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Abstract

Riesz fractional derivatives of a function, DY f(z) (also called Riesz
potentials), are defined as fractional powers of the Laplacian. Asymp-
totic expansions for large z are computed for the Riesz fractional
derivatives of the Airy function of the first kind, Ai(z), and the Scorer
function, Gi(z). Reduction formulas are provided that allow one to ex-
press Riesz potentials of products of Airy functions, DS {Ai(z)Bi(z)}
and D¢ { Ai*(2)}, via D3 Ai(x) and D2Gi(x). Here Bi(x) is the Airy
function of the second type. Integral representations are presented for
the function Ay (a,b;x) = Ai(z —a) Ai (x — b) with a,b € R and its
Hilbert transform. Combined with the above asymptotic expansions
they can be used for computing asymptotics of the Hankel transform
of DS {As (a,b;x)}. These results are used for obtaining the weak ro-
tation approximation for the Ostrovsky equation (asymptotics of the
fundamental solution of the linearized Cauchy problem as the rotation
parameter tends to zero).
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1 Introduction

It is well known that fundamental solutions of the linearized Cauchy prob-
lems for equations of the Korteweg-de Vries (KdV henceforth) type can be
expressed in terms of the Airy function of the first type, Ai(z). Indeed, for
the KdV

Up + Upge + (uz)x =0,

the above fundamental solution has the representation
Eolz,t) 1A'<x> (1.1)
x,t) = 7 : .
’ V3t \ V3t

A close relative of KdV, the Ostrovsky equation takes into account the effect
of the weak rotation (Earth’s rotation) and, after the appropriate rescaling,
it can be written in the form (see [12])

T

Up + g + (U°), = 7/ u(y,t) dy,

—00

where v = const > 0 is a small rotation parameter. It was shown in [19] that
the fundamental solution of the Cauchy problem for the linearized Ostrovsky
equation can be represented in the form

E(x,t) =&z, t) + & (2,1), (1.2)
where &y(z,t) is given by (1.1) and

VAT (24 A2V
E(z,t) = 75 ), A (S/ﬁ) NG dy, (1.3)

where J,(x) is the Bessel function of order v.
Riesz fractional derivatives (also called Riesz potentials) are defined as

fractional powers of the Laplacian, DY = (—A)a/ ?. Riesz potentials of fun-
damental solutions of linearized Cauchy problems are of great importance in
the study of global solvability, properties and long-time behavior of solutions
to initial-value problems (see [14, 8, 9, 10, 7, 20] and the references therein).
In the current paper we are concerned with obtaining asymptotic expansions
as © — £oo of the Riesz fractional derivatives of Ai(z) and its conjugate,
the Scorer function Gi(z) = —H Ai(x). Here H is the Hilbert transform (see



(2.1) below). Riesz potentials of these functions of order o = 1/2 stand out
as the highest fractional derivatives that are still uniformly bounded on the
whole real axis (see [9, 10]). Moreover, all semi-integer derivatives of Ai(x)
and Gi(x) can be expressed in terms of the products of the Airy functions
(see [20]).

In the next section, we give definitions of Riesz potentials and integral
transforms used in the current work. In Section 3, we provide asymp-
totic expansions of the Riesz potentials of the Airy function of the first
kind, Ai(x), and the Scorer function, Gi(z), from which asymptotic esti-
mates of the Riesz fractional derivatives D% { Ai(x)Bi(x)}, D% {A#*(z)} and
D2 {Ai(x —a) Ai (xr — b)} with a,b € R can be obtained. Here Bi(x) is the
Airy function of the second type. Section 4 is devoted to integral represen-
tations of the Riesz potentials of the products of Airy functions and their
Hankel transforms. It can be used for obtaining their asymptotic expan-
sions. In Section 5, we show applications of the above results for obtaining
the weak rotation approximation for the Ostrovsky equation (asymptotics of
the fundamental solution of the linearized Cauchy problem as v — 0). In
the Appendix, we collect integral representations, properties and asymptotic
expansions of the Airy functions Ai(x) and Bi(z) and the Scorer function
Gi(z) used in the current paper. We also derive asymptotic expansions of
the antiderivative [ Gi(t) dt as © — +oo0.

2 Definitions and preliminaries

Let f: R — R. Define the Fourier transform of this function by the formula

o0

ﬂo:fw@»@z/"e@ﬂww

—00

and the inverse Fourier transform by

fa) =rH{feO}w =5 [ eefe i

—00

Introduce the Hankel transform of the function f by (see [4, p. 316])
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and the corresponding inverse transform by

A F0} @ = [ F ok,

Introduce the Hilbert transform of f by the formula (see [16, p. 120])

H{f(2)} = ~PV. /_OO W) 4. 2.1)

7 y—x

where P.V. denotes the Cauchy princi/pgl value of an integral. According to
our choice of the Fourier transform, (H f)(§) = isgn(f)f({). Also, H?> = -1
on L,(R), p > 1, where [ is the identity operator (see [5], p 51).

