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Computation of some parameters of Lie geometries

by

A.E. Brouwer & A.M. Cohen

ABSTRACT

In this note we show how one may efficiently compute the parameters of
a finite Lie geometry and we give the results of such computations in the
most interesting cases. We also prove a little lemma that is useful for
showing that thick finite buildings do not have quotients which are (locally)

Tits geometries of spherical type.
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1. INTRODUCTION TO GEOMETRIES (following Tits [101]).

A geometry over a set A (the set of types) is a triple (I',*,t) where T
is a set (the set of objects of the geometry), * is a symmetric relationonT
(the Zncidence relation) and t is a mapping (the type mapping) from T into
A, such that for x,y € T we have (t(x)=t(y) A x*y) = x = y.

[An example is provided by the collection T' of all (nonempty proper)
subspaces of a finite dimensional projective space, with t: I' - A = N the
rank function, and * symmetrized inclusion (i.e., x*y'iff XCyoryecx).l

Often we shall refer to the geometry as T rather than as (T,*,t).

A flag is a collection of pairwise incident objects. The residue Res(F)
of a flag F is the set of all objects incident to each element of F. Together

with the appropriate restrictions of * and t, this set is again a geometry.

The rank of a geometry is the cardinality of the set of types A. The
corank of a flag F is the cardinality of A\t(F). A geometry is connected
if and only if the (looped) graph (T',*) is connected. A geometry is
residually connected when for each flag F of corank 1, Res(F) is nonempty,

and for each flag of corank at least 2, Res(F) is nonempty and connected.

A (Buekenhout-Tits) diagram 1is a picture (graph) with a node for each
element of A and with labelled edges. It describes in a compact way a set
of axioms for a geometry T with set of types A as follows: whenever an edge
(dldz) is labelled with D, where D is a class of rank 2 geometriés, then
each residue of type {dl,dz} of T must be a member of D. (Notice that a
residue of type {dl’dz} is the residue of a flag of type A\{dl’dz}')

In the following we need only two classes of rank 2 geometries. The first

is the class of all projective planes, indicated in the diagram by a plain
edge. The second is the class of all generalized digons, that is, geometries
with objects of two types such each object of one type is incident with
every object of the other type. Generalized digons are indicated in the
diagram by an invisible (i.e., absent) edge.

For example, the diagram



Oo—0—10

is an axiom system characterizing the geometry of points, lines and planes
of projective 3-space. Note that the residue of a line (i.e., the points
on the line and the planes containing the line) is a generalized digon.
Usually, one chooses one element of A and calls the objects of this type
points. The residue of this type are called l<nes. Thus lines are geometries
of rank 1, but all that matters is that they constitute subsets of the point
set. In the diagram the node corresponding to the points is encirecled. -

As an example, the principle of duality in projective 3-space asserts

the isomorphism of the geometries

O—0—0 =000

Grassmannians are geometries like

Oo—0O—0O

(Warning: points are objects of the geometry but lines are sets of points,
and given a line, there need not be an object in the geometry incident with
the same set of points.)

Let us write down some diagrams (with nodes labelled by the elements of A)

for later reference.

W Q00 =0
On
w0~ Q—0-—Q0
O
v O—O—0—0—0

2 3 4




O—0O

E7: (::), (::)
1 2 6

@)

5
8
v O—0—0—0—0—0—0
8 (NG A
1 2 3 4 5 6 7
(Warning: in different papers different labellings for these diagrams are
used.)
£

f one wants to indicate the type corresponding to the points, it is added

as a subscript. E.g. D denotes a geometry belonging to the diagram

byl

© O

1 2 3

One may prove that if T is a finite residually connected geometry of rank
at least 3 belonging to one of these diagrams having at least three points
on each line then the number of points on each line is q + 1 for some
prime power q, and given a prime power q there is a unique geometry with given
diagram and q + 1 points on each line. We write Xn(q) for this unique
geometry, where Xn is the name of the diagram.

[For example, An(q) is the geometry of the proper nonempty subspaces
of the projective space PG(n,q). Similarly, Dn(q) is the geometry of the
nonempty totally isotropic subspaces in PG(2n-1,q) supplied with a non-
degenerate quadratic form of maximal Witt index. Finally, Dn,l(q) is an

example of a polar space.]
2. DISTANCE DISTRIBUTION DIAGRAMS FOR ASSOCIATION SCHEMES
An association scheme is a pair (X,{RO,...,RS}) where X is a set and

the Ri (0<i<s) are relations on X such that {RO""’RS} is a partition of

X x X satisfying the following requirements:



(1) RO = I, the identity relation.
(i1) Vili' : R; = R, ..
(iii) Given x,y € X with (x,y) € R., then the number P}k = #{z | (x,2) € Rj

and (y,z) € Rk} does not depend on x and y but only on i.

The obvious example of an association scheme is the situation where a group G
acts transitively on a set X. In this case one takes for {R ,...,RS} the
partition of X x X into G-orbits, and requirements (i)-(iii) are easily

verified.

Assume that we have an association scheme with a fixed symmetric nonidentity
relation R, (i.e., RT = Rl)' Clearly (X’Rl) is a graph.

Now one may draw a diagram displaying the parameters of this graph by drawing
a circle for each relation Ri’ writing the number ki = #{zl (x,2) € Ri} =

Pzi where x € X is arbitrary inside the circle, and joining the gircles for

Ri and Rj by a line carrying the number p%

at the (R.)-end whenever p% £ 0.
J1 1. jl

(Note that ki'P;l = kj.p?] so that p;l is nonzero iff pi] is nonzero.) When
i = j, one usually omits the line and just writes the number p%l next to
i

the circle for Ri'
For example, the Petersen graph becomes a symmetric association scheme
i.e., one for which RE = Ri for all i when we define (x,y) € Ri = d(x,y) = 1

for i = 0,1,2. We find the diagram

U006

More generally, a graph G is called distance regular when (x,y) € R, =
d(x,y) = i (0<i<diamG) defines an association scheme.

When (X’Rl) is a distance regular graph, or, more generally, when the matrices

2

I,A,A ,...,AS are linearly independent (where A is the 0-1 matrix of R, , i.e.,

. 1
the adjacency matrix of the graph), then the P;I suffice to determine all

p;k. On the other hand, when the association scheme is not symmetric but R1
is, then clearly not all Rj can be expressed in terms of Rl'
In this note our aim is to compute the parameters p}k for the Lie geometries
Xm,n(q) where Xm is a (spherical) diagram with designated 'point' - type n,

and the association scheme structure is given by the group of (type preserving)

automorphisms of Xm n(q) - essentially a Chevalley group. In the next section
9



we shall give formulas valid for all Chevalley groups and in the appendix

we list the results in some of the more interesting cases. Let us do some
easy examples explicitly. (References to words in the Weyl group will be

explained in the next section.).

Usually we give only the p}]; the general case follows in a similar way.
EXAMPLE 1.

A (::) <;;> (;;) ...(;;) :

1

The collinearity graph of points in a projective space is a clique: any two

points are adjacent (collinear). Thus our diagram becomes

n+1_] n_1
O—@) w5t efgav-n,
% 1 q-1 q-1

EXAMPLE 2.

w 0=9-0-0

Now we have the graph of the lines in a projective space, two lines being

adjacent whenever they are in a common plane (and have a point in common).
[N.B.: the Lines of this geometry are pencils of q + 1 projective
lines in a common plane and on a common point.]
Our diagram becomes
n+1 n
} e
k 1 3 -1 2 -1 -1

qn—l_1
k. = q(q'*'])—qT- )
2 2 "2
Weyl words: " " VAN "2312" A = q-1+q“+q 'ETFH_"
.. qn—]_] qn--2_l 4
2 2 : - 4




For q = 1 (the 'thin' case) this is the diagram for the triangular graph:

7 _ ,n+l
2n-2 n-2 -
n—-1

. i .
[Clearly Ay 3= P k Zj%i plj’ Often, when Ai does not have a particularly

nice form, we omit this redundant information.]

Notice how easily the expressions for v,k,k,,\ can be read off from the

2’
Buekenhout-Tits diagram: for example, A = A(x,y) first counts the q-1 points
on the line xy, then the remaining q2 points of the unique plane of type

{1,2} containing this line and finally the remaining q2 points of the planes

of type {2,3} containing this line.

EXAMPLE 3.

Y O—0O- =00
n,j
1 2 3 n
This is the graph of the j—flats (subspaces of dimension j) in projective
n-space, two j—-flats being adjacent whenever they are in a common (j+1)-flat

(and have a (j-1)-flat in common). The graph is distance regular with

diameter j. Parameters are:

2

n+l_ n_ n+2-j_ . . .
v =t s I LN o S s M
(-3 -1, (g-1) iq q a
b, t=pl,  =qiitI[ITEy (rivity )
17 Pri+ 4 1 1 ¢ %i 7 Prii-i 1°q’

The parameters for the thin case have q = | and binomial instead of Gaussian
1
).

The Weyl words (minimal double coset representatives in the Weyl group)

. . . n+
coefficients; we find the Johnson scheme (.

have the following shape: for double coset i in A.n 3 the representative is
H

Wi="j,j+19 j+2’ cses j+i—], j-—]’ j, j+]’ ) j+i"‘2, o5 o se s ooy

Joitl, j-i+2, ..., ",



Note that W, has length 12, the power of q occurring in k;.

EXAMPLE 4.
n
()
i O—O— - —O-
1 2 n-2 n-1
(n>3; D2 1 is the direct product A1 1 X A1 1 i.e., a (q+1) x (q+1) grid.)
H s 3
-1 -1 -2
ooty 2 D@D L I C il DY C ilid D)
n,l q-1 ? q- n-1,1 qd- q-1- :
Diagram:
@k AN q2n—3 Dn—l,l 2n-
U
2
- # -
q-1+q".*D__, (g=1).#D__,
Thin case:
v =2n, k = 2n-2
OO
2n-2 1 1 2n-2
2n-4
This is K2n minus a complete matching.
The Weyl words are: "" for double coset 0, "1" for double coset 1,

"123...n-3 n-2 n n-1 n-2 ... 1" for double coset 2. -

EXAMPLE 5.
n
e O—O - 8—@
1 2 n-2 n—-1

# # - - -
Do, 1 Po-1,1 _ (@D (@D (@D (773

v = K}
A (> 1) (g-1)

9

(@™ %-1) (" 3+ 1)
q-1 ’

k = q. A],l' Dn—2,1 q(g+l1) .



Diagram (for n > 4):

2 2n-6
(q+1)“.q¢"

n-3,1

<Z>7 ~\¥¥n—4 k/q 4n-7
k
q

n-2,1

(Double coset 1 contains adjacent points, i.e., lines of the polar space

in a common plane. Shortest path in the geometry: 2-3-2 (unique).)

Double coset 2 contains the points at 'polar' distance two, belonging to the
Weyl word "2312", i.e., in a polar space A3 9 (I.e., lines of the polar
3

space in a common t.i. subspace.) Thus

q2n—6_l qn—2_1
2(A3’2) = 2 ° ° (q
-1 q-1

k, = # n—4+]) . q4.

2 = "Dpp o0k

Shortest path in the geometry: 2-4-2 (unique). Double coset 3 contains
points incident with a common l-object, so that the Weyl word is the one
for double coset 2 in D i, (relabelled):

5

"23.,..n-3 n-2 n n-1 n-2...2".

(These are intersecting lines not in a common t.i. plane.)

Thus



2n-4
= # =
k3 Al,l' kZ(Dn—l,l) (q+1) . q .

Shortest path in the geometry: 2-1-2 (unique).
Double coset 4 contains points with shortest path 2-1-3-2 (unique); the

Weyl word 1is
"23 ...n-3n-2nn-1n-2...312",

the reduced form of the product of the word we found for double coset -3 and

the word "212" describing adjacency in A2 9 Thus
B 2

2 2
— 4 # - —q2.# _
k= Mg,y - (D g =(a*D=q".#D 5 )

qn—Z_1
BRI

n-3 2n-3

+1) . (gq+1) . q

Double coset 5 contains the remaining q n-7 points (the lines of the polar
space in general position). Shortest path in the geometry: 2-1-2-1-2 (not unique).

The Weyl word is

"23 ...np112 ...02nn2 ... 2 1 n=1...32"
of length 4n-7.

The thin case is:

v = 2n(n-1), k = 4(n-2)
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EXAMPLE 6.
4
Dy,2 <::)
1 2 3
As before we find
6 4 6
- - - 2
v = ﬂi_l . q-1 . (q2+1) -9t . (q2+1) and k = q(q+1)3.
q -1 q-1 ‘ q-1

This time the thin diagram is

and we see that the number of classes is one higher than before. This is
caused by the facf that we can distinguish here between shortest paths
2-4-2 and 2-3-2, while in the general case (n25) both 2-n-2 and 2-(n~1)-2
are equivalent to 2-3-2. Thus, our previous double coset 2 splits here

into two halves.

Double coset Weyl word Cardinality Shortest path (unique)

0 i I 2

1 VAL q(q+1)3 2-{1,3,4}-2
2 "2312" qt(q+1) 2-4-2

3 241" ot (q+1) 2-3-2

4 n2439M- a*(q+1) 2-1-2

5 "54312" @ (q+1)°> 2-1-{3,4}-2
6 "231242132" q
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Diagram

(@+1)2(q-1)

3~
q9

EXAMPLE 7.

n,n

This graph is distance regular of diameter [in].

