44 =D (g 4+ bi)- mod p~".
(%(mp’— 1> (=4) ( ) imp ' —1) P

This congruence has been proved in several other ways. (Cf. [12].)

EXAMPLE 2. Let &:Y?=X(X?+3X+2). We can choose periods w
and o’ for this curve such that Z(3w)=1 and 0'/w=1=1i (If ¥ has the
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same meaning as in Example 1 then w=ﬁ-¢, w’ztw:iﬁ-w, and
2(30')=—1and 2(w+1w')=0.) Let p, 4, b, and 7 as defined in Exam-
ple 1. We derive that t=a— b1, nt=b+ar,and e=i "= (—1)"47" 1 We

denote
"o in\/n+k
=2 (')
ko \K k

The numbers ¢, have been used for proving that log 2 is irrational with
measure of irrationality 4.622... (see [2]). Carlitz [9] proved for the
numbers ¢, the congruence

3 — 1/4 - 1)
Cl/’Z(p-~l)=(—1) v ~2(1m0dp.
Since ¢, = P,(3), we have the supercongruence
_ a(p ~ 1 . 5
C]/‘Z(mp'\]):("'l) ate ’-(a+b1)-c, (mpr b I)mOd[) "

Another proof of this supercongruence in the case m=r=1 has been given
by van Hamme in [18]. In Section 4 we give some more examples of the
Theorem, and we prove that there are only eight examples of super-
congruences where 4 and B are rational and where congruence (5) can be
replaced by a congruence in Z (congruence (48)).

2. SOME PRELIMINARIES

2.1. The Theta Functions

We need some properties of classical theta functions. Let t be a complex
number with a positive imaginary part. We write

g=e
Hence |¢] < 1. We define

Yz)=Y g¢"-e¥,  forany zeC. (7)

nel

H(z) is an entire function (cf. [27, p. 4637 or [24, p.4]). It is easy to verify
that

S(z+1)=9(z), (8.1)
Hz+1)=q ‘e Y (z), (8.2)
H—z)=98(z); (8.3)
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cf. [24, pp. 1, 2, 17]. We define

Boo(z) = 9(2), ($3(mz)) (0.1)

8o1(2) = 3z +3), ($4(nz)) (9.2)
S10(z) =M (z) - 9(z + 37), (85(nz)) (9.3)
()= —iM(z)-Hz+5+31), (9,(nz)), (9.4)

where M(z)=q'%e™; cf. [27, p. 464]. We have used Weber’s notation for
the theta flll’lCt]Ol'lS The notation of Whittaker and Watson has been added
between brackets. The notation used by Mumford corresponds to the nota-
tion of Whittaker and Watson, but Mumford denotes 3,,(z) with a minus-
sign. The zeros of $44(z), $oi(2), $19(2), and 3,,(z) are given in [24, p. 12].

Joo(z) = ifandonlyif z=(m+3)+n+4)t, for m,neZ  (10.1)
901(z)=0 ifandonlyif z=m+ (n+ 1)1, for m,neZ, (10.2)
10( )=0 ifandonlyif z=(m+3)+nr, for m,neZ, (103)
n(z)=0 ifand onlyif z=m+ nr, for m,ned. (104)

We abbreviate the values $y,(0), $4,(0), and 9,5(0) to Igo9, Io;» and 9,
respectively. There is an important relation between these numbers, namely
Jacobi’s identity

9,04+ 9.4=9.8; (11)
cf. [27, p. 469].

2.2. The Function S(z).

We use thetafunctions to introduce a function which plays a central role
in this paper and which is related to the Jacobian elliptic functions sn(z),
cn(z), and dn(z). For the precise relation we refer to [12] or [27]. We
define S(z) by

Folz/w) -3y, (z/w) (13)
900(3/(0)‘901(3/@).

The properties of S(z) which we use in this paper are formulated in the
following lemmas.

S(z)=

LeMMma 2.1
S(—z)=—S(z), (14.1)
S(z+iw)= —S(z), (14.2)
S(z+ Lw')=1/5(z), (14.3)
S(0) = S(30) =0, (14.4)
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S(z) has poles for z = 3" and z = v + s/, (14.5)
(z)=S(a) ifand only if z=o+mo+nw’
or z= %w — o + mw + nw', where ' =wt, and m,nel.

