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This paper establishes a rather complete optimality theory for the average cost semi-Markov
decision model with a denumerable state space, compact metric action sets and unbounded
one-step costs for the case where the underlying Markov chains have a single ergodic set. Under a
condition which, roughly speaking, requires the existence of a finite set such that the supremum
over all stationary policies of the expected time and the total expected absolute cost incurred until
the first return to this set are finite for any starting state, we shall verify the existence of a finite

solution to the average costs optimality equation and the existence of an average cost optimal
stationary policy.

Semi-Markov decision processes unbounded one-step costs
denumerable state space average costs

optimal stationary policy optimality equation

1. Introduction

We are concerned with a dynamic system which at decision epochs beginning with
epoch 0 is observed to be in one of the states of a denumerable state space I and
subsequently is controlled by choosing an action. For any state i € I, the set A(i)
denotes the set of pure actions available in state i. If at any decision epoch the system
is in state i and action a € A(i) is taken, then, regardless of the history of the system,
the following happens:

(i) an immediate cost c(i, a) is incurred,

(i) the time until the next decision epoch and the state at the next decision epoch
are random with joint probability distribution function Q( -, - |i, a).

Foranyiel and ael, let

pi(a)=Q(0, jli,a) forjel
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and

0

ra)=} j 1Q(ds, jli, a).
jelJ0

i.e. p;(a) denotes the probability that the next state will be j and 7(i, a) denotes the

unconditional mean time until the next decision epoch when action a is taken in

state i. Observe that Y.y p;(a)=1 for all i, a. We make the following assumption.

Assumption 1. (a) For any i € [, the set A(i) is a compact metric set,
(b) forany i €I, both c(i, a), p;(a) for any j e I and 7(i, a) are continuous on A(f),
(c) there is a number £ >0 such that 7(i, a)=¢ forall ie I and a € A(i).

We now introduce some familiar notions. For n =0, 1, ..., denote by X, and a,
the state and the action at the nth decision epoch (the Oth decision epoch is at epoch
0). A policy 7 for controlling the system is any measurable rule which for each n
specifies which action to choose at the nth decision epoch given the current state X,
and the sequence (X, ao, ..., X,-1, a,.-1) Of past states and actions where the
actions chosen may be randomised. A policy 7 is called memoryless when the actions
chosen are independent of the history of the system except for the present state.
Define R as the class of all stochastic matrices P = (p;), i, j € I such thatforany iel
the elements of the ith row of P can be represented by

pij =J pi(a)mi(da) foralljerl (1)
Ali)

for some probability distribution m;{- } on A(i). Then any memoryless policy = can
be represented by some sequence (P, P, . ..) in & such that the ith row of P, gives
the probability distribution of the state at the nth decision epoch when the current
state at the (n —1)st decision epoch is i and policy 7 is used. Define F = Xjc; A(i).
Observe that, under Assumption 1(a), F is a compact metric set in the product
topology. For any fe F, let P(f) be the stochastic matrix whose (i, j)th element is
pii(fi)), i, jel and for n =1, 2,... denote by the stochastic matrix P"(f) = (p(f))
the n-fold matrix product of P(f) with itself. A memoryless policy 7 = (Py, P,, . . .) is
called szationary when P, = P(f) for all n = 1 for some f € F. This policy which always
prescribes to take the single action f(i) € A (i) whenever the system is in state / will be
denoted by . Observe that under the stationary policy f* the process {X,, n =0}
is a Markov chain with one-step transition probability matrix P(f).

For n=0,1,..., denote by 7, the time between the nth and (n + 1)st decision
epoch. A policy #* is said to be (strongly) average cost optimal when
lim sup, - ¢4 (i, 7*) is less than or equal to lim sup,, .« ¢, (i, 7) (lim inf, - oo &.(i, 7))
for any i € I and policy 7 where ¢, (i, 7) is defined by

Ed ¥ e )| Xo=i]

buli, m)= , n=0,1,... . 2)

n

E-rr{ Z Tle()=i}
k=0
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with E. is the expectation under policy 7. We here assume that this quantity is
well-defined forany i € I and policy 7 as is the case under the additional Assumption
2(a) to be stated below.