We have

v = (@) (@72 (g, K = atyl,»

) . .
_ 27n _  b4i+l n-21 _
ki =q Bi]q’ bi q [ 9 ]q, c. [2 ]q'

m(2m-1)

Note that when n = 2m,thenkm =gq . Also, that in case n = 4 these

parameters reduce to those we found for D4 1
H

Two points have distance < i (for 0<i<n) iff there is a path n-(n-2i)-n in
the geometry. When n is even then two points at distance in ("in general
position') are not incident to a common object. (Note that k = #An-l 5+ d

-4 _ i(2i-1) > ]
and, more generally, that ki An-],Zi . ki(DZi,Zi) q n-1,2i
The values for bi and cs follow similarly. The value for v follows by
induction, and when n = 2m then k_is found from k = v - I. k..)

m m i<m i

The Weyl word corresponding to distance i is the same one (after relabelling)

as in DZi,Zi’ namely:
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"n n-2 n-1 n-3 n-2 n n-4 n-3 n-2 n—-1 .

of length
1 +2+3+4+ ...+ 2i-1=1i(2i-1).

n—-

In the thin case we have v = 2 l,k.= (g), and the graph is that of the

binary vectors of even weight and length n where the distance is the

Johnson distance, i.e., half the Hamming distance.

EXAMPLE 8 (See Tits [81]).

6
E VR
6,1 UL
1 2 4 5
This graph is strongly regular (i.e., distance regular with diameter 2).
We have
12 9 8
y=9 1 97l g k= q . #D =q . a1 (q3+1).
4 5,5
q -1 q-1 q-1

The thin case gives diagram

the Schlifli graph - this is the complement of the collinearity graph of

the generalized quadrangle GQ(2,4). In general we find diagram

1 g7.#A

® O ®
& X 4,1

8 2
= #D. = g- #
where k2 q . D5,1 and A = gq-1 + q . A4’2.

Double coset 1 corresponds to shortest path 1-2-1 and has Weyl word "1".

Double coset 2 corresponds to shortest path 1-5-1 and has Weyl word

12364321", as in D .
5,1



EXAMPLE 9.
6
: O —0
6,6 @,
1 2 3 4 5
This graph has
Q-1 6 ., 4 3
v = rEE (g +1)(q +1)(q7+1)
and 5
2 3. ..q°-1
= # -
k = q. A5’3 q(q“+1)(q +1)q_1 .

In general we find

#
d
with k, = #A . #A .q6 and k, = qlok and A = q- l+-q2. (q2+q+1)2.
2 5,1 4,1 3

Double coset 1 corresponds to shortest path 6-3-6 and has Weyl word "6".

Double coset 2 corresponds to shortest path 6-{1,5}-6 and has Weyl word
"634236" (of D4’]).

Double coset 3 corresponds to shortest path 6-1-4-6 (or, equivalently,
6-5-2-6) and has Weyl word "6345 234 1236".

Double coset 4 has Weyl word "6345 234 1236345 234 1236".

For examples of type F4 |» see Cohen [6].
H

13
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Up to now all our computations were easy and straightforward, mainly because
of the limited permutation ranks {number of classes of these association
, D and E have diameter at most two.
5 1 n,l 6,1
Continuing in this vein we quickly encouter difficulties.

schemes) and the fact that An
E7’1 is still
distance regular with diameter 3 and E7,6 and E8,l have diagrams like
E6,6 (and these three cases are easily doable by hand) but for instance
E7’4 has 149 classes (double cosets) and all geometric intuition is lost;

in the next section we describe how the parameters for these Lie geometries
can be mechanically derived by means of some computations in the Weyl group.
In a way, this means that it suffices to consider the case q = 1. Now
everything is finite and a computer can do the work.
In the appendix we give computer output describing E7’1, E7,6’ E7,7, E8,1’
E8’7,and E8,8’ in other words, the geometries belonging to the 'end nodes’
of the diagrams E7 and E8' For E7 we also computed the parameters on the
remaining nodes, but listing these would take too much room. We therefore
content ourselves with the presentation of permutation ranks for the
Chevalley groups of type F4, En (6<n<8); to each node r in the diagrams
below is attached the permutation rank of the Chevalley group of the

relevant type on the maximal parabolic corresponding to r.

13 50 149 27 5

O

6 122 547 1437 134 10

N
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3. REDUCTION TO THE WEYL GROUP

In this section, G is a Chevalley group Xn(q) of type %ﬂover‘a finite
field]@q. We shall heavily rely on Carter [4], to which the reader is
referred for details. Though with a little more care, all statements can
be adapted so that they are valid for twisted Chevalley groups, too, for
the sake of simplicity, we shall only consider the case of an untwisted
Chevalley group G. To G we can associate a split saturated Tits system
(B,N,W,R), cf. Bourbaki [1], consisting of subgroups B, N of G such that
G is generated by them, and of aCoxeter system (W,R) with the followiﬁg
properties
(1) H=Bn N is a normal subgroup of N and W = N/H.

(ii) For any w ¢ Wand r € R

(11)'" BwBrB < BwB u BwrB

(ii)" "B c B
(iii) (split) There is a normal subgroup U of B with B = UH and Un H = {1}.
(iv) (saturated) n WB = H.
Here and below, WAyzgands for WAW_I if A is a subset of G invariant under
conjugation by H. Notice that “B and Bw are well defined. We shall briefly
recall how the Tits system may be obtained. Start with a Coxeter system
(W,R) where W is a Weyl group of type Xn. Let ¢ be a root system for W. A
set of mutually obtuse roots corresponding to the subset R (of fundamental
reflections) forms a set of fundamental roots. Now, any root o € ¢ is an
integral linear combination of the fundamental roots such that either all
coefficients are nonnegative or all coefficients are nonpositive. In the
former case o is called positive, notation o > 0, in the latter case o
is called negative, notation o < 0.
Now choose a Cartan subgroup H in G, and denote by Xa for o € & the
root subgroup with respect to o (viewed as a linear character of H). Thus
H normalizes each Xa' Next, let N be the normalizer of H in G. Then W = N/H
permutes the Xu(aEQ) according to WXa =X (weW) .

Now U = is a subgroup of G normalized by H, so that B = UH is a

II
0>0 Xa
subgroup of G with B n N=H. This explains how B,N,W,R,U occur in G.

We need some more subgroups of G. Given w € W, set

= X .
Uw aQO o

-
w a<0
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This is o subgroup of U. In fact, if £(w) for w € W denotes the length of

w with respect to R, there is a unique longest element w, in W; this element

(o}

w, is an involution satisfying U n Yoy = {1}, and U; = U n "oy,

Notice that our definition of U; differs from Carter's in that our U;

coincides with his U;—l- It is of crucial importance to the computations

below that

- £ (w)
=q

|, |

- , for every w e W.

Fix r € R and write J = R\{r}, W_ = <J>, the subgroup of W generated by J,

J
and P = BW_B. Then P is a socalled maximal parabolic subgroup of G

(associateg with r). We are interested in the graph TI' = T'(G,P) defined as
follows:

its vertices are the cosets xP in G (for x ¢ G), two vertices xP, yP being
adjacent when y—lx € PrP.

In this graph, xP and yP have distance d(xP,yP) < e if and only if

y_]x € P<r> P <r> ... <r> P (a product of 2e + 1 terms).

Let us first compute the number v of vertices of this graph.

LEMMA 1. Each coset xP has a unique representation xP = uwP where u € U;

and w 18 a right J-reduced element of W, i.e.,

wel := {wew|lww') > Lw) for all w' e WJ}.

PROOF. xB has a (unique) representation xB=uwB with w € W, u € U;, see

Carter [4], Thm. 8.4.3. Thus xP = uwP and obviously we may take w € LJ (cf.

Bourbaki [13], Exercice 3, §1). Suppose uwP =u'w'P, Then w'e BWBWJB so that

w'=ww" with w" ¢ WT’ but since w,w'eL_ it follows that w'=w. Next, since

J J
Pnw '1Bw_g_B and w IUWWEWOU and Bn"°U=1 (cf. [5], Proposition p. 63,

Carter [4], Lemma 7.1.2), it follows that u = u'. [

PROPOSITION 1. The graph T(G,P) has v vertices, where

E qﬂ(w).

v=

weLJ

qi’,(w)

PROOF. A straightforward consequence of the formula IU;| = for w € W,

and Lemma 1. O
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REMARK 1. Of course, we also have the multiplicative formula

(q4i-1)/(¢®-1),

v = |¢/P| =
i=1

1

[[=1=]

where d],...,dn are the degrees of the Weyl group W, €ys...,e are the

degrees of the Weyl group WJ, and e, = 1, (cf. Carter [4]).

Next, we want to put the structure of an association scheme on this
graph, The group G acts by left multiplication on the cosets xP, and clearly
this action is transitive. Thus we find an association scheme. The
collections of cosets in a fixed relation with a given coset, say P, are
the double cosets PxP. The pair (xP,yP) has relation G(xP,yP), labelled
with Px—lyP. We see that a relation PxP is symmetric iff PxP = Px_lP,

and this holds in particular for x = r.

LEMMA 2. Each double coset PxP has a unique representation PxP = PwP where
w 7s a both left and right J-reduced element of W, Z.e.,

we Dy o= {w ¢ W|w is the unique shortest word of WJWWJ}.

PROOF. See Bourbaki [1] Chap. IV §1 Exercice 3. [

PROPOSITION 2. The association scheme T(G,P) has valencies ki (belonging

to relation PiP) for i e DJ, where

k, = A

weLJnWJl

PROOF. Obvious. O

) =1 _
REMARK 2. If i € DJ, then lel n WJ = WiJi ]nJ by Solomon [7], so

substitution of q = 1 in the above formula for ki leeds to the equation

ILonwil = Iw,l /7 Iw, -1 5l

. i . .
Finally, we come to the parameters pjk' It 1s ‘more convenient to label

the relations (such as i,j,k) by elements from D_ than by 0,1,...,5 as in

J
Section 2. Therefore, we shall use these new labels; 1 now stands for the
"old 0", and r for adjacency, i.e., the "old 1". We shall confine ourselves

. .. 1
to giving Pjr'
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THEOREM 1. Let i,j € D

7°
iPrP n PjP <Zs
i L
p}r - ) AN y L)
J weLnA weLnA
£ (iw)>L (iwr) £ (iw)<l (iwr)

S N
where L := LynWr and A := 1 W iWy.

PROOF. Clearly,

WJrWJ = U WWJ.
wel

Consequently,

iPrP = iBW.BrP = iBW.rP = U iBwP.
J J
weL

Then the number of points (i.e., cosets) in

)

weLnAr

L (iw) <L (iwr)

qz(wr)(q-l)

Now we want to write each set iBwP as a union of cosets uwP as in Lemma 1.

- #
For g € G and K a subgroup G define Bx := gKg : and K = K\{1}. It is
well known that for any u € W we have <f £(iu) = £(i) + L(u) then 1(U;)<:U;u.

(See Cohen [5] Lemma 2.11.) Notice that w = vr for some v € WJ with

L(@(iv) = £(1) + £(v) and L(vr) = £(v) + 1.
Distinguish two cases:
If £(iw) > £(iv), then

iBwB = iU wB = (U )iwB
w W

and we have l(U_) < U. as desired.
w iw

If £(iw) < £(iv) then

. _ . - . . - # .
iBwB = iBVBrB = 1(Uv)ivBrB = l(Uv) . [iwB ¥ lw((Ur) )iB]

and we have l(U_) c U, , l(U_) .lw(U—) c U. as desired.
v . iw v T iv

(For the inclusion “(U ) ¢ U, note that v cannot change the sign of the
v iw &

root corresponding to r since Vv € Wj.)

Now in order to count how many of the cosets uwP fall into a given double

coset PJP we only need observe that uwP c PjP iff w ¢ Wjj

distinct w € L lead to distinct cosets iwP. 0

, and that
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i ,POf T at mutual distance d, the

number of vertices at distance d-1 to x

COROLLARY 1. Given two vertices x P, x
1P and adjacent to sz 18 congruent

to 1 (mod q), and the number of vertices at distance d to x.P and adjacent

1

to x,P s congruent to -1 (mod q). Also, the valency k is congruent to 0

(mod q).

PROOF. From "w € er « fL(w) 2 1" and the expression given for k = k. we

see that k = 0 (mod q). Next, from the previous theorem we obtain that

pjr = §(ir ¢ WJJWJ) + (q-1) . 8(1 ¢ WJJWJ) (mod q)

where 8§(T) for a predicate T denotes | if T is true and 0 otherwise. Thus,
all p?r are congruent 0 (mod q) except pir which is congruent -1 (mod q)
and P%r whicE is congruent 1 (mod q) - where i is defined by ir ¢ inw .
Clearly d(P,iP) = d(P,iP) - 1. [

REMARK 3. This corollary is motivated by Lemma 5 in [2] which is a crucial
step in the proof that if T is finite and q > 1, then the building
corresponding to the Tits system (B,N,W,R) does not have proper quotients
satisfying the conditions in [10], Theorem 1. The above corollary shows
that the conditions are satisfied for the Chevalley groups of type An, D

n
or Em (6<m<8). For another application, see [3].

REMARK 4. It is possible to compute the parameters p}k for arbitrary k in
a similar way. Again one starts by writing iPkP as a disjoint union of the
form iBwP. Next by induction on £(w) this is rewritten as a disjoint

union of cosets uvP, where u ¢ U; and v € L_. As an algorithm this works

7°
perfectly well, but it is not so easy to give a simple closed expression

i
for pjk'
4. COMPUTATTION IN THE WEYL GROUP

We shall briefly discuss the way in which several items in the Weyl

group have been computed.
(1) The length function £.

The only essential ingredient in our computations is the length
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function; all other computations can be done by general group theoretic
routines. But given the permutation representation of the fundamental
reflections on the root system & and a product representation

w =S

©SgeeeS (not necessarily minimal), we find £(w) from

1 2

L(w) = #{a € & |o > 0 and wo < O}

(see e.g. Bourbaki [1] Chap. VI, §1 Cor. 2).
(ii) Canonical representatives of the cosets wWJ.

Let ¢ be the coroot perp .ndicular to all fundamental roots except the

one corresponding to r. Then ¢ has stabilizer Wy

of ¢ under W are in 1-1 correspondence with the cosets WWJ.

in W, and the images

(iii) Equality in W.

Similarly, let p be the sum of all positive roots. Then wp = w'p

iff w=w'.
(iv) Double coset representatives.

