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Section 1. Introduction and Summary

In this paper we give conditions under which the distribution of the Gauss~
Markov estimator is more concentrated about the unknown mean vector than the
distribution of any other linear unbiased estimator. In order to describe our
results more precisely, let (V,(-,-)) be a finite dimensional inner product
space. By a linear model for a random vector Y in V, we mean the specification
of |

(i) a known linear subspace M £ V in which the mean vector of Y is assumed

to lie,

(ii) a known set Y of positive definite linear transformations in which the

covariance of Y is assumed to lie,

Thus, the subspace M specifies the mean structure of Y in that u = EY is in
M. Similarly, Y specifies the covariance structure of Y so Cov(Y)eY. The use
of Cov(Y) to denote the covariance of Y in (V,(+,+)) is consistent with Eaton

(1983, Chapter 2). Throughout this paper it is assumed that the identity

covariance is an element of Y.

Definition 1: The linear model (M,Y) for Y is regular if I(M)S M for all IeY.
Under the assumption that Cov(Y) is non-singular, regularity of the linear

model for Y is the necessary and sufficient condition so that a best linear

unbiased estimator of ueM exists (éee Eaton (1983, Chapter 4) for a discussion).
To state one form of the Causs-Markov Theorem, let A be the class of linear

transformations A on V to V which satisfy

(i) Ax = x for xeM




(ii) AyeM for yeV : (1.1)

The elements of A are the linear transformations which provide the linear
unbiased estimates of u subject to the condition that the estimator take values

in M.

Theorem (Gauss-Markov).

Assume the linear model (M,Y) is regular. Let Aoeg be the orthogonal
projection onto the subspace M, and let I = Cov(Y)eY. Then for all AeA and all

Ley,

= T r > ! =
Cov(AY) AZA' 2 AOZAO Cov(AOY) (1.2)

where 2 means that

| R 1
ATA AOZAO
is positive semi-definite.
The intuitive content of (1.2) is that Cov(-) is a multivariate measure of

size, and for all IeY, the element of A which minimizes Cov(AY) is A A

0
possible alterative criterion for the selection of AeA is to ask that the
distribution of the estimator AY be "most concentrated" about u. One way to

make this precise is to look at how concentrated the distribution of AY-u is

about OeM - that is, look at




w(A) = P{AY-ueC} (1.3)

where C is a symmetric (about 0) convex set in M.

Of course, we would like to pick AeA so that y(A) is as large as possible no
matter what convex symmetric set C happens to be. Because Ax=x for xeM, (1.3)
can be written

w(A) = P{A(Y-u)eC} (1.4),

Essentially, the results in this paper give conditions, expressed in terms of

the distribution of the error vector Y-u, so that A maximizes y in (1.4) for

0
all convex symmetric sets C contained in M,

Here is an outline of the paper. Section 2 contains background material on
peakedness of distributions, log concave distributions, and elliptical
distributions. Also, Anderson's Theorem (Anderson (1955)) and a result from Das
Gupta et al, (1972) are reviewed,

Our main results are given in Section 3. For example, it is shown that if

the distribution of the error vector Z = Y-y is elliptical (as defined in

Section 2), then, with ¢ given by (1.4),
$(AO) 2 y(A), AeA (1.5)

for all convex symmetric subsets CSM, With additional assumptions on the

distribution of Z, the above result is extended to the case where the convex

sets are allowed to depend on the data Y. This result is applicable to




confidence set problems. The results in this section are generalizations of

results in Berk and Hwang (1984) who established inequality (1.5) for the
classical univariate regression model. In addition to allowing a wider class of
error distributions, our results are applicable to all regular linear models
which include the MANOVA model as well as certain structured covariance linear
models.

