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Abstract

Frozen percolation on the binary tree was introduced by Aldous [I]
around fifteen years ago, inspired by sol-gel transitions. We investi-
gate a version of the model on the triangular lattice, where connected
components stop growing (“freeze”) as soon as they contain at least N
vertices, for some parameter N > 1.

This process has a substantially different behavior from the diameter-
frozen process, studied in [32] [I6]: in particular, we show that many
(more and more as N — o0) frozen clusters surrounding the origin
appear successively, each new cluster having a diameter much smaller
than the previous one. This separation of scales is instrumental, and
it helps to approximate the process in sufficiently large (as a function
of N) finite domains by a Markov chain. This allows us to establish a
deconcentration property for the sizes of the holes of the frozen clusters
around the origin.

For the full-plane process, we then show that it can be coupled
with the process in large finite domains, so that the deconcentration
property also holds in this case. In particular, this implies that with
high probability (as N — o0), the origin does not belong to a frozen
cluster in the final configuration.

This work requires some new properties for near-critical percola-
tion, which we develop along the way, and which are interesting in
their own right: in particular, an asymptotic formula involving the
percolation probability 6(p) as p N\, p., and regularity properties for
large holes in the infinite cluster. Volume-frozen percolation also gives
insight into forest-fire processes, where lightning hits independently
each tree with a small rate, and burns its entire connected component
immediately.
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1 Introduction

1.1 Frozen percolation

Frozen percolation is a growth process which was first introduced by Aldous
[1] on the binary tree, motivated by sol-gel transitions [27]. Let us first define
it informally, on an infinite simple graph G = (V| E), where the vertices may
be interpreted as particles. We start with all edges closed (i.e. all particles
are isolated), and we try to turn them open independently of each other: at
some random time 7, uniform between 0 and 1, the edge e € F becomes open
if and only if it connects two finite open connected components (otherwise
it just stays closed). In other words, a connected components grows until it
becomes infinite (i.e. it gelates), at which time it just stops growing: we say
that it freezes, which explains the name of the process. Apart from sol-gel
transitions, one may think of other interpretations, e.g. population dynamics
(group formation), and pattern formation in general. There are (somewhat
surprisingly at first sight) also interesting connections with (and potential
applications to) forest-fire models.

The existence of the frozen percolation process is not clear at all. In
[1], Aldous studies the case when G is the infinite 3-regular tree, as well as
the case of the planted binary tree (where all vertices have degree 3, except
the root vertex which has degree 1): using the tree structure, which allows
for explicit computations, he shows that the frozen percolation process does
exist in these two cases. However, Benjamini and Schramm noticed soon
after Aldous’ paper that such a process does not exist on the square lattice
Z? (see also Remark (i) after Theorem 1 in [31]).

In order to circumvent this non-existence issue, a “truncated” process was
introduced in [32] by de Lima and two of the authors, where a connected
component stops growing when it reaches a certain “size” N, where N > 1
is some parameter of the process. Formally, the original frozen percolation
process corresponds to N = oo, and one would like to understand what
happens as N — o0, in view of the non-existence result.

When N is finite, “size” can have various meanings, and in [32], the size
of a cluster is measured by its diameter. This diameter-frozen process was
then further studied by the second author in [I6], who established a precise
description as N — oo, which, roughly speaking, can be summarized as
follows. Let us fix some K > 1, and look at the process in a square of side
length K'N: only finitely many frozen clusters appear (the probability that
there are more than k such clusters decays exponentially in k, uniformly
in N), and they all freeze in a near-critical window around the percolation



threshold p.. In particular, it is shown that the frozen clusters all look like
near-critical percolation clusters, with density converging to 0 as N — oo,
and with high probability, the origin does not belong to a frozen cluster: in
the final configuration, a typical point is on a macroscopic non-frozen cluster,
i.e. a cluster with diameter of order IV, but smaller than V.

The truncated process on a binary tree is studied in [33], where it is
shown that the final configuration is completely different: a typical point
is either on a frozen cluster (i.e. with diameter > N), or on a microscopic
ones (with diameter O(1)), but one observes neither macroscopic non-frozen
clusters, nor mesoscopic ones. Moreover, the way of measuring the size of
a cluster does not really matter in this case: under suitable hypotheses, the
process converges (in some weak sense) to Aldous’ process as N — oc.

In the present paper, we go back to the case of a two-dimensional lat-
tice, where we measure the size of a cluster by the number of vertices that
it contains. Throughout the paper, we work with a site version of frozen
percolation, on the (planar) triangular lattice T (we do this because site per-
colation on T is the planar percolation process for which the most precise
results are known, as discussed below). This lattice has vertex set

V(T) = {z+ye™? eC : x,y € Z},

and edge set E(T) obtained by connecting all pairs u,v € V(T) for which
lu —v|2 = 1. If u,v € V are connected by an edge, i.e. (u,v) € E(T), we
say that u and v are neighbors, and we write u ~ v.

The independent site percolation process on T can be described as fol-
lows. We consider a family (7, )yey(r) of i.i.d random variables, with uniform
distribution on [0,1]. For p € [0, 1], we say that a vertex v is p-black (resp.
p-white) if 7, < p (resp. 7 > p). Then, p-black and p-white vertices are dis-
tributed according to independent site percolation with parameter p, where
vertices are independently black or white, with respective probabilities p and
1 —p: we denote by [P, the corresponding probability measure. Vertices can
be grouped into maximal connected components (clusters) of black sites and
white sites, which defines a partition of V(T). It is a celebrated result [13]
that for all p < p. := 1/2, there is a.s. no infinite p-black cluster, while for
p > p., there exists a.s. a unique infinite p-black cluster. We refer the reader
to [12] for an introduction to percolation theory.

Indirectly, our work relies on the conformal invariance property of critical
percolation [25] and the SLE (Schramm-Loewner Evolution) technology [18]
19] (see also [35]). A key ingredient for the more refined results about the
percolation phase transition is the construction of the scaling limit of near-
critical percolation [II]. Note that our site version of frozen percolation



(described below) is the exact analogue of the bond version on Z?: if the
above-mentioned ingredients were available in the latter case, all our proofs
would be applicable as well.

We can then define the volume-frozen percolation process itself, based
on the same collection (7,)yey (). For a subset A C V(T), its volume is the
number of vertices that it contains, denoted by |A|. Let G = (V, E) be a
subgraph of T, and N > 1 be a fixed parameter. At time t = 0, we set all
the vertices in V' to be white, and as time ¢ evolves from 0 to 1, each vertex
v € V can become black at time ¢t = 7, only: it is allowed to do so if and
only if all the black clusters touching v have a volume strictly smaller than
N (otherwise, v stays white until the end, i.e time ¢ = 1). That is, black
clusters keep growing until their volume gets at least IV, when their growth
is stopped: such a cluster is said to be frozen. We use the notation Pg\?)
for the corresponding probability measure, and we omit the graph G used
when it is clear from the context. Note that this process is well-defined: it
can be seen as a finite range interacting particle system, thus general theory
[22] provides existence. Our results show in particular that the frozen sites
(i.e. the sites belonging to a frozen cluster in the final configuration) vanish
asymptotically.

Theorem 1.1. For the volume-frozen percolation process on T with param-
eter N > 1,

IP’EE,T)(O is frozen at time 1) e 0. (1.1)

In fact, the proof of Theorem provides a stronger result (a deconcen-
tration property), which shows a substantial difference with the diameter-
frozen model, as well as with Aldous’ model on the tree. Let us consider
two independent realizations of the cluster of 0 at time 1 in the frozen per-
colation process: if we let C; be the larger one, and Cs the smaller one,
then ig—l‘ — 400 in probability as N — oco. Note that this property implies

2]
Theorem since the ratio of the volumes of two frozen clusters is between
% and 2. It also shows that we only observe mesoscopic clusters: for every
M >1,

(T) N
Py <M < |C1(0)] < M) e 1.

The proof also shows that as N — oo, the number of frozen clusters sur-
rounding the origin tends to co in probability.



1.2 Exceptional scales in volume-frozen percolation

In [34], we showed the existence of a sequence of exceptional scales my =
mg(N), k > 1, with m;(N) = VN and my1(N) > mp(N) (as N — 00)
for all kK > 1.

Let us denote by B,, := [~n, n]? the ball of radius n around the origin in
the L> norm. The scales (m(IV))r>1 are exceptional in the sense that if we
consider the volume-frozen percolation process in B,,, for some m = m(N),
we get two very different behaviors according to whether m stays close to one
of these scales or not. More precisely, we proved in [34] that the following
dichotomy holds.

o If mp < m < myy1 as N — oo for some k > 1 (i.e. we start between
two exceptional scales but far from them), then (w.h.p.) k successive
frozen clusters appear around 0, at (random) times py, < pg—1 < ... <
p1 (all strictly larger than p. = %) such that m;_1 < L(p;) < m;
(where L(p) is the characteristic length at p: see below for a
precise definition). Moreover, the cluster C1(0) of the origin at time
1 satisfies 1 < [C1(0)] < N: in other words, we only see mesoscopic
(non-frozen) clusters.

e On the other hand, if m =< my as N — oo (for a given k& > 1), then
(w.h.p.) one of the following three situations occurs, each having a
probability bounded away from 0: either there are k — 1 successive
freezings, and |C1(0)| < N but is < N, or there are k successive freez-
ings, and either |C1(0)] > N, or |C1(0)] < 1. That is, we only observe
macroscopic (frozen and non-frozen) and microscopic clusters.

Another significant difference is that in the first case, all the frozen clus-
ters appear close to p., while in the second case, freezing can occur on the
whole time interval (p., 1) (as on the binary tree, but note that there are no
macroscopic non-frozen clusters on the tree).

These exceptional scales clearly highlight the non-monotonicity of the
process, which makes it quite challenging to study: we need to develop spe-
cific tools and ideas to study its dynamics. Note that the existence of these
exceptional scales constitutes a big difference with diameter-frozen percola-
tion [I6]. For the diameter case, there is essentially one characteristic scale
(N), and most frozen clusters leave holes which are too small for new frozen
clusters to emerge, while for the volume case, most frozen clusters leave holes
where new clusters can freeze.

Heuristically, we expect the resulting configuration in the full-plane pro-
cess to correspond to the first case, i.e. mp < m < myy1. However, we



proceed in a different way: we first prove that even if we start close to my,
the successive freezings create enough randomness as k — oo (the successive
freezing scales get deconcentrated), so that we end up far away from m;.
This yields in particular the following result.

Theorem 1.2. For all ¢ > 0, there exists [ > 1 such that for all k > 1, the
following holds: if m(N) € [mg(N), mgs1(N)] for N large enough, then

B
lim sup IP’EV m(N))(O is frozen at time 1) < e.

N—oo

This result is interesting in itself, but it is also an intermediate step to
prove Theorem [I.1} for that, we “connect” the full-plane frozen percolation
process with the process in large enough (as a function of N) domains. We
actually need a more uniform result than Theorem [[.2] where boxes can
be replaced by domains which are “sufficiently regular” (see Theorem in
Section for a precise statement).

1.3 Organization of the paper

In the first three sections (Sections [2| to , we collect and develop all the
tools from independent percolation which are used in our proofs. More specif-
ically, we need results about the near-critical regime, close to the percolation
threshold p..

In Section [2] we first discuss classical results, and we derive some conse-
quences of these results. We then prove more involved properties, for which
the scaling limit of near-critical percolation (see [11]) is needed. In partic-
ular, we establish an improved formula for the asymptotic behavior of the
density 6(p) of the infinite cluster as p \ p.

A central object in our reasonings is the hole of the origin in the infinite
cluster (in the supercritical regime p > p.), and we study it further in Section
proving continuity (with respect to p) and regularity properties which are
interesting in themselves. In particular, one of the difficulties is to rule out
the existence of certain bottlenecks, which could perturb the future evolution
of the process.

In Section {4} we discuss and extend several estimates (from [4]) on the
volume of the largest connected component in a finite domain. These es-
timates are used repeatedly in our proofs, to obtain a good control on the
successive freezing times.

We then turn to the frozen percolation process itself. We first study it
in finite domains, before analyzing the full-plane process in Section [7}



In Section [5] we discuss the exceptional scales, and we introduce several
chains associated with the frozen percolation process in a finite box. One
of these chains is an exact Markov chain, and we prove a deconcentration
property for it, using an abstract lemma obtained in Section

This deconcentration property is then used in Section [6]to prove Theorem
[[.2 Roughly speaking, we need to know that the number of frozen clusters
surrounding the origin is sufficiently large: for instance, we can start with a
box with side length > my(N), for k large enough.

We then establish Theorem [I.1]in Section [7] i.e. the asymptotic absence
of dust in the full-plane process. For that, we explain how to couple the
process in T with the process in finite, large enough (as a function of N)
domains, which allows us to use the results from the previous section. Finally,
in Section [7.3] we briefly discuss the potential connection with two other
natural processes.

2 Preliminary: near-critical percolation

Our proofs rely heavily on a precise description of independent percolation
near criticality, i.e. on how this model behaves through its phase transition.
We collect here all the results that are needed later, before turning to frozen
percolation itself in the subsequent sections. After fixing notations in Section
2.1] we present properties which have by now become classical, in Section
2.2 and we derive a few consequences of these properties in Section
We then turn to more specific technical tools, in Sections [2.4] and [2.6]
The proofs of these results turn out to be more involved, relying on recent
breakthroughs by Garban, Pete, and Schramm [10, [I1], and they only hold
for site percolation on the triangular lattice.

2.1 Notations

In what follows, a path is a sequence of vertices, where any two consecutive
vertices are neighbors. Two vertices u and v are said to be connected, which
we denote by u <> v, if there exists a path from u to v on T that consists
of black sites only (we also consider white connections, but in this case, we
always mention explicitly the color). Two subsets A, B C V(T) are said to
be connected if there exist u € A and v € B which are connected, and we
write A <+ B. For p > p., the unique infinite p-black cluster is denoted by
Coo(p). We also write v <+ oo for the event v € Cx, and we use the notation

8(p) = Pp(0 <> o)



for the density of Coo.

For A C T, we consider its inner boundary 0™A, which contains all
the sites in A that are neighbor with a site in A°, and its outer boundary
0°U A = O™ (A°), which consists of all the sites in A° neighbor to a site in A.
Note that if A is a black cluster, then 9™A and 9°™*A consist of black and
white sites, respectively.

For a rectangle R = [z1,x2] X [y1,y2] (z1 < x2, y1 < y2), we denote
by Cr(R) (resp. Cy(R)) the event that there exists a black path in R that
connects the two vertical (resp. horizontal) sides of R. We write Cj;(R) and
Ci7(R) for the analogous events with white paths.

For 0 < m < n, we define the annulus

Appn = By \ Bn.

For z € C, we use the short-hand notations B,(z) = z + B, and A, n(2) =
2+ A . For notational convenience, we also allow the value n = oo, writing
Amoo(z) = C\ Bpy(2). For A = A, n(2), the event that there exists a black
(resp. white) circuit in A, i.e. surrounding B,,(z), is denoted by O(A) (resp.
O*(A)), and we often use the outermost such black circuit in A, which we
denote by C3"* (we take C3" = () when such a circuit does not exist).

As often when studying near-critical percolation, the so-called arm events
play a central role in our proofs. For k > 1 and o € &}, := {b, w}* (where we
write b and w for black and white, respectively), we define the event A, (A)
that there exist k disjoint paths v; (1 < i < k) in A, in counter-clockwise
order, each connecting By, (z) to 0By(z), and such that 7; has color o; for
each 7. We denote

To(m,n) =Py, (As (Amn)) (2.1)

and we simply write 7,(n) for 7,(0,n) (for paths starting from a neighbor of
the origin). For notational convenience, we write Aj, A}, A4, and Ag in the
cases when o is (b), (w), (bwbw), and (bwwbww), respectively. Note that for
an annulus A, O(A) = (Aj(A))°. For notational convenience, we also write

O(z;m,n) = O(Amn(z)) and Ay(z;m,n) = As(Amn(2)), (2.2)

where z is assumed to be 0 when it is omitted.
We define the characteristic length by

L(p) =max{n >0 : P, (Cx ([0,n] x [0,2n])) > 0.01} (2.3)

for p < 1/2, and by L(1 — p) = L(p) for p > 1/2. From the definition
above, it is clear that L(p) is piecewise linear, and not continuous. Thus we



use a slightly different function L defined as follows. For pg € (0,1) \ {pc}
discontinuity points of L, we set L(pg) = L(pg). Then we extend L to
p € (0,1)\{pc} by linear interpolation. The function L has similar properties
as L with the additional benefit of being continuous, which will come handy
later. With a slight abuse of notation, in the following we write L for L.

2.2

Classical results

Here we collect some of the results in near-critical percolation which will be
used throughout the paper.

(i)

(iii)

Exponential decay with respect to L(p): there exist universal constants
c1,cy > 0 such that

P, (Cy ([0,2n] % [0,n])) < cre”T® (2.4)
for all p < 1/2 (see Lemma 39 in [24]).

Extendability and quasi-multiplicativity of arm events at criticality:
for all k > 1 and o € &y, there are constants c1,co > 0 (depending on
o only) such that

c1ms(2n1,n2) < p(n1,n2) < camy(n1, 2n2) (2.5)
and
c1mg(n1,n3) < To(n1,n2)Te (N2, n3) < come (N1, n3) (2.6)

for all 0 < n; < ng < n3 (see Propositions 16 and 17 in [24], respec-
tively).

