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This paper deals with a two-dimensional stochastic system, which is the diffusion approximation to a birth-
death process. At the boundary of the state space, the diffusion matrix becomes singular. The stochastic
fluctuations are assumed to be small. By an asymptotic analysis, expressions are derived that determine the
probability of exit at each of the two boundaries and the expectation and variance of the exit time. These
expressions contain constants that can be computed numerically.
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1. INTRODUCTION

Consider a two-dimensional stochastic system that has a stable deterministic equilibrium and in which
the stochastic fluctuations are small. Various systems of this type have been studied in literature, see
MaTgOwskY and Schuss [1,2], MATKOWSKY, ScHUsS and TiEr [3]), HANsoN and TiER [4]. With
respect to the behaviour of the deterministic system at the boundary of the region under considera-
tion, different cases can be distinguished: the deterministic vector field enters the region [1], or it is
tangent to the boundary of the region, without [2] or with [3] critical points on the boundary. It is
assumed that the diffusion tensor is nonsingular. The asymptotic theories for small stochastic fluctua-
tions lead to expressions for the exit distribution and the (lowest) statistical moments of the exit time.
An asymptotic analysis of a one-dimensional stochastic system in which the diffusion coefficient
becomes singular at the boundary is given in [4]. In this system, both the drift and the diffusion
coefficients vanish, linearly with the distance to the boundary.

The two-dimensional stochastic system treated in this paper arises as the diffusion approximation of
a birth-death process with two populations having large equilibrium values of equal order [5]. The
diffusion matrix is diagonal and becomes singular at the boundary. There, the normal components of
both the drift and the diffusion vanish linearly with the distance to the boundary. This system differs
from the system treated in [3] in that the diffusion tensor becomes singular at the boundary, and from
the system in [4] in the dimension. Extending the methods presented in [3,4], asymptotic expressions
are derived for the probabilities of exit at the two boundaries as well as the expectation and variance
of the exit time.

Section 2 describes the stochastic model and formulates the boundary value problems with respect
to exit boundary and exit time. In section 3 we find asymptotic expressions for the probability of exit
at each of the boundaries, valid uniformly outside an asymptotic small neighbourhood of the origin.
In section 4, a derivation largely analogous to that in section 3 leads to asymptotic expressions for the
expectation and variance of the exit time that are uniformly valid. Section 5 is concerned with the
numerical determination of constants that appear in the formulas obtained in sections 3 and 4. As an
example, section 6 treats a predator-prey system. Section 7 contains some remarks on the diffusion
approximation to a birth-death process and possible extensions of the approach presented in this
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2. THE STOCHASTIC MODEL AND THE BOUNDARY VALUE PROBLEMS
Consider a system of two populations with birth and death rates B;,D; of the form:

Bi(N1,N3) = NiAio+A 1Ny +AinNy) Q.0
Di(N1,N3) = Ni(pio+p 1Ny +piaN3),

in which A, p; are positive constants and N; denotes the number of individuals in population
i, i,j=1,2. By assumption, B; —D; vanishes at the equilibrium (N{,N%) with:

Nt = L0, 0<es<l, k= 0(), 2.2

K;€

the values of k; depending on the choice of €. The birth-death process (2.1) is defined on the discrete
state space N:

N = {(V1,N2)IN,,N,eN} . @3)
It can be approximated by the diffusion process described by the forward Fokker-Planck (or forward
Kolmogorov) equation:
dv(x,t 2 3 3
WED = My =3 |- bGre0] + 5 SrlaGrl] , @4
i=1 1 i

in which v is the probability density function and x; represents N;/N?, defined on the continuous
state space R,

R = {Cx1,x2)1x1,x2€R and x,,x,>0}, 2.5)

see [5]. The diffusion matrix is diagonal with elements:
al(x) = xl(am'l-auxl-i-alzxz), (2.6)
a(x) = xy(az tanx;tanx,),

in which the a;; are the positive numbers:
a0 = k(Ao + o) @n
a; = Kio\ij +l~"ij)Ne‘ >

i,j=1,2. This diffusion matrix is singular at x; =0 and x,=0. The drift vector is given by
bi(x) = x1(bro+bux;+biaxs), 2.8
by(x) = x5(bao +byx; +bnx,),

with
bio = Nio—to 29
b; = (}\ij_llaj)Ne' >

i,j=1,2. Thus, x; =0 and x, =0 are characteristic boundaries.

In this paper we investigate the stochastic system described by (2.4), with a diffusion matrix of the
form (2.6), a;; positive, and a drift vector of the form (2.8), in which the b;; are restricted by assump-

tions made below.
The deterministic system

dxy
- b, (2.10)
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dx; b
dt - 2(x ) ’
associated with the stochastic system (2.4) has the equilibria:
0,0), (2.11a)
b
©,—-=), (2.11b)
by
b
(-0, @.11¢)
by

bybiwp—bibyy  bybyp—byby
buby—buby * bubip—bnubxn |’

xf = (xf,x3) = (2.11d)

By assumption the critical points (2.11b, ) lie on the positive x,-axis, x-axis respectively, with order

O(1) distance from the origin:
b b b b
—B 0, -2 =0q), >0, -2 = o), (assumption 1)
by bn by bu

and are attracting along the x,-axis, x-axis, respectively:

byy>0, byp>0. (assumption 2)
The deterministic system has an equilibrium in R with coordinates of order O(1):

x§>0, x§ = 0(1), x5>0, x5 = 0(1). (assumption 3)

The following assumption is made with respect to the stability of the deterministic system at x°. In
the neighbourhood of x® we have by linearization of the deterministic vector field:

b = (b1(x),b2(x)) ~B(x —x°), _ (2.12)
where the matrix B is given by: '
0b; '
B = (By) = (3 Ix°) = Gyxi). (2.13)
J

