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Abstract

A three-dimensional elliptic singular perturbation problem with
discontinuous boundary values is considered. The solution of the prob-
lem is written in terms of a double integral. A saddle point analysis is
used to obtain a first approximation, which is expressed in terms of a
function that can be viewed as a generalization of the complementary
error function.
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1 Introduction

We consider a singularly perturbed convection-diffusion problem defined on
the positive half-space: Q = (—00,00) x (—00,00) x (0,00), with a “square



shaped source of contamination” located at the plane z = 0 (see Figure 1):

{ —eAU + Uz = 0, if (xay7 Z) € Qa (11)

U(z,y,0) = x(—1,1)(®)X(-1,1)(y), for —oo <z,y < oo,
where ¢ is a small positive parameter and X (q,5) (x) is the characteristic func-

tion of the interval (a, b):

wn={ g § Telen 0

Observe that the Dirichlet data at z = 0 are discontinuous at the boundary
of the unit square in the plane z = 0.

Z A

Figure 1: Domain Q2 and Dirichlet conditions of problem (1.1).

The solution of this problem may be derived by using Fourier transforms
with respect to z and y, and solving the resulting equation by separating
the variables. We obtain

U(CL‘7 y’ Z) _ eu;z /OO /OO Sln(wt) Sin(ws) eiw:ﬂt—&—iwys—zw* /1+t2+52 dt d87 (13)
—00 J—00

s t S

where
1

W= g
It is easy to check by direct substitution that this function is a solution
of problem (1.1). But this solution may not be unique unless we impose
additional hypotheses on problem (1.1). In §6 we give a more precise for-

mulation of the problem in (1.1) and prove that (1.3) is the unique solution
of problem (1.1).

(1.4)



We investigate the behaviour of U when € is small, in particular for x and
y values near +1. These values correspond with the discontinuous boundary
values at z = 0, and for z > 0 and near z = £1, y = +1 boundary layers
occur. We use saddle point analysis for the double integral in (1.3) to obtain
a first approximation for U(z,y, z). The approximation holds uniformly for
z > zg > 0, where zg is a fixed number, and for all —co < z,y < oo; in
particular it is uniformly valid near the values © = £1 and y = +1.

This paper is a further step in studying singular perturbation problems
with rather simple differential operators, discontinuous boundary conditions,
and domains. For these problems we are able to solve the boundary-value
problems in terms of an integral, from which detailed information can be
obtained of the asymptotic behavior of the solutions of the problem. For our
earlier recent research on this topic for two-dimensional problems we refer
to [4] and [5]; see also [7] and [8]. In these papers the (complementary) error
function plays an important role for describing the asymptotic behavior of
the solutions as well as inside as outside the boundary layer, because of the
uniform nature of the approximations.

In the present paper, in which we consider a model problem of an elliptic
singular pertubation problem in three space dimensions, the role of the com-
plementary error function is taken over by a generalization of this function.
We give several properties of this function, and describe how the function
U(z,y, z) given by the double integral in (1.3) can be approximated by this
generalization.

The knowledge of the asymptotic behavior of the solutions of model sin-
gular perturbation problems is of interest in the development of suitable
numerical methods for this kind of problems because it gives the possibility
of comparing the values obtained from numerical schemes with those ob-
tained from analytical approximations. Of special interest are boundary- or
initial-value problems with discontinuous boundary or initial values; see, for
example, [2].

2 Asymptotic analysis

We replace the sine functions in (1.3) by exponentials, but first we shift the
paths of integration slightly upwards in the complex s and t planes. In this
way the poles at the origins are avoided. This gives four integrals, and we
can write

wz

Uz, y, 2) = <

12 (Ui +U_114+U1 -1 —U_q29), (2.1)



where

U’ng — /Oo /OO eiw(j-l—z)t—&-iw(k-i-y)S—zwv 1+t2+52 di dS’ j, k= +1. (22)
o0 J—oo s

All four integrals in (2.2) are of the type

0o oo adtds
V(é,n,2)=/_ /_ ettt == (2.3)

where

o(s,t) = —ilt —ins + 2V 1+ 12 + s2, (2.4)

where £ = £1 + x, n = £1 + y, and the paths in the {—plane and s—plane
in the integral in (2.3) run slightly above the real axes.