Utilizing some invariance assumptions, the results in Section U establish
monotonicity of the function ¥ in (1.4). This monotonicity is expressed in
terms of a partial ordering on A which is induced by a group of transformations.
These ideas lead to a strengthening of a majorizatibn result due to Proschan
(1965). -

Section 2. Concentration and Probability Insqualities

The notion of peakedness (concentration) of a distribution on the real line
was introduced in Birnbaum (1948). Sherman (1955) extended the notibn to
euclidean spaces. The vector space version of concentration runs as follows.

For a finite dimensional real vector space W, let z(W) be all the nonempty
convex subsets of W which are symmetric about 0~ that is, subsets C W which

are convex and satisfy C = -C,

Definition 2.1: Given two random vectors Y1 and YZ in W, Y1 is more

concentrated about 0 than Y2 if

P{Y18C} 2 P{Yzec} (2.1)




for all Cez(W).

In what follows, when Y] is more concentrated about 0 than Y2, we will
simply say Y1 is more concentrated than YZ'

Now, consider the vector space W with a given inner product (¢,*). In what
follows, the word density means a probability density with respect to Lebesque

measure on W.

Definition 2.2: A random vector X in (W,(-,-)) has an elliptical distribution

if X has a density f of the form

e(w) = [B]72 k[(w,87w)] (2.2)

where B is some positive definite transformation on W to W and k is a non-

negative function defined on [0,») which satisfies

ookl (w,w)]aw = 1 (2.3)

W

Here is.a theorem due to Das Gupta et al. (1972) which is needed in the next

section. In what follows, L(-) denotes the probability law of ".",

Theorem 2.1: Fix the function k in (2.2) and 1let PB denote the probability

measure defined on (W,(-,*)) by the density in (2.2). For random‘vectors
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X i = 1,2, assume that Q(Xi) = PB where 82-81 is non-negative definite.

is

Then X1 is more concentrated than X2.

Corollary 2.1: Let X in W have the density (2.2) and suppose a;, i=1,2 are

full rank linear transformations on W to (U,(-,+).). Set Xy = o,

1

i = 1,2 and assume that azBaé - a1Ba; is non-negative definite where B is given

in (2.2). Then X1 is more concentrated than X2.
Proof: Because oy has full rank, an easy argument shows that Xi has a density

on U of the form

~-1/2

£.w =[BT ko lu,Bu), ]

where

B, = o« ,Ba!

Since 52 - B1 is assumed to be non-negative definite, Theorem 2.1 gives the
result. o
The final topic of this section concerns log concave functions and

Anderson's Theorem on (W,(=,°)).

Theorem (Anderson (1955)): Suppose f is a non-negative integrable function




defined on W (integrable with respect to Lebesque measure). Also, suppose that

for each u > 0,

{wle(w) 2 u} (2.4)

is a convex symmetric subset of W. Then for each Cez(W) and each 8¢eW, the
function
a-—>fIC(w) f(W-ad)dw (2.5)
is non—increasing for ael0,=).
Recall that a non-negative function f defined on W is log concave if for all
ae(0,1),

t=a

flax + (1=a)y) 2 £2%(x) £ *(y) (2.6)

for all x and yeW., Observe that if f1 defined on W satisfies

(1) fl(W) = f1(-w), WeW

(ii) f1 is log concave on W
then (2.4) is a convex symmetric set, so Anderson's Theorem holds for such an
f1 when f1 is integrable,.

Now, suppose f is a log concave density function of a random vector X with
values in W. Write W = M8N where M and N are perpendicular subspaces of W whose
sum is W. Thus, X can be written Qniquely as X = Y+Z with YeM and ZeN. The
marginal density of Z on the vector space N is

f2(z) = fo(y+z)dy

where dy means Lebesque measure on M. Thus, one version of the conditional




density of Y given Z is

f(y+z) .

e if £f.(z) > O
fl(YlZ) . fz(z) 2

o(y) if f2(z) =0

where ¢(y) is the density of a standard normal distribution on M. Because f is
log concave, a routine verification shows that for each fixed z, f1(-}z) is log

concave on the vector space M. This observation is used in the next section.