The eigenvalues of B are

1 .
Aip = ’2‘[1?1135? +bpx5 V(b1 x5 +byx5)? — 4(bybp—bipby)xixs]. 2.19)

The condition for stability of the deterministic system at x° is that the real parts of A} and A, are
negative. Using the assumptions (1-3) this condition results in:

b11bp>b13by - (assumption 4)
By the assumptions (1-4) the equilibria (2.11b,c) are saddle points. The equilibrium (2.11a) is an
unstable node.
At the boundary x; =0 we have:
Tiot) = bGep0s)— 5 S a(ew(e]<0 @.159)
b(x)=0, ai(x) =0, (2.15b)

i=1,2. By (2.15a) the probability current J; at x; =0 is negative, indicating that x,=0 can be reached
from R. Once x; =0 has been reached, by (2.15b) it cannot be left. Thus, x; =0 and x, =0 are exit
boundaries.
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Starting away from x; =0 and x, =0, the stochastic system described above will likely remain in
the neighbourhood of the stable equilibrium x°® of the deterministic system for a long time. With
small probabilities large excursions from x¢ occur. In such an excursion the system may exit at x; =0
or x,=0. This will happen within a finite time with probability one.

The boundary value problems describing exit are commonly defined on a bounded region. How-
ever, for the asymptotic analysis held in this paper, the use of the unbounded region R and the boun-
dary 9R defined by

R = R\ R = {(x1,x2)|x1x, = 0 and x; + x,=0) (2.16)

will not lead to any difficulty.
In order to determine the probabilities of exit at x; =0 and x, =0, a study is made of the station-
ary backward Fokker-Planck (or backward Kolmogorov) equation:

O—Lu—gl[b(x)—;+ 2 ,()32] inR, (2.17a)
with the boundary condition:
u = f(x) ondR , (2.17b)
in which
u(x) = [ flx")P(x,x")dsy (2.17¢)
3R

where P(x,x’) is the probability of exit at x’€dR, starting from x eR. By defining f as:
1, Xi :O,
J&) =10, else, (2.18)

the function u(x) is the probability of exit at x; =0, starting from x€R,i=1,2. In this paper only
boundary conditions of the form
Cb 1» X1 :0, '
fO) =1¢,,  x,=0, (2.19)

are considered, with C,;, C,, constants that are either zero or one.
Another point of interest is the determination of the expectation Er(x) and variance Varr(x) of the
exit time T(x), starting from x€R. By

Er(x)=T,, (2.20a)

Varr(x) = T,—T% , (2.20b)
the expectation and variance of T are expressed in the moments

Ti(x) = <T'> @21
of T, which satisfy the equations:

L.T; = gi(x) inR, (2.22a)
and conditions

T,=0 on dR , (2.22b)
i=1,2, with

gix)= -1, : (2.22¢)

g2(x) = —2T(x). (2.22d)
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Equation (2.22a) with i =1 is the Dynkin equation. Although higher moments can be determined as
well, the analysis of the exit time in this paper is restricted to its expectation and variance. For a
derivation of the boundary value problems (2.17, 2.22) the reader is referred to [6,7].

In biological terms, exit means extinction of a species. The expected exit time is a measure of sto-
chastic persistence of the ecosystem. The type of interaction between the two populations with densi-
ties x; and x, is mutualism for by, >0, by; >0, competition for b}, <0, by; <0 and predation-prey in
the other cases. '

3. THE EXIT BOUNDARY

In this section the exit problem (2.17) with f as in (2.19) is solved asymptotically for small . The solu-
tion contains an unknown constant. To obtain an expression for this constant, we use an integral for-
mula which results from the divergence theorem. In the integral formula, a formal solution of the for-
ward equation adjoint to (2.17a) is needed. This adjoint equation is solved by the WKB-method. Near
the boundaries x; =0 and x, =0, the solution of the adjoint equation is peaked at the critical points
(0,—by9/by) and (—byo/by),0) respectively. Neighbourhoods of these critical points play an impor-
~ tant role in the subsequent analysis.

3.1. The backward equation

An asymptotic analysis of the boundary value problem (2.17) reveals the existence of an outer solu-
tion, valid away from x;=0 and x,=0. Near these boundaries, an examination of different stretch-
ings of the normal coordinate shows the presence of a boundary layer of width O(e). Inside the
boundary layers, the diffusion parallel to the boundary is negligible, except near critical points of the
deterministic system. Thus, the following regions are distinguished:

b
regionA: x; = 0(), x;+ -i,-?ﬁ->0(\/e_), (3.1a)
2
b
region B: x; = 0(¢), |x; + 33"-1 = o(Ve), (3.1b)
2
. .
region C:  x, = O(e), 0(<)<x2<—-l;3'l-—0(\/2), (3.1¢)
2
region D:  x; = 0(), x32 = 0(9), (3.1d)
b
region A”:  x, + ;‘l’->0(\/2), x5 = 0(), (3.1¢)
1
b
region B”:  |x; + -l-)-‘—o—l = 0(\/5_), xy = 0(), (3.19)
' u
b
region C": 0(€)<x1<—7)-l—0——0(\/£_), x5 = 0(), G.lp
1

see fig. 1.
3.1.1 The outer solution
The reduced equation corresponding to (2.17a) reads:

2 du _

z:“l bi(x) ox 0, (3.2)

which has the solution:
u=20q, (33
with C, a constant with respect to x, which is yet undetermined. An expression for C, will be found




in subsection 3.3. The solution (3.3) is valid in R except near x; =0 and x, =0 because the boundary
condition (2.19) cannot be satisfied.