To start, we assume that & > 0, n > 0, and we always assume that
z > 0. In the two-dimensional saddle point analysis we try to find saddle
points by solving the equations d¢/0s = 0 and d¢/dt = 0. That is, we have
to solve the equations

0o ) zt 0 . z8§
—=—i+ ——=0, —=-iN+—=—==0 2.5
ot : V142 4 52 s " VI+2+ s2 (2:5)
Solutions sg and tg of these equations satisfy
2 2
2 7N 2 _ §
A (26)

where p is the positive number defined by

p=\E+n*+22 (2.7)

Taking square roots in (2.6) gives several possibilities for sy and tg, but only
the following solutions satisfy the equations in (2.5):

so=il  tg—i. (2.8)
p p

We expand ¢(s,t) at the saddle points up to and including second order
terms. We obtain, because ¢(sg,to) = p and the first-order terms vanish at
the saddle points,
9%¢ 0%¢ 0%¢
0s?

asat(S_SO)(t_t0)+%W(t_t0)2+' -~ (29)

B(s,t) = p+1——(s—50)°+



where the partial derivatives are evaluated at (sg,tg). That is,

Po_pl*+2%)  Po _ptn o p(E¥+ 27
0s2 22 To9sdt 220 o2 22 '

For a first approximation we replace ¢(s,t) in (2.3) by the first terms in
the Taylor expansion given in (2.9). We also shift the two paths of integra-
tion in (2.3) through the saddle points sy and to on the positive imaginary
axes, and we introduce the new variables of integration

(2.10)

oc=s8—38y, T=1—1p. (2.11)

This gives the approximation

0o oo dr do
Vi(€m,z) =€ / / e MATHF2BoTHOT) 2.12
1(5 n ) o) (T+t0) (U+80) ( )

where the integration is along the real 7 and o axes, and

)= 1P¥

— 52_27 A:772—|-32’ B:fn’ C:§2—|—2’2. (213)

3 Reducing to a standard form

When in the saddle point method the saddle point is coinciding with a pole,
the standard methods of asymptotics cannot be used for obtaining a correct
approximation. To obtain a uniform expansion that holds when pole and
saddle point coalesce the complementary error function can be used. See [6]
and [10]. In fact we need in that case

1 [ et
w(z) = —,/ dt, Sz >0. (3.1)
Tl )t — 2
Putting ¢ = —s in the integral, we obtain
1 [ e
w(z) =—— ds, Sz >0. (3.2)

T —ooS‘i‘Z

The function w(z) is an entire function, and we have (see [9, p. 275])
w(z) = e_ZQerfc(—iz), (3.3)

where the complementary error function is defined by
2 2
erfcz = —/ e 1 dt. 3.4
Vi J: 34
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Another integral representation of the complementary error function is (see
[1, Eq. 7.4.11])

22" [0 g
erfcz = p. /0 o dt. (3.5)
Because of the relation
erfc(—z) = 2 —erfc z, (3.6)
it follows that ,
w(—z)=2e"% —w(z), zedC. (3.7)

This relation can also be obtained from (3.2) by allowing Jz < 0 and at
the same time shifting the contour of integration downwards in the complex
plane. By shifting back the path to the real line, picking up the residue, and
using (3.1) and (3.2), we obtain again the symmetry relation (3.7).

