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ABSTRACT

We construct and investigate a consistent kernel-type nonparametric estimator of the intensity function of a
cyclic Poisson process when the period is unknown. We assume that only a single realization of the Poisson
process is observed in a bounded window. In particular, we prove that the proposed estimator is weakly and
strongly consistent when the size of the window expands.
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1. INTRODUCTION

Let X be a Poisson point process in R with (unknown) locally integrable intensity function A which
is assumed throughout to be periodic or, in other words, cyclic with (unknown) period 7 € R*, that
is

A(s + k1) = A(s) (1.1)

for all s € R and k € Z. Furthermore, let W7, Wa, ... be a sequence of intervals of R, called windows,
such that the size or the Lebesgue measure |W,,| of W), is finite for each fixed n € N, but

[Wh| — oo, (1.2)

as n — oo. (In order to make the paper shorter, from now on we are to suppress “n — 00” whenever
confusion is unlikely.)

Suppose now that, for some w € €, a single realization X (w) of the cyclic Poisson process X is
observed, though only within a bounded interval, called 'window’ W C R. Our goal in this paper is
to construct a consistent non-parametric estimator of the intensity function A at a given point s € R



from a single realization X (w) of the Poisson process X observed in W := W,,. The requirement
s € W, can be dropped when we know the period 7.

If it is not stated otherwise, we assume throughout that s is a Lebesgue point of A\. This assumption
appears to be a mild one since, due to the local integrability of A, the set of all Lebesgue points of
A is dense in R. Despite the latter observation, however, right after Theorem 1.2 below we discuss
possible results without assuming that s € R is a Lebesgue point of A.

In order to give the definition of our estimator of A\(s), we need to introduce further notations. Let
7, be any consistent estimator of the period 7, that is,

For example, one may use the estimators constructed by Helmers and Mangku [3] or Vere-Jones [4].
Furthermore, let K : R — R be a function, called kernel, satisfying assumptions:

(K.1) K is a probability density function,
(K.2) K is bounded,
(K.3) K has support in [—1,1].

With the above introduced notations, we now define the estimator of A(s) as

“ T 1 x—(s+ k)
s = iy 3 g K ( - ) X(da), (1.3)

oo

where h,, is a sequence of positive real numbers converging to 0, that is,
hy | O. (1.4)

In order to have that A, x (s) is a consistent estimator of A(s), we need to impose another assumption
on the kernel K, that is

(K.4) K has only a finite number of discontinuities.

Theorem 1.1 Let the intensity function A be periodic and locally integrable, and let the kernel K
satisfy assumptions (K.1)-(K.4). Furthermore, let the bandwidth h, be such that (1.4) holds true,
and

hn|Wh| — o0. (1.5)
If

Woll#n —7|/hn 2 0, (1.6)
then

Ak () B A(s), (1.7)

provided s is a Lebesgue point of A. In other words, A\, k(s) is a consistent estimator of A(s).

We note that, the assumption (K.4) can be weakened into assumption (K.4*) below. Therefore, in
the next section, we give proof of Theorems 1.1 and 1.2 under the weaker assumption (K.4*). This
assumption will allow us to control the fluctuations of the function

xHK(x—(iz:k%n))



depending on the fluctuations of 7,, around 7. In particular, it will exclude functions K like

1
Koy = 51[—1,1]\97

where Q stands for the set of all rational numbers, and I, denotes the indicator function of the set
A. A more detail discussion on the necessity of excluding functions like Ky, which satisfies condition
(K.1) - (K.3), is given in the Appendix.

Before the condition (K.4*), we note that, according to the Lusin’s theorem, the measurability of
function K (which is implicitly assumed by (K.1)) implies that

(L) For any a > 0, there exists a compact set 4, and a continuous function K, : R — R such that
the Lebesgue measure of the set [—1, 1]\ A, does not exceed a, and |K(u) — Ky (u)| < « for all
u € A,

By slightly strengthening assumption (L), we can exclude all the functions K like Ky and, conse-
quently, prove consistency of the estimator A, x(s) under assumption (K.4*), that is

(K.4*) For any a > 0, there exists a finite collection of disjoint compact intervals Bj,..., By, and a
continuous function K, : R — R such that the Lebesgue measure of the set [—1,1]\ Uij\i(iBi
does not exceed a, and |K (u) — Ko (u)| < a for all u € UMs B;.