Arm events in near-critical regime: for every k > 1, o € &y, let AL? /
denote the modification of the event A, where the black arms are p-
black, and the white ones are p’-white. Then for all A > 1, there exist
constants c1,ca > 0 (depending on k, o, and A) such that

amy(m,n) < IP’p(.Ag’p, (m,n)) < camy(m,n) (2.7)

for all p,p’ € (0,1), and all m,n < AL(p) A L(p') (see Lemma 6.3 in
[7], or Lemma 8.4 in [11]).
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(iv)

(vii)

Lower and upper bounds on the 1-arm exponent: there exist universal
constants c1, co,n > 0 such that

m m

el (f)l/z < Py(Ar(m,n)) < ¢ (g)" (2.8)

n

for all m,n > 0 with m < n < L(p). This implies that for all k& > 1,
o € 6, and A > 1, there exist universal constants c3, & > 0 such that
m

B (m,m) < e (=) (2.9)

for all p,p’, and m,n < AL(p) A L(p').

Lower bound on the 4-arm exponent: there exist universal constants
¢, 0 > 0 such that
ma 2—0
Py(Aa(m,m)) = ¢ ()

- (2.10)

for all m,n > 0 with m < n < L(p) (this is a consequence of Theorem
24 (3) in [24]). In particular, there is a universal constant C” such that

> 2% (2F) < O (27) (2.11)
k=1

for all n > 1.

Upper bound on the 6-arm exponent: there exist universal constants
¢, 0 > 0 such that

B, (Ag(m.m) < e (™) (2.12)

n

for all m,n > 0 with m < n < L(p) (we refer the reader to Theorem
24 (3) in [24]).

Asymptotic equivalences: we have

0(p) = m1(L(p)) (2.13)
as p ¢ Pe (see Theorem 2 of [I4], or (7.25) in [24]), and
[p = pel L(p)*ma(L(p)) = 1 (2.14)

as p — pe (see (4.5) in [14], or Proposition 34 of [24]).
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2.3 Additional properties

Let us first give a definition.

Definition 2.1. For 0 < a < b, we consider all the horizontal and vertical
rectangles of the form

Ba(2ax) U Bo(2az"), with x,2" € Bpyjaq)41, © ~ 2’

(covering the ball Bpya,), and we denote by Ny(a,b) the event that in each
of these rectangles, there exists a p-black crossing in the long direction.

Note that Ap(a,b) implies the existence of a p-black cluster N which
ensures that all the p-black clusters and all the p-white clusters that intersect
By, except N itself, have a diameter at most 4a. In the following, such a
cluster AV is called a net.

Lemma 2.2. There exist universal constants ci,ca > 0 such that: for all
0<a<bandp>pe,

a

b\?% _., o
P(Np(a, b)) >1—¢; () e CI®, (2.15)
Proof of Lemma[2.3. This follows immediately from the exponential decay
property (2.4]). O

We also derive the following lower bound, which is used in the proof of
Proposition [7.2}

Lemma 2.3. For all A, A" > 1, there exists a constant ¢ = ¢(A, ') > 0 such
that: for all p,p’ > p. with p < p' and L(p') > N'"1L(p), all n > A=*L(p),

/ / p—
P05 00, 0% 8B,) > c||p p|’9(p). (2.16)
P — Pc

Proof of Lemma[2.3 Since the left-hand side of (2.16)) is increasing in n, we

can assume that n = A~'L(p). We construct a sub-event of {0 & oo, 0 &
0By} for which the desired lower bound holds, as follows. We start with the
events

By := {there is a p-black circuit C1 in Ay-17,4)/40-1L(p)/2 8- 0 &),

and Ey := {there is a p-black circuit Cy in Ar-11(p)20-1L(p) S5 C2 & oo}

12



These two events are independent, and the Russo-Seymour-Welsh theorem
implies that
P(E1)P(E2) > c10(p)

for some constant ¢; = ¢1(A) > 0.
If we also introduce

Wp = {’U S AAflL(p)/ZA—lL(p) tvis p—white, v & 6BA71L(p)/4, ov ﬁ) 8B2A*1L(p)}

(where we denote by Ov the set of neighbors of v), then there exist constants
¢, c3 > 0 (depending only on A) such that the event

Es5 := {there is a p-white circuit in AAflL(p)/Q’AflL(p)}
N{Wp| > c2L(p)*ma(L(p))}

satisfies: for all p > p., P(E3) > c3. This property follows from standard
arguments, and we sketch a proof on Figure

We now restrict ourselves to the event £1 N Ey, we let C; and Cy be the
inner- and outermost circuits appearing in the events E; and Es, respectively,
and we condition on the circuits C; and Co, as well as on the configuration
inside C; and outside Co. The configuration between C; and Cs is thus fresh,
and we obtain

P(El N E;N Eg) = Z ]P)(Eg ‘ Cl = Cl, CQ = CQ)IFD(Cl = Cl, CQ = CQ)
C1,C2
> c10(p) - c3.

Using the pivotal vertices produced by the event E3, we deduce that for some
cq > 0,

P(0 & o0, 0 4 OBy-11) = calp’ — plL(p)*ma(L(p))P(Er N By N Es)

> ciesealp’ — p|L(p)*ma(L(p))0(p)

p)

(here, we use the fact that |p’ — p|L(p)?ms(L(p)) < cs5 ‘Ig’_—pzzl‘ < ¢g for some
universal ¢5 > 0, and ¢ = cg(A’) > 0, from (2.14) and the hypothesis
on p and p’), which completes the proof of Lemma (by applying again

@.14)). O

Note that Lemma [2.3] implies in particular the following: there exists
a constant ¢ = ¢(A’) > 0 such that for all p,p’ > p. with p < p' and
L(p") > A1 L(p),
P’ —p|
0(p') —0(p) > c 0(p)

N |p _pc|
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3 OBz 11p)
8BA71L<p)

OBr-11(p)/2

OBA-11(p)/a

Figure 2.1: It follows from a second moment argument that with a proba-
bility > ¢3 > 0, there exist =< L(p)?m4(L(p)) vertices in the gray region with
four well-separated arms, as depicted. By using RSW, we can then extend
the two p-white arms into a p-white circuit in Ay-17(p)/2,4-11(p)-

(by fixing one value of A, e.g. A = 1, and letting n — oo in the right-
hand side of (2.16])). It is also possible to derive a similar upper bound on

0(p') — 0(p)-
Lemma 2.4. For all A > 1, there exists a constant C = C(A) > 0 such
that: for all p,p’ > p. with p < p' and L(p') > A1 L(p), we have

/ lp" — pl
0(p') —6(p) < C 0(p). (2.17)

’p - pc|
Proof of Lemma[2.4. Since this result is not used later in the paper, we
postpone the proof to Appendix O

2.4 Asymptotics of 7,

We now recall some results on the large scale behavior of arm events at
criticality. We first remind that their probabilities are described asymptoti-
cally by critical exponents, whose values are known (except in the so-called

14



monochromatic case, for £ > 2 arms of the same color). The following result
is due to Smirnov and Werner [26] (except for the case k = 1 [20], and for the
existence in the £ > 2 monochromatic case [2]). Its proof relies on the con-
nection between critical percolation and SLE (Schramm-Loewner Evolution)
processes with parameter 6, which uses the conformal invariance property of
critical percolation (in the scaling limit) [25] and properties of SLE processes
18, [19].

Lemma 2.5. For allk > 1 and 0 € &y,
To(k,n) = n~ %M g5 n — o0,
for some constant oy > 0. Furthermore,
° aU:%forkzzl,
o and a, = % for all k > 2 and o € &y containing both colors.
This has the following consequence, known as a ratio-limit theorem.
Lemma 2.6 (Proposition 4.9 of [10]). For allk > 1, 0 € &) and A > 1,

lim 7o (ky An)
n—oo m,(k,n)

_ y—«
= \"%,

where o, 18 as in Lemma [2.5]

Actually, we make use of a slightly stronger version of this result: the
above point-wise convergence holds locally uniformly in A.

Lemma 2.7. Forallk > 1,0 € G, A > 1 and € > 0, there exists K > 1
such that: for all ' >n > K with %l < A, we have

n.(k,n') [n'\*
— | = €(l—-gl ,

7o (k,n) ( n (1-el+te)
where oy is as in Lemma [2.5

Proof of Lemma|2.7 This is a rather immediate consequence of Lemma [2.6
and the fact that 7, is decreasing in its second argument. Indeed, let us write
A= (14+a)™, for some a > 0 very small, depending on ¢ (a precise choice is
made later). We can apply Lemma [2.6{for each A € L, := {(1+a)’ : 1<
i < m}: there exists K > 1 large enough so that for all n > K and X\ € £,,,

7o (k, An) € €
— L \% 1——1+—). 2.1
7o (k,m) € ( 0" 10> (2.18)

15



Now, let us consider any n >
{1,...,m} for which (1+«a)" <
implies

K and n’ € (n,An]: there exists some i €
T < (1+ a)i*!, and the monotonicity of 7,

To(k, (1 + @) in) < 7o (k') 7e(k, (14 a)in)

IN

7o (k,n) ~ 7me(k,n) o (k,n)
By combining this with (2.18)), we obtain
€ s —a 7o (k,n') € _a
1—— ) ((1 AT 20 ) < (14— ) ((1 1T
( 10)(( o)) < o (K, ) —< +10>(( +a))

and so

5 o (MY me(k,n) 5 n'\ Y
1—— |1 o[ — <2< (1+—= )1 o[ — .
( 10>( +a) <n> e T T G 1) A A
This yields the desired conclusion, by choosing a small enough: we need

9 —a € «
—— A4 a) e >1- TS A+ <1 4.
<1 10)(1 a) 1—¢ and <1 10)(1 a) 1+e

2.5 Asymptotics of 6(p)

In this section and the next one, we derive two more specific properties
of near-critical percolation. To our knowledge, these results are new, and
we believe that they are interesting in themselves. Their proofs are more
involved, since they rely on the scaling limit of near-critical percolation [11]
constructed by Garban, Pete and Schramm.

Our description of volume-frozen percolation relies on locating precisely
the successive freezing times, for which we need to closely keep track of the
value of . For that, it turns out that the asymptotic equivalence is
not good enough, and we make use of the strengthened version below.

Proposition 2.8. There exists a constant cy € (0,00) such that

0(p)
T (L®) rape

Before we dive into the proof, we extend our notations to accommodate
the triangular lattice at different mesh sizes, as in [10, [IT]. These new nota-
tions are used only in this section and the next one.
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For n > 0, let T" be the lattice with vertex set nV(T) isomorphic to T.
For all the quantities defined so far, we add a superscript 7 to indicate the
dependence on the mesh size. In particular, P} refers to site percolation on
T with parameter p. Note that

L'(p) =nL(p), and =(a,b) =m;(an ", bn~")

for all j € {1,4} and 0 < a < b.
We make use of the following near-critical parameter scale: for A € R,

we set )
n

pa(n) :=pe+ A . 2.19)
TR (
We use the short-hand P := PZA(??)’ and we extend the notation 71';7(@, b)

by

73 (a,0) 1= PP (A (a,)
for j € {1,4} and 0 < a < b. Finally, we set (with a slight abuse of notation)

LX) == L7 (px(n))-
First, let us recall some results from [10] and [IT].

Theorem 2.9 (Theorem 9.4 of [I1]). For any A € R, the percolation model
on T with parameter p\(n) converges in distribution to the continuum near-
critical percolation model as n — 0 (in the quad-crossing topology).

The above theorem immediately implies that for any fixed A € R, the
correlation lengths L"(py(n)) converge to the continuum correlation lengths
L°()\) as n — 0. Moreover, it follows from Lemma 2.9 of [10] that for all
je{l,4} and 0 < a <D,

77 a,b) — 70 (a,b). (2.20)
n—0 7
Furthermore, we have the following result, where we denote by sgn(\) :=
% € {—1,1} the sign of A # 0.
Theorem 2.10 (Theorem 10.3 and Corollary 10.5 of [II]). For all A €
R\ {0}, j € {1,4} and 0 < a < b,
L(\) = [A72LO(1) € (0,00),

and 75 (a,b) = w3 D (A a, A1)

In particular,
) ,)\
7 (aL(1),bL0(1)) = 7 (aL(X), bLO(N))
forall X >0 and 0 < a < b.

17



Let us also remind that conformal invariance of critical percolation in the
scaling limit (see Theorem 7 of [5]) implies that

7'(‘?((1, b) = TI'?(SCL,Sb) (2.21)

for all j € {1,4},0 < a <band s> 0.
The results above rely on the following ratio-limit theorem.

Proposition 2.11. For any fived a,r > 0 and X\ € R, there exists a constant
ex(r,a) such that

w1 (n, ) e, r)

lim —L——= = lim é)\i =cy\(r,a)

10 71 (p,a) 07N (e, a)

for all j € {1,4}. In the case where X = 0, one has co(r,a) = (L)~ , with
oq:% anda4:%

Proof of Proposition[2.11 The case A = 0 coincides with Proposition 4.9
of [I0]. The case A # 0 follows from a combination of the proof of that

proposition, and ([2.20)). O
The following result is a key lemma in [IT].

Lemma 2.12 (Lemma 8.4 of [I1]). For all A\ € R and j € {1,4}, there exist
constants 0 < ¢ < C < oo and ng (depending on A and j) such that: for all
n < no, \
" (n,1)
c< N
ﬂ—j (777 1)

Before we proceed to the proof of Proposition 2.8 we need one more
lemma.

<C.

Lemma 2.13. For all A € R and j € {1,4}, there exists a constant C =
C(X\,j) > 0 such that for all a € (0,1), we have:

A
" (n, a)

-1
]
T} (n,a)

< Ca*rl(a,1)

for alln < no =no(A, j,a).

18



Proof of Lemma[2.13. We suppose that A\ > 0 and j = 1, since the cases
when A < 0 or j =4 can be treated in a similar way. We note that

w7 (n,a) — 71(n,a) = P"(B),

where B is the event that there exists a py(n)-black arm in A, ,, but no
pe-black arm. If B occurs, there is a p.-white circuit in A, 4, so there exists
a vertex which lies, at the same time, on a p.-white circuit, and on a py(n)-
black arm: among the vertices having this property, let v be the one which is
closest to the origin (if there are multiple choices, we pick one by using some
deterministic procedure). This vertex v is then p.-white and p)(n)-black,
and we see four disjoint arms around v: two py(n)-black and two p.-white
arms, starting from v and reaching a distance d = d(v, {0} U 0B,).

In order to obtain an upper bound on P7(B), we distinguish two cases,
depending on the distance from v to the origin: we introduce the two sub-
events

By = {d(O,v) < g} CB and B:=B\B.

We start by bounding the probability of By. Let ipax := {logQ (Qiﬂ by
dividing the annulus A , into the dyadic annuli A; = Agi-1, 9 (1 <i<
imax), We obtain

tmax

)<Y PlveA)
=1

< Ipa(m) = pel D 1Al - PI  (Ar(, 277 2)) - B (AR 0P (g, 27 yp))
i=1
B (Ai(2, )

Tmax

<y ‘p)\<77> - pc,ﬁ?(ﬁ? CL) Z 22i+27r117(777 2i_177>7
=1

for some constant C; = C1(A\) > 0 (using (2.9), (2.5) and (2.6])). Hence,

an 2
PU(B1) < Colpa(n) — pell (. ) () i n.0)

i (1, a)
- 027777 (777 a)a2 P
! ™ (n,1)

for some CQ = C5(\) > 0, where we used (2.11)), and then the definition of
pa(n) (2.19). Using finally (2.6} ., we obtain that for some C3 = C5(\) > 0,

P7(By) < Csni(n, a)a’ mi(a,1). (2.22)
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We can bound the probability of By in a similar way, and obtain that
P"(By) < Cyri(n,a)a*r)(a, 1), (2.23)

where Cy = C4(A) > 0. The computation in this case is slightly more
complicated: when v is close to dB,, we only have 4 short arms, but we
get 3 long arms in a half plane, unless v is close to a corner, in which case
we have 2 long arms in a quarter plane. Since the corresponding exponents
af? = 2 (3 arms in a half plane) and o’ = 2 (2 arms in a quarter plane) are
larger than the 4-arm exponent a4, the summations above can be adapted
to this case. A combination of (2.22)) and (2.23) then finishes the proof of

Lemma 2131 O

We can now obtain the following result.

Lemma 2.14. For all A € R, j € {1,4} and r > 0, there exists a constant
c=c(r,\,j) > 0 such that
0,\
; ("% T) . 7T]- (6,?”)

lim L ——- =lim L —= =c. 2.24
7711?%) 7'(';](77,7“) 61_I}I(1] 7'(‘?(6,’/“) ¢ ( )

Proof of Lemma[2.14] By Lemma the ratio in the left-hand side of
(2.24]) is bounded away from 0 and co. We can rewrite it as

7A 7A p—
m () W (n.e) <7r§7(n,7“)) !
) wme) \=Te)

for some ¢ € (0,7 A 1). By Proposition the first and third terms above
converge to cy(r,¢) and ¢o(r,€) as n — 0, respectively. On the other hand, it
follows from Lemma that the middle term is 1 + O(e?®), uniformly in 7.
By combining this with the boundedness property, we obtain that the ratio
in the left-hand side of (2.24)) is a Cauchy sequence in 7, which finishes the
proof of the lemma. O

For all j € {1,4}, we introduce

) ()
Sj(r) := lim —5—— = lim ————. (2.25)
n=0 ml(n,r) =0 w(e, )

Remark 2.15. One can check that the functions S; (j € {1,4}) are contin-
uous on (0,00).