The two-dimensional integral in (2.12) shows also the phenomenon that
poles are near saddle points. When £ and n are small, both poles at —¢g
and —sg are also small. In the singular perturbation problem (1.1) small
values of & or 7 correspond with small values of +1 + x or £1 + y. These
values correspond with the boundaries of the unit square in the x, y—plane,
where we have discontinuous boundary conditions. The poles in (2.12) lie
on imaginary axes in the complex ¢ and 7 planes, and when ¢ =0 and n =0
the poles coincide with saddle points at the origins of these planes.

In this paper we consider the following double integral as the two-
dimensional analogue of w(z) introduced in (3.1):

t2—s2

Wiz <) = /_oo /_oo (t+as—2z)(t+ Bs—() at ds, (3.8)

where a and 3 are real and z and ¢ are complex. The integral in (2.12)
cannot simply be written as a product of two integrals, because of the term
2BoT in the exponential function. Also for (3.8) a simple splitting is not
possible.

In the next section we transform the integral in (2.12) into an integral of
the form (3.8), in which the poles are located on certain lines in the complex
plane, that again will pass through the origins when £ and 1 become 0. We
evaluate (3.8) into one-dimensional integrals that can be viewed as standard
forms, and as generalizations as the complementary eror function defined by
(3.4).

In [3] the two-dimensional integral

0 [e'¢) e*ia coshxz—ibcoshy
1= [ dedy (39
(. 6) —00 J—co Sin & (iz + a) sin 3 (iz — iy + B) T (3.9)

6



is considered with similar phenomena when « and 3 tend to zero. Jones
considered his integral as a prototype and he introduced the function

2 [ 67it2

G(z,() = (e” / ——dt 3.10

0= Mo (3.10)

that can be used for describing the uniform asymptotic phenomena. This

function cannot be expressed in terms of a known special function, and it
reduces in certain circumstances to a Fresnel integral.

Jones’ function can be viewed as a generalization of the Fresnel integral.

In the present case we have a real phase function (see (2.12) and (3.8)), and

we write the integral (3.8) as a sum of two functions of the form

3.2
o0 re " dr

0o VrZ4+uZ(r2402)’

where we assume that A > 0, v > 0, and v > 0. F can be viewed as a
generalization of the error function. For u = 0 it becomes, see (3.5),

F(\u,v) =

(3.11)

F(),0,v) = 216)‘”2erfc(\/Xv), (3.12)

v

where the complementary error function erfc z is defined in (3.4). When we

change the variable of integration by writing r? + u? = s, we obtain
—\s?
o [ e ds
F()\,U,U) =€ A m (313)
Observe that F' and G are related by
CF(i,2,¢) = G(z,0). (3.14)

and that our function F'(\, u,v) can be viewed as a function of two variables,
because

F(\u,v) = VAF(1,uvA, vV\). (3.15)

When A\ is large and v — 0, the saddle point at the origin of the integral
in (3.11) coalesces with poles at = +iv. If, in addition, u — 0, the saddle
point coalesces also with two algebraic singularities.

In (3.13) the saddle point is outside the domain of integration, and when
u — 0 the saddle point coalesces with an endpoint. If, in addition, v — 0,
the saddle point coalesces also with two poles.

In §7 some other properties of F' are derived.



4 Evaluating V;(&,1n, 2)

First we evaluate V1 (&, ), z) of (2.12) for the cases £ | 0 and 7 | 0. In these
limits the quantity B defined in (2.13) becomes zero, and the double integral
can be written as two single integrals. When £ | 0 we have

o0 d o0 d
Vi(0,7, 2) :e*“’p/ e*/\Aaz—U/ eiACTQ—T, (4.1)

—00 o+ 580 J-x T

where in the 7—integral the path runs above the origin. The 7—integral
equals (see (3.2)) —imw(0) = —im. For the o—integral we use (3.2) again,
and we obtain

Vi(0,m,2) = — 2wt orfe (n\/X) . (4.2)
In a similar way,
Vi(€,0,2) = — e WP A orfe (f\/X) . (4.3)
Hence,
V1(0,0, 2) = —m2e ¥, (4.4)

