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Let x be a process which can perform an action a when it is in state s. In this
article we consider the situation where x is placed in a context which blocks a
whenever x is in s. The option of doing a in state s is redundant in such a
context and x can be replaced by a process x’ which is identical to x, except
for the fact that x’ cannot do a when it is in s (irrespective of the context). A
simple, compositional proof technique is presented, which uses information
about the traces of processes to detect redundancies in a process
specification. As an illustration of the technique, a modular verification of a
workcell architecture is presented.

1. INTRODUCTION
We are interested in the verification of distributed systems by means of alge-
braic manipulations. In process algebra, verifications often consist of a proof
that the behaviour of an implementation /MPL equals the behaviour of a
specification SPEC, after abstraction from internal activity: 7,(/MPL)=SPEC.
The simplest strategy to prove such a statement is to derive first the transi-
tion system (process graph) for the process /MPL with the expansion theorem,
apply an abstraction operator to this transition system, and then simplify the
resulting system to the system for SPEC using the laws of (for instance)
bisimulation semantics. This ‘global’ strategy however, is often not very prac-
tical due to combinatorial state explosion: the number of states of IMPL can
be of the same order as the product of the number of states of its components.
Another serious problem with this strategy is that it provides almost no
‘insight’ in the structure of the system being verified. It is impossible to use
the approach for the design of distributed systems, i.e. the stepwise construc-
tion of an implementation starting from a specification. This makes that there
is a strong need for proof methods with a more modular/compositional charac-
ter.
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1.1. Modularity and compositionality. For the purpose of verification, we are
interested in proof principles which transform a system lecally, so that for a
correctness proof of a local transformation one does not have to deal with the
complexity of the system as a whole. A modular verification transforms an
expression 7/(IMPL) gradually into SPEC by a sequence of local transforma-
tion steps. Consider, as an example, the case where IMPL represents the
parallel composition of components X, X, and X3, where the actions in a set
H have to synchronise: IMPL = 3y4(X,1IX;llX3). A possible step in a modu-
lar verification could be that X; and X, are replaced by Y, and Y,. In that
case one has to prove that:

o0 (X 1 1X211X3) = 7,905(Y 1 1Y, 11X3).

It is sufficient to prove that X[ X, = Y,[Y,. However, this will not be pos-
sible in general. It can be the case that processes X[ X; and Y,[|Y, are only
equal in the context 7;°05( - - - 1 X3). And even if the processes are equal,
then still it is often not a good strategy to prove this. If one shows that two
processes are equal, then one shows that they are interchangeable in any con-
text, not only in the context in which they actually occur. In order to bring
about successful substitutions, it is therefore desirable (or even necessary) to
incorporate information about the context in which components are placed in
correctness proofs of substitutions. A proof technique which allows one to do
this to a sufficiently large degree is called modular. It is also possible to use a
modular proof system the other way around. In that case one starts with a
specification, which is refined to an implementation by a sequence of transfor-
mation steps.

A proof rule is called compositional if it helps to prove properties of the sys-
tem as a whole from properties of the individual components. Compositional
proof rules are essential for modular verifications.

In this article we present a proof principle which can be used to enhance the
modularity of verifications. We claim that the principle captures a simple
intuition about the behaviour of concurrent systems, and moreover makes it
possible to give short, modular proofs in quite a large number of situations.

1.2. Example. We give a specification of a Dutch coffee machine similar to the
one described in [14]:

KM = 30c-(kof + choc)-zoem-KM.

After inserting 30 cents, the user may select ‘koffie’ or ‘chocolade’. Dutch
coffee machines make a humming sound (‘zoemen’) when they produce a
drink. The behaviour of a typical Dutch user of such a machine can be
described by the recursive equation below:

DU = (kof+30c-kof)-talk-DU.

Dutch people are widely known for their thrift, and they will never spend 30
cents for a cup of coffee if they can get it for free”. Synchronisation of actions

* Dutch users do not occur in [14]. In the modelling as presented here, the thrift of the Dutch
user is not really taken into account: we can think of an environment where process DU performs
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is given by: y(kof ,kof)=kof*, ¥(30c,30c)=30c* and y(choc,choc)=choc*. Let
H={kof, kof, choc, choc, 30c, 30c}. Consider the system 3, (DUIIKM). It will
be clear that in this environment the thrift of the Dutch user makes no sense.
This behaviour is redundant in the given context. More ‘realistic’ is the
behaviour DU = 30c-kof-talk-DU, because d5(DU|IKM) = 3,(DUIIKM).

1.3. Redundancy in a context. The example above is an instance of a situation
which occurs very often: a process x has, in principle, the possibility to per-
form an action a when it is in state s, but is placed in an environment
du( -+ - - lly) which blocks a whenever the process is in 5. In situations like this,
the a-step from s is redundant in the context dy( - - - |ly). We want to have the
possibility to replace x by a component X, that is identical to x except for the
fact that X cannot do action 4 when it is in state s (irrespective of the context).
For a compositional proof of the correctness of this type of substitutions new
proof rules are needed. In this article we will show that in most situations par-
tial information about the (finite, sequential) traces of processes is sufficient to
prove that a summand in a specification is redundant and can be omitted.
The notion ‘redundancy in a context’ was introduced in [16]. The present arti-
cle can be viewed as a thorough revision of Section 6 from that paper.