It is well-known that an average cost optimal policy may not exist and even an
example has been given in [7] in which an average cost policy exists but any average
cost optimal policy is nonstationary. It is remarkable in this example, that besides
uniformly bounded ¢ (i, a) and 7(i, a), any stochastic matrix P e @ is irreducible and
positive recurrent. In general we can only state that for fixed initial state we may
restrict ourselves to the class of memoryless policies. More precisely, by a slight
generalization of the proof of Theorem 2 in [2], we have the known result that for any

fixed io €I and policy 7, a memorlyless policy 7y, can be found such that for any
kel Borelset Bc A(k)and n =0,

Pﬂ'M{Xn = k7 ‘an € B ‘X() = i()} = Pm,{Xn = k, a, S B ]X() = i()}. (3)

Another general result says that if the average cost optimality equation has a solution
satisfying some regularity condition then any stationary policy generated by the
optimality equation is strongly average cost optimal, cf. [14].

In this paper we shall establish for the average cost optimality criterion a rather
complete theory for the denumerable state semi-Markov decision model with
unbounded one-step costs for the case where the underlying Markov chains have
only a single ergodic set. This theory both extends considerably and unifies the finite
state space model and the special cases of the denumerable state space model so far
studied in the literature, cf. [1, 3, 4, 9, 10, 13, 14, 17-19). This paper exhibits the
existence of a finite solution to the average cost optimality equation and the existence
of a strongly average cost optimal stationary policy under a condition which, roughly
speaking, requires the unichainedness of the stochastic matrices P(f), fe F and the
existence of a finite set K such that the supremum over the stationary policies of both
the expected time and the total expected absolute costs incurred until the first return
to this set K are finite for any starting state. This assumption considerably weakens
the usual conditions requiring that the set K is a singleton or assuming that both the
one-step costs and the mean recurrence times are uniformly bounded. The latter
asumptions are seldom met in typical applications as in inventory and queueing
theory.

In Section 2 we will give the essence of our analysis by first establishing relation-
ships between the original decision processes and the embedded decision processes
on the finite set K. Next in Section 3 we will prove both the average cost optimality
equation and the existence of a strongly average cost optimal stationary policy by
using proof techniques developed in [4, 9, 14, 18]. We conclude this section
be remarking that extensions of the theory presented for the unichained case to
the important case of ‘communicating Markov decision chains’ (cf. [1, 9] will
require different proof techniques as possibly linear programming or fixed point
methods.
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2. Analysis of embedded decision processes

We first need some notation. For any A <1, define
N(A)=inf{n=1|X,c A}

where N(A)=coif X, A forall n =1, i.e. N(A) denotes the number of transitions
until the first return to the set A. Also for any A <= I and f€ F, define for i, je I and
n =1 the taboo probability

aPi(f)=Pu={X, =), X g AforI<sk<sn-1|X,=1i}. (4)
Observe that
Er={N(A)| Xo=i}=1+ Z1 ZAApS(f)). (5)
n=1j¢

We now introduce our main assumption.

Assumption 2. (a) There is a finite set K such that for any i € I the quantities u *(i)
and y*(i) are finite where

N(K)-1
{ Y rle0=i}=u*(z’) foralliel (6)

k=0

sup Epeo
feF

and
N(K)-1

supEoo>{ Y (X, ax)
feF 0

Xo=i}=y*(i) foralliel, 7

(b) for any f € F, the stochastic matrix P(f) has no two disjoint closed sets.

In words, Assumption 2(a) requires the existence of a finite set K such that the
supremum over all stationary policies of both the expected time and the total
expected absolute cost incurred until the first return to the set K are finite for any
starting state. To satisfy Assumption 2(a) in applications, it may be necessary to
exclude in certain states those actions which are far from being ‘optimal’, e.g. in an
M/M]/c¢ queueing system with a controllable number of operating servers consider
only policies under which all ¢ servers will be operating when the queue size exceeds
some given large value. By other arguments based on the specific form of the
application, it is usually not difficult to show that any other policy can be improved in
average costs by a policy belonging the class of policies considered. We remark that
Assumption 2(a) is satisfied with bounded functions u* and y* when the quantities
¢(i, a) and 7(i, a) are uniformly bounded and any of the recurrence conditions on the
set (P(f), fe F) given in [6] holds, cf. also [5].