Given a suitable lexicographic and recursive way of generating the

cosets wiW,, the first of these to belong to a certain coset WJWWJ will

have w € DJ. All cosets in the same double coset are generated by
premultiplying previously found cosets with reflections in J. However,

the set DJ of distinghuised double coset representatives can be found
without listing all single cosets WWJ: given w € DJ, one can determine
all elements from DJ n wL, where L = LJ n WJr, by simply sieving all
right and left J-reduced words from wL (compare (i)). In view of the
fact that W is generated by J u {r}, iteration of this process will
eventually yield all of DJ (one can start with w = 1). We have done

so for the Weyl groups of type FA’ E6’ E7, E8. The cardinalities of

DJ, i.e. the permutation ranks, have been given above.
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Xkkhk ©69g] *kkhx

27 cosets
3 double cosets

Sizes:
c: Q)
11
1: (1)
[1le3

2¢ (12364321)
101

Q

Neighbours of
1: [16]

Neighbours of a

c: (11
1: C1¢1
2: [tS]

Nefghbours of a
17 [83]

2: Leg2

1

q + Q**2 + q**3 + Zxkoxk4 + 2xqrk x5 +
2xqQr*E + 2xkQgAkT + 2*kGAxE + qx*xG + qxx10 + gxwxll

Q*x*8 + q**9 + Qqx*10 + gx*x11l + 24qgx*x12 +

g*x13 + g*x*x14 + qg**x15 + g*xx%x1§

point in 02

g + Q**2 + Qg**3 + 2xQr*4 + 2*xqghk x5 +

2xqQx*6 + 2xqrx*x] + 2xqg**k3 + g*x*xG + qxx1(0 + qxx]11l

point in 1:

1

=1 + ¢ + g**%2 + Q*x*x3 + Z2xq**x4 +
2xgx*xH + 2xkQr*H + Q¥*] + Qr*E

qQ**7 + QqQ**8 + qgx*G + (g**x1C + qg#*11

point in 2:

1 + g + Qg**2 4+ *Q**) + Qq*x*x4 +

qx*5 + gx*g6

=1 = a*x*3 + qg**x4 + Qq**5H + Q*x*x6 +
2xqQ*k*] + 2xq*x8 + g**x9 + gx*x10 + gxx11l



kkkkx £HL9gH khkkkk

72 cosets
5 double ccsets

Sizes:
c: ()
{11
1 (&)
[2013]
21 (634236)
L3013
2: (6345234123¢)
201
43
£13
Neighbours of a
1: [203]

of

Nedighbours a

g: (113

: (91

2: [2]

e [13
Neighoours of a

1: [61]

c: L&

3¢ L61
Keighbours of &

1: [13]

2: L9]

3: L9l

4: [11
hNejghoours of &

e L2601

4: [01]

G * gx*2 + 2%xQq*x3 + Jxqrk4 <+ JIxqgrx5 +
Ixgr*g + JhGA*T + Z2xQr*§ 4+ g*¥*¥9 4+ gxx]10

Q**6 + Z2xGxx] + 3xqQr*8 + 4xqx*x9 + Saxgxx]10 +
Sxgxx1ll + 4rqux,2 + ZxQqr*x13 + ZxQq*r*x14 + qg*%185

Q**x11l + **12 + Z2xg*x13 + 3xq**x14 + Jxqx*15 +
3xq*xn16 + Jkqrky T + Zxq*r*x18 + q**x19 + gx*2¢(

(634523412363452341236)

gx*x21

point in 0:

qQ + g**2 + 2xQq*xx3 + Zxgrx4d + Trqxx5 +
Ixqrxp + Jhkqx*x7 + 24Q*k*xE + G*x*x9 + gxx]10

point in 1:

1

=1 + G + Qg**2 + 2xq*x*x27 + 3JIxqrxg +
2xQgQx*S 4+ gr*H

Q**x5 + 2*x0gxxkb 4+ JxQgrr] 4+ ZHxGr*E + g*x*x9
q**10

point in C:

1 + a + Z*g*x*2 + Qg*xxZ + qg*x*x4

=1l = Gx*x2 + Gxrk, + ZAGARX4 + JFrgA¥xH o+
2xg¥x*6 + 2kqQExT

Q**6 + qgxx7] + 2xQg*x*E + Q*x*x9 + (gxx]1(
coint in 3:

1

g + 2%¥qQ**x2 + 3*q**3 + 2%Ccx%x4 + qagxx5

=] = Q%%x2 = Qg*kg + QF*4 + 2xqQx*x5 +
Ixqr b + 3xGrxT + 2%xg*x*x8 + gx*9

g**10

point in 4:

1 + g + 2xqg*x#*2 + 3%x0xx3 + 3xqgxx4 +
Ixqxx5 + Jxqr*p + 2xqrx*xT + q**8 + qxx9
=1 = g**2 = Qg*k_ + Q**x7 + g*x*8 + qg**x10



Khkhkhkk T 491 Hkkkx

56 cosets
4 gouble cosets

Sizes:
0: O
L11 1
1: (1)
[273 G + gQx*x2 + q*x*3 + Qg**k4 + 2xqx*x5H +

2*xQ**xp + 2xkqQx*xT + 2*xqr*8 + 3Jxqr*xG + 2rxqrx*x10 +
2xkgr*x1]l + 2xqx*, 20 + 2xQq*x*x13 + g*xx14 + gx*15 +
gx*x1l6 + g*x*x17

2 (1234754321)

271 qQ**10 + g**11 + Qg**x12 + qg**x13 + 2xQqQxx14 +

Sxqrx*15 + 2xqgrx, 6 + Zxgrx*x1T + 3Ixkgrx1l8 + 2*xqgrxx19 +
2xQq**20 + 2xQrk .1l + 2xQqrkxk22 + g**23 + qQx*x24 +
qx*25 + Q**26

3 (123475645347234512347654321)

L1l q*x*27
Neighbours of a point in 0:
1: [271] q + Q**2 + QqQ**3 + Qg*x*x4 + 2xqgx*5 +

2*xqQ**x6 + 2*kQHA*xT 4+ 2kgxk*x8 + Jxqgr*xT + 2xqx*10 +
2xqix]1]l + 2xgrx,.2 + 2xqg*x*x13 + qg*x14 + qx*x15 +
g**16 + qg*x*x17

Neighbours of a point in 1:
0: [11 1
1: (161 =1 + g + g*x*2 + Q**3 + Q*x*x4 +
2xQ*x*x5 + 2kQixx6 + 2*QkxT + 2*xqx*8 + 2*xqQ*x*xF +
q**x10 + g**11 + @g*x%x12
2: (101 gQ**3 + q**10 + y**11 + q**x12 + 2xq**x13 +
g*x*14 + q**1S + Qg*x*x1& + Qq*xx17

pMeighoours of @ point in 232

1: 101 1 + g + qg**2 + (**x3 + 2xQqQx*x4 +
g**3 + qQ*x6 + gxx7 + (d*x*8
2. [16] -] = Q**Q + Q*xxy + q**e + q**'] +

Q**8 + 3xqgx*9 + 2+%qxx10 + 2xq*x*x11 + Zxqx*x12 +
2*xq**13 + q**14 + qgx*x15 + qgx*16
33 11 gx*x17

Neighbours of a point in 23
es L271] 1 + g + g**2 + (*x*x3 + 2xqxx4 +
2*xqQ**5 4+ 2*xqr*h + 2*xQgr*k] + Ixqrk*x8 + 2xqr*xT +
2xQqx*x10 + 2*xqg*x,]1 + 2xqgx*x12 + g**x13 + q**x14 +
q*x*15 + qgx**16
3 o] =] = g*x4 = Qqx*xy + Q*x*x9 + q**13 + g*x*17



kkkhk 7496 *kkkx

126 cosets
5 double cosets
Sizes:
0: O
{11
1: 86)
£321
2: (654734%56)
[e0]
3
[321]
42
(|
Neighbours of a
1: [£32]

Neighbours
0: (11
1: C151]
2: [151]
s (13

Neighbours

1: [81
2: [161]
3: el

Nedighbours
1: 13
2: [151]

3: C1513

4: ([113

Neighbours
3: [L321]

4: (o1

of

of

of

of

Q

1

g + Q**x2 + Qg**x3 + 2xQg*k*x4 + 2xqkx*x5 +
Ixqr*xb + 3xqgrx*xT + JIxgx*8 + Jxqgx*9 + 3Jxqrx10 +
Jxkqrx]ll + 2*xqr* 2 + Z2xQgx*x13 + g**x14 + g**x15 + qg**16

G**8 + qg**G + 2xqgx*x10 + 2*xqgx*1]1 + 4*xQqQr*x12 +
gxqxx]13 + Sxgx*,.4 + Sxqr*x1D + 6xqxr¥16 + ErQRx]1T +
Bxqr*x]18 + Sxqa*x, G + 4xqrx*x20 + 4rqgrx2] + 2kQ¥x*x22 +
2xQqx k23 + gx*x24 + gxx25

(65473452347123456)

qQx*x17 +
Ixq*rx22

Ixqrx27

g**18 + q**19 + 2*xq**x20 + 2*qg**x21 +
+ Jxqrhc 3 + 3xkqQRx24 4+ Fxqrxx25 4+ Jhkgrr26 +
+ 2*Ghkhc 8 + Z2xqQA*x29 + q*x*x30 + q**x3] + gr*x32

(654734562345123474563452347.23456)

q**33

point in 02

g + g**2 + q**x3 + 2xQgx*4 + 2xqg**5 +

Ixqgr*xb + Jxqgrxx] + 3*xqQ*r*8 + 3Jxq*rx*x5 + 3*q**10 +
Ixqgrxl]l + 2*xQr*i 2 + 2xqx*x13 + g¥**xl4 + q**x15 + qg**x16

point in 1:

1

-1 + g + g*x*2 + Q**3 + 2*xQq**4 +

2*xq x5 + 3kqxk6 + 2*kGxkT + 2*xqg*x*f + q¥*x9 + gr*x10
gqx*7 + q**8 + 2xQq**5 + 2+qg* %10 + 3+q*x*x1]1 +
2xq*x12 + 2xqg**, 3 + g*x*x14 + q*x15

qx*16

point in 2¢

1 + g + gx*2 + *q**3 + Qqg*x*x4 +

g**5 + qg**6

=1 = Qg**3 + QqQ**q + Qq**5 + 2*xQqQ*r*x6 +

Ixqgr*xT + 3kqQ**B8 + 3JxQg*x*9 + 2*xqrx1(0 + 2xqxx]1]1 + q**x12
g**10 + g**x11 + Q#**x12 + 2#xq**13 + q**x14 +

g**15 + qg*x*16

point in 3:

1

q + G**2 + 2%xQ*x3 + 2*xQqrx*4 + JFxqxx5 +

24xQ**6 + 2*xq*x*x7 + Qq*x*x8 + Qqx**09

=1 = g**x3 = Qg*x*x3 + Qg*x*E + Qq*x*x] +

2xQ*x*x8 + 2*Qq**9 + 3Jxqxx]10 + 3Ixgrxx1]l + 2*xqg**x12 +
2xq**x13 + Qg*x*x14 + q*=x15

gx*16

point in 4:

1l + g + g*x*2 + *xQ**3 + Z2xq**x4 +

3xq*x*x5 + 3Jxqr*x6 + Ikqxrx] + JIxgx*x8 + J*xqrx*x9 +
3*q**1p + 2*q**¢1 + 2%xq*x%x12 + q**x13 + qgx*x14 <+ q**15
=] = gq%¥*3 = q**xp + qx*x11 + qg**13 + Qg**x16



kkkkk T g7 *hkkkk

576 cosets
10 double cosets

Sizes:
0: O

11 1
12 (7)

L35] g + Gg**2 + 24Qg*xx3 + JkQgrx4 + 4rqr*x5 4+
4rqgrxb + SxqrA*xT + Lrgrx8 + 4rg*xk*9 + Frqrx1l0 +
2xgx*x11 + qg*x*12 + Qq**x13

2: (745347)

{10513 qQ**E6 + 2*xQqQrk] + L4HAQik*x§ + 6xq**9 + 9xqrx10 + )
11lxgx*11 + 13*%qax12 + 123%xg**x13 + 13*xqQ#**x14 + 11xq*x*x15 +
9xgrx*x1E + Hxqrx T + 4xqxx18 + 2xg**x19 + q**x20

3. (74563452347)

9.

[1401 grx*x11l + 2xq*x*12 + 4xgx*x132 + Txqgrx1l4 + 10xg*x*x1% +
13xgxx16 + 16*xqx*x17 + 1T7*xqx*x1E + 17xq*x*x19 + 1exq**x20 +
13xg**21 + 10*xqgr*x22 + Txq*x*x23 + 4*q**24 + 2*Ck*25 + (gx*x26
(745347234512347) ’

L7313 q**15 + gx*x16 + qg**17 + Qq**18 + g**x19 +
qQ**20 + q**21
(7453476234512347)
L1401 gx*16 + 2xqQ**x17 + 4xg*x*x18 + Txqg*x*x19 + 10*+gx*20 +

15*q**21 + 16*q**22 + 17*q**23 + 17*q**24 + 16*q**25 +
13xgx*x26 + 10*xge*27 + T+(g*x*x28 + 4xqg*x*x29 + 2+qg*x*x30 + g**x31
(7456234523474563452347)
713 g**21 + q**22 + Q*x*23 + g**24 + gx*x25 +
qx*26 + Qq*x*x27
(7456345234745634512347)
[1051] Qx*22 4+ 2*Q**x23 + 4xQq**x24 + 6xkqx*25 + 9Gxqgrx26 +
11*xq*x#*27 + 13xqa*28 + 13%xq*x*29 + 13xq*x*30 + 11xq*x*x31 +
9xqx*x32 + 6xQ**u3 + 4xg*xx34 + 2xq**x35 + q**36
(74534762345123473456234512347)
[35] gqx*29 + QQ**30 + 2*q*x*x3]1 + I*xQq*x*x32 + 4rq*r*x32 +
4xqxx34 + BHrqxkxs5 + 4xQgrxIE6 + 4xgx*x3T + 3Ixgr*xI8 +
2%q**39 + Qq**4(0 + qx*x4]
(745347623451234734562345123473456234512347)
131 g**42

Neighbours of a point in O0:

1: [35] qQ + gq**2 + 2xq*xx3 + 3xqrx4 + 4xqgkx5 +
4rgrxf + SkxgrAx] + 4xQq**x8 + 4xkqgr*xT + Jxqrx1(0 +
2xqgx*x 11 + qgqx*x12 + g**13

Neighoours of a point in 1:

0: (11 1

1: €121 =1 + g + Q**2 + 2%xGgx*3 + 3xqQrx4 4+
Ixqx x5 + 2kqQr*p + Q¥ x|

2: (18] g**5 + 2%Q*k*5 + 4rqQrkxT + 4xqrkxE + 4rgr*T 4+
2xg**x10 + g*x*11 .