1.4. Trace-specifications. It is argued by many authors (see for instance [5]),
that if one is interested in program development by stepwise refinement, one
needs to have the possibility of mixing programming notation with
specification parts. A natural way to specify aspects of concurrent processes,
advocated by [9, 14, 15,17], is to give information about the traces, ready pairs
and failure pairs of these processes. This leads to the notation

x sat S

which expresses that process x satisfies property S. When we use the notation
in this article, S will always be a property of the traces of x. Without any
problem we can also include other information in S but we don’t need that
here.

In recent years it has become abundantly clear that there are many notions
of ‘process’. For instance, the idea that a process, in general, is the set of its
traces, ready pairs or failure pairs is just false, because these notions of process
do not capture features like real-time and fairness. Therefore we are interested
in proof rules which express ‘universal’ truths about processes, and which are
not tied to some particular model.

The point which is new in this article is that we use statements of the form
x sat S, i.e. information about the traces of processes, in proofs that processes
are equal in a sense different from (and finer than) trace equivalence. Thus we
combine the advantages of a linear trace semantics with the distinctive power
of finer equivalences.

an action 30c even though it has the possibility to perform an action kof instead. Preference of a
process for certain actions can be modelled by means of the ‘priority operator’ of [2].
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1.5. Workcell architecture. As an illustration of our technique, we present in
Section 5 of this article a specification and verification of a workcell architec-
ture, i.e. a system consisting of a number of workcells which cooperate in order
to manufacture a certain product. The verification is not only modular, but
also short when compared with the non-modular verifications of the same sys-
tem by Biemans and Blonk [4], and Mauw [13]. In the first steps of the
verification we remove the redundant summands in the process specification of
the workeell architecture. Often the information that some summand is redun-
dant has some importance of its own. It allows one to replace one component
by another which is simpler cq. cheaper. In our modular proof this informa-
tion becomes available as a by-product.

1.6. Related work. This is not the first article which is concerned with modular
verification in the setting of process algebra. Work in this area has also been
done by Larsen and Milner [11,12], and Koymans and Mulder [10]. We think
that our approach has basically two advantages when compared with this
work. The first advantage is that our approach is technically speaking much
simpler. People have strong intuitions concerning the trace behaviour of con-
current systems. Our proof rule makes it possible to use these intuitions quite
directly in verifications. The intuitions behind the techniques of [10-12] are
more involved and a lot of technical machinery is needed to formalize them.
Our approach is probably less general than the approaches of [10-12], but we
think that for almost all practical applications it can be used just as well.

The second advantage of our technique is that it is independent of the par-
ticular process semantics which is used. This in contrast to the work of [10-12],
which is tied heavily to bisimulation semantics. In the discussion below we
employ the laws of interleaved bisimulation semantics. However, we could just
as well work with the laws of failure equivalence, ready equivalence or trace
equivalence. Working with bisimulation semantics only makes our results
stronger. We conjecture that the proof rule based on trace-specifications, as
presented in this article, also holds in partial order semantics (see [7]). Prob-
ably the correctness proof of the workcell architecture which is presented in
Section 5, when reorganized a little bit, is also valid in partial order semantics.
It is a topic for future research to substantiate these claims.

2. TRACES AND TRACE-SPECIFICATIONS

A trace of a process is a finite sequence that gives a possible order in which
atomic actions can be performed by that process. A trace can end with the
symbol \/ (pronounce ‘tick’), to indicate that, after execution of the last
atomic action, successful termination can occur. After some preliminary
definitions we give, in Section 2.3, axioms that relate processes to trace sets.

2.1. DEFINITION.

1. For any alphabet 2, we use =" to denote the set of finite sequences over
alphabet 3. We write A for the empty sequence and a for the sequence
consisting of the single symbol a€Z. By o*d’, often abbreviated oo’, we
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denote the concatenation of sequences ¢ and ¢’.

Let ¢ be a sequence and V be a set of sequences. We use notation o*V’
(or o¥) for the set {o*plpeV}, and notation V*o (or Vo) for the set
{polpeV}.

By ffo we denote the length of a sequence o.

On sequences we define a partial ordering < (the prefix ordering) by:
o<p if and only if, for some sequence o’, 60’ =p. A set of sequences V' is
closed under prefixing if, for all 6<p, pe V implies that ce V.

A y=AU{"/} is the set of atomic actions together with the termination
symbol. Elements from (4 /)" are called traces or histories. r acts as the
identity over (4,/)" and is therefore replaced by A when occurring in
traces.

T is the set of nonempty, countable subsets of T = A" UA"*+/ which are
closed under prefixing.

2.2. DeFINITION. Let a,bed, V,WeT, 0,6/,0,€T. We define the following
ACP-operators on trace sets”:

1.

2.

w

Sequential composition.
V-W = (VNA") U {o1*0; |0, \/€V and 0, e W}.
Parallel composition. VIIW ::= {g|30,€V, 0, W :0€0,llo,}. The set
oy llo; of traces is defined inductively by:
a(o,1lboy)Ub(ao llo;) Uy(a,b) oy lloy) if y(a,b)ed

a0 ”bdz = {a (01 ”bGz)Ub(dU] ”02) otherwise

Mlas = aclh = a@lle), A= (A}, Vo =dllV/ = {0).