Section 3. Concentration of the Gauss-Markov Estimator

This section contains three results all of which deal with concentration of
the Gauss-Markov estimator. Theorem 3.1 establishes inequality (1.5) for all
regular linear models under the assumption that the error vector Z = Y-u has an
elliptical density. Using stronger assumptions, Theorem 3.1 is extended to
cbver some cases involving confidence statements about the unknown mean vector.
The section closes with an example from the MANOVA model.

Throughout this section, it is assumed that (M,Y) is a regular linear model
for a random vector Y taking values in the inner product space (V,(-,+)). As
defined in Section 1, A is the class of linear transformations defined on V

which satisfy (1.1). Further, A_eA is the orthogonal projection onto M.

0

Theorem 3.1: Assume the error vector Z = Y-y has an =lliptical distribution on

V. Then for each Cer(M),
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y(A) = P{AY - ueC} (3.1)

is maximized by taking A=A That is, for each Cer(!f), the inequality

0°

wM)S=MA& ' (3.2)

holds for all AeA. Thus the distribution of AOY-u is more concentrated than the

distribution of AY-u for all AeA.
Proof: Because Ax=x for all xeM, AY-u = A(Y-u) so that
V(A) = P{AZeC} (3.3)
Let £ = Cov{Y)eY. Since Z = Y-y, it follows that
Cov(Z) = Cov(Y) = ¢ (3.4)

But, Z has an elliptical distribution with a density given by (2.2) for some

positive definite B, It follows easily that

B = BZ (3'5)
for some real number 8>0.

Now, the regularity of the linear model and the Gauss-Markov Theorem imply

that
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AOZA(') S AIA! (3.6)

for all AeA. Thnus (3.5) and (3.6) entail

t < []
AOBAO < ABA (3.7)

for all AeA. Each AeA is a linear transformation on V to M and each A is of
full rank since each A is an onto linear transformation. The claimed result now
follows immediately from (3.7) and Corollary 2.1 applied to
X1 = AOZ and X2 = AZ, o

It is possible to strengthen Theorem 3.1 by letting the symmetric convex set
C in (3.1) depend on Y in certain ways, but this strengthening requires some

modified assumptions on the distribution of Z. .To specify how the set C is

allowed to depend on ¥, we have

Definition 3.1: For each yeV, let C(y)ez(M). Then, C(y) depends residually on

y if

Cly) = C(y+x) yeV, xeM (3.8).

Theorem 3.2: Let C(Y) depend residually on Y and suppose the error vector
Z = ¥~y has an elliptical density given by (2.2) where the function k is non-

decreasing on [0,=). Then for Ae€A,

v, (A) = P(AY-y € C(V)] (3.9)
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is maximized at A=AO.

Proof: Because C(+) depends residually on Y,
C(Y) = C(Y-u) = C(Z).
As in the proof of Theorem 3.1, AY-u = AZ so (3.9) can be written

w1(A) = P{AZeC(Z)} (3.10).

With A = I-A

0 0° the equation

A = AO + AAO (3.11)

holds since AeA. Also,

C(Z) = C(Z“AOZ) = C(AOZ)

since AOZ is in M. Hence, (3.10) can be written

b, (R) = P{AOZ + AAZ € C(AOZ)} =

0

EP{A)Z + AAJZ € C(AOZ)lAOZ} (3.12)
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With w = KOZ, the theorem will hold if we can verify the inequality
P{AJZ *+ Aw € Clw)[AyZ = w} 2

P{AZ € Cw) [Ky2Z = u} o (3.13)

for each w in the orthogonal complement of M.

To establish (3.13), argue as follows. As in the proof of Theorem 3.1, the
linear transformation F in (2.2) occuring in the density of Z is some positive
multiple of Cov(Z) = I, say

B = 8L (3.14)
with 8>0. Since M is invariant under L, M is also invariant under B. Thus, for

any xeV,

1

-1 -—1 - -] -
(x,B 'x) = (on,s on) + (AOX,B on) .

and W = A Z, the marginal density of W is

. -z
With U = Ag 0

£,(w) = J 18] 20w, w) + (w,87"w)ldu.

