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This paper considers an M/M/1 queue with a very general feedback mechanism. When a customer com-
pletes his ith service, he departs from the system with probability 1-—p(i) and he cycles back with proba-
bility p(?). The main result of the paper is a formula for the joint distribution of the successive sojourn
times of a customer in the system. As a by-result, it is shown that the sojourn times in all individual cycles
are identically, negative exponentially, distributed. Also, the correlation between the sojourn times of the j
th and k-th cycle of a customer is calculated; furthermore, the distribution of the total sojourn time is
derived.
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1. INTRODUCTION

This paper considers an M/M/1 queue with a very general feedback mechanism. When a newly arriv-
ing customer, to be called a type-1 customer, has received his service, he departs from the system with
probability 1—p (1) and is fed back to the end of the queue with probability p(1); in the latter case he
becomes a type-2 customer. When he has received his i-th service, he leaves with probability 1—p (i)
and he cycles back with probability p (i), in the latter case becoming a type-i +1 customer. The ser-
vice times of each customer at all visits are identically, negative exponentially, distributed stochastic
variables. The resulting queueing model has the property that the joint queue-length distribution of
type-i customers, i =1,2,..., is of product-form type. This property is exploited to analyse the
sojourn-time process. In particular, we are interested in the joint distribution of the sojourn times of
a customer on his successive cycles.

Feedback queues are useful for modelling many phenomena in computer-communication systems.
The following example in computer timesharing was communicated to us by R.D. Nelson (IBM
Research Center, Hawthorne). A newly arriving job is considered to be a class 1 job. The scheduler
first allocates some CPU time to the job. During this initial CPU allocation the job, if not completed,
establishes its initial working set and typically changes class to class 2. The next time the job obtains
the processor it is allocated a CPU slice for class 2 customers and, if not finished, becomes a class 3
job with its associated CPU slice. This procedure continues until the job leaves the system. This
example gives rise to a single server queue with feedback. R.D. Nelson [7] considers both the case in
which jobs of all classes form one queue which is processed in FCFS order, and the case of a head-
of-the-line priority scheme. For both cases, allowing general service time distributions, he has
obtained a set of equations for the mean sojourn times during each cycle. This set of equations can be
solved numerically.

Other examples of feedback systems are found in telecommunications. E.g., a telephone call may
generate several tasks for processing. Such tasks can sometimes be considered as feedbacks. From a
customer’s viewpoint, a very important performance measure is the response time or sojourn time,
defined as the time spent by a particular sequence of tasks from its arrival to its service completion
[6]; and not just its mean is of interest, but also (the tail of) its distribution.

In the queueing literature, research on feedback queues has been mainly restricted to single-server
queues with so-called Bernoulli feedback [3,4,9]: when a customer (task) completes his service, he
departs from the system with probability 1 —p and is fed back with probability p. Fontana and Diaz
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Berzosa [5,6] extend some results obtained for -the M/G/1 model with Bernoulli feedback to a more
general feedback model with priorities. In [2] we have considered sojourn time distributions in an
M/M/1 queue with deterministic feedback, viz., each customer makes exactly N passes through the
system. Simultaneously, Doshi and Kaufman [4] have studied sojourn time distributions in an
M/G/1 queue with Bernoulli feedback, employing an iteration procedure which is very similar to the
one used in [2]. The feedback mechanisms in those studies are special cases of the one in the present
study: for deterministic feedback, take p(i)=1, i<N —1, p(N)=0; for Bernoulli feedback, take
PO=p.

The organization of the rest of the paper is as follows. In Section 2 the model is described in
detail. Section 3 contains our main result. We derive a formula for (the transform of) the joint distri-
bution of the successive sojourn times of a customer in the system and the number of customers of
the various types present at his successive departure epochs. As a by-result, it is shown that the
sojourn times in all individual cycles are identically, negative exponentially, distributed. Also, the
correlation between the sojourn times of the j-th and k-th cycle of a customer is calculated; further-
more, the distribution of the total sojourn time is derived. In Section 4 two special feedback mechan-
isms are studied: Bernoulli feedback (Subsection 4.1) and deterministic feedback (Subsection 4.2). In
these two cases, a limiting procedure leads to the sojourn time distribution in the M/M/1 queue with
processor sharing and the M/D/1 queue with processor sharing, respectively.