20



Corollary 2.16. For all \,7 > 0 and j € {1,4},

777>‘ O7A 0
. Ty (n,1) LY (e,1) oL (1) _ Q. (\4/3
T T ey S\ ) T

Proof of Corollary[2.16. This follows by combining Theorem (2.21)) and
Lemma 2.14 O

Lemma 2.17. There exists a universal constant co > 0 such that: for all
A >0,
0
lim —A(m(n)) = cy. (2.26)
=0 7% (n, L1(X))

Proof of Lemma[2.17 First, it follows from (2.13) that the ratio in the left-
hand side of (2.26)) is bounded away from 0 and co. We rewrite it as

Opa(m)  6(pa(n) ,(w?*(n,m&)))l

w0, L1(N) 7N, KL0(A) 7, L(N))

for some K > 1. It then follows from ([2.4)) that the first term above is 1+0(1)
as K — oo, uniformly for small 7, while for every fixed K, the second term
converges to ¢(\, K) as 7 — 0. This implies the existence of the limit in the

left-hand side of ([2.26]).
By combining Corollary and Remark we then obtain

L T KLYN) _ S1(ELO(L))
=0 p A Ly SILO(L)

Hence, the limit above is independent of A, which completes the proof of
Lemma 217 O

We are now ready to prove Proposition [2.8|

Proof of Proposition[2.8 Let p > p., and set n = n(p) = %. Note that

n(p) — 0 as p ¢ pe. Further, we set A = A(p) such that py)(n(p)) = p.
Hence L7(A(p)) = L°(1). Theorem and the continuity of L? imply that
A(p) — 1 as p \ype. Let € > 0 and pg > p. such that |A(p) — 1| < € for all

p € (pe,po). Then

O(p1—c(n)) < 0(p) < O(p14<(n))
AP, D1+ e)) T AP La(A(p))) T AT (0, L(1 — €))
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If we take the limit as n — 0, Lemma [2.17] implies that the lower and the
S1((1—e)*/?) S1((1+€)*/3)
S1((1+€)*/3) S1((1—e)*/3)”
is as in Lemma Since € > 0 was arbitrary, the continuity of S (see

Remark [2.15|) shows that

upper bounds become cs and co respectively, where cs

lim —— b(p) =c. (2.27)
Pee 20 (5, L1(A(p)))
In a similar way, we have
A

pNee 7 (n, LO(1))

Now, recall that L7(A(p)) = L°(1), L(p) = L'(p) = n1L"(p) and 7(a,b) =
7 (na,nb). We can thus complete the proof of Proposition by combining
(227, (.28) and Lemma .14] 0

2.6 Asymptotic formula for L

In this section, we study the quantity |p — pe|L(p)?ms(L(p)) as p — p.. We
already know from ([2.14)) that it is < 1, and we now show that it has actually
a limit.

Lemma 2.18. There exists a constant ¢ > 0 such that

[p — pe|L(p)*ma(L(p)) 3 c (2.29)

Proof of Lemma[2.18, We use the notations of Section [2.5] in particular we
consider A\, > 0 and py(n) as in (2.19)). For p = px(n), the left-hand side of

(2.29)) is equal to

L(m(n)))z mL;m)

() = o Loa () P Lo ) = ( E228 )

Let us now take the limits as 7 — 0: the first term converges to (L°()))?
by Theorem and the second term converges to LO(\)~3/4, by the same
theorem combined with Lemma (ratio-limit theorem for m4). Hence,

lim [px () — pe|L(pa(n))*ma(L(pa(n))) = (LO(X))*/4),
n™\0

which is constant in A > 0 by Theorem This, combined with arguments
similar to the end of the proof of Proposition [2.8] finishes the proof of Lemma
218 O
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In particular, we can compare precisely L(p) and L(p') when p and p’ are
close to p..

Lemma 2.19. For all € > 0 and A > 1, there exists pg > p. such that: for
all p,p' € (pe, po) with 22 e (A=1, A), we have

L)
L)\ " (p=p )\
. 1—-¢,1 .
(L(p’)> Fop) SUTOITE
Proof of Lemma[2.19. This follows by combining Lemma [2.18 with Lemma
22 O

3 Holes in supercritical percolation

3.1 Definition and a-priori estimates

In the supercritical regime p > p., the unique infinite black cluster Co(p)
either contains the origin, or surrounds it (a.s.). In the latter case, the origin
lies in a “hole”: this geometric object plays an important role to study the
successive freezings. In this section, we prove estimates on this hole, which
is defined formally as follows.

Definition 3.1. We call hole of the origin at time p > p., denoted by H(p),
the connected component of 0 in T\ (Coo (p) UO°“Coo(p)), i.e. when we remove
the vertices which are neither in the infinite black cluster, nor neighbor of it.
By convention, we take H(p) = 0 if 0 belongs to Coo(p) U °“Co0(p).

Note that clearly, H(p) 2 H(p') for p. < p < p’. The reason why we
remove an extra layer of white sites along the boundary of Coo(p) comes
from the connection with frozen percolation, where white vertices along the
boundary of a frozen cluster are not allowed to become black at a later time
(see Definition [5.1| below).

We start with some easy a-priori estimates on #H(p).

Lemma 3.2. The following lower bounds hold for all p > p., where a;,c > 0
are some universal constants.

(i) For all A > 1,

) e
P <L(p) - BA> >1 : (3.1)
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(i) For all A <1,

H(p)
P <L(p) 2 B)\> >1—cm (AL(p), L(p)) . (3.2)

Proof of Lemma[3.3 (i) We have

(202 o) (1)

(using the FKG inequality). The desired lower bound then follows from

239).

(ii) We can write

v (% > BA) > P,(0"(AL(p). 2L(p))) = 1 — P, (A1 (AL(p), 2L (1))

It then suffices to use that P, (A1 (AL(p),2L(p))) =< w1 (AL(p), L(p)) (from
[B7) and [@3)). O

Based on the scaling limit of near-critical percolation, it is natural to

expect that % converges in distribution as p \ p. (in a suitable topology),

and so its volume 'Z"(g;é' as well. However, the precise knowledge of the scaling

limit is not needed for the proofs of Theorems and we only need to
know that 'Zf(g;;' does not fluctuate too much as p \  p.. We use the following
estimates, which are weaker and can be proved in an elementary way.

Lemma 3.3. There exist universal constants aq,ao,c1 > 0 such that the
following bounds hold for all p > p..

(i) For all A > 1,

VA < p <|Z{(§S)2| > A) < eV (3.3)
and e N <P (H((ﬁ)) ) BA> < emo2 (3.4)
(ii) For all A < 1,
am (VAL 200) < B (00 <3) < m (VAL 2L(0).
(3.5)
and eym (A\L(p), 2L(p)) < P (H((jj; c BA) < 71 (A\L(p), 2L (7))
(3.6)
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Proposition 3.4. There exists B > 1 such that: for all A > 1, for all
p,p’ > pe sufficiently close to p. (depending on A), and all X € [A=1, A], one

T (e

We first prove Lemma [3.3]

Proof of Lemma[3.3. We only prove (3.3) and (3.5)), since (3.4) and (3.6)

follow in similar ways.
(i) Let us consider A > 1. For the lower bound, we note that

B0 2 2007 2 By (0" (10,0 ),

which is at least e_o‘lﬁ, from (2.4)).
Let us now turn to the upper bound. If H(p) has a volume at least
AL(p)2, then 0°**H(p), which is a white circuit surrounding 0, must contain

one site at a distance at least %L(p) from 0. This implies
P(IH(p)| = AL(p)*)
N V3
<t (4 (0. 5000) ) +m (0 (T ) )

which is at most e‘alﬁ, using once again (2.4)).
(ii) We now consider A < 1. The upper bound follows from the ob-
servation that if |H(p)| < AL(p)?, then the infinite black cluster intersects

B /3p(p) 80

R0 < 2007) < By (4 (5200200 ).

For the lower bound, we note that

() < AL 2 (010, Do) ) 0 (Pr.o0))

)

for some universal constant ¢; > 0 (using the FKG inequality, and then
RSW). We can now use the existence of ¢ > 0 such that

Py (A1 (L(p), ) = ¢
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(this is a direct consequence of (2.4))): we have

(4 (5 0)0) ) 2 58 (i (0000000 2 (0 (P 2002009 )
> 3¢9 /o <A1 (?L(p), 2L(P)>>

(applying once again RSW, in the annulus Ay o1,)), Which allows us to
conclude. O

These bounds can now be used to prove Proposition [3.4]

Proof of Proposition[3.7, We first prove the following claim: there exist 5 >
1, and 0 < A; < Ay, such that for all A > 0 with A ¢ (A, As), for all
p,p’ > pe sufficiently close to p. (depending on \),

(o (o) e

For A\ > 1, applying successively the two bounds of (3.3) yields

2

H(P) —aVA _ a2 ZlVX [Hp)| _ a1
> > 1 — o3 > > _ .
P(L(p’V =h)=e e VT e L) R

~ 2
which proves the claim for A > Ao, with Ao = 1 and § = % Let us now

turn to small values of A. Using the lower bound provided by2 (3.5)), we get:
for A <1,

[H(p)|

< >

P ( L2 = A >com (\f)\L(p), 2L(p))
> eviymy (VALW), 2L(Y))

Here, we used the ratio-limit theorem (Lemma[2.6): we need L(p) and L(p’)

to be sufficiently large, i.e. p and p’ to be close enough to p., depending on
A. It then follows from (12.7) that

m (VALG),2L()) > &Py (A (VALG), 2L()) )
We can then write, for € > 0 small enough,

c161G2P, (A1 (\FAL(p'),zL(p'))) > P, (A1 (\/?AL(p'),zL(p')))
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(using (2.6), (2.7) and (2.8)), which is at least P (lz{(g?)y < 5)\> (from the
upper bound in (3.5))). This completes the proof of the claim for A < A; =,
with g8 = %

We now use the claim to prove the proposition itself. Let us define

A2 i—1
N (22) A ez
<A1> 1 S

(so that A; = A; for i = 1,2). Noting that for every i € Z, \; ¢ (A1, A2), we
deduce from the claim that for all p,p’ > p. close enough to p. (depending

on i),
") LI
: ( L) = Az) =t ( L2 = M) ' (310

Moreover, the same conclusion holds for all p,p’ > p. close enough to p.
(depending on A) and all ¢ € Z such that \; € [A‘l, A—fA} simultaneously.
Indeed, there are only finitely many such values of i, since A; — 0 and +oo
as i — +00 and —oo, respectively. Now, let us consider A € [A=1, A]: there
exists i € Z such that A € [A\;, A\j+1], and for all p,p’ > p. close enough to p.
(depending on A),

*(Zirp =) 27 (e 2 2e0) 27 (52 2 9.

using A < A;y1, and then (3.10) (note that A\;y; € [A_l, %A} ). We can now

write
")l o 7 [H(p)| o zAit1
P > BN =P > A
(e = 80 ) =2 (i 2 5%
H(p)| =Ny )
P >B—=X),
v (s 2 7
which completes the proof of Proposition with 8 = j3 ﬁ—f O

3.2 Approximable domains

In this section, we introduce a regularity property for domains, which plays
an important role when studying successive (nested) frozen clusters, allow-
ing one to describe the frozen percolation process in an iterative manner.
Roughly speaking, this property says that the domain can be approximated
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el e

Figure 3.1: The inner and outer approximations of a domain A: A and
Aext() \Aint(l) are in dark and light gray, respectively.

by a union of small squares, and we first prove in Section [3.3] that it is satis-
fied by percolation holes. We then use it to establish a continuity property
for |H(p)| (Section [3.4). We explain later, in Section [4.1] that it can be used
to predict the volume of the largest connected component in a domain.

Let us now give a formal definition. First, we need to introduce some
notation. For every [ > 0, we consider a partition of the plane into squares
of side length I, such that 0 is the center of one of these squares:

C= || ((Bal kal) +by),
k1,ko€Z

with b, = [— %, %)2 These squares are called [-blocks. Each [-block has four
neighbors, and this notion of adjacency gives rise to connected components
of I-blocks.

For a connected domain A C C, we introduce the following inner and
outer approximations by [-blocks (see Figure .

e We consider the collection of [-blocks which are entirely contained in
A. These [-blocks can be grouped into connected components, and we
denote by A the union of all I-blocks in the connected component
of b;. By convention, we take A™() = ) if b; is not contained in A.
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e We denote by A®*() the union of all I-blocks that intersect A.

Definition 3.5. Let A C C be a bounded and simply connected domain. For
[l >0andn e (0,1), we say that A is (l,n)-approximable if

(i) b € A,
(i) and [AeD\ AD | < plAl.
Clearly, A1) € A C A®*xt() | g0 this property implies in particular that
AT > (1= p)[A] and  [ASO] < (14 p)[A].
We also define the t-shrinking of a domain A (for ¢t > 0) as
{z:d(z,C\ A) >t}, (3.11)

where d is the distance induced by the co norm on C. In other words, it is
the complement of the t-neighborhood (for the distance d) of C \ A. This
notion is used in the particular case when A is a union of I-blocks, as depicted
on Figure In such a situation, for € € (0, 1), we denote by Al(g) the (el)-
shrinking of A. The value of [ is most often clear from the context, in which
case we drop the superscript for notational convenience. For future use, let
us note that for all € € (0,1) (and uniformly in 1),

(1 - 42)[A] < JAL| < AL (3.12)

3.3 Approximability of H(p)

We now prove that for a small enough, with high probability, H(p) can be
approximated by using squares of side length aL(p).

Lemma 3.6. For all e,m > 0, there exist 6 = 6(¢) > 0 and o = a(e,n) >0
such that: for all p € (pe,pe + 9),

P(H(p) is (aL(p),n)-approzimable) > 1 — e. (3.13)

Proof of Lemma .~ Let us fix £ > 0. First, we can deduce from Lemma
the existence of § > 0 and 0 < ¢; < ¢z such that: for all p € (pc, pc + 9),

g
P (Beyz) S H(p) € Beyrp) > 1- 5 (3.14)
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Figure 3.2: This figure depicts a union of I-blocks A, and its (el)-shrinking

Al(e) = Ay

In what follows, we consider p € (pc, pe + 5), and we assume that the event
in , that we denote by A, holds. We also take some small a > 0,
explaining later how to choose it appropriately. We want to derive upper
bounds on the volume of H(p)™ L@\ 3(p)t@L®) " which is a union of
(aL(p))-blocks. By definition of the inner and outer approximations, it can
be decomposed as

H(p)ext (aL(p \H( )mt(aL(p)) _ Al U A2’

where Ap is the union of blocks that intersect 9°"*H(p), and Ay is the union
of blocks which are entirely contained in H(p), but not connected to by, y)
inside H(p).

On the one hand, each block b = 2z + byr(,) In Ay is connected to
z + 0B 1(p) by three arms: two white arms and one black arm, obtained
by following 9°"'H (p) and 8™ H(p), respectively (since By, () € H(p)). De-
noting o = (wwb), this has a probability

Py (As (aL(p), 1 L(p))) < (aL(p) ) _ (“)

C1L(P) C1
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for some p > 0 (using (2.9)). We deduce

C 2 « ®
Ep[|A1|nA]sC3<2;LL(;§>) () (L) = sl Lp). (3.15)

On the other hand, A consists of connected components of (aL(p))-
blocks which are contained in H(p). It follows from a max-flow min-cut
argument that each such component is disconnected from B, 1, by at most
3aL(p) vertices. If we assume such a cut to be minimal, we can form a
circuit around the component by following the cut and part of the boundary
of H(p). This observation allows us to partition the components in Ag, so
that each element of the partition is disconnected by a cut. Then, each
cut produces an (aL(p))-block of the form b = z + b, () (in an injective
way), so that b is connected by six arms (with colors 6 = (wwbwwb)) to
2+ 0B s, L(p)» Where 7 is the number of blocks in the group, and there exist
also three arms (for the same reason as before, with colors o = (wwb)) in
A\/;aL(p)7CIL(p)(z). The area of such a group is the area “lost through b”,
denoted by Ag(b). We can write Ag = >, Aa(b), where the sum ranges over
all (aL(p))-blocks contained in B, (recall that the event A is assumed
to hold). It follows from (2.12) (and again) that

Ep[|A2(b)[14]
(262/a)?

< cs(aL(p))? Z P, (As (aL(p), VraL(p))) P, (As (VraL(p), ciL(p)))

< es(aL(p))? (20222/?2 ( aL(p) )H <¢FaL<p>>“

. vraL(p) c1L(p)
(2c2/a)? 5
= cs(aL(p)®at > rlaty
r=1

< er(aL(p))’a”

(we may choose p < § in the beginning, without loss of generality). We thus
obtain

2
E,[|Aol14] < cs (iﬁg) o(aL(p)) = o' L(p).  (3.16)

Finally, we can write

P (|1 (p) L @D\ 37 (p) L@ > 134 (p)))
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<P (AN {[A1] + [Az] > n[H(p)[}) + Py(A%)

€

< Pp(AN {[A] + [Aa] 2 0(2e1)’L(p)}) + 5
and the first term can be bounded with Markov’s inequality, using (3.15)
and ((3.16)). O

3.4 Continuity property for H(p)

We now establish a continuity property for the volume of H(p), based on the
approximability property.

Lemma 3.7. For all ¢ > 0, there exist a,6 > 0 such that: for all p,p’ €
(pe, pe +0) with p < p’ and % <144, one has

(i) H(p) is (aL(p),e)-approzimable
(ii) and (H(p)"™*®V) ) € H(p') € H(p)
with probability > 1 — €.
This lemma implies directly the following continuity result for |H(p)|.

