@ Quarterly Volume 12 (1) 1999, pp. 23 - 61

Introduction to Option Pricing in a Securities
Market — Ill: Gaussian Approximation

K. Dzhaparidze
cwi
P.O. Box 94079, 1090 GB Amsterdam
The Netherlands
e-mail: kachaQcwi.nl

In this part of the lecture notes on securities trading we aim at the limiting
transition from a binary market of part | towards the Black-Scholes model of a
Gaussian market in which the stock price develops as the geometric Brownian
motion.

1. INTRODUCTION

1.1. Outline

In this paper we consider the situation in which a binary securities market
allows for the Gaussian approximation to be carried out in section 4.5. For
the necessary material on binary markets (see section 4 below) we refer to
the previous papers [18] and [17], section 3, hereafter called part I and part
I1, respectively. Both have appeared in the previous issues of CWI Quarterly
devoted to Mathematics of Finance. The first of these issues contains also
the paper [41] which we would recommend for a quick review on rudiments of
stochastic calculus.

Throughout the present paper the basic conditions B and S are assumed,
see the next section. They restrict the limiting behaviour of the asset prices.
Condition B on the bond is the same as in part II, condition 3.1.1, while
condition S on the stock differs completely from condition 3.1.2 in part II. It
is in fact the adaptation of the conditions well-known in probability theory,
under which a random walk admits a diffusion approximation (see e.g. (8],
[21] and various papers in [43]). But since the reader is not supposed to be
familiar with advanced methods of the probability theory, the presentation
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is kept at the same low technical level as in the previous parts by means of
certain unsophisticated algebraic considerations. The emphasis then will be on
phenomenological understanding the cash flow mechanism in the market under
consideration, that is shown to reveal strong similarity to physical Brownian
motion (more generally, to diffusion with drift) or to the molecular mechanism
of heat flows, ¢f sections 2 and 3. For more details on the economical laws
governing the market, we refer to the seminal paper [3] by Black and Scholes.
The results obtained in this manner in the sections 4.5 and 5, are of heuristic
nature (cf [9], [25] and [48]), for the full rigour would require higher technical
level of the general theory of stochastic processes, cf [11], [12], [16], [19], [20],
and [46] - [48]. For further reading we would recommend a selective list of
papers [1], (2], [7], [27], [28], [30], [31], [38] and [39] (some of these papers
deviate considerably from the present context and carry the reader far afield).
Due to growing interest in both research and teaching a number of introductory
papers and books are appeared in different languages, e.g. [5], [10], [13], [32],
[36] and [40].

The point of view taken in the present paper is somewhat different: an
attempt is made to facilitate reading without an advanced probabilistic pre-
requisite. For instance, section 2 introduces the reader to Brownian motion
and its original mathematical model by Wiener. The relation to diffusion and
thermal conductance is discussed in section 3. Usage of heat equations for the
description of the cash flow dynamics in section 5 is preceded by proposition 4.3
that asserts an approximate heat ecuation for value processes in binary markets
(somewhat in the spirit of Kac’s paper on random walk in [43]). Moving to-
wards the continuous-time model, in section 4.5 the approximation is discussed
to the option pricing formula for the European call option. The final result is
the celebrated Black-Scholes formula (5.20), of (3], [24] or [29], section 5.8. In
section 5 the Black-Scholes model is described in which the stock price process
is assumed to be a geometrical Brownian motion. The theory is developed
along the same lines as in the previous parts: the properties of the possible
states of the discounted stock prices asserted in proposition 5.1 are shared by
every discounted value process for a self-financing strategy (see proposition 5.2)
and all these stem from the fact that the Gaussian transition probability den-
sity u in (5.5) and (5.11) satisfies the heat equation (3.2). In part II we have
a similar situation: the Poisson distribution possesses the property asserted in
lemma 4.3.1 and therefore we have (4.1.14) and (4.2.12). The counterpart in
part L of these are (3.4.4) and (3.6.1), respectively. These are basically the argu-
ments for the completeness of our markets; cf part I, proposition 4.3.3, part. II,
proposition 4.3.4, and the present part, proposition 5.4. In these propositions
we construct the hedging strategies against any wealth desired at the terminal
date T. Finally, pricing of contingent claims is accomplished by the procedure
described at the end of section 4.
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1.2. Basic conditions

As in part I and part II, section 3, it is assumed that in a securities market
two assets, called the bond and stock, are traded during the time interval
[0,T]. New prices on both assets are announced at certain fixed trading times,
say to < t; < -+ < ty where to = 0 is the current date and ¢ty = T the
terminal date. The prices on the bond and stock announced at the nt" trading
time t, with n € {0,1,..., N} are denoted by B and Sf:’ , respectively. For
simplicity, we restrict our attention to the special case of markets where new
prices are announced regularly so that trading times are equidistant, given by
tn = L}g—, n=0,1,...,NN, and the lengths of the trading periods At,, = t, —t,—1
forn € {1,...,N} are all given by At,, = % (in fact one can proceed without
this specification, however at the expense of some details which we want to
avoid). The formulations are indeed somewhat simplified. For instance, the
corresponding price processes BN = {B}N }eefo,r) and SN = (SN }tepo,) are
defined in the entire time interval [0,77] by BN(t) = Bft’ N7 and SN(@) =
S f‘t’ N/T| where | z| denotes the largest integer not exceeding z. Put BN (0) = 1

and SV (0) = s for simplicity, where s is a certain positive number. _ The
discounted stock price process is denoted as in the previous parts by SN =
{StN}te[o,T] with SN () = %T(é);-

The bond is a riskless asset and the price process BY evolves along a pre-
scribed piecewise constant trajectory, while the stock is a risky asset and the
price process SV is allowed to evolve along 2%V different trajectories of the same
type. These trajectories are specified by the binary transition scheme of part I,
section 3.1. They all start from the same fixed state s, the current state of the
stock price s = s} > 0. Further, the whole price tree is uniquely determined
by two offsprings at each trading time. If at t,—; with n € {1,...,N} the
stock price was in state skN, n—1, then at the consecutive trading time ¢, it is
announced either in state s , or sB_, . with s} . > s} _, > 0. Hence if
t € [tn,tns1) With some n € {0,1,..., N} the stock price S™V(t) may occupy
one of the states {s(¢)}x=1,.. 2~ with s (t) = si.. During the first period
[to, t1), for instance, the stock price stays in the current state s > 0. At the
terminal date ¢ty = T the stock price S™¥(T) may occupy one of 2V states
{s¥(T)}x=1,. o~. In this case we also say that the stock price evolves along
the kt trajectory. In order to describe the stock price development along this
particular trajectory, we specify the stock price state at each ¢ € [tn,tn41) for
n = 1,...,N by the identity s} (t) = st , where k, = [=5], cf part L,
definition (2.1.4), or part II, formula (3.1.5). We have used the notation [z]
for the smallest integer exceeding z.

It is supposed throughout the present paper that the number N of the
trading times is very large, and the possibilities are sought for approximating
the option pricing formulas of part I. To this end, we let N — co. We can expect
in the limit sensible results if only the grid {to,%1,...,tn} of trading times
becomes finer and finer in the sense that the mesh width of the grid tends to
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zero as N — oo (the mesh width is the maximal length of the trading periods).
But this is certainly the case, as we have already chosen for the equidistant grid
with the constant length 7?,— of the trading periods. Further, the asset prices
ought to be made dependent on the index N in a certain special manner. See
the conditions B and S formulated below in terms of corresponding cumulative
return processes RY = {R{¥ };cjo,7) and RN = {R] };¢[0,7) with

t dBN ABY t dsn ASN
i = [ Doy AR g = [(BE -y A%
o Bu- u€(0,t] Bi- o Su- ug(0,8] U

For more details see part II, section 3.1. Concerning the bond we assume
precisely the same asymptotic behaviour as in part II.

CONDITION B. As N — oo the increase of the return process on the bond over
each trading period becomes proportional to the length of this period: for each
n=1,...,N

RV (tn) = RN (tn-1) _

N
T+
tn - tn-—l Qn

where 7 > 0 is a positive constant, while oY is a negligible remainder term.

See part II, remark 3.1, for the exact meaning of the later term. Obviously,
condition B means that at the trading time ¢, with n € {1,..., N} the return
on the bond

Pﬁ = ARN(tn) = RN(tn) - RN(tn—l) (1.1)
is asymptotically proportional to the length of the preceding period:
PN = (r + o¥)At, ~ rAt,. (1.2)

The sign ~ indicates that the ratio of the two sides tends to unity. As is shown
in part II, section 3, we have for each ¢ € [0, T that

RN(t) ~rt and BN(t) ~e™, (1.3)

i.e. asymptotically, the cumulative return process on the bond is assumed to
increase with a constant interest rate r.

The conditions on the behaviour of the returns on stock AR (¢,,) = RN (¢,,)—
RN (tn—1) at trading times {t,}n=1, . n are formulated as in part II in terms
of their states

N Sk
Thp = 22— -1, k=1,...,2", (1.4)

kn—1,mn—1

where k,_; = [1‘5] like in part II, formula (3.1.14). But the present conditions
are completely different.

CONDITION S. At the trading time ¢, with some n € {1,..., N} the return on
the stock ARN (t,) is in one of the 2" states
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N = { oAty + (a+nf)Aty, if k is even
n

—oVAt, — (b+n,)At, if kis odd (1.5)

where 0 > 0, a and b are some constants, while {nﬁl}kzl’.u,gn are negligible
remainder terms as N — oo.

The negligibility of these remainder terms is understood as in part II, remark
3.1.3. Using the same sign ~ as above we may express (1.5) in the following
form

N oV At, + alt, if k is even 16
kn —o/At, —bAt, if kis odd. (16)

If condition B holds as well, then at the trading time t,, the states {#1Y, }k=1,...2
of the discounted return

ASY  ARN(t) - ARN(2)
SN 1+ARN(Y)

ARN(t) = (1.7)

(cf part 11, formula (3.1.13)) are approximated as follows. Due to (1.7) it follows
from (1.2) and (1.6) that

NG { oV At, + (a — r)Aty, if k is even

Tkn ~ AL, — (b+7)Atn  if k is odd. (1.8)

By obvious reasons, the parameter o > 0 determining the amplitude of the
leading terms in these formulas is often called wolatility (as well as diffusion
coefficient or thermal diffusivity, depending on the context).