For z € R"™ Riesz potentials are defined via the Fourier transform (see

[15, p. 117] and [5, p. 88])

(2" 5)" © = 7 ©) (22)
For x € R and real o > —1
«a - i > arf i€x
Dife) = 5= [ ler e as (2.3

provided that the integral in the right-hand side exists.
We shall also use the notation

(Df) (g(x)) = D (2) (2.4)

z=g(x)

whenever a fractional derivative is computed first and then its argument is
set to equal g(x). Notice that for any a = const > 0

Dg (f(ax)) = a® (D f) (ax), (2.5)

where in the left-hand side D acts on f(ax) and the right-hand side is under-
stood in the sense of (2.4). The proof of (2.5) is based on using (2.3) and the
well-known property of the Fourier transform F {f(az)} (§) = (1/a)f(£/a)
for a > 0.

Introduce the function
As(a,b;x) = Ai(x —a) Ai(z — D). (2.6)
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This function appears in the studies of the Gelfand-Levitan-Marchenko equa-
tion (see |2, p. 408]), the second Painleve equation (see [18, p. 134]) and the
limit at the “edge of the spectrum” of the level spacing distribution functions
obtained from scaling random models of Hermitian matrices in the Gaus-
sian Unitary Ensemble [3, 17]. Recently, a new integral representation has
been found for As(a,b;z) (see (4.1) below). It allows us to compute Riesz
fractional derivatives of this function.

The next statement was proved in [21]|. It provides projection formulas
for the Riesz potentials of the products of Airy functions.

Theorem 1. Riesz fractional derivatives of the products of Airy functions
have the following representations for a > —1/2 and = € R:

D¢ {A* ()} = ko [(D*12Ad) (2°2) — (D*712Gi) (2*%2)]  (2.7)
and
D¢ {Ai(z)Bi(z)} = ko [(D* 12 Ai) (2°32) + (D*12Gi) (2*%2)], (2.8)

where
92(a—1)/3

ko = ——
V2T
The fractional derivatives in the right-hand sides are defined by (2.4) and the
Scorer function Gi(x) by (6.7).

(2.9)

3 Riesz potentials of Ai(x) and Gi(x)

The Riesz potentials of Ai(x) and Gi(x) can be written in the form
Dy Ai(z) = R{F*(z)}, DiGi(z) =S{F*()}, (3.1)
where

Poto) = [ eennli g+ €/3)] e (32)

This integral is defined for real x and —1 < R(a) < 2. However, we can
modify the integral over the positive semi-axis by turning the half line slightly
upwards into the complex plane, say, in such a way that argé = /6, with
the path running into the valley of exp (i€3). In the analysis to follow we
shall make this type of modification, and in the new representations we shall
take x to be any complex number. This will also remove the upper bound
restriction on R(«). Hence, in the analysis to follow we shall only assume
that ®(a) > —1.
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Figure 1: Modification of the paths of integration for the integrals in (3.2) (left)
and (3.29) (right), giving the two integrals F{*(x) and F§*(z) in (3.4) and (3.5),
and the two integrals G§(z) and G§(z) in (3.30) and (3.31).

3.1 Asymptotic expansion for x — 400

We use a representation of the integral in (3.2) similar to that for Gi(x) in
(3.18) of [6]. The exponential function in the integrand of (3.2) has a saddle
point at £ = iy/z. We integrate from the origin to this saddle point, and from
there to infinity inside the valley at ocoexp(mi/6) (see Fig. 1). As a result,
we can write

F(z) = F{'(2) + F5'(2), (3.3)
where
exp |1« Ve
FX(z) = p <7r +1)/2] /0 v*exp (—zv +v%/3) dv (3.4)
and | pooexp(in/o)
F3(x) = ;/ E%exp |1 [ (€ +¢& /3)] (3.5)
ivE

3.1.1 Asymptotic expansion of F*(x) for large positive

Lemma 1. The following asymptotic expansion holds for v — 4o00:

[e.9]

N exp [im(a + 1)/2] MNa+3k+1) 1
) ~ 7ot kz: 3k k! 23k (36)
=0



Proof. The derivation of (3.6) is based on the application of Watson’s lemma
(see [11]). Expanding the exponential in the integrand of (3.4) into the power

series,
V3
exXp (3) =
k=0

and replacing the upper limit of integration by co we integrate termwise. As
a result, we get

U?’k

gﬁsg

o explim(a+ 1)/~ 1 [ \isn
Fo(z) ~ > i v 3R gy, (3.7)
T p 'Jo
Evaluating the integrals we deduce (3.6). O

Remark. For o« = 0 the imaginary part of (3.6) equals the expansion of
Gi(x) as given in (6.11). Also, for a = 0 the real part of (3.6) vanishes, and
the expansion of Ai(x) cannot be recovered from it. Therefore, for o = 0
we need the asymptotic expansion of Fg*(z) (see (3.5)) in order to recover
the expansion of Ai(x) as given in (6.3). The expansion of Fy*(z) is also
important for other non-negative integers a, and we continue to deal with
this function for general values of this parameter.