4.1 Positive values of £ and n

We can use several transformations for obtaining a pure quadratic form in
the exponential function in (2.12). For example, we can write

2BoT
A

B \? B?\ ,
_A<O'—|—Z7'> +<C—7>7',

and introduce the new variables of integration

p=va(o+Zr), o= A2, (15)

The inverted relations read, because AC — B? = p?22,
R <p_§’7q> S 7V’72+Z2q (4.7)
Vn? + 22 ’

pz pz
Performing these relations on (2.12) we obtain

_ [ele] o0 _ dqdp
Vi(€,m,2) = e / / e MPPHe) . — 48
167 2) oo ) (p—aq+iB)(q+ i) (4.8)

Ao? + 2Bot + C72 :A<02+ > + C7?

(4.5)

o =

8



where ¢ ¢
_ s _ /o 9 _ <

a=" g=T /24,2 = S 4.9

e SV S mie (4.9)

Hence, when £ > 0, n > 0 the quantities «, 3 and v are all positive, and
they become small when & and 1 become small.

The location of the poles in the complex p and ¢ planes resembles that
of the integral in (3.9). Also, we can perform the p—integration in terms
of the error function by using the function w(z) defined in (3.1). However,
then the g—integral is not easy to handle. In addition, the symmetry with
respect to £ and 7, which is obvious in (2.12), is no longer obvious in (4.8).

We obtain a symmetric representation by using the transformation of

variables
S — (np +£q) S — (ép —nq) (4.10)
g = y T = — 5 .
§2 + ,'72 n 52 + 772 n

or in inverted form

p= ﬁ(n0+57)7 q= ﬁ(ﬁU — 7). (4.11)
This gives
Ao? 4+ 2Bor 4+ Co? = p*p? + 22¢2, (4.12)
and after scaling pp — p, zg — ¢ we obtain
Vi(&,m,2) = p2(€° + n?)e” P x
(4.13)

/oo /oo e*/\(p2+q2) dgdp
—00 J—oo (€2p — npq + to) (Nzp + Epg + S0)
to = pzto\/§2 + 12, So = pzso\/E2 + 2. (4.14)

4.1.1 Writing V5(&, 1, 2z) in terms of F(A, u,v)

where

Next we verify how to write V1(£, 7, 2) defined in (4.13) in terms of the
integral in (3.11). We introduce polar coordinates

p=rcosf, q=rsinf, 0<60<2m. (4.15)

This gives
o0 \ 2
Vil€n2) = pe(€ 4 ut)e [T fyrdr, (116)
0

9



2 do
/0 (€2rcos@ — nprsind + to)(nzrcosf + Eprsind + 5p)

(4.17)

We evaluate this integral by putting s = e’ and integrating around the unit
circle in the complex s—plane. This gives, because ds = isdf,

—43 sds
P = —— _ . (418
f(r) PR Jjsj=1 (s? + 2tos/P 4+ Q/P)(s*> + 250s/R + S/R) (4.18)
where ‘ .
P=(&+inp)r, Q= (€ —inp)r, 1.19)
R=(nz—ip)r, S=(nz+ip)r. '
The zeros of the quadratic factors in (4.18) are
Vet 2,2 | 2
slzT(f+\/£ + (0% + 22) r)
€2 L2
5y = VE T ( £ —\JE2 1 (7 + 22 r2>
P
(4.20)
N2 )
5y = ZLRM (_,m SRt (€122 Tz)

/2
_|_
84: § 77 (772 \/7722 + (&2 4 22)r )
Observe that |syse| = 1 and |sgs4| = 1. The zeros s; and sg are inside the
unit circle, and can be used for evaluating the integral by using residues.
First we write

S

(52 + 2tgs/P + Q/P)(s? + 25ys/R+ S/R)