(14.6)

Proof. These properties follow immediately from the properties of the
theta functions, cf. [24, p.23]. §

COROLLARY 2.2. S(z)is an elliptic function with periods w, ©' or order 2.

Proof. This follows from Lemma 2.1. f§

LemMa 2.3.
[2(:)) =4 (2() = 2(30)) - (P(2) = 2(30))
(2(z) = 23w+ ) (15.1)
S(z)=c-i)—~(—z)ﬁ———), (152)
where
=4(2(3(0 + ') = 2(30)). (153)

Proof. See (15.1) in [27, pp.443-4447]. For the proof of (15.2) and
(15.3) let A be the lattice spanned by w and w'. S(z) is an elliptic function
with periods w and «’. Hence S(z)e C(2(z), #'(z)). S(z) is an odd func-
tion and S(z)#'(z) is an even function. S(z) has poles for z= 1w’ mod A
and z=3w+ 3w mod 4, and zeros for zeA and z=3wmod A. Hence
S(z)#'(z) has zeros of multiplicity 2 for z= 3w mod A and poles for ze A
of order 2. Hence S(z)2'(z)=c(P?(z)—P(3w)) for some ceC. Using
(14.3) we find

P+30)=PGo) _ ?2'(z) (16)
P?'(z+30") ¢ (2(z) = P(30))

We use the formulas for the addition of a half period (cf. [27, p. 444])

@) = P(30))- (P(2) = (30 + 30'))

(2( 2
(Z(z) - 2(30'))

-

2(z+30)-2P(3w)=

El

and

_(ZGw) - 2Gw) - (PGe) - PGo +50') - P(2)
(#(z) = 2(30")) '

P(z+ 1) =
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TABLE |

S (uw +vw')) v\u 0 1 2 3

Hence we get

The following lemma is very useful for the calculation of the number ¢ in
formula (5).

LemMma 24, We have for any integers u, v with v odd

S(hue’ + v ))/S(he') = i+,

Proof. Using properties of the theta function we obtain

900090 8 +31/4) 931/4)

Slhow) =203 IAET =i,
G0 = g ) Fonhe) 4 83 S+ b
S+ 10)-3,3+47)
St + Ley)y=210taTa 1ty T g
(s ) ‘900(417-"*‘%)"901(4177“"%)

9(3/4 + 3t/4)9(5+ 31/4)
S(i+1i0)93/4+10)

C 12 2w
— _Iql,..el/-m(r+l)'

Using the relations of (14) we find the values of Table I. Equation (17)
follows immediately. J

3. SUPERCONGRUENCES

3.1. The Main Theorem

We deduce Theorem 1 from Theorem 3.1 below. The conditions (18) and
( 19) of this theorem may seem a little artificial but it becomes clear during
the proof of Theorem 1 that they fit our needs exactly.
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THEOREM 3.1. Let p be an odd prime. Let K be a numberfield with a
finite valuation |-|, such that |p|. < 1. Let R={0e K :|a|, <1} and let ne K

be such that |n|, = |p|,. Suppose that the formal powerseries
Z Lo with i ER, (18)
n=1 "
has an inverse t = t(z) which satisfies
1+ 7-a(l/t)
Hnz)=nt? - ——————, 19
(nz)=1n [ d) (19)

where ne R and a(t) and d(t)e R(t), both of degree <p—1 and
a(0)=d(0)=0. Then we have

" -1 - . . .
fpr = ne + Aoppr -1 mod i Jor all positive integers m, r. (20)

SRS

Proof. We derive from (18)

& A,
nz=y —1'(z) (21)
n=1 n
and
:= ¥ 2w, 2
mr= ) e (ne) (22)

The idea of the proof is to compare the coefficients of " in (21) and (22).
Equation (20) is a consequence of the equality of these coefficients. We

need some preparations. We define 4, , as the coefficient of " in the power
series of t*(nz), ie.,

=3 4,1, (23)

n=k

We calculate these coefficients a, ,, in the case that n=mp" and we show
that the coefficients ay - satisfy the mequallty la,. nypt < Jkmp T, except
for a,,r -1 ,, which is congruent to nme "mod ¥, This will prove the
theorem. We use three technical but straightforward lemmas.