2. MODEL DESCRIPTION

We consider a single server queueing system with infinite waiting room, see Fig. 1. Customers arrive
at the system according to a Poisson process with intensity A>0. After having received a service, a
customer may either leave the system or be fed back. When a customer has completed his i-th ser-
vice, he departs from the system with probability 1 - p(i) and is fed back with probability p(i). Fed
back customers return instantaneously, joining the end of the queue. A customer who is visiting the
queue for the /-th time will be called a type-i customer. To avoid the problems that occur in dealing
with an infinite number of customer types, it is assumed that after a certain number of services the
feedback probabilities of a customer remain constant. Thus p(i) = p(N) := p, i =N,N +1,... for
some N=1. The service discipline is First Come First Served (FCFS).
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Fig. 1 M/M/1 queue with feedback.

The successive service times of a customer are independent, negative exponentially distributed, ran-
dom variables, with mean 8. These service times are also independent of the service times of other
customers.

Introduce

4@ :=1, @1

i=1
g@:= [l p(), i=1,.,N—1,
j=0




g = 3 T r() = ¢ -1p -1/ (1p),

m=N j=0

with
p0):= 1L

Note that ¢ (i) is the relative arrival rate of type-i customers, i =1,...,N. The offered load to the queue
N
per unit of time is p: =ABY'¢(i). For stability it is required that p<<1.

i=1
We are interested in the following quantities:

- X;: number of type-i customers in the system at an arbitrary epoch, i =1,...,N;

- X{): number of type-i customers in the system at the J-th service completion of a customer,
i=1,.,N, j=12,.;

- XO: number of type-i customers in the system at the arrival of a new customer, i =1,...,N;

- 8;: time required for the j-th pass through the system (j-th sojourn time), j=1,2,... .

3. MAIN RESULTS

In this section we present, in the form of Laplace-Stieltjes transforms and generating functions, an
expression for the joint distribution of the successive sojourn times S;, j =1,...,k, and the number of
type-i customers, X¥), i =1,...,N, present at the j-th service completion of a customer who is fed back
at least kK —1 times, k =1,2,... . First note that the system described above can be considered as a
queueing network consisting of one queue with N types of customers. Type-i customers are fed back
with probability p (/) after service, and then change into type-(i +1) customers, i =1,...,N —1. Type-
N customers are fed back with probability p after service, and do not change their type. Because the
service times are assumed to be exponentially distributed, the results obtained by Baskett et al. [1] can
be applied to find the joint distribution of the number of type-i customers in the system at an arbi-
trary epoch. It is found that, for x4,...,.xy = 0,1,...,

P(xy,...,xy):= Pr{X;=xy, ..., Xy=xy} = 3.1

+. 4 xy)
1-283 ¢ TTBg oy Lttt

Lol
i=1 i=1 Xy Xy

The PASTA property ([10]) implies the equality of the joint queue length distribution at the epoch of
a new arrival and at an arbitrary epoch:

PriXQ@=x,,....XQ=xy} = P(x1,...,xx8), X15...,%x=0,1,.... 3.2

We follow a customer from the moment he arrives as a type-1 customer until he completes his k-th
service. It holds that

—(@,8 0,8, XP x® xy X0\ —
E{e™® Wy ) (ER 2N} = (3-3)
* X —(@ S +..t0,S,) X® Xy Xy X = =
2 e ZP(XI,...,XN)E{E @8, “ )(21’0 '.'ZN,O)"'(zl,k “'ZN,k) ]Xﬂo)—xl,...,X9)~xN}.

x,=0 xy=0
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Using the property that S; is fully determined by the number of fed back customers and the number
of external arrivals during S; 1, it is shown in the Appendix that