M

Thus a version of the conditional density of U given W=w is

[fz(w)]"]B|"/2k[(u,s"u) + (w,B7W)] if £,(w) > 0
fl(ulw) =

¢ (u) if fz(w) =0

where ¢ is the density of a standard normal distribution on M. For each w, it
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follows immediately that
(1) £ (ulw) = £, (-ulw) , UeM
(ii) {u|f (u|lw) 2 a} is convex.
Thus, for each w, Anderson's Theorem yields (3.13) so the proof is complete. o
The conclusion of Theorem 3.2 is also valid under log concavity and certain
invariance assumptions on the density of Z. To state this ressult, let H be the

group of two elements defined by

H = {I, AO—AO}.

Theorem 3.3: For each ILeY, assume that the density f of the error vector Z
satisfies

(i) .f is log concave

(ii) f(x) = f(hx) for heH, xeV.

If C(Y) € z(}) depends residually on Y, then w1 defined in (3.9) is

maximized at AaAO.
Proof: The argument given in the first part of the proof of Theorem 3.2 shows
that the verification of inequality (3.13) suffices to4establish the present

result. This verification involves the conditional density of g=AO

Z given

W= KOZ. As argued at the end of Section 2, the marginal distribution of W is

fz(w) = [ f{u+w)du,
M
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for w in the orthogonal complement of M. Further, one version of the

conditional density is

f{u+tw) . )

FzT”-)— if fZ(W) >0
f1(u[w) =

o (u) if f(w) = 0

where ¢ is the density of a standard normal distribution on M. That f1(']w) is

log concave was noted earlier. We now claim that
£, (ulw) = £, (-ulw) ,ueh (3.15)
for each w. Obviously (3.15) holds if fz(w) = 0 SO assume fz(w) > 0. Then

_' B f£(~u+w) B

£((A. ~A_)(u+w)) £urw)
..___0_....._0.___._ = P, - f (U'W)
f2(W) fz(w) 1

Since f is invariant under the orthogonal transformation KO-AO. The log

concavity of f1(-]w) together with (3.15) show that for each a>0,

{u] f1(u|w)2 a}
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is a symmetric convex set. Anderson's Theorem shows that (3.13) holds so the

proof is complete. u]

Remark 3.1: Given C(Y)eg(M) which depends residually on Y, again consider
w1(A) = P{AY-p € C(Y)} (3.16)

for AeA. As noted earlier, ¥, can be written
w1(A) = P{AZ € C(Z)} (3.17),

where Z = Y-u is the error vector. Let F be the class of densities of Z for
which w1(A) s w1(Ao) no matter what choices are mgde for C(Y). Theorems 3.2 and
3.3 give examples of'densities feF. But it is clear that F is a convex set.
This convexity can be used to extend Theorems 3.2 and 3.3 in an obvious way--
namely by taking convex combinations and limits. 1In particular, suppose f is a
density of Z which satisfies

(1) {x|f(x) 2 a} is convex for each a>0 (3.18)

(ii) f(x) = f(hx) for heH where H is the group in Theorem 3.3.

For such an f, w1 defined in (3.17) is maximized for AsAo. To see this, observe

that
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@«

f{x) = I H(u,x)du
0]
vhere
1 if f(x) 2 u

H(u,x) =
0 otherwise.

For ue(0,») fixed such that fH{u,x)dx > 0,

H{u,x)
va(u,x)dx

£, (x|u) =
is a log concave density on V to which Theorem 3.3 applies. Since f is an
average (over u) of f1(-|u), we see that ¥, is maximized at A=A, when the error

vector Z has density f. o

Example 3.1 (MANOVA). For this example, the vector space V is the space of all
real nxp matrices with the inner product given by the trace-~that is, for two

nxp matrices x and y, the inner product between x and y is
(x,y) = trxy' .
The regression subspace is M = {u|lu = T8, 8 is a kxp real matrix} where

T: nxk is a fixed known rank k real matrix. The set Y of covariances of this

model is

Y = {In@c{c is pxp and positive definite}.
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Here, ® denotes the usual Kronecker product as defined in Eaton (1983). Clearly
the identity is in Y and M is invariant under each element of Y. Thus, the
linear model is regular.