(4.21)
B ais + as ass + a4

24+ 2t9s/P+Q/P  s*+250s/R+ S/R’

It is straightforward to verify that

_ —iPRr _ QRVE +n? __iPRr _ —PSVE+?
ay = T 5 az = T ) as = T 5 a4 = T )
(4.22)

10



where
T =2rpz(&2 + ) (€ + 0 + ). (4.23)

Calculating the two residues in the integral in (4.18) gives

(4.24)

- 8t [ais1 + as a383+a4>
f(r)_PR< S1 — S92 + 83 — S4

which can be evaluated in the form

o GVETE VPR o
2(E2 4+ 2)(r2 + 0?) \/m m ; .

fr) =

where v, u1 and uo are defined by

nz §z
v= 2412, u = gy = 4.26
£+ 1 mr e @ o (4.26)
It follows that in terms of F' of (3.11):
—w § 1
Vi(€,n,z) = —2mpe™" lWF()\,UhU) + WF(NU%U)
(1.27)

When we write this in terms of the integral in (3.13) we introduce the
notation

262 2,2
2 2 2 p-E 2 2 2 pn
22 =02 — 2 = ) 4.28
Cl v Uy 62 + 527 C2 v U 7]2 + 22 ( )
This gives
Vi(é,m,2) = —2meF gt e ds i neNis oo e A s
,M,2) = —2me
e VE+2 0 2+ G P+ e 4G
(4.29)

When we let £ | 0 we have v =1, u; = n, and p = /n? + 22. It follows
that (4.27) becomes

V1(0,7m,2) = — 2Pt o e (nﬁ) , (4.30)

where we have used (3.12). This confirms (4.2). In a similar way we find
(4.3) and (4.4).

11



5 Negative values of £ and n

When ¢ < 0 or n < 0 the saddle points ¢y or sp defined in (2.8) become
negative. With some modifications we can repeat the evaluations of §(4).
Recall that in (2.3) the paths run above the real t—axis and s—axis. To
obtain a representation through the saddle points ¢y and sg, of which g or
sp are on the negative imaginary t—axis or s—axis, we now have to pass the
poles at ¢ = 0 or s = 0. This gives one or two residues in the form of a single
integral.

51 &£€<0,n>0

In this case we obtain from (2.3), by shifting the path in the t—plane down-
wards, across the origin,

o0

. ds  ~
V(¢ n,z) = —271'2'/ e~ wl=inst+zvits?] ?S + V(& 2), (5.1)

—o0
where V(&,1,2) is as in (2.3), now with the path of integration for the
t—integral below the origin in the {—plane. By changing ¢ — —t we see that
V(& n,z) =—-V(=&,n,2), and we can write

00 ] ——d
V(_é‘v m, Z) = _271-2/ e*W[*ZnS+Z 1457 ?S - V(f, m, Z)v g > O) n> 07

~ (5.2)
where V (£, 1, z) is as in (2.3) with both paths running above the origins. The
s—integral in (5.2) runs above the origin and has a saddle point at in/v/A,
where A is defined in (2.13). By an asymptotic analysis as performed for
the double integral in §2 it follows that the integral can be approximated by

(see (3.2))
o VA [ 2 v o VA
2mie [m T i/ 2me w (iy/pm) (5.3)

where
wVA
M =

222 7

(5.4)
By using (3.3) we obtain

V<_£a nm, Z) ~ _27T2€_W\/Zew72erfc (W\/ﬁ) - %(fa n, Z)> g > 07 n> 07
(5.5)
where V1(€,m, z) can be written in terms of the F—function; see (4.27) and
(4.29).

