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In a paper by Soni & Sleeman (1987), a family of polynomials is introduced.
These polynomials are related to the coefficients in a uniform asymptotic
expansion of a class of integrals. In this expansion parabolic cylinder functions
(Weber functions) occur as basic approximants and the resulting series is of
Bleistein type. In the present paper, a family of rational functions is introduced,
and the two families form a biorthogonal system on a contour in the complex
plane. The system can be viewed as a generalization of the families {z"} and
{z7""'}, which occur in Taylor expansions and the Cauchy integrals of analytic
functions. Explicit representations of the rational functions are given together
with the rigorous estimates. These results are used to establish convergence of
expansions of certain functions in terms of the polynomials and the rational
functions. The main motivation to study this system stems from the above-
mentioned problem on the asymptotic expansion of a class of integrals. It is
shown how to use the system in order to construct bounds for the remainders in
the asymptotic expansion. An instructive example is worked out in detail.

1. Introduction

Ler {P,(t)} denote the system of polynomials defined as follows:

PO(t)= 1: (11)

P(@)=t/(y+1) (y>-1), (1.2)
and, forn=2,

S WRO] =17~ DB 13)

where b is an arbitrary complex number. In (1.3) we may assume that
—n<argt<m. However, the polynomials are defined in the whole complex
t-plane. For n =1 and —w<argt=<m,

Pos(2) =2—:’,—r¥mfo [ — u? = 2b(t — )" 'u” du, (1.4)

t‘Y

P, () =7

f [ —u?—2b(t — w)]" 'u"(u — b) du. (1.5)
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2 K. SONI AND N. M. TEMME

This system of polynomials for real z was developed by Soni & Sleeman [3] in
connection with the uniform asymptotic expansion of integrals of the type

I(n)= j t(t— b)e™ "4 bg (1) dt, (1.6)
0
when 0<a<ow, |g|—>=, |argn|<mn/2 and the stationary point t=b>0

approaches the critical point t=0. In particular, if g(¢) is analytic in some
neighbourhood of the origin and has the expansion

80= 2 an0) @)

then the expansion coefficients ¢, = cx(b, y) are continuous functions of b near
b =0 and, for 0<2b<aq, |largn| <n/2, |n|—>=, y>0,

1)~(Z can™ ) Wes) + (3 cseonn™)Wotm, (18
k= =
where

W, (1) = L t7e ™=t gy, (1.9)

The coefficients ¢, are given in terms of the operator D defined by

(t— b)“gi =D, DD*'=D", (1.10)

and, forn=0, t>0,

, (1.11)

=720 50 - 2  ah(0]}

(see [3]). Except perhaps for ¢, and c;, the computation of the coefficients c, by
this process is, in general, quite complicated. To make matters worse, in many
applications the integral (1.6) is arrived at by a change of variable which is
defined only implicitly [1, 2: p. 347]. In this paper, we give an alternative
approach based on the complex function theory. If we assume that g(¢) is analytic
in some neighbourhood of the origin and if {¢,} is defined by

Cop = t’YD"{tV[g(t) - hE_I ckPk(t)]}

(1.12)

t=>b

—= "20 D.(2)P.(1), (1.13)

then formally, for some appropriate contour C,

oo

s0=55 | E20:= 3 205 | #u10r02).  @19)
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Now a comparison with (1.7) indicates that

o | #@E @ =, (1.15)
Z’Lni L ¢.(2)P,(z)dz =6, ,,. (1.16)

We prove that the relations (1.13)-(1.16) do indeed hold and that the system
{P.(2)}, {¢m(2)}) is a biorthogonal system which for b =0 reduces to the
system ({z"}, {z7™7'}). In Section 2, we define the operators I, and ©, and the
functions ¢,(z) (n=0, ...,). In Section 3, we state the main results, including the
one mentioned above. These are proved in Sections 5 and 6. Some preliminary
results are given in Section 4. An application of the expansion technique

developed here to the uniform asymptotic expansions is discussed in the last
section.