. } ) k)
Ef{e @St-taSo X0 X0y @B ) X =xy, . XQ =) = (B4

ﬁ A;Cv(]’ (JO,Z) INI (zi, Oﬂv(i3 w’z))xi )
=1

j i=1
with (0::((01, N ,wk), z::((ZI'O, ‘s ,ZN’()), . ;(zl,k’ .. ’ZN,k)), and

[1+B{w +A1—z1 )7, (3.5

AV(L0,2) :

A¥ 2,0,2) := [1+B{wg -1 FA=Az 41 A¥ (Lw,2)p Dz +1—p (D7,

ARG, 0,2) := [14+B{@k—i 41 A=Az i 11 AR (G — Lo, 2) AR —2,0,2)] - - - [A¥ 2,0,2)[4F (1, 0,2)
PG =Dz +1—pGE = Dlp( =2z 16 -1 +1=p( =D =3z ok —2+1—p—3)] - - -]
PMzop—iv2+1=pMBI™,  i=3,..k

G, e,2) = AF(k,0,2)[AF(k —1,0,2)] - - - [AF Q,0,2)[4F (1,0,2) (3.6)
Ptk +i—Dzgipt1=pk +i—Dlpk +i—=2zg 4; 16 -1+ 1—pk +i—2)]
pk+i—3)zksij2k—2+1—pk+i—=3)] - lpzis11+1—p@) i=1,.,N.

Here we have defined z;;:=zy;, i =N +1,..,N +k.

Substituting (3.4) and (3.1) into (3.3) we obtain our main result:

THEOREM

N k
e e g 0TM2O TG e
E{e”@ST-r OG- i) - @k -z} = —— 1= 37

1-A8 3! )z, 0 /¥ G 02)
i=1

Re 0;=0, |z;|<1, i=1,.,N, j=1,..k

COROLLARY 1
The Laplace-Stieltjes transform of the joint distribution of the first k successive sojourn times of a custo-
mer, who is fed back at least k — 1 times, is given by

1-\8Sq @) TTAY o)
E{e—(w,S,+...+wkS,,)} — i=1 j=1 , (38)

1-M 3 ()G,

i=1




with,
AR (L) 1= [1+Buw]™!, (3.9)

AY2,0) 2= [1+B{wr -1 +A-MY (L)),

AYG,6) = [1+B{wg -1 FA—MY G — LAY G —2,0) - - - (A} Q0)AF(1,0)
PG—D+1—p(—2pG—3)+1—pG—3)] - pM+1-pMI!, i=3,..k

fl,0) := AV (kDAY (k —1,0)] - - - [A¥ Q) A¥ (L w)p (k +i —2)+1—p(k +i —2)] (3.10)
plk+i=3)+1—pk+i=3)]- - p@+1—p@)l, i=1,.,N

Proor: Straightforward substitution.

COROLLARY 2

N
1-A834()
E@Y -y = B - 2Ny = —LE— |z|<Li=L.N, j=0lL.k  @G1D)
1‘“?\324(1')2:

i=1]

- ProoE: It follows from (3.1) and (3.2) that (3.11) holds for j =0. If (3.11) also holds for j =1, then it
clearly holds for all j =0,1,... . The validity of (3.11) for j =1 follows by a simple calculation.

REMARKS

(i) The Laplace-Stieltjes transform of the joint sojourn time distribution can be presented in a form
which is more suitable for obtaining sojourn time moments. For this purpose we first rewrite (3.9)
and (3.10): ’

A¥ (G, w) := [14 Bog —i 41 +AB{1—gG 1) 'ffAﬁ(j, w)— ‘ilij(i —D(1—p(@—1) 'ﬁlAﬁ(j, )Y, i=1,.,k,
j=1 1=2 j=l

AGw) = :%_;[(}(k +i— DAY G, o)+ S5k +i —I(1—p(k +i —i))ﬁA,’)’(j, W i=1,..N,
q 1

j=1 =2 i=l

with

9(0) := 1,

~ i=1 - .