To grasp the idea behind the approximations in sections 4.5 and 5, observe
the following. Like in the previous parts, let the even state indices correspond to
the upward displacements, and the odd indices to the downward displacements.
If now the same weight 3 are assigned to both of these displacements, then in
virtue of (1.8) the average return is approximated by

1 . N

5 (P3kin + 73k—1,n) ~ B (1.9)
with a constant

p= -;—(a—b)—r (1.10)

called the drift coefficient, since the drift pt in (5.3) and thereafter is in fact
the accumulation of instant drifts on the right hand side of (1.9). Let us now
average differently to get rid of the drift. Namely, let us correct the weights for
upward and downward displacements to be (1-£VAt,) and 3 (1 + E\/Kt—n-
respectively. This results in the zero mean on the rlght hand 51de the average
return is approximated by

1 - —\/Atn P 1 + “\/Atn)r% 1n ~ Bt — pAt, = 0. (1.11)
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In section 4.2 the weights just used occur again in formula (4.9), to serve as
the approximation to so-called risk neutral probabilities. The usage of the last
term is in clear connection with the fact expressed by (1.11) that the drift is
eliminated by suitable averaging.

Next, we look at the terms proportional to v/Af, that are all the same in
(1.5), (1.6) and (1.8). The sequence of the corresponding upward and downward
displacements (as the index n runs trough {0,1,..., N}) are symmetrical and
form the so-called symmetrical random walk. This is a mathematical mode] of
the hypothetical situation in which a minute particle, immersed in a liquid, suf-
fers many collisions with the molecules of the medium. These molecules, being
in thermal motion, impart energy and momentum to the particle, so that it un-
dergoes very irregular and erratic motion. If we imagine the collisions regularly
spread in time with intervals equal At, = % that results in either upward or
downward displacements of equal chance with small steps of size o\/At,, then
we end up in the situation under consideration. Since the number of molecules
N is very large, it is convenient to let N — oo and to look for suitable approx-
imations. One of the central results of probability theory tells us that since
the displacements are of considerably larger order of magnitude ~ v/At,, then
the length At,, of the time interval, degeneracies are excluded and the limiting
process turns out to be mathematical Brownian motion; see the previous sec-
tion for relevant references. This process, denoted in the present paper by W,
will occur in the definitions (5.2) and (5.3), presenting the risky component in
securities market models with continuous-time trading. Section 2 is devoted to
Wiener’s original construction of Brownian motion (or Wiener process, as it is
often called) and to various properties of its trajectories, although it may be
not so easy to imagine their appearance. But if we try to imagine a very long
realization of our symmetrical random walk plotted on a graph with regular
small time intervals and with displacements per time interval proportional to
the square root of its length, then we are led to expect that the trajectory
of the limiting process, although continuous, has an infinite number of small
spikes in any finite interval and is therefore non-differentiable. This is indeed
the case, see section 2.4 for further comments.

1.8. Gaussian distribution

In the present paper an important role is played by the so-called probability
wmtegral

6@ = [ sty | (1.12)
with the density
dGlz) _ 1 =
dr = g(.’L‘) — Ee . (1.13)

Due to the property
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(e o]
/ 9(y)dy =1 (1.14)
—0Q

this is a probability distribution, called the standard Gaussian or normal dis-
tribution. Generally, the Gaussian distribution G(-; u, 02) with two parameters
1 € (—00,00) and o? € (0, c0) called the ezpectation and variance respectively,
is defined by G(z; u,0?) = G(£5£), with the density

dG(I;p,,O’z) _ 2
dz = g(zﬂi:a ) =

_ (z=p)?
e 20

270

This density will frequently occur in our considerations through the function
u(-,-) of space coordinate x € (—o00, c0) and time t € (0, 00), defined by

u(z,t) = gz, zo + pt,o’t), (1.15)
where p and o2 are certain parameters, while zg is a certain initial site so that

lt'li{)l u(z,t) = u(z,0) = 8(x — zo)- (1.16)

Here 4 is Dirac’s delta with the following reproducing property: for any bounded
continuous function f

[ éa - a0)f(@)dz = f(zo). (L17)
It is indeed not hard to see that for a such f
tim [ ulz, 0 (@) = f(z0).

To this end let ¢ | 0 in the integral

1
2nto

0 (z—z —;.Lt)z 1 o ¥?
/ e~ 2ta? f(:z;)dx = ? / e_Tf(xo + ut + ya\/i)dy,
—00 21 J—co

where the substitution %”—t = y is made. Since the limit can be taken

under the integration sign, from (1.13) and (1.14) we get the desired f(zo).
For brevity, we will use the following notations for partial derivatives:
ou du 8%u

U = —, Uz = —=— and umz——axz.

5 52 (1.18)
2. BROWNIAN MOTION

2.1. Wiener’s construction
In this section we will discuss Wiener’s measure-theoretical analysis of physical
Brownian motion that had been discovered at about a century earlier by Brown
in 1820’s, who made microscopic observations on the minute particles contained
in the pollen of plants suspended in a liquid. He observed the highly irregular
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motion of these particles and made the first attempt to interpret this strange
phenomenon. However, the true cause of the motion became known much
later. It was understood that highly irregular and erratic displacements arise
from thermal motion of the molecules of the liquid in which the particles are
immersed, as the result of an extremely large number of collusions with these
molecules. One of the first attempts to establish the mathematical framework
for Brownian motion was undertaken at around the year 1900 by Bachelier,
whose goal in his thesis on "theory of speculation” was to develop methods for
option valuation (see [24], p 217, for a short description of these ideas). Few
years later Einstein proposed the mathematical theory which we will touch
upon in section 3.1. Meanwhile, in this section 2 we focus on Wiener’s ideas
as presented in his later books [44] and [45]. First, we will describe a set
of trajectories along which the mathematical Brownian motion is allowed to
evolve in time (called below Brownian paths, for brevity). Then we indicate
various properties of this set of functions with which one is able to establish
a sophisticated integration theory. We will start with setting up a mapping
between certain sets of functions called quasi-intervals, and certain subintervals
of the unit interval 0 < a < 1. This will be done in such a manner that
the obtained functions w(-,-), measurable in both arguments (t,a), will be
continuous in time t for almost every a. These will be trajectories of our
Brownian motion.

2.2. Quasi-intervals

Let Co be a class of all real valued functions of time which start from the
origin, i.e. if f € Co, then f(0) = 0. We are now going to define particular
subsets of Cy, called quasi-intervals for a reason to become clear soon. Let n
be any positive integer, and let t,, = {t;};=1,..n» be a set of n instants so that
0 <t <...<typ <T. These are n points on the t-axis. Through each of these
points we pass the line perpendicular to the t-axis. On each such line, say 7t
one, j = 1,...,n, we choose an interval ¢; of the real axis. A quasi-interval
Ly(tn; 1, .., tn) consists of all real-valued functions f € Cy whose values at t;
are confined to 5, i.e. f(¢;) € ¢;, j = 1,...,n. For example, take n = 2 and
to = {37,T} and consider the following four quasi-intervals:

IZ(t2;L£1)L£2)1 21782 = 1)2, (2'1)
with
L = [_0030]7 L2 = (07 OO] (22)

Obviously, these four quasi-intervals partitioning the entire class Co, since
each particular pair is disjoint (no function can belong to two different quasi-
intervals) and at the same time their union coincides with Cy (each function
necessarily belongs to one of these quasi-intervals). For instance, Iy(to;er,01)
consists of functions from Cy whose values at ¢ = %T and t = T are non-positive,
Le. if f € Iy(t2;41,01), then f(3T) < 0 and f(T) < 0. In this section we will
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be only interested in such sets of quasi-intervals, partitioning (. Moreover,
starting from the above partition, we will construct a sequence of finer and
finer partitions of a special type. At the first stage just described the subindex
n was equal 2. At the next stage it will be equal 22, then 2% and so forth. The
number of quasi-intervals involved at each stage will increase rapidly: starting
from 4, at the n'® stage it will become (27)?". But let us first describe the
second stage. Take n = 4 and t; = {1T,iT,3T,T}. This t; contains the
previous t», of course. Put

o= [t ()] = (0 (2) 0]

i3 = (O, tang] , Ly = (tan Z—,oo].

This refines the previous segmentation (2.2) of a real line (drawn perpendic-
ularly to the t-axis). Recall that tanz is a monotonically increasing function
of z € [~12‘-, 12'-], with tan0 = 0 and tan (£%) = zoc. Note that this con-
crete choice is immaterial, since any other monotonically increasing real-valued
function will do as well. Define now a partition of Cy by the 4* quasi-intervals

I4(t4;L(1,...,L[4), El,...,€4=1,...,4. (23)
Clearly, this is a partition finer then the previous one since, for instance,
U U I4 (t4;L(“...,L(4) =I:2(t2;leL1)w
£1,83=1,...,4 €3,05=12

and each quasi-interval of the previous stage is obtained by the union of a
certain number of quasi-intervals of the next stage.