We shall now first verify as key result that under the Assumptions 1 and 2 for any
feF astate sy K exists such that under policy /> the expected time and the total
expected absolute cost incurred until the first return to the state s; are bounded by
u*(i)+c and y*(i)+c respectively for any starting state i/ for some constant ¢
independent of fe F. We shall need the following lemma whose proof is standard.
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Lemma 1. Let A be any subset of I. Then, forany icIand fe F

N(A)—-1 N(A)-1

Eol T 1Ko a | Xomif = 5 nlXo=i]

k=0 k=0

— e fI)+ Y T G AR, (@)

n=1jgA

By Lemma 1, we may replace 7 by 7(X,, ax) in (6). This result will be essentially
used in the analysis hereafter. It now follows from Lemma 1 and (5)-(6) that under
the Assumptions 1(c) and 2(a),

v .
E,«oo){N(K)IX():i}su—s(L) foranyfe Fandiel 9)

It is our conjecture that (9) implies tightness of the collection of the stationary
probability distributions of the stochastic matrices P(f), fe F.
Under Assumption 2, define for any fe F

a5(f) = § L), iel jek, (10)

i.e. q;;(f) is the probability that at the first return to the set K the transition occurs
into state j starting from state i and using policy f*. Observe that, by (9),

z qu(f)=1 foralliel (11)

jekK
For any f € F, define for i € I and j € K the (possibly infinite) quantity

v;;(f) = expected number of returns to the set K until the first
transition into state j occurs starting from state J
and using policy f**. (12)

Theorem 1. Suppose that the Assumptions 1 and 2 hold. Then

(a) forany f e F,the finite stochastic matrix (q:;(f)), i, j € K has notwo disjoint closed
sets,

(b) for anyieland je K, the probability q;(f) is continuous on F,

(c) there is a finite number B such that for any f € F a state sg€ K exists for which
vii,(f)<B foralliel

Proof. (a) Fix feF. Let K; =K and K, < K be any two non-empty sets that are
closed under the stochastic matrix Q(f) = (q;(f)), i, j € K. To prove that K; N K is
not empty, define for r =1, 2 the set

I,={jelI|pi(f)>0forsomeicK, and n=1}.
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It is immediate that both sets I; and I, are closed under P(f) and hence I, NI, #0.
Choose now te€ I; N I,. Since t € I, it follows that

pa(f)>0 forsomeseK,andm=1. (13)

Using (9), te€ I, and the fact that K, is closed under Q(f) it is readily verified by
contradiction that

Pul(f)>0 forsomeueKrandn=1. (14)

By (13) and (14), ps.,""(f)> 0. This implies that « € K, can be reached from s € K;
under Q(f). Since K, is closed under Q(f), it follows that u € K so that K; N K, # 0.

(b) By Assumption 1, we have that F' is a compact metric set on which p;(f) is
continuous for any i, j € I. Using this fact and the relation

xpii(f)= h:LKpih(f)Kpﬁ,-'l (f) forn=2,3,...

it follows by induction that xpi;(f) is continuouson F forany n =1 and i, j € I. Hence
gi;(f) is continuous on F if the sum (10) converges uniformly on F. To prove this, fix
s €I and observe that, by (9),

® u*(s)
Y P,-<m»{N(K)>n|Xo=S}ST forall fe F. (15)
n=0

Choose now 0<é < 1. Then there is an integer M such that
Pr={N(K)>M|X,=s}<8 forallfeF. (16)

To prove this, assume the contrary. Using the fact that Ppro{N(K)>n|X,=s} is
non-increasing in n, we then get a contradiction with (15). Now, by (16) we have for
any je K

fe )

Y kPs()<Pra{N(K)>M|X,=5s}<6 forallfeF
n=M-+1
which proves the desired result since § >0 was chosen arbitrarily.
(c) By the finiteness of K and the assertions (a) and (b) of the theorem, this
assertion is an immediate consequence of Theorem 2.6 in [S] or Theorem 4 in [6].

The following theorem will play a crucial role in the analysis in the next section.