Corollary 3.8. For all € > 0, there exists 6 > 0 such that: for all p,p’ €

(Pespe +6) with p < p' and f((pp,)) <1446, one has

|H(p)]
P(\H(p’)

Proof of Corollary[3.8 from Lemma[3.7. For any € > 0, let us assume that
properties (i) and (ii) from Lemma are satisfied for some «,p,p’. Using

successively (ii) and (3.12]), we obtain

]H(p/)] > ‘(H(p)int(aL(p))>(E)‘ > (1 _ 48)|H(p)int(al’(p))‘_

<1+s> >1—¢c. (3.17)

From the (aL(p),e)-approximability of H(p) (property (i)), we can then
deduce

[HE)| = (1 - 4e)(1 = )| H(p)],

which allows us to conclude. O

Proof of Lemma[3.7 Step 1. We first show that every vertex on 9°"*H (p’)
is close to 9°"H(p). We establish the following claim: for all £, > 0, there

32



p’-black
p-black

" p-white

Figure 3.3: The four arm configuration appearing in the proof of Lemma

B.7

exists § > 0 such that: for all p,p’ € (p¢, p.+9) with p < p’ and f((pp,)) <1+,
one has .
P (v € 8°"H(p') with d(v, 0" H(p)) > nL(p)) < e. (3.18)

Let us fix € > 0. It is enough to prove the claim for all n smaller than
some value (depending on €), so we may assume (using the a-priori bounds
provided by Lemma [3.2)) that n satisfies: for all p close enough to p.,

P (Byrp) C H(p) C Byipy) > 1— g (3.19)
Now, suppose there is a vertex v € 9°"H (p') with d(v, 0™H(p)) > nL(p). It
follows from the definition of H(p') that there exists an infinite p’-black path
starting from v. Since H(p') C H(p), this path intersects the circuit 9"H (p),
and we call w the first such intersection point, which is thus p’-black and
p-white.

If we now assume that the event in holds, we can find four arms
starting from neighbors of w (see Figure to w + 0By two p’-black
arms (using the infinite path starting from v), and two p-white ones (fol-
lowing 9°"*H(p) in two directions). For each vertex w, these two properties
(being p’-black and p-white, and having four arms to distance nL(p)) have
a probability < ¢1(p’ — p)ma(nL(p)) (using (2.7)). Since there are at most
ca(n ' L(p))? choices for w, we deduce (combined with (3.19)) that

P(3v € 9°H(p') with d(v, 0™ H(p)) > nL(p))

< % + 0377_2L(p)2(p/ — p)ma(nL(p))
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€ - P —p
< 5 e (ma(nL(p), L(p))) 1p - [L(p)?(p — pe)ma(L(p))]
(using (2.6)). We know that 5~ (m4(1L(p), L(p))) "' < esn~*, and L(p)*(p—
pe)Ta(L(p)) < 1 (see (2.14))), so the desired probability is < € for % small

enough (depending on 7), i.e. LL((pp,)) sufficiently close to 1 (using now Lemma

9.19).
Step 2. We now complete the proof. Let us fix € > 0, it follows from
Step 1 and Lemma [3.6] that we can find a, & > 0 small enough such that: for

all p,p’ € (pe, pe + 6) with p < p’ and f((pp/)) < 1+, one has

(i) Barp) €MD),
(ii) for all v € °WH(p'), d(v, 0™ H(p)) < eaL(p),

(iii) and H(p) is (aL(p),e)-approximable
with probability > 1 — . It then suffices to observe that
(H(p)"™ ) oy C H(p)
follows from properties (i) and (ii). First, H(p)™“L®) is a connected com-
ponent of (awL(p))-blocks, and it is easy to convince oneself that its (eaL(p))-

shrinking is connected as well (as in the example of Figure , e.g. by
induction (me may assume that e < ). We know from (i) that the block

baL(p) is in H(p)™@L®) and that it is contained in H(p'), so it is surrounded

by the circuit 9°"*H(p’). Hence, this circuit either completely surrounds the

)int(aL(p)) )

connected set (H(p (¢)> in which case the desired conclusion follows,

or it intersects (”H(p)int(aL(P)))

since a vertex v € 9°"H (p') N (H(p)int(aL(p)))(g) would satisfy

(¢)- But this second possibility cannot occur,

d(v, 0™ H(p)) > d(v, (H(p)™ ")) > caL(p)

(by definition of the shrinking), which contradicts (ii). O

4 Volume estimates

4.1 Largest clusters in an approximable domain

In order to study volume-frozen percolation, we need estimates on the volume
of the largest black cluster inside a connected subset A C T. Typically, these
estimates are used in the case when A is a hole left by earlier freezing events.
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More precisely, we can look at the percolation configuration in such a A,
at time p: among all the black connected components, we denote by C***(p)
the one with largest volume. Note that there may be several such compo-
nents, but we can just choose one of them according to some deterministic
rule (using for instance an ordering of the vertices).

Several properties of C3**(p) were established in [4], in particular that it
has a volume =~ |B,|0(p) if n > L(p). We now explain how to extend this
property to more general domains. The approximability property turns out
to play an important role here.

Lemma 4.1. For alle > 0 and C > 1, there exists p > 0 such that: for all
D > D¢, all n with (p) < w, and all sets A of one of the two types

o A= (/~\)( ), where B € [0, f] and A is a connected component of < C
n-blocks containing by,

e or A is an (n, 5)-approvimable set with B,, C A C Bcy,
the following three properties are satisfied, with probability > 1 — €:
(1) the largest p-black cluster in A, i.e. C'**(p), satisfies

“Cmaz )‘

— 1| <e¢,
)IA] ‘

(ii) this cluster contains a circuit in A%,% which s connected to 0o by a
p-black path,

(i11) and all other p-black clusters in A have a volume at most €6(p)|Al.

Note that property (ii) ensures that the hole around the origin in C***(p)
coincides with H(p).

Proof of Lemmal[f.1. We can follow essentially the proofs of [4]. For the
convenience of the reader, we explain in Appendix which adaptations
are needed in our particular setting. O

For percolation in a hole #(p) created by the infinite cluster, Lemma [4.]]
has the following direct consequence, which is used later to analyze frozen
percolation.

Corollary 4.2. For all € > 0, there exist u,6 > 0 such that: for all p €

(Pespe +9), all p' > p with (( )) < i, one has
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(i) the largest p'-black cluster in H(p), i.e. Ciilr) (p'), satisfies

|Cmam (p/)’

H@ P 1‘ e

()| H(p)|

(ii) it contains a circuit in A\/EL(p),Z\/ﬁL(p) which is connected to co by a
p’-black path,

(ii) and all other p'-black clusters in H(p) have a volume at most e6(p')|H(p)|,
with probability > 1 — €.

In order to prove Corollary[4.2] we need to define stopping sets. They play
the role of stopping times in our situation, allowing us to study iteratively
the frozen percolation process.

Definition 4.3. Consider some set S, and a process X = (X(s))ses indexved
by &. A random subset S C & is called a stopping set for X if it satisfies
the following property:

forallSC 6, {S=S}eco(X(s):seB\S).

Stopping sets can be seen as a generalization of stopping times. For
instance, if X = (X,,)nez is a discrete-time stochastic process and 7 is an
(Fn)nez-stopping time, where F,, = (X,,, m < n), then

Sr=[r+1,4+00)NZ

is a stopping set for X. When studying percolation, the following stopping
sets are often used.

e In a rectangle R, we can consider the lowest horizontal crossing «, and
R™(v) the set of vertices located above ~ (if such a crossing does not
exist, we simply take RT(vy) = 00). Then R™(v) is a stopping set.

e Similarly, if A is annulus, and C is the outermost black circuit in A,
then the set int(C) of vertices inside it, i.e. in the finite connected
component of T\ C, is a stopping set (again, we take int(C) = ) if such
a circuit does not exist).

For a simply-connected domain A, the following stopping set turns out
to be very useful in our proofs. We consider the percolation process with
parameter p in A, and we look at the set Cp(p) of all black vertices inside
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A which are connected to JA: if we remove this set, together with its outer
boundary (which consists of white sites), we obtain as a “hole of the origin”
the set

HW (p) := connected component of 0 in T\ (8™A U Cx(p) U 3°™Ca(p)),
(4.1)
which we take = (} if 0 belongs to Ca(p) U 8°*Cx(p). Note that H®)(p) is
a stopping set if A is given, or if A itself is a stopping set. This property of
“explorability from outside” makes it a useful substitute of H(p).

Remark 4.4. Let us observe that there exists a > 0 with the following
property: for all p > pe. and A > 1, for all simply-connected domain A,

By SA = P(HM(p) =H(p) > 1—e N (4.2)

Indeed, we note that H(p) C Bir(p) tmplies the existence of a p-black circuit
in Byrp) which surrounds 0, and which is connected to co. In particular, if
Bar) C A, this circuit is contained in A, and it is connected to its boundary,
so that HWM(p) and H(p) coincide in this case. Finally, Lemma (i)
implies that for some o > 0,

P(H(p) - B)\L(p)) > 1-— 670[)\.

We are now in a position to prove Corollary [£.2] about the largest black
cluster in a percolation hole.

Proof of Corollary[4.3. Using Lemma (i), we can choose ¢g so that

P (H(p) € Beyrp) =1 — (4.3)

€
3
We also know from Lemma that H(p) is (aL(p), 5)-approximable with
probability > 1 — £, for @ small enough.

As noted in the previous remark, if the event in occurs, we have
H(p) = HWM)(p) for A = B L(p)- Since HM) (p) is a stopping set, we can
condition on a realization H of it, and we can suppose that H is (aL(p), §)-
approximable, with H C B, ;). We are thus in a position to apply Lemma

, with n = aL(p) and C = cpa™ 1. O

4.2 Tail estimates and moment bounds

We first mention a tail estimate on ‘CKlaX}. This estimate is needed only in
the case of boxes, and we can apply directly a result from [4].
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Lemma 4.5. There exist universal constants c1,co, X > 0 such that for all
p>pe, n> L(p), and x > X,

n2
P, (|CE| = an®6(p)) < cre” ™ F7. (4.4)

Proof of Lemmal[.5 It follows from Proposition 4.3 (iii) in [4] that for all
P > pe, n > L(p) and = > 0,

L2 B L2

n2 —chx

P, (|CEX| > an®0(p)) < ¢

(in that result, we have s(L(p)) = (2L(p))?m1(L(p)) < L(p)*d(p), using

(2.13))). Hence, if we take X > 0 so that —chb X +c§ = —%X, we obtain: for
all z > X,

2 ch 2

n _ 2, 1
P (Cmax >wn20(p)) <C/ e 27L(p?
p By e =1 )

‘ ‘ L(p)2
! 2
_f2, n_
which is < ¢je” 1 “Z®? for some universal constant ¢ large enough. O

We now derive moment bounds for the random variables
Vn(z) == [{v € Bp(2) 1 v 4> 0Bay(2)}| (4.5)
(when z = 0, we simply write V,,).

Lemma 4.6. There exists a universal constant C' > 0 such that for all p > p,
and n > L(p),

forallm>1, E,[(V,)™] < m!(C’n20(p))m. (4.6)

Proof of Lemmal[4.6. It follows from Lemma 4.2 in [4] (with d = 2) that for
all p > pe,

forallm>1, Ep[(Vip)™] < m!(C'L(p)*0(p))"™, (4.7)

where C’ > 0 is a universal constant (using also that 71 (L(p)) < 6(p), from

(2.13))). For n > L(p), we can cover B,, with k = [ﬁf < 4#;)2 (possibly

overlapping) boxes of the form z; + Br,) € By (1 <4 < k), and write

k
Vn < ZVL(p)(ZZ)
i=1
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Minkowski’s inequality then implies that for all m > 1,

Ep[(Va)"] < E,

k m
(ZVL@)(%)) ] <EMEp[(Ve) ™,
=1

since each V) (2:) w Vi(p)- Combined with (4.7)), this yields the desired
result. O

These bounds are used in Section [7] in combination with the following
form of Bernstein’s inequality.

Lemma 4.7. Let (X;)i<i<n (n > 1) be independent real-valued random
variables, satisfying: for all 1 < i <n,

2
E[X;] =0 and E[X;|"] < m!Mm_Q% for all m > 2,

for some M >0 and (0;)1<i<n. Then for ally >0,
n
P> x

i=1
Proof of Lemmal[4.7. This follows from an application of Markov’s inequality
to the random variable e*2-i=1Xi | for a well-chosen value of the parameter
A > 0 (here, A = ﬁMy) We refer the reader to the proof of (7) in [3] for
more details. O

_1_ 42 n
> y> < 2¢ 2o%My,  where 02 = Zo?. (4.8)
=1

Finally, let us state a consequence of Lemma [£.6] which is needed in

Section .31

Lemma 4.8. There exists a constant co > 0 satisfying the following property.
For all € > 0, there exists X > 1 (depending only on €) such that for all
p > pe and n > X L(p),

Pp(Vy > con®d(p)) > 1 —e.

Proof of Lemmal[{.8 Let us consider n = xL(p), with > 1. If we denote
Ey =N (@, 2n) (recall Definition ﬂ for nets), it follows from Lemma
2.2 that

2n -8 VzL(p)

2
PP(EI) >1—0c (M) 6—62 8Llp) =1 — 631'6_64\/5,
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which is > 1 — £ for all 2 > X1 = X ().
Now, let us consider k = L#L(p)f > c1x disjoint boxes of the form
zi + By zrp) € Bn (1 < i < k). In each of them, we have
Ep[V zrm) (21)] < zL(p)*6(p)

(indeed, (2.4)) implies that P,(0 <+ 0By,) < 6(p) for n > L(p)), and

Eul(Vzrp (20))°] < ca(xL(p)*6(p))?

(using (4.6) with m = 2), we can thus deduce from a second-moment argu-
ment that

Pp(V zr) (i) = cszL(p)®6(p)) = cs,

for some universal constant c3 > 0 small enough. If we call
. c
Ey = {‘{1 <i<k VY grp(z) > 03xL(p)29(p)}| > gk},

then Pp(E2) > 1 — § for all z > X5 = Xy(e) (using that the & > ¢y boxes
are disjoint). We observe

Vo > ]lEl( Z V\/EL(p)(Zi)>7

1<i<k

so on the event Ej N Ey (which occurs with probability > 1 — ¢ if x >
max (X1, X)), we have

v, = (Gere) - (sl f0) = b

4.3 Nice circuits

In Section [7] when we explain how to couple the full-plane process with the
process in finite domains, the following quantity plays an important role. If
C is a circuit, recall that we denote by int(C) the set of vertices inside it. We
introduce

X¢ .= |Ic(p)|, where Z¢(p) := {v € int(C) : v & C}.

p

We can obtain good estimates on this quantity when C is well-behaved,
which occurs with high probability if C is obtained as the outermost black
circuit C3* in an annulus A. Before stating precise results, we introduce a

notation for quantiles.
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Definition 4.9. For a real-valued random variable X and ¢ € (0,1), we
denote by QE(X) and Q.(X) the (resp.) lower and upper e-quantiles of X,
defined as

Q. (X)=inf{fz eR : P(X <) >¢} (4.9)
and Q.(X):=sup{z €R : P(X >z)>¢} (4.10)
(so that P(X < Q (X)) <€ and P(X > Q. (X)) <e).

Definition 4.10. For p > p. and C > 0, we say that a circuit C is (p, C)-
nice if f,(C) < Cn%0(p), where n = diam(C) and

[logy L(p)]—1 ‘ ' '
O = > vemt(C) : 27 <d(v,C) <2} -m(27").
i=1
Lemma 4.11. For all ¢ > 0, there exists a constant C > 0 (depending only
on €) such that: for all p > p. and n > L(p),

P, (Ciitm _ exists and is not (p, C)—m’ce) <e.

Proof of Lemmal[{.11 We denote by Ej the event that there exists a p-black
circuit in A = A, /5, and by C = C9" the outermost such circuit when it
exists (otherwise, C = ) by convention). We have

imaxfl

> E[[{veint() : 27 <d(v,0) < 2}|| - m (27,

and if v is within a distance 2° < L(p) from C, then there exist two black
arms in the annulus Ay 1,,)(v) (coming from the black circuit C). Hence, if
we denote Ty = mpy,

'imax_ 1

E[f,(C)] < Cin® > m(2', Lp)mi (27 (4.11)

i=1

(using (2.7)). We have mi (L(p)) = m1(2°)m1(2%, L(p)) (from quasi-multiplicativity

[2.6)), and 71(2%) =< m1(2°71) (from (2.5))), so

Tmax — 1
E[H()] < Ctm(i) 3 7 3 (4.12)
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Since m1(L(p)) < 6(p) (from (2.13)), and

772(2iaL(p)) < ( 2 >"7

m (2%, L(p)) — \ L(p)
for some 7 > 0 (this follows from the BK inequality, and the a-priori bound
(2.8])), we finally obtain

E(£,(C)] < C4n0(p). (4.13)

It then follows from Markov’s inequality that there exists a constant Cj =
(' (e) such that for all p > p. and n > L(p),

P(f,(C) > Cin*0(p)) < e.