A' | $ 0(e)

0(e)
<>
x,
A
outer
1 .
_ i region
byo/byp 1B 0(e®)
1
C 0(82)
—>
D c' B'
0 —blo/bll X,

FIGURE 1. The outer region and the boundary layer regions. In the
regions A4,4’,C,C’ the diffusion parallel to the boundary is
negligible, while this is not the case in the regions B, B’ and
D.




3.1.2 The boundary layer solution in the regions B and B’
Near the critical point (0, —b29/b2) of the deterministic system, we introduce the stretched coordi-
nates: :

- X1
X = —, (3.4a)
€ .
b
x2+—io-
5 = bn (3.4b)
2 _\/c- ’ .
and the boundary layer function
b
UG1,%s) = w1, — 5+ VeTa). 3.5)
2
Substitution into (2.17a) leads to the boundary layer equation:
2 2
R R = 39)
X1 ax; X2 ax,
in which
byyb
ky = by — ———, (3.72)
by
1 by
ky = ‘2‘(010“(112;2'2") 5 (3.7b)
ks = by, (3.7¢)
b anb
ky = —222 2k XN (3.7d)

— o —
2by 0 by

From the assumptions (1-4) and the positivity of the a;; it follows that the constants k; are positive.
By separation of variables:

U(xy,x2) = w(x1)z(x3) , (3.8)
equation (3.6) leads to the ordinary differential equations:

- d*w - dw

kox + kyx;— —Aw =0, 3.9a
= @99
d*z - _dz

ka2 — kX, + Az =0, 3.9b
‘e 39)

in which A is the separation constant. The general solution of (3.9a) is:

X

wix) =e ? [CIWA._+(_5&1) + CZW—)\,‘_;-(J.&I)] 5 (3.10
in which
- ky_
X = -];—z-xl , , (3.11a)
_A
N =g (3.11b)

Wiy and W_, . are Whittaker functions [8] and c;,c, are arbitrary constants. The general
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solution of (3.9b) is:

2
X2

z2(xy) = eT[CsDA,(iz)‘*“MD a—10x)],

in which

(3.12)

(3.132)

(3.13b)

D), and D_,,_, are parabolic cylinder functions [9] and ¢, ¢, are arbitrary constants. At X; =0 we

have the boundary condition
U@0,x;) = Gy

(3.14)

This condition can be satisfied only if A=0. The matching condition with the outer solution (3.3) is

stated as:
lim U(xy,x3) = G .

The boundary layer solution satisfying both conditions (3.14) and (3.15) is given by
U1,%2 = G+ (Cpi—Cple ™

or, in the original notation:
ko x

u(x1,%2) = Co+(Cp1—Gple **

The boundary layer region B’ around the critical point (—b9/by;,0) yields a similar result:

k‘,fi
u(x1,%2) = Go+(Cpy—Cle ™ ©
in which
byi1by
ky' = byy — =220
1" = by b

1 byo
ky' = 3(an—an—2).
2 2 (@ 21b“)

3.1.3 The boundary layer solution in the regions A,A’ and C,C’
Introduction of the stretched coordinate (3.4a) and the boundary layer function

U(xy,x2) = u(exy,x,)

into equation (2.17a) leads to the boundary layer equation:

_ aU U — 1 RU
Xy(bro+biaxa)— + xa(byp +b22x2)_6 + x5 (aptanx))— =0.
axl X2 Bxl

In order to make this equation separable, the variable X, is replaced by the new variable

Yy = x l‘Y(x 2) 3
with the function 7 still to be determined. Equation (3.20) becomes:

(3.15)

(3.162)

(3.16b)

(3.17)

(3.182)

(3.18b)

(3.19)

(3.20)

(3.21)




T

W 14 Xa(b+bnxi) W '
y== + Ty + L2 =0, (322)
dy y (@ tanxy)y %2
whére .
W(y’x2) = U(-x‘lst) ’ (3'23)
and
_ 1 . Y
I'(xy) =+ [bio+biaxy +x3(bap+bnxs)1. (3.29)
5@ tanx: Y

The function y is chosen such that
I'x))=1. (3.25)

Then (3.24) is a Bernouilli equation, the integration of which is discussed in appendix A. The
corresponding integration constant follows from a matching condition, see below. The partial
differential equation (3.22) with (3.25) can be solved by separation of variables:

W(p.xz) = w)z(xa) , (3.26)
leading to the ordinary differential equations:
d*w dw _
:I—yT + yjd; —-Aw =0 ) (3273)

Xa(byo +b2x3) dz
1
S(aptanpx))y dx2

+A =0, (327b)

in which A is the separation constant. To satisfy the matching conditions ‘
U@0,x2) = Cp1 » (3:28)

lim U1,%3) = G »
X ~>00

A must equal zero and the solution of (3.20), (3.28) is obtained as:
U1,%2) = Cp+(Cy1 —Cple &%, (3.292)
or, in the original notation:

X\
—y(x)—
u(ri,x2) = G+Co—Cpe ¢ (3.29b)
The integration constant in the problem (3.24), (3.25) for y is chosen such that (3.29) matches the
solution (3..16), that is, by the condition:

. _ Kk
hmbm v(xy) = % (3.30)

ba

Xo=>—

The boundary layer regions 4’ and C’ along the x;-axis are treated similarly. There, the solution is
given by

u(xy,x2) = Cp+(Cpa—Cple <, (3.31)

in which y(x;) solves a Bernoulli problem analogous to (3.24), (3.25), (3.30).
The treatment above in the direction along the boundary leads to a correct result only for constant
boundary conditions. Readers interested in boundary conditions (2.17b) with nonconstant f are
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referred to the approach in [3].