q@) := [Ip@¢), i=12,..

j=0

Introducing

MG,0) = [[——, i=l,..k (.12)

i ANGe)




M©O,0) := 1,

and
H(k,i,0) := Mk, 0)ff (,0), i=1,..,N,

it is easily seen that (3.8) can be written as

1-A8346)
E{e —(w,Sl+...+w,,Sk)} - iN=1 , (313)
M (k, ) —ABq(i)H (k,i, )

i=1

with
MG,w) = (1+Box i+ DM G~ L) +AB [M( ~ 1) =G 1)~ (3.14)
S5 -N1-pG-HMG—1)], i=1,..k
j=2
Hki,0) = —— [(}(k +i— 1)+ Sk +i = j)1—p ke +i — ) M( — l,w)], i=1,..N. (3.15)
q() j=2 ~

(ii) The fact that the joint queue length distribution at the arrival of a customer and after each of his

passes is the same (cf. Corollary 2), implies that the sojourn times S;, j=1,....k have the same margi-

"nal distribution. S, can easily be obtained from (3.13), (3.14) and (3.15) by taking k =1 (or taking
N

w;j=0, j =2,..,k). It is found, with offered load p=AB>) ¢ (i), that the sojourn times are negative
i=1

exponentially distributed with mean 8/ (1—p):
) —wS; - 1— p -
E{e } =p+ ey’ J=Lk (3.16)
This coincides with the sojourn time transform in an ordinary M/M/1 queue with mean service time
N
B and arrival rate A >q(i).
i=1
(iii) In order to investigate the dependence between the i-th and j-th sojourn times we have computed

the Laplace-Stieltjes transform of the joint distribution of S; and §;, 1<<i<j<k. It is found from
(3.13), (3.14) and (3.15) that

E —(@Si+eS8), _ l—p s Is<i< 'gk’ 3.17
{e } 1—p+Buw; +Bwj+ Brwiw;C; _; lj G0

where C;_; is determined by
=1 (3.18)

C, = (14+MBCo—1 —AB"S G0 =1 —p( —D)Ci—1, n =2,k —1.
1=2

Note that E{e _(“”S‘+°’fsf)} only depends on i and j through the difference j —i. This property might
also have been derived from Corollary 2.
From (3.17) the correlation coefficient, corr (8;,S;), can easily be obtained:

corr(S,S) = 1-Cj_(1—p), 1<i<j<k. (3.19)
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It follows from (3.18) and (3.19) that corr(S;,S;) as a function of i and j only depends on j —i, and
that it decreases if j —i grows. For j—i =1, corr(S;,8;)=p.

(iv) The Laplace-Stieltjes transform of the distribution of a customer’s total time spent in the system
until the end of his k-th pass S®:=S,+..+S,, can be obtained from (3.13) by substituting
wj=wp, j = 1,...k. To derive an expression for the variance of this sojourn time, var(S(")), it is con-
venient to use the formula

kK &
var(S®) = k var($)+2Y, 3, cov(S;,S).
i=1j=i+1
The covariance of S; and S; , cov(S;,S;), and var(S;) can easily be obtained from the results given in
(ii) and (iii). It is found that

2 —_—
var(S®)) = [T—in] [kz —2(1—p) kzl JCi—jl> (3.20)

j=1
with Cl, N ,Ck_.1 given by (318)

The Laplace-Stieltjes transform of the distribution of the total sojourn time S of an (arbitrary) custo-
mer is now given by

o0 k)
E(e™%) = 33t —punE(e ™). (321)
k=1
(v) Let the mean service time 80, and choose the feedback probabilities such that the total required
mean service time, f, remains a positive constant. It is intuitively clear that this limiting procedure
~ reduces the feedback queue to an M/G/1 queue with processor sharing. Different choices of the feed-
back probabilities lead to different total service time distributions with mean . This opens the possi-
bility for a new derivation of sojourn time results for the M/G/1 queue with processor sharing (cf.
Ott [8]). We shall not pursue this here; in Section 4 the M/D/1 processor sharing queue will thus be

analyzed.