2: L[4 g**10 + Qq**x11 + qg**12 + g**x13

Neighbours of a point in 2:

12 [&e] 1 + g + 2*g**2 + Qq*x*x3 + Qgx%x4

2: (1213 =1 = Qg*x*x2 + QqQ*k, + 2xk(Uk*x4 + 4*xqxxT +
IxqQr*kb + JIxqrx] + Qgx*f

3: 121 q**6 + 2*xqg*x*7 + Jxg*x8 + Ixq*x*x9 + 2xquxx]10 + gr*x]1l

4: (11 g*x*9

5: [4] q**10 + q**11 + Qq**12 + G**13



Meighbours
1: (13

: L3l

3: [121

5: [9]

e: [11

7¢ L33
Mejghbours
2: [153

4: (C2

5: L2011
Neighbours
2: [31]

3¢ L9l

4: [11

5: [121

7: L[91]

8: [11
Neighbours
3: C201

6: LO0O3

7: [151]
Nedghbours
3: [4]
123

e: [11

7: (121

8: [61]
Meighbours
5: [4]

7: (1873

8: (121

5: (13
Neighbours
8: [351]

g: (01

of

of

of

of

of

of

of

point in 3:-

1

qQ + 2*xqQ*x*x2 + Jhy*x3J + 2kqir*k4 + gxx5

-1 = Qg*x2 = Qg*x*ky + (g*x*4 + 3Ixgx*x5 +
4rg*x*x6 + 4xqr*T + Zhoxx§ + q**9

gx*7 + 2xq**xE + J3»xq*x*9 + 2xqg**x]10 + Qqrx11l
qrx*x10

gx*x1ll + g**x12 + Qg**13

point in 4:

1 + g + 2%g**x2 + 2*xq**x3 + 3xkq*rx4 +

2xQ*x*xS + 24kqx*kb + Qgxx] + Q**§

-1 = Qg**2 = Q**4 + (G*x*5 + QqQ*x*7 + Qg*x9

g*x*4 + gx*xS + 2xQr*6 + JArqA*xT + Jxkgxx8 +
Ixq*x*9 + 3xqgrrxly + 2xgrx1]1 + g*x*xlZ + g*x*x13

point in 52

1 + g + g*x*2

Q*x*2 + 2xQq**x3 + 3*xqr*x4 + Z2xkgxx5 + qr*p
q*x*3

-1 = Q**x2 = Qg**x, + 2*xQgx*5 + JxQqirx6 +
Sxq*xx7 + 3xqx*x8 + 2*xqg*x*x9

qQ**8 + 2*xq**9 + 3Zxq*x*x]10 + 2*xg*x*x11 + Qgxx12
q**13

point in 6:

1 + g + 2%xq**%2 + 2xQx*x3 + 3xqrx4 +
3xqx*x5 4+ Jxkqgxxk6 + 2*xgr*] 4+ g*x*8 + gxxG
=1 = G**%2 = Q**y + Qqxx] + Qg**x§ + gx*x10
q**5 + qQr*x6 + 2xQx*x] + Z2*xQ**xE 4+ 3xqrkx9 +
2xqx+*10 + 2*g*xx,.1 + g**12 + q**%x13

point in 72

1 + g + a**2 + (**3

qQ**2 + 2*xQ*x*x3 + 3xkqQrx4 + Ixkqrx5 4+ 2xkQrxE6 + Qgr*7
gq*x*4 ’

-] = Q¥*%x2 = Qg**y, = Q**x4 + Qq*x*x5 +

2*xq**6 + L4xqQrxT + 4xgxx8 + Jrgrx9 + 2xqrx10
g*¥*9 + q**x10 + o*xqgx*x1]1 + Qg**x12 + Qg*x*13

point in &:

1 + g + g*x*2 4+ **3

Qx*2 + 2*xQ*¥*3 + 4xqgrxy4 + 4xgrxS + 4xqrkx6 +
2*xq**7 + Qq*x*8

=1 = Q**2 = Q¥*y = Qg*x*4 + Jkqgrx] +

Ixg**8 + 4xqr*xG + Jxgxx10 + Zxqgx*x]ll + q**12
q**13

point in 9:

1 + g + 2%q*%2 + 3*Q**x3J + 4*xqgxx4 +

4xgqrxx5 + Shkqr*6 + 4xgr*T + 4xgx*x8 + Jxgx*9 +
2xGg*xx10 + qg*x*x11 + qg*xx12

=1 = gQ¥*x2 = QqQ*x*y = Q*x*4 = Qq**xE +

g**7 + g**9 + gx*10 + q**11 + g**13



kkhkkk ©8H49] *hkkxk

240 cosets
% double cosets

Sizes:
c: )
13 1
1: (1)
[56] qQ + Q*x%2 + (q**x3 + Qx*x4 + Qq*x*x§

+

2xQr*6 + 2*Qx*T + 2xQ*x*x8 + 2xq*x*9 + Ixqix10 +

+ Ixq*x*13 + JIxqxxl4g + 2xgrx]1E
3 xgx*16 + JIxqrx, 7 + 3Ixq*x*x18 + 3J*xgx*x19 + 2xq*x*x20
SHQR*2] + 2kQik .2 + 2xQqx*23 +
q**26 + qQx*27 + Q*x*x2@8

Jxqgx*x]11l

27 (123458654321)

+

REIVE L

+ 2%Q*x*x19
+ E6*xQxk*x24
+ Txq**x29
+ Sxgxx34

L1261 Q**x12 + Gg**x13 '+ g**x14 + gx*15
2*q**17 + J3kQikx, £
S*g*x*x22 + Sxgr*x.3
ExaQx*27 + Trxa*x*.§
Ex(gx*22 + bxqgr*x,3
4xqx*37 + JkQqrko b

Q**42 + g**43 + Qq*x*44 + Qgx%§
3 (1234568675645834562345876543c1)

+ 3Ixg*xx39

+
-+
+
+
+
5

[Ee] q**29 + g**30 + g**x3]1 + Qg*x*32

+ 2%xQRxu5 + ZAgr*T6

+ 3xqgrxq (0 + Jxqrx4l

+ 3xQqx*x4 5 + 3IrQx 46

+ 2*xqxxy0 + Z2xqxrx51
g**54 + q**x55 + g**56

43 (12345R675645834567234561234,65674563458234561234587€654321)

2*xqQ**x34
3xq**x39
Ixkqx*x44
2*Qq**49

L1l a**x57

Nejghbours of a point in C:
1: [56] g + q**2 + q*x*3 +
2xqQxk*E6 + 2xqErxT +
3xqax1]1l + BxqF*x,2 + JI*xgrx13 +
Ixq**x16 + 3*xqr*x, 7 + 3xg**x18 +

+

+
+
+

g*x*4 + gx*§
SxQr*XE + Zxqx*xG + Jxqrx10 +

2*xQ*x*2]1 + 2*xQrko2 4+ ChkQrAx23 +
g**2& + q**27 + Gg*x*28
rMeighbours of a point in 1:
0: (11 1
1: (272 -1 + g + Q**2 + C*x*x3 + Q**4 +

g**x24 +

GQ**25 +

+ 2*xQgx*x]16 +

4xqxx20
Exq*x*x25
6Exqx*x30
5*q**35
2xqxx4(

+ q**33
2*qQxx37
Jxqrkx42
Ikqrx47
g**52 +

+

Zxq*x14
3Ixq**19
Q**24 +

+ 4rqrx2]
E*xQ**26
ExQq*xx31]
4xqx*36
2xa**41]

+ + + +

-+
+ 3xq**x38
+ 3xqx*x43
+ 2%Q**x48
q**53 +

+ 3*xa*x15
+ 2*xg*x*20
g**25 +

Q*x*S 4+ 2*xQ¥*6 + ZhkQx*x] + 2xqQ¥k*E + 2*xQxk*x9 +

3*q**10 + 2xQx*x, ] +

G**15 + Qq**x16 + Gg**x17 + Gg**18
2: L2711 gx*11 + Qg**x12 + (g*x*x13 + qgx*x14 + 2xq**x15 +

2xQxx16 + 2%qQxx, T +

2*xq*x*2]1 + 2xkQqix._
q*x*26 + q**27

3. L11 q*x*28

Neighbours of a point in
1: 1213 1 + g +

gQ**kz + G*x*3 + q*x*4 4+

2.

2xkQ*x*12 + 24%qx*x13 + 2xqxx14

c*xqQx*18 + 3xqx*x19 + 2xqg*x*20

+ 2*xQ**23 + Qq**x24 + Qq**25 +

2x«qx*x5 4+ Ggr*E + Qgr*7 + g**8 + g**x9 + q**10
2: L32] =1 = qx*3 + qg**y + Q**7 + Q*x*x§& +
q*x*9 + 2xqg**x]10 + 3JI*xgrx1]l + Jrg*x*x12 + 3Ixqrkx13 +
Jxqrxlg + Ixqir*x, 5 + Jxqrx16 + Jxqxx17 4+ 2+q**x18 +
2*q**;9 + g**20 + q**21 + Qgx*22

(&)
o
-
[y
N
(8.}

gx*18 + gx*19 + Qq**20 + Qq**21 + Qq*x*x22 +

2%qQx*23 + Qq**24 + qx*x25 + Qqr*26 + Qg**27 + Qq**28

+ +

+ + + + 4

+ + +

+ +

+



Neighbours ot a point in 2:

1: [13 1

2. (271 q + Q*x*2 + q*x*xJ + Qqr*4 + 2*kqQx*5 +
2%¥gqx*x6 + 2xqx*x] + Zxgrx*E + JI*xgr*x9 + 2xq¥x10 +
2xqrx]l]l + 2%xqrx,2 + xqx*x13 + grx*xl4 + gr*x15 +
gx*x16 + q**x17

3: (2712 -1 = g**5 = Qq**uy + Qqx*x10 + gx*x11 +
q**12 + Gg*x*x13 + 2xq**x14 + 2xqg**x15 + 2*xqx*x16 +
2xqr* 17 + 3Zxqx*x, 8 + 3xqrx19 + 2xqr*20 + 2xqr*x21 +
2xQrx*Z22 + 2x(Qgx*xo. 3 + CGr*24 4+ gxAZ5 + qR*26 + qx*27

4: [11] q*x*28

Nedighbours of a point in 4:

3: [B56] 1 + g + gx*2 + (*%3 + Qq**x4 +
2%qx*xS 4+ 2*kQrkE + 2xQgrkk] + 2xqk*8 + 3xqrk xS +
3xqx*x10 + Jxgrx,l + Ixgx*12 + 3xqrx13 + Ixqrxl4 +
Ixgx*x15 + 3xgrx, 6 + I3xqx*17T + ZHxqg**x18 + 2xq**19 +
2xQq**x20 + 2xQgrko ]l 4+ ZrRRRA22 + qQF*23 + qrk*x24 +
q**25 + qQ**26 + qx*x27 .