3.1.2 Asymptotic expansion of F¥(x) for large positive x
Lemma 2. The integral F§'(x) has the following asymptotic expansion for

r — Q!

ol a1 ¢ OXP (ima/2) S~ T ((k+1)/2)
F¥(z) ~x e . Z LR VR (3.8)
k=0
where ((z) = 2232,

Proof. The main contribution to the asymptotics of the integral in (3.5)
comes from a neighborhood of the lower limit i1/x. The first transformation,

& = V(i +n), gives

Fo(z) = zlotD)/2e=@) exp (ima/2) /00(1 —ip)ee 2= 3) g (3.9)
m 0



The substitution w = ny/1 — in/3 transforms this integral into the standard
form

. 9 00
F;‘(x) — x(a-l—l)/?e—C(x) exp (Z?TO[/ ) / 3/2w2f< ) (310>
0

™

where p
flw) = (1 —iny =L,

The asymptotic expansion in question can be obtained from (3.10) by devel-
oping f(w) as a power series and term by term integration. First we use an
expansion

dn _
— = 3.11
dw 1 1—27)/3 Zakw (3:11)

and write the coefficients a; in the form of a Cauchy integral,

1 dn dw
2mi Jo, dw wkt!

aj, = (3.12)

where (), is a small circle around the origin in the w—plane. This can be
written as an integral in the n—plane:

1 dn
ap = —— an)—r-, 3.13
. ( )77’““ (3.13)

where g(n) = (1 —in/3)"*™/? and C, is a small cucle around the origin.
We see that the coefficient ay, is the coefﬁ(nent of n* in the Taylor expansion
of g(n). Since

= ZCf(Hl)/Q(—éiﬁ)j, (3.14)
=0

where C]" are binomial coefficients, we deduce

. k k F(3k+1)
ar = ¢ (‘li) - —(eay s k=012 (3.15)
k — —(k+1)/2 3 _ 3kl€' F(%) ) =U,1,Z,.... .

Next, we have

and (1 —in)® Z brw”, (3.16)




where a few first coefficients are
bo=1, b =—ia, by=3a(l —a—ia). (3.17)

Finally, we can write
w) = Z frw®, (3.18)
k=0

where a few first coeflicients are

fo=1, fi=a —ia, fo= (20— 3ica; —a® +a)/2. (3.19)
Taking into account (3.15), we can rewrite this in the form

fo=1, fi=i(1-3a)/3, fo= (=54 24a—12a%)/24. (3.20)
Using expansion (3.18) for the calculation of the integral in (3.10) we obtain
(3.8). O
3.1.3 Asymptotic expansions of D Ai(xz) and DSGi(x)

We summarize here the results for the Riesz fractional derivatives defined by
(3.1).

Theorem 2. The following asymptotic expansions hold for x — +oo:

sin(ma/2) i MNa+3k+1) 1

Dy Aiz) ~ ——5 ; Ty
mxett 3* k! x (3.21)
a/2-1/4 ,—((a)
L T— [cos(mar/2)S1 (e, x) — sin(ma/2)Ss(a, )]
T
and
cos(ma/2) = T'(a+3k+1) 1
DGi(e) ~ =57 > = e
maett L~ 3k k! x (3.22)
1/2=1/4o—C(2)
+—————— [sin(7ra/2)S1 (e, ) + cos(ma/2) Sz (v, )],
where
— Sl (K + 3) forn T(k + 1)
Si(a, z) ~ Z 23k/2 £, (o, ) Z 3k/2+3/4 (3.23)
k=0

and a few first coefficients fi are given by (3.20).

9



Remark. It follows from the construction that the coefficients for are real
and fop,1 are imaginary. Also, setting o = 0 yields fr = ax, where ay is
given in (3.15). Moreover, for a = 0 the real part of the expansion in (3.8)
becomes

[e.9]

R{F(2)} ~ e};p\/[;;(i)] > a%x(glkf JE for o o0, (3.24)

where (b), = b(b+1)...(b +n — 1) is the Pochhammer symbol. According to
(3.15), we have

(0513 (1/2)k . CL

] k=0,1,2,.... (3.25)

Thus, we see that (3.24) turns into the expansion for Ai(x) as given by (6.3).

Proof. We have
D {Ai(x)} = R{FT(2) + F5' ()}, DRGi(x) = S{FY(2) + Ff‘(ﬂf)(}- |
3.26

Taking the real and imaginary parts of the expansions in (3.6) and (3.8) we
get for large positive x

R{FO ()} ~ _sin(ra/2) Z Ma+3k+1) 1

. 3k Ll 23k
k0 (3.27)
N cos(ma/2) MNa+3k+1) 1
) {Fl (l’)} ~ o potl Z 3k L! ﬁu
k=0

R{F(x)} = ixo‘/%l/‘le’“” [cos(ma/2)S (e, x) — sin(ma/2)Ss (e, )],

2m
1
S{F(2)} = 2—x0/2’1/4e’“”‘4) [sin(ma/2) S (e, ) + cos(ma/2)Sa (v, )],
7r
(3.28)
where S1(«, z) and Sy(«, ) are defined by (3.23). O

Remark. The expansions for R {F5'(z)} and S{Fs'(z)} are relevant only
for integer values of . For other values of o they can be neglected.