EXAMPLE ’
In this example we examine the case k =2 for which explicit closed form results are easily obtained.
From (3.17) and (3.18) it follows that for this case

Efe—@StaS)y _ 1—p : 322
e J 1—p+Bw; +Buw; + w0y ' ©-22)

Note that the feedback probabilities p (i), i =1,...,N, enter into the joint distribution of S; and S,
only via the offered load p. Thus, as long as p remains constant, the joint distribution of S; and S, is
independent of the individual values of p (i), i =1,..,N. Doshi and Kaufman [4] derived (3.22) for the
(special) case of Bernoulli feedback (p ()=p).

From (3.19) it follows that
corr(81,8,) = p. (3.23)

Let F,(-) denote the distribution function of the sojourn time until the end of the second pass:




Fy(t) := Pr{S,+8;,<t}, t=0.

From (3.22) we find

E{e_“’°(s'+82)} _ 1+\/; 1—\/; _ 1—-\/; 1+\/;
2Vp 1—-Vp+Buwy 2Vp 1+ Vp +Buwy

Hence
1+ Vp —t1-Vp 1-Vp. —11+Vp
Folt) = —L YL (] —e—t0=Vo)/By — 2 VL (1 ,—1(+ P/By =0 3.24
20 = L ) = ) (3.24)

In [4] Doshi and Kaufman compare F,(-) with the distribution of S;+S, that results when one
assumes that S; and S, are independent. Due to the positive correlation between S; and S, (cf.
(3.23)), it is found that F,(-) has a longer ”tail” than this approximate distribution.

Finally, the variance of S, +38, is obtained from (3.20):

var(S, +8;) = 2(1+p)

_ﬁ_]z,
I-p

4. SPECIAL CASES

In this section we study two feedback systems which are special cases of the general model described
in Section 2, viz., Bernoulli feedback (Subsection 4.1) and deterministic feedback (Subsection 4.2). It
~ will appear that these models yield simple, explicit expressions for most of the quantities analyzed in
Section 3. At the end of Subsection 4.2 we show that the sojourn time distribution in the M/D/1
queue with processor sharing can easily be obtained from the sojourn time distribution in the deter-
ministic feedback model.

The Laplace-Stieltjes transform of the joint sojourn time distribution in the Bernoulli feedback model
has also been derived by Doshi and Kaufman [4]. The results for the deterministic feedback model
were already obtained in a previous paper [2]. In fact, those results have led to the study of the gen-
eral model.

4.1 Bernoulli feedback
The Bernoulli feedback model is obtained from the general model by taking N =1: when a customer
completes his service he departs from the system with probability 1—p and is fed back with probabil-

ity p.

Obviously
_ A8
p - l__ d
P
The Laplace-Stieltjes transform of the joint distribution of the successive sojourn times S, ... ,S;

can be obtained from (3.8)-(3.10) by substituting N =1, p(i)=p. The resulting expression has also
been derived by Doshi and Kaufman [4].

To obtain explicit expressions for E{e @S+%%)}, corr (S;,S;), and var(8®), (see (3.17), (3.19) and
(3.20)) we have to derive C,, n =1,...,.k —1, from the set of difference equations (3.18). After the sub-
stitution g(j)=p’/ "1, j =1,2,..,, (3.18) reduces to

C, =1, @1

n-—1
Co = (1+MB)Cu— 1 —A8 3 (" 1 —p" NGy, n=2,.,k—1.
1=2




From (4.1) it follows that

G =1
Cz = 1+}\B,
Co=PCacr = (AHABYCa—1 —p(IHABCs 2 ~ABA—P)Ca—ry 1 =3,k — 1.

Hence

C =1, 4.2)
C2 = 1+>\B,
Cp = (1 4+AB+P)Cy 1 —AB+p)Cy—z, n=3,...k —1.

