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Abstract

A random walk problem with particles on discrete double infinite linear
grids is discussed. The model is based on the work of Montroll and
others. A probability connected with the problem is given in the form
of integrals containing modified Bessel functions of the first kind. By
using several transformations simpler integrals are obtained from which
for two and three particles asymptotic approximations are derived for
large values of the parameters. Expressions of the probability for n
particles are also derived.
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the strong, neither yet bread to the wise, nor yet riches to men of understanding,
nor yet favour to men of skill; but time and chance happeneth to them all.

George Orwell, Politics and the English Language, Selected Essays, Penguin

Books, 1957. (The citation is from Ecclesiastes 9:11.)
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1 Introduction

The subject of random motion is one on which an enormous amount of math-
ematical studies have been made. We mention in this respect the classical
work of Rayleigh, Smoluchowski, Chandrasekhar, and countless others [1].
In this paper, we are interested in the specialization of this general notion
to random walk on a periodic lattice, where a particle makes random jumps
between neighbouring sites of this lattice. In this respect we refer in par-
ticular to the pioneering work by Montroll and his collaborators which has
provided the inspiration for the present work.

We shall very briefly indicate the method of Montroll’s approach, where
throughout this paper we shall limit ourselves to random walks on one (or
more) linear (1D) lattice chains. We shall also suppose that the jump prob-
abilities of a random walker to the left and to the right are equal, and hence
equal to p = % Initially, the time is considered to be discrete, which means
that we consider the situation of the particle after a discrete number of
jumps n, which is equivalent to allowing the particle to jump once in every
unit of time. Montroll et al. [2], [3] now introduce two quantities which are
of very great importance. These are

1. P,(0), the probability that the random walker will be at site ¢ after
the nth jump.

2. f.(€), the probability that the random walker will be at site ¢ after
the nth jump for the first time.

Of course, it is assumed that before the first jump (n = 0) the particle is at
the origin (¢ =0).
The function P, (¢) satisfies the following equation

Po(0) =3P 1((= 1)+ $Pu1(L+1). (1.1)

(If at epoch n — 1, the particle is at either £ — 1 or £+ 1, it will have a
probability p = % to be at £ at epoch n. If it is anywhere else at epoch n—1,
its chance of being at ¢ one jump later, is zero.) This equation also shows
that the random walk, as described above, is a Markoff process, in that the
state () of the random walker at a given epoch n depends only on that at
one moment earlier.

Montroll then introduces a generating function U((, z) = 3 02 P, (€)2™.
This function U (¢, z) is then calculated explicitly, from which P, and various
moments over ¢ can be calculated. For details we refer to [2] and [3]. We



also refer to these papers for the treatment of the first passage times f,(¢)
and the corresponding generating function F({,z) = 302 f.(€)z". The
quantity f, () is the probability of reaching the site ¢ for the first time at
the nth jump.

For the sake of completeness we give the explicit expressions for U(/, z)

and F((, z):

£ - — ,
U(&z) = (g) 211 (HTl,HTQ;f—I— 1;22) = \/11_2 (1 \/ﬁ) 7
-z z

C et t,2) -3
F(&z)IG) 2Fy (— =it 1;22)‘5z,oV1—22:7U( 2) = Gep.

2 27 2 U(0, z)
(1.2)
from which explicit forms of P, (¢) and f,,({) follow.
Montroll et al. [3] also present a method of treating the time as a contin-
uous variable. Then we introduce as fundamental quantities the following
probability densities:

P((,t)dt: the probability density for the random walker to be at ¢
during interval (¢, + dt).

F((,t)dt : the probability density for the random walker to arrive at £
during interval (¢, + dt) for the first time.

(1.3)
Jumps are now taken to occur at random times 1, t5, t3,.... This implies the
introduction of the random variables T1 = t1,Ty =ty —t1,... T, = t, —t,_1,
which have the common density (¢). For 1(t) we take the exponential
density ¢ () = ae™", where « is the average number of jumps made by the
random walker per unit of time. From this point on we shall concentrate on
the first-passage probability density function, that being the one which we
shall need most in in the following applications.