Note, that by taking A, = Uf‘i”lBi, we immediately obtain that any kernel satisfying assumption
(K.4*) also satisfies (L). However, assumption (K.4*) still covers all the kernel functions K of statistical
relevance that we can think of. For example, any kernel K whose all discontinuity points can, for any
fixed o > 0, be covered by a finite collection of open intervals of total size not exceeding « obviously
satisfies assumption (K.4%).

We are now to discuss possible affects of the estimator 7,, on j\n Kk (s). Recall first that the Poisson
process X is observed only in the window W,,. Using the available for us information in W,,, we
construct an estimator 7, of 7 (cf., for example, Helmers and Mangku [3] and Vere-Jones [4]. Let us
furthermore assume that

(Wl |70 — 7 20, (1.8)
as n — oo, for some v > 0. Then, assumption (1.6) holds true if, for example,
|Wn|/hn < |Wn|’y (1.9)

for all sufficiently large n. We can find h,, converging to 0 and satisfying (1.9) if v > 1. If, however,
~v < 1, then in order to find h,, converging to 0 and satisfying (1.9), we have to replace the window
W, in the definition (1.3) of A, x(s), as well as in Theorem 1.1, by a smaller window W ,, C W, of
size

(Won| ~ [Wa|7™7 (1.10)

for some (no matter how small) p > 0. Indeed, if the estimator 7;,, does not converge to 7 sufficiently
fast, then the estimator j\n k(s) may not be consistent due to the slow convergence of 7,, to 7.
Therefore, by using the smaller window Wy ,, in the definition of j\n Kk (s), even though X is observed
and the estimator 7,, is constructed in the bigger window W,,, we can reduce the accumulated error
by 7,, and make the estimator A, x(s) converge to A(s). Let us look, for example, at two estimators
constructed by Helmers and Mangku [3] which are shown therein to satisfy (1.8) for any v € [0,1/4)
and v € [0,1). Therefore, with either of the two estimators of Helmers and Mangku [3] that are
constructed there using the observations of X in the window W,,, we now use, according to the



above discussion, smaller windows Wy, of the sizes |W,, |7 for any fixed v € [0,1/4) and v € [0,1),
respectively, to construct A, x(s) as in definition (1.3).

Under, naturally, stronger assumptions than those of Theorem 1.1, we also have the complete
convergence of the estimator A, x(s) which, in turn, gives a rate of consistency of the estimator

5\n, Kk (8). Throughout this paper, we use 5 to denote complete convergence.

Theorem 1.2 Let the intensity function A be periodic and locally integrable, and let the kernel K
satisfy assumptions (K.1)-(K.4). Furthermore, let the bandwidth h, be such that (1.4) holds true,
and

Zexp{—e\/|Wn|hn} < oo (1.11)
n=1

for any e > 0. If
(Wall# = 71/hn =0, (1.12)

then

M (8) = A(s), (1.13)

3

provided s is a Lebesque point of .

One may naturally want to know where the estimator 5\n K (s) converges when it is not assumed that
s is a Lebesgue point. A careful inspection of the proof (given in the next section) of Theorem 1.1
shows, for example, that under the assumption

h
l/ As+z)de =0(1), h—0,
hJ-n

the estimator A, x(s) estimates
1

A*(s) = }ILIE%) B K(x)\(s + xzh)dz, (1.14)

provided that the limit in (1.14) exists. For example, if the left- and right-hand limits A\(s—) and
A(s—) of X\ at s exist, then

0 1
A*(s) = M(s—) [1 K(z)dx + )\(s—i—)/o K(z)dx.