We conclude this section by describing Bleistein’s method for (1.6) with a = .
Using integration by parts, we have

- . d
ni(n) = f O k() =TT [ (0)):
0
Next we write

h(t) =po+ pit +t(t — b)f (1),

where p, = h(0) = yg(0) and p, = [A(d) — h(0)]/b. This gives, again after integrat-
ing by parts,

00

1
nI(n) =poWy_.1(n) +p:1W,(n) +; f £y (e3P0 gy,

0

with
1, d
@)= PO

Repeating this procedure, we can generate more coefficients p,, and hence more
terms in Bleistein’s expansion. Up to minor changes, p; are the same as ¢, In
1.7).

2. Notation and definitions

Polynomials P,(t) .
P,(t) denotes a polynomial of degree n and the sequence {P,(2)} satisfies
(1.1)-(1.5). Furthermore,

P0)=0 (n=1,2,..). 2.1)

For other properties of these polynomials, we will refer to (3]
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The integral operator 1

110 = | @=b)w)ds, (22)
where ¢ may be a complex number. Also,
(1) =1, (2.3)
A" =LE)"" (n=2,3,..). (2.4)
By (1.3) and (2.1), for —n <argt=<m, we can write
tP,(t) = L[t"P,_5(1)] (n=2,3,...), (2.5)
t'Py, () = (L) '[P(1)] (n=2,3,...), (2.6)
'R, () = (L)' [t"Py(t)] (n=1,2,..). (2.7)
The differential operator ©,
d 1
0.f()= -+ (=5/@) 28)
Also,
(@,)'=86, 0, =6,0,)""'" (n=2,3,...). (2.9)
Definition of {¢,(z)}
The sequence {¢,(z)} is defined as follows:
Po(z) =1/z, (2.10)
S 4 1
¢‘(Z)'z(z—b)+(z—b)2' (2.11)
L (1.2 N N
Pra2(z)=—2 " (z*(z _b)> (n=0,1,...). (2.12)

In (2.12), we may assume that —n<argz <m (z#0, z % b), although we see
by induction that ¢,(z) are meromorphic functions of z in the whole complex
plane; their only singularities are poles at 2 =0 and z=b5b. If we use the
differential operator ©,, we can write

9:(z)=2"0,(1/z7), (2.13)
On(2) = 270,[¢,2(2)/2"] (n=2,3,...), (2.14)
and, forn=1,..,

b2-1(2) =27(8:)"(1/27),  ¢2,(2) =27(6,)"(1/2"*"). (2.15)

The sequence {¢,(z)} is defined uniquely by (2.10)-(2.12). The motivation to
study these functions is provided by the following formal computations. Assume
that 1/(z —t) can be expanded in terms of the polynomials P,(t),

| =
ST 2 (DR, (2.16)

z - n=()

and that the expansion is valid in particular at =0 and t = b. Substitute ¢ =0 and
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Py(f) =1 in (2.16). By (2.1), we obtain ¢(z) = 1/z. Now multiply both sides by ¢”
and differentiate term by term with respect to «. By (1.2) and (1.3), the resulting
equation can be written as

(-5 % 6Pt s a@. @)

For t = b, we obtain ¢,(z) as defined in (2.11). When we substitute for ¢,(z) and
simplify, the above equation reduces to

had _ b 1 1 1
;,:o Prs2(2)Balt) = (z(z —b) * (z - b)z) Pl (z =b)z - :)2

— Y
- <Z(Z — b) + (Z b)z) 2 (P,,(Z)P (t) - 5 2 ¢,,(Z)P (t)

n=0
(2.18)
By comparing the coefficients of P,(t),

_ Y
tns®) = (o o )9O oy e @19)

which can be expressed as (2.12).

In Theorems 1-3 of the next section, we establish the validity of (2.16) when
[t +21b]<|z|.

Definition of the operator D"
D'=D=(z —b)"ad;, D" =DD"*". (2.20)

This operator is used by Soni & Sleeman [3] for computing the expansion
coefficients in the expansions of type (1.7) as well as for the representation of the
remainder in the asymptotic expansions of the Bleistein type [1]. Note that

Df(z) =(z = b)"' (= 6.)"[(z - b)f (2)} (2.21)

Furthermore, if .
@)= 2 aPu),
k=0
then by (1.3) and (2.20) it follows that

t"’D"t”{f(t) - 2"21 CkPk(t)} = kE:) Ch+2n P (£)- (2.22)

3. Statement of results
We will assume that y =0 unless specified otherwise.
THEOREM 1 If ¢,(2) are deﬁned by (2.10)—(2.12), then, forn=1,2,..,
o T(y+n—-k)I(n+k+1)