Here y: A5 XA5—As is a given function which describes the synchronisa-
tion between atomic actions. y is commutative, associative and has § as
zero-element.
Encapsulation. Let HCA. 3y(V) ::= VN4 y—H)".
Abstraction. Let 1 CA. 7/(V) ::={7/(0)le€V7}. The function 7; on traces
is given by:

(o) ifael
m(axo) = {a*'r,(a) otherwise

N =X ()= V.
Renaming. Let f:A;—A, with f(r)=7 and f®)=8. pV) =
{pf(o)loeV}. The function p, on traces is given by:
f@rpfo) if f(a)sd
prlaro) = {?\ otherwise

*The auxiliary operator || cannot be defined on trace sets. For a discussion of this issue we refer
to [8].
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o) =X pAV) = V.
6. Projection. Let neN.
7, (V) = {oeV A" [fo<n}U{o\/eV |fo<n}'.
7. Alphabets. a(V) ::= {a(0)lo€V}. The function a: T—Pow(4) is given
by:

aaxo) = {a)Ua(0), a) = a(y/) = 2.

2.3. The Trace Operator (TO). Let P be the sort of processes. The trace opera-
tor tr:P—T relates to every process the set of traces that can be executed by
that process. The operator satisfies the axioms of Table 1. (a€A4, x,yeP,
H,ICA, f:A,5—A with f(r)=7 and f(8)=46, and neN)

tr@® = {A} TO1 | tr(3g(x)) = Ax(tr(x)) TO7
r(r) = AV} TO2 | tr(r(x)) = 77(tr (x)) TOS8
tr(a) = {\a,aV/} TO3 | tr(pAx)) = pAtr(x)) TO9
r(x +y) = r(x)Utr(y) TO4 | tr(m,(x)) = m,(tr(x))  TOI10
tr(x-y) = tr(x)tr(y) TOS | a(x) = a(tr(x)) TO11
tr(xlly) = tr(x)ller () TO6

TABLE 1. Axioms for the trace operator

When calculating with trace sets we implicitly use ZF. This means that the
considerations of this paper are not of a completely algebraic nature. We res-
trict our attention to the models of the theory ACP, with recursion and auxili-
ary operators that can be mapped homomorphically to the trace algebra. This
is no serious restriction because all ‘interesting’ process algebras are in this
class. A similar approach is followed in [1].

2.3.1. Examples.
tr(x) = r(@+x) = tr(§)Utr(x) = {A}Utr(x). )]

So A is member of the trace set of every process.

r@aytr(x) = {Na,aV}r(x) = {(Aa}Uartr(x) (;) )
{(AYU{a}Uax@r(x)U{A}) ={A}Uaxtr(x).

Let X be given by the recursive equation X =aX.

() = Um(r()) = Yor(m,(0) = Ur(a") @)

n=0 n=0 n=0

tr(ax)

I

t The m,-operators we define here, satisfy the same axioms as the ones defined in [6]: m,(7)=T,
mo(ax) =38, m, +1(ax)=a-m,(x), etc.
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= (AJU{Ma}U{Aa,aa}U -+ - = {Aa,aa, ..}

The first identity in derivation (3) follows from the structure of T and the
definition of the x,-operators on T.

2.4. Trace-specifications. A trace-specification is a predicate. A trace-
specification S describes the set of traces which, when assigned to free
occurrences of a chosen variable o of type trace in S, make the predicate true:
{o!S}. The syntax for trace-specifications we have in mind is a first-order
language with integers, actions, traces, some simple functions like addition and
multiplication, taking the i-th element of a trace, fo, pf(0), equality predicates
for the integers, actions and traces, and quantification over integers and traces.
This syntax is almost equivalent to the syntax proposed in [14], except for the
fact that we moreover have multiplication. This increases the expressiveness of
our logic, and makes it for instance possible to define for each regular trace-
language L a predicate S; such that L={¢|S.}. In Section 4.5 it will be
argued that such predicates are useful. All predicates that we will use in this
article are definable in terms of the syntax which is described informally
above.

A process x satisfies a trace-specification S for trace variable o, notation
x sat; S,

Voetr(x):S.

Because in nearly all cases we will use a fixed trace-variable o, we often omit
the subscript o and write x sat S. In this article we regard x sat S merely as a
notation. The proofs take place on the more elementary level of the zr-operator
and trace sets. In [9] an elegant proof system is given which takes x sat S as a
primitive notion. This system contains for instance rules like

x sat S, x sat S’ x sat S, S=5"
x sat SAS’ x sat S’

2.4.1. Notation. Let 0T, BCA and a€A.
1. o B gives the projection of trace o onto the actions of B:
o !B = 7,_p(0).
2. ¢la denotes the number of occurrences of @ in o:
_ [#eT{ap-1 if o=d/
V4= 146t {a))  otherwise

3. Even though our trace-specification language contains no alphabet opera-
tor, we can talk about alphabets in predicates: a(c) CB « o [ B=g.
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2.4.2. Example. The coffee machine from Example 1.2 satisfies
KM sat a(o) C {kof,choc,30c,z0em} \(okof < 630c).

The number of cups of ‘koffie’ produced by the machine is always less or equal
to the number of times 30 cents have been paid. The Dutch user however,
takes care that never more than 30 cents are paid in advance:

DU sat a(o) C{kof,30c,talk} \(alkof =(0]30c — 1)).

2.4.3. Remark. Sometimes we write a specification as S(0), to indicate that the
specification will normally contain ¢ as a free variable. In that case we use the
notation S(fe) to denote the predicate obtained from S(¢) by substituting all
free occurrences of o by an expression fe of sort trace, avoiding name clashes.