LEMMA 3.2, ayp,, IS the coefficient of ™ *'"" jn

i=0 j=0 J
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Proof. We have

. et (L ma(U N
inz) = < 1—m/(;)>

kp* o
=}]"/’".["P"l.<zp: (l‘f>.n;i.ai(1/l))
i=0
s __k Ky . )
-(Z ( .”)(—n)ﬁdf(r))
j=0 J

Note that (—1)7( f;‘”“') = (%' Ve "). The lemma follows immediately. J

r—1
LEMMA 33, We have a1 ,,,=n""" mod n?.

Proof. We apply Lemma 3.2 with k=m and s=r— 1. Then we need
the coefficient of ¢° in expression (24). We define b, = as the constant term
in a'(1/t)-d’(1). We conclude that by, =1, by, =0 for j>0 and b,,=0 for
i>0. Hence

! mp =t mp” ! T e i—1 ‘
A=ty =N l (l + z Z ( " > T ( ’ j ! ) R /7:‘1'>.
i=1 j= E

Since (') contains at least r—i factors p and (" '+/-1) contains at
least r —j factors , the terms in the sums over i and j vanish mod n*.

LEmMA 34. If kp*s=mp" " then we have
a@prmprl o < 1kp” - 1" Pl
(In other words
Ayps.mpr = Omod " *t** l.)

Proof. Define 4=mp" ' —kp*. Then 4+#0. We distinguish two cases:
(i) 4>0,
(i) 4<0.

Case (1) We know that deg (a(1/1)) <0 and deg,(d(t))<p—1. This
implies that deg, (a'(1/t)-d’(t))<j(p—1). Hence the terms in (24) con-
tribute only to a,. 1f_/( — 1)> 4p. This lmplies that j = 4 + 1. It follows
that kp*+,j—1=mp"~ ' >kp* and j! - (*'*/ ') contains the factors mp"" "'
and kp*. Hence ord,("*/ ") 2r+s—1 L ord LN >r+s—1—3j Now
we have ord (a,, )> ord coef. of ' in

kp £ - [ — . . :
( kp® z Z (kp)(lsp ‘+'I.J 1>.ﬂi+,/.al(1/’)_d1([)>
i=0 j=0 .

> min (j+ord,, (kp +,‘/ >>> min r+s~1+-2—j>r+s.

IEREN 7] jzA+1

The proof of case (ii) is similar. §



274 COSTER AND VAN HAMME

Continuation of the proof of Theorem 3.1. The coefficients of " in
Egs. (21) and (22) must be equal. Hence we have

T (L

— Ay =Y = Al

’,”pr p j;lj ) mp
We split the sum on the right side in several subsums depending on the
number of factors p inJ,

o« [mpr—] r
’ mp
A‘mpr = Z Z Akﬂ‘ : knp® “Agps.mprs
s=0 k=1 p

where Y’ denotes the sum over all integers coprime to p. Note that
|mp"/knp*| . <|pl,”* ' By Lemma 3.4 a,,,, contains r+ s+ 1 factors n if
kp®#mp”~'. Hence we find using Lemma 3.3

mp”
mpr-l T amp’“‘,mp’ =71

mmp

ml,r—l —

Dot = 4. T Apyr-1mod ¥ ]

mp'

3.2. Application to the Legendre Polynomials

In this section we show how Theorem 3.1 can be used to find congruen-
ces involving Legendre polynomials. Let & be an elliptic curve with com-
plex multiplication 7. Suppose 7 is a root of

Rx?+ Sx—T=0, forintegers R, S, Twith gcd(R, S, T)= 1.

We define discr(t)=D=4RT~—S> Then the endomorphism ring of &
denoted by End(&) is the order generated by 1 and (D +./—D) (cf. [23,
pp. 90-93]). Let « € End(&'). Then at = x + yt for some integers x and y. If
o€ End(&) then S(«z) is a rational function of S(z) (since S(z) is an elliptic
function). In Lemma 3.6 below this rational function is given explicitely in
the particular case that a= .