3.1
¢2n l(z) r( ) kE:O k' (n . k)' 2k n—k(z )n+k ’ ( )
_ 1 F(y+n—k+1)F(n+k+1) 3.2
Pon(2) = T(y+1) ,gok! (n — k) 252" %+ (z — bY™+* (3-2)
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Furthermore, if z# &b (0<&<1), —-n<argz<m, y>0, then

L +2n+) W1 — w2
Poni2) = p gy 70 f G—b+bgyrmade (3
D(y+2n+2) 2) u¥(1—u?"
()= 0" j @— b+ buy = 3.4

where the integration is along the straight line segment from 0 to 1. In (3.3) and
(3.4), arg (z — b + bu) is chosen so that arg (z — b + bu)—>argz as b—0.

By (3.1) and (3.2), the only singularities of ¢,(z) are poles at z=0 and z =b.
As b—0, these poles coalesce and then ¢,(z) has a pole of order (n+1) at

z=0. In fact, when b =0, ¢,(z) =k,/z""", where k, is a constant depending on
y and n.

THEOREM 2 The series Y5—o P.(t)¢,(z) converges absolutely when 0<(|t|+
161)/(|z} — |b]) <1 and uniformly in the regions $2, and Q, which satisfy

le] +1b] _

s1-6<1, > |b|. 3.5
tef2,ze, ‘Zl lbl IZl I | ( )

THEOREM 3 Let |b| < f. Then, for all z and t such that |t| + 28 <|z|,

G- = 3 PO ) &)

For B=0, (3.6) reduces to the standard decomposition (z—¢)"'=
Yroot*/z""" (|| <|z|). Theorem 3 can be proved by using a result of Soni &
Sleeman [3] for real z and then extending it by analytic continuation. However, to
make the paper self-contained, we give a proof which is of interest in itself.

THEOREM 4  Let C be a simple closed contour, positively oriented, with z =0 and
z=>b inside C. Then ({P,,}, {¢,}) is biorthogonal on C and

J P.(t)¢,.(t)dt=1. 3.7

2mi

The above theorem gives a straightforward extension of the biorthogonal system
({2, {277 1).

The corresponding extensions of the Taylor and the Laurent series are given in
the following theorems.

THEOREM 5  Let f(t) be regular in |t| <r and let |b|< B <r. Then, for |t| +28<r,

f)= Z cePe(l), (3.8)

where

o= 5 |LFO)Buw) aw (.9
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and C is the positively oriented contour |w|=r. Furthermore, if

! R.()=f(@)—- :20 crP(1), (3.10)
then
(B
RO <=5 (= ) maxlfol. (3.11)
Another bound for the remainder is given by
<+ B _
[Rom(D] < Gm)! N (m=0,1,..), (3.12)
where
N = max TAR(CO1 (3.13)

with A\ the triangle joining the points w =0, b, t, respectively.
The next theorem is analogous to the Cauchy inequality.

THEOREM 6 The expansion coefficients c; = c;(b) in Theorem 5, are analytic
functions of b in |b| <r and for |b| < B <r satisfy the following inequalities:

k % k
(YR ES I?[%I(‘][, iylg(lr)f /3;:" max If(2)l (3.14)
and
_ 2T@y+k+1)r
ICZkI \I‘(éy + 1)(,, _ ﬁ)2k+1 Il?'a:’f lf(z)l (315)
Furthermore,
2Ty + 1) + 4] —_—
[Cak—1] = F[‘;‘;(y + D)T(2k) 0‘28331 |f( )(Bb)l, (3.16)
2TGy+h+1) 170, (.17)

=
el Ty + DI (2k + 1) o<o<1

THEOREM 7 Let f(t) be regular in the annulus r<|t|<R, R —r>4p, |b|<p.
Then forr +2B<|t| <R —28

)= 2 cePolt) + Z (), (3.18)

where
1
6 =55 | FONBuw) v,

de=s fc Fw)P(w) dw,

and C is the circle |w|=r', oriented in the positive sense r <r'<R, B<r'.
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In the last theorem, we provide two bounds for D"¢?R,,(t), where R,, is defined
in (3.10) and D in (2.20). For real ¢ the second bound is given by Soni & Sleeman

K8
THEOREM 8 If f(2) is regular in |t| <r, then for |t| <r, b|<B <,
2TGy+n+1r

YD, S "< 1, 3.19
where R,,(t) is the remainder after 2n terms, D is defined by (2.20), and
d=min{r—-B,r—|t|};

2TGy+n+1)

Ty + 1)L(2n +1)

[t7YD"t"R,,(t)| < (3.20)

where N is defined by (3.13).