3. OBSERVABILITY AND LOCALISATION

The parallel combinator || is in some sense related to the cartesian product
construction. In the graph model of [3], the set of nodes of a graph gllh is
defined as the set of ordered pairs of the nodes of g and &. Still the ||-operator
lacks an important property of cartesian products, namely the existence of pro-
jection operators. It is not possible in general to define operators / and r such
that /(xlly)=x and r(xlly)=y. In this section we show that, if we impose a
number of constraints on the communication function, and on x and y, it
becomes possible to define an operator which, given the alphabet of x, can
recover x almost completely from x|ly:

'r-p,,(a(x»(xlly)-b‘ = x5

The conditions on x and y make that x is observable, the Operator p, ) local-
ises x in x|ly.

3.1. Communication. For the specification of distributed systems, we mostly
use the read/send communication scheme, or communications of type
y(kof, kof) kof*. Following [10], such communication functions will be
characterized as trijective. The assumption that communication is trijective will
simplify the discussion of this article.

3.1.1. DEFINITION. A communication function y is trijective if three pairwise
disjoint subsets R,S,C CA can be given, and bijections : R—S and °: R—C
such that for every a,b,ce€4:

¥(@b)=c = (aeRAb=aAc=a") V (beRAa=bAc=b").

In the rest of this article we assume that communication is trijective.
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3.1.2. Remark. Observe that a trijective communication function y satisfies the
following three properties, and that each y satisfying these properties is trijec-
tive (a,b,c,d € A):

1. vy(a,a) =3,

2. if y(a,b)78 and y(a,c)7d then b=c (y is ‘monogamous’),

3. if v(a,b)=Y(c,d)50 then a=c or a=d (y is ‘injective’).

Observe further that a trijective vy satisfies y(y(a,b),c)=§ (‘handshaking’).

3.2. Observability. We are interested in the behaviour of a process x when it is
placed in a context ---|lly. In order to keep things simple, we will always
choose x and y in such a way that x is observable in context with y: every
action of x||y is either an action from x, or an action from y, or a synchronisa-
tion between x and y. In the last case we moreover know which action from x
participates in the synchronisation. Below we give a formal definition of this
notion of observability.

3.2.1. DEerFINITION. Let B CA be a set of atomic actions. B is called observable

if for each triple a,b,c €4 with y(a,b)=c at most one element of {a,b,c} is a
member of B.

Let for Ay, Ay CA: A\|4, = {y(a),a;)€Ala€4,,a,€A4,}. From the fact
that a set B of actions is observable, we can conclude that BNB|A=0.
Because v is injective, we know in addition that y has an ‘inverse’ on B |A: for
each ceB|A, there is exactly one beB such that an a€d exists with
¥(a,b) = c. In this case we write b = vz !(c).

3.2.2. DErFINITION. Let x,y be processes. Process x is called observable in con-
text - - - |ly, if a(x) is observable, and a(y) is disjoint from a(x) and a(x)|A.

If a process x is observable in a context - - - [y, then one can tell for each
action from x ||y whether it is from x, from y, or from x and y together. In the
last case one can also tell which action from x participates in the communica-

tion. Observe that the fact that x is observable in context --- ||y does not
imply that y is observable in context - - - ||x.
3.3. Localisation. The ‘localisation’ of actions from x in a context --- |y as

described informally above, can be expressed formally by means of renaming
operators. In the literature other definitions of the notions observability and
localisation can be found (see [1] and [16]). In the choice of the definitions,
there is a trade-off between the degree of generality (the capability of operators
to localise actions) and the length of the definitions.

3.3.]. DEFINITION. Let B CA be observable. The localisation function »(B):
A 5—A 5 is the renaming function defined by:
a if aeBU{7,6}
»(B)a) = {yz'(a) ifacB|A
T otherwise
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3.3.2. Example. The communication function in Example 1.2 is trijective.
Furthermore a(DU) = {kof, 30c,talk} is observable. Process DU is observable
in the context ---|KM. DU is however not observable in the context
-+ - I(DUIIKM). The expression

Pua(DU) O (DUIIKM)

denotes the process corresponding to the behaviour of the Dutch user in a con-
text dy( - - - |IKM). We derive:

Puapuy 0 (DUIKM) =
= Pyauy(30c” -kof™ -(talk-zoem + zoem-talk )- 0y (DU || KM))
= 30c-kof(talk -7+ rtalk) p,upuy) 0 (DU KM)
= 30c-kof talk p,apu)) °du(DUIIKM)

Hence pyp1))°0u(DUIIKM) and DU satisfy the same guarded recursion equa-
tion. Application of the Recursive Specification Principle (RSP) now gives that
both processes are equal.

3.3.3. Remark. It may seem that one needs the r-law T2 (tx =7x +x) in the
verification above. Surprisingly we can perform the verification using only the
7-law T1 (xT=x):

kof-(talk-r+talk) = kof-(rlltalk) = kof 7| _talk = kof\_talk = kof-talk.
In fact we claim that all the verifications in this article can be done using the
7-law T1 only. So we also do not need the law T3 (a(rx +y)=a(rx +y)+ax).

3.3.4. THEOREM. Let p,q be closed terms with p observable in context ..||q. Then
ACP,,+RN+AB F 'T’Pv(a(p))(PHQ) 8 = ’T'P ‘8.

PrOOF. Easy. O

3.3.5. THEOREM. Let x,y be processes, with x observable in context ..|ly. Then
we can prove using the axioms TO that: tr(pyay) (x|ly)) Ctr (x).

PrOOF. Using the axioms from Table 1, we rewrite the statement we have to
prove into:

Puta(ir )y (&7 (O)lr () Ctr (x).

Because 1r(x), tr(y)eT, it is sufficient to prove that for every V,WeT with
a(V) observable and a(W) disjoint from «(V) and a(V)|A4:

Puay(VIIW)C V.

