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Abstract. Similarity measureglay animportantrolein mary datamining algo-

rithms. To allow the useof suchalgorithmson non-standardlatabasessuchas
databasesf financialtime seriestheir similarity measurénasto be defined We

present simpleandpawerful techniquewhich allows for the rapid evaluationof

similarity betweertime seriesin large databaseslt is basedon the orthonormal
decompositiorof the time seriesinto the Haar basis.We demonstratehat this

approachs capableof providing estimatesf the local slopeof the time series
in the sequencef multi-resolutionsteps.The Haarrepresentatiomnda number
of relatedrepresenationderived from it aresuitablefor directcomparisong.g.

evaluationof the correlationproduct.We demonstrat¢hat the distancebetween
suchrepresentationslosely correspondgo the subjectve feeling of similarity

betweerthetime seriesln orderto testthevalidity of subjectve criteria,we test
therecordsof curreny exchangesfinding corvincing levelsof correlation.

1 Intr oduction

Explicitly or implicitly, recordsimilarity is a fundamentahspectof mostdatamining
algorithms.For traditional, takular datathe similarity is often measuredy attribute-
valuesimilarity or evenattribute-valueequality For morecomplex data,e.g.,financial
time series,suchsimple similarity measureslo not performvery well. For example,
assumeave have threetime seriesA, B, andC, whereB is constantly5 pointsbelow A,
whereasC is randomly2 pointsbelow or above A. Sucha simple similarity measure
wouldrateC asfarmoresimilarto A thanB, whereas humanexpertwouldrateA and
B asvery similar becaus¢hey have the sameshape.

This exampleillustratesthat the similarity of time seriesdatashouldbe basedon
certaincharacteristicef thedataratherthanontheraw dataitself. Ideally, thesecharac-
teristicsaresuchthatthe similarity of thetime seriess simply givenby the (traditional)
similarity of the characteristicsln that case,mining a databasef time seriesis re-
ducedto mining the databasef characteristicsising the traditional algorithms.This
obsenationis notnew, but canalso(implicitly) befoundin paperssuchas[1-7].

Which characteristicarecomputeddependsery muchon the applicationonehas
in mind. For example,mary modelsand paradigmsof similarity introducedto date
are unnecesarilycomplex becausehey are designedto suit too large a spectrumof
applications.The context of datamining applicationsin which matchingtime series
arerequiredofteninvolvesa smallernumberof degreesof freedomthanassumedFor
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example,in comparingsimultanoudinancialtime seriesthetime variableis explicitly
known andtime andscaleshiftarenotapplicableln addition,therearestrongheuristics
which canbeappliedto thesetime series For example theconcernn tradingis usually
to reacha certainlevel of index or curreny exchangewithin a certaintime. This is
nothingelsethanincreaseateor simply slopeof thetime seriesin question.

Considera financial record over one year which we would like to comparewith
anothersuchrecordfrom anothersource Thevaluesof bothareunrelatedthesampling
densitymaybedifferentor vary with time. Neverthelessit oughtto be possibleo state
how closelythetwo arerelated If wewereto doit in asfew stepsaspossiblethefirstto
askwould probablybe abouttheincrease/decrease (log)valueover theyear In fact,
justasignof achangeovertheyearmay be sufficient, shaving whethertherehasheen
adecreas®r anincreasdn the stockvalue.Giventhis informationthe next question
might be what the increase/decreaseasin the first half of the yearandwhatit was
in the secondhalf. Thereademwill notbe surprisedf we suggesthatperhapghe next
questiommight berelatedto theincrease/decrease eachquarterof theyear

This is exactly the stratgy we are going to follow. The wavelet transformusing
the Haarwavelet (the HaarWT for short)will provide exactly the kind of information
we have usedin theabove example throughthedecompositiorof thetime seriesin the
HaarbasisIn section2, wewill focusontherelevantaspect®f thewavelettransforma-
tion with the Haarwavelet. From the hierarchicalscale-wisedecompositiorprovided
by the wavelet transform,we will next selecta numberof interestingrepresentations
of thetime seriesin section3. In section4, thesetime series’representationwill be
subjectto evaluationof their correlationproducts.Section5 givesa few detailson the
computationakfficiengy of the corvolution product.This is followed by several test
caseof correlatingexamplesof curreny exchangeratesin section6. Section? closes
the paperwith conclusionsandsuggestiongor future developments.

2 The Haar Wavelet Transform

As alreadymentionedabove, the recentlyintroducedWavelet Transform(WT), see
e.g.Ref.[9, 10], providesa way of analysinglocal behaiour of functions.In this, it

fundamentallydiffers from global transformslik e the Fourier Transform.In addition
to locality, it possessethe often very desirableability of filtering the polynomialbe-
haviour to somepredefineddegree.Therefore correctcharacterisationf time seriess

possiblejn particularin thepresencef non-stationaritiesik e globalor local trendsor
biases.