The general solution of (4.2) is given by
C, = Upi+Uys,
where y; =1 and y, =AB+p are the roots of
Y =(1+AB+p)y +(AB+p)=0,
and U, and U, are determined by
Uy, +Uyy=1,
Uyl +Uypys=1+A8.

After some calculations it is found that

o -1
c, =122 li/;(yg}:;,,)n , n=l.,k-L @3

Substitution of (4.3) in (3.17), (3.19) and (3.20) yields

A8
E{e_(w‘si+wlsl)} o A 1_p1 AB(AB-{— )i_i”l s 1<i<]<k’ (4'4)
_..____B_.. ’ TR PRSI Sand P
1 i—p + Bo; + fw; + Bw;w; I—p—AB
corr(Si,Sj)=%(AB+pY_i", I<i<j<k, 4.5)
2
s®y = |—B | |k+2-2E k.1 L 1-@+a 4,
rars) = | —5 o [T T gy e @9
1-p 1-p —P
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It follows from (4.5) that lim corr(S;,S;)=0 (cf. Section 3, Remarks (ii)). It is also seen that

—if
corr(S;,S;) is an increasing]fum;ion of AB for fixed i and j. These intuitively appealing properties are
illustrated in Fig. 2.

1.0
08 |
corr (S;,S;)
T 0.6 -
j-i=1
j—i=4
04 |-
—i=1
02 b \ /
j—i=10
j~i=30
0.0 | ; : T 1 !
0.0 0.2 0.4 0.6 0.8 1.0
— p

Fig. 2 corr(8;,S;) as a function of offered load p=%, with p=0.5.

The Laplace-Stieltjes transform of S*) can be obtained from (3.13)-(3.15) by substituting
w;=wp, j=1,...k. The resulting set of difference equations (3.14) can be solved in the same way as
(4.2). After extensive but straightforward calculations it is found that

s 1-p—A8
Efe %"y = 2 , Rewy=0, k=12,.., 4.7
SERE Al wrmcw A S @D

where,

1+ Bag +AB+p + V/(1+ By +AB+p): —4(p +pBuy +AB)

X1 -
2
gy = LHPO AP = V(I+Buo +AB+pY —4(p +pBun +A)
2 ?
_ x3—(1+Buwy)
Ql - Xy—X1 ’
0, = xl_(l+ﬁw0)'

X1 X2
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Letting p11 and ABJ0 such that A8 /(1—p) remains constant, reduces the feedback model to the
M/M/1 queue with processor sharing. Application of this limiting procedure to the total sojourn
time distribution, which readily follows from (4.7), yields the sojourn time distribution in the M/ M/1
queue with processor sharing (Ott [8]). The calculations, which are quite involved, are omitted here.

4.2 Deterministic feedback

Taking p(i)=1, i=1,..,N —1, p(N)=p =0, we obtain the deterministic feedback model in which
each customer is fed back exactly N —1 times. After the N-th service the customer leaves the system.
Obviously '

p = NAB.
Noting that
q(j) = q9() =1, O<j<N,
=0, j>N,
it is easily seen from (3.13)-(3.15) that

E{e~@St-rad0y = I—Ni\f ‘ , (4.8)
M@,0)-A8"S, M(i,w)
i=0
- with
M©O,0) = 1, 4.9

M@,w) = A+AB+Bwy i+ )M(@G —1Lw)—AB, i=1,.,N

At the end of this section we shall use (4.8) and (4.9) to obtain the Laplace-Stieltjes transform of the
total sojourn time distribution.