Carrying on in this manner, at the n'® stage we fix the set of 2" dyadic
instants ton = {%T}jzl,...,z" and partition Cy by the following quasi-intervals:

I‘zn (t'z";L[)’“'!L(zn)! g],...,[Qn = 1,...,2”,

where
_ (1-2""Y=
1 = —oo,tan——é—;— s
and
_ 1 _9n—1 - 2n—1
Lg::(tan(é 1-2 )W,ta.n(e )ﬂ],€=2,3,...,2”.
2n 2n

For example, Isn (tan;ey,...,t1) consists of all real-valued functions f € Co
whose values at the 2" dyadic instants ¢ = -2—1;T, Q%T, ..., T are restricted by
the following inequalities:

j (1-20"Y)m
T} < tan ~—m—, j=1,...,2™
f (2 ) < tan on J
Of course, we have in this section purposely chosen for the exponential in-

crease of dyadic instants of successive partitioning, in order to guarantee the
convergence of certain procedures which will be set up below.
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2.8. Eguicontinuity

For each n = 1,2,... we have constructed (2“)2n quasi-interval partitioning
the entire class Co, since they do not intersect and their union coincide with
Co- Following Wiener (cf [45]), we associate with each such quasi-interval, say

Ipn (tan5teys- - - 5 Legn ), @ POsitive number p{Ian (tan;te,, . .-, Le,n )} €qual to
2n
/ / I s —yi-1.ti = tj-1) dyn -~ dya-, (2.4)
Ley Lign =1

where u is related to the Gaussian density g trough (1.15) with 2o = p = 0.
For convenience we put to = yo = 0. Using property (1.14) we obtain for each
positive integer n that

on

S p{le (tanstay, b)) = 1. (2.5)

£y don=1

Therefore the number defined by (2.4) is called the probability associated with
the quasi-interval Ion (ton;te,,. . btgn )-

As is mentioned in section 2.2, each quasi-interval of the nt" stage may be
represented by the union of certain number of quasi-intervals of the next n+ 1%
stage. If, say

Ion (tgn;Lgl,...,ngn) = UI2n+1 (t2"+1;L€1a~--7L32n+1)

with a certain union, then it is easily verified that

p{Ign (tzn;tgl,. -y Llgn )} = Zp{f2n+1 (t2n+1;L£l,. .. 7"22n+1)} , (2.6)

where the summation extends over the same set of indices as in the preceding
union.

This procedure of ascribing probabilities to quasi-intervals may be nicely
characterized by the following mapping. At the first stage map the quasi-
intervals (2.1) to the unit interval by starting at the origin and laying out on the
a-axis 4 adjoining segments whose lengths are p {I> (t2; €1, £1)}, p {I2 (t2; 41, £2)},
p{I (t2;¢2,¢1)} and p{I> (ta;¢2,£2)}, respectively. At the second stage map
the quasi-intervals (2.3) to the unit interval by continuing to translate the prob-
abilities into lengths and by arranging the necessary segments in such a way
that if a given quasi-interval Iy (tq;te,, ..., ts,) is a portion of a certain quasi-
interval of the first stage, then the corresponding segments stand in the same
relation. It should be clear now that if this procedure is kept up indefinitely,
the lengths of the image intervals on 0 < a < 1 will tend to zero.

In fact, no specification (2.4) is needed to satisfy the properties (2.5) and
(2.6), but the following property, called equicontinuity, is based upon this spe-
cial form of the associated probabilities (Gaussian form as specified in sec-
tion 1.3). Let us formulate this as a separate proposition. For A € (0, 00) and
A € [0,1) denote by Co(h,\) the subset of Co consisting of functions f € Co
such that for all dyadic instants ¢; and to
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If(t) = ft2)] < Aty — &2 (2.7)

Note that if h < k', then Co(h, A) C Co(R', A). Denote by Co(h, A) the comple-
ment set to Cp.

PROPOSITION 2.1. For h € (0,00) and A € [0.}) the subset Co(h,A)* of Co
can be enclosed in a union of quasi-intervals whose probability (the sum of the
probabilities of the involved quasi-intervals) is less than a certain number p(h)
which tends to zero, i.e. plh) = 0 as h — .

For the present we assume this result, since the proof is too lengthy to be
reproduced here, though not technically difficult, see e.g. WIENER et. al.
[45], section 2.3. For a general context on equicontinuity sets of functions and
related results, including Ascoli’s theorem which we are going to apply below,
see DIEUDONNE [14], section 7.5. In order to use these general arguments
we note first that proposition 2.1 allows us to associate with any ¢ > 0 a
positive number hg = ho(e) and to confine our considerations to h’s such that
p(h) < e for h > hg. We then delete a denumerable set of quasi-intervals
of total probability < £ so as to obtain the remainder in Cg that consists of
functions satisfying (2.7) for all dyadic couples of instants from [0,T]. But
we seek more - we want a set of functions satisfving (2.7) at all couples of
instants from [0, T], not necessarily dyadic. Therefore we have to modify the
set obtained above (of functions f satisfying (2.7) at all dyadic couples of
instants), associating with each element f a unique continuous function F by
identity F(t) = f(t) at a dyadic t and F(t) = lim;,_ s f(tn) where {tn}n=12.. .
is a sequence of dyadic instants converging to ¢. This modification yields the
set of continuous functions F with property (2.7) at each ¢, ¢ € [0,T]. This is
an equicontinuous class of uniformly bounded (by the above h) functions and
in virtue of Ascoli’s theorem mentioned above every sequence within this class
has a uniformly convergent subsequence. The limit is itself continuous, with
the equicontinuity property (2.7) at each ¢,,¢ € [0,7].

In view of the above construction and of proposition 2.1, we are led to
shrink the interval 0 < a < 1 by removal of a set of points of a negligible total
length, so that every point a that remains has a threefold characterization:

a) by a sequence of intervals closing down on it,
b) by the sequence of corresponding quasi-intervals and

c) by a uniquely determined function F common to this sequence of quasi-
intervals, equicontinuous in the above sense.

We denote this function by w(-, ). For variable a these are the trajectories of
our Brownian motion.

2.4. Quadratic variation
The Brownian paths, although almost all continuous, turn out to be very ir-
regular in nature. It can be shown, for instance, that for almost all @ and each
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fixed instant ¢

lim sup w(t + At,a) — w(t, a) - o
At—0 At

In other words, at each instant ¢ the Brownian paths have infinite upper deriva-
tives. Some explanation of this phenomenon is provided by the fact that in the
prelimiting situation our symmetric random walk was allowed to make steps of
considerably larger order of magnitude than the length of time intervals (see
the discussion at the end of section 1.2).

The next uncommon fact about the irregular character of the Brownian
paths is that they almost all have infinite length. This follows from the following
general remark concerning any continuous function f of time t € [0,T]: for any

grid {to,t1,...,tN}

ZAft) < o max Af( |Z|Af<t
j=1 b

)

with Af(t;) = f(t;) — f(tj—1). Hence, if the continuous function is of bounded
variation (in the sense that the sum on the right is bounded independently
of the choice of the grid or, geometrically, that the graph has infinite length)
the sum on the left vanishes as the mesh width tends to zero. The following
proposition asserts that this sum tends to zero for almost no Brownian path,
hence almost no path has bounded variation.

PROPOSITION 2.2. For any time interval [0,1], let {to,t1,...,tn} be the dyadic
grid of equidistant instants t; = 4t with N = 2". Then for almost all o the
sum of squares of the increments converges as n — oo:

N

> [Aw(t;,e)? - ot (2.8)

=1

The proof of this important result lays beyond the scope of the present paper
(though probabilistic proofs are not very complicated, see e.g. [15], section
8.2, or [26], section 2.2). Instead, let us provide some intuitive explanation
by turning back to the prelimiting situation of the symmetric random walk:
within each time interval the square of the step size equals to the length of this
interval multiplied by o2. Hence, the sum of squares yields the length t of the
whole interval [0,t] multiplied by the same o2.

Note that the right-hand side in (2.8) is the same for almost all &. The lim-
iting function o?¢ is special: within a wide class of stochastic processes (martin-
gales with continuous sample paths, see [41], proposition 7.3) with convergent
sums of type (2.8), only Brownian motion possesses this limit. Generally, such
a limit, obtained from the increments of a certain underlying process X, de-
pends on a and therefore constitutes a stochastic process with non-decreasing
sample paths of bounded variation. It is usually denoted by (X) and called the
quadratic variation process for X. If, for instance, X is a stochastic process
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of bounded variation, then (X), = 0. As we have already seen (W), = o°t.
Regarding quadratic variation processes, this is all we need for the present, see
[41] for further references. In addition we only observe, anticipating section 3,
that also (R°); = &2t for the discounted return process R°® = (Ry }eejo. 1) since
the presence of the drift ut in (5.3) is immaterial.

2.5. Ité’s integral

Since almost no Brownian path is of bounded variation, the integral with re-
spect to W cannot be defined in any conventional way, unless an integrand
itself is of bounded variation, as in the latter case it can be defined in the
usual Riemann-Stieltjes sense, see e.g. [23], p 535, or [34], pp 14 15. Indeed, if
the integrand @ has sample paths qb( ,a) of bounded variation for almost all
a, then one can overcome difficulties on defining [0' &ydWy by means of the
integrating by parts formula which vields

t t
/ @6, a)dw(8, a) = o(t,a)wl(t.a) —/ w(f, a)do(f, a). (2.9)
0 0

This device is efficient for our purposes in section 5, since the integrands are
interpreted there as investor’s portfolios during a finite trading period that by
nature cannot have sample paths of infinite length.

However in theory we need more, for instance, the integral fo WydWy, which
cannot be defined in the above sense. An attempt to evaluate this integral
explicitly would not lead to usual answer %VV}Z (as would be the case, if W
were of bounded variation). Instead, we get

t
2/ WedWy = WP — (W), (2.10)
]

with (W), = o2t the quadratic variation of W, see the previous section. In order
to understand how the additional term (referred sometimes to as Ito’s correction
term) enters into consideration, look at the following Riemann-Stieltjes sum for
this integral: with the notations of proposition 2.2

N

N
2Zw(tj_1,a)Aw(tj.a) =uw?(t,a) - Z[Au‘(tj,a))z

j=1

The identity is obtained by elementary algebra, cf [23], p 60, [26], p 157. Let
now fv — o0o. According to Itd’s integration theory, the left hand side tends
to 2 fo w(b,a)dw(B, a), while the second term on the right tends to ot by
proposition 2.2.

