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In Soni and SLeeman (1987) a family of polynomials is introduced which are related with the coefficients in a
uniform asymptotic expansion of a class of integrals. In this expansion parabolic cylinder functions (Weber
functions) occur as basic approximants and the resulting series is of Bleistein type. In the present paper a
family of rational functions is introduced, and the two families form a biorthogonal system on a contour in
the complex plane. The system can be viewed as a generalization of the families {27} and {z ™"}, which
occur in Taylor expansions and the Cauchy integrals of analytic functions. Explicit representations of the
rational functions are given together with rigorous estimates. These results are used to establish conver-
gence of expansions of certain functions in terms of the polynomials and the rational functions. The main
motivation to study this system stems from the above mentioned problem on the asymptotic expansion of a
class of integrals. It is shown how to use the system in order to construct bounds for the remainders in the
asymptotic expansion. An instructive example is worked out in detail.
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1. INTRODUCTION
Let {P,(1)} denote the system of polynomials defined as follows:

Po(t) = 1, (1.1)

Pty = t/(y+ 1), y>-—1, (1.2)
and for n=2,

(7P, (1Y = 17t =b)P, _»(1), (1.3)

where b is an arbitrary complex number. In (1.3) we may assume that —7< argt<<7. However, the
polynomials are defined in the whole complex t-plane. For n=1 and —#<< argt<m,

— t

Py i(1) = Wg{tz—uz—%(t—u)}"'lu"du, (1.4)

and
= ___t__._._.__l 2 __ 2 _ n=1,Y(, — ] 15
Pan(t) 2""11"(n)6[{t u?=2b(t —u)}" " 'u¥(u —b)du (1.5)
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This system of polynomials for real  was developed by SONI and SLEEMAN [3] in connection with the
uniform asymptotic expansion of integrals of the type

I(TI) — ftye—‘n(lllz*bl)g(t)dt, (16)

when 0<a< o, |n|—>o0, | argn|<7/2 and the stationary point t =b>0 approaches the critical point
¢ =0. In particular, if g(z) is analytic in some neighborhood of the origin and has the expansion

80 = S e (a7

then the expansion coefficients ¢, =c,(b,y) are continuous functions of b near b=0 and for
0<2b<a, | argn|<n/2, [n|—>o0, y>0,

I(Y)~(Eczkn Fhyw,oi) + (kEOCsz HWL ), (1.83)

where
b3 2
Wym) = [rre ™2 gy (1.9)
0
The coefficients ¢ are given in terms of the operator [3]
(t~b)’ —6D Qg1 = qr (1.10)

and for n =0, >0,

=1

con = 1TYVE(f ()= 2 aPi(®)})]i=0s (1.11)
2n

Cant = T E@E (O 3 aPuO)= (112)
k=0

see [3]. Except perhaps for ¢ and ¢, the computation of the coefficients ¢, by this process is, in gen-
eral, quite complicated. To make matters worse, in many applications the integral (1.6) is arrived at
by a change of variable which is defined only implicitly ([1], [2,p.347]). In this paper we give an alter-
native approach based on the complex function theory. If we assume that g(¢) is analytic in some
neighborhood of the origin and

= 2 9 (2)Pn(2), (1.13)

n=

z—t
then formally, for some appropriate contour C,

g(t) = == fﬂldz—zf’(t)( 37 [n8 ) (1.14)

2mi
Now a comparison with (1.7) indicates that
1
5.7 #2822 =, (1.15)
c
and

5 f 0n(2)Pm(2)dz = By (1.16)

We prove that the relations (1.13) - (1.16) do indeed hold and that the system ({P,(z)},{pm(2)}) is a
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biorthogonal system which for =0 reduces to the system ({z"},{z"""'}). In § 2 we define the
operators 1,,0. and the functions ¢,(z), n =0.1,.... In § 3, we state the main results, including the one
mentioned above. These are proved in § § 5 and 6. Some preliminary results are given in § 4. An
application of the expansion technique developed here to the uniform asymptotic expansions is dis-
cussed in the last section.

2. NOTATION AND DEFINITIONS.

Polynomials P,(t).
P,(1) denotes a polynomial of degree n and the sequence {P,(r)} satisfies (1.1) - (1.5). Furthermore,

P,0)=0, n=12,---. Q.1

For other properties of these polynomials, we will refer to [3].

The integral operator I,.

L) = 0j<u —b)f (u)du. 22)
where ¢ may be a complex number. Also,

) =1, , (2.3)

Ly = I,y ', n=23,.. (2.4)
By (1.3) and (2.1), for —o<< argr<m, we can write

P, (1) = L(tYP, (1)) ., n = 2,3,... (2.5)

Py (1) = )T H@PI@) , on =23, (26)
and

YP,(1) = (L)'t Po(2)), n = 1,2,.... 2.7

The differential operator ©,.
d, 1

0.f(z) = 5 z—bf(z))' (2.8)
Also,

©) =0, , 0,y =0,0,y ' n=23.. (2.9)
Definition of {$,(2)}.
The sequence {¢,(z)} is defined as follows:

Po(z) = é— (2.10)

7y = —2 1
$1(2) 2 —b) + C-bp (2.11)
__,d, $(2) _
On42(2) = —27 = (——————zy(z —b))’ n=0,1,.. (2.12)

In (2.12) we may assume that -7<< argz<m, 2540, z5%4b, although we see by induction that ¢,(z)
are meromorphic functions of z in the whole complex plane; their only singularities are poles at z =0
and z =b. If we use the differential operator ©,, we can write,




oi(z) = z*@Z(—‘—x @2.13)

é(z) = 276, (¢” 2(2) n=23... (2.14)

and forn=1,2, - - -,

2012 =210 ()., $()=27(B.V (y) (2.15)

The sequence {¢,(z)} is defined uniquely by (2.10) - (2.12). The motivation to study these functions is
provided by the following formal computations. Assume that 1/(z —1) can be expanded in terms of
the polynomnals P,(1).