Conceptuallythe wavelettransformis aninner productof the time serieswith the
scaledand translatedwavelet ¢)(x), usually a n-th derivative of a smoothingkernel
0(x). The scalingandtranslationactionsare performedby two parametersthe scale
parametes ‘adapts’the width of the waveletto the microscopicresolutionrequired,
thuschangingts frequeny contentsandthelocationof theanalysingvaveletis deter
minedby theparameteb:
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wheres, b € R ands > 0 for thecontinuousrersion(CWT), or aretakenon adiscrete,
usuallyhierarchicale.g.dyadic)grid of valuess;, b; for discreteversion(DWT, or just
WT). {2 is the supportof the f(x) or thelengthof thetime series.

The choiceof the smoothingkernelf(z) andtherelatedwavelety(z) dependon
the applicationand on the desiredpropertiesof the wavelettransform.In [6, 7, 11],
we usedthe Gaussianas the smoothingkernel. The reasonfor this was the optimal
localisationbothin frequeny andpositionof therelatedwavelets,andthe existenceof
derivativesof any degreen. In this paper for the reasonsvhich will becomeapparent
later, seesection3, we will usea differentsmoothingfunction, namelya simpleblock
function:

1 for 0<z<1
0(z) = {0 otherwise . (2)

Thewaveletsobtainedrom this kernelaredefinedonfinite supportandgo by thename
of theirinventorHaar:

1 for 0<z< %
Y@)=¢ -1 for 1 <z<1 (3)
0 otherwise.

For a particularchoice of rescalingand position shift parametergdyadic pyramidal
scheme)the Haarsystemconstitutesan orthonormabasis:

Ymn(x) =272z —n), m>0,n=0...2". 4)

Assumean arbitrary time seriesf = {f;},i = 1...2" on the normalisedsupport
22(f) = [0,1]. Usingthe orthonormabasisjust describedthe function f canberepre-
sentedwith thelinearcombinationof Haarwavelets:

N 2™

f:f0+ chm,l zpm,l: (5)

m=0 [=0

wheref, is the mostcoarseapproximatiorof thetime series;f® =< f,8 >, andeach
coeficiente,,; of therepresentationanbe obtainedasc,, ; =< f, ¥m, >.

In particular theapproximationsf? of thetime seriesf with thesmoothingkernelé;
form a‘ladder’ of multi-resolutionapproximations:

27
=P+ < £ > i, (6)
k=0
wheref! =< f,0;, > andf; , = 2790(2 9z — k).
It is thus possibleto ‘move’ from one approximationlevel j — 1 to anotherlevel j
by simply adding (subtractingfor j to ;7 — 1 direction), the detail containedin the
correspondingvaveletcoeficientsc; , k = 0...27.
In figure 1, we shov an exampledecompositiorand reconstructiorwith the Haar
wavelet. Thetime seriesanalyseds f1..4 = {9,7,3,5}.
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Fig. 1. Decompositiorof theexampletime seriesnto HaarcomponentsRight: reconstructiorof

thetime seriesfrom the Haarcomponents.

Notethatthesetof waveletcoeficientscanberepresenteth ahierarchicaldyadic)
tree structure,throughwhich it is obtained.In particular the reconstructiorof each
singlepoint f; of thetime serieds possible(withoutreconstructingll the f; # f;), by
following a singlepathalongthetree,corvergingto the point f; in question.This path

determinesunique‘binary addressbf thepoint f;.

3 Time SeriesRepresentationswith Haar Family

Notethatthe Haarwaveletimplementgheoperatiorof derivationattheparticularscale
atwhichit operatesFromthedefinitionof theHaarwavelety, (eq. 3, seealsofigure 2)

we have:
P(x) =<D(2%),6(22) >,
whereD is thederivative operator

1 for z2=0
D(z)=< -1 for z=1
0 otherwise .

For thewavelettransformof f, we have thefollowing:
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< f(@), in(z) > =
=< f(2),< Din(2 2),00,n(2 ) >>
=< f(2),27 < Di—1n(2), 01,0 (2) >>
= << 27 Dy (), f(2) >,0mn(2) >
=21 < Dfmn(@),0mn(z) > . (8)

whereD f is thederivative of thefunction f andé is thesmoothingkernel. Thewavelet
coeficientsobtainedwith the Haarwavelet) are,therefore proportionalto the local
average®f thederivative of thetime seriesf atagivenresolution.Thisis aparticularly
interestingoropertyof our representationyhich makesusthink thattherepresentations
derivedfrom the Haarrepresentatiowill be quite usefulin time seriesmining. Indeed,
in the analysisof patternsin time series,local slopeis probablythe mostappealing
featurefor mary applications.

s -

Fig. 2. Convolution of theblock functionwith thederiative operatogivesthe Haarwaveletafter
rescalingthetime axisz — z /2. * standdor the corvolution product.