Surely, it is just impossible to enter here in details of stochastic calculus. For
a good introduction we have already referred to [41] where further references
can be found. For the same purposes one can also use [34], section 1.1.3, [23],
chapter 4, [26], section 4.5 (or [37] for more advanced theory). In the sequel
we only intend to give some insight in formulas needed in section 5. Firstly,
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we observe that the work on integration begins with a class of elementary
integrands so that there is no confusion about how to integrate them. These are
so-called simple processes whose sample paths are piecewise constant functions
with discontinuities at certain fixed instants. They depend at each t € [0,T)
only on the past of Brownian motion. See [41], formula (5.2). Then the integral
with respect to W over any interval [0, t] is defined in an obvious manner as the
corresponding Riemann-Stieltjes sum: if ® is an integrand whose satmple path
is observed to jump at instant ¢; with ¢;(a),j =0,1,...,n, then [; ®dWj is
defined by

t n
/ o6, a)dw(8,a) = Z¢j(a)['LU(tj+1 At a) —w(t; At,a),
0 -
j=0
cf [41], formula (5.3); for properties of this integral, see [41], proposition 5.2.
We have, for instance, that the quadratic variation of the continuous process
X¢ = [J ®gdWj is

(X)) = /Ot ®2d(W)y = o* /Ot ®2d6. (2.11)

Next, the definition is extended to a class of integrands approachable in a
certain sense by sequences of simple processes. The integral of an integrand
from this class is defined as the limit of the corresponding integrals of simple
processes (the limit turns out to be independent of a particular choice of the
approximating sequence). This is quite a delicate task. What makes theory
operational is that one can take care about integration rules known from ordi-
nary calculus. For instance, the chain rule says that if X is as above and ¥ is
a suitable integrand, then

t t
/ TpdXy = / Ty BedWp. (2.12)
0 0

Next another important rule — It6’s formula (called sometimes the change of
variables rule). Let u be a certain sufficiently smooth function of its arguments
z and t, a space coordinate and time respectively, at least continuously dif-
ferentiable in time and twice differentiable in space. Then with X possessing
property (2.11) and with the notations (1.18) we have

t t
U,(Xt,t) = U(Xo,0)+/ ux(Xg,H)ng+/ ut(Xg,g)dO
0 0

t
+ ';'0"2/0 Ugz(Xg,0)d(X ). (2.13)

The proof is based on the fact that the quadratic variation (X) is non-zero,
given by (2.11). Hence, when the function u(-, -) is developed in Taylor’s expan-
sion, there is a (unconventional) contribution from the second order term that
yields Itd’s correction - the last term in (2.13). This is a fundamental formula
of stochastic calculus and its proof can be found in the textbooks we refer to,
e.g. in [34], proposition 1.1.4. This section is closed by two applications.
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(i) Put u(a,t) = 22. From (2.13) we obtain an extension of (2.10) to X.

(ii) Put w(zr,t) = e*+#' with some constant g and apply (2.13) to X =
W — £(W), as is done in [41], p 371. We obtain that Z, = eVe+rt=3o"t
satisfies the following linear integral equation Z, = 1 + fot ZodWy. The
solution Z is known as Doléans-Dade (or stochastic) exponential and is
denoted by Z = £(W). Clearly, if W in this integral equation were an
ordinary function of bounded variation, say F', then we would simply have
the ordinary exponential Z = £(W) = eF.

3. HEAT EQUATIONS

3.1. Fokker-Planck equation

In this section we follow HIDA [26] in his short account of Einstein’s ideas
concerning Brownian motion. We need to consider only the projection of the
motion onto a line. The density of pollen grains per unit length at an instant ¢
will be denoted by u(+,¢). This is a function of a space coordinate @ € (—oc, 00).
Suppose that the movement occurs uniformly in both time and space, so that
the proportion of the pollen grains moved from x to & + y in a time interval
(t,t + At) of length At may be written p{y, At), as this is independent of z and
t. For this time interval we thus obtain the superposition

OO

u(a, t+ At) = / u(z —y, t)ply, At)dy (3.1)

—i

(valid under suitable smoothness conditions on the functions u and p, none of
our present concern). Further, the function p is supposed to be a probability
density possessing property (1.14), with the first two moments proportional to
At:

~ At ifi=1

O

where the proportionality parameters p € (—oo, oc) and 2 € (0, 00) are called
the drift and diffusion coefficients, respectively, for a reason to become clear
soon. Then the Taylor expansion of (3.1) for small increments At

w(x, t) + At wy(z,t) + - -

fd 1.
= / {U(r,t)—yu.v(w,tH§y2uu(w,t) — -+ }p(y, At)dy

(recall notations (1.18) for corresponding partial derivatives) reduces to the
following second order partial differential equation

1 D &
Uy = 50211._”5 — ety (3.2)

This is the well-known Fokker-Planck equation for diffusion with drift (see e.g.
[21]. section 14.6 or [8], section 5.6). Suppose that initially the grain is at
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certain site o say, which yields the initial condition (1.16). Then integrating
(3.2), we obtain

PROPOSITION 3.1. The solution of the partial differential equation (3.2) subject
to the initial condition (1.16) is given by (1.15).

ProoF. To verify that u given by (1.15) satisfies (3.2), make use of g'(z) =
~zg(z) and calculate directly from (1.15) the corresponding partial derivatives
(1.18). As was already seen in section 1.3 the initial condition (1.16) is satisfied
as well. The proof is complete. O

According to the theory of stochastic processes in the particular case of o = 0,
p=0and o = 1 the u thus obtained turns out to be the transition probability
function for standard Brownian motion (viewed as a Markov process, see e.g.
[26], section 2.4). In general this is the transition probability function for
diffusion that consists of two terms, a deterministic term plus a stochastic
term. The latter term is Brownian motion (which starts from an arbitrary
site o, not necessarily the origin) scaled by o, a constant associated with the
medium. The deterministic term occurs only in presence of external field of
source (e.g. gravity) which causes the drift ut.

In the next section we will discuss the strong similarity between diffusion
and the molecular mechanism of thermal conductance. Of course, in contrast
to diffusion there are no actual migration particles bearing heat, so that in this
case relevant partial differential equations of type (3.2) have to be derived by
phenomenological considerations.

3.2. Thermal conductance
In physics equation (3.2) emerges again in the following problem of thermal
conductance. Let u be a certain sufficiently smooth function of its arguments
z and ¢, space and time coordinates respectively, at least continuously differ-
entiable in time and twice differentiable in space. Consider the partial differ-
ential equation (3.2) with u = 0. In the present context, this is called the heat
equation, because it describes the temperature distribution of a certain homo-
geneous isotropic body, in the absence of any heat sources within the body
(it is enough for our purposes to restrict the consideration to special case of
‘scalar body’, a rod; see e.g. [6], [22], [29] or [42]). Otherwise, if a certain
heat source causes temperature change proportional to time, with a propor-
tionality parameter p, then the heat equation is (3.2). In the present context
the parameter o2 is called thermal diffusivity (as was pointed out by Einstein,
o? = %I where R is universal constant depending on suspending material, T
the absolute temperature, N the Avogadro number and f the coefficient of
friction, see e.g. [45], section 2.1).

Furthermore, in cases where the heat flow consists of both conduction and
radiation, the heat equation has to be altered to include the effects of radia-
tion. For instance, consider the temperature distribution in a rod which has
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a longitudinal heat flow due to conduction, as well as heat radiation from the
surface. By Newton’s law of surface heat transfer the rate of cooling per unit
length of bar can be estimated by ru(-,-) where r is a positive constant and 4
a function of z and t expressing the excess of temperature of the bar over its
surroundings. The heat equation then becomes

_ 1
Uy + 1 = -2-0212“. — Wiy (3.3)

But the latter equation is easily reduced to the previous (3.2) by a change of
variable

a(z,t) = e "u(zx, ) (3-4)

with u satisfying (3.2). Thus, by integrating (3.2) and substituting the result
into (3.4) we get the solution to (3.3). If, for instance, we look for a particular
solution of (3.3) which yields the temperature distribution within the body due
to a unit source of heat that at the initial date ¢ = 0 is totally concentrated at
a site g, then according to proposition 3.1 the solution to (3.3) is given by

a(z,t) = e " g(x; x0 + ut, ). (3.5)

Consider now the situation in which the distribution of temperature throughout
the body at the initial date t = 0 is not concentrated at a certain site zo as
before, but presented by a sufficiently smooth function f. Then the problem
of thermal conductance consists of integrating the heat equation (3.3) subject
to the initial condition

u(z,0) = f(z). (3.6)

PROPOSITION 3.2. The solution of the heat equation (3.83) subject to the initial
condition (8.6) is given by

a,t) = [ Ay — = 1) f(y)dy (3.7)

—0o0

with @ of form (8.5) where zo = 0.

PROOF. As was already noted, one can set r = 0 without loss of generality.
Then it is easily seen that (3.7) satisfies (3.2) since the required partial differ-
entiation can be carried out under the integral sign. To complete the proof,
evaluate (3.7) at t = 0 by taking into consideration (1.15) and the property
(1.17) of the limit (1.16). O

As was mentioned in section 1.1, the option valuation problem of section 5.3
reveals strong similarity to the problem of heat conduction where at a certain
instant T' (call it maturity, as usual) the distribution of temperature throughout
the body is given and it is required to restore the previous process.

Suppose first that at maturity ¢ = T the temperature distribution is totally
concentrated at a certain site 2. Then the problem consists in solving equation
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1
~Uy +ra = '2‘0'2’(7@-2 - [Jfl—tz (38)

subject to the boundary condition @(z,T) = d(z — xo). By the same arguments
as above, we get the solution (3.5) but now with time to maturity 7 =T — ¢
on the right hand side instead of t.

Finally, let the temperature distribution at maturity ¢ = T be presented
by a certain sufficiently smooth function f, so that the boundary condition
becomes

u(z,T) = f(a). (3.9)
Then proposition 3.2 yields

COROLLARY 3.3. The solution of the heat equation (3.8) subject to the bound-
ary condition (8.9) is given by

ie,1) = | e -y ) fwW)dy (3.10)

-0

with time to maturity T = T —t and with @ of form (8.5) where zo = 0.

8.8. Modified heat equation
The problem considered at the end of the previous section is a special case of the
general Cauchy problem, the solution of which is known as the Feynman-Kac
formula, see e.g. [29], section 5.7. In this section another special case will be
treated, the solution of which yields in section 5 the celebrated Biack-Scholes
formula (5.20) for option valuation, cf [3], [24] or [29], section 5.8.