Consequently, if we assume that the function K is symmetric, then, due to the fact that K is a
probability density function by assumption (K.1), we have the following representation

1
A (s) = S{A(s=) + Als+)}-
In turn, if s is a continuity point of A\, then the latter representation implies the following one
A*(s) = A(s), (1.15)

as it should be expected. Let us note in passing that if A is known to be either right- or left-
continuous, then we also have equality (1.15), provided that K has “one-sided” supports [0, 1] and
[—1, 0], respectively.

In a follow-up paper, we compute the bias, variance, and mean squared error (MSE) of the estimator
)\n,K(s)~



2. PROOF OF THEOREMS 1.1 AND 1.2

To give a better insight into our proof of Theorems 1.1 and 1.2, we are now to describe the idea behind
the construction of the estimator 5\n Kk (s). To start with, we note that since there is available only one
realization of the Poisson process X, we have to collect necessary information about the (unknown)
value of A(s) from different places of the window W,,. For this reason, assumption (1.1) plays a crucial
role and leads to the following string of (approximate) equations

1 o0
A(s) = o ; (s + kT)I{s + kT € W,,}
1 = 1
~— —_— z)da
Nn k;oo |Bhn(s + kT)| Bhn(SJrkT)ﬁWn ( )
1 — 1
N, > %M(Bhn(sﬁLkT)ﬂWn)
k=—o0
~ LS L@ s k0w,
~ Nn s 5 - hn, (S T n
T ad 1
~ — X(B ), 2.1
A k;w 2 X (Bu, (s +kr) W) (2.1)
where

N, =#{k: s+ kr e W,},

h,, denotes a sequence of positive numbers converging to 0, By, (x) stands for the interval [x — h, x + h],
and p denote the measure defined as

J(A) = BX(A) = /A Ma)dz, AcBR).

[We note that in order to make the first ~ in (2.1) work, we have assumed that s is a Lebesgue point
of X and h,, converges to 0.] Thus, from (2.1) we conclude that

[e )

> %X(Bhn (s + k) NW,), (2.2)

=—0C

.
An(8) i= ——

is an estimator of A(s), provided that the period 7 is known.

Remark 2.1 The idea described in (2.1) and (2.2) of constructing an estimator for A(s) resembles
that of Helmers and Zitikis [2] where we obtained in a similar fashion a non-parametric estimator for
an intensity function which, in addition to the periodic trend, also has a polynomial trend. In Helmers
and Zitikis [2], just like when constructing the estimator A, (s) in (2.2), the period 7 is supposed to
be known.

The estimator A,(s) of (2.2) can be modified in order to cover intensity functions with unknown
periods as well. Namely, let 7,, be a consistent estimator of 7. For example, one can think about
the estimators of Helmers and Mangku [3], or Vere-Jones [4], or any other estimator of the period
7. Then, we modify the estimator (2.2) by replacing the unknown period 7 by its estimator 7,, and
obtain the following estimator

oo

A 7A_n 1 ~
)\n(s) = |Wn| Z mX (Bhn(s + an) N Wn)

k=—o0



of A(s). Note that the estimator A, (s) can be rewritten as

. T e 1 1 R
An(s) = i k;wm/wn ST (B, (s + k7)) X (da). (2.3)

By replacing the function 2_11[_1,1](-) in (2.3) by the general kernel K, we immediately arrive at the
estimator introduced in (1.3).

We are now to prove Theorems 1.1 and 1.2. These theorems are a consequence of the basic proba-
bilistic tool, which is given in Theorem 2.1.

Theorem 2.1 Let the intensity function A be periodic and locally integrable, and let the kernel K
satisfy assumptions (K.1)-(K.3) and (K.4*). Furthermore, let the bandwidth h, be such that (1.4)
holds true. Then, for every e > 0, there exists a (small) B := B(e) > 0 and a (large) n(e) such that
the bound

P{|5‘n,K(3) = A(s)| = e} < cexp{—eV/|Wql|hn} + P{|W,| |7 — 7| = Bhy}, (2.4)
holds true for all n > n(e), provided s is a Lebesque point of the intensity function .
To prove Theorem 2.1, we need the following three lemmas.