4. Some preliminary results

Lemma 1 Let f(u) be locally integrable in [0, ) and of exponential order o =0
as u—o, [If

F(z)= f: e *f(u) du, Rez>o, 4.1)

then
(@) for Rez>max {Reb, 0} (n=0,1,...),

Oy (F@) = ~b)| Te P () du 4.2)

where

u

e W2 — v¥)'f(v) dv; (4.3)

(b) for Rez> g, z+#b,
1 & (n\27(n +k
©F@ =3 5 (1) T Lok (R 0e) (4.4

Proof

F(z)= I: e~ CPMe=bur (1) du, 4.5)

Using integration by parts,

F(z)=(z—- b)J: e (1) du, (4.6)
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where fy(u) is defined by (4.3). The integrated term vanishes at both ends. Then

_4 F@ _

& z-b) e~ Puyf(u) du. 4.7)

Since

23

J;vfo(v)dv=j0 vL e"”f(s)dsdv=J; e"”f(s)Js vdvds=3 A e“"(uz—s2)f(s()4d;;

after an integration by parts (4.7) can be written as
O,F(z)=(z— b)f e~ 70Me (1) du. (4.9)
0

Now (4.2) and (4.3) follow by induction. To prove (4.4), substitute for f,,(x) in
(4.2) and interchange the order of integration. Then

(O.YF(z) = (ZT!_;—) jo " et (v) j " et _ y2)n du dy

- (Z ha b) e_zvf(v)f e—(z—b)ssn(s + ZV)" ds dv. (4. 10)
n!2" 0 0

By using the binomial expansion for (s +2v)", we obtain

0.yF(z) =203 (Z) 2"~'<( jo me“”v""‘f(v)dv) Dntkt1) =41

nlon = (Z - b)n+k+1
The right-hand side can be written as in (4.4).

LEMMA 2 Let F(z)=z"" (y=0). Then, for z ¢{0, b}, —n<argz=<m,

n _ “ (n+k)NT(y+n—k)
(@z) F(Z) = I‘(Y) IZO k! (I’l — k)! 2kzn-—k+y(z _ b)n+k (4 12)
and
(O F(@) Js-rpms = o2t L VIIG) (.13)

2" (n+1+3y)(y)"
Proof. In Lemma, 1, let f(u) =u"""/T(y) (y>0), so that F(z) =z"". Since

T(y+n—k)

(_l)n-k(z-—‘y)(n—k)= r(y)zy+n~k ’

(4.14)

the relation (4.12) follows from (4.4). The restriction Re z >0 can be removed by
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analytic continuation. Again, by (4.2) and (4.3),
1 ” - J-u 2 2\n.,y—1
" o=y | €7t @ =)y T dv du
(0. F() Lmsams= 5755 |, <), 2=
1 fm —uy,2n+y fl 2 -1
= — e uu du 1— s ns-y dS
1 2°T() o (1=

_ T@2n+1+y)Gy)
T2 M(m+ 1+ 19)T(y)

This proves (4.13). For y =0, take the limit in (4.12) and (4.13) as y—0".
LemMa 3 Let F(z)={z"(z—1t)}""' (y=0). For z¢{0, b, t}, —n<argz<m,

(@z)"( 10) li (n+k)! nik Ir'd+vy) (4.16)

(4.15)

2%z =1))  T(y) Sk 2%(z — bY™** £ 11 2 ¥(z — gy K1+
Furthermore,
., 1 FrRn+2+ y)TGy +3)
(@z)< e ) = ,,+(1 ) (23 . (4.17)
29z =)/ l;=10=p=0 2" T(y+1DI(n+3+37y)
Proof. For y>0, apply Lemma 1. Let
1 U
f(u)= o) J:) vY eV gy, (4.18)
For each ¢, f(u) is of finite exponential order o = o(¢) and
F(Z)zz”(z—t)’ Rez>o. (4.19)
Since
e iy (n—k\ T(y+ID(n—k—1I)
(~1y*[F(z)]" = g% ( 1 ) e (4.20)

the relation (4.16) follows from (4.4). By analytic continuation, the equality holds
forallz (z¢{0,b,t}, —n<argz<m). Againforz=1, t=5b =0,

f)=u?/T(y+1).