3.1.4 The boundary layer solution in the region D
We introduce the stretched coordinates (3.4a) and

_ X2
Xy = p
and the boundary layer function
U(EDJ_‘:Z) = u(&l’d-Z) .

Substitution into equation (2.17a) leads to the boundary layer equation:

- L _ U - 8U 1 _ U
bmxl + zdmxl ) + b20.7€2 — + 'E'amX2 5 = 0
X1 X1 sz X3

This equation is solved by separation of variables. By the assumption
URx1,%2) = w(x1)z(x2)

the ordinary differential equations
— dw 1 - d*w
wal‘—’ + Fa10X1T5 — Aw = O,
&, 2 a5
- dz 1 - d*z
b20X2_ -+ —2_(120)62'_2 + Az =0 N
2 X2

are obtained, in which A is the separation constant. The general solution of (3.36a) is:

- X, .

wXx;) =e ? e L (=xD)FeaW oy L (x1)],

in which
~ b _
X1 = 9q X1
S a0
A
Al _—m——
b

The general solution of (3.36b) is:

£
—X,

~

2(x) =e 2 lesWi, 1 (mx2)FeaW oy, o (x2)],

in which:
~ by _
X2 = X2 5
24
A
}\2 = .
by

The solution of (3.34) must obey the boundary conditions:
U@O,xz) = G,
U(x1,0) = G2,

R R R

(3.32)

(3.33)

(3.34)

(3.35)

(3.362)

(3.36b)

(3.37)

(3.382)

(3.38b)

(3.39)

(3.40a)

(3.40b)

(3.41a)
(3.41b)
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and the matching conditions:
R
lim UGy,X) = GH(Gi—Ce * * (3.42a)
X;—>00
T,
lim UG.%) = G+H(Cpa—Cple * s (3.42b)
X, ~>00
with respect to the solution in the regions C and C’ respectively. The conditions (3.42) follow from
bxo
hm Y(x2) = , (3.439)
2 2410
b
hm Yx) =1—>, (3.43b)
2 242

see appendix A. The desired solution is a rather complicated expression, which will not be given here.
Instead, we remark that

U(xy,x3) = "(:1,;‘ [Co+(Co1—Chle “Cp+(Cpa—Cple 71, (3.44)

obtained with A=0, solves the differential equation (3.34), satisfies the matching conditions (3.42) and
has the boundary values:

C —~
UO,%,) = c,,,[1+(——c"bl— De ™, (3.452)

C ~~
UGEL0) = Cpall+H(-—De ™ 1, (3.45b)
b
which are different from the boundary conditions (3.41).

3.1.5 Summary
It is easily verified that the results of subsection 3.1 can be summarized as follows. The uniform
asymptotic expansion for small € in R\ D, D an O(¢) neighbourhood of the origin, of the boundary
value problem (2.17, 2.19) is given by:

X

w0 = G+ C=e T AGH GG e, (346)

in which v,¥ solve Bernoulli problems as discussed in 3.1.3. Expression (3.46) is the uniform asymp-
totic expansion in R of the boundary value problem (2.17) with boundary conditions (3.45). The
remainder of section 3 concerns the determination of Cp, which is yet unknown.

3.2 The adjoint equation
The forward equation adjoint to (2.17a) is given by

M vy =0 , (3.47)

with the operator M, defined in (24). The function v(x) describes the probability densny,
correspondmg to the (quasi-) stationary state of the system (2.4). The solution of equation (3.47) is
needed in section 3.3.
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3.2.1 The WKB-approximation
A solution of (3.47) is sought in the form of the WKB-Ansatz [10]:

—Q(x1,%;)
v(xy,x2) = w(xp,x)e ¢, >0, (3.48a)
where
Q(xi,x3) =0, (3.48b)
wxi,x5) =1, (normalization) . (3.48¢)
Substitution of this form into (3.47) leads to leading order O(e™!) to the eikonal equation:
2
99 1 00,
El [b; X, + Jal ax,.) 1=0, (3.49)
and to order O() to the transport equation:
2.9 90 9 1 9.
2_“1 [ax,. (b;w) + ox % (aw)+5aw ox 1=0. (3.50)

The numerical computation of the functions Q and w subject to the conditions (3.48b, c) is treated in
section 5.

3.2.2 Behaviour near the boundary
To investigate the asymptotic behaviour of Q in the x,-direction for small x, the expansion

o p— 1 .
O(x1,x2) = Qo(x2) + Q1(x2)x1 + 5 0x0e2)xF + - -+ (3.51)
is substituted into (3.49). Terms of order O(xY) are collected, resulting in:
dQ byo+b
dgo = o n¥) (3.52)
2 3 (axp tanx;)

This expression indicates that inside the interval x, €[0,00), the only extremum of Q, is a minimum,
situated at the critical point x, = —byy/b,;. By (3.48a) the probability density function v is sharply
peaked at this critical point. Therefore, the probability of meeting the stochastic system in the boun-
dary layer x,=0(e), asymptotically equals the probability of meeting the system in the boundary
layer region B.

To study the WKB-solution in the region B the new variable

- b
3y = xp + 2 (3.53)
b
is introduced and Q is approximated by the Taylor series expansion:
- 1 A2
Q(x1,x2) = Qo + Qaxy + Q1x1 + 7Q3x3 + -~ (3.54)

Note that in the region B, x, is of the order 0(553 ). Substitution of (3.54) into the eikonal equation
(3.49) determines the constants

Q2 = O’
__k
0= —7-, (3.55)
k
Qs = —
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and leaves the constant Q, undetermined. The value of Qg is obtained by solving the problem (3.47,

3.48) numerically.