First we apply the definition of the merge-operator on trace sets:

,D,,(a(V))(V“W) = p,.(a(V))({(ﬂHVEI/, WEW:OEV”W}).
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The theorem is proved if we show for all veV and we W that:
Prary (VW) C V.

We prove a slightly stronger fact: Let v=v;*v, €V and let we W. Then:
V1*Pyary (V2 W) C V.

The proof goes by means of simultaneous induction on the structure of v, and
w.

Case I: vy =/

V1*0ua(my (VIIW) = v1%pay (W) = vi*{oway W)} SVi*{A VISV
Here we use that V' is closed under prefixing.

Case 2:w =/

V1*0,ary (V2 1V) = V1 %puay((72)) = ViH{Puaay(v2)} = vir{v2} = {v}CV

Case 3.1: vy = Aenwed”

V1*0uaryAlIW) = v1%0,00m) (W) = Vi*{buary®)} = vix{A} = {(V}CV

Case 3.2: v, = Aenw = w1/

V1*0yary AW VY=V 10,607 (W1 D=V 1% { ey W 1)} =Vir{A} = {v} CV

Case 4.1: v,eA* enw = A

V1*0ary(2IA) = Vixoyary{V2}) = Vir{puaoy(2)} = vix{v2} = {vycv

Case 4.2: v, = v3y/enw = A
V1 %0y (V3 VIN =V 120,y (V3 D=V 14 {Prary (v3)} =vir{vs} = (virvs} OV
(V is closed under prefixing.)
Case 5.1: vy, = avy, w = bw, en y(a,b)=6
V1 *0uary(@311bw1) = vi*oamy(@(vslibwi)Ub(avsliwy))
= vy *a*pyary (V3 1w ) UV 1 *pyaqry (@vsliw ) SV
(Apply induction hypothesis.)
Case 5.2: vy = avs, w = bw, en y(a,b)eA

V1 *0uary(@311W1) = V1 *0yary (@3 llbw ) Ub(avsliw1) Uv(a,0)(vs llw))
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= v*ax Py (Vs llbw ) Uy oy (avslivg ) U
Uv,*a*p,,(a(y))(vﬂlwl_)(; 14
(Apply induction hypothesis.) [

Notice that the C-sign in Theorem 3.3.5 cannot be changed into an =-sign. If
tr(p) contains no traces ending on 1/, then #r(p,(a(xy(xIly) will also contain no
such traces, even if they are in #r(x).

3.3.6. THEOREM. Let x,y be processes, with x observable in context .||y, and let
H CA. Then we can prove using the axioms TO that: tr(pysx)°0x(x|ly)) Cr(x).

PrOOF. Just like we did in the proof of Theorem 3.3.5, we reformulate the
statement. Let V,WeT with a(}) observable, and a(W) disjoint from a(V)
and a(V)|A. We have to prove:

PuayOu(VIW)C V.
For X,YeT we have that 95(X)CX and XCY = p{X)CpAY). Hence

Pota) Ou(VIW) Cppaqry(VIIW).
From the proof of Theorem 3.3.5 we conclude:

Py VIW)CV. O

The following corollary of Theorem 3.3.6 plays an important role in this article
because it allows us to derive a property of a system as a whole from a pro-
perty of a component (this is the essence of compositionality).

3.3.7. COROLLARY. Let x,y be processes, with x observable in context .|y, let
H CA and suppose f=v(a(x)). If x sat S (o), then:

pro3x(x1ly) sat S(o)
and consequently

Iu(x1y) sat S(po))

3.4. ReMARK. The formal definitions of the notions ‘observable’ and ‘localisa-
tion’ in this section are quite complex. The definitions are much simpler if one
works with the synchronisation-merge |4 of Olderog and Hoare [15] instead of
the parallel combinator || of ACP. In fact the whole discussion of this article
can be simplified considerably if one uses the ||,-combinator. The main reason
for this is that the combinator corresponds quite directly with logical conjunc-
tion of trace-specifications (see [14]).

Still, one cannot say that ||, is a better operator than || in general. The syn-
chronisation format of the |-operator is very flexible and often allows for
elegant specifications. An unpleasant property of the ||4-operator is that it is
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not associative (in general (xllgy)llcz 5% xllp(yllcz)). We think that the opera-
tors || and |4 are both very useful and that therefore notions like ‘observable’.
‘localisation’ and ‘redundancy in context’ should be worked out for both.

4. REDUNDANCY IN A CONTEXT

We want to prove, in a compositional way, that in a given context a summand
in a specification can be omitted. We will restrict ourselves in this article to
the case where the summand occurs in a ‘linear’ equation.

4.1. DEFINITION. Let E = {X=ty | XeV;} be a recursive specification. A
set C C Vg of variables is called a cluster if for each XeC, ty is of the form:

m n
2 ak-Xk + 2 Y[
k=1 =1

for actions a,€A,, variables X, €C and Y,eVy—C. Cluster C is called iso-
lated if vaniables from C do not occur in the terms for the variables from
VE"‘C.

4.2. DEFINITION. Let E = {X=ty | XeVg} be a recursive specification and
let C be an isolated cluster in E. Let X, X,,X,&C, ac4, and let aX, be a
summand of zy,. Let E’ be obtained from E by replacing summand aX, in
tx, by a ‘fresh’ atom ¢. Write p=«X,, | E) and p’=«X, | E">. Let y be a process
with p observable in context ..|ly. Let H CA. The summand aX; of p is redun-
dant in the context dg(..|ly) if:

tr(p,,(a(p))oaﬂ(plly))ﬂ {oa Iotetr(p’)} =g.