Hence, (4.17) follows from Lemma 2 by replacing y by (y + 1). As in Lemma 2,
(4.16) and (4.17) hold for y =0 also.

Lemma 4 Forz¢{0,b,t}, —-n<argz<m, -n<argt<um, y=0,
L6.[(t/2)"(z =71 =(t/2)"[(z — )" — P()9o(2) — Pi(1)91(2)].  (4.21)
Proof. Let

J@0)= d%I,@z[(t/z)’(z -0 =t"(t-b)O,[z7"(z —1)7"]. (4.22)

S
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By Lemma 3, forn =1,
1 + 1 + Y
(z—-b)(z—1) (z—-b)(z—1t) z(z—b)(z - t))' (4.23)
After some rearrangement of the terms, we can write
1 1 (t-b)
I = (t/z)"( - +—7 )
(z=1? (z=-b)* z(z=-b)(z—-1))" (4.24)
By expressing the right-hand side of (4.21) as
y+1 y+1
k=27 o (e )|
z2(z—t) y+1\z(z—b) (z—b)?

and differentiating with respect to ¢, we can easily verify that J(¢)= K'(¢). The
equality in (4.21) holds because the two sides are equal for ¢ = 0.

1) = /2t - b

5. Proof of Theorems 1-4

Proof of Theorem 1. The representation (3.1) for ¢,,_,(z) follows from (2.15)
and (4.12). For the representation for ¢,,(z), use (2.15) and apply (4.12) to
(©,)"(z7*™"). To obtain (3.3), proceed as follows. By (4.2) and (4.3), for
f(u)=u""'/T(y), Re z>max {Reb, 0}, y>0,

z-b) 7

(@) (™) = T2l Jy

e‘(z"’)“J e (W —vA)"v' "l dv du (5.1)
0
By a change of variable,

z—b [~ !
nio, =Yy = —(z—b)u,,2n+ —bus y—171 __ <2\n
(6,) (? ") F(y)2"n!L e u ”J; e 5771 —5%)" ds du,

z—b

1 o
=Tz J; 1- sz)"sY"f g (FTbrbNy 2%y dy ds. (5.2)

(V]

The interchange of the order of integration is justified when Re z > max {Re b, 0}
and the inner integral can be given explicitly. Now use (2.15) to obtain (3.3). The
condition on z can be relaxed because the integral converges for all z except for
z=Eb (0= E=1). The integral representation (3.4) can be obtained similarly.

Proof of Theorem 2. It is enough to prove that, for |z|> |bl,

| oI+ 1ol
hl:ljgp |P,,(t)¢,,(2)|1/ = lZI _ lbl - (53)
By (3.1),
- 1 & T(y+n—k)(n+k)!
L I o Ay e T
1

= W [¢2n—l(z)]z=l,b=o. (5‘4)
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Again by (2.15) and (4.13),
[(y +2n+ DIGy)
- < . 5.5
192N < 2Ty t D)1zl — 15D 3

By the duplication formula for the I'-function,

2'T[3(y +1) +n]
T30y + DIzl = 16>

TGy +n+1)
LGy + D(z| = bl)>*t
Again, by (1.4) after a change of variable,

[$2n-1(2)] < (5.6)

Similarly,

|$2n(2) < (5.7

" 1
|Py—1(0)] = v fo (1= )" (1 + v)t —2b]" 'v" dv

<
~2"7I0(n)
_ Qe+ 161" 2 1T[3(y + DIT(n)
T 27T(n)  2T[i(y+ 1) +n)

f A= vH" (el +21b)" v dv

< a1 L(y +1)]

To obtain a bound for |P,,()|, use integration by parts in (1.5). For y >0, the
integrated term vanishes at both ends. Thus,

v r 2_ 2 -1
P (t)=——=——— —u”— —u)]*u’ . .
2(2) T+ 1) O[t u”=2b(t—u)"u*"'du (5.9
By using the same technique as above in the computation of a bound for
|P2n—l(t)|7 .
(7l + 16" TGy +1)
2’TGy+n+1)