Theorem 2. Suppose that the Assumptions 1 and 2 hold. Then there is a finite number
¢ such that for any f € F a state s; € K exists for which
N({shH—1

Eﬂm){ Y T(Xk,ak)[X0=i}<u*(i)+c foralliel (17)

and

N({sh—1

Ew){ X Ic(Xk,ak)llXo=i}<y*(i)+c foralliel (18)
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Proof. By Theorem 2 we can choose a finite number B and for any f € F astate s;e K
such that

vi,(f)<B forallielandfeF. (19)

We shall now verify (17). The proof of (18) is identical. Fix now f € F. We introduce
the following notation. For any i€ and je K, define 4;;(f)=q;(f) and, for n =
2,3,..., let

qi(f)= kZK qi(Hdi ' (f) forielandjek.

k#sp

Observe that §;;(f) is the probability that during the first n — 1 returns to the set X no
transition occurs into state s; and that at the nth return to the set K a transition occurs
into state j starting from state / and using policy f°. We have

vie=1+ Y Y Gi(f) foralliel (20)

n=1jeK

J#sf
Define vy =0 and, for n =1, v, =inf{m > v, _,| X,, € K}. Also, define 6, =1 and, for
any k=1, 8, =1if X,, #s; for 1 Sm <k and 8, = 0 otherwise. Denote by T'(;, f) the
first expression in (8) with A = K. Then using the first equality in (8) and (6), we find

Ns;h—1

E,«»{ Y (X ak)|X0=i}=E,«w){§08kr(Xk, ak)|X0=i}

k=0

[Se] V"—'l
=Eﬂ°°’{ by > k(X ak)!oni}

n=1k=v,_,

= T(l, f) + Zz Ef“"’{ "'i 6kT(Xk, ak) IX(] = l}

=Vn—-1

=TGN+ Y T @ (AT

n=2 j#ss

<u*(i)+max u*(j) ¥ ¥ 457 (f) foralliel
jeK n=2j#ss

Invoking (19) and (20), we now get the desired result.
We need the following results from positive dynamic programming (cf. [9, 16]).

Lemma 2. Consider the positive dynamic program (S, D(s), q(tls, a), r(s, a)) where
the state space S is denumerable, the action set D (s) is a compact metric set forany s € S
and the immediate return r(s, a) is non-negative foralls € Sand a € D(s). Also assume
that for any s€S both r(s,a) and the one-step transition probability q(t s, a)
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for any teS are continuous on D(s). For any policy , define V(s, m)=
E {Yv-0r(X,, a.)| Xo=s}, s € S where X,, and a,, denote the state and the action at the
nth decision epoch. Let V(s)=sup, V(s, m), s€ S. Then '

sup V(s, )= V(s) forallsesS, (21)

feF

V(s)= sup {r(s, a)+ Y Vitg(t]s, a)} forallseS. (22)
aeD(s) teS

Proof. We need some notation. For any integer M =1, let ™(s, a) =
min (r(s, a), M) for all 5, a. For any 0<a <1, s € S and policy 7, define

Vo (s, )= E,,{ Y a"r(X, a.)| Xo= s} and
n=0
VM (s, ) =E,.,{ Y "M (X, a.)| Xo =s}.
n=0
Using the non-negativity of (s, a) we have by the monotone convergence theorem

A}Im}n VM(s, w)= V., (s, w) for any 0<a <1, s €S and policy =, (23)
and, by a Tauberian theorem,

lirr} Vuls, m)=V(s, w) foranys e S and policy 7. (24)

Letting VM(s) =sup,, VM(s, 7), sel, it is well-known from discounted dynamic
programming (e.g. cf. [9, 12]) that for any 0<a<1land M =1

VM (s)= max {r(s, a)+a ¥ V¥(q(t]s, a)} forallse S (25)
aeD(s) teS
and
sup Vai(s, ) =sup V¥ (s, w) forallseS§. (26)
feF ™

Using the fact that lim,.« sup, g.(x) =sup, lim, .« g.(x) for any non-decreasing
sequence of functions {g,}, we obtain from (23) and (26) that supscr V,(s, ) =
sup, V, (s, w) for all s€ § and 0 <a < 1. Next, by letting @ = 1 in this relation and
using (24) we get (21). The optimality equation (22) follows by the same reasoning
from (23)-(25) by first letting M - % and next letting o — 1.

By defining an appropriate Markov decision model with an absorbing state oo, the
next theorem is an easy consequence of Assumption 2(a) and Lemma 2.
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Theorem 3. Suppose that the Assumptions 1 and 2(a) hold. Then

u*(i)= sup {T(i,a)+ Y pi,(a)u*(j)} foralliel, (27)
aeA(i) 2K

y*(i)= sup {Ic(i,a)|+ Y pi,(a)y*(j)} foralliel (28)
acA(i) 2K

By this theorem, we have that Assumption 2(a) is equivalent to the condition

requiring the existence of a finite set K and a finite non-negative function y(i), i € I
such that

lc(i, a)l+7(i, a)+ Y py(a)y(j)<y(i) foralliel and ac A(i). (29)
j€K

The condition (29) with K equal to a singleton was first studied in [9] where this
condition was called a Liapunov condition, cf. also [8, 10] for further investigations
on Liapunov conditions.