A boundary layer analysis is carried out to reveal the behaviour of the transport function w in the
region B. The result (B9) for the one-dimensional exit problem, given in appendix B, indicates a

smgular behaviour. The stretched coordinates (3.4) and the boundary layer function
VG1LE) = W, =5+ VeR)

are introduced. Substitution into (3 47) leads to the boundary layer equation:
d [ 4

—ki— (fo)'*'kz (—1V)+k3—(~2V)+k4

0x; 6 9x, 0%,

2y
=0,

X2

with the k; defined by (3.7). By the separation assumption

V(x1,X3) = r(x1)s(x2)
(3.57) leads to the ordinary differential equations:

d> d
ky F@l’)—klﬁ”@ﬂ)“w =0,
%

k4d3c'2 +k3 (_23)"’!’-5"—0

in which p is the separation constant. The general solution of (3.59a) is:

r(fl) = J‘El [C[ [N 1 ( xl)+c2W—u, (xl)]
with

= L
y’ k)’

c1,¢, arbitrary constants and x; defined by (3.11a). The general solution of (3.59b) is:

2
X3

sGy) = e * [e3D, (X2)FeaD—p —1(X0)],

with
w = -,\’f:
€3, ¢4 arbitrary constants and x, defined by (3.13a). Putting
p=0,
¢, =0,
cy =0,

the boundary layer solution

- a1 ]m
V(x,,x,) = const. x; e '

(3.56)

(3.57)

(3.58)

(3.592)

(3.59b)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

is obtained. The leading order part of the WKB-solution (3.48a) with Q given by (3.54), (3.55) agrees
with the exponential function in the boundary layer solution (3.65). The solution (3.65) indicates that
the transport function w behaves according to
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o ~ (3.66)
X1

in the region B. Substitution of the expansion
n A2
wixi,x,) = XL(WO +wox,+wixg +-;'w3x2 +-0) (3.67)
1

into the transport equation (3.50) and using (3.55), leaves the constant w, undetermined. Its value is
obtained by solving the problem (3.47), (3.48) numerically.
As a conclusion, in the boundary layer region B the WKB solution (3.48) behaves as:

€19 LI _ia__x_z_,
Vrpxy) = et e k2 (3.68)
X1
in which
9
Ci(© = woe (3.69)

where wg, Qg as in (3.67), (3.54) respectively, have to be determined numerically. A similar result can
be derived in the boundary layer region B’. There, the WKB-solution is:

L
C T X T )
Vo) = ~2 TR (3.70)
X2
where the constants in C,, which is the analogue of C;, have to be determined numerically. The con-
stants k4',k4" are given by

k3’ — blO: (3.713)
, 1by anbo

ks = — ?bu (@ — bi ) (3.71b)

- byo

X1 — X1 + E (3.72)

3.3 Application of the divergence theorem
Using the divergence theorem the following integral relation can be derived:
da;
u € i

j(vLu uM v)dR Bl{l .211', a,( o, —u——) (b-—2 ox,

—ywv| ds (3.73)

where R’ is a region with boundary dR’ on which the operators L., M, are defined, and » denotes the
outward normal on dR’. In the right side of (3.73) v and its conormal derivative need to be evaluated
at the boundary S’. By (3.68), (3.70) these functions become singular at x; = 0 and x, = 0. To
avoid singular functions, R’ is chosen as a slight modification of the region R:

"= {(x1,x2)|x1>8,x,>8} , (3.74)

and

oR' = 1—{’\R' = {(x1,%2)|(x1 —8)(x2—8)=0 and x; +x,=>28} (3.75)
with & a small number:

0<d<<e. (3.76)
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By (2.17a) and (3.47) the left side of (3.73) equals zero. First the boundary x; = § of R’ is con-
sidered. There, the right side of (3.73) is written as:

% 3
) l—al( va—“+ ————) (l—éf uv] dxy . 3.7
8 1 x, =8

The only significant contribution to this integral comes from the boundary layer region B. Using the
expression (3.16b) for u and (3.68) for v, the integrand in (3.77) is evaluated. Subsequently the limit
8—0 is taken and asymptotically for small ¢ the following result is obtained:

k 2 k 1
fcl(f)k_ze k‘ [(alo—bw k, )Co1— zaIOCb {(alz—blzk_j)cbl —_z_alzcb} xz] dx; . (3.78)
0

This integral is evaluated by the method of Laplace [11]. Expression (3.78) becomes:

b
(f)_ — (@~ blO 2)Cp1 — alOCb 2 lan— b12 2)Cy1 — 2a12Cb 3.79
kq ki

Analogous to the derivation above the boundary x, = & is treated. The following expression is
found:

ky’ k ' k' buo k' .
O 2me (@20 —bx ,)Cbz aZOCb —dan—by—= )Cp2—5anCpp| -
k, ky bn k,

Combining the results (3.79), (3.80) in the divergence theorem formula (3.73), an expression is
obtained for C:

Co1C1(€)K |+ Cpa Ca (9K,

(3.80)

C,= 3.81
=T K + C1OK; 81
with
k
Kl - kl _k—:— »
k 7
K, =k’ 7{—:— (3.82)

Expression (3.81) completes the analysis of this section. With (3.46) the following result is obtained.
Denoting the probability of exit at boundary x; =0, starting at x, by u;(x), we have :