THEOREM 1. Let p be an odd prime. Let d be a square-free positive
integer such that (—d/p)=1. Let K be an algebraic numberfield such that

ﬂ € K and K< Q,. Consider the elliptic curve
E:Y*=X(X*+AX+ B) with A, BeK and |A|,=|4A>—4B|,=1.
(4)
Let A=A*—4B. Let w and w' be a basis of periods of & which satisfies
t=0'/weQ(/—d) and  Im(t)>0, (25)
A=32(;0) (26)
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and
JA=2(0 + o)~ (ko) (27)
Let m, 7€ @(\/——_—?1) such that nn=p, |r|,=1/p and |7i| ,= 1. Suppose that
n=u +0v,1 with u; and v integers and v, even (28.1)
and
T = Uy + V5T with u,, v, integers. (28.2)

Then we have the following congruence between the values of the Legendre
polynomial

A mp'-l - A 2r
P1/2(mp’“‘)<72>55 P .n-Pl/z(mprl_”(ﬁ) mod 7, (5)

where m and r are positive integers, with m odd and

8=I~—uzvz+v3+p~2' (6)

Proof. We construct local parameters ¢ and z which satisfy Egs. (18)
and (19). & can be parametrised by the meromorphic functions

x=2(z)—P(3w) and = —32P'(2), (30)
for ze C. Consider = x/y. Using (15) we can express 7 in terms of z:

_ L, 20-200)_ 2
t=—2. 70 = —>-5(). (31)

Note that 1(z) =z + higher order terms in z. We derive from (31) that
2

);—Z—x-(x2+Ax+B),

which implies that
1
x2+(A——F>-x+B=0 (32.1)

and

1 1 _
x=—=A+=—-(14+ /(1 =242+ 4r%)),
x 5A+55 (1+J( ))
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A=A —48B. (32.2)
Differentiation of (32.1) gives

dx _ dt _ dt
—2x t((A+2x)-rP=1) . J(1 =247+ 4r*)

A
= ——=(1-24 A4 24, P(——> Ak .
2}( Aty tzo,\\/_j(\/_)tl

Then z can be expressed as a function of ¢ by

S ! ) i ) K g2k 1
== Z£2k+1 Pk<\/2> NZI e (33)

We use Lemma 3.6. First we need some formulas. We derive the relation
between the zeros of #’(z) and the coefficient B of (25) from (15.1), (25),
and (30)

= (230 )—2(Gw) - (Z?G(w+ ') — 2(0)). (34.1)

Combination of this formula and (26) gives

4=(2(;30") =230 +w"))). (34.2)
Hence we have, using (15.3),
?=4 \/Z, for the proper choice of \/2 (35.1)
and
JA=20+w)) - 20, (35.2)

LEmMMmA 3.6. Let d, p, &, n, 7T, 4, A, B, w, w', x, y satisfy the conditions
of Theorem 1. Let R= {a e K:ord,(«)>0}. Then we have

A+ AP+ A, 1" )+ ()
1+ Dy(z)+ -+ D, 17 '(z) '

Hrz)=n

(36)

where n, Ay, As, ... A, 1, D,,
Dy, Dy, ... D, ;=0 mod n, and

Dyvu D, (€ R, A, Ay, s A, 1.

P

'I=E~\/Al2</7 0 (37.1)
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and
8=I-'u:r3+r3+p~2‘ (372)

This lemma is proved after the proof of the theorem. We now apply
Theorem 3.1. The role of formulas (18) and (19) is played by formulas (33)
and (36). Congruence (20) now becomes

A
1/2(mp"— 1) — amp b = 12(mp" =t —1)
\/A 'P1/2(mp’ 1)<\/—’ =1 ’ AN 7

A

'Pl/l(m/)” o1y <
Ja

Dividing by /4'*"7" 1 and using (37.1) gives congruence (29.1). |

Proof of Lemma 3.6. The proof of this lemma is due to Weber (cf. [26,
pp. 584-5947). Since this proof is scattered over several pages and uses
properties of Jacobian elliptic functions, we give here a more compact
proof. Let A be the lattice defined by w and w'. Consider

) mod 7%,

el (S(z) — S(x))
Flz)=35tz)- ﬂ,(l—sm S(z))

where & ={aeC:nma=0 modA, x#0 modA, a=cw+sw with
—1i<o, ¢'<4}. Note that |.&/| = p—1. We show that if = satisfies (28) all
zeros and poles of S(nz) and F(z) coincide. Note that

{z|F(z)=0}={z|nz=0mod A or (3w —z) =0 mod 4 }.
Since v is even implies that 37w = jw mod 4, we have
{zIF(z)=0} = {z[n

z=0mod A or nz= 3w mod A}

The endomorphism [n] permutes the torsion points on &. Since jnw =
lomod A4 we have either i’ =1w' mod 4 or inw =3(w+ w')mod A.
Hence we have