4: [01] -1 = g**5 = Qg*x3 + G**x19 + Qg*x*23 + G*x*28



khkkkx 847 *Ahkkk

2160 cosets
10 double cosets

Sizes:
c: O
£11
10 (1)
Le4d °

2: (76584567)
Lz28ec3

N
oo

(765845634582
L4487

47 (765845672456

[560]
5 (765845673456
£143

6: (765845673456
L4481

1

q + g*x*2 + g*x*x3 4+ 2xkqQ¥rk4 + 2xgrxH +

Jxg*x*xh + 4xQ**T] + Lrgx*xE + 4rgF*F + Sxqrx]l0 +
S*qrxll + Skx*x*x,2 + Sxgrx13 + 4rgx*x14 4+ 4xqgxrx15H +
Grgexlb + BxQgux, T + 2%q*x*18 + 2%q**x19 + Qq**x20 +
qx*x21 + qg*x*x22

q**g + g**x9 + 2xqg¥xx10 + 3*q**11 + Brgrxlz +

bxqx*]13 + Sxgrxx 4 + 10xg**x15 + 13xgx*x16 + 15xqgx*17 +
17%gx*x18 + 18*xqa*19 + 20*q*%20 + Z20*g**2]1 + 20*q**22
20*xqx*x23 + 18*xqgx*x24 + 17*q*x*x25 + 15x(g**26 + 13xg*x*x27
10xq*x*28 + 9*xqgx=25 + 6xq**Z0 + Sxqg**x31 + 3*xq*x*32 +
2xq*x*x 33 + q**34 + q**x32H

34567)

qx*x17 + 2*q**18 + Ixc**1G + S*xqrx2( + Txyxrx2] +
10*g**22 + 14xqa*x23 + 17xQ*x*x24 + 20%xQq**25 + 24%xq**26
2Txq*x*27 + 20*qx*28 + 32*q**29 + 32%xg*x*30 + JI2xqrx*x31
32%g*x32 + 30%qx*33 + 27*q**x34 + 24%xq*x*35 + 20%0*x*x36
17>xq**37 + 14*xq=x*38 + 10*xq*x*39 + T q*x*40 + S*xqgxx4]1 +
IxQr*42 + 24Qkxq4 3 + gr*44

234531234567)

Q**24 + (g**¥25 + 2*xQx*26 + Grghr] + 6*q**28 +

Bxq*x*29 + 12*xq*=x30 + 15*q**31 + 19%q*x32 + 24%qx*x33 +

27*a*%*34 + 31xqxx35 + 3hHxqx*x326 + ITxq**37 + 38*xq*x*x38
40xq*x*39 + 38xqQ=a x40 + 3IT+qgrx41l + 35%kqx*42 + J1laqxx43
2T*q*x*x44 + 24*qx*x45 + 19*xg**x46 + 15xgr*x47 + 12%q**x48

3xq**49 + H*xqr*u 0 + 4xqgr*51 + 2xqx*52 + qxx53 + q*x*x54

234585674563458.34567)

q**33 + q**34 + qg*x35 + q**35 + q**37 +

Q**38 + Z2xq*x*x35 + Qq**x4(0 + Q*x*x4] + Q**x42 +

a**x43 + axx44 + Qqrx*x45

234585674563458.2345¢€7)

Qx*34 + 2*xG**x35 + Jxqr*3E + Hxg*x3IT + T*qxx3I8 +
10*xg**39 + 14*xgxa*x40 + 17*xqx*41 + 20*%QqQ**47 + 24*q*x%x43
27xqx+44 + Z0xQx*45 + 32%**46 + J2xgr*x47 +« 3C2xQqrx48
32%xq**x49 + 30xq=x50 + 27T#q*x*x51 + 24#*g**52 + 2Cxqg*x*53
17*xg**54 + 14*xq=*35 + 10*xg**56 + Txg*xx57 + Sxqxx58 +
3xkg*x*59 + 2xqr*xo (0 + g=r*6l

7: (76584563458723456123458456T704562345E812345€7)

L2801

&7 (765845€34287
Ce43

9 (765845677345¢€
£7345622
£11

Q**43 + q**44 + 2xq**45 + Jrgrx4p + Skqrr4] +
6xq*x*48 + Fxqrxq G + 10xq*x50 + 1Zxqg**H]1 + 15*xg*x*x52 +
17#g**53 + 18%gx*54 + 20%q**55 + 20xq**x5€ + 20%c*x57
20*g**x58 + 18*gs*59 + 17*xqgq*x*el + 1S5*xgx*xpl + 13*xq**x62
10*g*x*x63 + Oxg*xx64 + 5*q**65 + SxgwxvbE + IxqEr*ET +
2xq**x68 + q**69 + q**x70
23456123458456704562345645672456234581234567)

a**56 + g*x*37 + qgx*H58 <+ 2*g**x59 + 2xqgxxe0 +

3*q**61 + 4*q**02 + 4*xax %63 + 4xgrx64 + SkgrxES5 +
Hxgr*56 + Sxqr*a ] + SrQA*¥6E + 4xgxkx69 + LxgrxT0 4+
GrqqexT]l + 3xQ*xf2 + 2x(*x*T3 + 2%xq*x*x74 + (x*x75 +
qx*xT6 + cx*77
2345856745612340686723456123458345672345612345845
4581234567)

g**x78

+
+
+

+
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Neighoours of a point in G:
1: [64] g + Q**2 + Qq**3 4+ ZxQrx4 + 2kqx*r5 +
3xq**E6 + 4*kQr*T + 4xcrxxE + 4rgx*xTF + Sxqrkx10 +
Sxqrx]ll + S*qrx, 2 + Sxqxx13 + 4*q**14 + 4xqx*15 +
4rqrxle + 3*xqrx*x, 7 + 2*xq*xx]18 + 2*%q*x19 + q**x2(0 +
qx*21 + g*x*22

Nejghbours of a point in 1:

c: (11 1

1: (213 =1 + g + g**2 4+ (g*x*x3 + 2xqrx4 +
2xq*x*xS5 + Jhkqrrb6 + Jkgx*T + Ixq*x*y + 2*xqx*G 4+
2xq**10 + qg*x*x11 + gx*x*x]12

2: [331] Gx*x7 + g*x*8 + 2xq**9 + JZxq¥x10 + 4xqg*xl]l +
GxQqrxx12 + DHxg*x*, 3 + 4xgxx14 + 4xqxx]1l5 + IJxqxxl16 +
2«qx*x17 + q**x18 + Qq**x19

2: [713 qQx*16 + gx*x17 + qg**16& + g**1G + gx*x20 +
Q**21 + q**22

Neichbours of a point in 2:
1: L8] 1 + 0 + Q**%2 + *Q**3 + Qq**x4 +
q*x*x5 + Q*x*6
2: L2473 =1 = g**x3 + Q**xq + (Q**5 + 2xgxx6 +

Grqx*T + 4xgx*8 + Lrcx*xG + 4rxqrxl) + Ixgrxll +
2%q**12 + Qqx*13

3: [24)] g**10 + 2%xq**11 + 3xg**12 + 4xGg**x13 + 4rgrx14 +
4xq*x*x15 + Jrqgrx*x, 6 + Zxgx*x1T + q**18
43 L8] qQx*x16 + g**x17 + gx*18 + Z2xqg**19 + Qqg**x20 +

g**21 + Q**22

Neighbours of a point in 3:

13 £13 1

2: [151] g + q**x2 + 2*%Qq*x3 + CxQ*x*x4 + IrqgxxS +
2xqgrx*x6 + 2*xqrk*xT + g**x8 + Qq*x*x9

3: (211 ~1 = Q**3 = Q¥xky + QF¥*6 + 2xQr*T +

Ixq*x*8 + 3*xQ**9 + 4xgrxx10 + Grgrx]l]l + 3xgrx12 +
2xq**13 + q**x14 + Qq*xx15

4: [201] g**10 + g#**11 + 2*q**x12 + 3J*xGg**x13 + Jxqxx14 +
Jxqx*15 + 3xqrx 6 + 2*xq**x17 + g**x18 + g*x*19

53 £11 g*x*x16

€ el q*x*x17 + ogx*x18 + q**19 + Gg**20 + g*x*21 + Qq**x22

Neighbours of a point in 4:

2: [41 1 + g + g**2 + (**3

3: L1613 Qx*x3 + 2xQrk*4 + Fxgrx5 + 4xqgrxkp + JrkgrAxT +
2*xq**x8 4+ Qq**x9

43 [241] =1 = Gg¥*3 = Qg*ky = Qgr*6 + Qq**xT +

2xqx*x8 + 3Ixgx*9 + SHgxx]10 + Sxqrx]ll + Sxkqgxrxl2 +
Grqr*x13 + 2xqx*, 4 + Qq*x*x1D5

6: [161 Gx*13 + 2*qgx*14 + 3xq*x*x15 + 4xqg*x*x]16 + JZrxqr*x17 +
2*xq**x18 + Qq*=%x19 ’
7 [41 ax*19 + g*x*20 + q**21 + Qq**22

heighbours of a point in 5:

3: [32] 1 + g + g**2 + *xQg**x3 + 2%q**4 +
Ixgrx5 + Jxqgr*E + Jxgr k] + Jkqx*8 + JxgrA*xG +
Ixqrxx10 + 2*qgr*x, 1 + 2*Qx*x12 + g**x13 + gx*14 + g**x15

5 Lol -1 = g**3 = Qg*x, + Qq**x]11 + gx*x12 + Gg**x16

6s [32] Q*x*7 + qg**8 + Qgx*G + 2xq*x10 + 2*xg*xx]11 +
Jxqr*x12 + JIxqgrx*x, 3 + 3xqrxl4 + 2xqx*x15 + 3rgxx16 +
Ixqxx1T7 + 2xq*x*x, 8 + Z2xgx*x]19 + q*x*20 + qx*x21 + Qg*x*x22
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heighbours of a point in &3

3 L&D 1 + g + g**x2 + (**3 + g*x*x4 + gxx5

4: (2073 gq*x*3 + gx*4 + 2xQq**xD + JhkgkxE + IrkQAKT +
Ixqgrx5 + J3xqg*x*x3 + 2xqgxx10 + q**x11 + Qq*x1¢2

5: [113 qx*6

6: (211 =1 = g**3 = Gg¥xxy = Qq**6 + Q*x7 +

g**8 + g*¥*9 + 3xqx*x10 + 4xrqgx*x]1]l + 4xqg**x12 +
4xgwx]13 + Jxqgr*x b4 + zxqxx15 + Z2xgxxlE

7: L1587 g**13 + qg**14 + Zxq**15 + 2xqg=*x*x16 + JI*xqgr*x17 +
2xQ*x*x 18 + Zxqg*x*, S + a*x2(C + gxxZ21]

S qr*22

Nedighbours of a point in 7:

48 [8] 1 + g + Q**2 + . *Q**3 + Qg**x4 +
g**5 + gx*6

6: (247 Qx4 + 2*xgx*xD + JrCoxxh + 4rqrkT + 4HGARRE +
Grg*x*x9 + 3xqgrxly + Z2xaxx]1]1 + gHFr12

7: [24)] =1 = gx*3 = Qgxx, = Q*x%x6 + 2%qgx*10 =#

Ixqxx]ll + 4xqirk, 7 + Sxgrx*13 + 4Hxgxx14 + 4xgrx15 +
Ixqgx*x1l6 + 2*q**¢7 + g**x18

a: (g1 gx*le + q**17 + g**x18 + 2%xq*x*x19 + q**x20 =+
agx*21 + q**22

Neighbours of @ point in 8:

6: (71 1 + g + g#**x2 + (#**3 + Qq*x4 =+
nN**5 + QqQ*k*xE
7: [35] Q*x*3 + Q**4 + 2% Qq*x*5 + FxqgrxE + 4rQgrRrT o+

Grq*x*8 + Sxqgx*x9 4+ 4Hrqux10 + 4#*grx11 + Ixgrx1Z2 +
2xq**x13 + q**lq + g*x*19

8: [211 =1 = g**%x3 = Qq**x, = Qg**xE = Qg**9 + .
g**10 + qg*=*x1]1 + 2*xQgx*x%x12 + 3*xqg**13 + Jxgxx14 +
3xqgx*x15 + L4rqgra 6 + Fxqr*x1T + 2#qgxx18 + Z2xqg*x*x19 +
q**20 + qg**21

93 L1313 gqx*x22

Neighbours of a point in 9:

R: [64] 1 + g + G#**2 + *x(Qx*2 + 2#Qxx4 +
Ixgx*x5 + 4rqrxb + 4rqgrxT + Grg*x8 + Hrqxx9 +
Sxq#**x]10 + S*xg*x 1l + Sxgx*x12 + 4xq*x*x13 + 4rgx*x14 +
Grqax]1l5 + 3JxQqrx h + Z2rxqr*x1T + 2*xqxx18 + Qq**x19 +
q**20 + q*x*21

g: (o012 =1 = Qg#*%3 = Qg**x_, = Q**E = QqQ**Q +
qQx*13 + gxx16 + q**x17 + Gg**x19 + qg*x*22
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kkkkk @898 Hhkkdk