For y =0, this inequality can be obtained directly from (1.5). By (5.5) and (5.7),
forn=1,2,.,

[P ()] <

(5.10)

_ Qe+ piy
Pores (D) <= (5.11)
and by (5.6) and (5.9),
< _(a+1bD™

From (5.11) and (5.12) above, we obtain (5.3).
Proof of Theorem 3. We note that by (2.5) and (2.14), forn =0, 1,..,,
LO.[(t/2)"Pu(t) pn(2)] = (t/2) P s2(t) Ps2(2)- (5.13)
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By induction and Lemma 4, we obtain the equality

1.y (012 =0 = 2y (e =07 - 3 BO#(a). (519
Also,
FLOF 12 =) =y @YW =07 (15

We will prove that, under certain restrictions on ¢ and z, the right-hand side in
(5.15) approaches zero as n— . Let |z| > max {|¢], 8} and let

p =min {|z| - ||, |z] — B}. (5.16)
By Lemma 3,

(O (7= N == 3 €
lljzz.lz:x (0,)'[z7(z = ) azri=s=0

_ 12I7T(y + 20 + 2)T[3(y + 1)]

n+k)"ZECl+y)

>

=0 k128 &I

= . 5.17
PN A DIy +n v O
Now use the duplication formula for the I'-function so that
TGy +n+1
(@~ —n < et a D (5.18)

PTGy +1)
An integral representation for (1,)"f(¢) is
Y0 =i || [P = 2b(e = 0] =B @ dw. (519
Therefore, for f(t) = (@,)"[(t/z)"(z — ¢)™'], after a change of variable,
I(1)*(©.)"[(t/z)"(z —)7']|
= -2—"—_—1-;% l [t(1 = v®) =2b(1 = V)] (O, [z7"(z —tv) ' ]v"(tv — b) dv

1t|"+” |z|""2"T(3y +n +1)
~ 2" T(n)p* TGy +1)

[|t| A=vH)+21b| A =V]"'(Jt|v + [bl)vY dv.

(5.20)

The last inequality has been obtained by using (5.18). Now use integration by
parts. For n =1, y >0, the integrated term vanishes at both ends. As in (5.8),
(1) (©.)"[(t/2)"(z = )7']i
Tz Ty PGy +n + 1)
I[(n+1)p**' T3y +1)

21b| ) le[7(£] + [b])*"

Y'—l 2 n <
a=vr(id+ ) dvsr
(5.21)

This inequality also holds for y = 0. It follows that the left-hand side in (5.14)
approaches zero as n— when |f|+ B <min {|z| — ||, |z]| — B}. Therefore,
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Yoo Pu(t)¢pa(z)=(z—1)™" for all z and r which satisfy this condition and in
particular, when ¢ is bounded and z is large enough. Since (z — ) is analytic in z
and ¢ and the series converges uniformly when (|¢| + B)/(|z] —B)<1-8 <1 for
every 6 >0, the equality holds when |[¢| + B <|z| — B by analytic continuation.

Proof of Theorem 4. It can be shown in a straightforward manner that, on C,

(a) P,(t), P,(¢) are orthogonal form, n=0,1, ... ;
(b) ¢..(2), ¢.(¢) are orthogonal for m, n =0, 1, ...;
(c) P,(r), ¢.(t) are orthogonal forn=m +1 (m =0, 1, ...).

Therefore, it is enough to show that P,(¢)¢,(t) are orthogonal on C for n <m.
Without loss of generality, we may assume that C is the positively oriented circle
|w|=r and that |¢| + 2 |b] <r. Then

1 (P, 3 1 3
P.(t) = o L = dw= n§=jo P.(1) 5 fc P.(W)¢,(w) dw = EO c.P,(1), (5.22)

where

1

=52 LP,,,(W)(P,,(W) dw. (5.23)

The interchange of the order of summation and integration is justified by the
absolute convergence of the series when w is on C. By (c) above,

P =S c.P.0). (5.24)

Since F,(¢) are linearly independent, it follows that ¢, =0 for n=0,1,.,m —1
and c,, = 1. Hence ({P,.}, {¢,}) is biorthogonal on C and (3.7) holds.
6. Proof of Theorems 5-8
Proof of Theorem 5. As in the proof of Theorem 4,
1 [ fw) ot ( 1
N=— /| —=dw= —
1O=50 | =2 05 [ smman). @)

The interchange of the order of summation and integration is justified by the

absolute convergence of the series when |t +28 <r. This provides the expansion
(3.8). Next,

R.(6)=£(t) - 2 cP(t)

= 2_:;1r_1_ L(w—l——t - :2::; Pk(t)¢k(w))f(w) dw = 2‘%; 3 (,2,, Pk(t)(p,,(w))f(w) dw.