{z|Fz)=w} ={z]|S(z)= o0 or S(z)=1/S(a)}
{(zIS(z+3w')=00r S(z + tw')=S(a)}
={z|n(z+iw')=0mod A or n(z + jw')= 3w mod 4}
{
{

c=1w' mod Aornz= 3w+ w')mod 4}
)
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Since F(z) and S(nz) are both elliptic functions of the same order, we
conclude that

S(nz)=¢-S(z) - ﬂ——ﬂ- for some ee C. (38)
() - S(z)
We calculate ¢ by putting z= 30’ in (38) and using Lema 2.4. Since the
elements of o/ appears in pairs o and —a and since S(—o)= —S(a) we
have

Sz )—S() 4 i=S()
IJ 1—S(z)-S(Go') H 1—iS(at)

=P~

Hence we find

p— Xy )
.lp l___l Xy+y+p ,

SGo')

where 7t = x + y1. By combining (31.2) and (38) we find

() =212 11 7370500 1)
1 \?! H(z)+ 2S8(a)/c
) el ®

Put n=¢-(3¢)” . Hence

n=c¢- [ AP = 1) (40)

by (35.1). We define
A(t)=1(z)- [] (2(2) +2S(w)/c)

xe .o

(H2)+ AP () + -+ A, 1P 2 (2) + 17(2) (41.1)

and

D)= [] (1+3eS(a) 1(z))=14Dye%z)+ --- +D, 1?7 '(z).  (41.2)

x €./

We now show that the coefficients 4,,_, and D,, are elements of K. By
estimating the values of these coefficients we show that they belong to R
and vanish mod x, for k=1---§(p—1). From formula (33) we derive that
1(z) can be written as a power series of z with coefficients in K. Hence #(nz)
can be written as a power series of mz with coefficients in K. z can be
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written as a power series of 1 with coefficients in K. Therefore r(nz) can be
written as a power series of t with coefficients in K(n)= K. Hence A(¢) and
D(t) are polynomials in K[]. For the proof that the coefficients 4,, , and
D,, vanish mod =, we consider the power series of z(¢) in (33) mod = and
mod 7. We derive

H)=cit+c’+ - +¢, 5" 2modm, 17, (42.1)

where ¢, € R, for 1 <j<(p—1)/2. Similarly we express 7(z) in a power
series in z mod n and mod z”. We obtain

Hz)=ciz+ 32’ + - +¢), 2" *modm, 27, (42.2)

where ¢%, ;€ R. Hence for 1(nz) we have

Hnz)=ciz+ciz>+ - +¢y 527 *modm, 27, (42.3)
where ¢, =cy -7 "', which implies that ¢3 _, =0mod n. Formulas
(35.1), (40), and (41) imply that

(t J4)7- A1)t /4)=D(1), (43)
Dy=4’-4, , for j=1.-Yp—1), (44)

and
A(t)=n-t(nz) D(1). (45)

We define a function v and v (which operates on power series and
polynomials, respectively, and whose image is the largest valuation of the
coefficients of the polynomial), as follows. Let v, (G(T))=min,; ord,(g,) and
v"(G(T))=min, ., ord,(g;) for G(T)=Y, g;T"e K[T]. Then (43) implies
that v!7~ V(¢(nz(1))) = 1. Since we have from (44) that v, (A4(1)) = v,(D(1)).
It follows from (45) that v (A(¢)—t") =1+ v,(A(¢)). This inequality holds
for v (A(t)—t")=1.

4. EXAMPLES

4.1. Examples with Rational j-Invariant

In this section we treat all posible cases of elliptic curves of the form
& y*=x(x*+ Ax+ B) with A, BeZ, (46)

up to transformations on x and y of the form x=o?-x" and y=a’-y".
These curves have complex multiplication. They are listed in Table II
together with the related supercongruences. They are determined by the



TABLE I

T Weierstrass form A A /\/Z End(&) Primes

i 1 =x(x"+3x+42) 1 3 Z[i] p=1mod 4

i P =x(xt+6x+1) 32 3./2/4 Z[2i] p=1mod 4

—4+ i yr=x(x*—4) 16 0 Z[i] p=1mod 4

1 /(=2) = x(x2+4x+2) 8 NG z[/~2] p=1,3mod 8

—1+1/(=3) =X+ 6x - 3) 48 13 z[/=31 p=1mod6

41 /(-3 F=x(x?=3x+3) -3 J(=3) Z[i+4/=31] p=1mod6
(—1+(=7)8 =X+ 42x—7) 1792 3./7/8 71/~11 p=1.24mod 7
1= yr=x(x?—21x+112) -7 3/(=7) 7[i+1/=7] p=1,2.4mod 7