For any P € &, define the substochastic matrix P = (pi) by

. pi; foriel jeK,
i ={ . . (30)
0 foriel,jek.
Then, by Theorem 3,
Pu*<u* and Py*<y* forany Pe®. (31

Lemma 3. Suppose that the Assumptions 1 and 2(a) hold. Then, for any sequgnce
(P1, P, . ..) of stochastic matrices in R,

n—1 ” R
Py Py*()<y*(@)+max y*(j)+ ¥ ¥ Prr1- - Pay*(h)
jeK k heK

=1 he

<sy*(i)+n max y*(J) foralln=1andicl (32)
1€
The same inequalities apply when y* is replaced by u™.

Proof. By a last exit decomposition, we have for any n=1, i€ and j¢ K,

n—1 A -
(P]"'P,,),‘j=(ﬁ1"'Pn)ij+ Z Z (Pl"'Pk)ih(Pk+1"'Pn)hi

k=1heK

By this relation and a repeated application of (31), we get (32).

We can now conclude by Lemma 3 and (3) that for any policy = the quantity
&, (i, ) in (2) is well-defined and finite.
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3. The average cost optimality equation

We first analyse a discounted cost function to derive the average cost optimality
equation by a technique developed in [14, 18]. For any 8 >0 and policy , let

V, (l, 77)=E" z 3‘322;‘”(":«%) C(Xn, an)lx()___l- . iel
B

n=0

and, for any 8 >0, let

VB(i)=inf VB(i, 7T), iel
Using Lemma 3 and (3), it is straightforward to verify that for any 8 >0 the quantity
Vs (i, 7r) is well-defined for any i, 7 and that, for constant cg,

|Va(i)|<cpgy*(i) foralliel (33)

We now make the following assumption.

Assumption 3. For any i eI, ¥,c;p;(a){u*(j)+y*(j)} is continuous on A(i).

Note that, by Assumption 1 and a convergence theorem of Scheffé, the sequence
of probability distributions {(p;(a.),j€I), n =1} converges setwise to the prob-
ability distribution (p;(a), j € I) as a, - a. By (33) and the convergence theorem in
(15, p. 232], it follows that under this additional assumption 3 ¥ ;p;;(a)Vi(j) is
continuous on A (J) for any i € I. Using this result, a minor modification of the proof
of Theorem 6.1 in [14] shows that for any 8 > 0 (cf. also [12])

Ve(i) = m/ig(x) {c(i, a)+e Féo v pi,-(a)VB(j)} foralliel (34)
ae 1 ieI

(00)

Moreover, let fz ' be any stationary policy such that the action fz(i) minimizes the
right side of (34) for all i € I, then

Vali, f57)= V(i) foralliel (35)
as may be easily verified by iterating repeatedly the equality

Ve(i)=c(i, fa (1) +e BTl leii(fB) Ve(i), iel
jE
and using (33) and Lemma 3.

Lemma 4. Suppose that the Assumptions 1-3 hold. Then there are finite numbers B*,
v >0 such that for any fe F a state s; € K exists for which

1BVa(s, f) <y forall 0<B<pB*
and, for any i€ l,

[Vali, f) = Vi(sp, N <y (i) +y*())  forall 0< B <B*.
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Proof. By Theorem 2, we can choose a constant ¢ and for any fe F a state s;€ K
such that (17)-(18) hold. Fix now 8 >0 and f e F. We have
N({sh-1

VB(I', f(co)) — Eﬂw’{ Z e"B XZ;(', T(Xk,ak)C(Xm an) IX() — l}

n=0
+ Epeofe P I TR | X = YW (sp, £ foralliel
(36)
Taking i =s; in (36) and using (18) and Assumption 1(c), we derive from (36) that

[Va(sy, f‘”’)!s(—”i{-s-f}?- (37)

From (36), (17), (18) and the inequality 1 —e™* <x for x =0, we easily derive

Ve li, f) = Vi (s, FN < y* (i) + ¢ + (u* (1) +¢)|B Vi (s, f<)| foralliel.

(38)
Together (37), (38) and the finiteness of the set K imply the lemma.