4.2.1. Comment. One can say that the set {oalotetr(p’)} is the contribution
of summand aX, to tr(p). Theorem 3.3.6 gives that 17 (pya() °0n(plly)) is also
a subset of tr(p). If summand aX, is redundant, this means that all behaviours
of p of the form ‘go from state X; with an a-step to state X,’ are not possible
if p is placed in the context dx(..I|ly).

We give an example which shows why we require in Definition 4.2 that clus-
ter C is isolated. Assume a trijective communication function y with
y(a,a)=a" and y(b,b)=b". Assume further that H={a,a,b,b} en I={a".b"}.
Consider the following recursive specification E:

Xo = aXg + X,
X, = b-mody(Xglla-c)

In this system X, forms a cluster which is not isolated. We derive:
Xo = aXy + becb.

From this equation it is easy to see that Xj is observable in context ..[|b. We
have:
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Puaxyy°du(Xollb) = bees.

If the condition in Definition 4.2 that C is isolated would be absent, then the
summand aX, would (by definition) be redundant in context d(..ll5). How-
ever, the summand cannot be omitted: outside the cluster it plays an essential
role!

We can now formulate the central proof principle of this article:
A redundant summand can be omitted.

Below we formally present this principle as a theorem.

4.3. THEOREM. Let p=«X,|E) and q=(Y,|F», with E and F guarded recur-
sive specifications, and p observable in context ..|lg. Let HCA. Let C be an iso-
lated cluster in E with X,X,,X,€C, a€A, and aX, a summand of ty,. Let E’
and E be obtained from E by resp. replacing aX, by a fresh atom t, and omitting
it. Let p'=«X,|E"y and p=«Xo|E>. Suppose that ACP, + RDP + RN +
PR + TO proves that summand aX, is redundant. Then: ACP, + RDP + RN
+ PR + AIP™ + d4(pllg) = 0u(@llg).

PrOOF. Omitted. The proof uses a bisimulation model generated by Plotkin
like action rules. It is proved that the (infinitary) axiom system ACP, + RDP
+ RN + PR + AIP™ is sound and complete for processes represented by a
guarded specification. Consequently it is enough to prove that dy(pllg) and
0g(pllg) are bisimilar. The proof that the obvious candidate for a bisimulation
between these processes indeed is a bisimulation uses the fact that every trace
of actions in the transition system of an expression p is also a (provable) ele-
ment of r(p). O

4.4. Remark. A summand which can be omitted is in general not redundant.
In every context the second summand of the equation

X =aX + aX

can be omitted, even if it is not redundant. At present we have no idea how a
‘reversed version’ of Theorem 4.3 would look like.

4.5. Proving redundancies. Now we know that a redundant summand can be
omitted, it becomes of course interesting to look for techniques which allow us
to prove that summands are redundant. The following strategy works in most
cases.

Let E, C, X, etc., be as given in Definition 4.2. In order to prove that the
summand is redundant, it is enough to show that for some predicate S(o):

p’ sat Vo' :0=0t = S(¢’a) and

Puapy°Ou(plly) sat —S(o).
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If the cluster C is finite, then {oa|otetr(p’)} is a regular language and can be
denoted by a predicate in the trace-specification language of Section 2.4. Con-
sequently we can in such cases always express that a summand is redundant.

4.6. Example. We return to Example 1.2 and show how the statement
3y(DUIKM) = dy(DU|IKM)

can be proved with the notions presented in this section. KM is observable in
context DUJ|.., and DU is observable in context ..|[KM. The specification of
DU contains no isolated clusters, but using RSP we can give an equivalent
specification where the set of variables as a whole forms an isolated cluster
(DU=UD).

UD = 30c-UD, +kof-UD,
UD[ = kOfUD;_
UD, = talk-UD

TaBLE 2. Specification of DU

In Example 2.4.2 we already observed that:
KM sat 6¢7€Ef SGBE)—C.

Because of Corollary 3.3.7 we also have:
Puairy°d(UD I KM) sat okof <o|30c.

The alphabet of process 0y(UD|IKM) contains no actions kof or 30c, because
these actions are in H. This implies that occurrences of these actions in traces

from #r (puuimy°dn(UDIIKM)) ‘originated’ (by renaming) from actions kof”
and 30c¢*. Hence:

0y (UD|IKM) sat olkof" < 0/30c”.

But since the alphabet of d5(UDI|IKM) contains no actions kof and 30c, this
implies:

Prau) O (UDIKM) sat o kof < a30c.
Define UD’ by:

UD' = 30c-UD', +1
UD", = kof-UD',
UD', = talk-UD’

Of course we have
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UD’ sat Vo' :6=0"t = (d’kof)|kof > (0'kof)|30c.

This shows that the second summand in the equation from UD is redundant.
a

In the example above, we gave a long proof of a trivial fact. The nice thing
about the proof is however that it is compositional and only uses general pro-
perties of the separate components. This makes that the technique can be used
also in less trivial situations where the number of states of the components is
large.

In the sequel we will speak about redundant summands of equations which
are not part of a cluster. What we mean in such a case is that the correspond-
ing system of equations can be transformed into another system, that a certain
summand in the new system is redundant, and that the system which results
from omitting this summand is equivalent to the system obtained by omitting
the summand in the original system that was called ‘redundant’.