(6.2)
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Since by (5.11) and (5.12),

Peeol= (0L (1) (63)

+ b\ 2
r—|b|> T2 b ). ©4)

The right-hand side is a maximum when |b| = and provides the bound (3.11).
To obtain the bound (3.12), use the representation (5.14) in (6.2).

R0 =5 (

Ru(®)= 5= [ @I =071 () 0z

1
=y | 2O -0 6.5)

By Lemma 3 and formulae (A.1) and (A.2) of the Appendix,

1
o [ 2707 - 0750y a

% (n+k)! "i"[‘(l+ y)_l__f f(z)dz
Eok'2T(y) 56 1! 2miJcZ'(z — b)Y (z — )ik

_ NIQ2n+2+9)(Gy+3)
T 2 T(y + DI(n + 3+ 4y)

Now we use the same technique as in (5.20) and (5.21) to obtain an upper bound
for |R,,| except that we use (6.6) for the inner integral in (6.5). This provides
(3.12).

Proof of Theorem 6. By (3.1) and (3.9),

_ 1 ET(y+k-Dh(k+1+1) 1 f(w)
“%-1710) 27 k-012  2m f

S&%—! (0.)'[z27(z = ) W mpimp= (6.6)

dw. (6.7)

cwk—l(w _ b)k+l N
Therefore g1 =cyr—1(b) is an analytic function of b in |b| <r. By using the
inequality (5.5) in (3.9),
T'(y+2k +DIGy)r
. 6.8
Ly + k + DI — % maxf ()] (6.8)

The right-hand side is a maximum when |b| = and we obtain (3.14). Further-
more, by (A.1),

lCak—1] <

(0 B E

1 < 6.9
20 Jew (W — b)*+ 2k —1)! (6.9)

where N =max |f®*~"(w)| when w is on the line segment joining w =0 and
w = b. Therefore,

1 "I‘(y+k—1)I‘(k+l+1)) N

I'(y) 120 INk-ND! o1 2k — 1)! . (6.10)

ezl =< (
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The bound (3.16) follows by using (4.13).
The corresponding statements about ¢, are proved in a similar manner.

Proof of Theorem 1.
1 [ fw) 1 [ fw)
=—| ——=dw-— | —=dw,
U Znif w1 T omiJow—t ™"
where C; and C, are the positively oriented contours |w|=R and |w|=r,
respectively. For |tl +2B<R,

(6.11)

2m W f(w) 2 Pk(t)—— J FW)or(w) dw, (6.12)
and, for r + 28 < |t|
) g S
o o=t T 200 | FONRw) dw. (6.13)

The series in (6.12) and (6.13) converge absolutely. Since f(w) has no singularity
in r <|w| <R, it follows that C; and C, can be replaced by C.

Proof of Theorem 8. By (2.22) and (3.9),

CDERAO1= 3 PO [ Buns I () v, (6.14
Since, by (2.14),
Besanl) =W,V Tw (), 6.15
S P00t =W (@1 (w7 3 Pl ) = (@, T 0w = 7'
(6.16)

The interchange of the operator (6©,)" and the summation is justified by the
uniform convergence of the series when |t| +28<r— & <|w| when & can be
chosen arbitrarily small.

Furthermore, we can interchange the order of summation and integration in
(6.14). Hence,

CDTERO1= 5 [ WO W - W) dw. (617
By (5.18), N

|r*o"[szn<r)1|<%%;’—d£—i—¥max o). (6.19)

This proves (3.19). To prove (3.20), we use (4.16) for the expression
wi(O,)' [w Y (w—1)" 1] and then (A.1). Since

1 dw N
2:n:i c(w— b)"+"w'(w ) S = (2n)!’ (€1
Y47, = C (n+k)'n-kr(l+Y) N
(7D "R, (2)] < I(v) (kzo k! 2k Z:o I ) (2n)!
_T@n+2+9)Gy+3 N (6.20)

2"'T(y + DI(n + 3 + 1y) 2n)!”
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The last expression above follows from (4.17). By using the duplication formula
for the I'-function, we obtain the inequality in (3.20).