We also introduce the probability densities

Yolt) = 5(0), an(t):/otlb(t—r)lbn_l(r)dr, n=1,2,3,.... (14)

The function ¥, (¢) can be interpreted as the probability density that the
nth jump of the random walker takes place in the time interval (¢,¢+ dt).
We have

tn—l

_— =1,2,3,.... 1.5
- "Tho (1.5)
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It can now easily been understood that [3]

=3 00, (16)

If we use the 1, (t) given above and the f,(¢) that follow from the second
line of (1.2), we obtain

(0/2), (£)241/2),  (at)F?"

F(t,t) =271 : 1.7
(68 = Z_: n! ((+1), (0+2n —1)! (17)

where (a),, denotes Pochhammer’s symbol defined by
(a)o=1, (a)p=ala+1)---(a+n—-1), n=1,2,3,.... (1.8)

Comparing the expansion in (1.7) with that of the modified Bessel function
of the first kind, see [4, Chapter 9],

_ o0 (2/2)1/+2n

I, —_— 1.
() = %n'F(V—I—n—I—l) (1.9)
and using the duplication formula of the gamma function
222—1
['(22) = 7 I(z)T(z+ 1), (1.10)
an explicit form for F((,t) is obtained:
™ —oztg
Ft,t)=¢e¢ Zlg(oet). (1.11)
From [4, Eq. 11.4.13] it follows that for ¢ # 0
oo %] ot dt
/ 7l 1) dt:f/ e e T = 1. (1.12)
0 0

It is of interest to consider the problem of several simultaneous random
walkers on a lattice chain, and the behaviour in time of their mutual con-
figuration. It is as an introduction to this work that we shall consider two,
three, ..., independent random walkers on separate lattice chains. We begin
with two random walkers and consider the situation as shown in Figure 1.

Remark 1. The integers €4 and fp may separately assume negative
values. However, to avoid the use of absolute value signs, we consider only
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Figure 1: The random walks for A and B.

positive values of £4 and £p. But all results hold for negative values when
we replace these quantities by their absolute values.

We are interested in finding the probability that particle A arrives at €4
before particle B arrives at fg. The solution to this problem is an inter-
mediate result for the treatment of a 1D —grid random walk problem of an
agglomeration of many particles.

We know that the probability density for A to arrive for the first time
at {4 in the interval (¢,¢+ dt) is

Fly,t)dt = %e_atIgA(oet) dt. (1.13)
It is now obvious that the desired probability can be written as
P(QA SQB) :/0 thF(fA,tA) /t dtBF(fB,tB), (1.14)
A

where ¢y, is the time that particle A reaches the site {4 for the first time,

and similar for ¢;,. The independence of the walkers is expressed by the

fact that it is the product of two I'—functions which is being integrated.
Using (1.12) we have

o] o 1 .
P(QA Sth):l—/ thF(fA,tA) /A dtBF(fB,tB) (1.15)
0 0

and interchanging the order of integration in this integral, we derive the

symmetry properties (which are evident from the random walk problem)

P(QA Sth):l—P(th SQA), hence P(QA:QB):%, if 64 =/0p.
(1.16)



If 4 = ¢ we can also use integration by parts

/ thF(f,tA) / dtBF(f,tB) =
0 ta

_/OOO [/t:OF(E,T)dT] d[/t:of(ﬁ,r)dr] =1 [/OOOF(K,T)dTr: Y

(1.17)
In this paper we derive asymptotic expansions of P(t;, < t;,) given by

o0

dr o dt
P=l4lp / DA =tag, (t4) / UB ~t5], (tp). (1.18)
0o ta ta lB

In (1.18) the scale factor o has been absorbed in t4 and tg, because of
dt _ dot
t T at”
We will give one expansion that holds for large values of £4 and one
for the case that both parameters €4 and {p are large. We also give an

expansion that holds just when the sum €4 + {p is large.

2 Transforming the integral

We study the integral (1.18). We use well-known properties of the modi-
fied Bessel function to transform the double integral in (1.18) into a single
integral.