P Eq&,,(z)P (2.16)
and that the expansion is valid in particular at 1 =0 and ¢ =b. Substitute t =0 and Py(z)=1 in
(2.16). By (2.1) we obtain ¢y(z)=1/z. Now multiply both sides by ¢* and differentiate term by term
with respect to r. By (1.2) and (1.3), the resulting equation can be written as

— < = Y !
(t b)ﬂ§2¢n(z)Pn~2(1) Z(Z"I) + (Z_t)z

For t =b, we obtain ¢,(z) as defined in (2.11). When we substitute for ¢;(z) and simplify, the above
equation reduces to

— ¢1(2). 2.17)

0
P 1 2.18
Zduna@Pt) = (S b)z e Sy SV (2.18)
= (Y L Sy,
(Z(Z T z b)2 2 bn(2)Pp(t —bn§0¢” (2)Pn(2).
By comparing the coefficient of P,(r),
= Y ’
which can be expressed as (2.12).
In Theorems 1-3 of the next section, we establish the validity of (2.16) when 1] +2|b|<|z]| .
Finally, 9" is the operator defined by
W =9=e-p 'L = e (2.20)

This operator is used by Soni and Sleeman for computing the expansion coefficients in the expansions
of type (1.7) as well as for the representation of the remainder in the asymptotic expansions of the
Bleistein type [1]. Note that

Vf(z) = (z=b)"(—0.Y(z —b)f (2)) 221)

Furthermore, if
o0
@) = S aPu),
k=0

then by (1.3) and (2.20) it follows that

2n—1

tTYDY{f (1) — kEOCAPA(t } = Ec;\ + Pr(2). (2.22)



3. STATEMENT OF RESULTS.
We will assume that y=0 unless specified otherwise.

THEOREM 1. If ¢,(z) are defined by (2.10) - (2.12), then for n=1,2, ...,
1 i [(y+n—k) T(n+k+1)

_(z)y = R 3.1
b2 l( ) F(Y)k:()k!(" _k)gzkzn—k(z_b)n-Fk ( )
and
_ 1 L Tytn—k+DHTn+k+1)
o (z) = . 32
) = T & K~ 2 Rz by R 2
Furthermore, if z5:£8h, 0<<é<<1, —7m< argz<m, y>0, then
1 -1 2\n
= Tytan+1) . byt w' (zu ) 33
P2 1) Nzt ©OF Uf Z=bHbuy T e
and
! 2\
= Ta+an+d) o, u'(l—u’) d 3.4
) = Fynrm © T Of(z—b Fhuy T GH

where the integration is along the straight line segment from O to 1. In (3.3) and (3.4), arg(z —b +bu)
is chosen so that arg(z —b +bu)— argz as b—0.

By (3.1) and (3.2), the only singularities of ¢,(z) are poles at z =0 and z =b. As b—0, these poles
coalesce and then ¢,(z) has a pole of order (n + 1) at z =0. In fact, when b=0, ¢,(z)=k,/z" *1 where
k, is a constant depending on y and n.

THEOREM 2. The series 2~ P,(1)$,(z) converges absolutely when 0<(|t|+|b|)/(|z|—|b|)<! and uni-
formly in the regions Q,,Q. which satisfy
Bl ) s<1) |z|> o) (3.5)
n a9 |zl —bl
THEOREM 3. Let |b|<f. Then for all z and 1,
lt] + 2B<lz],
oC
=0t = Y P(1)n2). (3.6)
n=0
For 8=0, (3.6) reduces to the standard decomposition (z —¢)"! =2¥_s"/z"*!, |t|<|z|. Theorem 3
can be proved by using a result of SoNI and SLEEMAN [3] for real z and then extending it by analytic

continuation. However, to make the paper self contained, we give a proof which is of interest in itself.

THEOREM 4. Ler C be a simple closed contour, positively oriented, with z =0 and z =b inside C. Then
({Pm}.{®n}) is biorthogonal on C and

1 _
5 L[ Ponl0)om(1)dr = 1. 3.7
The above theorem gives a straightforward extension of the biorthogonal system ({z"},{z " ).

The corresponding extensions of the Taylor and the Laurent series are given in the following
theorems.
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THEOREM 5. Let [ (1) be regular in |t|<r and let |b|<B<r. Then for |t|+28<r,

f0 = $ano 38)
where -

G = -2—;7 C/ £ (w)ew)dw (3.9)
and C is the positively oriented contour \w|=r. Furthermore, if

8,0) = 10 = R (3.10)
then

a0 g e e/ O (3.11)

Another bound for the remainder is given by

|Rom (1)] < ﬂ-’%—}%— N, m=0,1,.., (3.12)
where
N = max|fem(w), (3.13)

A is the triangle joining the points w=0,b,t respectively.

The next theorem is analogous to the Cauchy inequality.
THEOREM 6. The expansion coefficients ¢, =c,(b) in Theorem 5, are analytic functions of b in |b|<r and
Jor |b|<B<r satisfy the following inequalities:
2T[(y+ D24kl

le2 -1 IS TG+ Dy =g B @ (3.14)
and
lex|< ZkF(y/2+k +1)r V(Z)| as)
T2+ 1) — BT e .
Furthermore,
2T[(y+1)/2+k]
e 1S T +y/2imce) o U TV E0)) (3.16)
HT(y/2+k +1)
le2l < T2 DTk + 1y g /@) (3.17)

THEOREM 7. Ler f(1) be regular in the annulus r<|t|<R, R—r>4f, |b|<B. Then for
r+2B<|t|<R -2

0= Sk + S dano) (3.18)
k=0 k=0
where

o = 2= [ f o) w)d,




1 .
d = — w)P(w)dw
b = 57 LS 0P
and C is the circle |w|=r', oriented in the positive sense r <r'<<R,[B<r".