As in Section 4.1 we solve the set of diffgrence equations (3.18) to obtain explicit expressions for
E{e”“S*} corr(S,,S;), and E{e”*" } from the general formulas (3.17), (3.19) and (3.20).
Substituting in (3.18) p(i))=¢(@)=1, i =1,...,N — 1, we get

‘ Cl = 1’
C, = (14A8)Cy_1, n=2,..N—L

Hence

C, = (1+A8y~', n=1,.,N—1. (4.10)

Now it follows from (3.17), (3.19) and (3.20) that

Efe”@StaS) — 1—-NAB ___ 1<i<j<N, a1l
{e } 1_NAB“"#{.O,“’B(;)]+ﬁzw'w](l+kﬁ)[—l"l t ] ( )

corr(S,8)) = 1—(1—NAB(1+ABY 7!, 1<i<j<N, (4.12)

&
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2
var(S™) = var(S) = [ 1—?\/}\3] l()\z)z —N2—2(1—N>\B)%;‘)§2f— . 4.13)

The Laplace-Stieltjes transform of the distribution of the total sojourn time S is obtained from (4.8)
and (4.9) by substituting w; =wp, j =1,...,N. This substitution yields (cf.(4.9))

M@O,0) = 1,
M(i,w) = A1+AB+Buwp)M(i —1,w)—AB, i=1,..,N.

Hence

M) = (1HAB+Bugy —AB ST (1 +AB+ By = —P2 (1 +AB+Buy +—2B—  i=1..N

for N8+ Bap B+ Bay”

Using this result it follows from (4.8) that

(1=NABYA+ )
W§(1+AB+ Busg)Y +AA+wo)(1 —NAB)+Awp

E{e™“5) = Re wy=0. 4.14)

_ Finally, we shall show that (4.14) can be used to obtain the sojourn time distribution in the M/D/1
queue with processor sharing (cf. Section 3, Remarks (v)).
Let Ntoo and B0 in such a way that B:=Np remains constant. Then the distribution of the total
service time received by each customer approaches the deterministic distribution fixed at 8:

N
L

1 +Bw0

—L | =¢  Reg0.

1‘;&%0 1+ '%wo

This limiting procedure apparently reduces the deterministic feedback model to the M/D/1 queueing

model with processor sharing. Indeed, in the limit (4.14) equals the Laplace-Stieltjes transform of the
sojourn time distribution in the M/D/1 system with processor sharing:

s At+wp)(1—ABje PO
llmE{e } = 5 = — k(}\'*' ) ’
%R%o Wy + }\(A+2wo-—hﬁ()\+w0))e @
a result previously obtained by Ott [8].

_NToo

Re wy=0, (4.15)
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APPENDIX

In this appendix we prove Formula (3.4). For ease of notation we introduce the service time distribu-
tion function B(¢):=1—e /8,

The derivation of (3.4) is based on the fact that X{*D, ..., X§*D), which determines the distribu-
tion of S; 5, is conditionally independent of {(X{?, ..., ﬁ,)), coLXETD, L XETY S, L LS
given {XP, ..., X®); Si+1}, i=1,...k —1. Using this property it is easily seen that:

_ (9 ) (k)
E{e™ @St 4oSGqE i) - @ - 2R 1XP=xy, L X =) =

[>o} w0 [+ <] o0
z-ilo ‘e Zﬁfo fe_wltl fe"‘“’ztz .. f e"”k—l'k—| fe“""k‘k
t.=0 t,=0 =0 =0

ﬁ e_M‘( 31), u) H 2 n;:i] p(])"j+l(1_P(]))xj_n]+lzni+l »

=0 =1n3,=0

™
k o0 —*M( ) el N+m—1 n " (’”"‘ " Dy e
LL1 2 ey S Ve, PO a—p TR,

m=2 ™ =0 j=1 =0

k- k=D ys *=2) (k~2) o ) «
dB(tk)(1+'l| Fotny i) dB(tk_l)(l+nl Tt Py dB(tz)(l+n' +"'+"”’”)‘dB(t])(l+xl+---+XN) .

Note that by definition z; ;:=zy, j» I=N+L.,N+k j=1,.k.