We can now state the result which is used in Section [7]

Lemma 4.12. For all e > 0 and C > 0, there exist constants ¢,¢ > 0 and
X >1 (depending only on e and C) such that the following property holds.
For all p > p. and n > XL(p), if we have a finite collection (C?).cz of
(p, C)-nice circuits (Z C V(T)) with disjoint interiors (int(C*)Nint(C*) = 0
forall z # 2'), and such that C* C Ay, 5 ,,(2), then: for all p' > p,

dzin*6(p’) < Q€<ZX§/Z> <Q. < > XS/Z) <¢Zn*0(p").

z€Z z€Z

Proof of Lemma[{.13 In what follows, we consider an arbitrary p’ > p (so
that in particular, L(p) < L(p)).
Let us consider ¢y > 0 from Lemma[£.8] as well as X > 1 associated with

N[

By (Vi = con®6(p') = 1 - -

if n > XL(p'). Since X >V, 5(z) for every z € Z (from the definition
(4.5) of V), we have: for all n > X L(p),
5

]P’(ngz > con®0(p)) > 1 — 7

Since the random variables (Xg,z) »cz are independent by assumption (the
circuits have disjoint interiors), we deduce the existence of ¢ = ¢(¢) such that

P(ngf > c|Z|n29(p’)> >1—¢

z€Z
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(by distinguishing the two cases |Z| small, and | Z| large enough). This finally

implies
@(ZXS/Z) > c|ZIn*0(0).

z2€Z

In order to estimate the upper quantile of ) _, Xg,z, let us fix some
z € Z, and write C = C*. We subdivide the vertices in int(C) according to
their distance to C: if we denote imayx := [logy L(p)] and 4/, := [logy L(p')],
we have

Zmanxf1

E[XS] < Y Hveint(C) : 27 <d(v,C) < 2'}| - Pp(0 <> OByi1)
=1
+ CQTLZPP/ (O — 8B2i§nax*1)’

for some universal constant Cy > 0. Using that P, (0 <> 9Bgi-1) < m(2071)
and Py (0 <> 0B, 1) X Py(0 <> OB y)) < 0(p), we obtain

i ax—1
E[X5] <Cs Y [veint(C) : 27! <d(v,C) < 27} - m (2" )
=1
+ Can?0(p),
< C3f,(C) + Cyn*0(p)). (4.14)

For the last inequality, we replaced il .. DY imax in the summation, which
we can do since L(p') < L(p). Using that f,(C) < C(2n)%0(p) (since C is

(p, C)-nice), we deduce from that
E[Xy] < Csn(0(p) +6(p')) < Cen®0(p')

(since p’ > p). Hence,

E [ZXgi < Cs|Z|n6(p).

z€Z

Using Markov’s inequality, we deduce the existence of a constant ¢ = ¢(¢)

such that
@(ZX?) <@ Zln*0().
z€Z
which completes the proof of Lemma [4.12 O
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5 Deconcentration argument

5.1 Frozen percolation: notations

We now go back to frozen percolation. Recall that ]P’S\?) refers to volume-

frozen percolation with parameter N > 1 on a graph G = (V, E). The set
of frozen sites at time p is denoted by F(&) (p), and we simply write F(p)
when G is clear from the context. Let us also stress that (7,),cv () provides
a natural coupling of the processes on various subgraphs of T.

In a similar way as for the hole H(p) in Coo(p) (Definition [3.1)), we define
the hole of the origin in the frozen percolation process, replacing Co(p) by
the set of frozen sites at time p.

Definition 5.1. For a subgraph G of T, we denote by H'%) (p) the connected
component of the origin in G\ (F(p) U9°“F(p)) (and we take H( (p) =0
if 0 belongs to F(p) U “F(p)).

By analogy, #(%)(p) is also called hole of the origin, in the frozen per-
colation process. However, note that it does not need to be a hole in the
geometric sense, i.e. surrounded by one frozen cluster.

Remark 5.2. Here, the (natural) rule that sites adjacent to a frozen cluster
remain white forever, is crucial. The frozen percolation process would behave
very differently if such sites were allowed to become black at a later time (and
form new connected components).

5.2 Exceptional scales

Heuristically, if we consider a box with volume ~ K2, then Lemma
implies that for p > p., a giant connected component arises, with volume
~ 0(p)K? (and all the other components are tiny). Hence, for volume-frozen

percolation in this box, we expect the first freezing event to occur at a time
p such that 0(p) K2 ~ N, i.e. (using Proposition [2.8))

com1(L(p))K? ~ N.

This freezing event then leaves holes with diameter of order L(p), so that
L(p) can be seen as the next scale in the process.

This informal explanation leads us to define ¥)n(K) := K’ via the equa-
tion cym (K')K? ~ N. More precisely, for all N > 1 and K large enough
(so that cgK? > N), we introduce

Yn(K) :=sup{K' : com (K')K? > N}. (5.1)
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We also use ¢ (K') := inf{K : ¥n(K) > K'}.
We can now define inductively the sequence of exceptional scales (m(V))r>0
by: mg =1, and for all k > 0,

M1 (N) = ' (mg(N)). (5.2)

It follows easily from the definitions and the monotonicity of 71 that

ol e

and that (my(N))k>0 is non-decreasing for every fixed N > 1. Note also
that m1(N) ~ coV/N as N — oo, for some constant ¢y > 0.

By using Lemma [2.5] we can see that each my follows a power law:
mi(N) = N%+to(1) as N — oo, where the sequence of exponents (0k) k>0
satisfies

1 )
00=0, and 11 = B + %6[{; (k > 0) (5.4)

Note that this sequence is strictly increasing, and that it converges to do =
48
ﬁ.

It is natural to introduce the (approximate) fixed point of ¥y

Moo (N) 1= sup{m : comi(m)m* < N} (5.5)

(note that if we consider critical percolation in a box of volume m?, the
quantity 71 (m)m? gives the order of magnitude for the volume of the largest
connected components). Lemma implies that meo(N) = No~to(l) a5
N — oo, where 0y = % is the exponent found previously. The following
observation is useful later.

Lemma 5.3. There exist universal constants c,n > 0 such that: for all
N >1, all K <mu(N),

Y (K) §C<K)n. (5.6)

K Moo

Proof of Lemma[5.3 We know from the definitions of ¢x(K) (5.1) and muo
(5.5) that comi (¥ (K))K2 > N > comi(moo)m?,, s0
7T1(K) 697T1(K)K2 Cg71’1(K)K2
= 3 S 2 "
m (YN (K))  com(n(K))K? 7 comi(moo)m3,

(5.7)
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It follows from (2.8)) that

m(K) Yn(K)\"?
mwmm)m( K ) (5:8)

and

com (K)K* < C2< K )3/2 (5.9)

com1(Moo) M2 0

for some ¢1, co > 0. The desired result then follows by combining (5.7)), (5.8]),
and (5.9). O

This lemma implies that if m(N) < me(N) as N — oo, then ¢ (m) <
. It holds in particular for i = my, (k > 0), since my(N) = No+°() with
O < 0o

Remark 5.4. Even if our definition of exceptional scales and the one in [3)]
(let us call it (M) (N))g>0) differ slightly, they are equivalent in the following
sense: for every k > 1, mi(N) =< mj(N) as N — oo. In particular, the
results below also apply with this modified definition.

Finally, we define the corresponding times by: for &k € NU {oc},
qr(N) :=sup{p > p. : L(p) > mi(N)}. (5.10)

Our analysis focuses on the time window [goo, q1], g1 being roughly the time
when the last frozen clusters may appear.

Let us now recall the main results from [34] about the scales (my)g>1,
showing that they indeed play a particular role. The first theorem corre-
sponds to the case when one starts with a box of side length of order my,
for some fixed k > 1.

Theorem 5.5 (|34], Theorem 1). Let k > 2 be fized. For every C > 1, every
function m(N) that satisfies

C™'my(N) < m(N) < Cmy(N) (5.11)
for N large enough, we have
l%\rln inf IP’%BMN))(O is frozen at time 1) > 0. (5.12)
—00

The second theorem deals with the case when one starts far from the
exceptional scales.
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Theorem 5.6 ([34], Theorem 2). For every integer k > 0 and every € > 0,
there exists a constant C' = C(k,e) > 1 such that: for every function m(N)
that satisfies

Cmy(N) < m(N) < C  'myy1(N) (5.13)
for N large enough, we have
lim sup Pg\?mN))(O is frozen at time 1) < e. (5.14)

N—o0

These two results were proved by induction, and for that, we established
some slightly stronger versions that we now state. For a circuit v, we denote
by D(v) C T the domain that it encloses. For any 0 < ny < ng, we introduce

e I'y(ni,n2) = {for every circuit v in A, ,,, for the process in D(v)
with parameter N, 0 is frozen},

e and ['y(n1,n2) = {there exists a circuit v in A,, n, such that for the
process in D(vy) with parameter N, 0 is frozen}.

Here, we use the natural coupling for the frozen percolation processes in
various subgraphs of T.

Proposition 5.7 (|34], Proposition 2). For any k > 2, and 0 < C; < Cq,
we have

hmian(FN(Clmk(N),Cka(N))) > 0. (5.15)

N—oo

This result also holds for k = 1 under the extra condition that C; > Cj,
where Cy > 0 is a universal constant.

Proposition 5.8 ([34], Proposition 3). Let k >0, € > 0, and 0 < C; < Cs.
Then there ezists a constant C = C(k,e,C1,C2) such that: for every function
m(N) that satisfies

Cmy(N) < C1m(N) < Cym(N) < C 7 myq (N) (5.16)
for N large enough, we have

lim sup P(T 5 (Cy(N), Com(N))) < e. (5.17)

N—o0

For future use, let us note that Proposition can be formulated in the
following way, which may look stronger at first sight. For all £ > 0, € > 0,
and 0 < C7 < (5, there exist C' and Ny such that: for all N > Ny, all m
with Cmy(N) < Oy < Oy < C~tmy, 1 (N), we have

P(In (Cyri, Corn)) < €.
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Remark 5.9. Even if we are not using it later, we would like to mention
that with small adjustments to the proofs of Propositions[5.7 and[5.8, we can
also get some information on the size of the final cluster C1(0) of the origin.
For any 0 <ni <ng and M > 1, let us introduce

° F%M) (n1,n2) = {for every circuit vy in Ay, n,, for the process in D(v)

with parameter N, |C1(0)| ¢ (M, %)};

e and f‘(NM) (n1,n2) = {for every circuit v in Ay, n,, for the process in
D(v) with parameter N, |C1(0)| € (M, 2%)}.

We can then distinguish the same two cases as before.

o forallk>2,e>0, and 0 < Cy < Cy, there exists M > 1 such that:

lim inf P(C0 (Cymp(N), Comp(N))) > 1 —e.
—00

Moreover, we can also show that each of the three cases |C1(0)] < M
(C1(0) is microscopic), |C1(0)| € [%, N) (macroscopic and non-frozen),
and |C1(0)] > N (macroscopic and frozen) has a probability bounded
away from 0 as N — oo.

e forallk > 0,e >0,0 < Cy; < Cy, and M > 1, there exists a
constant C' = C(k,e,C1,Co, M) such that: for every function m(N)
that satisfies

Cmy(N) < C1m(N) < Cym(N) < C 7 myq(N) (5.18)
for N large enough, we have

lim inf P(T 0 (Cym(N), Com(N))) > 1 — .

N—oo

5.3 Associated chains

We now present several chains related to frozen percolation in a simply con-
nected, bounded domain A € T. For all p > p., we denote by ,u;"l the

distribution of T(g;)J. In the following definitions, some value of the param-

eter N > 1 is fixed.

(i) First, we can consider the sequence of successive holes around 0 for the
frozen percolation process in A.

— We start with Ag = A.
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— Given A; (i =0,...,k— 1), pi41 is the time of the first freezing
event for the frozen percolation process in A;,

— and Ajy1 = H) (pis1).

(ii) If we are also given an initial scale K > 0, we can define the (deter-
ministic) sequence (K;)o<i<k by:

KOZK, and K’i+1:¢N(Ki) (’L:O,,k‘—l)

We think of them as reference scales, at which the successive freezing
events typically occur, as explained in Section [5.2}

(iii) Following the same heuristic explanation as in the beginning of Section
[5.2] we expect the first freezing event in a domain A* to occur at a time
p* such that

comi(L(p"))|A"| = N = comi (¥ (K))K?,
and so (using (2.7))

L) (K
vN(K) (’A*) .

Moreover, the frozen percolation hole created in this way should look

like HA) (p*) ~ H(p*). This leads us to introduce the following se-

quences of (random) sets (A})o<;< and (random) times (p})1<i<i. We

expect them to approximate the real process in A, which we prove rig-

orously in Section [6]

— We start with A§ = A.
— Given A7 (i=0,...,k—1), pj,, is defined by

Llvi) _ (1A (5.19)
Kt K? ’ .

— and then, we take A} | = H(p}, ).

(iv) We also introduce the chain (p}*);<;<k, defined by taking A§* = A and

Lizy) _ (A"
Ki+1 Kf

(as for (pj)i<i<k), but A7, = H(A;*)(pﬁl).
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(v) Finally, we use a slight modification of the chain (p})i<ij<x. We can

write
L(pi) _ < A7) )48/5 (L(p:>>96/5
Ky \L(p})? K;
(with L(pj) = Ko by convention), which suggests to define a chain
(Di)o<i<k by

L@i1) _ gasys (LB )™ (5.20)
KiJrl i Kz ) .

where &; has distribution /J,g?l (with L(po) = Ko as well).

This last chain (p;)o<i<k is exactly a Markov chain, which makes it more
convenient to work with. In particular, we start by proving deconcentration
for this chain, in Section based on an abstract result established in
Section Moreover, it is easy to see that it behaves, essentially, in the
same way as (p])o<i<k and (p;*)o<i<k, as we explain now.

We denote by dry the total variation distance between two distributions,
and with a slight abuse of notation, we also talk about the total variation
distance between two random variables X and Y (defined as the distance
between their respective distributions).

Lemma 5.10. For all k > 1 and € > 0, there exist My, Ny > 1 such that:
for all N > Ny, for all p € (pe, qi+1(N)) with L(p) < meo(N)/Mo,

drv (L(p}), L(pr)) <&  and dry (L(py), L(pr)) < e.

Proof of Lemma[5.10 Lemmal5.3ensures that by choosing M large enough,
we are in a position to use Remark repeatedly: for each ¢ =0,...,k—1,
if A7 = Aj* and pj = pj*, then pj,; = p;}; (from the definition) and Remark
implies that for N large enough, A} ; = Aj}, with probability at least
1 — 5. We deduce
€

P(Vi€ {0,....k}, pj =p and AT = A7*) > 1— 5 (5.21)
We can then compare (p*)i<i< and (p;)1<i<k by using that the (A}*) are
stopping sets, which allows us to successively “refresh” the configuration in-

side them. Given (p;*)lgjgi and (A}*)1<j<i—1, the total variation distance

J
between A* = ’H(Azjl)(pf*) and H(p}*) (obtained on an independent perco-

lation configuration) is thus at most 4 (using again Remark note that
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(4.2) provides in particular an upper bound on the total variation distance
between H™) (p) and H(p)), and so

ok~ ok ~ €
drv(piy1:Dit1) < drv (pi™,pi) + %

Combined with (5.21]), this yields the desired result. O

5.4 Abstract deconcentration result

We now establish a general result that provides deconcentration for functions
of independent random variables: we give a simple sufficient condition on
such functions to ensure that they are spread out, i.e. that they cannot be
concentrated on small intervals. This lemma is instrumental in our proof.

Let us mention that for sums of independent random variables, a result
due to Le Cam can be applied (see [21], and (B) in [9]). This deconcentration
result is used in [30], to show that for two-dimensional critical percolation in
a box, there exist macroscopic gaps between the sizes of the largest clusters.
In some cases, it is even possible to obtain CLT-type results by uncovering
a renewal structure. In particular, McLeish’s CLT for martingale differences
[23] is used in [I5] (for “critical” first-passage percolation in two dimensions
— the proofs also apply for the maximal number of disjoint open circuits
surrounding the origin in 2D percolation at criticality), [37] (for the number
of open clusters in a box with side length n, for bond percolation on Z¢,
d > 2, for any parameter p € (0,1)) and [36] (for winding angles of arms in
2D critical percolation). CLT-type results are also obtained in [6], for 2D
invasion percolation, based on mixing properties. However, none of these
techniques seems to be directly applicable in our setting.

We first introduce some notations. We use Q,, = {0,1}", and for w € Q,,
and 1 < i < n, we denote by w® (resp. w(;y) the configuration that coincide
with w except at index ¢, where it is equal to 1 (resp. 0). We also write
lw|=[{ie{l,...,n} : w; =1}

Let us consider a family of independent Bernoulli-distributed random
variables (Y;)i>1, with corresponding parameters p; € (0,1) (i.e. for each
i, P(Y; = 1) = p; and P(Y; = 0) = 1 — p;), and a sequence of functions
frn: Q=R

Lemma 5.11. Assume that there exists ¢ > 0 such that p; € (¢,1 —¢) for
all 1 > 1, and that for alln > 1, f, satisfies

foralll1<i<n, V;fp>1 (5.22)
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(i.e. for everyw € Qp, fn(w®) > fa(wey) +1). Then there exists a constant
c=c(e) € (0,00) such that: for all N > 1, every interval I C R,

C
N1/2

where we denote by |I| the length of 1.

Remark 5.12. This result provides an upper bound on the Lévy concentra-
tion function of the random variable X = fn,(Y1,...,Y,), defined by

Qx(\) = SEEP(X € [z,x + A).

The proof of Lemma is based on the following construction.

Lemma 5.13. Let N > 1, and denote w = (Y1,...,Yn). One can construct

a sequence wy = (0,...,0),w1,...,0n = (1,...,1) such that
o foreveryi € {0,...,N—1}, W;y1 can be obtained from w; by switching
one coordinate from 0 to 1 (so that each w; has exactly i coordinates
equal to 1),
o for everyi € {0,..., N}, w; has the same distribution as w conditioned
on |w| =1i.

Proof of Lemmal[5.15 As we explained, Lemma [5.11] is used in Section [5.5
to show deconcentration for the chain (L(p;))o<i<k, and for this application,
we only need the case where p; = % foralli e {1,...,N}.

When all the parameters (p;)1<i<n are equal, the construction of (;)o<i<n
is straightforward: indeed, given w;, we can produce w; 11 by considering the
n — i coordinates which are equal to 0, choose one of them uniformly at
random, and switch it to 1. We do not need the general case, which seems
to be trickier. Nevertheless, since we find Lemma [5.11] interesting in itself,

we provide a proof of Lemma in Appendix O

Proof of Lemma[5.11. We use the coupling provided by Lemma [5.13} for
every interval I C R,

N

P(f(w) € 1) =Y P(f(w) € I ||w| = )P(|w| = i)
=0

= > P(f@) € DB(wl = ).