Lemma 2.1 Let the intensity function \ be periodic and locally integrable, and let the kernel K satisfy
assumptions (K.Z)f(K.S). Furthermore, let the bandwidth h,, be such that (1.4) holds true. Then

L _/ (f”‘ s+k7))u(dx)—>)\(s), (2.5)

provided s is a Lebesgue point of .

Proof: Obviously,

5o i () w

k= —oo
1 © z— (s +k7)
N k;oo hn, /RK < hn ) M) (x € Wy)dx
1 . 00

k=—o0

Since A is periodic with period 7, we have A(z + s + k7) = A(x + s). Furthermore, it is obvious that

oo

> I(@+s+kreW,) €[N, —1,N, +1]. (2.7)

k=—o0

Consequently, the r.h.s of (2.6) converges to A(s) when n — oo, provided that

—/ ( ) (2 + s)dz — A(s). (2.8)



Note that

% /RK (i“;”—n) A(s)dz = A(s) /RK () da = A(s), (2.9)

where we used the assumption that K is a probability density function. Consequently, statement (2.8)
follows if

_/ <){)\x+s) Ms)}dz — 0, (2.10)

when n — oo. The latter statement obviously follows from the assumptions that K is bounded and
with support in [—1,1], and that s is a Lebesgue point of A\. This completes the proof of Lemma 2.1.
O

Denote

D = N E / (ﬂ) Z / (x_HkT))u(dx)

Lemma 2.2 Let the intensity function \ be periodic and locally integrable, and let the kernel K satisfy
assumptions (K.1)—-(K.3). Furthermore, let the bandwidth h.,, be such that (1.4) holds true. Then there
is a (large) constant ny such that for any constant ¢; > 0 there exists another one co > 0 such that

P{|D,| > cie} < coexp{ — e\/m}, (2.11)
for every € > 0 and all n > ny, provided s is a Lebesgue point of \.
Proof: For every t > 0, we have that

P{|D,| > ci€e} < exp{—ciet}(Eexp{tD,} + Eexp{—tD,}). (2.12)

To make our further considerations more transparent, we denote

o [, ()

and then rewrite D,, as
D, N Z {fk - Eg ).

Since Ay, | 0, the random variables &, k = 1,2, ... are independent for all sufficiently large n (depending
on the period 7). Thus, for sufficiently large n, we obtain

Eexp{+tD,} = H Eexp {:I:W(fk - Efk)} (2.13)

k=—o00

Using the well known formula for the Laplace transform of the Poisson process, we obtain that

Eexp{ N 5k} :exp{/ "(eK*W — l)A(x)dx},




where we used the notation

Ke) = i (L)

Consequently, for every factor on the r.h.s. of (2.13) we have the following formula

t
Nnhn

E exp {i {& — Efk}} = exp {/ : (ef7@ 1 — K*(x)))\(x)dx} . (2.14)

Since | exp{z} — 1 — z| does not exceed z? exp{|z|}, we obtain from (2.14) that

t
Nyphy,

E exp {i {8 — Efk}} < exp {/W |K*(x)|QelK*<x>lA(x)dx} . (2.15)

We now make the following choice

tim N, (2.16)

C1

Using the assumption that K is bounded and has support in the interval [—1, 1], we obtain from (2.15)
with (2.16) that

E exp {iNzhn {& — Efk}} < exp {anlhnu (Bp, (s+ k)N Wn)} , (2.17)

for a constant ¢ that does not depend on n. Applying bound (2.17) on the r.h.s. of (2.13), we obtain

I 1
Eexp{+tD,} < exp {CN— Z EM (Bp, (s+ k)N Wn)} . (2.18)

" k=—c0

Furthermore, we note that the quantity u (Bp, (s + k7) N W,,) obviously equals to
/ As+ kT +2)I(s+ kT 4+ € Wy)da.
Bh,, (0)