We first evaluate the integral with respect to #, obtaining

— 0) ] k)
E{e@St4aSogly g - @ - ) 1XP=xy, L XP=x) =

o0 o0 o0
2315,10 .. z;;:() fe_wltl fe_“)ztz e f e_wk—-ltk—l
1 =0 1,=0 4 =0

o ( )’ 0 X: i, =
ST LS L ot apor

n(’l) zo (|) p—
k—1 - (A1 ) w | N+m—1 a""" ('”"1 -0 _ m
A, m —n
Sm) 1 Z’l',lm H n(m) P(])"/H(l P(/))nj j“z;ljﬂ
m=2 ‘,""=o i=1  nh=0

[14+ B{uwg+A(1 =z, )]+ T"I_ Q)51 +1=p )"
j=

{k~2) k=D yx ACS Dy =
dB(tk_l)(H-n, +o.tny,) "'dB(tz)(l+"' +otny) dB(t])(l+x.+...+x,,) —
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[o o] (o] o0
ot ® i
o - oAl (Lwz) [e@h [T oo [ Tt

tl="0 ‘1:‘0 tk—l=0

$ e B0 {13, g {njgiX]P(i)"}ll'(l“P(i))x’_"ﬁ'zﬁ'l,l

=1n,=0

Lo S _M ( m) (IM) Nim-—1 'l(m—l) (m_l "+l n '—nﬂ)x "(Tl
H 2 sm)' Zl’m ]-_-[ 2 [n(m) P(I)I (l P(]))j 4 zjj'*"l,m

m=2 p” =0 j=1 =0

e — Ny (1= 20547 (L6, 2)lp (D23 + 1—p (D))

‘H (A a w,Z)[P(I+1)2,+zk+1—P(/+1)]P(/)Z,+1k—1+1—1?(1))

J=

k-2 k-2 g U] ) & &
B (f )1+ A L g )1 ) g AR R

Next the integral with respect to 7, -, is evaluated, yielding

— @ (k)
E{e™ @St aS0GHE - ) - @l - M) |XO=x, . XP=xy) =

-] ' 0 )
— ot —et it
'z’lc,l() e Z)]:;:OAg(l,w,Z) fe h fe @b .. f e G-l

H=0 t,=0 4-,=0

0 ( o0 . I —n®
a l)' H 2 [";(’:ﬁrl]p(j)"m(l_P(l))x’ i

=0 =13, =0
k-2 - w | Ntm—1 i ° (’” -1 () (m=1)
2 AL, A '") e (m) p (]-)"m (1—p (]-))"1 —n z"/+|
—o b= nf™m1 " o m =g | Y i
m=2 " =0 j=1 n=0

(14 B{wy 1 FA=Azy 1 AY (L, 2)p (Dzg e +1—p (D]~ HH 7 ot

N+k—2 D
II “@¥epG+Dz4246+1=pG + D (D2 414 -1 +1=p ()"

j=1

-3 k=D g ) () N *
dB(tk_z)(H"' +otn2) ---dB(tz)(H"‘ +otn) dB(tl)(l+x'+"'+x") -

o0
zilp - - - 2§ 0dY (,w,2)4% (2, w,z)fe ot fe .. f e e
1,=0 =0

o |(At )"1 0 . it ot —n® @

n’ =0 =1}, =0

Ijj:z

ALY Ntm—1 " nfm =D
-, (M) m
m=2 (,""=tf)

a2 e ]pm"f“a—po»"' TR

m _
=0

j=1
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N+k—2 )
II “@¥Qw2)A81,0,2pG +Dzj4+26+1—p( + DDz +16-1+1—p (DD’
j=1

k=9 oD ye 0] R -
dB(tk_z)(l+n(' Fotiyie-s) e dB(tz)(l"'n, +otiy,) dB(tl)(1+x|+...+x~) .

We now sum over nf* =2, ..., nf3?_, and subsequently integrate with respect to # —,, thus obtain-
ing A}(3,0,2) terms; etc.; finally the summations over n{), . .. ,n{ and the integration over f, are
performed, which give rise to the (f} (;, w,z))" contribution in Formula (3.4).