To apply the concentration results, it is necessary to add some
distributional assumptions for the error vector Z = Y-u. Since Cov(Z)eY, say
Cov(?) = In®C, when Z has an elliptical distribution with a density, then the
density of Z has the form

1

|-n/2k0(trzc- z') , zeV (3.19)

£(z) = |C

In this case, Theorem 3.1 holds, and when k. is non-increasing on (0,*), Theorem

0
3.2 holds.

An interesting case where Remark 3.1 applies is when Z has the density

-a/2

~n/2 2|72, zev (3.20)

1

£,(z) = clA] [T+ zA

where a > n+p-1 and A is a pxp positive definite matrix. Here, cO is a

normalizing constant. When Cov(Z) exists and Z has the density (3.20), it is

easy to check that Cov(Z) €Y. Now, observe that for each pxp positive definite

matrix B8, Theorem 3.3 applies directly when the density of Z is
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£,(z[8) = (/21) " |82 expl-1/2tr 282'] (3.21)

since f1(~]S) is log concave and satisfies assumption (ii) in Theorem (3.3).
Thus, by Remark 3.1, averages over 8 of f,(-ls), also yield densities for which

the inequality

§ .
w1(A) s U1(AO) (3.22)
holds, where w1 is given by (3.17). For 8 positive definite choose the density

y(B) = c(8) |8 exp[~1/2 tr 3]

where § > p=1 and c¢(8) is a normalizing constant. Now, as easy integration

gives

|e/2 (3.23)

ff1<z|3) v(B)dB = c,|I +zz'
where a = n*é, Since § > p~1, a > n+p~1 so inequality (3.2) holds for the
density (3.23). However, the density (3.20) is obtained from (3.23) via a
simple linear transformation and so (3.2) holds for the density (3.20). This

completes Example 3.1. Q

Section 4. Extensions

In this section, we establish some extensions of results in the previous
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section. In particular, a multivariate extension of a result due to Proschan
(1965) is given which strengthens the multivariate extension of 0lkin and Tong
(1934, Theorem 3.2). The formulation of these extensions is expressed in terms
of a partial ordering on the set A defined in Section 1. This partial ordering
is defined by a group and a discussion of this ordering follows.
Consider a finite dimensional inner product space (V,(+,+)) and let M be

fixed subspace of V. As usual, A is the set of all linear transformations on V
to V which satisfy Ax=x for xeM and A(V) € M. Also, let G be a closed group of

orthogonal transformations cn V to V which satisfies
gx = x for all xeM, geG (4.1).

Now, define G acting on A by

ag”!,  hea, ges, (4.2)

(]

g(4)
where Ag—1 means the composition of the two linear transformations A and g-1.
It is easily verified that (4.2) defines a left group action on A. The group
action on A defines a partial ordering on A as follows. For Aed, let p(A)

denote the convex hull of the set {Ag—IQgeG} = {Ag|geG}. Since A is a convex

set and is invariant under G, it follows that p(A)SA.

1 Azeg, write A1 s A2

Partial orderings of the sort given in Definition 4.1 have arisen in a

Definition 4.1 For A ifrf A1€p(A2).

number of contexts. For example, see Rado (1952), Eaton and Perlman (1977),

Marshall and Olkin (1979), Alberti and Unhlmann (1981) Eaton, (1984) and Jensen

SR
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(1984). That the above ordering is appropriate for linear models is suggested

by the following result.