Consequently, using the periodicity of A and (2.7) on the r.h.s. of (2.18), we obtain that

n

1
Eexp{+tD,} < exp c—/ A(s + x)dx ;. (2.19)
fn S, (0)

Since s is a Lebesgue point of A, we have that

1

— A(s + x)dx — A(s),
Zhn By, (0)

when n — oo. Thus,
lim Eexp{+tD,} < ¢ < cc. (2.20)
n—oo

Bound (2.20), when applied on the r.h.s. of (2.12), implies that

P{|Dn| > ¢} < exp {—em} : (2.21)



due to our choice of ¢ as in (2.16). Lemma 2.2 is therefore proved. O

We denote
1 & 1 x— (s+kr)
A, = — — K X
1 < 1 x— (s+ktn)
- — — Kl—— ) X . (2.22

Lemma 2.3 Let the intensity function \ be periodic and locally integrable, and let the kernel K satisfy
assumptions (K.1)-(K.83) and (K.4*). Furthermore, let the bandwidth hy, be such that (1.4) holds true.
Then, for every e > 0, there exists a (small) 5 := ((e) > 0 and a (large) n(e) € N such that the bound

P{|A,| > €} < cexp {—e«/|Wn|hn} FP{[Wo[7n — 7| > Bha), (2.23)

holds true for all n > n(e), provided s is a Lebesgue point of A.

Proof: Fix any a > 0 and denote

M
A, = U B; C [—1,1]
i=1

where Bj,..., By, are compact disjoint intervals defined in assumption (K.4*). Furthermore, using
the (continuous) function K, of assumption (K.4*) and the Weierstrass’s theorem, we get that there
exists a Lipschitz function L, such that |K(u) — L (u)| < « for all u € A,. Now, we decompose both
K on the right-hand side of (2.22) as follows

K (u) ={K(u) = La(u) Hag (u)
+ {K(u) = La(u)}a, (u)
+ Lo (u). (2.24)

Since K and L, are bounded, we easily see that the quantity

S e (SR ()

b
e (R ()

does not exceed the sum of the following two quantities

Ap1 = (K, La) X ({s+kr + hoASY N W),

1y
on

Ay o i=c(K, Ly) X {s+kfn+h AT NW,),

1
h

f;
where ¢(K, L) denotes a constant depending only on sup{|K (u)| : u € [-1,1]} and sup{|L.(u)| : u €

[-1,1]}.
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The quantity

e (P (5

B L (R ()

does not exceed the sum of the following two quantities

J R |
Aps = a5 > h—nX({s+kT+hn[—1,1]}ﬂWn),

)

k=—oc0

1
An41_

[e3e] 1 .
4= ags > EX({H/mJrhn[—l,l]}mvn).

Next, without loss of generality we assume that the support of the Lipschitz function L, is in the
interval [—1,1]. Using this fact, we obtain that

|La(u) — Lo(v)] < e(La)|u —v| ({u € [-1,1]} + {v € [-1,1]})
for all u,v € [—1,1]. Consequently, the quantity

R () s S ()

k=—oco

does not exceed the sum of the following two quantities

B 1 o k(7 —1)| 1

Aps = c(La)Nn k_ZOO' - hnX({s—i—kT—l—hn[ L1}NW,),
1 X |k(F, — 1

Ang = c(Lo)~— 'u — X ({s+ kin + ha[=1,1]} N Wy).
No = | b b

Taking above obtained bounds together we see that the probability that A, > € does not exceed
the probability that A, 1 + -+ A, 6 > €. This observation, in turn, implies that, for any 8 > 0,

P{A, > e} <P{Ap1+ -+ As>¢, Wyl l|fn—7| <Bhn} +P{|W,]| |70, — 7| > Bhy}. (2.25)

We are now to estimate Ay, 1,..., Ap ¢ under the restriction |W,| |7, — 7| < Bhy,. Let start with the
observation that even though A, 1,..., A, ¢ are infinite sums, in each sum there is only a finite number
of non-zero summands. As an example, let us first give a close look at A, 1. Since X () = 0, we have
that

X{s+kr+h,AS3NW,) =0
when, for example,
{s+ kT + h,[-1,1]} " W,, = 0.