08¢

JWWVH NVA ANV ¥31S0O
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fact that the j-invariants j(z) and j(21) are rational. Namely suppose that
& has lattice 4 =[w, w'] with w'/w=1. Note that 4, Be Z implies that
j(t) € Q. The condition that & has complex multiplication implies that j(t)
assume one of 13 well-known values; see [23, p. 133, Theorem 5 and 21,
p. 233]. & has 2-torsion point (0, 0). This implies that & is isogenous to the
elliptic curve

&' yt=x(x?=24x+ 4), (47)

where A4 =4%—4B; cf. [21, pp.91-96]. & has a lattice [w,,w,] with
w /o, =21. Hence j(27) is equal to one of the 13 values mentioned above.
We derive that modulo the subgroup 7(2) of the modular group SL(2, Z)
only eight values of t satisfy these conditions These values are listed in
Table II. In the first column we denote by &, an elliptic curve with
1eQ(y/ —d) and the letter « is used for distinguishing the elliptic curves
with the same d.

In each of the cases in Table I congruence (4), which in our case is a con-
gruence in Q(,/ —d), gives a congruence Z in the following way. Let p be
a prime which split in End(&). The form of this prime is indicated in the
table. According to Theorem 1 we have

A m, r- 1 - A b
Pl/z(m,,r_ N <7j> =" .1 'Pl,/Z(mp"‘ 1 <?/j> mod 7,

where ¢ has been defined in (37.2). We denote by c¢,, the rational integers

y
L= 4P, =)
o (ﬁ)

We choose 7 in such a way that |n|,=1/p and |7|,= 1. By considering the
congruence modulo p?” instead of modulo 7%, we obtain

r- 1

nlnp T Cragmpr=1 - ”mOd pzr’ (48)

cl/l(mp’~ 1)

where 7 is defined in (37.1). We now turn to the information given in
Table III. We have written n=a+b./—d and 7=a—b./ —d We list
conditions on these numbers a and b. Then we list ¢ and # and finally we
give an integer expression for ¢,. These formulas can be found by writing
P () as a hypergeometric function P,(t)=,F (—n,n+1,1, (1 —1)/2) and
using the transformation formulas for hypergeometric functions (cf. [12,
pp.- 90-917). We explain the column of ¢. y, is the multiplicative character
of order 4 [22, p. 1227, ie., x.(2)=i* such that 24" 1 = mod n.

For &, we have i'* =y, (2); see [22, p. 64, Ex. 26, 27].

For &, and &, we have i*=i ' 1,

For &,, and &, we have /"= """ 1,

641 38/3.3



TABLE III
Conditions
Curve A/\/Z onaand b & n Cp
. ) " k
b, 3 a=1mod4 (— 1) —qyta - A
1 (=1) 3 X k
k=0
v 3\/5/4 a=1mod 4 2(2) 32MMP=D Ly (2) ) (:><2l\,‘> o
k=0
&, 0 a=1mod 4 1 271 Oif nis odd
(_l)l.",‘(l"lllt)
bz 2n—2k
& \/5_ a=1mod 4 it it g1 -1 3 (")( "= )~2"*“(—1)"'
o k n
L 21 ) 12p -1 P (o \( 2k
Era 13 a+b=1mod 4 (— i) (—4./=3) 2= Yoy g ) e =112
k=0
02 (o 2k
En J(=3) a+b=1mod 4 1 (/=32 3 <2k><k>‘3”'(_”n
k=0
‘ Yo N S ~— U2\ [ 2k )
10 378 a+b=1mod4 it (16 \/ =7)"=r 2 e\ k 42 (7
k=0
. BT T — 12p—1) [ yi2ap -1 ‘e n 2k 2
& 3J(=1) a+b=1mod 4 (—1)' e (—/ =712 n DI Ol BE e R T
k=0

o
[
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4.2 Examples with the j-Invariant in a Quadratic Field

It can be shown that we have A/V/Z=7 (\/5—-2) for t,=
(=14./(=5))/6 and 4/ /4=2 J5=2) for t,=4—1+4./(=5)).

These results imply interesting supercongruences We define the curves &,
and &5, by

oy 1 2 =x(x +4x+2-/5)
and
s :y2=x(x2+4x+2+\/§).