In the last theorem we provide two bounds for “¥'tY4,,(s) where @, is defined in (3.10) and <) in
(2.20). For real ¢ the second bound is given by SONI and SLEEMAN [3].

THEOREM 8. If f(1) is regular in |t|<r, then for |t|<r,|b|<B<r,
2T/ 2+n+1r
T(y/2+ Dd> = jier
where Ry,(1) is the remainder after 2n terms, D is defined by (2.20) and d = min{r —B,r —|t|};
PN Rl VY

[t 7YY Ry, (1) <

ax|f (1)| (3.19)

YO Y <
[T RS T AT T + 1) (3.20)
where N is defined by (3.13).
4. SOME PRELIMINARY RESULTS.
LEMMA 1. Let f (u) be locally integrable in [0,00) and of exponential order 6=0 as u—oo. If
ool
F@z) = fe—"“f(u)du, Rez >a, 4.1
0
then
(a) for Rez>max (Reb,0), n=0,1,..,
jee]
(O:Y'(F(2)) = (z —b) [~ 0"y, (u)du (4.2)
0
where
fon(u) = 5 Oje*bvuﬂ —v2) f (v)db, (4.3)
(b) for Rez>o0,z5b,
11 +k " n-—
©FF() = - }3 <k)——i’—’5)7;,% kpeh(z), (44)
PROOF.
ool
F(z) = [e ™ PHe™buf (u)du. (4.5)
0
Using integration by parts,
F(z) = (z ——b)fe"“’”’)“fo(u)du, (4.6)
0
where f(u) is defined by (4.3). The integrated term vanishes at both ends. Then
__4_ ng) _— 7 —(z—bu -
4 (z=b) = bfe ufo(u)du. (4.7)

Since,




fvfo(v)dv = jvae “hsf(s)ds = je""f(s)jy'vdv s = —;-}e"”(uz—sz)f(s)ds, (4.8)
0 00 0 5 0

after an integration by parts (4.7) can be written as
©.F(z) = (z—b) j e~ TP (u)du. 4.9)

Now (4.2) and (4.3) follow by induction. To prove (4.4), substitute for f3,(u) in (4.2) and interchange
the order of integration. Then

(©.)'F( er‘l f e-’"f(v)vf e ¢ =P —v2Y'dudy (4.10)

® 0
- (z ::’Zfi fe—:vf(v)fe‘(z ”‘b)ss”(s +2v)'dsdv.
n! 0 0

By using the binomial expansion for (s +2v)", we obtain,

©rrie) = G S (foroh(femmunhy onany (L @1

The right side can be written as in (4.4).

LEMMA 2. Let F(z)=z7Y,y=0. Then for z&{0,b}, —7< argz<m,

. _ 1 < n+K)Ty+n—k) 41
(0. Y F () I'(y) Eok!(n—k)!zkz"*“v(rb)"“ (4.12)
and
. _ _T@n+1+yI(/2)
(©.Y'F(2)|: =16 =0 7 T+ 147/ 200 (4.13)
PrOOF. In Lemma 1, let f (u)=u"'/T(y),y>0, so that F(z)=z"". Since
(— 1y @y = Tatn—k) (4.14)

Dperen =t

the relation (4.12) follows from (4.4). The restriction Rez>0 can be removed by analytic continua-
tion. Again by (2) and (3),

(0.)'F(2)|:=1p=0 = f j(uz—vz)"vy"dvdu (4.15)
0

n'2”F(y

- - m+ 2y
= ") | /e “u Yduf(l s°)sY"Nds

I'@2n+1+9I(y/2)
2" T (n +14+y/2)I(y)

This proves (4.13). For y=0, take the limit in (4.12) and (4.13) as y—0".

LEMMA 3. Let F(z) = {z’(z —1)} "1 y=0. For z¢{0,b,t},—7< argz<m,

n — 1 & (n+k)! n—k T +7v)
O *(z )} F(Y);Egk!?."&-b)"“" [§0]!Z/+Y(Z_.t)n—k—l+! (4.16)




Furthermore,
] _ T@a+2+y)(y/2+1/2)
O {———— .= =p=-0 = . 4.17
(®:) {zY(z —1) Jemrampo = 5 Iy + 1) (n +3/2+7y/2) 17
Proor. For y>0, apply Lemma 1. Let
— 1 r vy 1 (u—vy
= e dv. 4.18
Jw) = 5 0/ (4.18)
For each ¢,f (u) is of finite exponential order o=0(¢) and
1
F(z) = — ,Rez>o0. 4.19
(z) 1z —1) €z >0 (4.19)
Since
nh TR Dyt —k =)
—1 n -k F(z (n—k) — (v )(n )! , 4.20
( ) ( ( )) ,;0[ [ F(y)zy+[(z_t)"mk__/+| ( )

the relation (4.16) follows from (4.4). By analytic continuation the equality holds for all
z.zg (b}, —m< argz<<m. Again for z = 1,1 =b =0,

fu) = u/T(y+1)
Hence, (4.17) follows from Lemma 2 by replacing y by (y+1). As in Lemma 2, (4.16) and (4.17) hold
for y=0 also.

LEMMA 4. For ze{0,b,t}, —n< argz <m, —w<argt<m,y=0,

LOA((t/z)(z—0)" 1) = (/20 {(z =0)7" = Polt)po(z) — Pr()i(2)}. (4.21)
PROOF. Let
J(t) = :%1,@_.{(1 /-0y = —b)0.{z vz -1} (4.22)

By Lemma 3 for n =1,
1 1

= (= T . 2
J = /2 =bi (z =b)z —1)? * (z =b)y(z—1) N z(z=b)|z—1) ) (4.23)
After some rearrangement of the terms, we can write
Sy =)oy {— 1 W=b) (4.24)

z—1f  (z—=b)}  z2(z—b)z—1)
By expressing the right side of (4.21) as
[y+] ty+l Y 1
- +
z2(z—1) y+1(z(z —b) (z —b) 2

and differentiating with respect to 1, we can easily verify that J(1)=K'(z). The equality in (4.21) holds
because the two sides are equal for 1 =0.