10



3.2 Asymptotic expansions for large negative x

In this case we write
1 [ ‘
Go(z) = Fo(—z) = & / ol ge s 0. (3.29)
™ Jo

There is a positive stationary point (saddle point) at & = /x, which
gives a contribution to the asymptotic expansion, but one should take into
account a contribution from £ = 0 as well. In order to handle both of them,
we replace the original path of integration by the two new contours (see
Fig. 1). This leads to

G (x) = GY(x) + G5 (x),

where A
1 —100 .
Go(x) = — / £l (-mHE/3) ge (3.30)
T Jo
and .
1 coe™/6 ' s
GS(z) = — / goelTEHE/3) e (3.31)
T J—ico

Notice that the contour for G§ () runs from the valley at —ioco to the valley at
oo exp(im/6), and we can take this contour through the saddle point & = /x.

3.2.1 Asymptotic expansion of G§(x)

Lemma 3. The integral G§(x) has the following asymptotic expansion for

T — +00:
N exp (—im(a+1)/2) o= T(a + 3k + 1) (—1)*
G (z) ~ i > i @ oo, (332)
k=0
Proof. We set £ = —iv with v > 0 in the integral representation of G¢(x)
and get
—1 1)/2) [*
G?(SL’) _ eXp( Zﬂ-(a+ )/ )/ vae—($v+v3/3) dv. (333)
T 0

Conducting the same arguments as in the proof of Lemma 1 we deduce
(3.32). O

11



3.2.2 Asymptotic expansion of G5(x)

Lemma 4. G§(z) has the following asymptotic expansion for x — 400 :

a a1 SR/ A= (@) g~ T (k+1/2)
Proof. First, we set £ = n+/x in (3.31) which gives
platl)/z pocem/s yo

G =" [ rew o] dn (33)

where
o(n) =i (77 - én?’) :
Notice that ¢(1) = 2i/3 and ¢"(1) = —2i.
Performing the transformation ¢(n) = ¢(1) + 1¢"(1)w? we get
w2:§—n+%n3 and w=(n—-1)y/(n+2)/3. (3.36)

Next, we integrate over the neighborhood of the saddle point at w = 0
along the straight line passing through the origin, having an angle of w/4
with the positive w—axis. This yields

™

v oo exp(im/4)
GS(z) = xlatD)/? M/ g(w) exp (iz**w?) dw, (3.37)
oo exp(—i37/4)
where g(w) = n*dn/dw and ((x) is given by (6.4).

After that we expand g(w) into the power series, g(w) = >_,2; grw”, and
get

oo exp(im/4)
GS(z) ~ glotD/2 L 7] exp [~ Zggk/ w?* exp (m3/2w2) dw.
oo exp(—i37/4)
(3.38)
In order to evaluate these integrals we set w = te’™*, which gives
exp [ mi(2k + 1)] / 2 exp (—x3/2t2) dt
—00 (3.39)

= exp [ mi(2k + 1)] r (k + %) p30k+1/2)/2.

12



Finally, we obtain (3.34), where a few first coefficients are

go=1 g == (120> — 24 +5) ,
21 ( ) (3.40)

g1 = 5= (144a* — 13440° + 386402 — 3504 + 385).

O

3.2.3 Asymptotic expansions of D¢ Ai(x) and D2Gi(x) for large
negative arguments

Theorem 3. The following asymptotic expansions hold for x — —oo:

: i 2) o= D(a+ 3k +1) (=1)k
DeAi(x) ~ _sm(mj/
+———— [iny(|z])Tr(a, |2]) — cos d(|z])Ta(a [2])]
and
o _ cos(mar/2) ZT(a+3k+1) (=1)F
DYGi(x) ~ 7 ||t kzo 3k Ll |3 (3.42)
‘x|a/2 1/4 .
+————[cos¥([z])Tr (e, |2]) + sin ) (2)To (e, [2])]
where Y(x) = ((x) + 7/4, ((x) is given by (6.4),
x T(2k +1/2)
Ty(oy) ~ (-1 2 ,
1 kz=o v 3.43
Ty(a,y) ~ ;%(_1) y3+3/2

and a few first coefficients gy are given by (3.40).

Proof. Taking the real and imaginary parts of (3.32) and (3.34) we get for
x <0

D Ai(z) = RAGT(|2]) + G5 (=)}, DiGi(z) = S{GT(|2]) + G?(ll“(l)}- |
3.44
Summing the results we obtain (3.41) and (3.42). O

13



Remark. For a = 0 these expansions simplify to give those for Ai(x)
and Gi(z) as + — —oo. First, we observe that the coefficients go) can be
written as

1 TBk+1/2)

92 = 3ok (2k)! T(k + 1/2)

This can be shown in the same way as for proving (3.15). Next, for Ai(x) the

first item in (3.41) vanishes and the first term in (3.42) gives the first item

in (6.6). For Gi(x) we can use (6.10), (6.11) and the expansion for Bi(x) in

(6.6) to verify that the expansions in the second lines of (3.41) and (3.42)
reduce to the known expansions.