17280 cosets
35 double cosets

Sizes:
0: O)
[11 1
1: (&)
[56] g + qQ¥*2 + 2*Qq*x3 + 2xQR k4 + 4rqgrx5 +

5*xqQ*x*6 + brg**7 + 6xq*k*x8 + 6*xqQ*¥*9 + Hrqg**x1(0 +
Sxqrxl]l + 4rqgx*,.2 + 3xqx*x13 + 2*xq*x*x14 + q*x*x15 + qr*x1l6
2: (856458)
(2803 Q%6 + 2*%Q**x] + 4xq*x*x8 + Txqgx*9 + 11lxq*x10 +
19*xgr*x11 + 20xqxa*12 + 24*q**x13 + Z27*q*x*x14 + 29%xq*xx15 +
29*q**16 + 2T7*qa*17 + 24*q*x*x18 + 20*xq**19 + 15*xq*x*x20 +
11*xg**x21 + TxQqxx22 + 4*xq**23 + Z2xQqQ*x*x24 + gx*x25
(65674562458)
[5601] gx*1l + 2%qg**12 + 5S5*xqgx*x13 + Sxqg*rx1¢ + 15*xqg**x15 +
22*xqg**16 + 31*xgx*x17 + 39*xq**x18 + 4T7xqg*x*x1S + S53xq+*x20 +
56xqg*x*2] + S56xqax22 + 53xq**23 + 4Trgxx24 + 39xqx*25 +
Jlxg*x*x26 + 22*xgx*27 + 15%xqg*x*x28 + 9xqx*29 + SHxqgrx*x30 +
2xq*x*x21 + g*x*32
4: (856458345623458)
[5¢] qQ**15 + 2*qx*x16 + 3J3*Q*x*x17 + 4xg*x18 + Sxqg*x*x15 +
6ErQ*x*20 + THrgrk,l + TxQ*x*22 + H*Q*x*x23 + Sxq**x24 +
4xQqx*x25 + Jxqrrg €6 + ZHxgr*2T + q**2§
S5 (8564587345623458)
[11203 q**1le + 3xqxx17 + T*xq*x»*18& + 14xq*x*x19 + 24*qg**x20 +
37xq**21 + 53xqx*x22 + TO*xg**23 + 86*xqx*x24 '+ 100*xq*x*x25 +
109*g*x*26 + 112=xq#**27 + 109*g*x*28 + 100*q**29 + 86*xq*x*30 +
TOxg*xx3]1 + 53xqgx*32 + 2T7*xq*x*33 + 24%g*x*34 + 14%xqg*x*35 +
Txq**36 + 3Jxqrxo7 + g**38
6: (856745634585674563458)
£287] Q**21 + **22 + Z2xq**23 + 2*xQqQ**24 + 3xkqxx25 +
3*q**25 + 4rqgrxo T 4+ Jxqrx28 + I*kG**29 4+ 24q*x*20 +
2xq*x*x31 + q**x32 + Qg**33
7. (8564583456723456123458)
[2&C] G**22 + 2%Qq**x23 + 4xq**x24 + THg*x*25 + 11xq*x*26 +
15%xgqx*x27 + 20*q*x*26 + 24+%q*x*29 + 27#g**30 + 29*xq*x*31 +
29*q**x32 + 27*qx*33 + 24*xq*x*x34 + 20*xg**35 + 15*xg*x*x36 +
11xg**x37 + Txq*x»x38 + 4xg*x*x39 + 2xq**x4(0 + qa*xx41l
8. (8567456345823456123458)
[2e01] q**22 + 2xQ#**23 + 4*xqxx24 + Txq**x235 + 11lxq*x*x26 +
13*xq**x27 + 20*qx*x28 + 24*q**29 + 27%xq**x30 + 29*q**31 +
29xqrx*32 + 2Txqgu*x33 + 24*q*x*34 + 20xg**35 + 15+q**x36 +
11*g*x*37 + T*Qq*x38 + 4xq*x*x39 + 2xq*x*x4(] + Qq**x4]
9. (8567456345856745623458)
£84G1 qx*22 + 3*xqx*23 + T*xa*x*24 + 13*xqx*25 + 22*xq*x*26 +
33xGx*27 + 46*qx*28 + 59xqx*29 + T1lxqx*x30 + 8S0xgx*x31 +
85*xg*x32 + 85xqa*x33 + 80*q**x34 + T1lxq*x*x35 + 59*xqg*xx36 +
4exqxx37 + 33*qx*38 + 22%q**39 + 13*xg*x*x4(0 + Txq**x4]1 +
Ixqx*42 + grx*43
102 (8567456345856723456123458) i _
[1e801] q**25 + 3xqr*26 + Brqr*27 + 16*qg**x28 + 29xq**29 +
46xq**30 + 68*gxx31l + 92xq*x*x32 + 117xq**x33 + 139xq*x*x34 +
156xg**35 + 165xGg**x36 + 165*q**37 + 156*0**3E + 139%xq*x*x39 +
117*xgx*x40 + 92xy**41 + 68xQ*x*42 + 4Exgx*43 + 29*+qx*x44 +
16*xqx*x45 + Bxqrx46 + JIxq*x*47 + Cgxx4§
112 (85645873456234584567345623458)
[2&801] qx*29 + 2%qx*30 + 4*q**x3]1 + Txq**32 + 11l*xq**33 +
15%q**34 + 20*xqx*35 + 24*q*x36 + 27*xqg*x*37 + 29*%c**38 +
29*q**39 + 2T7T*qx*40 + 24*xqx*x4]1 + 20xqg**x42 + 15%g* %43 +
1lxg*x44 + 7*q*x45 + 4*q**46 + ChRQ*¥*4T + QqQr*x48

e

N



122

132

142

153

162

17:

18:

n
—
oe

22

232

13

(656458734562345845673456120458)
[16801] gx*30 + 3xgxx3]1 + Brxgr*32 + 1ExQr*33 + 29*qr*34 +
46%q**35 + EB*Gx*36 + G2¥Qrk*3T7 + 11T7*q*x*38 + 139*xqg*x39 +
156*%g*x*40 + 165xqg**41 + 165*xq**x42 + 156%xqg*x*43 + 139xq**x44 +
117*xQ**%435 + S2*x **x46 + EB*q**47 + 4Ee+qx*x48 + 29*%q*x*49 +
16*xq**50 + 8xg*x51 + JZ*xqg**52 + Gg**53
(85674563458567456345623456.23458)
[1¢8 ] Q**32 + 2*xq**33 + 4xqrxx34 + £*xg**35 + 9rAq*x*x36 +
12%xg**37 + 15*xqa*x38 + 17*q**2G + 18xq**x4(0 + 18*xqr*x4]l +
17xgx*x42 + 15*xqx*43 + 12*xQ**x44 + GxQqx*x45 + GxCr*46 +
Grqr*x4T + 2%Qq*k*q8 + g**x49
(85645834567234561234585674063456)
[168] qQ**32 + 2xq**33 + 4*xgx*34 + Lxg*x*x35 + 9rqxx36 + -
12xq**x37 + 15xgx*38 + 17*xq**3G + 18*xg**x40 + 18xax*x41 +
17*xqx*42 + 15*xgx#43 + 12*xg**x44 + Gxqgx*45 + E*qrx*x46 +
Grgrxqd] + 2%xqrk*xq4 8 + g*x*x49
(B5674563458567456234586723456123458)
11203 qx*35 + Jxq**x36 + Txqx*x37 + 14xq#*x*3JE + 24%xq*x*32 +
3T7*xq*x*40 + S53xqx*x41l + TO*xqx*x42 + B6*xg*x*x43 + 100*g*x*x44 +
109xg**45 + 112xg**x46 + 109%q*x*x47 + 100xq**48 + B6*g**49 +
T70xg*x*x50 + 53xqx*51 + 3T7xq**x52 + 24xq*x*53 + 14*gx*x54 +
Txq**35 + 3xq*x*xu6 + Qg**57
(85645834567234561234584567045623458)
(11203 g**33 + 2xgr*x36 + Txg*x*37 + 14%xg**x38 + 24xqx*3G +
37*q**x40 + S3*xga*x4]l + TO0*xq*x*42 + B86xq*x*x43 + 100xq**x44 +
109xg**x45 + 1124q**46 + 109*0*x47 + 100*q**x48 + 86*+qx*49 +
TOxq**x50 + S53*xqx*51 + 37*q**52 + 24%xq*x*x53 + 14*gx*54 +
7*q**55 + Jxqgx*xub + qx*x57
(8567456245823456123458345612345€123458)
£C7012 g**38 + QqQ**39 + 2%xQq**x40 + 3xgrx4] + S*xqr*x42 +
5xq*x*43 4+ TxQr*xkqld + TxqQ*x*x45 + Bxg*x*x46 + Txqxx47 +
Txq**48 + Sxq**x49 + Sxqgq*x*50 + 3xq**5]1 + Zxq**52 +
q**53 + Gg**x54
(8956T74563458567234561234585072345€123458)
[16801] G**39 + 3xqx*40 + Brqx*41 + 16*qr*42 + 29%qx*x43 +
46xqrx44 + EBxQx*45 + 92*xqgr*4Ee + 11T7xqx*x47 + 139%xqg*x*48 +
156*g**49 + 165xgx*50 + 165*xqg**51 + 156%q**52 + 139%Ggx*53 +
117*g**54 + G2xy**55 + 68xq**x56 + 46*xq*x*57 + 29xq*x*58 +
16*xq**359 + Bxg*x60 + 3xqgxxH61 + qg*x*62
(856458734562345845673456234584567345623458)
[ Q**42 + Qg*x*x43 + g**x44 + gr*x45 + q**46 +
q**47 + g**48 + QqQx*x49G
(85645834567234561234585674,6345823456123458)
gl q**43 + qx*44 + qx*x45 + gr*k46 + qEx47T +
q**x48 + q**49 + gx*x50
(B564587245623458456734562345845673456123458)
[168 ] Q**432 4+ 2xQxx44 2+ 4xqr*x45 + GRQAx4H + GrRgrRA4T +
12*xq**48 + 15*xqe*4S + 17*xq**x50 + 18*xqx*51 + 1E+g**52 +
17*xg**53 + 15*xQa*54 + 12*xq**55 + 9*xq*x*x56 + E£*q*x*57 +
4*q**58 + 2*xq**59 + qx*x60
(8564587345623458456734561204584567345623458)
[1e8] Q**43 + 2xq**44 + 4xox*x45 + 6xQr*x46 + Grqrxx47 4+
12*g**48 + 15%q=x*49 + 17xg**50 + 18*qx*x5]1 + 18xg**52 +
17*xg**33 + 15xqx#*54 + 12+q**55 + 9xqg*x*56 + H£*xo*x*x57 +
4*q**58 + 2%xg*x*,9 + gxx60
(85645873456234584567345612545845673456123458)
[16&01 gq*x*44 + 3xqx*45 + Bagrx*46 + 1lEexGrx47] + 29%kq**48 +
46%q¥*x49 + 6£8xqgx*50 + 92+qg**51 + 117*qx*52 + 139*xqg**x53 +
156*xg**54 + 165xg**55 + 165*xq**x56 + 156*xq**57 + 139xq**58 +
117*q**359 + 92x **60 + 68*qQ**xH]l + 4E6*xqa*xp2 + Z29xqg**x63 +
l6*xq*x*64 + 8B8xq*x65H + 3Jxq*r*x66 + Qqr*67
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(65645834567234561234585674,L63458723456123458)
2801 Qx*44 + Z2xqx*435 + 4rgrx4p + Txg**47T + 1lrxq*x*x48 +
153*xg**49 + 20*xgx*50 + 24#qg**5]1 + 2T7*xg**52 + 29%qg*x53 +
29xqx*x54 + 2T7xqgx*55 + 24%xgx*xE6 4+ 20xgx*57 + 15xq**58 +
11*%ag**59 + Txq#zxe0 + 4xrxg**xEl + 2%QqQ*x*62 + g**x63
(85645834567234561234584567045€623458567234561234568)
[&401] Q**49 + 3xqxx50 + Txa*x51 + 13*¢c*x*x52 + 22+g**53 +
33xg*x*54 + 46xgx*x55 + 59xg**56 + Tlxqgx*57 + 80*xqg*x*58 +
B5*xqg**x59 + 5S5*xqr*x60 + BO0xgx*61 + Tlxqgxx62 + S59xqgx*x63 +
4opxgrxbd + J3xqurph + 22*xgr*66 + 13xQqr*6T + Trqr* 68 +
Jxqr*x69 + g*x*x70
(8567456345856 74562345867234561234582456723456123458)
L2801 g*x*31 + 2%q*x*52 + 4xGx*53 + T*xg**x54 + 11xqg*x*55 +
15xgx*56 + 20*qa*S7 + 24*q**58 + 27*xq**59 + 2G*q*x*x60 +
29*xq*x*61 + 2T*xqx*6Z + 24xq*x*63 + 20%xq**64 + 15xqx*x65 +
1l*xa*x*x66 + T*xqxx67 + 4*xqg**x6E + 2*xq**69 + q*x*x70
(R5674563458234561234583456(234561234584567245623458)
[2801] q**5]1 + Z2*xq*x52 + 4xqg**53 + T*xqg*x*xH4 + 11lxgx*x55 +
15%g**56 + 20*xqx*57 + 24*q**5§ + 27xq**59 + 29*g**x60 +
234xgxxH6l + 2T*xqr*bZ + 24*%xqQ**€£3 + 20*q**64 + 15%xg**x65 +
11l*g*x*x66 + Txqg*xx 67 + 4xQ*x*68 + 2xg*x*69 + gxx70
(8567456245856 72345612345850723456123458456723456123458)
[11201] a**54 + Jxq*x*xH5 + Txa**x56 + 14*q*x*57 + 24*q**x58 +
37*q**x59 + 53*xqux*x60 + T70*xqgx**61 + B86*qx*62 + 100*g*x*x63 +
109*g+**x64 + 112%xqg**6E5 + 109%qg**x66 + 100*qg**€7 + 86*xq**68 +
TO*xg*x*69 + S53xqgu*T70 + 3T7*qg*x*71 + 24%xqg*x*72 + 14*xqgx*x73 +
Txq*x*x74 + 3*q**15 + Q**T6
(85645872345623458456T734561204584567345623458345672345€123458)
[zel g**59 + qg*x*60 + Z2xq**xpl + 2*xq**62 + 3xqx*63 +
Ixqr*xb64 + 4rqxrxgD + 3xqr 66 + 3*q**67 + Z2kQ**E8 +
2xq*x*59 + q*xx70 + Qqxx71
(85645873456234584567345612.45845673456123458345€723456123458)
(5601 gx*60 + 2xqx*6]1 + SH*cx*62 + G*xqr*63 + 15*ax*64 +
22xqx*x65 + 3lxqaxbb + 35*xqr*6T + 4T*xqr*68 + SIxg*x*69 +
56*qx*70 +'55*q**71 + 53*xq**x72 + 47*q**73 + 29xqg*x*x74 +
3l*qx*75 + 22*q**76 + 15*q**77 + 9xq**xT8 + Sxqg*x*x79 +
2xqg**x80 + g**8§1
(8567456245856 74562345867234561234582345672345612345845673456
23458)
[56] qQx*64 + 2%xq**65 + I*xgx*x66 + Grqrxp] + Skqx*68 +
Exq*x*69 + Trxqrx [0 + Thgx*71 + E*xq**x72 + Sxgx*x73 +
GrqxxT4 + J3xqxxy5 + 2xqx*T6 + q**x77
(85674563458567456234586723456123458345672345612345834567234
56123458)
fzgao] g**67 + ZxQqx*68 + 4*xqr*x69 + Txq**70 + 11l*q*x*x71 +
15*xq*x*x72 + Z20xqx*73 + 24*q**T4 + 27*xqg**x75 + 29xq*x*x76 +
29*xqgxx77 + 2T*qx %78 + 24*xg*x*T79 + 20*xq*x*80 + 1S*gx*x81 +
11#q**82 + Txq*=x83 + 4xQ**x84 + Z2xq*x*x85 + gx*86
(856458T73456234564567345612545645672456123458345672345612345
83456723456123408)
[561] q**T76 + qQ**T7 + 2%q**T8& + 3*qg**x79 + 4xqx*x80 +
Sxqxx81 + 6xqQx*rc2 + 6*q**x83 + 6*qx*84G + 6*q**85 +
S5*xqx*86 + Q*q**07 + 2xQ**x88 + 2*%gq**x8S + q**90 + g**91
(856458734562345845673456125458456734561232458345€672345612345
83456723456123405834567234561234%58)
11 g**92
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Nejghbours of a point in 0:

13

[5¢61

hNeighbours

02
13

. 2

33

(13
151

£303

103

Neighoours

1:
23

33
42
52
g:

el
[1e1

181
£33

(121
£13

Neighbours

12
2.
33

53
S
7.
9.
102

€13
£sol
[151]

£181
[13l
£33
Léel
£33

Nejghbours

23

&5

£151

Lé6l

1513

Nejghbours

2.
3
43
5.