Let h be a function of a positive space coordinate z € (0,00) and time
t €(0,00). Consider the following partial differential equation for z and ¢

1
—hi+rh = 502:1:2’?,“; — pxhg. (3.11)

First look for the particular solution of this equation subject to the boundary
condition that for sufficiently smooth functions f of a positive argument we
have at any positive site zg

i /0 h(%,t)f(m)% & F(x0). (3.12)

It is easily verified by the same arguments as above that the solution is given by
h(z,t) = @(logz, ) where @ is again given by (3.5) but this time with 2o = 0
and with g + 102 instead of p, i.e.

1
h(z,t) = e ""g(logx; ut + —2-027, o?7). (3.13)
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Indeed, (3.11) is obtained by differentiating h(z,t) = @(logz, ) and taking
(3.8) into consideration, and (3.12) by taking the limit as 7 — 0 on the right-
hand side of

) JJ dz o oo 1 R )
h(—,t)f(z)— =e / g(y; pr + -0°1,0°7) f(z0€¥)dy.
0 To z 0 2

We apply this to the following boundary problem. Let H be a sufficiently
smooth function of a positive argument (e.g. (z — K)* as in section 4.5).
Integrate (3.11) subject to the boundary condition

h(z,T) = H(z). (3.14)

PROPOSITION 3.4. The solution of the modified heat equation (3.11) subject to
the boundary condition (8.14) is given by

Rt = | n(Z dy
h(z,t) = /0 h (y,t) H(y) " (3.15)
with h defined by (3.18).

PRrOOF. Write (3.15) in the form

h(z,t) = /00 a(logz —y,7)H (e¥)dy (3.16)

— 00

and apply the same arguments as in the course of proving proposition 3.2. O

By obvious change of variables we get from (3.13) and (3.16) that

oo
h(z,t) =" / 9(y, —u, 0*7) H (zev= 47" T)dy, (3.17)

—00

the formula to which we will return in the sections 4.5 and 5.

4. BINARY MODEL

4.1. Self-financing strategies

In this section we briefly review the theory of binary securities markets de-
veloped in the previous parts I and II, section 3. Suppose that one invests an
amount v > 0 in two assets described in section 1.2. Let 7 = {¥}, @} }1c0,7)
be a trading strategy of the investor, with the bond and stock components given
by formulas (3.2.2) and (3.2.3) in part II. At each instant ¢ > 0 the investor
holds ¥} shares of the bond and &) shares of the stock so that the market
value of the holding is

VN(t;7) = VN BN + oM SN (4.1)

with the initial value determined by the endowment v = V¥ (0; 7). The process
V() = {VN(t;7) }sepo,7) is called the value process for a strategy ™.
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DEFINITION. A trading strategy is said to be self-financing if the construction
is founded only on the initial endowment so that all changes in the portfolio
values are due to capital gains during trading and no infusion or withdrawal of
funds takes place. Then the corresponding portfolio satisfies the condition: for
allt € [0,T]

BN .oN 48N . ¢N =0.

Recall that under the self-financing condition we have at ¢t € (0,7 not only
(4.1) but also

VN(t—m) = BV BY + &Sy, (4.2)
cf. part I, formula (3.2.3). Using the integrating by parts formula we get

PROPOSITION 4.1. A trading stmtegy 7r is self-financing if and only if its
discounted value process VN (rr) = {VN( ) }tefo,r] admits the following integral
representation: at each t € [0,T]

VNt r) =v+ @Y - 8N, (4.3)

PROOF. See part II, proposition 3.2.2. O

In order to rewrite the integral representation 4.3 in Clark’s form (cf. part
II, proposition 3.2.6; for Clark’s representation, see [35] or [34], proposition
1.3.5), we recall definition 3.2.5 in part IT of the difference operator D in the
state space: the process DSV = {DSN }te[o 7 is defined so that DSN(0) =

DSY and DSN(t ) DS[‘&N*’ with DSN, n € {1,..., N} in one of the states

{Dk(8))}k=1,....2n—1 where Dy(SY) = sB, . — si_, .. For instance, if t €
(K"—}}E, %J and if S (t—) is in state sf,,_,, then DS™ (t) is in state Dy (SY).
Note that in view of (1.5)

N N N
Dy(SY) _ Skn—1 (r2k,n “’"2k—1,n)

— <N N
20/At, 20+/At,, = Sk n-1(1+ &k n_1) (4.4)
with
a+b+nl  + 1.
iy = e TR /R 45)

which under condition S is a negligible remainder term.

We now turn to the value process for a self-financing strategy. According
to part II, remark 3.2.3, this is a process of the same type as the stock price
process, since VN (t;m) = L,._N/TJ( ) where each V.N(n), n € {1,. ., N}, may
occupy one of the states

n
~N N s N
vkn(ﬂ-) =v+ Z (DV (Sﬁ,_l,u—l)(sljyy,u - sl!c\{,_l,u—l)

v=1
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with & = 1,...,2", see part II for remark 3.2.3. Next, we let the difference
operator D act on V¥ in the exactly same manner as on SV but this time
with the states v,{,‘fz in place of si¥ ,m Then proposition 3.2.6 in part II tells us

that if the process DSN’ = {&Y DSN (t) }ze[o 1) is formed with the help of the
sequence { }n_ 1,..,~ by utilizing |*& ] as before, the integrand in (4.3)
can be ldentlﬁed as follows: ®N(t) = D—gs—w(z—t)ﬂ, ie.

DVN(7r)
DSN

This is called Clark’s formula, cf. part I, section 3.3 or part II, proposition
4.2.2.

V(i ) =v4+ et - SN, (4.6)

4.2. Risk neutral probabilities

Let us focus our attention on markets excluding arbitrage opportunities (see
part I, section 6). Then for each n = 1,...,N and k = 1,...,2"}, the
numerical values of risk neutral probabilities

iN AN N _ N

N Skn—-1 — S2k—1,n _ Ppn —Tok—1n

Popn = SN <N N N (47)
2kn T 52k-1,n T2k ~ T2k—1,n

(cf (1.1) and (1.4)) are positive and Pé\fc—l,n =1- ngc,w As was emphasized
in part II, section 3.2, the usage of this term stems from the fact that every
state skN, n—1 at the trading time ¢,_; is expressed as a convex combination of

two alternative states 53, , and 37} , at the next trading time t,, weighted
by pé‘{c_l,n and ch,m respectively. The same is true concerning the states of

the value process V() for any self-financing strategy #™V: forn = 1,...,N
and k=1,...,2""!

<N \ N
Vk,n—1 (7!') = pgc,nvé\;c,n('”) + pgc—l,nvé\llcﬁl,n("r)' (48)

It will be shown in the next lemma that asymptotically the risk neutral prob-
abilities of the upward and downward displacements are equal to %

LEMMA 4.2. Under the conditions B and S the risk neutral probabilities
{p}:’n}kﬂ,m,gn forn=1,...,N, given by ({.7), are approzimated as follows

Phn ~ % (1 +(=1)kt 5‘\/Atn) (4.9)

with the parameters o > 0 as in (1.5) and p as in (1.10).
PrOOF. For n=1,...,N let {y¥ }x=1,..2» be defined by the equality

Tokn = Mok—1
N —i,n
(14 &)W = 00 + Moy — — 5 (4.10)

43



with 7 and ¢V as in condition B, o and {7, }k=1,.,2» as in condition §
and {€Y }x=1,. 2 as in (4.5). Hence under the conditions B and S all of
{¥N }t=1,....2n are negligible so that the desired assertion is a consequence of
the following identity

o= (1 4 (=1)k1 (f‘—%ﬁﬂ) \/Atn) (411)

which will be proved next.

Since by (1.2) and (1.5)

PN =Tk 1n =0V Bln + (r+b+ 0 + 15k ,0) At
and by (1.5) and (4.5)

r%c,n - lrgc—l,n = 20(1 + él{:\{n—l) V Atn’
it follows from (4.7) that

o +&, ) 1-208)) = o&lu s — (r+b+ o) +Mh-1,n) VAt

771\1,; "77% 1
(#—9,’2’+—————2’" 5 "’”)\/Z}‘,{.

Thus

N | Mok —Mk—1
N l _ b—on + = 2 =
DPokn = 5 1 At,
o (1 + fﬁn_l)

which is equivalent to (4.11), since

Tlﬁ: “‘77%—1
u—-gﬁ’+ —LTJ = (1+511:,’n-«1) (/“—711;,]71—1)

by (4.10). ]

4.3. Heat equation in finite differences

It will be shown in this section that under conditions B and S we have the
identity in finite differences which has the form of the modified heat equation
(3.11), up to certain negligible remainder terms. This identity concerns the
states vk, = vy, (7) of the value process V = VN (x) for a self-financing strategy
w. For simplicity, the argument 7 is suppressed, as well as all the upper indices
N. In section 4.1 we already came across first differences Dy (V,) = vag,n —
Vag—1,n forn=1,...,Nand k =1,...,2""!. Along with this, we will need to
recall definition 2.4.2 in part I of second differences

DE(Vy) = Vakn — Vak—1,n — Vak—2,n + Vak—3.n (4.12)

forn=2,...,Nand k=1,...,272,
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PROPOSITION 4.3. Let the conditions B and S hold. Let m be a self-financing
strategy and V = {Vp }n=0,1,.. N its value process. Then for eachn =2,...,N
and k= 1,...,2"2 the following identity hold:

Di(V,)
m (1 + &kn—2)® (1 + Skyn2)

Dk(Vn-—l)
D (Sn-1)

+ (T + 51,,_2) Vk,n—2 + (Sk,n_z (4.13)

(08k,n—2)°

(M

= (p+ prn—2) Skn—2

_Vdk—1,n — Vk,n—2

tn - tn‘2

where 0, {6kn}k=1,...,2“ s {Ckn}k:l,...,?" and {ﬂkn}k:l,...,?‘ are negligible remain-
der terms, alike {£xn}i=1,.. 27 given by ({.5).