12



52 £>0,71<0

In a similar way,

V(€7 -, Z) ~ _27(267&} Cel/ngrfc (5\/;) - ‘/1(57 m, Z)a 6 > 07 n > 07
(5.6)
where C is defined in (2.13) and
wVC

V=g (5.7)

53 £<0,n<O0

Consider (5.2) with n replaced by —n, with n > 0. Then the function
V (&, —n, z) follows from (5.6). After the change n — —n in (5.2), the saddle
point of the integral is now at —in/ VA, and for the asymptotic analysis of
this integral we shift it downwards, across the pole at s = 0, giving a residue
—47%e~%%. The final result reads for £ > 0 and 7 > 0

V(=& -n,2) ~ Vi(€,n,z) —4n?e w?

+ 2n2emwVAgm orfe (/1) + 2m%e™ Cev€ erfe (&V).
(5.8)

6 Proof of uniqueness of problem (1.1)

We give a more precise formulation of the problem in (1.1). To prove unique-
ness of the problem in (1.1) we need extra conditions on the problem. A
more precise formulation of problem (1.1) is then

U € C(Q) ND(Q) U bounded in bounded subsets of €,
AU +U, =0 in Q,
U(z,y,0) = X(—1,1()($)>§(—1,1)(?/)a for —oo <x,y < oo,
w(re+z
U(x,y,z) =0 em as ry — oo in Q with k = 1,2, 3,

(6.1)
where w = 1/(2¢), 11 = Va? + 22, ro = Vy? + 22 and r3 = /22 + 32

Observe that the Dirichlet datum at z = 0 is discontinuous at the bound-
ary 02, of a square €7, located in the plane z = 0:

Qr = {(x,y,0) € IR3;—1 <zy<1}

13
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Figure 2: Graphs of the first order approximations to the solution of problem (1.1)
for different values of z. The graphs are obtained by using (4.27) for V1(&,n, z) and
the relations for negative §& and n of §5. V1(&,n, z) is the first order approximation of
V (&, 1, z) of (2.3), the function that represents any of the four components in (2.1). We
observe that the solution takes a value close to 1 on the square (z,y) € [—1,1] x[-1,1]
and 0 everywhere else. On the sides of this square the solutions takes the value % and
experiences a fast transition from 0 to 1. We also observe that the larger z is, the

smoother the solution is.

The set Q in (6.1) is precisely the closed set Q with that contour removed:

Q=0\09r.
We have the following uniqueness result:

Theorem 1 Problem (6.1) has at most one solution.

Proof. Suppose that U; and Uz are two solutions of (6.1). Then, the

14



function G(z,y, z) = (Ui(x,y, z) — Uz(z,y, 2)) e“* verifies:

G e C(Q) ND3(Q) G bounded on bounded subsets of 2,
AG - w?G =0 in Q
G(z,y,0) =0 for —oo <,y < oo, (6.2)

A/ WTE

Consider the following auxiliary function defined on :

eWTk
G(z,y,z)=o0 asrp — oo in Q with k = 1,2, 3.

G(LE,y,Z) : + +
— 777 if 0#r
Va(x,yaz) = Ha(x,y,Z) ! 7& 7& 2
0 if rszor@E:O,
with
Hey(x,y, ) Ko(wry) + Ko(wry) + Ko(wry ) + Ko(wry)

+ Ip(wry) + Io(wre) + Ip(wrs) + a,

rE= (e x1)2422, r5=,/(yx1)2+22 a>0,

and Ky and Iy being modified Bessel functions of order zero. The function
Hy(x,y,2) is positive in €, of the order O(e“"™*/,/wry) as wry — oo for
k =1,2,3 and O(log(wr)) as wrif — 0 for k = 1,2 ([1, Eqs. 9.7.1 and
9.6.13]). Moreover, H,(z,y,z) € D?(f) and satisfies the equation: AH, —
w?H, +aw? = 0 in Q [1, Eq. 9.6.1]). Therefore, using also that G is
bounded near 027, we have that the auxiliary function V, is continuous in
Q and verifies:

2

2 aw .
AV, + EVHG YV, = EV“ in Q,

Va(z,y,0) =0 for —oco < z,y < oo,
lim,, o0 Va(z,y,2) =0 V(z,y,2) €Q, k=1,2,3.