The latter statement is, obviously, equivalent to the following one

frem L2 b L) o -
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Since s € W,, by assumption, the set 7=1(W,, — s) contains 0. Therefore, (2.26) holds true if, for
example,

|k|z\1<wn—s>

T

1 1
+ —hp = ={|Wy| + hn}. (2.27)
T T

We are now to apply similar reasoning to the quantity A,, 2. Namely, using the restriction |W,,| |7, —
7| < Bhy,, we get that

X ({s+ k#p + hn A} N W,) =0

if, for example,

{s - hnm]j—d[—ﬁ, 8]+ ha|1, 1]} AW, = 0.

The latter statement is equivalent to the following one

{k (1 + Ay, [—% %D + hy, [—% H } N {%(Wn — s)} =0. (2.28)

Obviously, (2.28) holds true, for example, for all k such that

1 p
12 2o+ )/ (1= b ). (2.20)

Due to assumptions h,, — 0 and |W,,| — oo, we have that, for all sufficiently large n, both bounds
(2.27) and (2.29) hold true for all k such that, for example,

2
A (2.30)

The above presented consideration actually prove that the summands of Ay, 3,..., A, ¢ are also 0 for
all k such that (2.30) holds true. Consequently, when estimating Ay, 1,..., A, ¢ We can always restrict
ourselves to the summands with k such that |k| < 277!|W,| only. This immediately implies the
following bounds

An,h An,g S C(K, La)AZ,
An,37An,4 S OéA:,*,
Ans, Ane < e(La)ASS, (2.31)

where
1 = 1 28 23
AF = — —X n|——,— nAj ) s
v 2w (e [ 2 e o)

1 < 1 23 23
AP = —X 1-Z 1+ = :
Consequently, we have proved the following bound

P{|An| = €} SP{c(K, La)A;, +{a+ Be(La)}A," = €f + P{Wal |70 — 7 = Shn}

The latter bound shows that the proof of Lemma 2.3 is completed if we show that

P {c(K,Lo)AY + {a + Be(Lo)JAX* > €} < cexp {—a/|wn|hn} . (2.32)
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The left-hand side of bound (2.32) does not exceed

P {c(K, Ly)|A} — EAY| + {a+ Be(La) AL —EA| > e}, (2.33)
where

ce :=€—c(K,Ly)EA; — {a+ Bc(Ly) YEAST.
We now want to show that the parameters @ and 8 can be chosen in such a way that, for example,

e > (2.34)

[Nl e

when n is sufficiently large. To start with, we note that EA** can be rewritten in the following way

2 (1 > Z hr / 21 “]( (Z*+ kT))”(dx)’ (2:35)

where h}, := (14 23/7)hy,. Using Lemma 2.1 with K = 27'I_; ;j, we immediately obtain that the
quantity of (2.35) converges to 2(1 + 28/7)A\(s) when n — oo, and so does EA**. This implies that
by choosing o > 0 and 8 > 0 sufficiently small, we can make the quantity {« + Sc(Ly )} EAY* smaller
than €/4 for all sufficiently large n. In view of this fact, we obtain the desired bound (2.34), provided
that

(K, Lo)EAY < i (2.36)

for all sufficiently large n. We are now to prove (2.36). Denote

A = [—% %] + A

T T

for notational simplicity. Then

oo

1 1
EAL = — —EX ({s+ kT + h, A} NW,,)
_ LS L Nets ko, (o b5 k)
_Nkf hhnmxs ) w, (x + s+ k7)dx
1 oo
= I
Nnhn Bt A(Z‘ + S) k:z_:oo Wn (.13 + s+ kT)dJ?
2
<2 [ Ne+s)de
b S,
2
<2 [ @9 - Aw)da] + 27)) (2.37)
n nfU

Note that the first summand on the right-hand side of (2.37) converges to 0, due to the assumption that
s is a Lebesgue point of A\. Thus, in order to achieve the desired bound (2.36) we have to demonstrate
that by choosing sufficiently small parameters o > 0 and 8 > 0 we can make the quantity || as small
as we want. Here, only here, we need to employ assumption (K.4%).