K@)y =z77¢{
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5. PROOF OF THEOREMS 1-4.

Proof of Theorem 1. The representation (3.1) for ¢,,-1(z) follows from (2.15) and (4.12). For the
representation for ¢,,(z), use (2.15) and apply (4.12) to (©.)"(z ~v=1). To obtain (3.3) proceed as fol-
lows. By (4.2) and (4.3), for f (1) = u¥~'/I(y),Rez>max{Reb,0},y>0,

i1y = ZTD) T b b2 2y
(©.Y(z"7) T(y)2'n! O/e ( Ofe W2 =2y~ dvdu (5.1)
By a change of variable,
N, =Y\ — z—b 7 ~(z~bu,,2n+ l —bus y—1(1 2\
(©,)'(z7") = Wé/e 2 =buy YJe ST V(1 —s*Y'dsdu, (5.2)

1
— z—b f(l__SZ)nsy—l 764(1~b+hs)uu2n+y(1uds'
[(y)2'nty 3

The interchange of the order of integration is justified when Rez>max{Reb, 0} and the inner integral
can be given explicitly. Now use (2.15) to obtain (3.3). The condition on z can be relaxed because the
integral converges for all z except for z=£§b,0<<{<C1. The integral representation (3.4) can be obtained
similarly.

Proof of Theorem 2
It is enough to prove that for |z|>|b|,
limsup|P, (1), (z)|' /" < -‘l?ﬁll%ll- (5.3)
By (3.1),
1 1 & T'(y+n—k)n+k)!
e OIS EE R T & K= C9
_ 1
- (|Z‘ — |b|)2,, [¢2n —l(z)]z =Lb=0-
Again by (2.15) and (4.13),
T(y+2n +DI/2)
< . .
1921 ENS 5 L(y/2+n +DI(y)(z| — b)) )
By the duplication formula for the I'-function,
2'T(y+1)/2+n]
< . .
Similarly,
2"T(y/2+n+1)
ST 52+ D(z[— B+ 6.7)
Again, by (1.4) after a change of variable,
n 1
[Poyi(0) = l'i,:l;r—m)‘of(l—v)""‘{(lﬂ“v)t~2b}""’v7dVI (58)

T .
<5"'4—141:(7)Of““”><lt|+2|b|> iy



i1

<l + bl 2L Dy £ D/2)0en)
11 T(ny % Tiy+1)/2+n]

2n —1 F[(Y+ 1)/2]
<(rl+16) 2T(y+1)/2+n]

To obtain a bound for |P,,(t)|. use integration by parts in (1.5). For y>0, the integrated term van-
ishes at both ends. Thus,
7Y ) _
Py (t) = —L—— [{2 =2 =2b(t —u)}"u " du 5.9
(1) 2”F(n+1)()f{ u? =2b(t —u))"u " du (59)
By using the same technique as above in the computation of a bound for |P, - (2)].
(] + b Ny/2 4 1)

Pr.()< 5.10

[P2n() 2T(y/2+n+1) (>.10)
For y=0, this inequality can be obtained directly from (1.5). By (5.5) and (5.7), forn = 1.2,...,

‘ + 2n —1
|P2n—l(t)¢2n—l(z)l<ﬂ_d_l_bl)_'2—"_’ (5.11)
(lz] =]y
and by (5.6) and (5.9),
1| +]b)*
IPzn(t)qun(z)i<—(LLJ—IL (5.12)

(|Zl_lb|)2"+l )
From (5.11) and (5.12) above, we obtain (5.3).
Proof of Theorem 3. We note that by (2.5) and (2.14), for n = 0,1....,
L,O.((t /2) P()n(2)} = (1 /2)' Pps2(t)dy +2(2). (5.13)

By induction and Lemma 4, we obtain the equality
2n —1

$LO.)y{(t /)=y =t /2y {(z—0)"" = kgo P(t)i(2)}. (5.14)
Also,
LO)H{(t /2@ =)™ ) = (IO, {(t /z)'z—1)"'}. (5.15)

We will prove that under certain restrictions on ¢ and z, the right side in (5.15) approaches zero as
n—oo. Let |z|>max{|¢],8} and let

p = min{|z|—|t|,|z] = B}. (5.16)
By Lemma 3,
- n n—k
@, n -y —t -1 g |Z| Y (n +k)' F(l +Yl 517
(O 4z =0 DSy 270 270 GA7
_ A=y
B [(y)s¥ +! [(©.){z 7"z =)}l =1i=p=0
— _ Ty +2n + )T (y+ 1)/2]
P 1INy + DI(y/2+n+3/2)
Now use the duplication formula for the I'-function so that
|(®z)n{z-y(z —‘t)_l}]< [Z|_Y2"I‘(y/2+n + 1) ) (5,18)

o HIT(y/2+1)
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An integral representation for (1,)"f (1) is

If(6) = 5= 'r /{zz—u-—zb(z —u)}" "N u —b)f (u)du. (5.19)
Therefore, for f(1)=(©.)"{(t / z)’(z —1)~ '), after a change of variable,
[(7y'(®.){( /Z)Y(Z -0~ (5.20)
tn+y

Im—f{t (1=v3)=26(1 =)} 10, " {2 Y (z —1v)™ ' o7 (v —b)dv |

<L ETOQRT D) oy 2y 1)1 =)} o+l b
T Ty /{| (1=v3)+ 2|1 =) (e + b,
The last inequality has been obtained by using (5.18) . Now use integration by parts. For n=1,y>0,
the integrated term vanishes at both ends. As in (5.8),

LY@,y {( / 2)(z —1)'}|< (5.21)

l’lnﬂlzl_%ru/z‘*‘n'*'l)f y— 1(1 2)n{|t|+ 216 }"d <M;IQJ1.ZL".
T(n + D * 1 T(y/2+1) ¢ |z[7p?