=0
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We can now use that P(|w| = i) < i3, where ¢ = ¢(¢) < oo depends only
on £: we obtain

It then suffices to observe that

N
> Leoer < HI+1,
i=0
from our assumption on f. O

5.5 Deconcentration for (L(p;))o<i<k

We now obtain deconcentration for the Markov chain (L(p;))o<i<k by apply-
ing the abstract result from the previous section, Lemma [5.11

Proposition 5.14. For all e > 0 and A > 1, there exist ko, Ng > 1 such
that: for all k > kg, for all N > Ny, for all p € (pe, qr+1(N)),

zt;%P(L(ﬁk) € (y,\y)) <e. (5.23)

Proof of Proposition[5.1] Let us consider € > 0 and A > 1, and take k > 1
(we explain later how to choose it). In order to use Lemma we describe
the process (L(p;))o<i<k in terms of ii.d. random variables (U;)o<i<k—1
uniformly distributed on the interval (0,1), as we explain now. For p > p,
and u € (0,1), we introduce the lower u-quantile

-5

(recall Definition . It follows from (4.9) that if U is a random variable

uniform on (0, 1), then ¢(p, U) has distribution ,u;‘)l, so that in the definition

(5.20) of (pi)o<i<k, we can use the representation

O~éi = q(ﬁi, Ul) (0 <1< k— 1). (5.24)

Note that &; is thus a function of Uy, ..., U;.

From the upper bounds in and , we can find A large enough
(depending on k) such that if U is uniformly distributed on (0, 1), we have:
for all p > pe,

P (q(p,U) ¢ [A,A]) < — (5.25)

_m.
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In particular, for all p > pc and u € (55,1 — 155). ¢(p,u) € [A™1 Al We
thus introduce the event

Gy = {Vz’e{o,...,k—l}, Uie(l()ik’l_loik”’ (5.26)

which satisfies P(G1) > 1 — £. We can also take IV large enough so that if
the event G holds (which we assume from now on), then the (p;)o<i< are
sufficiently close to p. (with respect to our particular choice of A) to allow
us to apply Proposition to each of them. In particular, this implies that
in , the combined effect of Up,...,U;—1 on &; (through p;) is not very
large: a multiplicative factor between ! and /3, where f3 is as in Proposition
3.4
By iterating the definition of (pi)o<i<k, we obtain

- k—1 ,
L v 1796\ %k~
Pr) _ T a0, where 6; = 7(7) | (5.27)
Ky, , ¢ 2\5
=0
We can now make the following key observation. For some given Uy, ..., Ux_1,

let us assume that we change exactly one of them, say U; (in such a way that
G still holds), so that

(i) @&; is multiplied by a factor at least 2/,
(ii) then ay, ..., &;—1 are not affected (indeed, they depend only on Uy, ..., U;_1),

(iii) and &;i1,...,0%_1 are each changed by a factor between =1 and 8
(using the previous observation).

Since the exponent §; of &; in (5.27) satisfies
0 1 91

k—1 = © (5yj g’
Zj:z’—H 0; ijl(%)

these three properties together imply that L(pg) gets multiplied by a factor
at least 248/5,

We use this observation to apply Lemma as follows. First, we can
choose § > 0 small enough so that for all p > p,

q(p,1—40)>28- q<p, %)

(using the lower bound in (3.3])). We also introduce a modification of (U;)o<i<k—1:
fori € {0,...,k—1},

U~—{ Ui-% ifUi>1-4,

U; otherwise.
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Note that in order to prove our result, we can condition on (U Jo<i<k—1, and
prove that deconcentration holds in this case.

We can take k large enough so that with probability at least £, the
number [ of indices i € {0,...,k — 1} such that U; € (3-6.3) (le. U; €
(2 —6,3) U(1—46,1)) is at least 6k: let us call Go this event, and assume
that it occurs. We can list the corresponding indices as 41,...,4;. We then

define, for all j € {1,...,1},

Vi 1 ifU;; >1~6 (so that U;; = UZ-J; + 1,
0 otherwise (in this case, Ui, = Uij),

Since we assumed (U;)o<i<k_1 to be given, (5.27) allows us to see L(py)
as a function g(Y1,...,Y;), and the (Y;)i<j< are independent Bernoulli(3)
distributed. We are thus in a position to apply Lemma to the function

f(Y,....Y) =lng(\,....Y))

(note that the previous observation ensures: for all j € {1,...1}, V;f >
In(24%/5) > 1), and we obtain

P(g(Y1,..., Y1) € (y,\y) ) P(f(Y1,..., Y1) € (Iny,Iny +n\))
C

where ¢ is a universal constant. We deduce, using [ > dk: for all y € R,

P(L(pr) € (y,\y)) < (In X + 1) + P(GS) + P(GS)

c
(5k)1/2

(IA+1)++ 2,

< _°
~ (0k)1/2 5

which is smaller than € for k£ large enough. This completes the proof of
Proposition |5.14 O

By combining Proposition with Lemma [5.10, we can deduce imme-
diately a deconcentration result for L(p}) and L(p;*), which is used in the
next section (and we can now forget about the chain (p;)o<i<k)-

Corollary 5.15. For all € > 0 and X\ > 1, there exists ko such that the
following property holds. For all k > kg, there exist My, Ng > 1 such that:
for all N > Ny, for all p € (pe, qi+1(N)) with L(p) < meo(N) /Mo,

su%IP’(L(p}Z) € (y,\y)) <e and sg%)IP(L(pz*) € (y,\y)) <e. (5.28)
y> y
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6 Frozen percolation in finite boxes

6.1 Iteration lemma

We establish now an iteration lemma for frozen percolation, that allows us
to compare the real frozen percolation process to the chain (p}), for which
we proved deconcentration in Section [5.5

Before stating the lemma, we need to indroduce some terminology. Let
us consider n > 1, and a partition {1,...,n} = I UJ UK. A function
froz=(x1,...,2,) € R" = f(x) € R is said to be small when (x;);c; are
small and (z)rex are large if: for all € > 0, all (x;);cs, there exists C' > 1
such that whenever all j € J satisfy z; < C~1 and all k € K satisfy zj, > C,
one has f(z) <e.

Lemma 6.1. Let ] > 3, N > 1, K € [ma(N),mi(N)], c2 > ¢c1 > a >
0, n >0, and B € (0, 1—10) Further, let A be a simply-connected (oK, n)-
approzimable set, with Be,x € A C Be,x. Let 0 < ¢1pew < C2,new, and
Kpew := YN (K), i.e. such that

69K27r1(Knew) ~ N, (6.1)

where ¢y is the constant appearing in Proposition [2.8  Then there exist
Anew > 0, NMpew > 0 (small if n is small, and N is large), Brew > 0 (small
if B and n are small, and N 1is large), and a simply connected stopping set
Apew such that with probability > 1 — ¢ (where € is small if 1,1 new, B are
small, and N, ca neyw are large), the following three properties hold.

(i) Anew 15 (QnewKnew, Mnew)-approximable, and

B gAnewgB

Cl,newKnew CZ,newKnew'

(i) For every simply connected A with (Amt(O‘K))(ﬁ) C A C A, the first
freezing event for the frozen percolation process in A leaves a hole AF
around 0 that satisfies

(A%thgjanewKnew))(ﬁnew) - /~\F C Ajew-

Moreover, if we consider the modified frozen percolation process in A,
where clusters not touching A do not freeze (i.e. they keep growing
even if their volume is > N ), the first freezing event leaves the same
hole A¥ mentioned above.
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(iii) For each A with (Amt(aK))(ﬁ) C

L) _ (18"
o :<2> ’ (62)

then A** := HW) (p**) satisfies

A, if we define p** by

(A;’ﬂet(@newKnew))wnew) - A** - Anew

w
for N large enough.

This result makes rigorous the heuristic explanation from Section [5.2
Indeed, the quantity K represents a rough estimate for the diameter of A,
and we prove that Kpew = 1¥n(K) corresponds to the next scale in the
process, after the first freezing event occurs.

Proof of Lemma[6.1 (1) Let us consider N, K, ¢1,c2,a,7n, 3 and A as in the
statement, and also the associated constant K"V. Let ¢ > 0. Let us take
some ¢ € (0, i), and define p~ and p™ by

[A[-0(p™) = N(1—-9), (6.3)

and
|[(AHEDy o] - 0(pT) = N(1+9). (6.4)

We start by making a few observations on the various scales involved.

e Since |[A| < K? and §(p~) =< m1(L(p™)), it follows from the definitions
of Kypew (6.1) and p~ (6.3]) that m (Kpew) < m1(L(p7)), and so

L(p™) < Knew- (6.5)
e The assumption that K < m;(NN) implies (using Lemma that

Kpew =¢YN(K) < K as N — oo. (6.6)

e From the definitions of p~ (6.3 and p™ (6.4), we can write

— _ int(aK) _
s MT) 1= [ 10
0pr) 140 Al ;

(1=4p)(1 =n), (6.7)
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using (3.12)) and the (a K, n)-approximability of A. Proposition and

Lemma 2.7 imply
o(p") m1(L(p)) ) <L<p>>5/48
<(A4+0)—F—F—E<(1+96 6.8
o) = m@en) =\ e (05)
if N is large enough so that p~ and p™ are sufficiently close to p.. We
deduce 48/
) < £07) L-90 1—45)(1—77)] . (6.9)

STom < arep!

For any given 8,1 > 0, Lemmas and imply that if §,3,n are
sufficiently small, and N is sufficiently large, then there exists o/ > 0 such

that: with probability > 1 — e,

e H(p~)is (a/L(p~),n )-approximable (in particular, it contains the block
barrp-)):

e and (”H(p_)int(a/L(pi)))(ﬂl) C H(p™) (using )

Now, we can consider, for the percolation process with parameter p~ in
A, the set
Anew = HW (r7)

(recall the definition in ), which is a stopping set. Moreover, it coincides
with H(p~) with probability > 1 — ¢, since L(p~) < Kpew < K (from
and ) The a-priori bounds from Lemma imply the existence of
0 < c3 < ¢4 such that: for N large enough,

BCSKnew g H(p_) g BC4Knew (610)

with probability > 1 — ¢ (using (6.5)). We also note that if H(p~) is
(o/L(p~),n')-approximable, then it is also (pew Knew, 71 )-approximable, with
Opew = O %, and ameyw =< o (using again (6.5))). Hence, our choice of Apey
satisfies the desired properties with probability > 1 — 3¢, if we choose apew
as indicated, fBpew = B, Clnew = €3, Coanew = €4, and Npew = 1’, which
completes the proof of (i).

(ii) Let us now turn to the second property, and consider a simply
connected domain A with (Amt(O‘K))(ﬁ) C A C A Since A is (K, n)-
approximable, with probability > 1 — ¢, the largest p~-black cluster in A
has volume at most

(1+e)0@ )Al =1 +e)(1-HN
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(using the definition of p~ (6.3))), which is < N if ¢ is small enough so that
(1+€)(1—0) < 1. Indeed, we can apply Lemma (i), for n sufficiently small
and N sufficiently large (so that Lg}; ) is sufficiently small). Moreover, we
know from the same lemma (part (ii)) that this cluster contains a p~-black

circuit in A LaK Lok which is connected to co by a p~-black path (hence, the
hole around 0 in this cluster is H(p™)).

Similarly, Lemmal4.1| (i) implies that, with probability > 1—e, the largest
pT-black cluster in (AP ))(B) has volume at least

(1 —e)(p")|(A™ ) [ = (1)1 + 6N

(using the definition of p* (6.4))), which is > N for € sufficiently small. Also,

the same lemma (part (ii)) ensures that this cluster has a p™-black circuit

in A1 1, which is connected to co by a pT-black path. Note that this
8 ’4

cluster also contains the previously mentioned p~-black circuit.
Now, let us introduce the time p of the first freezing event in A. The
previous observations directly imply that

p-<p<p'.
We consider Ca‘r’i‘,’fﬁ(a,{))(m: since p~ < P, C&?,’ft(am)(ﬁ)(ﬁ) either contains
C&?ft(am)(ﬁ) (p7), or it is disjoint from it. But this latter case cannot oc-

cur, since it would imply the existence of two p-black clusters with volume
close to (or larger than) N, using again Lemma (i), and hence

e cither two pT-black clusters with volume close to (or larger than) N,
e or one pT-black cluster with volume close to (or larger than) 2N,

which contradicts part (iii) of the same lemma. Hence, Ca?rﬁ(‘“{))w) (p) 2

Ca?[’ft(a )4 (p~), and this latter cluster also contains the previously-mentioned
8

circuit (again by Lemma [4.1] (ii)). Finally, let us note that

(ﬁ)’,

max / ~ max
‘CA (p)’ Z ’C(Aint(aK))(ﬁ)
and these two clusters cannot be disjoint, for the same reasons as before. We

deduce C7** (P 2 CE[/I\?‘);(QK))@ (p). In particular, ™ (p) contains the earlier

p~-black circuit, which is connected by a p~-black path to oo, so the freezing
event in A (at time j) leaves a hole AT" around 0 which is contained in H(p~),
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and contains H(p"). This completes the proof of (ii), since H(p~) = Anew,
and we know that

—yint(e/ L(p~ int(anew Knew
Hp™) 2 (HE )™ D) ) = (A e Koe)y g (6.11)

(recall that 5" = Bhew)-

(iii) Even if this step is similar to the previous one in flavor, it follows
from completely different reasons (it is essentially a deterministic statement).
Let us consider A as in the statement. Since we have chosen Apew = H(p~),
and (Aigcv(vammew))(gnew) C H(p") (from (6.11)), it suffices to prove that
p- <p™<pt.

It follows from Proposition [2.§ that

m(L) < (143) @) 60)

for N large enough. We then obtain from the definitions of Kyey (6.1) and

p~ (6.3) that
nle) (;_g) K
1 (Knew) 2) Al
This implies, with Lemma [2.7] that
L) 5\ K2\~
1—-)— 12
i ((-9) T 012
for N large enough, which yields
o\ 48/5 .
Kuew ~ \ K2 = | K2 Knew '

(using (6.2))). Hence, p~ < p**.
In a completely similar way, we can get from the definitions of Kpey (6.1
and p* , combined with Proposition and Lemma that

L(p™) < (\(Aim(am)(,@)‘>48/5 < (|1~\’>48/5 _ L(p™) (6.14)

Koew K2 K? Knew

and so p* > p**, which completes the proof of (iii). O
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6.2 Proof of Theorem [1.2]

In this section, we establish Theorem for frozen percolation in boxes of
side length between my(N) and my41(N), with &k large. We actually prove
the stronger result below, which is useful then to study the full-plane process,
L.e. to derive Theorem [I.I} which we explain in the next section.

Theorem 6.2. For all € > 0, there exists n = n(e) > 0 such that: for all
ca > c1 > «a > 0, there exists kg > 1 such that for all k > kg, the following
property holds. For all sufficiently large N, all K € (mgy2(N), mgy5(N)),
and all simply connected (aK,n)-approzimable sets A with B,k C A C
B, k, we have

IP’%\) (0 is frozen at time 1) < €.

Note that this result clearly implies Theorem

Proof of Theorem[6.3 Let us consider the various chains associated with the
domain A and the initial scale K, as explained in Section [5.3]

e (Aj)o<i<k is the sequence of successive holes around 0 for the frozen
percolation process in A, with (p;)o<i<k the corresponding freezing
times.

e (K;)o<i<k is a deterministic sequence of scales.

o (A*)o<i<k and (p*)o<i<k are two sequences, of random sets and ran-
dom times, respectively, that are used to approximate the real process.

Lemma [3.2] implies the existence of a constant ¢ > 0 such that
P <Bc*1L(pz*) - AZ* - BcL(p’,é*)) >1—ec. (6.15)

The deconcentration result for L(p;*) (Corollary |5.15)) implies the following.
For every x > 1, we can find kg large enough so that: for all k > kg, for all
N sufficiently large (depending on k), with probability > 1 — ¢,

6
L(p;*) € I := (m1(N), mg(N)) \ (U (mlmi(N),/fmi(N))> (6.16)
i=1

(i.e. L(py¥) is between mq(N) and me(NN), but at least a factor x different
from each of the exceptional scales my(N),ma2(N),...,mg(N)). Together
with (6.15]), this implies (for the same k, and for all N large enough):

P(3L € Z, such that By, C Ay C Bar) > 1 —¢, (6.17)
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with é = ¢2.

By applying iteratively Lemma [6.1) we can then compare the chain
(Ai)1<i<k with (AX*)1<;<. Indeed, we can condition successively on the
A7 (1 <1 < k) and treat them as deterministic sets, since they are stopping
sets (note that the claims of Lemma all concern the configuration inside,
not outside, a given domain A). Hence, we obtain that for n sufficiently
small: for all N large enough, with probability > 1 — ¢, A; is “close” to A*
for all i = 1,...,k. In particular, with probability > 1 — 2¢, A, satisfies
the same property as A7 in , but with s and ¢ replaced by § and 2¢,
respectively.

We are now in a position to use the results from [34] about the behavior of
frozen percolation in finite boxes, recalled in Section [5.2] More precisely, we
can apply Proposition (see also the reformulated version, just below it),
corresponding to the case when we start between two consecutive exceptional

scales, but away from them (with mj,...,mg). Indeed, ¢ is a universal
constant, and we can take k as large as we want, which completes the proof.
O

7 Full-plane process

7.1 Coupling with approximable domains

In this section, we explain how Theorem can be used to prove the cor-
responding result for the full-plane process, namely Theorem For that,
we show Proposition that allows us to couple the full-plane process to
the chains introduced in Section for finite domains.
The following notation is used repeatedly in this section. For NV > 1 and
p € (pe, 1] with L(p) > VN, we set p = p(p, N) € (pe, 1] to be the solution
of
L(p)?0(5) = N, (7.1)

and we extend this notation recursively by setting p1 = p, and Dy, = @/3

As we explained in the beginning of Section[5.2] we expect p to be roughly
the time when the first frozen cluster appears for the frozen percolation
process in Br,). Note that Lemma can be rephrased in the following
way.