The inner integral in (1.18) can be modified by evaluating

o0 d
Sy(t) ::g/ (s 2. (2.1)
¢ S
where £ =1,2,.... We use the integral representation (see [4, Eq. 9.6.19])
1 ™
I.(s) = —/ e* 3% cos n df. (2.2)
T Jo
for integer values of n. Integrating by parts we obtain
l 17 g . .
—Ii(s) = —/ e® Y sin 0 sin 6 d6. (2.3)
s 7 Jo

It follows that

jee) d 1 ™ jee)
E/ e P21y (s) S —/ dfsin ¢ sinw/ ds e=#(p=cost)
+ S T Jo t
(2.4)

et cosf d07
T

e /7r sin @ sin 0
N o p—cosh



which holds for p > 1. It follows that S¢(¢) of (2.1) can be written as

_/ sin @ sin (0

1 —cosf

—t -
(1o g — 6—/ cot 10 sin (0 ' df. (2.5)
™ Jo

Using this relation and interchanging the order of integration in (1.18), we
obtain

w0 dt
P=ta | e 0550

ly [T o dt
= ?A/ cot 26 sin (56 [/ e~ dttcost (t)7 de.
0 0

Invoking again (2.3) we obtain

1 /7 sin 69 sin {6y sin 6 sin £460,
P=— [ df de . 2.
772/0 > 1—cosfy / " (1= cosfy) + (1 — cosby) (27)

The 6, —integral can be evaluated; see [5, Eq. 3.613(3)]. Another way is to
use in (2.6) the Laplace integral

-
E/ TP (t) (p—l—\/pz—l) , >0, p>1, (2.8)

which follows from [4, 29.3.53] by taking @ = 1,b = —1. This gives
1 fw o 3 —la
P:;/O cot 58 sin (g {p+1/p? — 1 dd, p=2-cosf. (2.9)

3 Asymptotic expansions

We give three asymptotic expansions:
e one for large €4, with {p fixed, or small,
e one for large £4 and {p, with {4 ~ (g,

e one uniform expansion in which one or both parameters may be large.



3.1 The case £4 > {p

We start from (2.9) in the form

where

F(6) = cot 10 sin (50, $(6) =1In <p+ [~ 1) C p=2-cosh (32)

First we observe that

sin cos 16
¢'(0) = = 2. (3.3)
\/1’2_1 \/1—|—sin2%0
Hence, ¢(8) is an increasing function on [0, 7] with
H0)=0, FO)=1, &(x)=0. (3.4)
It follows that ,
0
P~ l/ f(g)e—ém(@) de, (3.5)
T Jo

where 6y is a fixed number in (0, 7), and the error in this approximation is
exponentially small when £4 is large.
Carrying out an integration by parts in the form

=L [P E) s
P MA/O Ja (3.6)
leads to
~ __1 f) —L49(0) = L 7 —L49(0)
7l (b’(@)e . + TEA/O fi(0)e de, (3.7)
where 4 (6)
f1(8) = W0 50) (3.8)

We can repeat this procedure, and compute the integrated terms. The terms
at 8y can be neglected because they give exponentially small contributions
compared with the contributions from 6 = 0. Note that we cannot take
6o = 7, because ¢'(7) = 0.
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Figure 2: Graphs of P(t,, < t;,) based on the asymptotic approximation (3.9)
(shown in red), compared with graphs based on the expansion (3.34) (shown in
blue). The red and blue graphs deviate from each other because of the failure of
the red approximations for large values of /p.

In this way we obtain the asymptotic expansion

1
PNE ao-l-Z—i-l—Z—Qj—l—... ; (3.9)
where, for £k =0,1,2,...
_ J(0) _d fil0) -
W= ) Jenr(9) = -5 50)’ fo(8) = £(6). (3.10)

The coefficients a; with odd indices are zero. This follows from observing
that f(#) and ¢'(#) are even functions; see (3.2) and (3.3). Hence, f;(6) of
(3.8) is odd. By using the recursion in (3.10) it follows that fx(6) is even,
and that fyr41(0) is odd. The first non-zero coefficients are

ag =20, ay=3lp(l-(}), ay=5(p(23 80l +12(5). (3.11)

In Figure 2 we compare the approximations based on (3.9) with values
obtained by using the expansion in (3.34), which holds when (4 + (p is
large. We see that for smaller values of £g the graphs of the asymptotic
approximation (3.9) are in agreement with the graphs obtained from the
expansion that holds when at least one of the parameters £4 or (g is large.
The failure of the red approximations is due to the failure of the asymptotic
approximation (3.9) that has been chosen for this case.