This inequality also holds for y=0. It follows that the left side in (5.14) approaches zero as n—co
when 1|+ B<min{|z| —|t].|z] = B}. Therefore, 2= P, (t)n(z)=(z —1)~! for all z and ¢ which satlsfy
this condition and in particular, when ¢ is bounded and z is large enough. Since (z —¢) is analytic in z
and ¢ and the series converges uniformly when (|z|+ B)(|z| —B)<1—08<1 for every §>0, the equality
holds when |¢t|+B<|z| -8 by analytic continuation.

Proof of Theorem 4.

[t can be shown in a straightforward manner that on C,

(@) P, (1),P,(r) are orthogonal for m,n=0,1,...;

(b) & (1),9,(¢) are orthogonal for m,n=0,1....,

(€)  P,(1),94(t) are orthogonal for n=m +1,m=0,1,....

Therefore, it is enough to show that P, (t)¢,(t) are orthogonal on C for n<<m. Without loss of gen-
erality, we may assume that C is the positively oriented circle |w|=r and that |t|+2|b|<<r. Then,

Pu) = 5y [ = S 0 [Patentontn = S0 52
where
1
G = 5 Cf P (W), (w)dw. (5.23)

The interchange of the order of summation and integration is justified by the absolute convergence of
the series when w is on C. By (c) above,

Py(t) = % CnP(1). (5.24)
n=0

Since P,(r) are linearly independent, it follows that ¢, =0 for n =0,1,..m —1 and ¢, =1. Hence
({Pm},{¢n}) 1s biorthogonal on C and (3.7) holds.



13
6. PROOF OF THEOREMS 5.8.
Proof of Theorems 5. As in the proof of Theorem 4,
- L) g = S L ) ()i
f =5~ / (= 2RO [F 0, (6.1)

the interchange of the order of summation and integration is justified by the absolute convergence of
the series when |t|+2B8<r. This provides the expansion (3.8). Next,

n—1
Ra(t) = f(1)~ zc'kPk(’) (6.2)

= / {——————~ sz(z)qbk(w)}f(u)dw = 5= / { EPAmqsk(w)}f(w)dw

27i

Since by (5.11) and (5.12),
] +1b] 1
Pi(DH)gp(w)|< «(
e ‘| wl=lel” l=T8]
]tlﬂbl 2ar
~jol " T 2e] Y (64)

The right side is maximum when |b|=f and provides the bound (3.11). To obtain the bound (3.12),
use the representation (5.14) in (6.2).

). (6.3)

|Rn(0)] <

Ronlt) = 5= [EOUY(O.1' (¢ /22 =)o (63)
C
= ['Y(I,)"I‘VE}T—I_-'C/ZY(G_.)" (z7Y(z—1t)"")dz

By Lemma 3 and the inequality (A1), (see Appendix),
1
2mi
_ (n+i) "I +y) dz
|2 A|2AF(Y) 2 1Al 27”_/ I(z__b)n+k(,__t)n —1- k+l|
NTQn +2+y9)(y/2+1/2)
Qn)12"TIT(y+D)I(n +3/2+v/2)

Now we use the same technique as in (5.20) and (5.21) to obtain an upper bound for |%R,,| except that
we use (6.6) for the inner integral in (6.5). This provides (3.12).

jv(@ Yz Yz —1)" "] (6.6)

(2n)‘ Oz =0 Yz1i=p=0 =

Proof of Theorem 6. By (3.1) and (3.9),

| &K T(y+k =Dk +i+1) 1 fw)
o r(y),§0 Ik — 112! 27ri([ oF Ty —pyF T 6.7)

Therefore ¢y | =c9 —(b) is an analytic function of b in |b|<r. By using the inequality (5.5) in (3.9),

I(y+2k +DI(y/2)r
22tk + DD — o e (68)

The right side is maximum when |b|=8 and we obtain (3.14). Furthermore, by (Al),

= 1 / f(w) N
2mi Lo wk~l(w —p)k ! 2k —1)!

where N —max[j‘z" )(w)| when w is on the line segment joining w=0 and w = . Therefore,

leak -1 |<

6.9)

dw|<
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Tyt+k=Dltk+i+D), N 6.10
o2 - "‘(r(y),2 Ik —1)12! &= 0

The bound (3.16) follows by using (4.13).
The corresponding statements about ¢y, are proved in a similar manner.

Proof of Theorem 7.

= ﬂ—l W — - _ﬂ__)_ 6-1 l
S = 2mf 2m~[ dw @10

where C, and C, are the positively oriented contours |w|=R and |w|=r respectively. For |t|+2B8<R,
i / ﬂ} dw = E Pkm—— ff(w)qbk(w)dw (6.12)

and for r +28<]q|,
= aw = — §¢k(z)/f(w)1>k(w)dw. (6.13)
C: k=0 Ca

The series in (6.12) and (6.13) converge absolutely. Since f(w) has no singularity in r<|w|<R,C,
and C; can be replaced by C.

Proof of Theorem 8. By (2.22) and (3.9),

(YD) = S Pelt)ze [ (w00 (6.14)
k=0 C
Since by (2.14),
Bx+2a00) = WO, (w T 5m), (615)

kioPk(t)qsm(w) = wY(@J‘{w'vkioh(t)qsk(w)} = w @, (w W=7}  (616)

The interchange of the operator (0,,)" and the summation is justified by the uniform convergence of
the series when |t|+28<r —8<|w| when § can be chosen arbitrarily small.
Furthermore, we can interchange the order of summation and integration in (6.14). Hence,

FTYD YRy, (1)) = E:;fwy((*)w)”{w”(w —1)71}f (w)dw. (6.17)
C
By (5.18),
Y (£ Ry (1) )| < 21,{(/”2/ i;’; x Plrl max| /()] (6.18)

This proves (3.19). To prove (3.20), we use (4.16) for the expression w¥(®,)"{(w—1)"'(w —¢)"'} and
then (Al). Since,

1 dw N
Iiv-r_i.f(w_b)n+k lw —py —k=1+1 I< Pk (6.19)
(+k)\S Il +y), N
It~ YRy, (1)| < T()Eo Tk [go ) (6.20)

TQn+2+)(y/241/2) N
2" IT(y+ )I(n +3/2+y/2) 2n)!
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The last expression above follows from (4.17). By using the duplication formula for the I'-function we
obtain the inequality in (3.20).