Lemma 4.1: Let AO denote the orthogonal projection onto M. Assume that

where

Then, for each Ae€i, AO s A,

Proof: Let v denote the unique invariant probability measure on the compact

group G. For AecA, set

A¥ = j Ag v(dg).
G
wWwe claim that A¥ = AO. To see this, consider xeM. Then

A¥x = I (Ag)x v(dg) = f Ax v(dg) = x
G G

FY
since gx = x for xeM and geG. For xeM , note that gox = -x. Using the

- N
invariance of v, we have for xeM ,
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[}

y = A%y = ngx v(dg) = [(Aggg1)gox v(dg) = —JAgx v(dg) = -y.

4
Thus y = A¥*x = 0. Hence A* is the identity on M, zero on M and is linear.
Thus A* = AO. But A* is an average of elements in the set {Ag|geG} so A¥*ep(A)--

in other words, AO = A* < A, This completes the proof. u
The above lemma shows that AO is always the minimal element of A when gosG,
and of course it is AO which yields the Gauss-Markov estimator for regular

linear models. This suggests that to study concentration inequalities for

linear models, one should look at
Y(A) = P{AZ ¢ C} (4.3)

where Ceg(M), AeA and Z is the error vector of the linear model. Conditions oh
Z which imply that y is decreasing in the ordering defined on A would
automatically imply (3.2). (The statement that ¢ is decreasing means: A1 < A2
implies w(A1) 2 w(AZ).)

We now give our first result. With (V,(-,+)), M, A and G as above, let Z be
a random vector in V. Rather than assuming Z has moments, it is more convenient

in this section to express some assumptions concerning L(Z) in terms of

invariance of L(Z).

Theorem 4.1

Assume that L(Z) = L(gZ) for geG and assume that Z has a density given by

(2.2). Then A1 s A2 implies that w(A1) 2 w(AZ) where y is defined in (4.3). 1In
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particular, if gOsG (gO as defined in Lemma 4.1), then w(AO) 2 v(A) for all AeA.

Proof: Because Z has a density given by (2.2) and L(Z) = L(gZ) for geG, it
follows that

ng"= B, geG (4.4)
where B is given in (2.2). Recall that the function ¢ defined on A by
¢(A) = ABA' (4.5)
is convex in the Loewner ordering--that is,
o(ah+(1-0)R) 5 ag(A) + (1-a)o(X) -

where "s" is in the sense of positivé definiteness, aef0,1], and A, Kaﬂ. For a
proof of this, see Marshall and Olkin (1979, p. 468).

Now, since A1 s AZ’ A1 is a convex combination of Azg, geG so A1 can be
written

A -'JAg £(dg)
1 c 2

where £ is some probability measure on G. Applying the convexity of ¢ in (4.5),

we have
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A\BAT = 9(S A,gE(dg)) < fco-(.azg)f,(dg) (4.6)

= L - ' 1 < v i
But ¢(A2g)‘ AZng A2 AZBA2 by (4.4). Hence ABAY S AZBAZ' A direct
application of Corollary 2.1 yields w(A1) 2 w(AZ). When goeG, then Lemma 4.1
shows that AO £ A for all AeA which yields the second assertion. This completes

the proof. o

An immediate corollary of Theorem 4.1 which is useful in some applications

Corollary 4.1 Let A S A be convex and G invarient. Then ¥ is decreasing when

0 -

restricted to 50.

Example 4.1: As in Example 3.1, take V to be the vector space of nxp matrices

with the trace inner product. Let
M= {uju = e0' , 8eRP}

. n
where e is the vector of ones in R,

Consider the group
G = {g|g = P@Ip, PePn}

where Pn is the group of nxn permutation matrices. The group G acts on V in the

obvious way: (P@Ip)x = Px for xeV. Suppose Z is a random vector in V which has
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an elliptical density and satisfies L(Z) = L(PZ) for PePn. For example, if Z
has a density of the form (3.19), these two assumptions hold. Under these
assumptions Theorem 4.1 applies directly, but it is interesting to

consider A_. < A given by

0
= DY n ' =
4, = ((eu )SIp[ueR , u'e = 1},

Then, an element of 50 evaluated at Z is
n
' = '
(eu QIp)Z e(fuizi) (4.7)
where Z;, oy ZA are the rows of Z.