PRrROOF. We will prove that the identity (4.13) is satisfied with the remainder
terms

Sk,n—2 = 4Dak nPak—3,n — 1, (4.14)
—9 + -
2 = (14 pn) (14 i n-2) (u - st Tk 1) - i (415)
20p—2 = @n—1 + On + (T + 0n—1)(7 + on) AL, (4.16)
and

Do (V, 21— V2k-1m—

6k:,n—2 = P4k,n((1 + fk,n-—l) S2k,n—1 D:: ES:; Y2k,n—1 272); 1,n—1
+ Usk—1,n — Vkn—-2  V4k—2,n ~ Vk,n-2 ). (4_17)

tn —th—2o tn — tn—2

This will imply the desired assertion, since the remainder terms, given by
(4.14) - (4.17) are negligible under the conditions B and S. Indeed, the terms
{Skn}k=1,... 2 are negligible due to (4.9), the terms {pgn }r=1,...2» due to (1.2),
(4.5) and (4.10) and the terms {0kn }x=1,....2» due to (4.10) and to the fact that
the difference of the second and third terms on the right-hand side is negligible.
Finally, the negligibility of 4, is obvious.

To prove (4.13), we proceed as follows. It will be shown first that (4.13) is
equivalent to (4.19) given below. Then the latter identity will be proved. Let
us examine (4.13) term by term. Due to (4.4) and (4.14), the first term on the
left hand side may be written in the form

2

P4k,nPak—3,n D2kz§‘t/:) .

The second term may be written in the form

1~ pok,n—1 — Pak,n
(1+pn) 2At, Dy (Vp-1),
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since by (4.11) and (4.15)
1 — pok,n—1 — Pakyn

1
( + pn) g Atn
 h o (o T Tt
B+ pkn—2
1+ 5k,n—2

Next, let us handle the right-hand side of (4.13). The sum of the first two
terms on this side equals

(14 pn) (1 + pn1) Vkn—2 — Vak—1,n
2At,

by (1.2) and (4.16). On verifying this take into consideration that At, =
Atp_1 = % Finally, by the same assumptions and by (4.4) the third term on
the right, given by (4.17), may be written in the form

DPik,n Vtk—1m ~ Vik—2.n +D2k(Vn)\/R’yzk’n_l — Y2k—-1,n—-1 )
2At, 20

Thus we obtain the following identity, equivalent to (4.13):

p4k,np4k—3,nD]2;(Vn) + (1 + pn) (p‘Zk,n—-l + Pak,n — 1) Dk(Vn—l)
= (14 pn) (1 + pn-1) Ven—2 — Vak—1,n

2k,n—1 — Y2k—1,n—
+  Pikn (v4k—1,n-v4k—2,n + Dag(Vn) At, 12kn Y2k—1,n 1)_

20
The latter identity, in turn, is equivalent to
(1 + pn){v2k,n—1Psk—3,n + V2k—1,n—1Psk,n (4.18)
+(p2k,n-1 + Pak,n — 1) De(Vi-1)}
—  (Vak-1,nPsk—3,n + Vak—2,nDik,n)
= (14 pp)(1+ pr-1)Vk,n—2 — Vak—1,n
+  DPakn{Vak-1,n — Vak—2,n + (Pak,n — Pak—2,n) D2k (Vn)} (4.19)

in virtue of the following two identities. Firstly

V2k,n—1 — Y2k—-1,n—1
V Aty = 2;’ = = P4ik,n — P4k—2,n

which is a consequence of (4.11). Secondly, due to

PaknPak—3,0 D2 (V) = (14 pn) (Vo n_1Dak—3.n + U2k—1,n—1D4k,n)
—  (V4k—1,nPak—3,n + Vik—2,nPak.n)

which is a consequence of (4.12) and (4.8), since

DX(V,) = (1+ pn) vak,n—1 — Vak—1,n _ Vak—2,n — (1 + pn) V2k—1,n-1 .
Dak,n P4k—3,n

46



Thus the equivalence of (4.13) and (4.19) is proved. It remains to prove (4.19).
By (4.8) in its non-discounted form

V2k,n—1P4k—3,n + V2k~1,n—1Psk,n — (1 + prn-1) Vk,n—2
= U2k,n—1 (P4k—3,n — P2k,n—1) + V2k—1,n~1 (Psk,n — P2k—1,n—1)
(V2k,n—1 = V2k—1,n~1) (1 = P2k,n-1 — Pak,n)
+V2k,n—1 (Pak,n — Pak—2,n)

and
Vak—1,nPak—3,n + Vdk—2 nPak,n — V4k—1,n
V4k—2,nP4k,n — Vak—1,nP4k—2,n
Vsk—1,n (Pak,n — Pak—2,n) — (Vak—1,n — Vak—2,n) Pik,n-
These two identities imply (4.19). The proof is complete. o

4.4. Completeness, hedging strategy and option valuation

Given the states of the discounted stock price over the entire trading period
[0,T], the risk neutral probabilities {pl }r=1, .2~ are determined by (4.7).
Fix n € {1,...,N} and k € {1,...,2"V}. In the previous parts (part I, sec-
tion 4.4, and part II, section 3.3) there has been defined the set of weights
{ nlv(k)}":O’lv-w" with nlu(k) pkN,,+1,V+1 . p{;’ aforv<n and n]n(k) =

1. We have also used the notation PN = nlo(k) = 1r),c1 . As before
kn, = [ =L.]. The aim was to describe the solution of the system of recurrent

equatlons (cf (4.8))

S — N S N N

Tkn—1 = Poj nT2k,n + Pog_1 nT2k—1,n (4.20)
forn=1,...,Nand k=1,...,2" !, subject to the boundary conditions

W (s (T))
s SNy k _ N
TN = Wi (T)—‘Wa k——l,...,2 ) (421)

where {WlY (T)}r=1, o~ are certain numbers given in the form of a function
W of the stock prlce at maturity, discounted by BN(T'). It will be clear soon

why we need to solve this boundary problem. For n =0,1,..., N the solutions
{Wkn }k=1,..,2» are obtained by
Wiy, = > PR (T), k=1,...,2" (4.22)

oN—n(k—1)<j<2N -7k

In particular
2 N

wip =Y PN (T} (T) (4.23)

j=1
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where PN(T) = PJ,. In the trivial case of W(z) = =, for instance, the
boundary conditions (4.21) are specified by Zxn = 3§ (T') and the solutions
(4.22) and (4.23) reduce to (3.3.7) and (3.3.8) of part II.

Next, we will use (4.22) and (4.23) to describe the completeness of the
binary market. To this end, consider an investor who is willing to invest now
(at t = 0) in the bond and the stock in order to attain at the terminal date
T a certain wealth, say W¥(T), by trading over N periods without infusion
or withdrawal of funds. Knowing the conditions in the market, i.e. knowing
the 2V possible trajectories of the stock price development up to the terminal
date T (which correspond as usual to the states {sf (T') }x=1,... 2~ of the stock
price SNV(T)), the investor determines the wealth he desires to attain at the
terminal date T by evaluating each of these possibilities. In this way W (T') is
interpreted as a variable which may occupy one of the 2%V possible states: state
w (T) say, if the stock price is in state s (T). In other words, WN(T) is a
certain function of SN(T), i.e. WN(T) = W (S¥(T)), and w (T) = W (s} (T))
fork=1,...,2N.

DEFINITION. A binary market is complete if any desired wealth W (T) of
the above type is attainable with a certain initial endowment: there is a self-
financing strategy 7V whose value process at the terminal date attains the
identity VN(T;7) = W (T). The necessary initial endowment is then v =
VN(0; 7).

As is shown in part I, proposition 4.3.3, the present market is indeed com-
plete and, moreover, there exists a unique strategy, called the hedging strategy
against W (T), which attains this wealth. In part I, section 4.3, one can find
the detailed construction of such strategy. Here we only note that the proce-
dure is based on the solution of the equations (4.20), subject to the boundary
conditions (4.21) with the states of the discounted desired wealth on the right
hand side. If W,{V is a variable with the possible states {wgz}kﬂ,m,zn which
are identified with the solutions (4.22), then a process WV = {W}' };c(0,7) is
formed by W/N(t) = WLJ;’ /|- Obviously, it starts from (4.23) and at the ter-

minal date T attains the desired wealth. The hedging strategy against W™ (T)
is then a unique strategy 7" whose value process V™ (7) coincides with the
process WV formed above.

In part I, section 5, formula (4.23) is applied to the following problem of
option pricing. Suppose that today, at time ¢ = 0, we are going to sign a
contract that gives us the right to buy one share of a stock at a specified price
K, called the ezercise price, and at a specified time T', called the maturity
or expiration time. If the stock price S™(T') is below the exercise price, i.e.
SN(T) < K, then the contract is worthless to us. On the other hand, if
SN(T) > K, we can exercise our option: we can buy one share of the stock
at the fixed price K and then sell it immediately in the market for the price
SN(T). Thus this option, called the European call option, yields a profit at
maturity T equal to H(S™(T)) where H is a special function of the stock
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price SV(T) of the form H(z) = max{0,z — K} = (z — K)*. It is called
the payoff function for the European call option. A contract with some fixed
payoff function HN(T) = H(SN(T)), where HN(T) is a nonnegative variable
with possible states H (s (T)) (not necessarily of form (z — K)*) is called a
contingent claim. The European call option is thus a special contingent claim
with payoff (z — K)*.

Now, how much would we be willing to pay at time ¢t = 0 for a ticket which
gives the right to buy at maturity ¢ = T one share of stock with exercise price
K? To put this in another way, what is a fair price to pay at time ¢t = 0 for
the ticket? In order to determine the fair price of a contingent claim, consider
the following procedure:

(i) construct the hedging strategy against the contingent claim in question,
which duplicates the payoff;

(ii) determine the initial wealth needed for construction in (i);
(iii) equate this initial wealth to the fair price of the contingent claim.