5. A WORKCELL ARCHITECTURE
In this section we present a modular verification of a small system which is
described in [4, 13].

One can speak about Computer Integrated Manufacturing (CIM) if comput-
ers play a role in all phases of an industrial production process. In the CIM-
philosophy one views a plant as a (possibly hierarchically organized) set of
concurrently operating workcells. Each workcell is responsible for a well-
defined part of the production process, for instance the filling and closing of
bottles of milk.

In principle it is possible to specify the behaviour of individual workecells in
process algebra. A composite workcell, or even a plant, can then be described
as the parallel composition of a number of more elementary workcells. Proof
techniques from process algebra can be applied to show that a composite
workeell has the desired external behaviour.

In general, not all capabilities of a workcell which is part of a CIM-
architecture will be used. A robot which can perform a multitude of tasks, can
be part of an architecture where its only task is to fasten a bolt. Other possi-
bilities of the robot will be used only when the architecture is changed. A large
part of the behaviours of workcells will be redundant in the context of the
CIM-architecture of which they are part. Therefore it can be expected that the
notions which are presented in the previous sections of this article, will be use-
ful in the verification of such systems.

5.1. Specification

5.1.1. The external behaviour. We want to construct a composite workcell
which satisfies the following specification.
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N
SPEC = 3 rl(n)SPEC"-SPEC
n=0
SPEC?® = s50(r) SPEC"*! = 510(proc(p 1))-SPEC"

TABLE 3. Specification of a composite workcell

Via port 1, the workcell accepts an order to produce n products of type
proc(p1) and to deliver these products at port 10. Here 0<n<N for a given
upperbound N>0. After execution of the order, the workcell gives a signal r
at port 0, and returns to its initial state ( = ready).

5.1.2. Architecture. The architecture of the system that has to implement this
specification is depicted in Figure 1.

FIGURE 1

There are four components: Workcell A (WA), Workcell B (WB), the Tran-
sport service T, and the Workcell Controller WC.

5.1.3. Workcell A. By means of a signal n at port 2, Workcell A receives the
order to produce n products of type pl. The cell performs the job and
delivers the products to the Transport service T at port 8. Thereafter a mes-
sage r is sent at port 3, to indicate that a next order can be given.

WA = 3 ra(nyxa

n=0

XAO

s3(r) WA X4t = s8(p1)-X4"

TABLE 4. Specification of Workcell A
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5.1.4. Workcell B. By means of a signal n at port 4, Workcell B receives the
order to process n products. B receives products from a set PROD at port 9.
An incoming product p is processed and the result proc (p)€ PROD is delivered
at port 10 (proc = processed). Thereafter a message r is sent at port 5 and the
workcell returns to its initial state. We assume that p 1€ PROD.

N
WB = 3 rd(nyXB"
n=0
XBY = s5(r)WB XB"*l = 3 r9(p)s10(proc(p))y-XB"
pePROD

TaBLE 5. Specification of Workcell B

5.1.5. Transport service T transports products in PROD and behaves like a
FIFO-queue. Products are accepted by T at port 8. Transport commands. fc
are given to T at port 6. The number of products accepted by the transport
service should not exceed the number of transport commands which have been
received by more than one. Each time a product leaves T at port 9, a signal
s7(ar) is given (ar = arrival). Variables in the specification below are indexed
by the contents of the transport service: 6 PROD™ and p,q € PROD.

™ =r6c)( S r8p)T)+ 3 r8(p)ré(ic)T?
pePROD pePROD

T = ré(icy( S r8p)Tr N+ 3 r8(p)r6(ic) TP +s9(q)s T (ar)y T
pePROD pePROD

TABLE 6. Specification of Transport service

5.1.6. Workcell Controller WC is the boss of components WA, T and WB.
From his superiors (via port 1), WC can get the order to take care of the
manufacturing of n products proc(p1). In order to execute this order, WC
sends a stream of commands to his subordinates, receiving progress reports
from these subordinates in between. When the controller thinks that the task
has been completed, he generates a signal s 0(r).

wC = %rl(n)-s4(n)-XC"
n=0

XC® = r5(rysO(r)WC Xcrrl = s2(1yr3(rys6(tcyri(ary XC"

TABLE 7. Specification of Workcell Controller
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5.1.7. D = {nl0<n<N}U({rtc,ar}UPROD is the set of objects which can
be communicated in the system, and P = {0,1,..., 10} is the set of port-names
used. Communication takes place following the read/send-scheme:

Y(rp(d),sp(d)) = cp(d) forpeP, deD

and vy yields & in all other cases. Important sets of actions are:
H = {rp(d),sp(d)|12<p<9 and deD} and
I = {cp(d)I12<p<9 and deD).

The implementation as a whole can now be described by:

IMPL = 3y(WC||WAIITM|WB)

5.2. THEOREM (CORRECTNESS IMPLEMENTATION).
ACP, + SC + RDP + PR + AIP™ + AB + CA+ r;(IMPL) = SPEC.

PrOOF. In seven steps we transform 7,(IMPL) to SPEC. Before we start with
the ‘real’ calculations, we show in the first three steps that in the specifications
of components WA, T and WB, a large number of summands can be omitted.
Notice that communication is trijective and that each component of IMPL is
observable in context with the other components.