=0,1,2,.... (3.45)

4 Riesz potentials of products of Airy functions

In this section we provide integral representations for the products of Airy
functions, their Riesz potentials and the Hankel transforms of the latter.
They can be used for obtaining asymptotic expansions for large values of the
arguments.

The next statement was proved in [23].

Theorem 4. The following representation holds for x € R; a, b, wi, wy € R

and wi, wy # 0:
Ai (x_“) Ai (x_b)
w1 %)
2 * d 9 9
= - — [A@ (Qz — A+7°)] Jo (2(Qoz + B) n) ndn, (4.1)
where
lewl‘i‘WQ’ 92:&)2—011’
2&)1&)2 2(.()1(4}2 (42)
A witber g e - awy
2&)1&)2 2(,()1(,02

We list here several important corollaries that allow us to get the Hankel
transforms of the function As(a,b;x) and its fractional derivatives. Notice
that

Ai(x —a)Ai(z—b)=Ai(x =Y — 2)Ai(x =Y + Z),
where
_a+b b—a

) and Z = 5 (4.3)

Y

14



Corollary 1. The following formulas hold for x € R and a, b € R:

As(a, by x) = —2% Ai® (z =Y + %) Jo (2Zn) ndn (4.4)
0
and
d o0
—H{Ay(a,b;z)} = —2— [ Ai(z—-Y +7°)
dz Jo (4.5)

XBi(x =Y +n7) Jo (2Zn) n dn.

Proof. Evidently, (4.4) is a particular case of (4.1) when w; = wy = 1. Taking
into account that [18]

—H {Ai*(z)} = Ai(z)Bi(z)
and computing the Hilbert transform of (4.4) with respect to x yield (4.5). O

Corollary 2. For a,a,b € R fractional derivatives of the function Ay(a, b; x)
are given by the formula

o ab o)l — — d = a=1/2 A7\ (92/3 (5 — 2
Dot = ko [ (07 PA) @ oy )
— (D*72Gi) (223 (x = Y +1%))] Jo (2Zn) n dn,
o a b )t — d = a=1/2 A5\ (92/3 (4 _ 2
D (b)) = ko 5 [ (71240 (2 (0 =¥ 7)) .

+ (D7V2GE) (223 (z = Y +0%))] Jo (22Zn) ndn,

where ko, is given by (2.9) and the integrals in the right-hand sides exist at
least in the sense of distributions.

Proof. The proof follows from (4.4), (4.5). O

Corollary 3. The following relations hold for a > —1/2:

PH, L ADY (Aiz — Z)Ai(z + Z)) } (48

— ko [(D*7240) (X) 4 (D72 Gi (X)]

15



2H L A{Dy H, (Ai(x — Z)Ai(x + Z)) } (49

= ko [(D*240) (X) — (D*7?) Gi (X)],
where ke, is defined by (2.9) and X = X (z,¢) = 23 (z + ¢?/4).

Remark. Combining the asymptotic expansions (3.21), (3.22), (3.41) and
(3.42) and Corollary 3 we can obtain asymptotic expansions of the Hankel
transforms (4.8) and (4.9) for + — o0 or ¢ — oc.

5 Weak rotation approximation for the Ostro-
vsky equation

In this section we shall establish a pointwise estimate as v — 0 for the
fundamental solution £(z,t) of the Cauchy problem for the linearized Ostro-
vsky equation. This asymptotic estimate is referred to as the weak rotation
approximation.

Recall representation (1.2) for the above fundamental solution. Comput-
ing the Riesz potential for £(x,t) we can write

DYE(x,t) = Dy&y(x,t) + DIE(x,1),

where |
T
DY t) = ——— (D"Ai
J:‘SO(xv ) <3t)(1+a)/3 ( Z) (\3/@) )

@ a OO QA l’+?72
ng’Y(xvt) :_W/O (D Al)( \g,/g )Jl (a’n)dna

a = 24/t and v > 0 is a small rotation parameter.
The next statement is a modification of Lemma 1 of [22].

Lemma 5. For a >0 and x € R
/ D2 Ai(t)dt = DO 'Gi(x) — DS 'Gi(0) (5.1)
0

and N
/ DEGi(t)dt = — DO Ai(z) + D1 Ai(0). (5.2)
0

16



Proof. Using the relations d/dx = H o D, Ai(x) = HGi(x) and Gi(z) =
—HAi(x) (see [18, p. 71]) and integrating the identities

DS Ai(z) = % (DY 'Gi(z)) and  DJGi(x) = —% (Dy*Ai(x))

we establish (5.1) and (5.2). O

Remark. It follows from (5.1), (5.2), (3.21), (3.22), (3.41) and (3.42) that
for0<a<3/2, xR

/0 " Do Ai(t) dt’ <, (5.3)
for0 < <3/2,z€R
/0 " Do) dt‘ <0, (5.4)
and for x € R
/Ox Git) dt‘ < Cyln(1 + |2]) (5.5)

where the constants C;, i = 1, 2, 3, are independent of z. Estimate (5.3)
for « = 0 follows from the properties of [ Ai(t)dt (see [1, p. 449]) and the
inequality (5.5) follows from the arguments presented in the Appendix.