Remark 2.2 If we do not assume (K.4*), then we only have (L). In this case, the set AS can be so
scattered over the interval [—1, 1] that the set [—3, 5] + A%, may fill almost all interval [—1, 1] and thus
the Lebesgue measure of [—3, 8] + AS may be close, for example, to that of [—1,1] — the case which
we definitely want to avoid by assuming (K.4*). O
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By choosing the parameter 8 > 0 sufficiently small, we can achieve the situation when 2l is a disjoint
union of the sets [—28/7,28/7] + B;, i = 1,..., M,. Consequently,

M(l

M,
23 2 2 2 2
A= {——6 —ﬁ]JrBz =5 |Bi|+2Ma—6 |AS| + 2M., 6
=1 =1
<atom,? (2.38)
T

Obviously, the right-hand side of (2.38) can be made as small as we want by taking a > 0 and 8 > 0
sufficiently small. Thus, the desired bound (2.36) can indeed be achieved for all sufficiently large n.
This, in turn, implies that, for all sufficiently large n, the quantity of (2.33) does not exceed

P {c(K, La)|A}, — EA} |+ {a + fe(La) AT — BAY| > £

The latter quantity does not exceed the sum of P{|AX — EAY| > cie} and P{|AX* — EAX*| > cj*e},
where ¢f > 0 and ¢}* > 0 are some constants. Using Lemma 2.2 with the kernel K := ||~ 1191 we
obtain the bound

P{|A>:z - EAm > CTE} < C; exp{ Y |Wn|hn}v

Furthermore, an application of Lemma 2.2 with the kernel K := |B| ™11y, where

%= |—1- 2 1+25
T

implies

P{|A;* —EA| > ci*e} < 5" exp { — e\/|Wa|hn },

Thus, the quantity of (2.33) does not exceed cexp { —e\/|Wy|hy, }, which completes the proof of bound
(2.32) and, in turn, Lemma 2.3. O

Let us denote

A (8) = N Z / <L+k7")) X (dz).

Then it is easy to see that Lemmas 2.1, 2.2 and 2.3 taken together imply that, for every € > 0, there
exists a (small) 8 := B(e) > 0 and a (large) n(e) € N such that the bound

P {[\kc(s) = A(s)| > €} < cexp {—e\/|Wn|hn} FP{|Wa| [0 — 7] > Bhnl, (2.39)

holds true for all n > n(e). In a little while we shall use this result to complete the proof of Theorem
2.1. Now, we proceed as follows.
Elementary algebra shows that

N Tn IV,

P{ A —A(s)| > } <P LA

i) =A@ = e < P {( T

IW |
(2.40)
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It is also easy to check that

#aNp, ‘ |7 — 7| | TNy, ' [P0 — 7| | TN, '
-1 < -1+ + -1
|Wn| T |Wn| T |Wn|
|70 — T ( T ) T
< — 1)+ —, (2.41)

where the second bound of (2.41) was obtained using |7N,, — |W,|| < 7. Since |W,,| converges to co by
assumption, we can make the right-hand side of (2.41) as small as we want provided that we assume
Wy |7 — 7| < Bhy. Consequently, the right-hand side of (2.40) does not exceed

— 6 R
P {Auic(s) = M) = 5} +P{IWal 170 = 7| > B},
This fact together with (2.39) completes the proof of Theorem 2.1. O

3. APPENDIX: DISCUSSION CONCERNING ASSUMPTIONS (K.4) AND (K.4*)

We are now to discuss the role of assumption (K.4*) in our considerations and in Theorem 1.1 in
particular, and to give an explanation about the necessity to exclude kernel functions like Ky. Let we
decompose K as