£33l
£s3
£13
£1513

£33
£33
(el
{9l
(113
£33

of

ot

ot

of

of

q + g*x*2 + 2*xQ*x3 + 3xQgrk4 + LxgxxS +
S*xgxx6 + HExkQx*] + EACAXE + LA *T + 6xqx*x10 +
S*Q*xx1l + 4xg*xx, 2 + 2xqr*x13 + 2*kgx*x14 + qg**18 + qg**16

point in 1:

1

-1 + G + qg**2 + 24%Q**x3 + JxQrx4 +

3xq*x*x5 + 3JIxqgrxb + 2xq*x*7T + q**8

qQ**S + 2*Qx*6 + 4ArQAxT + S*xqx*x8 + 6*q**x9 +
5*q**10 + 4hgrrxy] + 2xqrk*x12 + gx*x13

gx*10 + g*x*x11 =+ 2*q**12 + 2*xGg*x*13 + 2*xQqx*x14 +
q**1% + Ggx*x16

point 1in 2:

1 4+ ¢ + 2*%q**%2 + Q**3 + Qg**x4

=1 = g*x*2 + Q**, + 2xQ**4 + L4xgxx5 +

4xqx*6 + 4xqg*x*x7 + ZxQgx*x8 + Qq**9

G**6 + 2%xQ*¥*xT + 4xrgxxE + 4xqux*x9 + 4xqxx]1(0 +

2tq**11 + g*x*x]12

g*x*9 + grxx10 + (*=%x11

Gx*10 4 2xqg#x11 + 3xg*x*x12 + 3*%q**x13 + 2%q**x14 + q*x*15
q**lg

point in 3:

1

q + 2xQq*x*x2 + 3*“**3 + z*q**q + qx*H

=1 = Q**2 = Q¥x*xy + QqQ¥*4 + Jrkgxx5 +

Sxqx*x6 + SxqrxT + JrqgrrFE + gr*9

qx*7 + Jxq*x*x8 + Sxgx*9 + Sxqgx*x10 + 3*q**11 + g*x*x12
ax*x10

gx*11 + g**x12 + Qq*x*13

agx*x11 + 2*q**12 + Z2xQr%x13 + qgr*xl4

q**lq + g**x1S + qx*x16

point in 4:

1 + g + 2*xqQ*x*x2 + 2*%Qg*x*3 4+ Jxqgx*x4 +

2%QqQ**5 + 2*xQgxxE + Qx*x] + Q%8

-1 = Q¥*2 = Q¥*kq + Q**H + QqrxH 4+

2xQ*x*7 + g¥x8 + 2xq**9 + gx*x10 + gxrwxll

Gx*4 + g*x*5 + 2aqQrkb + JrqQrk] + JZxQAxE +
Ixqx*9 + Jxqgrxly + Z2xgrx1]1 + Qgrx12 + Qg**x13
q**8 + q**G + Z2xg*x*x10 + 2xqxx1l + 3Ixqrx12 +
2% Qq*x*x13 + 2*xq**x 4 + qxx15 + grxlé6

point in 5:

1 + g + g*x*2

Qx*x2 + 2*xQq**3J + 3JxkQix4 + 2¥Qqxx5 + QQr*6
gq*x*3

-] = q**2 - Q¥*y + Z*kQ¥x5 4+ 4xqQrrH +
6*q**7 + 4xqg*rxf + 2xqr*xG

q*x*3 + q**x10 + xx11]1

Q**8 + Qq**x9 + q**lO

g**8 + 2*xg**9 + 3*q**10 + 2%kq**x11 + Qqx%x12
qQ*x*10 + Zxgxxll + 3xqrx12 + 2xqgx*x13 + Qq**x14
q**13

qQx**14 + g*x*x15 + q**xl¢6
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Nedghbours of a point in 6:

3: L2t 1 + g + 2*%xg**2 + 3xqx*x3 + 3*xqgx*x4 +
Ixgx*xD + Jxqrx*kb6 + 2xqgEr*] + g**§ + qr*x9
63 LO03 -1 = g**x2 = Qg**y + Qx*x] + Qg**x§8 + q**lO
g9: (302 Q*%5 + 2xqgx*6 + JIxQr*] + 4xqgrx8 + HxgxxG +
Sxqgx*x10 + 4xgrx ]l + Ixgrx12 + 2xqr*13 + qg*r*x14
14: (6] Gx¥*11 + g**12 + q*x*x13 + g*x*x14 + (q*x*15 + q**1¢€

hNeighbours of a point in 7:

3 [&] 1 + g + 2*q*x*x2 + Qq**x2 + Q**x4

S5: [121] qQx*3 + 2*QqQ**x4 + 3Jxqrxd + JhQgrrxp + 2*xQrkx] + Qg*x8

T €713 =1 = g**x2 + q**x_ + QqQ*x*E + 2¥qgr*T +
G*x*8 + 2xqg**2 + q#**x10 + Qg*x11l

10: [1¢&1] G**6 + 2*%qQ*¥*xT + 4xQr*xE + 4xQ¥*xT + 4xqgrx]10 +
2*xqgqrxl1l + Qg*x12

12: [121] g**10 + 2xg*x*11 + 3*xgx*x12 + 3xq**x13 + 2*xqg**x14 + g*x*x]15

17: (113 ag**x16

Nedighbours of a point in 8:

2: [113 1

4: [2] g + g**2 + qg**3

5: [121] qx*x2 + 2%xqQ**3 + Ixqxx4 + TJxgxxH + th**e + g**x7

8: [121] =1 = g**x2 = Qg**xy + Q**D + 3JrqgrrE +
4*q**7 + 4rqgrxB + 2xqgx*x9 + Qqrx]1(

10: [1&31 q**7 + 2+QqQx*8 + 4xqxxG 4+ 4rgrx]10 + 4rqguAx]1]l +
2xqr*x]12 + q**x13

13: (6] g**x10 + qg**x11 + 2xq**x12 + qg**13 + g**x14

153 L43 q**13 + gx*x14 + Qg**x15 + gx*x1l6

Neighbours of a point in S:

3: [417 1 + g + g*x*2 + (*%3
5: [1273 qQ**x2 + 2*Q**3 + Ixqx*dy + Jxgrx*5 + 2xqrr6 + QAT
6: [11] gx*4
g9: [12] =1 = Q**%2 = Qg**xy = (Qg**x4 + g*x*x5H +

3xq*x*6 + 4rgrx] + Grqgr*x8 + JxGgx*5 + 2xq*x*10
10: [el q**7 + 2*xq**x8 + 2xqQ*x*x9 + 2xqrx10 + gxx]11]
11: [&] gq**9 + q**10 + .xq*x1]1 + g**12 + g**13
12: [e1 g**10 + gxx11l + 2*xgx*x12 + g**13 + Qg**x14
14 (21 a**x11 + qg**12
16: 43 q*x*13 + qg**14 + g**x]15 + qg*x*16

hNefghbours of a point in 10:

3: [11 1
5: [6] Q + 2*G**x2 + 2% (xk*x3 4+ Qgx*4
7: [ 3] q**3 4+ q*x*x4 + qx*5S
8 2] g*x*4 + g**5 + Qqk*E
9: L4] q**Q + 2*q**5 + Q**6 s
10: [14] -1 = qQ*x2 = Qg*xy = Qg*¥*x4 + ZIxqQI*xE6 +

Erqr*x7 + Sxgrx8 + Ixq*r*9 + qgxx10
c: L1213 q**x8 + 3*xQ**x9 + 4*xqx*x10 + 3xg¥x*xl]l + Qqxx12
13: (11 gq**10
14: 13 G*x11
15 (61 g**x1l + Z2xq*x12 + 2+q**13 + Qg**14§
16: (21 aqx*12 + q**13

18: [31 g**14 + g**15 + g**]16
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Neighbours of a point in 11:

5: [4] 1 + g + g**x2 + y**3
9: [18] Q¥*x2 + 2%xQqQ**3 + 4xQgxx4 + 4xqax5 + 4xgRkxE +
2*qx*x] + (gx*§
11: [1212 =1 = g**2 = Qq*x*x9 = (g**4 + 3Jxqgrx7T +
Ixg**x8 + 4*xqgx*x9 + Fxgaxx10 + 2xgx*x11 + Qgxx12
12 Led qQ**6 + g**7 + 2xq**§ + g**9 + qg*x*x10
16: (121 g**9 + 2xq¥*x10 + 3*gxx11l + 3J*xg*x*x12 4+ 2*%q*x*x13 + q*x*14
1s: [13 ag*x13
22 [31 g**14 + qg**15 + ax*xle

Neighbours of a point in 12:

5: [21] 1 + g
7 [21] q*x*2 + q**3
9 [3] q**2 + Qq*x*3 + Qx*q
10: [1232] q**3 + 3xqgx*4 + 4xQxx5H + Jhkgrx6 + q**7
11: (11 q**5
12: (131 =1 = g**x2 = Q**y = Q**4 = Qqx*x5 +
2*qQr*x6 + Dxgx*T + EXGr*R + 4xqx*9 4+ gxx10
15: [e6] qQ**9 + 2xgxx10 + Z2xgrx11 + q*x*x12
16: [e] q*x*9 + 2*xqx**x]10 + 2xg*x1l + qg*xx12
17: (1] q**x10
1¢: (el qrx*1l + Z2xg**12 + 2xq**13 + g*x*x14
21: (1] q**x13
23: [31] g*x*14 + Qq*x*15 + Ggx*xle
Neighbours of a point in 13:
g: [101] 1 + g + 2#%Q**2 + 2xq**3 + 2%qx*x4 4+
q**5 + qQ**6
10: C101 Qx*3 + Qg**4 + 2xqr*D + 2uxQrrpH + 2xQgFAxT +
q**8 + Qg*x*9
13: (101 =1 = g**x2 = Qqxxy + Qg**5 + 2*Gr*6 +
Ixqx*x] + Jxqr*x8 + 2%q#x*x9 + 2xqxx]10
15: [201] qr*7 + 24Q*x*8 + 3%q*x*9 + 4xqxx10 + L4xgrxll +
Ixqx*x12 + 2xq**x,. 3 + q#*x14
20: [13] qr*11
24: [51] q**12 + q**13 + q**x14 + g**x15 + g*xx16
Neiahbours of a point in 14:
6: [11 1
S: [101] qQ + 2*Q*%k2 + Zhk **3 + 2% Qrk*4 + 2xQqrxD 4+ Qgr*E
10: L1031 Q*¥*%4 + QqQ**x5 + 2xqr*6 + 2xq¥*x7] + 2xqQxx8 +
. q**9 + q*x*x10
14 (sl -1 = g**x2 + gQ**yu + Qx*6 + 2*xq*xxT +
ag*x*8 + g**9 + gwx=x11l
16: [201] Qx*6 + 2xqr*xT + 3Jxqgr*kbE + 4rkqrx*x9 + Lxqwx]10 +
Ixqe*x]l]l + 2xqrx,2 + qrx]123
187 (101 g**x10 + Qg#**x11 + 2%Q#*x12 + Z2*xqx*x13 + 2%xg**x14 +

g**13 + a*=x16

hNedighbours of a point in 15:

g: [13 1
10: £38] g + 2*qQ**x2 + 3*q**3 + 2*q**4 + q**5
12 £g3l qQk*4G + 2xq**x5 + 3xQ**6 + 2,kQgr*xT + gx*8
13: L[3] g**4 + g*x5 + Qgx*6
15: (123 =1 = gx*2 = QqQ¥**ky = Q*x*4 + QFr*E +
Grgrx] + 4xrxgr*x8 + 4xqrxxG + Txgxrx10 + gxxll
1823 el q**8{+ 2xq**G + 2Jxgxx]10 + 2*xqxx11 + Qq**x12
21 (231 gx*11 + g**12 + qg**12
23: [313 q*x*12 + g**x13 + g**1l4
24: [31 g**11 + qg#**12 + Qq¥x13
25: [23] g**x14 + q**x15 + qg**16
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Neighbours ot a point in 16:

g: [21] 1 + g + g**2

10: [2] gx*2 + QqQ**3 + (gx*4

11: (2] qQ**3 4+ g*x*x4 + gx*5

12: {93 Q**x4 + 24%q*xx5 + Jrgrxb o+ 2%xQq**x7 + Qgx%x§8

14: [3] g**3 + Qq**4 + (gx=*5

16 [131] =1 = g**2 = Q*k, = QgQx*4 + 2%xQ*x6 +
4xqx*x7 + 4xq*x*x8 + 4xcxx9 + 2xqgrxl10 + gxx11l

18: [91] Qx*8 4+ 2*xq**9 + Jxqrx10 + 2xgx*x11 + q**12

22: [31] q**10 + qg**x1]1 + Qq#**12

23: [¢1] gx*1l + 2xqg*x*12 + 3*xqx*13 + 24g*x*x14 + gxx15

27 [11 g**x16

Neighbours of a point in 17:

7: L[47] 1 + g + g**2 + (**J

12: [2473 Q**2 + 2*qgq*¥*xF + L4rgr*4 + Skqrx5 + Sxgrxp 4+
4rgx*x7 + 2*%qQ*x*8 + Qq*r*C

17: [¢C3 =1 = G**2 - Qg*xk, = Qgxx4 = qx*x5 +
Qxx7 + 2*xq**x8 + Q*x*x9 + q**lO

18: [2473] Q**x7 + 2*xGx*x8 + 4*%q**G + Saqrx10 + Drqwrxll +
4xqrxl2 + 2xq*x*x,. 3 + qxx14