3.2 The case £4 ~ £p, both large

We replace in (2.9) {4 by ¢ and {p by { + 5. We know that P = % it § =0.
We expand (2.9) for large values of ¢, keeping ¢ fixed. We have

P=1+P +P, (3.12)
where
L _ -t
P = ;/0 cot 50 (cos 30 — 1) sin (0 (p—l— \/p? — 1) do
~L [T it6 -
:\s—/ cot 50 (cosd0 — 1) e p+a/p?—1 dé,
T Jo
(3.13)
1™ -
PQ:—/ cot 50 sin 80 cos 6 (p+/p? — 1 de
T Jo
Lfm 1. it6 / -
:?R;/O cot 560 sin d0 e (p—l— p2—1) de.
Let

g(0) = cot 16 (cos 6 — 1),  ¢(f) = —if +In (p—l— p? — 1) . (3.14)

Then we integrate by parts in the integral for P:

1 /7 B 1 /7 g(0) , _
- Ple= O g = —— [ L ge=t0(0) 3.15
77/0 g( )6 ﬂ'ﬁ 0 ¢/(0> € Y ( )
and we obtain an expansion as in (3.9),
1 by by ]
Po~— g+ —+—5+... 1
1 7Tﬁ[wfrgﬁ : (3.16)
where, for k=0,1,2,...
9x(0) d gx(9)
b =S f) = — 0) = g(0). 3.17

It turns out that the coefficients with even indices are zero. To verify this
we can use a similar argument as for the ax in (3.10). The first non-zero
coeflicients are

by = —28%, b3 =107 b5 = 5587 (46 — 206 - 77). (3.18)

57 96

10



In a similar way, let h(#) = cot 46 sin 6. Then

1 (4] C9
where, for k=10,1,2,...,
R (0) _ d hi(8)

c, =R

— = ho(8) = h(8). 2
It turns out that the coeflicients with even indices are zero. The first non-
zero coeflicients are

co=0, c3=20(6%—1), cqg=—7567(126"+206% - 77). (3.21)

3.3 The case £4 + £p large
Because of (see (3.4))

e~tadll) o e=tal g, (3.22)

we have for large values of {4

P~ 2 /OO sin (50 e~talqp = 2 arctan K—B, (3.23)
7 Jo 0 T L4
where we used [4, Eq. 29.3.110].

Observe that this estimate perfectly reflects the properties of PP men-
tioned in (1.16); also, it is less than unity, as the probability P itself is.
Moreover, in this estimate large values of £ do not disturb the approxima-
tion.

The result (3.23) is obtained by combining the dominant behaviour of
e~£a9(%) near the origin with the complete form sin (58, without expanding
this function.

We modify the integration by parts procedure of §3.1, by including the
(possible large) parameter {p in the ”phase function” ¢(#). We can do
this by writing sin (g8 = Je'’8%. A complication is the pole of the func-
tion cot 16, which singularity is removable in combination with the function
sin (4.

To perform the integration by parts procedure we proceed in the follow-
ing way. In (2.9) we can consider (g as a continuous parameter, and we can

11



differentiate with respect to fg. We also observe that P vanishes with {g.
We have

gl% = %?}? [/0  cot %0 e'tnl (P—I— \/]T—l) dQ] . (3.24)

We write this in the form

oP 2

s ;?RQ7 (3.25)
where i
o) :/ F(0)e” D qp, (3.26)
0
with
f(e) = %0 cot %0, (@) =ilgd — Laln(p++/p? — 1). (3.27)

We integrate by parts, starting with

(") e ) e o=r o
9=k ve e - +/0 L@V dg,  (3.28)
where '
f(8) = U0 (3.29)

We repeat this procedure, and compute the integrated terms. Again, the
terms at @ = 7 can be neglected.

We obtain
Q~do+di+do+ ..., (3.30)
where
_ /(0 _d fia(9) _
dk—_¢,(0)7 Jr( )__de R E=0,1,2,..., (3.31)

and fo(0) = f(0). Again, all coefficients with odd index vanish. This follows

from
sin 6 cos %0

—ily -l
Vet -1 «/1—|—sin2%0

which is an even function and f() is also even. Hence, fi(f) in (3.29) is
odd; and so on.