Ky = K| — Ko,
where
1
K= 51[_1,1]7
1
K2 = 51[—1,1]QQ'

Consequently, we have the following decomposition

Mty (8) = Anig (8) = Anrca (8)- (3.1)

Note that the kernel K satisfies all four assumptions (K.1)-(K.3), (K.4*). Therefore, by Theorem
2.1, we have the following bound

P {m,Kl(s) ~A(s)| > e} < cexp{—m/|Wn|hn} L P (W |70 — 7] > Bhn},

with the same parameters as in Theorem 2.1. We now easily see that if h,|W,| — oo and |W,||7, —
7|/hn 2 0, as n — oo, then A, ,(s) is a consistent estimator of A(s). In view of this fact and
decomposition (3.1), the random variable A, &, (s) can be a consistent estimator of A(s) if and only if

Axcy(s) 20, (3.2)

as n — co. Let us now look at A, f, (s) more closely. By the very definition, A, x, (s) has the following
form

. P o= 1 .
An K, (8) = A > X ({s + k7 + ha QN W)
K

=—00
If 7,, were identically equal to 7, the expectation of the random variable

X {s+kin+h,Q}NnW,) [=X {s+kr+ 0, Q}NW,)]
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would obviously be equal to 0, which, in turn, would be a strong evidence that the statement (3.2)
holds true (in fact, one can easily verify that it is so under the assumption 7, = 7). However, if 7,
is a truly random estimator of 7, then the validity of statement (3.2) becomes highly questionable,

provided that no additional information about 7, is available except that [W,| |7, — 7|/hn = 0, for
example. To give a more rigorous justification of the latter claim, we note that statement (3.2) can
be reduced to showing that, for ant e > 0 and § > 0,

P {Anicals) = € (Wl |20 — 7| < Bho } — 0, (3:3)

as n — oo. The “restriction” |W,,| |7, — 7| < Bh,, in (3.3) actually says that what we really know
about the estimator 7,, is only the following confidence interval

Fn €T + ——hn[—1,1]. (3.4)

p
(Wl
With the notation of (3.4), we rewrite (3.3) more explicitly as

p
{|W| Z 2h X {s+kin +h,Q}NW,) >€, Tn€T+|W| nl— 1,1]}—>0, (3.5)

as n — oo. If we now use the only available for us information 7, € 7+ 8|W,,|~th,[—1,1] to estimate
the random variable X ({s + k7, + h, @} NW,,) in (3.5), we shall inevitably end up with the necessity
of proving that

P{\} ,(s) > €} — 0, (3.6)

as n — 0, where

3 %X ({s+ b+ KBIWa|~ hn[~1,1] + 1 Q) N TW7) .

k=—o0

Tn

A:"l,KQ (S) = |W

But statement (3.6) appears to be impossible if A(s) > 0. Indeed, since the interval g|W,,|~h,[—1,1]
has a positive Lebesgue measure (and it does not matter how small it is), we have that the set
kB|Wy| " hn[—1,1] + hn,Q completely covers the interval h,[—1,1]. This observation immediately
implies that

Mk (8) 2 A iy (9).

But we have already noted above that A, x, (s) is a consistent estimator of A(s). Thus, 5\; K, (5)
cannot converge in probability to 0, as n — oo, if A(s) > 0.

The above given discussion indicates that without additional information about the relationship
between X and 7, in the expression

X{s+kfn+h,Q}NW,),

it may be impossible to prove statements like (3.3) or (3.2). And we emphasise that, by not considering
any specific estimator 7, in the present paper, we do not have more information about 7,, except that
7, is a consistent estimator of 7 and, possibly, a rate of consistency like |W,,| |7, — 7|/hn 20, as
n — oo. However, it is important to call readers attention that no matter how attractive the problem
of including the kernel K into Theorem 1.1 could be from the mathematical point of view, it does
not seem relevant from the statistical point of view at all. Indeed, as far as we understand, all the
kernels K of statistical relevance satisfy assumptions (K.1)—(K.4), and are thus covered by Theorems
1.1.
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