7. AN APPLICATION TO ASYMPTOTICS
Let
w2

I(X,a) — j'e.r(c050+ﬁsina)d0 (71)
0

where x—oo and a is the uniformity parameter. There are saddle points at f-values satisfying
sinf=sina. The most important ones are 6y=a, 6, =7m—qa, 6. =—7—a We assume that
la|<ap<m/2, a real and aq fixed. Then the saddle points 6. are bounded away from the interval of
integration. When a changes sign the saddle point 6 leaves or enters the interval of integration and
the asymptotic behavior of the integral changes abruptly. Therefore, the point a=0 is of particular
interest.

OLVER (2] has discussed the same integral. Here we use the theory developed in the previous
chapters and in SONI and SLEEMAN [3] to give the first 5 terms of an asymptotic expansion of (7.1)
which holds uniformly in |a|<ag, « real. We also provide some numerical error bounds. The expan-
sion is expressed in terms of the integral

Q(x,a)= [e x/2 g, (1.2)
0

which is related to the error function erf(x). We have

Q(x.a) = \/ g—c—e?‘hh[erf(b \/'x;) + erf((a —b) \/—’ZCT)],

7.1 Transformation to standard form
The integral (7.1) is reduced to the standard form (1.6) by means of the transformation

1—cosf—fsina=w?/2—bw (1.3)
where
b= V2 a{(asina+cosa—1)/a? } /2. (1.4)

In (7.3), 6 and w are complex variables ; §=0 maps into w=0 and #=a into w=b. By (7.4), b is an
analytic function of « for |a|<ay. When a is real, b is real and has the same sign as a. The transfor-
mation (7.3) has been discussed by Olver. By (7.4) we write,

w—b=\2(0—a){[(a—)sina+cosa —cosfl] / (6 —a)}"/2 (1.5)

where the principal value of the square root is taken. The mapping (7.5) is analytic and one to one in
a domain Qy which properly includes the strip |[Ref|<w/2 in the f-plane. The inverse map 8 =8(w) is
analytic on the corresponding domain {,, in the w-plane.

Olver considered the strip |[Ref|<7/2. However, to obtain realistic error bounds we use larger
domains 4,Q,,. Let w ». be the images of §.. =7 —a (the “other” saddle points). That is,

ws = b+[4cosa + dasina F 27sina]’?, (7.6)
where the square root is positive for the values of a considered here: —ay<a<tay. We take
QW =C \ {[W+, + OO)U("OO,W_]}

Note that df/dw, which can be obtained from (7.3), is singular at w... For that reason we delete
branch cuts on the real axis in the w-plane. The images of these branch cuts in the f-plane are
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denoted by S+ and defined by the equation
7sina = sino sinh r, § = ¢+ir, o,7 real )]

It follows that S.. are given by (see Figure 1)

reR.

T

o=m/4

FIGURE 1, Domain {4 bounded by the curves S ...

Using Olver’s methods it follow that w(f),6(w) are analytic in the domains {,,,, respectively. By
the transformation (7.3),

K

e *l(x,a) = fe"“""/z"’”"g(w)dw (7.8)

0
where
_di _ _ w—b

gw) = dw  sinf—sina (7.9
and by (7.7),

K = b+[(2a—m)sina + 2cosa]'’?. (7.10)

Note that f(w), and therefore g(w), has no singularities in £, which includes the real interval [0,K]
and therefore the points w=0,b in its interior. By (7.7), in the neighborhood of #=«,

w —b=(0—a)(cosa)"?{1— %tana(ﬂ—a)— —115-(0-—01)2 (7.11)

tana
60

and, in the neighborhood of §=0,

@—af + ——(B-a) + 00—0)’)",

* 360

_ . sina |, sina
w = 0{——-——b +( e

The expressions (7.11) and (7.12) will be used to compute expansion coefficients. In particular, by
(7.9) and (7.11),

—zl—b)m(oz)}. (7.12)
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g(b) = 1/ Vcosa. (7.13)
Therefore,
e *I(x,a) = (1/Vcosa)Q(x,K) + J(x,a) (7.14)
where Q(x,K) is defined by (7.2) and
K
Jx,a) = [e W20y —b)flw)dbw, (7.15)
0
fw) = {g(w)—g(b)}/(w—b) = (sinf—sina) ™' —(cosa) "2 /(w —b). (7.16)

7.2 Asymprotic Expansion of J (x,a)
We use the form of the asymptotic expansion given by SONI and SLEEMAN [3] when the upper limit of
integration is bounded away from the saddle point. (This is different from the expansion given in [2,
pp- 348].) By (3.10), let
2n—1
Jw) = 3 cnPu(w) + Rau(w). (7.17)
m=0
Then by [3, Theorem 6], for y = 0,

n—1 n—1
J(X,(X) = WO(X) 2 C2mx—m+ Wl(x) E C2m+l-x~m (718)
m=0 m =0

—A() S xR T Ry (K EW,
K=1

where
K 2
EM = x " [@[Roy (1))t —b)e 1" /20, (1.19)
0
D 1s defined in (2.20) and
K
Wix) = [ti(t—b)e W /2"04s i = 0,1, (1.20)
0
A(x) = e *K/2-bK) (7.21)
The functions W;(x) can be expressed in terms of A4 and Q of (7.2):
Woee) = 1240 () = LEK-RA) (122)

In (7.18), E™ is the remainder and provides an error bound. The coefficients c,, are computed by
using (3.9). Denote by the contour in the w-plane which includes the interval (0,K) in its interior and
which lies within {,,, the domain of analyticity of #§=6(w). Let C4 be the image of C, in the §-plane
Then,
1 1 . o 1
m = o m(W)dw = —— [{(sinf—sina)”! — ——=——=———)¢,,(w )dw.
¢ 2mc{f(w)¢ (w)dw 27"!{( o) =) }Em(W)

By (3.1),

f(w —b) 1pu(w)aw = 0, m=0,1,....
G,

Therefore, by (7.9),

i
4
1
!
d
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1 9m(w(9)
‘m = mi 2 w@=b 8.