In other words, construct the hedging strategy 7™V against the contingent claim
with a payoff function HY (T'), whose value process VV(r) coincides with a
process that is obtained exactly in the same manner as the process wN by
solving the equations (4.20), but now subject to the boundary conditions (4.21)
with A (T) = y—é’;g?%)—) instead of w¥ (T) = W—é‘}&?;y)—). This strategy indeed
duplicates the payoff. It requires the initial wealth that yields the fair price
CN = C(HV) of the contingent claim with the payoff function H" (T) which
amounts to the sum on the right hand side of (4.23) with the same substitution
of hYY(T) in place of w) (T'). The European call option, in particular, has a
special payoff function depending only on the stock price at maturity ity =T
and its fair price is

2N
eV =>"PN(T)GEY(T) - K)*. (4.24)

Jj=1

In conclusion we want to recall the application of formula (4.24) to option
valuation in the special binomial markets by means of the Cox-Ross-Rubinstein
formula (5.3.1) in part 1. For, we are going to use this particular formula in the
next section.

4.5. Towards the Black-Scholes market

In the present section the link is sought between the binary market of the
present section 4 and the Black-Scholes market of the next section 5. By using
certain heuristic arguments we show that under the conditions B and S the
Black-Scholes model can serve as an approximation to the binary model, when
the number of trading periods N to increase unboundedly and so the length of
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each trading period %— tends to zero. For convenience, we will denote differently
the bond and stock prices in the Black-Scholes market, namely by B°(t) and
S°(t), respectively. Trading in the latter market is going on continuously so
that ¢ € [0,T]. Concerning the bond, the situation is simple, since condition
B means that at each fixed ¢ € [0, 7] the approximation B (t) ~ B°(¢) holds.
Actually, the approximate bond price is led to be B°(t) = e™, cf (1.3) and
(5.1) below. As for a risky asset, the stock, in the present context we will be
only able to demonstrate certain aspects of the approximation of the process
SN by S°, for more detailed treatment would carry us too far afield. It will be
shown, in particular, how to approximate the fair price of the European call
option, see proposition 4.5.

We will use expression (4.11) for the approximate risk neutral probabilities,
but suppress the negligible remainder terms {'y-,{.fl}kdw,gn, as it is not hard
to verify that they play no part in the asymptotic considerations below. Thus
the approximation (4.9) may be used. Since the right hand side in (1.6) is
independent of indices k and n, the situation here is asymptotically similar
to that of the homogeneous binomial model. Thus we may use the Cox-Ross-
Rubinstein option pricing formula (5.3.1) of part I, a special case of the general
option pricing formula (4.24). Upon the substitutions (1.2), (1.6) and (4.9),
this yields the first approximation to the option pricing formula:

_N j N-j
; T NZN N 1 w [T ’ ©w |T
N — e — — —— — e
¢ (1+TN) = (j)‘ZN (1 oV N 1+ cV N

0

T Y 7 o\
x H s(l-l—a 7\7+a7v—> (1-—0 —ﬁ_bj\/_) ) (4.25)

with H(z) = (z — K)*, the payoff function for the European call option. It
will be shown below that this approximation can be considerably simplified,
see proposition 4.5. This is preceded by the following

LEMMA 4.4. Fiz positive integers n and j < n. Denote t; = j\/2/n so that
At; = \/2/n. Then
(i) for a nonnegative constant c
Y
---—————-——1 * —2(7 ~ e\/&j
1=V

and (i) with g the standard normal density (cf (1.13))

1 2n
5o (n N j) ~ g(t;)At;. (4.26)

Proor. (i) It follows from log(1 + ) ~ x that

. c _ c . [2¢
J{log (1+‘/5ﬁ> —log (1—‘/2” }} ~J\/W =+/ct;,
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V\.r‘hich yields the desired result.
(ii) Presenting the left hand side as the product of

1 /2n
on ()

and
po_mn=1)(n-j+1) _ 1
(n+j)---(n+1) A+ D+ 35 (1 + =)
we get to show
1 At;
anN — T e
Van V2T
and
i __8

10 bnw-———z——-.
8 n 2

The former relation follows from Stirling’s formula n! ~ e™"n"v/27n, truly
from its consequence

(2n) 22n
n vn'

see [4], section 1.2. The latter one follows from log(1l + z) ~ z, since

izl ] i1 _7 j2 2
08 On kz___()Og(+n—k) kZ_On—k n 2

The proof of (i) is complete. o

There are various methods for proving the next proposition presented in text-
books on probability theory. In the sequel we will continue to follow BREIMAN [4].

PROPOSITION 4.5. Under conditions B and S the fair price of the European
call option with the payoff function H(z) = (z — K)*, is approzimated as
follows:

&0 1 N
CcN ~ / 9(y;0,0°T) (se““i””T—K) dy (4.27)

—0Q
where K = W"KT)' = e "TK is the discounted exercise price, cf (5.1).

PRroOOF. Without loss of generality we assume that N is even. Put N = 2n.
Then the summation in (4.25) may be changed to {—n,...,n}, which yields

eV ~Cp S gl H (sKTKL) (4.28)

j=-n
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where g;, denotes the left hand side of (4.26) and

2
1-4L [T T)( [T T
Cp=—C2  K,=|l40y/—=+a—]||1-0y/— b,
(1+r%)2 ( 2n  2n 2n  2n
T T
. _1—1;,/2% N 4oy +ag
n — T F— n — .
1+&,/L 1-oy/ L -bL

By the well-known property of exponentials

LT
O e T4

and
o T " esbr_ls2T (r4w)T-4%0T
K;:N 1+(a——b—a)§-r—b ~e 2 2 =e\"TH 2 ,

cf (1.10). Apply now lemma 4.4. Assertion (ii) gives an approximation to gjn
and assertion (i) gives

uVTt;

d ~e =" and ki ~ e’V

These approximations reduce (4.28) to

-7z (oVTt;+uT)?
oN ~ € E e—-%——;i';——-H(seaﬁt,‘+(1’+p)T«%—ozT)Atj.
V2w

j=-n
Put 7; = 0v/Tt;. Then

CN ~ =T Z g(rj; —uT, 0_2T)H(Sen‘+(r+u)T—-%azT)ATj
Ti€Tn

with 7, the set {jU\/zﬁt}j:o,il,“”in whose lowest entry —ov/2nT tends to

—oo and the largest entry ov2nT to co as m — 0o. So the sum in the latter
expression is actually the Riemann sum for the integral

* Lo27 «\t
/ g(y + uT,0,0%T) (sey+“T_2‘7 -K ) dy
—00

which is independent of x and equals to the integral on the right-hand side of
(4.27). The proof is complete. a

5. BLACK-SCHOLES MODEL

5.1. Assets

In this section we consider the limiting model for a securities market. According
to (1.3), the model for the bond is defined by the linear return process R° =
{R} }tefo,7) and the exponential price process B° = {B¢ }tefo,1) with
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Rg=rt and BS = (5.1)

where r > 0 is a riskless interest rate on the bond. (Note that B® = £(R°) in
the sense given at the very end of section 2.5.)

The stock is again a risky asset and its return process R° = {R§}icjo,1) is
defined in accordance with the right-hand side of (1.6): the cumulative impact
up to time ¢ of the terms proportional to \/At, yields W; and that of the terms
proportional to At, yields the drift ;(a — b)t, see the discussion at the end of
section 1.2. This leads to the following diffusion model R = W; + 1(a — b)t.

2
Consequently, the price process on the stock S° = {S¢ }tejo,17 is now defined

by
57 = sE(R); = seit3(a=bt=30% — o RI-3(R): (5.2)

(see application (ii) at the end of section 2.5) where s > 0 is a fixed current
price on the stock S§ = s and (R°); = 0%t as in section 2.4. The discounted
stock price process is defined by

o

‘: = _g% = geWetnt—30%t _ seh:“%(Ro)‘ (5.3)
¢

where Rf = W; + pt is the corresponding return at instant ¢, cf (1.10). The

relation S° = s€(R°) is obtained in section 2.5.

As we know, Brownian motion takes its rise at the origin but afterwards at
any consecutive instant ¢ > 0 it may visit any site —~co < ¢ < 0o0. Accordingly,
the non-discounted and discounted stock prices, starting from a fixed state
s > 0, may occupy at any instant ¢ € [0,T] and site —co < ¢ < oo one of the
states

$°(z, 1) = selurorTia=Dt=3e®t  anq  3o(g 1) = seTlerortui=3oit (54

where If;-0) is the indicator function equal 1 everywhere except at the origin
t = 0 where it equals to 0. Concerning these states, the following simple
proposition holds true.

PROPOSITION 5.1. (i) At each instant t > 0, the discounted stock price is in
one of the states (5.4) that satisfies the second order partial differential equation
(8.8) withr =0.

(ii) With u given by (1.15) where zo = 0, we have

(0]
3°(z,t) = / u(z — y, At)3°(y, t + At)dy. (5.5)
—00
PROOF. (i) The required partial derivatives 8¢, 3; and 37, are simply calcu-
lated. Thus (3.2) is easily verified.

(ii) By the obvious property 3°(z + Az,t + At) = 3°(Az,At)3°(z,t) of the
states (5.4), it suffices to show

/oo u(z, t)5°(—z,t)dz = 1.

-0
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But this is easily verified by (1.14) and (1.15). |

REMARK. By analogy to the prelimiting situation, we want to define the differ-
ence operator D in the state space. We depart from (4.4) and let At, = —17\% — 0.
The terms {£ }x=1,.. 2~ are negligible. According to (1.5) the denominator
20+/At, is the first approximation to the difference between two alternative
states of the return. Then by the same arguments as above Brownian motion
enters into consideration: we are led to define the limit on the left of (4.4) as

%95—. This yields 25 = S°, one of the first formulas of the Malliavin calculus,

see I34], exercise 2.2.1 on p 107.