Let p be a prime such that p=nf with = 7eZ[/—5] Let
n=a+b./—5 It can be verified easily that p=1,9 mod 20. Note that
JS€Z,. Let 4,=P,(2./(/5-2)) and B,=P,(2./(— 2)). It is
not hard to prove that .&/(m,r)= A,,(,,,,,,,‘ l,/Am,,,,,,rl,,,—C(m r)+
D(m, r) \/5 and B(m, r)= B\ ypmy - 1)/Bipmp-1 1) = Clm, r)—D(m,r) \/5
for rationals C(m, r) and D(m, r). By the theorem we have the congruences

mpr =1

= 2r
A]/')(mp_.l)—e ‘Al/z(m,,rul__”modﬂ: .

and

mp’ 1

= 2
Bl/Z(mp’ )—gﬂ ~Bl/,2(,,wr—1,“m0d s r-

We calculate that ¢, =i* and ¢, = (—i)". Hence we have

(i) If bis even then D(m, r)=0 mod p*" and C(m, r)=¢, -7 mod .

(if) If » is odd then C(m,r)=0 mod p* and D(m,r)\/_.=_
s;';’"_' - mod 1.

Similar phenomena appear in the cases that r,,=§(1+ (—13),

1 +/(=37)), 3(1430) Y1+50), /-6, /=10, 1 /—18, 1 /-22,

and 1./—58. The related supercongruences can be deduced from

Table IVa and IVb.

4.3 Tuables IVa and IVbh

Tables IVa and IVb are due to Weber (see [26, pp.113-114 and
Table VI]). Nevertheless we give a review of his results because his nota-
tion is different from ours. We give, without proof, the connection between
the two notations in the following lemma:



TABLE [Va

d 7= : 41\/4
2 64 /(=) V2
4 512 L 3./2/4
4 512 i 3
6 (4+2/2)* J(=6)6 J12-/6
6 @+2/2) (—6)2 J12+./6
10 ((/10+./5)"7 J(=10/10 3(J/10-2.2)
10 (H/10+/5)" J(=10)2 3(/10+2/2)
18 4.2+./6)° J(=18)/18 2(5-2./6)-/(10./6)
18 4.2+ /6) J(=18)2 25+2./6)-/(10./6)
2 64-(1+/2)" J(=22)122 3/22-(7+52)
2 64-(1+/2)" J(=22)2 3J/2-(-7+52)
58 (5+./29)1%/64 J(—58)/58 99(70 + 13 ./29)- /2
58 (5+/29)'%/64 J(=58)2 99(—70+ 13 /29)- /2
TABLE Vb

d A=) t 4 /4

l 64 —5+ 4 0

3 256 -1+5/(53) LVE

3 256 141 /(=3) J(=3)

5 (1+/5)° (—1+./(=35))6 2/(/5-2)

5 (1+./5)° (1+/ (=5)2 2 /(= /5-2)

7 4096 (=1+/(=7))8 3./7/8

7 4096 1+ (=12 3 (=7

9 4.(1+/3)" (—1+30)/10 2./(14 /3 -24)

9 4-(1+./3) (1+3i)2 2./ (—14/3-24)

13 3+ /13)° (—1+/(—13))14 6/(5/13—18)

13 (3+./13)¢ (1+/(=13)2 6./(-5/13-18)

15 16 (1+./5)" (—1+/=15)/16 (7+5)-/3/16

15 16-(1+./5)8 (1+/=15)2 (16+7/5)- /=3

25 (1+/5)%2 (—1+50)26 1209-4./5)-5"

25 (1+./5)%2"8 (1+5i)2 —12(9+4./5) - (=5)"*

37 64-(6+4/37) (—1+/(=37))/38 42(/37-6)/ (/37— 6)

37 64-(6+./37)° (1+ /(=312 4(-/37-6) /(- /37-6)

284
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LemMMa 4.1. Let f(tr) and f\(1) be Weber-functions (cf. [26, pp.

113-114]). With the notation F=f*(1) and F,=[f?(t), we have

(ii) T %‘c>=4/(1 + F,/64),
>=,/(1—64/F),
%(r—1)>=«/(1—F/64).

(iii) —=

(i %(—%)a/uwvm
A
A
A
A
A

(iv) —=

TN TN T
—
| |-
!

Proof. See [12, p. 96].
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