X3
=¥(x)—

_ Ci(®K;+Cy(9K;e D el
M) = T C Ok, £ Cy0K, 1—e ’ (3.832)
Ci(OK s FCOK, [ v
1R, € 2(€) =)
— 1_ € .
uz(x) CiOK, +C,0K, | ¢ ’ (3.83b)

asymptotically for small € in R\ D, D and O(¢) neighbourhood of the origin. It is easily verified that
in the region R\ D, expressions (3.83a) and (3.83b) add up to one. Rewriting (3.69) and the analog
expression for C, as:

_Qo-' .
Cle) =wge ¢ , (=12 (3.84)
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and using the fact that w,;,K; are order O(1) constants, (3.83) can be simplified. In the case Qo1 <Qp2

we find:
- X3
“'Y( 1)""
@) ~1—e e,
_;(xl)_x_z
uy(x) ~ e < (3.85a)
and in the case Q¢ >Qg;:
)
u(x) ~ e ¢,
)
us(x) ~ l—e €. (3.85b)

4. THE EXPECTATION AND VARIANCE OF THE EXIT TIME
In this section the boundary value problems (2.22) are solved asymptotically for small e. Assume that
T;(x) is of the form:

Ty(x) = Cri(9m(x) , C3))
in which

Crl(©gi(x) = o(e), 0. “4.2)
Substitution of (4.1) into (2.22a) yields to leading order the reduced equation:

S b0 =, “3)

= 0x;

which is solved by a constant that is taken 1 without loss of generality (any other constant can be
incorporated in Cr,;):

n(x) = 1. (4.9)

This is the outer solution, valid away from O (e) boundary layers along x, =0 and x, =0. A boundary
layer analysis can be held as in section 3, with u replaced by ;. The only difference is in the boun-
dary condition, for this case stated by (2.22b). The following uniform asymptotic expansion for 7; is

obtained:
) —Hr)
1—e ¢ ] [l—e Te ] 4.5)

valid in R (the region D included). The unknown Cr;(¢) are determined using the integral relation
(3.73) with u replaced by T;. After some calculus, this integral relation reduces to:

© © AT, 0© aT,
——f—f fvg,dx;dxz = f[alvm} dx, + f ay—
5 3 8 x =8 4

axz

Ti(x1,X%3) =

dx, . (4.6)

x, = 8

On the right side, the largest contributions to the integrals are from the boundary layer regions B and
B’. These integrals are evaluated by the method of Laplace, using expressions (4.1), (4.5) with

ky
¥(xy) = % @.7)

’

- ki
¥(xi) = o
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for T and expressions (3.68), (3.70) for v. The left side of (4.6) is evaluated using the WKB-expression
(3.48a) for v and the method of Laplace for double integrals. Letting §—0, the following expressions
are found for Cr(e): 4

2mre

_ H(x*)
10 = 0K+ Gk, * (482)
Cr,2() = 2C%1(9), (4.8b)

in which H(x®) is the determinant of the Hessian matrix of Q at x®. With Q" =min(Qg;,Q¢,), see
(3.84), and using the fact that wo,, K;, H(x®) are of order O(1), Cr, l(e) is of the order

Cr1(e) ~ \/_ ce © . ’ 4.9)

In the evaluation of the left side of (4.6) we let 8—0, while the WKB-expression (3.48a) for v fails to
be integrable in this limit. This prooedure was proposed by Lubwic [10]. Its correctness has not -
been proven. See also the remarks in [4] at this point. By (2.20) the resulting uniform asymptotic
expansions in R of the expectation and variance of the exit time are given as:

Er(x) = Cr.(0) [1—[7@’)7} {1—[7("')7] , (4.102)

(4.10b)

2 _'Y(xz)i __‘;(xl)_f_z_ _7("‘1);""""".I;("‘Tl)‘xi 2
Varr(x) = Cr1(e)[1— |e € +e ¢ —e € ¢ ,

respectively.

5. NUMERICAL DETERMINATION OF THE WKB-SOLUTION.

To obtain the constants Qg1,wg1,Q02,We2 in (3.84), the WKB-solution (3.48) of the adjoint equation
(3.47) is determined numerically. By the Hamﬂton-Jacobl theory [12], the eikonal equation (3.49) is
written in terms of the Hamiltonian H:

1
H(x,p) = z[b,. i + 5api] =0, (5.1a)
i=1
where
_ 89
P (5.1b)

The corresponding system of bicharacteristics reads:

dx; oH _ .
il = b+ap, (i=12) (5:22)
i _ _8H _ _ %% | 10 =
i T jgl o, P+ 5 2%, p] , i=12) (5.2b)
with 5 a parameter along the characteristics. The rate of change of @ with s is given by:
dx; 2 :
—Q = —H+ 2—’5—p, S2ap?, (whichis >0). (5.20)

i=1 i=1

At s =0 all characteristics start in a neighbourhood of the equilibrium
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x = x°,
p =0, 53)
0=0,

of the system (5.2). The initial position of a characteristic is specified on a circle around x° with
radius r<<1, by the variable 6.

xy = x§ + rcosf , 54
Xy = x5 + rsinf.