The action of the group G on 50 is

V [ = [} =1 =
(P@Ip)[(eu QIp)J (eu @Ip)(P@Ip)

eu'@l P'91 = eu'P'@I_ = e(Pu)'el .
( p) ( p) D (Pu) D
Thus, this group action induces the obvious group action of Pn on

U = {u]ueR”, u'e = 1},

namely u —> Pu, PePn. For 'a convex symmetric set C& Rn, let




26

g(u) = P{;u.z. e C}. (4.8)
g L1
Theorem 4.1 shows that £(u) 2 £(v) when u is in the convex hull of {PlesPn}--in
other words, £ is a Schur concave function of ueU. (See Marshall and Olkin
(1979), p. 131 for a discussion of the equivalence of the usual definition of
majorization and the one used above.) Since u'e=1 is just a normalization, this
implies that & is Schur concave on all of Rn. In Application 4.1 of Olkin and
Tong (1984), this result was proved for the case p=1 when the function k in
(2.2) (defining the elliplical distribution) is decreasing. Paraphrased, the
above result says that if Z is elliplical and its distribution is invariant
under permutation of the rows of Z, then g£(u) in (4.8) is Schur concave. In
particular, for all ueU, .
n : n

1
- >
P{nfzieC} 2 P{fuiZiEC}

This completes Example 4.1, O.

Our final result extends a Theorem in Proschan (1965). Here is a statement

of that theorem.

Theorem (Proschan (1965)). Let Y1,.l., Yn be iid symmetric random variables

with a common density which is log concave on R’. For a>0 and non-negative real

n’ let

" numbers Ussenssl
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n
g(w = P{|Iu,v,| s a} (4.9)
1

where u is the vector with coordinates u1,...,un. Then £(+) is a Schur concave
function.

Olkin and Tong (1984) extended this theorem to the case where Yl""’Yh are

iid symmetric random vectors in rP with a common log concave density. In this
case £ is defined as
n
g(u) = P{fu.Y, ¢ C} (4.10)
SRS B
where C is a symmetric convex subset of Rp. The Olkin-Tong conclusion is that
£(+) is a Schur concave function of u, ueR".
To formulate 6ur extension of the above results, let Z:nxp be a random
matrix with rows Z{,...,Zé. Let V be the vector space of nxp matrices, For a
given symmetric convex set C < RP and vector ueRn, let

n

o(u) = P{ZuiZi e C} = P{Z'ueC} (4.11)
1

Our result below is most conveniently expressed in terms of a special group of
nxn matrices GO' This group consists of all nxn permutation matrices and all
nxn diagonal matrices with *1's on the diagonal. The group GO defines a partial

ordering on R" as follows. For each veRn, let p(v) denote the convex hull of

{gvlgeGo} and write u s v to mean uep(v). This ordering is discussed at length

in Eaton and Perlman (1977). A real valued function t defined on R" is
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decreasing relative to the above ordering if u s v implies t(u) 2 t(v).

Theorem 4: Suppose that the density of Z, say f, satisfies

(i) f(gz) = f(z) for all geG_., zeV (4.12)

Ol
(ii) f is log concave.
Then the function ¢ defined by (4.11) is decreasing for each convex symmetric

set ¢ € RrP,

Remark 4.1

Before proving Theorem 4.2, it is useful to see how this result implies
those of Olkin and Tong (1984) and Proschan (1965). First observe that if the
rows of Z are iid symmetric random vectors in RP (as in the Olkin and Tong case)
with a common log concave density, then the density of Z is easily shown to
satisfy (4.12). Thus by Theorem 4.2 ¢ is decreasing. Now, if u, v are in r"
and v majorizes u, then‘u is an element of the convex hull of the set of all
vectors of the form hv where h is an nxn permutation matrix. Hence, uep(v) so
¢(u) 2 ¢(v) which shows that ¢ is Schur concave. Thus E£(+) given in (4.10) is