Lemma 7.1. There exist constants c,a > 0 such that: for all N > 1 and

P € (g0 01, L) .
b Moo
M@ZC<MM>'
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For later use, we also note that there exist constants ¢, & > 0 such that:
for all p > ¢ for which p is well-defined, we have

L) _ . (L@\°
ok (1) 72

Indeed, we can write

LoV _0®) o mE®) S e ot s o D)
(#6) =5 5 = =med 200 2o (52)

using successively (7-1), (Z13), [€0) and 23).

Proposition 7.2. For all e, > 0, there exist co > c1 > a > 0, My > 0
and No > 1 such that: for all N > Noy and p € (pe,q3(N)) with L(p) <
Moo(N) /My, we can find a simply connected stopping set A* that satisfies
the following two properties with probability at least 1 — €.

)

~
=~
N

(i) A* = HD () for some p* € (p,p).
(ii) A% is (aL(p™),n)-approzimable, with B np#y €A C B, pp#)-

Before proving this result in the next section, we explain how to combine
it with Theorem and obtain Theorem [Tl

Proof of Theorem[I.1l Let us consider some € > 0 arbitrary, and n = n(e) >
0 associated with it by Theorem [6.2] For this choice of £ and 7, Propo-
sition then produces co > ¢; > a > 0, My > 0 and Ng > 1. We
know from Theorem [6.2] that for these specific values «, ¢; and ¢z, we can
find £ > 1 and N; > Ny large enough such that: for all N > Ny, all
K € (mg12(N),mg45(N)), and all simply connected (oK, n)-approximable
stopping sets A with B.,x € A C B, g, we have

Pg\?) (0 is frozen at time 1) < e. (7.3)

In particular, for p = gr15(N), we have L(p) < moo(N)/Mp for all N > Ny
(for some Ny > Nj large enough), so Proposition provides us with A#
and p# which satisfy, with probability > 1 — &:

() A% = D),

~
~

(ii) K = L(p™) € (mpy2(N), mpys5(N)) (since p* € (p,p)),
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(iii) and A* is a simply connected (aK,n)-approximable stopping set, with
BclK c A - BCQK'

For all N > N, we can thus obtain from (7.3) (with such a pair (A%, K),
using (ii) and (iii)) that

#
IP%\ )(0 is frozen at time 1) < ¢,

which finally completes the proof, since A# = H(T) (p™):

Pﬁ)(o is frozen at time 1) < 2e.

7.2 Proof of Proposition

Proof of Proposition[7.2 Let us consider some ¢ > 0, and assume, without
loss of generality, that ¢ < 1. We also consider some large constant M > 0,
that we specify later, and p > p. such that L(p) < me/M. We use this
fn(—fg only via Lemma which implies that the ratio L(p)/L(p)
can be made arbitrarily large by choosing M large enough.

By (2.8), we can set p = p(e) € (0,1) small enough so that: for all

P > De,

control over

P(O*(uL(p), L(p)) N O(12L(p), pL(p)) holds at time p)>1- fﬁ (7.4)

We denote the event in (7.4)) by E(p).

Step 1. Let us fix some large K > 1 (we explain later how to choose it).
We first prove that soon after p (we have to wait for at most one freezing),
we can find a time p* when the hole of the origin is large compared to the
correlation length L(p*) at that time. Intuitively, imagine a flea jumping on
(¢oo, 1]: when it is at position g, it jumps to g. If we take ¢; and g2 so that
g2 — q1 is smaller than the length of a jump of the flea in [g1, ¢2], then no
matter where the flea starts, it will not get close to both ¢; and ¢s. That
is, a frozen circuit surrounding the origin cannot emerge close to both times
q1 and qo, which implies that at time ¢ or go, the hole of the origin is large
compared to the correlation length. Let us turn to a precise proof.

We first introduce the outermost p-black circuit C in A21(p) ur(p), tak-
ing C = 0B2pp) if such a circuit does not exist. Let p’ be the first time
that a vertex on C freezes for the modified frozen percolation process in T
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o

Figure 7.1:  This figure presents, in a schematic way, the various scales
involved in the proof of Proposition (Steps 1 and 2).

where clusters still freeze as soon as they reach volume > N, unless they
are included in int(C), in which case they keep growing as long as they do
not contain a vertex of C (i.e. the clusters which are strictly inside C are
allowed to grow after they reach volume N, until they intersect C). Let us
stress that this modified process is used only in this step and the next one
(and not later in the proof), to ensure that p’ has the right measurability
property.
We define the (deterministic) times p; and py by

L(p1) = L(p)'*L(p)*® and  L(pz) = L(p)"/°L(B)*°.  (7.5)

Note that they satisfy p < p1 < pa < p (since L(p) < L(p)). In a similar
way, we also introduce, for 8 = % > 0 (where & is the universal constant
from ([7.2))), the times ps and p4 such that

L(ps) = L)' °L(p)? and L(ps) = L) Lp)Y,  (7.6)

which satisfy p < p3 < ps < 1/6\\ For the convenience of the reader, we
summarize on Figure the different scales that we use.

We now consider A* = H(intC) (p), and we distinguish two cases, depend-
ing on whether p’ < py or p’ > p1.

e Case a: if p’ < pq, we take p* = po.
e Case b: if p’ > py, we take p* = py.

In this way, we have produced a pair (p*, A*) such that A* is a stopping set:
we can thus condition on it, and treat it as a deterministic set. Moreover,
we can also condition on p*, which leaves unaffected the configuration in A*.
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Step 2. We now prove that there exist M and N large enough such that
with probability > 1 — {5, the following three properties hold (recall that M
was introduced in the beginning of the proof, so that L(p) < meo/M).

(1) Brrp+) €AY,
(i) A" =HD(p"),

(ili) and A*NF(p*) = 0 (i.e. A* does not contain any frozen cluster at time
p).
Let us stress that in property (ii) above, the notation HD refers to the

original frozen percolation process (not the modified one).
First, let us note that

Poy ([CB2 |2 V) =Py, (|08 | = 2L(2)0(p2) ),

with

N 0B . mIG) . <L<p>>a/6
Lp)*0(p2) ~ Op2) = " mi(L(p)) = \L(D)

(using successively the definition of p (7.1), (2.13)), (2.8)), and the definition

of po ) By Lemma this last lower bound can be made arbitrarily

large by choosing M large enough, so there exist constants M; = M;(g) and

Nj = Ni(e) such that: for all M > M; and N > Ny, z is large enough so

that we can apply , and

oo (8 | 2 ) =

e < = (7.7)

We now assume that the event E; := {|Cma§‘)(p2)| < N} occurs.

Let us assume that Fo := F(p) also holds, which has a probability at least
1 — 15p (using (7.4))). In particular, it implies that C exists: we claim that
at time p, neither C nor anything inside it is frozen, with high probability.
For that, let us set
E3 = {F(p)Nint(C) = 0},

where int(C) = CUint(C). Note that C is protected by the p-white circuit in
AuL(p),L(p) from frozen clusters outside it: we thus have

&
Py (Es N ES) <]P’< max N><—
(BN B €521 > = 100
(using ([7.7), since p < p2).
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It follows that Py (2N E3) > 1 —2- 155: we now assume that this event
holds, so that in particular p’ > p, and we examine the two cases introduced
earlier.

e Case a: p < p' < p; and p* = ps. First, we have

p*L(p) > L(p1) > pL(p1) > KL(p2) (7.8)

for all M > My = Ms(e,K) and N > Ny = Ny(e, K) (using again
Lemma and (7.5)). We know from that no cluster with
volume > N can emerge before time py in int(C). Hence, C freezes
at time p’ in the frozen percolation process (which coincides with the
modified process). Moreover, let us assume that the event Ey := E(p;)
occurs: P(Ey) > 1 — 155 (from (7.4)), and since p’ < pi, the white
circuit in AuL(m% L(py) 18 also present at time p’. Hence, no vertex in
B,i1(p,) can freeze at time p’, and the freezing at time p’ leaves a hole

HD () C B L(p) in which no cluster with volume > N can emerge
before time po. This implies that

HD (p2) = HD (') = A* 2 By

on the intersection of the events above. Using (|7.8]), we obtain that
_ €
PN (BrrLp) € HD(p*), p' <p1) <4- 100
for all M > max(M;, M) and N > max(Ni, No). We have thus
checked properties (i), (ii) and (iii) in this case.

e Case b: p' > p; and p* = ps. In this case, we use the intermediate
scale
A= L(p)'L(p)"*

(which, intuitively, corresponds to a time strictly between p and p;),
and the event
Es := Ny, (M4, L(p))

(recall Definition for nets). We know from Lemma [2.2| that
L(p) 2 —Cy DA L(p) _c (L@)l/G
P E5 Z 1-—- Cl ( e L(p1) Z 1— 037/\6 A\Ip) s
) M I

for some universal constants C; > 0 (1 < ¢ < 4). Hence, there exist
M3 = M3(e) and N3 = N3(e) such that: for all M > M3 and N > N3,

g
P(E:)>1— —
(E5) = 100
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(using Lemma once again). In particular, it implies that with a
probability > 1 — 355, there exists a pi-black net inside int(C) which
is connected to C, and which leaves holes with diameter < A. Let us
denote by Fg the event that such a net exists, and a cluster with volume
> N that is not connected to C emerges in the time interval (p1, p4].
Because of the existence of a net at time p;, any such cluster has to
appear in one of the k < Cj5 (@)2 holes, each having a diameter < A.

We deduce L2
P(Eo) < Cs (2 ) By (|05 = ),

which is < ﬁ for all M > My and N > N,: indeed, we can proceed

as for , as we explain now. For that, we write
Py, (|CEY| = N) =By, (|CEY| = 22%0(pa))

with
N Lo 60

T = = = ,
A0(ps)  L(P) 0(pa)
and there exist universal constants ¢; > 0 (1 <4 < 4) such that

0(p) m1(L(D)) A L)\ (L®))’
0ps) = “ma(Llpa)) = 2 (EPa) L) 2 C3< L) ) - 3<L(ﬁ)>
(using (2-13), (2.6), and the definition of ps (7.6)), which yields
Lp) (L\ " (L)
arp (i) (1)

(this follows from ([7.2]) and our particular choice of 3): we are thus in
a position to combine Lemma |7.1| and (4.4)).

On the other hand, with high probability, something has to freeze
before time p3 in int(C). Indeed, we know from Lemma |4.1| that

Fps (‘Cgl:;um‘ = (1 B %)9@3)‘3“2”?)‘) =

_ £
100

L :
as soon as MQ(&%JZ) is small enough, and we have

(1= 15)003)|Buzriy| _ ., 0ws)(W2L(p))* . ,60(ps)
100 ¥ I > CG# _ C6M4 0(5)

for some universal constant Cg > 0 (using the definition of p (7.1)),
which is > 1 for all M > M5 and N > Nj (thanks to Lemma
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again). Hence, the only possible scenario is as follows: the connected
component that contains C and the net at time p; freezes at time
p’ < p3, and when it freezes, it leaves holes in which no other clusters
with volume > N can emerge before time ps. In particular, A* =
HD (p! ) = HM(p*). We can then conclude the claims announced
in the beginning of Step 2 by using the event E; = FE(ps3), which
has a probability > 1 — 155, and ensures that B y © A™: indeed,
puL(p3) > K L(pa) for all M > Mg and N > Ng.

pL(ps3

Step 3. We now use the big hole created at time p*. We consider

e pt:=inf{t > p* : there exists a t-black cluster in A* which has > N
vertices, intersects B (,+)/2, and contains a circuit surrounding 0
that is included in B ,)/2},

e and At := H(PxLe*)/2) (5+) (so that AT is the hole of the origin in the
cluster from the definition of p).

By construction, AT is a stopping set, and we have to prove that it has
the desired properties. Throughout the proof, we use the intermediate scale

v =VKL(p*). If we set

Ey = Np(v/4, KL(p")),
Lemma [2.2] implies that

P(E) > 1— C1Ke VK

for some suitable universal constants C7,Cy > 0. In particular, there exists
a constant K1 = Kj(e) such that for all K > K, this lower bound is at least
1-— ﬁ. We now restrict ourselves to this event Fj.

There exists a p*-black circuit in A, /5 ,(2vz) for each z € Nk, where

NK = Z[’L] N BKL(p*)/4’y = Z[Z] ﬂB\/F/Zl'

Let C* denote the outermost such circuit. Note that all these circuits are
connected by p*-black paths (inside the net).
For z € Nk, we consider

XF =X =|{veimnt(C) : v& oY

(recall the notation from Section [4.3). In the following, we define several
random times in terms of (X[)zenr,, we thus restrict ourselves to the z for
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KL(pr)

Figure 7.2: This figure depicts the construction used in the proof of Propo-
sition We consider the independent random variables X7 = X, for
zeN I’}ice (i.e. such that the corresponding circuit C* is nice), and we condi-
tion on the configuration outside: Y; counts the number of vertices connected
to at least one (C*), Nice (including the vertices of the circuits themselves).

which we have a good control on the quantiles. More precisely, we know from
Lemma that there exists a constant C3 > 0 such that for each z € N,

P(C* is not (p*, Cs)-nice, By) < 1%. (7.9)
Note that the events
{C” exists, and it is (p*, C3)-nice}
are independent, for z € Nx. We define the set
Nce .— [ € Nk : C%is (p*, C3)-nice}.

Further, we write

. . K
B2 = {0 AR W 2 G} and B Bin
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Since /100 < 1/2, we deduce from Hoeffding’s inequality and (7.9) the
existence of Ky = Ks(¢) such that: for all K > Ko,

13
P(E; N ES) < —.
(En 2)—100

Finally, let Y; denote the number of vertices, in the frozen percolation pro-

cess at time ¢ > p* in A*, which are either on one of the circuits (C*),c A'mice
or outside these circuits and connected to at least one of them. We set

pt ::inf{th* : Z Xf—l—YtzN}.
wEN e
We also define the random times

pt :=inf {t >p" @E/loo(X?) + Z Xy +Y, > N} (7.10)
wENTe\ {0}

and pT = inf{tzp* : Qe/mo(XtO)+ Z Xf+Yt2N}, (7.11)
zeNHe\{0}

where we isolate X{ by considering its quantiles (recall the notation for
quantiles from Section [4.3). Further, let

So:=V(T)\int(C?) and S :=V(T)\ [J int(CY).

TeNpce
For later use, we note that by definition,
. (Xf)xeNIrgce\{o} are measurable functions of (7,),es\s; 5
e Y, is a measurable function of (7,)yes; ;s
e and p*, p* are measurable functions of (7,)ves,-

We condition on S; and (7,)yes, from now on. Under this conditioning, the
function Y; becomes deterministic, while the processes (X[);>p are indepen-
dent for z € N,

Step 4. We prove p* < B+ <pt <ph < ];‘“ For that, let us first
introduce two rough bounds on p™: we set

p = inf {75219* : Qs/1oo(Xt0)+Qs/100< Z Xf) + Y ZN},
xE./\/’;;-ice\{O}
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and p::inf{th* : Qa/mo( >+Q/100< Z Xf) —|—YtZN}.

zEN B\ {0}

Note that it follows from the definitions that p, p are measurable functions

of (Tv)fUESl
Since we clearly have p* < p, we prove that p < p+ < pt <pt <p with

probability at least 1 —¢/5, and we then show p < p separately. Out of the
first four inequalities, we only prove that p™ < p™ with probability at least
1—¢/20, since the other inequalities can be established in a similar way. For
that, we argue by contradiction, assuming that p™ > p™: then,

0 0
QE/IOO(X +) X;"’ +Yvﬁ+ 2N>Xﬁ++ g+ +}%+,
EN T\ {0} LENT\{0}

so in particular,
0 0
Qs/loo(X L) > X o+

Since the process (X )¢>p+ is conditionally independent of (3, Aoy g0y Xi +

Y:)t>p*, and thus of pT, the above has a probability at most £/100.
We now prove p < p*. For that, we set p{5) via

K32 L(p)20(pF)) = N. (7.12)

For K > 1, the monotonicity of 6 implies that p{) < p, it is thus enough to
prove that

for all K large enough, p < p) with probability > 1 — %, (7.13)

which we do now (this slightly stronger result is used in the next step). Let
us also note that for some constants M7 and N7 depending only on K, we
have: for all p > p. with L(p) < moo(N)/M7, and all N > Ny,

) > pr. (7.14)

Indeed, for every fixed K, it follows from and (7.12) that 0(p*) =
0(p'%)), so L(p*) = L( A(K ) (by (2.13)) and ( . and we can use Lemma
!

Recall that C3 was chosen according to Lemma and CY is (p*, C3)-
nice on E. Since C° C A2, With v = VK L(p*), we obtain from Lemma
that for some ¢q > 0,

Q&/lOO(X )>03(\/>L( )) 0(p K))a
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and similarly,

Qoo X Koo ) 2 VR OHVELGN ),

ceNpee\{0}

Since |Np| > £ on the event E, we deduce

X Q *k
Qs/loo(XpQ(K>) +Q€/100< Z Xf;(fﬂ) + Y500 2 §3K2L(p )29@{]()),
zeNe\ {0}

> S3KI2N
(using (7.12)), which is > N for all K > K3 = K3(¢). Hence, we get that

for all K > K3, p < p), which completes the proof of (7.13), and thus of
Step 4.

Step 5. We show that with high probability,

(i) p© = p* (i.e. pT is the time when the structure consisting of the

circuits (C*),¢ Apice freezes),
(i) AT =HD(p?),
(iii) and HPws)(Bt) C AT C 1B (pt).