5.2. Self-financing strategies

Let us consider an investor who invests an amount v > 0 in the present market
and then follows a trading strategy = = (¥, ®) with portfolio components
¥ = {U;}sco,r) and & = {®¢}4co,77- The corresponding value process V°(r) =
UB° + $S° is defined at t € [0,T] by

Vo(t;m) = U(t)B°(t) + 8(£)S° (t) (5.6)

with v = V°(0;n). If = is a self-financing strategy in the sense of the def-
inition in section 4.1, then one can apply the integrating by parts formula
of section 2.5 (with respect to the geometric Brownian motion instead of the
ordinary Brownian motion in (2.9); this substitution is allowed by the chain
rule (2.12)). This yields the same integral representation for discounted value
process V°(m) = {V°(t; 7)}sco,1) as before: at each t € [0, 7]

N

Votm =v+ 8- 82, (5.7)

cf proposition 4.1. Analogously to the trading in binary markets, the self-
financing of a strategy 7 = (¥, ®) means that the portfolio components ¥(t)
and @(t) yield not only the market value of the holding at instant t € (0,7
(given by (5.6)) but also at an immediate future instant t + At¢:

Ve(t+ At;m) = T(t)B°(t + At) + B(t)S°(t + At) (5.8)

cf (4.1) and (4.2). Let us denote the possible states of the portfolio components
¥(t) and ®(t) by {¢(z,t),—00 < = < 0o} and {¢(z,t),—00 < T < 00} respec-
tively, and the states of the discounted market value of this holding V°(¢;n)
by {v°(z,¢;7), —00 < £ < co}. Then (5.6) and (5.8) mean both

v°(z,t;) = Y(x,t) + ¢(x,1)3°(z,t) (5.9)

and
Vo (z + Az, t + At;m) = P(x,t) + ¢(z,t)3°(x + Az, t + At). (5.10)

This fact has the following implication:
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PI:OPOSITION 5.2. (i) At each instant t > 0, the discounted market value
Ve(t;m) of a self-financing strategy 7 is in one of the states {v°(z,t;7), —00 <
z < 00} that satisfies the second order partial differential equation (3.8) with
r=0.

(i) With u given by (1.15) where zo = 0, we have

oo
2 (, ;) = / w(@ — y, A (y, ¢ + At 7)dy. (5.11)
-0

PRrOOF. (i) may be obtained from (ii). Indeed take (5.11) with t + At = T and
apply to both sides the operator o2 6 —pZ +£. On the right the operator
is allowed to act under the integral s1gn But this yields 0, since u(z — y, 1)
satisfies (3.8) with r = 0. As usual 7 = T — ¢ is time to maturity.

(ii) In (5.10) substitute = + Az by a variable y, multiply both sides by u(z —
Yy, At) and integrate with respect to dy. By (5.5) and (5.9) we get (5.11). O

REMARK. Like in the previous remark at the end of section 5.1, we recall the

prelimiting situation in which the stock component was expressed as ®V(t) =

DT’VS%%)’ see Clark’s formula (4.6). This structure is retained as N — oo, thus

giving the possibility to rewrite (5.7) in Clark’s form

DvVe(n)
DSe

This is again an elementary formula in the Malliavin calculus, see [34], definition

1.2.1 on page 24. In the remaining part of this section more light will be shed
on this formula, cf (5.15) below.

Vet m) =v+ - 8. (5.12)

There is yet another relationship between the value process for a self-financing
strategy and the stock price process. Namely, let h be a solution of the partial

differential equation (3.11) with # = g = 0. Then for each ¢t € [0,T] the
following useful representation can be proved:
Vo(t;m) = h(S°(t), 1). (5.13)

In the next proposition the proof is provided in the form of the relationship
between the states of the variables on the left and right-hand side.

PROPOSITION 5.3. (i) At each instant t > 0 and site = the states of the dis-
counted stock price S°(t) and the discounted value Ve(t; ) for a self-financing
strategy 7 are related by

¥°(z, t;7) = h(3°(z,1),1) (5.14)
where b is as in (5.13).

PROOF. By taking the relevant partial derivatives on the both sides of (5.14)
we get

1 sov ]
102 e — MU5 + 07 —(-2—a2s° — pd2 + 37 he +

5 Uzégzhzz + hy

DO =
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It remains now to recall the assertion (i) in proposition 5.1 and to apply
(3.11) with = p = 0 to the sum of the last two terms on the right. In-
deed, by taking into consideration 3] = 3° we get on the right-hand side
1023°(2,)2hyz (3°(z,t),t) + hy(3°(z, ), t) which equals 0 in view of the as-
sumption that h satisfies (3.11) with r = g = 0. This means that (5.14)
satisfies (3.8) with r = 0, cf proposition 5.2, assertion (i). o

Let us apply Itd’s formula (2.13) to (5.13). Taking into consideration also the
expression (2.11) for the quadratic variation and the chain rule (2.12), we get

~ ~ t \ . by t ~ -~
Vo) = VO(0;m) + / ha (3°(9), 6)dS° (8) + / he(3°(0),0)d6
0 0
1 b se 5o
+ 50 /0 hee (3°(8), 6)3°(6)2d6,

cf [24], formula (1.12). But the last two terms vanish, since h satisfies (3.11)
with r = p = 0. We thus have the integral representation (5.7) (or (5.12)) with

_ DV°(t,)

®(t) = 0] = he(S°(1), ). (5.15)

Formula (5.13) is often presented in its nondiscounted form (see e.g. [24],
formula (1.8), or [29], formula (5.8.36)):

Ve(t,m) = h(S°(t),t) (5.16)

where h satisfies (3.11) with r = —u. Formula (5.15) for the stock component
of the portfolio becomes ®(t) = ho(5°(t),t). One can easily verify these claims
by taking into consideration that k(z,t) = e"th(e~"z,t). Of course, the factor
e™ means discounting, so (cf (5.1) and (5.3))

: _ h(S°(1),1)

h(S°(),8) = =55 0 (5.17)

5.3. Hedging strategies and option pricing

In the present section the same question as in section 4 arises whether the
Black-Scholes market is complete or not. In order to formulate this question
explicitly, consider again an investor whose goal is to attain at the terminal
date T a certain wealth W(T') = W(S°(T)) which is a certain function W of
the stock price W(S°(T')). According to (5.4) this wealth may be in one of the
states

w’(z,T) = W(s°(z,T)), —o0<z<oc0. (5.18)

If we now define the completeness of the present market similarly to the defi-
nition in section 4.4, then we get
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PROPOSITION 5.4. The Black-Scholes market is complete: any desired wealth
W(T) of the above type is attainable with a certain initial endowment, since
there is a uniquely defined self-financing strategy ™ = (¥°,8°), called the
hedging strategy against W(T'), whose value process 1'°(1r°) ={Vo(t: m) heetoy
attains at the terminal date T the identity V°(T;n°) = W(T). The necessary
initial endowment is then v = V°(0; n°).

Proor. This follows from the explicit construction of the hedging strategy
m° = (¥°, $°) against W(T) which is provided below.

The hedging strategy 7° = (¥°, ®°) against W (T) is constructed as follows.
Let A be the solution of (3.11) with r = —p, subject to the boundary condition
(3.14) where H(r) is identified with w°(zx,T) given by (5.18). Accordmg to
proposition 3.4 this function has the representation (3.17) with r = —y and
with H substituted by W. Alternatively, we may work as in the previous
section with A which solves (3.11) with 7 = p = 0 and is related to A via (5.17).
Recall that hz = h Use the notations

¥°(z,t) = h(z,t) — che(z, t) = e "hie™r,t) — zhy(z,t)
and
¢°(x,t) = ho(x,t) = ho(x,t)

to define the strategy n° = (¥°,®°) with ¥°(¢) = w°(5°(t) ) and ®°(¢) =
¢v°(S° t),t). By definition (5.6) the market value of the latter holding is simply
determined:

Vo(t,m°) = ¢°(S°(t), 1) B°(t) + ¢°(8°(1),1)5°(t) = h(S°(t), t),

cf (5.16). This is indeed the hedging strategy, since at maturity the market
value V°(T,7°) = h(S°(T),T) amounts to the desired wealth W (S°(T)) in
virtue of the boundary condition fixed above. Thus the desired wealth is at-

tained. In view of (3.17) with r = —pu, the necessary initial endowment amounts
to
b . 1.2
v=V°(0;7°) = e "7 / 9(y,0,0*T)H(ze? ™72 T gy, (5.19)
— 00
with H substituted by W. ]

Observe that in the special case of H(zr) = (z — K)* the right-hand side
reduces to the integral in (4.27). This is not just a coincidence, as the reader
might guess knowing the methodology of option pricing by means of a hedging
strategy that duplicates the payoff (see part I, section 5, or the present part,
section 4.4). We conclude this section with some more details on this.

We are now going to use formula (5.19) for solving the problem of pricing
contingent claims as is already described in section 4.4. Let the payoff function
of a contingent claim be determined by a certain nonnegative function H of
the stock price at maturity S°(T), i.e. H(T) = H(S°(T)). According to the
procedure developed in section 4.4, we have
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PROPOSITION 5.5. In the Black-Scholes market the fair price C(H) of a con-
tingent claim with the payoff function H(T) = H(S°(T)) is identified with the
right-hand side of (5.19).

As was already mentioned, formula (5.19) applied to the special payoff (x—K)*
determines the fair price C of the European call option, which coincides with
the integral in (4.27). It is now easy to present C in the form (5.20) below,
suitable for calculations by using tables of the standard normal distribution.
This is called the Black-Scholes option valuation formula.

COROLLARY 5.6. In the Black-Scholes market the fair price C of the European
call option is presented as follows

C =sG (log—f(- +rT+ %U2T) TG (log & +rT - 30°T

ovT oVT

with G the standard normal distribution, cf (1.12).

) (5.20)

PROOF. The right-hand side in (4.27), equal to

0o Nt
/ 9(y; l02T, o?T) (se‘y - K) dy,
LW

reduces to

log # .
/ - g9(y; —rT + -;—UZT, o’T) (se"(y+'T) - K) dy
—0o0

log &
= / sg(y; —rT — %U2T, o*T)dy

-0
. log % 1
—-K/ g(y; =T + =0*T,0T)dy.
e 2

By (1.12) the right-hand side coincides with that of (5.20). The proof is com-
plete. O

Using similar considerations one can specify the hedging strategy n° = (¥°, $°)
against the European call option by the portfolio components at ¢t € [0, T] and
T=T-t

S°(t
¥°(t) = e "KG (bg - el %”27)

oVT

and

#() = G logs—;éﬂ +r7+ Lo?r
= G ]
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