V'(0) = ilg — 4 (3.32)



We have

1 204+ ilp 2304 4+ 129ilalp + 203

B dy = ——— — ds =
la—itg’ ! 60(C4 — ilp)?

d -
0 6((4 —ilp)t

(3.33)
Considering (3.25), taking the real parts of the coefficients and integrat-
ing the real parts over the interval [0, (5], we find

2
]Df\J;(60—|—€2—|—€4—|—€6...)7 (334)
where
Lp
Con = / doyo(C5) dlls. (3.35)
0
The first few are

lp
ep = arctan —,
La

a6 — B)
TR G

. _lats (63 — 03)(2304 — 3540203 + 230%)
T 60(€% + £3,)5 ’

_ Calp (6 — (5) (24965 — 107965 (5 + 40630056} — 10796¢365 + 249(3)
126(6% + 0%)°

€6

(3.36)
We see that the shown coefficients e,, €4, g vanish when ¢4 = {g, and that
in fact eg (04, () = %ﬂ&kp — ear(lp,l4), k=0,1,2,.... These properties
are in agreement with the relations for P in (1.16). Because there is no
symmetry in (2.9) with respect to £4 and (g, they do not follow from the
construction of the coefficients dy and eqp.
When we scale the parameters by putting g = Al4, we see that the
shown coeflicients obey the relation

dop = O (7)), (3.37)

uniformly with respect to A > 0. When we write (3.30) with a remainder,
that is,

Q=dotds+ ...+ dops +/ Far(8)e*© b, (3.38)
0

a straightforward analysis shows that similarly
far(8) = 0 ((3%) (3.39)

13



uniformly with respect to A > 0 and € [0, 7]. This shows the nature of
the uniform asymptotic expansion of Q, and, after integrating, the nature
of the expansion for the probability P.

By expanding the coefficients e in (3.36) for large {4 with {4 > (g, we
obtain the coeflicients of the non-uniform expansion of §3.1.

4 Three particles and more
For three random walkers A, B, C' the probability integral reads

Pty, <toy, <ty.) =

o o o (4.1)
/ thF(fA,tA) / dtBF(fB,tB) / dtcf(fc,tc),
0 ta tp

with the density as in (1.13). That is,

P(ty, <ty, <ty,) =

o dty _ © dtg _ © dte _
KAKBKO/ —e tAIgA(tA) / —e€ tBIgB(tB) / —e€ tc]gc(tc).
o ta tx B tg Lo
(4.2)
It gives the probability that particle A reaches site £4, before particle B
reaches {p, while B reaches site (g, before particle C' reaches (¢
First we observe that the probability for three particles arriving at the

same site £, that is, {4 = (g = lc = [ equals % This easily follows from
(cf. (1.17))

/t:o dtg F((,tp) /t:) dtc F(l,tc) = % [/OO F(l,T) drr. (4.3)

ta

Substituting this in (4.2), performing another integration by parts, and using

(1.12), gives the value 3;. Using the same method we infer that for n particles

the probability for all » particles arriving at the same site £ equals %
Repeating the steps used for obtaining (2.7), and replacing all Bessel

functions by using (2.3), we easily find for (4.3)

1 (7 sin @ sin {0
Plty, <ty <t = — df ——
(Fey < tep < tec) 71'3/0 1—cosé
(4.4)
/7r sin o sin fgo /7r sinT sin €47
o .
0 2 —cosf —coso Jo 3 —cosf —coso —cosT

14



Evaluating the 7—integral gives
1 (™ (7 sinf sinlf sino sinfgo ( )
P=— Ve -1
772/0 /0 1—cosf 2—cosl —cosco 1tV

where ¢ = 3 — cosf — cos o.

From the above analysis it is clear how a similar integral representation
can be obtained for n random walkers Ay, As,..., A,. The probability can
be written in the form of the n—fold integral

—l4
df do,

(4.5)

n

1 s s
Plts, <t g...gt%):ﬂ—n/o d01---/0 a8, T1
J

sin 0; sin KAJ 0;
~ 3
e P

J

(4.6)

where
n

ﬁj:Z(l—COSHk):2Zsin2 %Hk, i=1,2,...,n. (4.7)
k=j k=j

Integrating the 8, integral gives

pid pid —{ 3 e .
P=— [Tt [ an, (p+ p2—1) R ALY
0 0

7Tn—l D;

= (4.8)

where .
p:l—l—ﬁg:n—ZCos@. (4.9)
7=2
4.1 Asymptotic approximations for three particles