Recall that p™ < p) for all K large enough: in a similar way as in Step
2 (Case b), we see that if, apart from the net from Step 3, no other cluster
intersecting By, /2 reaches volume N before time P8 then pt = pT.
Hence,

Py (5t #pt, pt <P, B) < K- Py (\ngﬂ > N). (7.15)

It then follows from ([#.4) (with z = K'/2) and (7.12) that

2 *\2
—epK1/2 A’YK —cgK3/2 LEPK) e K32
Por (’ngx‘ = N) <cae L2 = ¢e LI < et

since L(p8)) < L(p*) (from (7.14))). The upper bound in is thus <
for all K > Ky(g), which shows properties (i) and (ii). Since p* < pt < p™,
we also have B

HB2) (pF) € AT C HB2) (ph).
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Further, let
Es = {there is a p*-black circuit C in AWL(p*) VEL(p*) s.t. C a OO}-

We have that for all K > K5 = Ks(¢), P(E3) > 1 — 155 (from (2.4)), and E3
implies in particular that

for all t > p*,  HP2) () = H Pws) ().

By using this observation at times p™ and B+’ we finally get property (iii).
We are now almost in a position to conclude: indeed, note that since p™
and pt are measurable functions of (T0)ver\ B. > We can apply Lemmato

HBys) (5t and HPB/3) (pt) to deduce that AT has the desired properties,

if we know that L(p™)/L(p*) can be made arbitrarily close to 1. Hence,
there only remains to prove this property, which we do in a last step.

Step 6. We now fix an arbitrary 6 > 0, and we bound the probability of
+
{% >1+96 } First, we show that for the rough lower and upper bounds

p and p, L(p) and L(p) are comparable. It follows from the definitions of p
and p that

. 0 z
}1}% (Qa/IOO(Xt )+ Qe/lOO( Z Xt) + Yt) <N
sENe\ {0}

< %{n (Qs/loo(XtO) +Q5/100< Z th> + Yt) (7.16)
2 sENE\ {0}

From the same reasoning as in the end of Step 3, we obtain that in the

left-hand side of ([7.16|),

Him (Qa/m()(X?) +Q€/100< > Xé”)) > ¢y NR“°|K L(p)*0(p)
zeN B\ {0}

(using the continuity of € at p), and a similar upper bound holds for the
right-hand side of (7.16]), with ¢; replaced by ¢3. These bounds, combined

with ([7.16]), show that
s NI K L(p)?0(p) < el NE|K L(p)*0(p). (7.17)

Combined with (2.13)), this shows the existence of a constant Cy = Cy(e)
such that
L(p) < C1L(). (7.13)
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Now, let t; be defined by
for all i € {0,...,2log; 5C4}, L(t;) =1+ 5)7"/211(]7)).

+
We argue by contradiction: if we assume that ig%; > 146, then there exists
an i € Zs := {0,...,2log; ;s C4 — 1} for which p* < t; and p* > t;41 (using
the rough bound p < p* < pt < p). For this i, the definitions of p* (7.10)

and p* (7.11) imply
Q- 100(Xp)+ Z Xy +Y, 2N
rEN\ {0}

0
> Qa/loo(XtiH) - Z Xg;-!—l + Ytz‘+1>
zEN\{0}

from which we deduce

Z (chiﬂ B X{f) < (}ftz - }/ti+1) + (@5/100(Xt0¢) _Qg/loo(Xg+1))
wENTIC\ (0} _
" < Q/100(Xp)
< CsK L(p)*0(p), (7.19)
for some C5 = C5(g) > 0.

As it turns out, it is easier to work with a slightly different collection of
random variables: we set

77 = |{v € Byj1o(2yx) : v e o dB,10(v)}|
< thi+1 - ng’

and it follows from (7.19)) that it is enough to bound, for each i € Zs, the
probability of

S ZF <GKL()(p).
peNe\{0}

Note that
E[Zf 1] > 3 Bl % v 0B, )| CY)
UeB’y/lO(ZYx)

1 9 tit1 t;
> T K L) P(0 & oo, 0 < dB, 1)

tinl —t
> CﬁKL(p)QMG(tz‘) (7.20)
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> CrKL(p)*0(p), (7.21)

for some suitable universal constants Cs and C7 = C7(0) (using Lemma
in ((7.20)), and Lemma in , combined with the definition of ;).

Let us fix i € Zs, and consider (Z),cpmice\ oy Since Z7 <V, 10(272)
(recall the definition of V,, in (4.5)), Lemma provides the moment bound

E[(Z7)"] < E[(Vy/10(2v2))™] < Cml(?0(tir1))™
< C{'ml(K L(p)*60(p))™

for some universal constant Cg > 0. This shows that (on the event E) we can
apply Bernstein’s inequality (Lemma to the centered random variables
(Zf - E[Zx:l)xe'/\/’}ryce\{o}, Wlth

n=|NEC\{0}| <K, M =CoKL(p)*0(p), o7 =M
(for some constant Co = Cy(J) large enough), and

y=c5KL<p>29<p>—E[ >z
zeN e\ {0}

Noting that |y| < KM (since E[ZF] < M for every x € N& from (7.21)),
we obtain: for each ¢ € T,

IP’( Yoozr< C5KL(p)29(p)> < 2¢~C10K
zeN e\ {0}

for some C19 = C19(9). Hence,

Lipt
P( (ﬂ) > 14 5) < P(Hi €Ly : Y. (Xp,-XP)< C’5KL(p)20(p)>
L(p ) nice ' '
zEN e\ {0}

< IP’(EIi €Ly : Y, ZT< CsKL(p)29(p)>
zeNpee\{0}

< 4(log1+5 C4)e_010K

(using |Zs| < 2logy,5C4), which is <1 —¢/100 for all K > Kg(e). Hence,
if we set K = maxj<j<¢ K;, and then M = maxj<,<7 M;(K,c) and N =
max<;<7 IV; (K, €), all the desired bounds hold, which completes the proof
of Proposition [7.2]

]
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7.3 Concluding remark: related processes

In this last section, we briefly and informally indicate the robustness of our
methods, by considering some other interesting models for which a similar
behavior as for volume-frozen percolation, and analogs of Theorems [I.1] and
[[.2] can be expected. We discuss in particular two closely related processes
(the proof of existence requires substantial work: see [§]). For these two
processes, all vertices are initially white, and they can turn black according
to some Poisson process of “births”, with intensity 1. We also use a second,
independent, Poisson process of “lightnings”, with a small rate ey > 0: each
vertex is hit by lightning at a rate ey, independently of the other vertices.
To fix ideas, let us take ey = N~¢, for some « > 0.

We can first introduce a modified volume-frozen percolation process,
where a black connected component freezes when one of its vertices is hit by
lightning (so that the rate at which a cluster freezes is proportional to its
volume). As a starting point, we can look for a similar separation of scales
as in our previous volume-frozen percolation process. Here and further in
this section, we make the usual translation p(t) = 1 — e, and we define t..
as the solution of p(t.) = p.. We also write L(t) for L(p(t)), and similarly
for 6(t).

Heuristically, the recursion formula should be replaced by

enlt —t|L()%0(1) < 1,

where L(t)26(t) corresponds to the volume of the “giant” connected compo-
nent in a box with side length L(t), and ex|t — t| is the probability for any
given vertex to be hit between times ¢ and ¢, which we replace by eyt — t.|
(since we look for the property [t —to| > |t —t.|).

A quick computation then yields a sequence of exceptional scales

mx(va)(N) — NOH as N 5 0o

(@)
(and corresponding times q,ga)(N )=tc+ N — 100 +o(1)) | where the sequence

of exponents (5,(?));@20 satisfies

(0% o 41 o
(5(()):0, and 5124-)1:%"‘%51(@) (k> 0).

This sequence is strictly increasing, and it converges to 6&3) = g—ga. We
then have a separation of scales, i.e. L(t) > L(t), for all ¢+ > t, such that
L(t) <« m) (N), as in Lemma|7.1| (where mg)(N) — N o) g N 00).
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In particular, we can consider a net with mesh > L(#) and < L(t) at an
intermediate time between ¢ and t (as we did, for instance, in Step 2 of
the proof of Proposition , and the next freezing time coincides with the
freezing time of this net (w.h.p.). In particular, the next hole looks like
H(t#), for some random t# such that |t# — t.| is comparable to [t — t,|.

We can also consider the forest fire process obtained from the same Pois-
son processes (of births and of lightnings), where a black connected compo-
nent “burns”, i.e. all its vertices become white, when one of its vertices is
hit (and may later become black again according to the Poisson process of
births). During a first non-trivial stage of the process (immediately after ¢.),
the sequence of holes should be approximately the same (as N — o) as in
the previous modified frozen percolation process. Indeed, the recent work
[17] for self-destructive percolation [28] indicates that it takes a positive time
6 > 0 for macroscopic connections outside the hole to reappear, and the next
burning event occurs much before that time. In particular, this suggests the
existence (hinted in [29]) of a 6 > 0 for which: w.h.p. (as N — o0), the
origin does not burn on the time interval [0, ¢, + 4.

A Appendix: additional proofs

A.1 Proof of Lemma [2.4]
Proof of Lemma[2.f] We consider A, p and p’ as in the statement, and write

0(p") — 0(p) = P(B),

where B := {0 (p—; 00, 0 & oo}. Let us assume that this event occurs, which
implies that there exists a p-white circuit surrounding 0, as well as a p’-black
infinite path starting from 0. We can thus introduce the closest vertex v
from the origin which lies on both a p-white circuit surrounding 0, and a
p'-black path from 0 to oo (when there are multiple choices, we just pick one
in some deterministic way). Note that locally around v, we see four disjoint
arms: two p-white arms (coming from the p-white circuit), and two p’-black
arms (from the p’-black path to oo).

We now distinguish two cases, depending on the distance from v to the
origin: we introduce the events

By :={d(0,v) < L(p)} and Bg:={d(0,v) > L(p)}.

We start by bounding the probability of Bi. Let imax := [logy L(p)]: by
dividing the annulus A; 1, into the dyadic annuli A; = Agi19i (1 < <
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imax), We obtain

tmax

=) Pve A
i=1
< —pl Z |A[P(0 &5 9By 2) (AL P (1,27 1) P(OByis1 & o0)
=1
<Gl —pl Y22 m (272 ma(2 m (27 AL (p)) (A1)
=1
7/max_1
< Colp’ = plmi(Llp)) Y 2%ma(2) (A.2)
=0
< Cslp’ — p|L(p)*ma(L(p))6(p) (A.3)

for some constants C; = Cj(A) > 0 (j = 1 2,3) (in (A1) we used (2.9), in

@‘ we used a comblnatlon of . and -, whlle we used -
in (A.3)).

Let us turn to P(Bz). If we now divide T \ By, into the annuli A} =
Agi 1(p),2i+1 L(p) (i > 0), we obtain

By) =) P(ve A

>0

< [p' = p| D AP & 0B 2)P(ALY (1, L(p) /2))

>0
P(OBp)a(v) "8 0Byi ) (v)
< Culp’ = pIL(p)*ma(L(p)/2)6(p) Y | 2% exp(—cp2') (A4)
i>0
< Cslp’ — p|L(p)*na(L(p))8(p) Z 2% exp(—co2") (A.5)
7 geqO
< Cslp’ — p|L(p)*ma(L(p))6(p) (A.6)

for some constants C; = C; (A) (j = 4, 5 6) and ¢y as in (in ,
we used (2.5) combined with (2.13]) and ( , while we used in

Lemma n 4] then follows, by comblnmg and -
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A.2 Proof of Lemma [4.1]

We use the fact that x(p) := E,[|C(0)| ; |C(0)] < o] and x*¥(p) :=
ZUGT COVP(II'OHOCM II-'[)(—)QQ) Satisfy

X" (p), x“(p) < e1L(p)*0(p)* (A.7)

for all p > p. (where ¢; > 0 is a universal constant), which is a consequence
of (see Section 6.4 in [4]).

Let us introduce some more notation, used only in this section. For a
connected subset A of T, the connected components inside A (at time p) can
be listed by decreasing volume as (C/(\l’)oo)zZl and (C/(\Z,)<oo)i21’ according to
whether they are included in the infinite cluster Coo(p) or not, respectively.

(1)

Clearly, C{*** coincides with either C/(\ )OO or C A <oor SO 1N particular |C}\na"‘ <
‘C(l) } + ‘CA <oo‘ Note also that
Coo N Al =S C0L - (A8)
i>1

Lemma A.1. For some universal constant ¢c1 > 0, we have
. 1
(i) By ||CAL]] < 1A1060),

(ii) and E,,ch”@oy] < e |AI2L(p)0(p).
Proof of Lemma[A-d] (i) It follows immediately from (A.8) that
‘CA,OO‘ S |Coo N A‘ - Z ]111(—)007

vEA

and we can conclude by taking the expectation of both sides.
(ii) If we introduce tp := |A|Y/2L(p)f(p), we can write

UCA<OO” <tr+E, [ch<oo| ‘CA<oo} >tA]

< tA+ZPp<|C )| = ‘C

vEA
<ty + yA|IP>,,(|C(0)\ > 1, 0o oo).

@) = ta, v s o)

We can then conclude by noting that

(p) _ elL()’0(p)®
ta ~ |AIV2L(p)0(p)’

using successively the definition of x*, and (A.7). O

IP’p(‘C(O)‘ >, 0 oo) < X
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We are now in a position to prove the main lemma.

Proof of Lemmal[{.1. First, we observe that Lemma implies that

L(p)
|A|l/27

1
Ep[|cf.]] < ex(1A18(0))
and in both cases, |A| > n? (since A contains b,), so

L) L) _,

A2 T

Using Markov’s inequality, we obtain that

Py (|| 2 clA160) < 2 <

(2)
A,o0°

Let us consider |Co MA|: we already noted that E, [|Coo N Au = |A|6(p),

and we have

for p small enough. We can thus restrict our attention to Cz(\llo and C

Varp(\Coo N A‘) = Z Covp(]]-’UHOO7 ]lw<—>oo)

v,wWEA
<D Y Covp(Luesoos Luesoo) = [AX(p).
vEA wET
Using , we obtain
2 ( L(p) ?
Vary (|Coo N1 A]) < er(IA10(p) <|A|1/2> , (A.9)

and Chebyshev’s inequality implies that for p small enough,
P ((1 i) A[0(p) < |Coo MA| < (1+ i) A6 )) >1- S, (A.10)
P 10 Pr=Tree =0T 10 P)=>"10

which gives the desired upper bound for ’C/(\I)oo| (using )

Now, we need to distinguish the two cases for A. We first consider A =
(11)(5), where 8 € (0, 1) and A is a connected component of < C' n-blocks that
contains b,. We consider all the horizontal rectangles of the form [iu'/?n, (i+
2)p/?n) x [ju/?n, (j + 1)p*/?n], and all the vertical rectangles of the form

[ip 20, (i+1) ' ?n] x [jp/?n, (j+2)u/?n)] (i, j integers), which are entirely
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contained in A. The probability that all of them have a p-black crossing in
the long direction is at least

1/2

1—¢ (Mfl/Q)ch*CQul/Qn/L(I)) >1—cCute 2

for some constants c1, co > 0 (using ([2.4))), which is at least 1 — {5 for y small
enough. Let us assume that it is indeed the case, so that the crossings form a

net that covers the sub-domain A" = (A)5,5,1/2). We note that all vertices
in Coo N A’ are connected by the net inside A, so that |C/(\12>o‘ > ‘COO N A’}.

)

Moreover, for the same reason as for (A.10), with probability at least 1 — {5,

o] = (1= 55) IN]6(p) > (1= <) (1=12:3u"2)|Al6(p) = (1 -2 ) |A10(p)
(A.11)

, and we

(for p small enough). This gives the desired lower bound for |C/(\1,2>o
can then get an upper bound on ‘CZ(\Q())O‘ from (A.8):

< e
] < e Al = el < (14 55) 10 = (1= 5) 14

with probability at least 1 — £ (using (A.10) and (A.11)). Finally, the net

provides a circuit as desired, which is connected to co with high probability
(using once again (2.4)).

In the case when A is an (n, §)-approximable set with B, C A C Bcy,
we proceed in the same way, by introducing A’ = (Ai“t(”))(?ml/z) (note that
A" consists of at most C? n-blocks). t

A.3 Proof of Lemma [5.13

Proof of Lemma[5.13 Let us denote x; = {#-. For notational convenience,
we identify w with the subset {i € {1,...,N} : w; = 1}. For every S C

{1,...,N},

N
Pw=2S)=]]pi- [[0—p)=]]Q0-p)-0s
€S eS¢ =1

with og := [[;cg i Hence, we want to ensure that for every S with |S| = n,

P(w, =95) = g, with ¥, = Z o3

|S|=n
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(where ¥y = 1 by convention). We claim that the desired coupling can
be obtained with the following transition probabilities: for every S with
|S| =n < N, every j € S¢,

o xy ar _ 1 or
Ps,s0{j} ZHHT%TTH—I—WHT] Snt1 T;T n+1-[SNT|

|T|=n |T|=n+1

Since the summand in the last expression is < op, it is clear that pg sy €
[0,1]. One also has

ZPSSU{]} Z Z n+1—|SﬂT|

jese Ljese Tjer
|T|=n+1

1
B >, 2 n+1—ySmT|

b))
T =ny1 jESNT
o 2n—|—1 -1
- - )
2n—i—l

as desired. Finally, there only remains to check that for every 0 < i < N,
we obtain the right distribution for w;. We proceed by induction over : this
clearly holds for ¢ = 0, and let us assume that it holds for some 0 <i < N.
Then for every T C {1,...,N} with |T| =i+ 1,

P11 =T) = Zp(ﬁ)i =T\ {jDpr\yyr

JET
_ZUT\{J} oy ou
2278 S o iR 11T\ GHNOT

|U|=1

using the induction hypothesis. Since o7\ (;32; = o7, we obtain

T . S
U |U|=i jeTNU® i+1- |Tﬂ Ul
Y1 iy
which completes the proof of Lemma [5.13 O
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