First we use that the only command which is given by the controller to
Workeell A is a request to produce a single product p 1. This means that:

IMPL sat o|c2(n) = 0 for n71.
Consequently
P,,(a(WA»(IMPL) sat 0’1}'2(") =0 for n;él

Using the approach of Section 4.5, together with Theorem 4.3, we obtain that
all the summands in the specification of WA which correspond to the accep-
tance of a command different from r2(1) are redundant. We have

IMPL = 3y(WCIWAITM|WB),
where WA is given by:

WA = r2(1ys8(p 1):s3(r) WA

Hence:
1(IMPL) = 1,90 (WC||WAI|ITM | WB). (step 1)

Also component T is clearly a candidate for simplification. With some simple
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trace-theoretic arguments we show that nearly all summands in the
specification of T are redundant. .

The only product which is delivered by WA at port 8 is p1. This means
that:

IMPL satolc8(p) = 0 for p5%pl. (1
From the behaviour of component WC we conclude:

IMPL sat olc6(tc) < olc3(r). )
Further we deduce from the behaviour of WA:

IMPL sat ojc3(r) < olc8(p1). (3)

From (2) and (3) together we conclude that the number of transport com-
mands at port 6 is less or equal to the number of products p 1 that are handed
to the transport service at port 8:

IMPL sat ajc6(tc) < olc8(p1). 4)

From the specification of WA we learn that A does not deliver products
without being asked for:

IMPL sat olc8(p 1) < alc2(1). )

Further it follows from the specification of WC that the number of commands
given to A by the controller, never exceeds the number of ar-signals with more
than one:

IMPL sat o|c2(1) < olcT(ar) + L (6)
From (5) and (6) together we conclude:
IMPL sat ojc8(p1) < olcT(ar) + 1. @)

From formulas (1), (4) and (7) it follows that nearly all summands in the
specification of T* are redundant.

1190 (WCIIWAITMIWB) = r,00(WC||WAITI|WB) (step 2)
where T is given by:

T = r8(p 1)r6(tc)s9pl)sT(ar)T

The transport service delivers at port 9 only products of type p 1. Therefore all
summands in the specification of WB which correspond to the acceptance of
another product, are redundant.

70y(WC||WAIITIWB) = r,90(WCI|WAIIT||WB) (step 3)
where WB is given by:
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— N —
WB = 3 ra(n)XB
n=0

—0 — == ==n
XB = s5(r)WB XB""' = r9(p 1ys10(proc(p 1)) XB

We will now ‘zoom in’ on components WC, WA and T. Define:
H' = {rp(d),sp(d)Ipe{2,3,6,7,8} and deD} and
I' = {cp(d)Ipe{2,3,6,7,8) and deD}.
Application of the conditional axioms CA gives:
110 (WCIWAITIWB) = r08(1985 (WCI|WAIT)|WB). (step 4)
Let W be given by:

W = %rl(n)-s4(n)-W"
n=0
WO = r5(r)sO(r)y W wrtl = rs9(p 1)-W"

We prove that W=r.93,(WCIWAIIT), by showing that process
Tpodg (WCIIWA|T) satisfies the defining equations of W.

—_ N —_
18 (WCIWANT) = 3 r 1(n)sdn)1°8(XC" | WAIT)
n=0

1103 (XCOIWANT) = r5(r)ysO(r)rpody (WCIWAIT)

oy (XC" Y| WAIT) =

71 (c2(1)-3g: (s 3(r)s 6(tc)-r 1(ar)-XC" s 8(p 1)-s 3(r)WAIT))

= r1(c8(p 1) 05 (s 3(r)s 6(tc)rT(ar) XC" |ls 3(r)- WAllr é(tc)s 9(p 1)-s 1(ar) T))
= rrrp(c3(r)- 0y (s 6(tc)r (ar)- XCT I\ WA lr6(tc)-s (p 1)s Nar)-T))

= r1p(c6(tc)-05(r Tary XC™ | WAlls 9(p 1)-s 1 (ar )y T))

= r1(s9(p 1)-35 (r T(ar)- XC"| WA lls 1(ar) T))

= 759(p 1) rp(c Uar)-dg (XC"|WA||T))

75 9(p 117,08 - (XC" || WA|IT)

We have now derived:

71994 (793 (WCIIWAIT) | WB) = 7,°05(W | WB). (step 5)

I
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Let V be given by:

N
v o= Srigyv
n=0

VO = rs0(r)V yrtl = r510(proc(p 1))- V"

I

We show that ;00 (W||WB) satisfies the defining equations of V.

N ——m
790y (WIIWB) = ﬁ r 1(n)m;o35 (s 4(n) W"II( 20r4(m)~XB )
n=0 m=
= % r1(n)ri(c4(n)u(W"IIXB")
n=0

N ——n
= S ri(nyrrda(WIXB")

n=0
T'T1°3H(Wl|ﬁ0) = r1/(c 5(r)-u (s O(r) WIIWB)) 75 0(r)-7;°0 (W WB)
rr03g (W IXB" 1Y = rr(c9(p 1)-5(W" lis 10(proc (p 1)) XB"))
= s 10(proc(p 1)) r,°0(W" | XB")

(here we use that r(rx||y)=7rx |y =mx|L_y =(xlly)). From the above deriva-
tion it follows that:

99y (WI\WB) = V. (step 6)
We show that SPEC satisfies the defining equations of V.
N
SPEC = > rl(n)y(rSPEC"-SPEC)

n=0
SPECY-SPEC = 7s0(r)-SPEC
mSPEC"*1-SPEC = 75 10(proc(p 1))-(r-SPEC"-SPEC)
Hence:

V = SPEC. O (step 7

This example shows that a combination of trace-theoretic arguments and the

use of alphabet calculus makes it possible to verify simple systems in a compo-
sitional and modular way.
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