The above integral can be evaluated by the residue theorem. In particular, by (3.1) for y=0,

-1 N = 1 !
do(w) = W’ H(w) wz(w —b) w(w __b)?.’
_ 1 )y = —————-———3
d1(w) = bR d3(w) by

We use (7.11) and (7.12) to compute the residues in the above integral and obtain,
1 1 b

-1,

Ccy — .
0 b V Cosa Sina

¢l

1 1,5
¢y = b(COSa)3/2 { g + 74 tan

, 1, 1
b3 Veosa sin‘a’
77 385

- 9 .7 o . 385 4
cy = (cose) 2 { %% + Tg; tan a+ 157 2 aj.

Thus, by (7.14) and (7.18),

e *l(x,a) = closa O, K) + Wiylx)cg+cy/x) (7.23)

2
+ Wix)e1+ea/x)=A(x) 2 x FD TRy (K)+ E@.
k=1
When K is large, with respect to b, the A-term is very small compared with the other terms. In fact,
then it can be incorporated in the remainder E®. In the present discussion we consider the A-term as
a significant contribution to the expansion, and we compute its two terms.
For k =1 we have, using (2.20) and (7.17),

PIRK)] = Ry(K) = f(K)—coPo(K)—c P 1(K)

I

1/(1—sina)—cos"%(a)(K -b) ' —cog—c 1K
and for k =2
ARAK) = 7 [P (K) =1 = ex(K =) =e5(K? = bK)],

where we used P,(w) = -é'wz—bw, Piy(w) = -;-w3—-;—bw2. The value of f(K) follows from (7.16)
and is given by (observe that w = K « 6 = 7/2)

1 1
K) = .
S&) Veosa (K —b)?

All coefficients ¢, are analytic functions in the domain of interest. As a—0, by the relation (7.4),
co—0, c1—1/8, ¢;-0, ¢3—59/128, K=Ky = V2. Therefore,

Ko
] -x ~ —-xi*12 __1_ _9____ T
E_r}(l)e 1(x,a)~0fe ar + (8x + 128x2) P

7 1 9
~ L _t
_\/’;{1+ 8% T T28x2 b, x—o00.
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The expression on the right is the same as the first three terms in the asymptotic expansion of
e *I(x,0). ‘

7.3 Error Bounds
To complete the discussion of the uniform asymptotic expansion of e */(x,a). we compute bounds
for the remainder £/ in (7.23). We can use Theorem 8 (Section 3). However, this general result gives
a rather rough estimate. In order to obtain sharper bounds and to show further techniques, we
proceed as follows.

The expression °[R4(¢)] in (7.19) can be written as (see (6.17))

PIR0] = 5= [O30r =1) I (w)d:
C,

Since by (2.8), (2.9)
e: L - 72 T T 23 T+ :
w—t (w—by(w-—ty w=bY(w—1y  (w—=b)yw—1)

we obtain

i

PR4(1)] = 3Gs1(1)+3G42(1)+2G3500), (7.24)

where
1 df
Gim(t) = — .
k. (t) 2"”(‘{ (w —b‘)/((w - t)m

(7.25)

Cp 1s a contour in the §-plane, for instance the image of C, used in earlier expressions, and it encir-
cles the points that correspond with w = and w =b (§=a).

To obtain error bounds for E@ defined in (7.19) we need a bound for Gy m(t). In the Appendix we
derive the following result

B(3,5(k=1)

[Gkm(D] < [(r—=w_)""B(—e)™* "t w, =) " Ba) D2 (7.26)

V2 (2cosa)’?
where B(p.q)=T(p)I'(q)/T(p +q) is the beta function, w. are defined in (7.6) and B(«) is given by
Ble) = Qa—7)tana+2. (71.27)

Before constructing bounds for E® we remark that the coefficients ¢, and c3 can be written in
terms of the G-functions. We have

c1 = Gag(1), c3=3Gs5,(1), (7.28)

where 7 does not play a part, since m =0. In Table 7.1 we give the ratios of ¢, and the right-hand side
of (7.26) (with & =3, m =0), and the same for ¢;. For a we take the values

a; = (j/10)m/2, j=0,....9 (7.29)
It follows that the bounds are rather sharp for these cases.
j |0 1 2 3 4 5 6 1 8
Ry | 128 127 126 123 121 119 117 116 115 LIS
R; | 1.LI4 113 111 110 109 1.08 108 108 1.08 1.08
TaBLE 7.1 R, 253,0/c[, R2=365_0/C3, where Ek‘,,, is the right-hand

side of (7.26); j indicates that the o;-values given in (7.29).

e

s
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Next we construct two bounds for E?. The first one follows from (7.19) from writing
K 2
[E®| < x72 [|P[Ry(n))(t —b)e 27" (7.30)
0

and by using the bounds in (7.26) for the G-terms in (7.24). The second bound follows by using
integration by parts in (7.19),

XE@ = f%éﬁ[&(r)]e'-“’2/2'b”dt + P[R4(0)]— P[R4(K)A (x), (7.31)
where 4 (x) is given in (7.21). From (7.24), (7.25) we derive