We are now in a position to verify the average cost optimality equation.

Theorem 4. Suppose that the Assumptions 1-3 hold. Then there is a constant g and a
function.v(i), i € I with '

v ()]
—_—— < (39)
ier W*(i)+y*(i)
satisfying the average cost optimality equation

v(i)= min {c(i,a)—-g¢(i,a)+ Y p,-,(a)v(j)} foralliel. (40)
aeAl(i) jel

Proof. Following [14, 18], fix some state s € I. By (35) and Lemma 4 we can choose
finite numbers 8*, ¢ >0 such that for all 0 <8 < B* we have

BVa(s)lsc and [Vg(i)— Va(s)l<sc(u*@)+y*@))

forall i € I. Using Assumption 1(a), the diagonalization method and the convergence
theoremin[15, p. 232], itisnow standard (e.g. cf.[14, p. 146]) to derive from (34) the
desired results.

The Assumptions 1-3 are satisfied in the example in [7] for which any average cost
optimal policy is nonstationary. Hence an additional assumption is required to
guarantee that a stationary policy £ such that the action f(i) minimizes the right
side of (40) for all i eI is average cost optimal, cf. also [13]. We now state the
following condition.

Assumption 4. For any fe F, lim, .« P (f)(u*+y*)=0 where P"(f) denotes the
n-fold matrix product of the substochastic matrix P(f) with itself.
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Lemma 5. Suppose thatthe Assumptions 1,2(a), 3 and 4 hold. Then, for any sequence
(Py, Pa, .. .) of stochastic matrices in R,

1
lim —P; - - - P,(u*+y*)(i)=0 foralliel

n-copn
Proof. Define xo(i) = u*(i)+y*(i), i € I and for n =1 define x, recursively by

xn(i)= sup ¥ pis(@)xn-1(j), i€l (41)
‘acAl) jgK
By the same arguments as in the proof of Lemma 3.7 in [10], we find by Assumption 4
that x, ({) monotonically decreases to 0 as n - oo for any i € I. Now, let (P, P>, .. .) be
any sequence of stochastic matrices in . By (41), Px, 1<x,forall Pe®Randn=1
and s0 Pi.i - Puxo<x,_x for any n=1 and k <n. Using this inequality and
Lemma 3, we find
n—1

Py Puxo(i)<sxo(i)+max x,(j)+ > Y x,-x(h) foralln=1landiel
ieK k=1heK

Together this inequality, the finitenesss of K and lim, .« X,({) =0 for all i imply the
lemma.

We now state our final result.

Theorem 5. Suppose that the Assumptions 1-4 hold. Let {g, v(i)|i € I} be any finite
solution to the average cost optimality equation (40) such that (39) holds. Choose any
stationary policy f° such that the action f(i) minimizes the right side of (40) for all
i € I. Then policy f* is strongly average cost optimal and g is uniquely determined by
g =lim, e ¢, (i, f) forall i I

Proof. Using (39) we have by Lemma 5 and (3) that
1
lim —E. {|v(X,)||Xo=i}=0 foranyieI and policy .
n->cop

Now, by observing that we can replace 7, by 7(Xj, ax) in (2) a repetition of the
well-known proof of Theorem 7.6 in [14] gives the desired result.

Remark. Suppose the Assumptions 1-4 hold and let {g, v(i)|i € I} be a solution to
(40) such that (39) holds. Then the function v (i), i € I is uniquely determined up to an
additive constant under the regularity condition to be stated below. Therefore note
first that, by (17), for any fe F the stochastic matrix P(f) has a unique stationary
probability distribution {m;(f), j € I'l. Suppose now that for any strongly average cost
optimal stationary policy the total expected cost incurred until the first return to the
finite set K is finite for any starting state when the one-step costs in state i are given
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by u*(i)+y*(i). Then, using a standard ergodic theorem, we have that for any
strongly average cost optimal stationary policy £ the Cesaro limit of the sequence
{P"(f)(u*+y*)(i), n =1} equals the finite number ¥, m;(f)(u*(j)+y*(j)) for any
i€l Next a minor modification on the proof of Lemma 3 in [11] shows that the
function v (i), i € I is uniquely determined up to an additive constant.

We tinally note that it was pointed out by Professor M. Schil that in Assumption 1

the continuity of the one-step costs c(s,a) can be weakened to lower semi-
continuity.
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