Schur concave. a

Proof of Theorem 4.2: The proof is based on the theory developed in Eaton and

Perlman (1977). Let t be either of the vectors

1 1
0 -1
. 1 0
o or —— .
: V2
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in Rn. In order to show that ¢ is decreasing it is sufficient to show that for
each vector ug perpendicular to t, the map

g —=> ¢(u0 + Bt) (4.13)

is non-increasing for 8¢(0,»). (See Eaton and Perlman (1977); also see Eaton

(1984), Section 3).

Now

¢(u, + B8t) = P{Z'u, + RZ't € C} (4.14).

0 0

If Uy = 0, (4.14) is obviously non-increasing in 8¢(0,=). For uO*O and t

one of the vectors above, the joint density of

(Z'u., Z't): px2

O’
in R2p is log concave. This follows from a result due to Prekopa (1973) which
asserts that marginal distributions of log concave distributions are log
concave. With

= 1 = ¢
w1 .Z Uy» W2 Z't,

there is a log concave version of the conditional density of w1 given w2 (see

the remarks at the end of Section 2). Thus
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o(uy *+ BL) = EP(W, + g € C|W, = w} = |
I:IP{W1 + BW € C]w2 = w} (4.15)

Let fn(w1]w) denote the version of the conditional density of W,  given W

1 2

described in Section 2. For the moment, assume that
Fo(mw,[w) = £l fw) (4,16).

This identity is verified below. Under this assumption, the log concavity of
fo(-lw]) implies that

>
bwy [£g(w, [w) 2 a}
is a convex symmetric set for each a > 0. Thus, Anderson's Theoren shows that
B o P{W1 + 8weC|W2 = w}

is non~increasing for Be[0,»). Thus, averaging over W_ shows that (4.13) is

2

non-increasing. Tnis completes the proof modulo the verification of (4.1%).

The verification of (4.16) goes as follows. The joint density of (w1, W.),

2

say f1(w1, w2) is log concave. Because of assumption 4.12(i),

L(z) = L(g2) , geG,

S0

L(W,,W,) = L(Z'uy,2't)
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g((gZ)'uo,(gZ)'t) = L-(Z'g'uO,Z'g't) (4.17)

for all gsGO. Picking g' = -In in (4,17) shows that
= -l -l j
g(w1,w2) L( d1, NZ) (4.18).
Picking
| - -
g In 2ttt

which is in C-O for the two possible values of t shows that
L(W,,W,) = LW, ,=W,) (&.19)
and thus

L(Wy W) = L(=H, ) (4.20).

The relations (4.13), (4.19) and (4.20) show that the joint density of (w1,w2)

can be chosen so that
f‘1(w1.w2) = f1(-w1.-w2) =

f1(w1,~w2) = f1(-w1,w2) (4.21),

The relations (4,21) together with the discussion at the end of Section 2 show

that (4.16) holds. The proof is complete. o

Remark 4.2

Theorem 4.2 can be extended via a convex combination argument in much the

same way that Theorems 3.2 and 3.3 were extended in Remark 3.1. For example,
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let 51 denote the class of densities f such that

(1) f(gz) = f(z) for all geG

zeV

O’
(ii) the function $ defined in (4.11) is decreasing.
Obviously E1 is a convex set. By Theorem 4.2, 51 contains the log concave f's,

Hence, 51 contains convex combinations of the log concave f's which satisfy (i).

In particular, here is useful corollary.

Corollary 4.2: Suppose that the density of Z, Say f, satisfies

(i) f(gz) = f(z) for all gaGO, zeV
(ii) {z|f(z) 2 a} is a convex set for all a > O.

Then ¢ defined in (4.11) iS decreasing.

Proof: The argument is the same a$ that used in Remark 3.1. o
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