The most direct representatiorof the time serieswith the Haar decomposition
schemewould be encodinga certainpredefinedhighest,i.e. most coarseyesolution
level s,.., Sayoneyearresolution,andthe detailsat the lower scales:half (a year),
quarter(of ayear)etc.,down to the minimal (finest)resolutionof interests,,,;»,, which
would oftenbe definedby the lowestsamplingrateof thesignals.! The coeficientsof
theHaardecompositiobetweerscaless, 4z --smin Will beusedfor therepresentation:

Haar(f) ={cij 0= Smaz--Smin, J = 1..2¢ 1.

TheHaarrepresentatiors directly suitableto serne for comparisorpurposesvhen
theabsolutg(i.e. notrelative) valuesof thetime serieqandthelocal slope)arerelevant.
In mary applicationsone would, however, ratherwork with valueindependentscale
invariantrepresentationd-or that purposewe will usea numberof different,special
representationderived from the HaardecompositiodlVT. To begin with, we will use
the signbasedepresentatiort usesonly the sign of thewaveletcoeficientandit has
beenshowvn to work in the CWT baseddecompositionsee[6].

Si,j = Sgn(ci,j)

1In practiceone may needto interpolateand re-samplesignalsin orderto arrive at a certain
commonor uniform samplingrate.Thisis, however, a problemof theimplementatiorandnot
of therepresentatioandit is relatedto how the corvolution operationis implemented.



where

sqn(z) = 1 for >0
g T 1-1 for z<0.

The signrepresentatiofis an extremecaseof discretisatiorrepresentatiosinceit
reducegherangeof coeficientsin the representatioto two discretelevels. For some
purposeghis may betoo coarse Anotherpossibility to arrive at a scaleinvariantrep-
resentationis to usethe differenceof the logarithms(DOL) of valuesof the wavelet
coeficientatthe highestscaleandat the working scale:

w20 = log(|ci ) — log(jei ) ,
wherei, j areworking scaleandpositionrespectiely, andc; ; is thefirst coeficient of
thecorrespondindaarrepresentatiorNotethatthesignrepresentatios; ; of thetime
seriess complementary/orthog@tto the DOL representation.

The DOL representationanbecorvenientlynormalisedo give therateof increase
of vPOL with scale:

hij =vPP% /log(2)  fori>0.

This representatiomesembleshe Hdlder exponentapproximationof time serieslocal
roughnessat the particularscaleof resolution; asintroducedn [7].

4 DistanceEvaluation with Haar Representations

The measuref the correlationbetweerthe components’ andc!! of two respectie
time seriesf andg canbeputas:

m,n
Clf.9)= Y.  wicy weck! 8 jins

{i7j7k)l}:0
where
Sijwa=1 iff i=k&j=I

andthe (optional)weightsw; andw, dependon their respectie scalesi andk. In our
experienceheorthogonalityof the coeficientsis bestemployedwithout weighting.

Normalisationis necessaryn orderto arrive at the correlationproductbetween
[0, 1] andwill simply take theform of

, _ c(f,9)
Cnormahsed(f; g) = C(f, f) C(g,g) .

Thedistanceof two representationsanbe easilyobtainedas

Distance(f, g) = — log(|Cnormalised (f5 9)]) -
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Fig. 3. Top plot containsthe input signal. The top colour (gray-scale)panelcontainsthe Haar
decompositiorwith six scalelevelsfrom ¢ = 1 to ¢ = 6, thesmootheccomponents notshawvn.
The colour (gray shade)encodeghe value of the decompositiorfrom dark blue (white) for —1
to darkred (black)for 1. The centrepanelshaws the sign of the decompositiortoeficients,i.e.
darkblue (white) for ¢; ; > 0 anddarkred (black)for ¢;,; < 0. Thebottomcolour(gray-scale)

panelcontainshe Holderdecompositiowith five scalelevelsi = 2. . . 6.



5 Incremental calculation of the decompositioncoefficientsand
the correlation product

Oneof the severedisadwantagef the HaarWT is the lack of translationinvariance;
whentheinputsignalshiftsby At (e.g.astheresultof acquiringsomeadditionalinput
samples)the coeficientsof the Haarwavelettransformneedto be recalculatedThis
is ratherimpracticalwhen one considerssystematicallyupdatedinputs lik e financial
records.