The corresponding initial values of p1,p,,Q are obtained by the following local analysis.
In the neighbourhood of (5.3), Q is approximated by the quadratic form:

0 ~ 7Gx —x*YP(x—x°), 55)
in which P is a symmetric matrix and ¢ denotes the transpose. It follows that:

p= —‘2—% ~P (x —x°). (5.6)
Substitution of the approximations (5.6), (2.12) and

[al(x) 0] [al(x") 0
)N

A4, 0
Y a2(-x 0 az(xe) = [O A2 =4 (5'7)

into the eikonal equation (3.49) leads to the matrix equation:
PAP + PB + B'P =0, (5.8)
which is solved to give:
—2(Bn + Bn)
(By1A)—BpA,) +A4,45(Byy +Bn) '

P= (5.9)

B3 A, +[BnByu—BpBy+BhA; BnByA,+By1BpA,
BnByA,+B1Bpd, BhA,+[BBy—ByBy+BhA, |

The initial values of p;,p,,Q are determined by (5.6), (5.5), (5.9). Notice that (5.9) also determines the
determinant

H(x?) = PPy — PPy (5.10)
in (4.8a).
Next we consider the transport equation (3.50). With (5.2a) and
2 09 dx; _ d ,
El ax,-( =) = ol (5.11a)

see [10], in which J is the Jacobian

de Bxl
Tds 00

T = \axy oy | | (5.11b)
“ds 90
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equation (3.50) is rewritten as:

i=

Aty = — 5 [ e
ds(]nw VD = 2 {Bxi + p;i ox | (5.12)
Differentiation of (5.2a,b) with respect to # leads to the equations

3x, _ ab, aa,- ap, (5 13a)

( FY) + Wl’i + aiW:
dap,_ 2 [ &b 6b-_3£-L13!28a8p
d" 39 § [ax 00 Pt ox; 96 2 ax; 30PJ+ ax, MPJ J (5.13b)

i =1,2, which describe the rate of change with s of 9x;/96 and, using (5.2a), of J. The initial value at
5 =0 of w is chosen according to (3.48c). The initial values of 9x;/90, dp;/36 are obtained by
differentiation of the initial expressions (5.4) for x; and (5.6) for p; with respect to 6.

To obtain Qy;,wo;, the system of 10 ordinary differential equations (5.2), (5.12), (5.13) is integrated.
By trial and error the angle 8 of the initial point is manipulated in order to obtain a characteristic
containing points close to (0, —b9/b3;). Once a (A2,A)-neighbourhood of (0, —byy/by,) is reached,
A<, the integration is terminated. Using the values of Q,w obtained numerically at the end point(s)
of the characteristic and the formulas (3.54), (3.55) for Q and (3.67) for w, valid in the case
x1=0(x3), X, small, we approximate the values of Qg;,wg;.

The solutions of Q and w obtained by the numerical method described above are not always unique
functions of x. By assumption, the solution is unique along the characteristic which starts at the ini-
tial point with » =0 and ends at (0, —b5/b2;). In numerical computations, this characteristic cannot
be followed exactly. Near (0, —byy/by;) the characteristics curve upward or downward along x, =0
and get into caustic surfaces, as indicated by a change of sign in the determinant (5.11b). There, the
solution is not a unique function of x. The numerical integration must be terminated before the deter-
minant vanishes. The boundary x; =0 cannot be approached too close. Consequently, A cannot be
taken arbitrary small, which limits the accuracy of the computed values of Qg;,wg;. In the subsequent
example, the numerical computation was stopped at x;~0.02.

6. AN EXAMPLE
Consider the predator-prey system defined by the diffusion

ay(x) = x1(1.28 + 0.80x; + 0.32x,), (6.1a)
as(x) = x,(1.08 + 0.28x; + 0.40x,),

and the drift:
bi(x) = x;(0.72 — 0.40x; — 0.32x,), (6.1b)

by(x) = x,(0.12 + 0.28x, — 0.40x,),

in which x; and x, denote the prey and predator density, respectively. The stochastic system defined
by (6.1) is the diffusion approximation to a birth-death process treated in [5]. Some trajectories of the
deterministic system are depicted in fig.2. The numerical computation described in section 5 produces
the values:

Qm = 0.26, Wor = 1.1, QOZ = 0.30, Wor = 1.5. (6.2)

The projection on the x-plane of the characteristics (called rays), used in this computation, are dep-
icted in fig. 3. Outside the region D, the probability of exit at boundary x; =0 is given by u:
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FIGURE 2. Trajectories of the deterministic system associated with the

stochastic system (6.1). The critical points are (0,0), (0,.3),
(1.8,0), (1,1).

FIGURE 3. The rays used in the numerical computation of Qg;,wo1

and Qg,Wo-

FIGURE 4. The functions y,y. The critical points, at which the initial
condition for the Bernoulli differential equation is
specified, are indicated. The values denoted along the verti-
cal axis follow from (3.30), a similar formula for the other
boundary, and (3.43a,b).




22

.26 1
- —==[.30+x,7(x,)] - X3
6% ¢ +1.03 ° [1 _ e

~¥x I)EL

~1—c¢ <, (6.32)

ul(x) = 26 .30

69 ¢ +103e *

~ .30
— L1264+ x,7(x, -0 . Cox
69e <N 03e e ey 1
1—e Cl ~e <

Uy(x) = 5 3 , (6.3b)

.69 ¢ +1.03e *

according to (3.83), (3.85). The expectation and variance of the exit time satisfy equations (4.10), uni-
formly in R, with

Ve 26
Cri(® = — % ~ 91 Vee © . (6.9)

0.11e € +0.16e *

The functions v,y are computed numerically by the method described in appendix A. Their graphs are
shown in fig. 4. In the boundary layers along x; =0 and x, =0 a small (large) value of v,y respec-
tively, may be interpreted as a relatively weak (strong) stochastic stability. From fig. 4 we conclude
that for low prey density the stochastic stability of the system (6.1) decreases with increasing predator
density; for low predator density the stochastic stability increases with increasing prey density.

7. SOME REMARKS

Problems with diffusion and drift coefficients vanishing nonlinearly at the boundary require a different
asymptotic analysis. In such a case the boundaries may be not of exit type. It is noted that for two-

dimensional stochastic systems no complete classification of boundaries exists as for one- dimensional

systems {13,14].