LFR 0] = 6634(1)+6G45()+3Gs o) (7.32)
So we obtain

EP] < 0fl%@z[lmr)lle”*"”“’”dt+|°D2[R4<0)11+|®2[R4<I<>]|A (x). (7.33)

By using the estimate (7.26) in the terms of (7.24), (7.31) we have established bounds for E®. In
Table 7.2 we compare numerical values of the ‘exact’ value of E®, defined in (7.19), (7.23) and (7.31),
with the estimates that can be obtained from (7.30) and (7.33) (via (7.24), (7.32)). We computed E®?
by using (7.23) and numerical quadrature for I (x,a).

x=10 x =25
a | EPD(730) | EW(7.33) | EP(7.30) | E¥(7.33)
Qg 441 5.44 6.91 8.19
a, 2.33 2.30 3.06 2.36
a 2.39 1.97 3.82 1.75
a3 2.58 242 4.05 1.75
ay 2.64 3.87 3.49 1.88
as 2.68 7.34 2.95 2.59
A 2.83 16.13 2.72 5.32
Qg 3.37 45.89 2.83 14.91
ag 438 265.20 3.72 66.79
aq 476 1038.00 27.11 2949.00
TABLE 7.2 Ratios of £* and bounds based on estimates in (7.30) and

(7.33); @, are as in (7.29).

Table 7.2 shows that in most cases the bound based on (7.30) gives a better estimate, especially for
small values of a and « near /2. The reason is that the integrated terms in (7.33) have to be taken
with absolute values, but in fact they compensate the too large values of the the integral in (7.33).
When a~/2 there is a large contribution from the end point 1 =K.
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APPENDIX

We will prove that if f(z) is an analytic function, regular within and on a simple closed contour C
which has the points z =a,b,c in its interior, then

f(z) i N
5 f(z T by ey T S U (Al)
where
N:T%XVUM +n +2)(Z)|, (AZ)

A is the triangle with vertices at a,b,c respectively.
We will prove (Al) when a.b,c are all distinct. The inequality (Al) holds even when b=c or
a =b =c¢. These cases can be considered directly or by taking limit in (A4) below.

fiz) .o _f@=f) _[fB)=f()
2mf(z—a)(z —b)(z—c)dh (a—b)a—c) (a—b)b—c) (A3)

I e
= o O G e [

Il

1
(a —b) OfU’[ch(a —cyu]=flet (b —cjul}du

11

[ fuf e+ {(b =) +(a =byw)dvdu.

00

Differentiating with respect to a,b,c respectively /,m,n times,
1 f()'mn!

27” ("”(1)[+l(""‘b)m+l(""‘C)n+]

I

(Ad)

11
— f/f(/ +mtn +2)[(. +{(b—c)+(a —b)v}u]u/+’"+ l(l—u)"V{(l — pY" dvdu.
00

Therefore,

€ f(z) A5
277([(2_ )I-H(.,_b)m I(.,__C)n+|dl ( )

N

SNy ' [ul TN —uY'du [V =" dv < ————-
(.)/ of (I+m+n+2)!

Next we construct the bound given in (7.28). A suitable contour Cy to obtain this result is given
by §+ US ., where S . are defined in (7.7) (see Figure I).

Since w is an analytic function of 6 in €4 and |w|—o0 as |Imf|—co, it follows that we can integrate
along the boundary S US_ of £. On these curves w is real and if #eS_ then we(—oo,w_], if
feS, then we[w,,+o0). Note that, when 6 is on the upper (lower) part of S ,.,w is on the upper
(lower) side of the cut [w 4, + oo) Similarly for S _. From (7.25) we obtain

_ 1 dé — .
Gim(0) sz i, o= oy - G0+ Gin(e)

Recall that 0<<r <K. Hence, assuming for the moment that 0<<a<<ap, we have

w—0)""|<(ws—0)™" if w=2wy,

e G S e i e S s ek S T R Y

-
s

2TE

R A S R

AR
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w—0) "<t —w_)"" if wsw_.
Furthermore, if €S . . it follows from (7.7) that
(w—b)* = 2[(a—o)sina+ cosa— cosocosht].
We want to show that
(w —b)*=2[(2a—7)sina + cosa+cosacosh7], if &S 4, (A6)
(w —b)}=2[(2a+m)sina + cosa+cosacoshr], if f&S _. (A7)
To prove the first inequality we have to show that the function
F(7)=sina(7 —a—0)— (coso + cosa)cothr
is non-negative for reR. Using (7.7) we write

F(r) = —sir;—h[[(qb — a)sing + (cos¢ — cosa)rcothr],

where ¢=7—o0. Note that 0<<¢<<a. Since tcothr=1 if 7eR, and (¢ —a)sing+cosp—cosa is non-
negative if 0<¢p<a<ay<w/2, it follows that F(7)=0. This proves (A6). The proof of (A7) is similar.
In that case we take ¢= —o—; again, 0<¢<a.

With the above estimates it is straightforward to construct bounds for Gy ,(t). We integrate with
respect to 7, using df/dr=do/dr+i, where ¢ is an even function of 7. Hence, the contributions from
do/dr vanish. (Observe also that Gy ,,(¢) is real when ¢ and b are real.) Using (A6), (A7) we obtain the
following estimates

S
_ K - dr

GEn(n)<m7'(2 My =7

l k, ()‘ w ( COSCY) ’W_ | ('J[[ﬂ(ia)+COShT—1]k/2

The integral can be estimated by substituting sinhr/2=uV/f/2 (observe that B of (7.29) satisfies
0<p(e)<2 if 0<<a<<7/2) and by replacing the quantity (1+3Bu?) in the resulting integral with the
smaller quantity 1. This gives a beta integral and we obtain

|G;f~,,,,(z)|<—§L—lvm;:.2_"‘[2/3(m)cosar“qwt — 1| " B(E 3k 1)),

which is the result in (7.26).
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