For large values of (4 the main contributions to the integral in (4.5) come
from the origin o = 0, # = 0. To see this we observe that

g+ ¢ —1=
3—COS€—COSU—|—\/(2—6080—COSU)(4—COS€—COSU) = (4.10)
1+m+0(02700702),
and that

_[A

15



as 8,0 — 0. We also have

#sin 6 osino 202
1—cosé " 92 _cosf —cosog 624 g2

(4.12)

as 0,0 — 0.
This motivates us to consider as a first approximation

P [Ty (oSt sinlso) 0" vy
] o 02 + o2 ’ )
where we have used (4.5)7 (4.11) and (4.12).
Next we use polar coordinates for # and o by writing

f=rcos¢, o=rsing, 0<r<m, 0§¢§%7r. (4.14)

We extend the finite square in the (6, 0)—plane to the quarter plane and
obtain

1

Py [T [T rapereon ) BTSN G tar - (415)

2 T COsS @ rsin ¢

The r integral can be found in [5, Eq. (3.947)], that is,

0 2 2
/0 e~ sin(br) sin(cr) d: = iln %, (4.16)

and can be proved by differentiation with respect to a. We obtain

Lr 2 : 2
P i/2 tan 6 ln Ez —|—(chosqﬁ—l—EBS?nqb)2
0 04+ (lo cos ¢ — g sin @)

do, (4.17)

2
which can be written as

1+ ucos2¢ + vsin 2¢

N

1 s
P~ = t 1 d 4.18
772/0 an(bnl—l—ucoqub—vsianﬁ 2 ( )
where . )
0z — 1 200
= st = (4.19)
205 + 05 + (¢ 205 + 05 + (¢
When v is small we can expand
1+ ucos2¢ + vsin 2¢ | 1+ 1121202:;¢
n = I — =7
1+ ucos2¢ — vsin 2¢ 1—%
(4.20)

Qi 1 v2tlgin2ntl 24
= 2n+1 (1 + ucos2¢p)2ntl’
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which gives

1 .
2 X pntl @ sin?"t1 2¢

2
P~ — do. 4.21
22ty T wcoszgra @ 42U

This expansion is useful when £4 is large compared with {g and £¢.

The integral in (4.21) can be written in terms of a Gauss hypergeometric
function, and the sum can be written as an Appell function. This does not
give further insight, however. We prefer to give a few further estimates.

For examining the convergence of the series in (4.21), observe that

tan & sin?"t1 24 < 2 (4.22)
o (1 + wcos2¢p)?ntl = (1 — u)2ntl’ '
with
20% + 207
l—u=——4_"B_ (4.23)

S22+ 0+ 02

which is bounded away from 0, unless ¢ is much larger than £4 and {pg.
It follows that expansion (4.21) can be viewed as an asymptotic expan-
sion for small values of v for the right-hand side in (4.18).
Of further interest is that when u = 0, that is, f5 = £ we can evaluate
the right-hand side of (4.21) in terms of elementary functions. In fact we
obtain by using

P(n+ H)T(n+3)
r@2n+2)

l'fr
/2 sin?"*? ¢ cos?” ddo = (4.24)
0

a Gauss hypergeometric function, that can be written as an elementary
function:

1 11.3.,2) _ 1 . _
PNEUQFl (57575711 = —aresin, v_@l_l_@g. (4.25)

When /4 = {5 = £ this becomes

1 1 1
P~ = in= — — 4.26
—aresin o = o, (4.26)

which is the exact value.
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5 Discussion and concluding remarks

We have discussed in this paper a method of considering different simulta-
neous independent 1D —random walks. This work has been motivated by an
attempt to describe the agglomeration of a number of random walkers on a
linear chain which will be fixed when they come to occupy nearest neighbour
positions on the chain. In treating this problem it turns out to be possible to
effect a transformation of coordinates which makes the evolution equation
become separable, such that we obtain a product of ”one-particle” equations
which can then be mathematically treated as independent random walkers
as described in this paper. However, it turns out that this separation is
possible only when the jump probabilities in both directions are equal. This
is the reason why we have limited ourselves to equal jump probabilities in
this work.

For two particles we have given a complete asymptotic description for
the case when (4 and/or (g are large. For three particles we have also
given asymptotic results, but a full description becomes a very complicated
matter.

Very recently a paper [6] has appeared which treats a related problem
(with discrete time steps) by a different method, involving stochastic matri-
ces.
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