Now consider a Cauchy problem for the linearized Ostrovsky equation

Up + Ugpy = 7 foou(y,t)dy, reR, t>0,
t / (5.6)

u(z,0) = ¢(x), z e R,

and the corresponding Cauchy problem for the linearized KdV with the same
initial data
Vp + Vgzz = 0, reR, t>0,
(5.7)
v(z,0) = ¢(x), z € R.

We are interested in obtaining pointwise estimates of the difference D& (x,t)—
D%&y(x,t) as vyt — 0, where £(x,t) and &(z,t) are the fundamental solu-
tions for the linearized Cauchy problems (5.6) and (5.7), respectively (see
(1.1) and (1.2)).
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Theorem 5. The following estimate holds for 0 < a < 3/2, v >0, z € R
and t > 0:
|DYE(x,t) — DEEy(x,t)| < Ot~/ (5.8)

where C' = const > 0 s independent of x, t and 7.

Proof. Notice that for a = 0, the estimate (5.8) follows from the results of
[19]. Let o > 0. Using (2.5) and setting \/y = 1 we get

Déo(w.1) = e (DA <ﬁ)

and

o a RPN x +n?
DJ:g’Y("L‘at):_W/O (D Al)( \3/5 )‘]1 (a’n) d77

First consider 2 > 0. Introducing the notation x = x/v/3t and making
the change of variable ¢ = y + 1?/v/3t we get

e J 63t /[ —
DeE (1) = — o / D2 A4i (¢) = (V3= x) dc.
(3t)1/6+04/3 N 2 /C —x
Using the inequality (see [24, p. 49])
1
Jl—(x) < = for rzeR
T 2
and the asymptotics (3.21) with a > 0 we obtain
a2 e’} »
Dsgwt)] < i [ DEAiQ)]dc
(3t)2/ . 2 (5.9)
a & a
< D*Aq dc < C———.
= (3t)e/3 /0 | DEAi (Q)] d¢ < C(gt)a/s
Consider now z < 0. In this case we can write
N a

where

- [ Y e (- (W=45)) a5
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and

I = /? (D™ Ai) (j;_t - |X|) i (an) dn. (5.12)

First we deal with the integral I;. Making the change of variable { = |x| —
n?/+/3t and setting b = a+/3t we can rewrite it in the form

(v =20) B

2¢/Ixl = ¢

h= V5 | " (poaiy ()

Integrating by parts we get

n= 5 | W (V) d ( / " (e A <—y>dy)

2¢/Ix1 = ¢

i (b VI=20)

2+/Ix] = ¢

= /3t

[ i

¢=0

_/Ob x| </OI><|Z2/b2 (D Ai) (=) dy) d% (@) dz] |

Using the formula (see [24, p. 46])
d (Jy(z)) _ ~Jun(2)

dz Pid Pid

we can get

x|
I =bV/3t E /0 (D*Ai) (—y) dy

b/Ix x|—2%/b? »
4 /0 ( /0 (D" Ai) (=) dy> JQi )dz] |

Recalling (5.3) and using the estimate (see [24])

(5.13)

JQ(ZL‘)

T

C

= P for T — 00
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we can see that for 0 < a < 3/2
|I| < Cav/t. (5.14)

Making the change of variable p = 1%/+/3t—|x| we can rewrite the integral
(5.12) in the form

i (b\/er |X|) ]
N

In view of the asymptotics (3.21) with o > 0 we can estimate the integral I,
in the following way:

I = \/5/ D% Ai (p)
0

. 0o Jl (b P+ ‘X|>
LI <0 V5| [ Dsai(p) = o
0 2bv/p+ IX] (5.15)
< b3 / D2 Ai (p)| dp < Ca /3.
0
Combining (5.9), (5.10), (5.14) and (5.15) we establish (5.8). O

Remark. We observe that for 1/2 < a < 3/2 fractional derivatives of the
KdV fundamental solution, D%&y(x,t), are unbounded. In order to avoid
this difficulty, we can assume that ¢ € W} (R) and integrate by parts. As a
result we obtain

Do = / D&y =y, )ly) dy

— o [ oo (4 (T2 ) e ay
1 1

= 3 37 _<3t)(04*1)/3 (DailGi) <x3_35) ¢<y>

Here the first term in the brackets vanishes since D¢ 'Gi(x) is bounded for
0 < a < 3/2 (see (3.22) and (3.42)) and ¢(z) — 0 for |x| — oo due to
the imposed smoothness condition. Various linear estimates can be obtained
from (5.16) with the help of the asymptotics of D2Gi (x).

oo (5.16)

y=—o00
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6 Appendix: Airy and Scorer functions

We summarize below the main properties of the Airy and Scorer functions
that are used in this paper.