In a diffusion approximation to a birth-death process, only the first and second jump moments are
incorporated. An approximation to birth-death processes taking into account higher jump moments
can be found in [15].

Various extensions of the theory presented in this paper are conceivable. Investigations can be
directed towards a two-dimensional model, more general than treated in this paper, with the same
qualitative behaviour of drift and diffusion at the boundary and the same type of deterministic critical
points. The boundary condition (2.17b) can be used with general f. With respect to these points, see
the approach in [1,2,3]. The theory may be extended to higher dimensions.
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APPENDIX A: SOLUTION OF THE BERNOULLI-PROBLEM

The Bernoulli-equation

(bro + bpaxa)y + x3(bap + bnxo)Y = ';'(alo + apx)v, (Ala)
must be solved with the condition:

e (Alb)
By the substitution

y=g"' (A2)
equation (Ala) changes into the linear differential equation:

Xa(bag + byxi)g’ — (b + biax2)g = _‘;‘(am + apxs), (A3a)
with the condition

oimy am

The general solution of equation (A3a) is given by the variation of constants formula:

x2
’

1 x ’
by t+bpx x, ?(a10+a12x) _j by t+bpx

— x(by +bpnx) _ . X'(by +byux")
gx)) = e c—- | om0 € dx|. (Ad)

Only in special cases this formula can be worked out analytically. Next it is shown that
1

2410
50) = — (A5)
10
The homogeneous equation corresponding to the inhomogeneous equation (A3a) is solved by:
‘f’ byot+hpx by _bo by

gix2) = & 0T = Ol + bypxn)™ Pt (A6)
By the assumptions made in section 2 with respect to the b;; we have:

b by

— — —<0, ATa

bn by (A7)

by

—>0, (A7b)

b2
so that

. +o0, C>0
lim g(x2) = o, C<0 (A8a)
X7
ba
lim gh(X2) =0, (A8b)
x,40

A particular solution of the inhomogeneous equation (A3a) is obtained by the Taylor series expansion
around the regular singular point x; = —b3/b3;:

) = ka | apbyp—awbn by
R R N N

(x2+—1;2—2—)+~--, (A9)
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which converges on at least (0, —b2/by]. Since g, ; satisfies the condition (A3b) and, by (A8a), g,
becomes infinite at x; = —b9/by, the solution of (A3) on (0, —byy/by,] is given by:

g(x2) = g 1(x2) : (A10)

Another particular solution of the inhomogeneous equation (A3a) is obtained by the Taylor series
expansion around the regular singular point x,=0:
1
i) = 2910 apby—aybp
Ep. 202 by 2b19(b20 —b10)

which converges on at least [0, —byy/by;). The general solution of equation (A3a) on [0, —byy/b2)
may be written as:

Xy A+ oo, (A11)

g(x1) = gu(x2) + g,2(x2). (A12)
By (A8b) and (Al1) we have
1
270 Al3
lim g = ,
10 g(x2) by (A13)

independent of C. Remark that since the regions of convergence of (A9) and (A12) overlap, the con-
stant C is determined by the condition:

_ by
B02) = g(xa), %260, — 7). (A14)
Generally, vy has to be determined numerically. Expressions (A2), (A9) supply the starting values
¥(—b39/byyA), A small, and a forward (backward) finite difference scheme base on (Ala) is used to
obtain y(x,) for x,>—byy/byy +A (,x3<—bog/byy—A).

APPENDIX B: THE ONE-DIMENSIONAL EXIT PROBLEM
Consider the one-dimensional stochastic system defined by the diffusion coefficient

a(x) = x(ag + a1x), a¢g>0, a;>0, (B1)
and the drift coefficient:

b(x) = x(by + byx). (B2)
The deterministic system has the equilibria

x =0, (B3a)

x =x¢= —%%. (B3b)

By the assumptions
x>0, x¢ = O(l), (B4a)
bo>0, (B4b)

the equilibrium x =0 is instable and the equilibrium x¢ has a positive coordinate of order one and is
stable. The determination of the probability of exit at x =0 is a trivial problem since only one boun-
dary is involved. To avoid a trivial problem we assume a second boundary x =/,

I>>x¢, (B5)

and study exit at either x =0 or x =/ Using the methods of section 3 the uniform expansion of  in




R = {xjo<x<I} (B6)
is determined:
2b, x 2Abo+bd) x—1i
u(x) = Cp + (Coo—Cple * < +(Cu— Gple “ <, ®7)
with the constant C;, given by:
x =0
| _ [Gorh@ES -

v (b (OB
in which v is the WKB-solution of the adjoint forward problem, found analytically as:

bo 0
e s .. 1 b, by . bea,—agh, agt+ax
x(ag+a;x)
which is singular at x =0. In the limit /->c0 the trivial result
u(x) = Cypo (B10)
is obtained. The asymptotic expansion for the expectation of the exit time yields:
—zﬁe— 2 x Ao +bD) x—
"(x Ta, € T agtal €
E — — ° —_ 0t , B11
™ = L eob @R [ y ] @1
with
negey = — 281 B12
Q(x)_ aobl_albo‘ ( )
In the limit /00 we obtain:
,2,7r£e b
Epx) = L&) |}, wc|, BI3
) = B beor [ ‘ } B
The variance of the exit time is given asymptotically by:
3,2’—2—’5;)- 2y x_ Abetb) x—142
Var — X 1 — b €4 , astal ¢ , Bi4
R Y G { [e G19

which, in the limit /— 00, reduces to:

2me

S\ by, x.
Varp(x) = Q"(x°) [1 —e %€ } (B15)

{v()b(x)F =0}
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