Consider the open finite box of size R: Qr = (—R, R) x (—R, R) x (0, R). At
points (z,y, z) € Qr where YV, =0andV, # 0, we have that V, - AV, > 0.
Therefore, V, has not positive relative maximums neither negative relative
minimums in Qg. Then Supq,|Va| < Supaay|Val.

Using that V,(z,y,0) =0V (z,y) € R? and that lim,, oo Va(z,9,2) =0
for k = 1,2,3 we have that, V § > 0, there is a R > 0 such that |V, (x,y, 2)| <
OV (z,y,2) € 00g. Therefore, |V, (z,y,2)] <0V >0 and every (z,y,z) €
Qg. Taking the limit § — 0 (R — oo) we have that V, = 0 in Q. Therefore,
G:OandUleginQ. ]
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7 Further properties of F (A, u,v)

We give a few further properties of the function (see (3.11) — (3.13))

s re=* dr
Fowue) = [t

00 ,—As?
_ oz [T ds (7.1)
U 52 + <2

—As?
T A2 A2 Ue ds
= —eMerfe(CVA) —e / —
M erfe(¢V) e
where (? = v? — u?.
The function F' reduces to a complementary error function when u = v.
We have

—As?

o0
F\ u,u) = e/\“2/ c ds = LV AT ( L )\UZ) , (7.2)

Y 9
” 82 2 2

where we use the incomplete gamma function defined by
o
I(a,z) = / t* et at. (7.3)
z
By using integration by parts, we can write

1
F\u,u)=——V7mA ™’ erfe (U\/X) . (7.4)

u

A series in powers of A follows by expanding the exponential function in
the third integral in (7.1). This gives

00 n
F(\ u,v) = %eA”Qerfc(C\/X) — M nz:% ( n);) P, (u,v), (7.5)
where
u 5271

@n(u,v) :A mds, n:0,1,2,... . (76)

We have
Dy (u,v) = 1ar(:tan g (7.7)

o\, C C? .
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and the remaining ®,, can be computed through the recursion relation
u2n+l

D11 (u,v) = — %0, (u,v), n=0,1,2,... . (7.8)

2n+1

To obtain a series with positive terms we expand

T 2 A\
F(\u,v) = iem erfe(CVA) — Z{)Hq;n(u, v), (7.9)
n=
where (2 2)
U (y® — s7)"
v = —d =0,1,2,... . 7.10
sy = [ ds n=012, (7.10)
We have Uy(u,v) = ®g(u,v), and for the other ones we have
'(2)n!
] v) = 020, (u,v) — w2 =0,1,2,... . 7.11
R e T (7.11)
The V,, are in fact hypergeometric functions. We have (see [9, p. 110])
w2t T(3)n! I u?
U, (u,v) = 2 LF ==, 7.12
n(u U) CQ F(n—i— %)2 1 n+% CQ ( )

or

U, (u,v) =

w2t T(2)n! 1, n+1 u?
(2) )2 1 ; (713)

v2 T(n+3 n+3 g2
An asymptotic expansion for large values of A follows from the first

integral in (7.1) by expanding

2

oo
uv'r 2n+1
= E CpT . 7.14
V2 +u?(r +02) = " (7:14)

We have
2u? + v? _ 8ut + 4u?v? + 3v?
w22 1 2T Sudyt

More coefficients can be computed by using the recursion relation

co=1 c=- (7.15)

w?v?(n+1)cpa = —[(n+1)u2+(n+%)v2]cn—(n+%)cn_1, n>1. (7.16)

By substituting the expansion in (7.14) into (7.1) the following asymptotic
expansion
1 & nl
F()\,U,U) ~ mrgcn)\—n, )\—>OO, (717)
is obtained, which holds uniformly for v > ug, v > v, where ug and vy are
fixed positive numbers.
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