6.1 Airy functions

Linearly independent solutions of the homogeneous Airy equation w” — zw =
0 are denoted by Ai(z) and Bi(z). They have integral representations

Ai(z) = % /000 cos (2€ + &%/3) d¢,

Bi(z) = — / sin (2€ + €%/3) d§ + = / =€ g,
T 0 ﬂ- 0
where z is assumed to be real. Initial values are
Ai(0) = Bi(0)/v3 = 37%3/T(2/3), 6
6.2
Ai'(0) = —Bi'(0)/V/3 = =37Y3/1(1/3).
For large positive z we have asymptotic expansions
. 67< > & Ck . GC > Ck
Ai(2) ~ 5 > (-1) a3 Bi(2) ~ =5 > o (6.3)
k=0 k=0
where
I'(3k+1/2)
— — 2,3/2 = k=012 .... 6.4
A few first coefficients are
5 385 85085
=5 AT oy 2T 70368 P T 2230488 (6:5)

For complex values of z the expansion of Ai(z) in (6.3) is valid for —7 <
arg z < 7, and the expansion for Bi(z) holds for —7/3 < argz < 7/3.
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For large negative arguments the expansions are
. —1/2_— - Cok - Cok+1
Ai(—2) ~ /2,714 (smz/z Z kC% cos(z) Z(—l)kczkH) :
k=0

Bi(—z) ~ 7227 (coslp i )k C2k + sine)(2) i<_1)kc2k+1> 7
k=0

2k 2k+1
C — ¢

where 1(z) = ((z) + m/4. For complex values of z these expansions hold in
the sector —27/3 < arg z < 2m/3.

6.2 Scorer functions

The Scorer function Gi(z) is a particular solution of the non-homogeneous
Airy differential equation w” — zw = —1/m. For z € R we have the represen-
tation

Gi(z) = % / " sin (26 +&%/3) de. (6.7)

0

For the same z a particular solution of the equation w” — zw = 1/7 is given
by
1 o
Hi(z) = = / B qe. (6.8)
0

™

Initial values are

Gi(0) = tHi(0) = 377/5/T(2), Gi'(0)=1Hi'(0)=3"%/T(3). (6.9
From (6.1), (6.7), and (6.8) it follows that
Gi(z) + Hi(z) = Bi(2). (6.10)

We have the asymptotic expansions (see [11, pp. 431-432])

, (3s 4+ 2)! ™ ™
Gi(z) ~ — < = Z (329 ) , g <argz<g, (6.11)
and
, 1 1 « (35 +2)! 21 21
Hi(=z)~—|(1—-—= —1) = —— —. (6.12
i(=2) nZz < 28 ;( ) s1(323)s ) ’ g S MEEs 3 (6.12)



Other relations are (see [6])
Hi(2) = ™3 Hi (2e=2™/%) 4 2eF7/0 Aj (2e¥27/3) . (6.13)

and
Gi(z) = —e** B (2e**™/3) £ iAi(z). (6.14)

The proofs follow easily by verifying that the right-hand sides satisfy the
differential equations, and from the initial values given in (6.2) and (6.9).

With the connection formulas (6.13) and (6.14) and with (6.10) asymp-
totic relations in other sectors of the complex plane can be derived.

6.3 Asymptotics of the antiderivative of Gi(x)

In Section 5 we dealt with the estimates of the integrals [ Gi(t) dt for |z| —
oo. It follows from the expansions in (6.10)—(6.12) that this mtegral has a
logarithmic estimate shown in (5.5). In this section we would like to treat this
issue in more detail using the asymptotic expansions of the Riesz potentials
D2 Ai(x) with o > —1 obtained above.

Theorem 6. The following asymptotic expansions hold for the antiderivative
of the Scorer function Gi(x):

v 2y + 31 n3 1
/Gi(t)dtw_ tins ;““ —
0 » = * (6.15)
e* x
+WSQ(—1,x) for 1 — 400
and
o 27+31n|x|+1n3 1 — )k
Gi(t)dt ~ — -
/0 it) 3 ﬂkz k! |x|3k

1 :
o B ()T (-1 Jel) — cos (e To(—1 ] (419
for T — —00,
where v = 0.57721... is the Euler constant, Sa(—1,x) is given by (3.20) and
(3.23) with o = —1, Y(x) = ((x) + /4, and Ty(—1,|z|) and Tr(—1,|z|) are
defined by (3.43) with a = —1.
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Remark. Since the notation v for the Euler constant is used only in the
current subsection, it cannot be confused with the rotation parameter in the
Ostrovsky equation.

Proof. We have from (6.7)

/ " Giltydi — % /  cos (28 + &/ ? — s &) ye  (6a7)

It is not possible to break up this integral into two with a single cosine term
in the integrand because of the divergence of the resulting integrals at £ = 0.
Instead we split it up in the following way:

/ Gi(t) dt = hm1 (D) (a, z) — Po(a)], (6.18)

where for o > —1

O (o, ) = %/Oooéa cos (z€ + &°/3) d¢

L (6.19)
®y(0) = - / £ cos (69/3) de
0
Taking into account (3.1) and (3.2) we see that
Q) (e, x) = DS Ai(x) (6.20)

and, according to (2.5.3.10) of [13],

B (a) — 3(a:>/3 . <W(1; a)) . (1 Jg a) | (6.21)

Here both ®; and &, are singular at o = —1.