Whenthe representatiolis to be updatedon eachnev sample little canbe done
otherthanto recalculatehe coeficients. The costof this residegmainly in the costof
calculatingtheinnerproduct.Direct calculationis of nm complexity, wheren = 2V is
thelengthof time seriesandm is thelengthof thewavelet. The costof calculatingthe
innerproductthereforegrows quickly with thelengthof thewaveletandfor thelargest
scaleit is n2. The standardvay to deal with this problemis to usethe FastFourier
Transformfor calculatingthe inner productof two time serieswhich in caseof equal
lengthreduceghe complexity to n log(n).

Additional savzings can be obtainedif the updateof the WT doesnot have to be
performedon every new input sample but it canbe doneperiodicallyon eachnew n
sampleg correspondingvith someAt time period).In thiscasewhenthe At coincides
with theworking scaleof thewaveletata givenresolution particulara situationarrises:

— only the coeficientsat scaledargerthan At scalehave to berecalculated,;
— coeficientsof f|2e+42 mustbe calculatedanav;
— othercoeficientshave to bere-indexedor removed.

Thisis alsoillustratedin figure 4.

x0 xO +deltat

time
recalculate

- .1———£ca\e:dellal

remove —— reindex

realculate anew

scaley E— E—

Fig. 4. Representationpdateschemdn the caseof the shift of the input time seriesby At =
working scaleof thewavelet.

As expectedthelargerthetime shift At, thefewerthenumberof thecoeficientswhich
have to berecalculatechndthe largerthe numberof coeficientswhich have to be re-
indexed (plus, of course the numberof coeficientswhich have to be calculatedrom



f|gg+‘4t). For thefull detailsof incrementakalculationof coeficientsthe reademay
wishto consult[8].

6 Experimental Results

Wetooktherecordsof theexchangeatewith respecto USD overtheperiod01/06/73-
21/05/87 It containsdaily recordsof the exchangeratesof five currencieswith respec-
t to USD: PoundSterling, CanadianDollar, GermanMark, Japanes&en and Swiss
Franc.(Somerecordsweremissing- we usedthe lastknown valueto interpolatemiss-
ing values.)Below, in figure 5 we shav the plotsof therecords.
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Fig.5. Left above, all therecordsof the exchangerateused with respecto USD over the period
01/06/73- 21/05/87 In smallinserts singleexchangeatesrenormalisedfrom topright to bottom
left (clockwise),PoundSterling,CanadiarDollar, GermanMark, Japanes¥enandSwissFranc,
all with respecto USD.

All threerepresentatiotypesweremadefor eachof thetime seriesthe Haar, sign
andHolderrepresentationOnly six scalelevels (64 values)of the representatioifive
for Holder, 63 points)wereretained.Thesewere next comparedor eachpair to give
thecorrelationproduct.



In figure 6, we plot the valuesof the correlationfor eachof the pairscomparedThe
readercan visually comparethe Haar representatiomesultswith his/herown ‘visual
estimate’of thedegreeof (anti-)correlatiorfor pairsof plotsin figure 5.
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Fig. 6. Thevaluesof the correlationproductsfor eachof the pairscomparedpbtainedwith the
Haarrepresentatiorthe signrepresentatiorandthe Holderrepresentation.

Onecanverify thattheresultsobtainedwith thesignrepresentatiofollow thoseob-
tainedwith the Haarrepresentatiobut arewealer in their discriminatingpower (more
flat plot). Also, the Holder representatiofs practicallyindependenof the signrepre-
sentationIn termsof correlationproduct,its distanceto sign representatiompproxi-
matelyequalsthe distanceof Haarrepresenatioto the signrepresentatiobut with the
opositesign. This confirmsthefactthatthe correlationin the Holderexponentcaptures
thevalueoriented signindependenteaturegroughnesgxponent)of thetime series.

7 Conclusions

We have demonstratedhatthe Haarrepresentatioanda numberof relatedrepresen-
ationsderived from it are suitablefor providing estimatesof similarity betweentime
seriesin a hierarchicalfashion.In particular the correlationobtainedwith the local s-
lope of the time series(or its sign) in the sequencef multi-resolutionstepsclosely
correspondso the subjectve feeling of similarity betweenthe examplefinancialtime
seriesLargerscaleexperimentswith oneof the major Dutchbanksconfirmthesefind-
ings. Thenext stepis the designanddevelopmeniof amodulewhich will computeand
updatetheserepresentationfor the 2.5 million time serieswhich this bankmaintains.
Oncethis moduleis running,mining on the databasef time seriesepresentationsill
bethenext step.
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