26: [41 G**13 + q**14 + Qg**x15 + Qg**16

Neighbours of a point in 18:

16: [31 1 + g + g**2

12 L6 Qrx*x2 + 2%xQ**x3 + 2*xQ*i*x4 + qrx*5

1423 1] q**3

15 [&] Q**4 + 2xqg*x%x5 + Zhqg*xxE + qrx7

16 Le] Q**4 + 2*xqrx*x5 + 2H¥qixp + qrx*7

17: £113 q**6

18: [131] =1 = g*%x2 = Qg**xy = Qg**x4 = Qq*rx5 +
4xgrx] + Exq*x*8 + Dxqgrx9 + 3xqxx10

23 L1211 q**9 + 3xqx*x]10 + 4rcxx]1]l + 3J*xgx*x12 + Qqx*13

24: [11 qx*x11

25: (31 gx*12 + g**%x13 + g*x*14

26+ £z1l Gx*13 + q*x14

28 (213 qx*15 + qg*x16

Neighbours of a point in 15:
11: [351 1 + g + 2*%q*x*2 + J3*Qqx*3 + 4xgxx4 +
4rq*x*S + Dhxgrk*xh + LGxqrx] + Grxgx*x8 + 3xqx*G +
2xqx*x10 + g**11 + qg*»12

19: [013] =1 = Gg**2 = Qg**xg = Q**4 = qQx*x6c +
’ gx*7 + g*%*9 + gx*10 + g**11 + q**13
22: (2113 Q*x*6 + gx*x7 + 2xQg**x8 + 2Z2*gx*9 + Fxqgxx10 +

3xqxx]l]l + 3xQx*x,2 + 2%Qqx*x13 + 2xq*xx14 + gx*15 + grxl6

Nefghbours of a point in 20:

13: [2113] 1 + Q + 2*%Qq**2 + ZxqQx*3. + JxQqQix*x4 +

3xq*x*5 + 3xqgrkx6 + 2%k0or*k] + 2*qQx*x8 + g**9 + qg#**x10
20: (01 =1 = g**2 = Q**x4q + Q**x7 + QqQ**9 + gx*x]1]
24 [35] ax*4 4+ Qq**5 + 2xQqQrx6 + J*qQx*xT + 4rgxx8 +

Gxgxxy + Skqgrxly + 4xrgrx1] + 4xgrx12 + FIxqrx13 +
2*q*xx14 + qx*15 + g*x*x16 '
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hNeighbours of a point in 21:

12: [1013 1 + g + 2%q**2 + 2xQ**x3 + 2%Qg*x*x4 +
q*x*3 + Qq**6

15: [201] g**3 + 2xQgx*x§4 + 3Jxgx*xD + L*xgx*xb + L4xgEAx] +
3xqx*8 + 2xq**x9 + gxx10

21 [51] =1 = g*x2 = qg¥xy, = Qg**x4 = Qq*x*x6 +

qQx*7 + q¥x*8 + 2xqg*x*x9 + 2xq**x10 + 2xqxx11 +
q**12 + Qg**13

23: [C1c13] G**E + QqQ**x7 + 2xQq*x*§ + 2*xqg**G + 2xg*xx10 +
qg**x11 + q**12
25: [101 qQ**x10 + 2*xqgr*x11 + 2*xq**12 + 2+xq*x*x13 + 2xqg*xx14 + q*xx15
29: [11] qx*16
Neighbours of a point in 22:
11 [t] 1 + g + g**x2 + **3 + Qg*r*4
16: (203 Qr*2 + 2xQa**3 + JdxQr*x4 + 4xkQxx5 + 4xqrxb 4+
Ixqgxx] + ZxkQ*x8 + qQ**9
19: [113 gq**5
22 L1012 =1 = g**x2 = Qg*xy = Q*x*x4 = Qq**x5 +

Q**6 + 2xkqgx*x7 4+ Jxqg*xxE + Ixqrx9 + 3xgx*x10 +
2*xqxx11 + Qg**12

23: (103 Q**x7 + Q**8 + 2xQqx*x*9 + 2xqx*x10 + 2*xQq*x*x11 +
Q**12 + g**13
27: [101] g**x10 + g**11 + 2xQ*%x12 + Z2*xq**x13 + 2*xq*x*x14 +

q*x*15 + q*x*16

Neighbours of a point in 23:

12: (3] 1 + g + agx*2

15: [21] q**3 + qx*4

l16: L[63] Q**2 + 2¥Qx*x3 + Z2xqQrx4 + Qq*xx5

18: [123] qQ**4 + 3%g**x5 + 4xqgrxp + IJxq*x*] + QqQ**x8
21: [11] qx*x5

22: (113 qx*6

23: [141 =1 = g**2 = (g**y - Q**¥4 - q*x5 +

Ixqr*xT + S*xg*x*8 + E6xg*x*3F + 4xqgxx1(0 + gxx11

25: L[41] g**10 + 2xg**11 + Cc**]12
26: [2] gx*1]1 + g**x12 + qg**13
27 [3] g**10 + qgq**x11 + Qq**12
26: L[61] qx*x12 + 2*xg**13 + 2*xqg**x14 + Qq*x15
30: [113 q**x16
Neighbours of a point in 24:
2: [3] 1 + c + qg**2
S: [121] Q**2 + 2xQq**3 + 3*Qr*4 + IxQ**5 + 2xQqr*xp + Qxx7
18: (6] Qx*6 + g*x*x7T + 2xQ*x*x8 + g**x9 + qg**x10
20: [113 G**3
24: [121] =1 = QqQ**%2 = QgQ**y + Q**5 + 2%Qir*6 +
Ghqrx] + Ixq**x8 + Ixqx*G + qQ**10 + g**11
25: [1¢&1] G*¥*8 + 2%xg**9 + L4xquxx]10. + 4Hxgrxl]l + 4rqr*x12 +
2xgx*x13 + Qqx=*x14
2e: [4] q**13 + Ggx*x14 + g**15 + gx*xl¢

Nejghbours of a point in 25:

15 (41 1 + g + g**2 + (*x*3
18: (6] qQx*2 4+ Qq*x*3 + 2xQq*x*x4 + g*x*x5 + Qqx*p
21 [2] q**4 + g**5
232 [8] G*x*S + 2*Q*x*x6 + 2xQ¥*x] + CZkqQ*xf + Qqx*9
24 2 e Q**3 [+ Q*x*x4 + 2xQg*x*xS + qr*6 + QqQ*x*7
25: (131 =1 = (g**2 = Q**x_, - Q**x4 = QqQ**x35 +
qQ**6 + Jx(Gx*x] 4+ 4xGxk*xk8 + 4xqr*x9 + 4xqxx10 + 2*xqgrx1ll
28: [121 gx*x9 + 2xq*x*x10 + 3xqxxll + 3xgx*x12 + 2xg**13 + qg*x*x14
29: [11 gx*12

200 [42 Qr*13 + gx*14 + 0**x15 + qx*16
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Neighbours of a point in 26:

17: [113
18: [121]
23: L1613
26 [71
28: (121
30: [63
Nefghbours
16: [41]
22: Le]
23: [181]
27: 121
28: (121
31: [31]
32: [13
Nedighbours
1. (31
23: [9]
24 [11
25: [91]
26 [31]
27: (3]
28: [1512
30: [91]
31: (11
32: [31]
heighbours
21 [e]
25: L3011
29: 01
30: [201]

Neighbours

23: [31]
28: [e1]
26 [31
28: [1€1]
29: [11]
30: [151]
32: [9]
33: [11
Nedighbours
27: [151
26: [201]
313 [e]
32: [151

of

of

of

ot

of

-1 -

1

q + 2*%Q**x2 + 3x *x*%3 + JxQgrkk4 + 2xqi*¥H + Qqr*E
Q**4 + 2xQqQ**x5 + 4xqrAxp + 4xqrxxT + 4xgxx8 +
2xqx*xS + q**x10

=1 = qQ**2 = QqQ**ky = Q**x4 + 24QrkkT +

qQ**8 + 2*G*x*9 + 2+qgrx10 + 2*Qqx*x]1]1 + Qr*x12 + g**13
g**8 + 2%q**9 + 3*xGr*10 + 3Jrgrx1l + 2xqx*x12 + Qq**x13
g**12 + g**x13 + 2*Qq*x14 + g*x*15 + gx*1l6

point in 27:

1 + g + qx*2 + (*%x3

qQx*2 + gQ**x3 + 2xQqk*x4 + Q*x*5 + Qqr*xE

Qx*3 + 24Q*k*x4 + 4xQqr*5 + 4xQrAE + L4AgqakxT +
2xGx*8 + qk*9
Q**2 = Q**, - Qx*4 = gxx5 + ‘

2xa**xT + 4xqrxx8 + 4xq**G + 4xqxx]10 + 2xqgrx]1]1l + gFx12
g**9 + 2xq¥*x10 + 3xgr*11l + 3kqx*12 + 2xqx*13 + qx*14
gx*13 + g*xx14 + g*x*1H

gQ*x*16

point in 28:

1 + g + g*x*x2

G**2 + 2*kQqQ**3 + 3Jxqr*x4 + Z2xqg*xxS + gx*6

g*x*3

gx*x4 + 2xQqQ¥*x3 4+ Jxqgrxrh + Z2hkQrxT + QqQ*x*x8
qQ**5 + q**6 + qr*x7

Q**6 + Qq**7 + QqQx*§

=1 = Q**2 = Qg**ky = QG*x§ = Q**5 - qgrxE +

2*q*k*7 + 4xq*x*x8 + 6*xqx*x9 + Sxgrxx]10 + 3xkgrrl1l + Qqrx12
a**10 + 2%qrx*x11 + 3*xGr*x12 + 2xq**x13 + Qgx*x14

q**13

g*x*14 + g*x15 + qx*x1¢

point in 29:

1 + g + g**x2 + y**3 + gx*4 + (g**5

QX *2 + 2%Q**x3 + 3JxQqir4 + 4xqrx5 4+ HrRqrxE 4+

Sxqrxx7 + 4rqgxx8 + Ixqrx*xG + 2xqr*x10 + Qgxx11

-1 = g**2 = Qq**y, = QqQrx4 - Qgq**x5 +

q**8 + q**9 + gxx10 + qgx*1]1 + Qgx*x12

gx*7 + q**8 + 2xq**9 + Ikqik*x]10 + 3Jkqgrx1] +

IJxqrxxl2 + 3*xq**x,3 + 2*xq*x*x14 + g**x15 + qx*x16

point in 30:
1 + g + g**2

Qr*2 + 2%xQ**x3 + 2*kQqQr*x4 + Qgr*5

q**3 + q*x*4 + Qgxx*E

Qx*x4 + 3xqgx*x5 + Sxqxxp + Sxgrx7 + JIxgx*k8 + q**x9

Q**6 '

=1 = Q**2 = Qg**y = Q**4 = Q**S = Qr*E +

q**7 + 3*qQ*xx§ + S5*xqQx*x9 + E£xqQ**]10 + 4xguxx]l]l + 2*xqgrx]12

gx*11 + 2*q**12 + J*xqx*x13 4+ 2xqg**x14 + g**15
q**x16 :

point in 31:

1 + g + 2%qg*x*2 + 2%qQ**x3 + 3J*xqgxx4 +

2%xQ**5 + 2xq**x6 + QqQ*x*x] + Qq**§

qQ**3 i+ gx*4 + 2xgr*D5 + JxqQr*xp + JrxgrxT +
Jxqxx8 + 2xqx*G + Zxqrx10 + g*rx11 + Qqx*x12
=1 = g**2 = Qq**gy - Q**4§4 + 2xqQ*rk*x7 +

qQ**8 + 2xQq*x*9 + 2#xqx*x]10 + 2xgxx1l1 + Qq*xx13
g**8 + gx*9 + 2xQqx*10 + 2xqgx*x11 + 3Jxgr*12 +
2xq**x13 + Z2xqrx. 4 + gxx*x15 + gx%x1l6
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Neighbours of a point in 32:

27: [11 1

2&8: [123] g + 2*gxx2 + 3Jxk x*x3 + JxQxk4 + Z2kQx*xT + Qr*E

30: (18] qx*x4 + g*q**s + 4rgrxE + 4rgrxT + 4hqgrrg +
2*qQ**x9 + q**lo

31 [31] G**5 + q**6 + qgx*7

32: [161] =1 - g**2 = Qg**x, = Q**4 = Qq*x*E = Qgr*E +

Q**T + 2*xQ*x*8& + 4xQqx*xG + Sxgrx*x10 + Sxqgxrxll +
3xqr*x12 + 2xkqr*x.3
33: (613 gx*12 + g**13 + 2*q**14 + q**15 + Qqg**1lé6

Neighbours of a point in 33:

30: [101 1 + g + 2%Q**2 + 2xQq%x*x3 + 2kqxx4 +
g**S + qQ**6

32: (302 qQx*3 + 2*xQ**4 + 4xQxx5 + DAxqgxx6 + ERQxxT +
S5xQq*x*8 + 4xg**9 + xqr*x10 + Qgxx]11]

33: (151 =1 = Q¥*2 = (Q*xky = Qx%4 = Q*kx5 = QxxE +

qQ**8 + 2*q**9 + 4xqrx10 + 4*xqgr*x]1]l + 4rqgxx12 +
I*kGrx13 + 2xkqQr*x 4 + g**1°%
34: [13 gx*16

Neighbours of a point in 34:
33: [5€1] 1 + g + 2%g**2 + 2%q**3 + 4xqgrx4 +
S«g**x3 + 6*q**6 + ExQ**x] + HXQR*rE <+ 6*q**9 +
Sxqx*10 + 4xqgrxy ]l + 3J*xQqwux12 + 2*g**13 + g*x14 + q**15
34 [01] -1 = G**2 = (QQ¥ky = Q**4 = Q*x¥*5 = gk +
q**10 + g**x11 + q**lg + q**13 + g*x14 + Qg*xx*x1€
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