For ®;(a, x) we use the asymptotic expansions given in Theorems 2 and
3 (see (3.21) and (3.41)). We notice that in these expansions only the terms
with k£ = 0 in the infinite series become singular in the limit as «« | —1. These
terms should be combined with ®4(«) in order to get regular expressions when
finding limit (6.18).

Thus, in order to obtain the asymptotic representation for x — +oo we
have to compute the limit

sin(ma/2)

L(z) = alinh —Wf‘(a +1) — Py(ar) | . (6.22)
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After some manipulations with computer algebra it turns out to be

2y +3In|z| +1n3
Lie) == 3 ’

where 7 is the Euler constant. Using the other terms in (3.21) and (3.41) with
a = —1 we obtain asymptotic expansions for large = (6.15) and (6.16). O

(6.23)

Acknowledgments. NMT acknowledges financial support of the Spanish
Ministerio de FEducacion y Ciencia, project MTM2006-09050, and of the
Gobierno de Navarra, Res. 07/05/2008.

References

[1] Abramowitz M., I. Stegun (Eds). Handbook of Mathematical Functions.
National Bureau of Standards. Applied Mathematics Series, no. 55. U.S.
Government Printing Office, Washington DC (1964).

[2] M.J. Ablowitz and P.A. Clarkson, Solitons, Nonlinear Evolution Equa-
tions and Inverse Scattering, Cambridge Univ. Press, Cambridge, 1991.

[3] E.L. Basor and H. Widom, Determinants of Airy operators and appli-
cations to random matrices, J. Stat. Phys., 96 (1999), 1-20.

[4] L. Debnath and D. Bhatta, Integral Transforms and their Applications,
IT Ed., Chapman and Hall, 2006.

[5] J. Duoandikoetxia, Fourier Analysis, Amer. Math. Soc., Providence, RI,
2001.

[6] Gil A., J. Segura, N.M. Temme. On non-oscillating integrals for com-
puting inhomogeneous Airy functions. Math. Comput. 70, (2001), 1183-
1194.

[7] N. Hayashi and P. Naumkin, Large time asymtptoics of solutions to the
generaliuzed Korteweg-de Vries equation, J. Funct. Anal. 159 (1989),
110-136.

[8] T. Kato, On the Cauchy problem for the (generalized) Korteweg-de Vries
equation, Studies in Applied Math., Advances in Math. Supplementary
Studies, 8 (1983), 93-128.

25



[9] C. Kenig, G. Ponce and L. Vega, On the (generalized) Korteweg-de Vries
equation, Duke Math. J. 59 (1989) 585-610.

[10] C. Kenig, G. Ponce and L. Vega, Well-posedness and scattering results
for the generalized Korteweg-de Vries equation via the contraction prin-
ciple, Comm. Pure Appl. Math., 46 (4) (1993) 527-620.

[11] F.W.J. Olver. Asymptotics and Special Functions. Academic Press, New
York, 1974. Reprinted in 1997 by A.K. Peters.

[12] L.A. Ostrovsky, Nonlinear internal waves in a rotating ocean, Oceanol-
ogy, 18 (1978) 181-191.

[13] A.P. Prudnikov, Yu.A. Brychkov and O.I. Marichev, Integrals and Se-
ries. Vol. 1, Gordon and Breach, London, 1983.

[14] J.C. Saut and R. Temam, Remarks on the Korteweg-de Vries equation,
Israel J. Math., 24 (1) (1976).

[15] E.M. Stein, Singular Integrals and Differentiability Properties of Func-
tions, Princeton Univ. Press, Princeton, 1970.

[16] E.C. Titchmarsh, Introduction to the Theory of Fourier Integrals, 11 Ed.,
Oxford Univ. Press, Glasgow, New York, 1962.

[17] C.A. Tracy and H. Widom, Level-spacing distributions and the Airy
kernel, Commun. Math. Phys., 159 (1994), 151-174.

[18] O. Vallée and M. Soares, Airy Functions and Applications to Physics,
Imperial College Press, London, 2004.

[19] V. Varlamov, Oscillatory integrals generated by the Ostrovsky equation,
Z. angew. Math. Phys., 56 (2005) 1-29.

[20] V. Varlamov, Semi-integer derivatives of the Airy function and related
properties of the Korteweg-de Vries-type equations, Z. angew. Math.
Phys., 59 (2008), 381-399.

[21] V. Varlamov, Fractional derivatives of products of Airy functions, J.
Math. Anal. Appl. 337 (2008) 667-685.

26



[22] V. Varlamov, Differential and integral relations involving fractional
derivatives of Airy functions and applications, J. Math. Anal. Appl. 348
(2008) 101-115.

[23] V. Varlamov, Integral representations for products of Airy functions
and their fractional derivatives, Contemporary Mathematics, 471 (2008),
203-218.

[24] G.N. Watson, A Treatise on the Theory of Bessel Functions, 11 Ed.,
Cambridge Univ. Press, New York, 1995.

27