7. An application to asymptotics
Let

/2
I(Cl’, x) _ J ex(cos 6+0 sin a) de, (7.1)
0

where x—> and « is the uniformity parameter. There are saddle points at
f-values satisfying sin 6 =sin . The most important ones are 6,=qa, 0, =
n—a, 6_=—n— a. We assume that || < a;,<mn/2 (« real and «, fixed). Then
the saddle points 8, are bounded away from the interval of integration. When o
changes sign, the saddle point 6, leaves or enters the interval of integration and
the asymptotic behaviour of the integral changes abruptly. Therefore, the point
a =0 is of particular interest.

Olver [2: p. 346] has discussed the same integral. Here we use the theory
developed in the previous chapters and in Soni & Sleeman [3] to give the first five
terms of an asymptotic expansion of (7.1) which holds uniformly in |o| < &y (@
real). We also provide some numerical error bounds. The expansion is expressed
in terms of the integral

Ox, k)= J' e x(e-b0 gy, (7.2)
0

which is related to the error function erf (x). We have

O(x, k) = (m/2x)¥e¥ {erf [b(3x)}] + erf [(x — b)(3x)]}.

7.1 Transformation to Standard Form
The integral (7.1) is reduced to the standard form (1.6) by means of the
transformation
1—cos 6 — Osin a =3w*—bw, (7.3)
where (we denote Olver’s a by b, in accordance with the part that b plays in the
previous sections)
b= /2a(asin a +cos a — 1)/’ (7.4)
In (7.3), 6 and w are complex variables; 6 =0 maps into w=10 and' 6=« intp
w=b. By (7.4), b is an analytic function of « for |a| < &. When « is real, b is

real and has the same sign as @. The transformation (7.3) has been discussed by
Olver. By (7.4), we write

w—b=/2(6 — a){[(a« — 0) sin & + cos a — cos 6]/(6 — @), (7.5)

where the principal value of the square root is taken. The .mapping (7.5) ‘is
analytic and one to one in a domain £2, which includes the strip |Re 6| <m/2 in
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the O-plane. The inverse map 6 = 6(w) is analytic on the corresponding domain
Q,, in the w-plane.

Olver considered the strip |Re 8| <m/2. However, to obtain realistic error
bounds we use larger domains €4 and Q,,. Let w, be the images of 6, =t — «
(the ‘other’ saddle points). That is,

w.=b % (4cos & + 4asin o F 27 sin a)?, (7.6)

where the square root is positive for the values of « considered here:
- < o < o, We take

Q,=C\{[w,, +®)U (=, w_]}.

Note that d@/dw, which can be obtained from (7.3), is singular at w,. For that
reason, we delete branch cuts on the real axis in the w-plane. The images of these
branch cuts in the 8-plane are denoted by S, and defined by the equation

Tsina=sinosinht, @=o0+it (0,7 real). 7.7
It follows that S are given by (see Fig. 1)

Tsin «
o = 7 — arcsi < - ) R).
o n sinh T (veR)

Using Olver’s methods it follows that w(8) and 6(w) are analytic in the
domains € and £, respectively. By the transformation (7.3),

e I(a, x) = J e * B =tWg (1) dw, (7.8)
0

I

Qe

a=m/4

|

Fi6. 1. Domain £, bounded by the curves S,.

e e 6 W A
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where
de w-—b
g(w) = dw sin 6 —sin a (7.9)
and, by (7.5),
Kk =b+[(2 — m) sin & + 2 cos a]%. (7.10)

Note that 6(w), and therefore g(w), has no singularities in Q,,, which includes
the real interval [0, k] and therefore the points w =0, b in its interior. By (7.5),
in the neighbourhood of 6 = «,

w—b=(6—a)(cos @)1 -1 tan a (8 — &) — 5(6 — )?
+&tan a(6 — @)’ + 555(0 — a)* + 08 — a)°, (7.11)
and, in the neighbourhood of 8 =0,

_ _[sina  (sin’a 1 2]
w_e[-—b +< s 2b)e+0(e). (1.12)

The expressions (7.11) and (7.12) will be used to compute expansion coefficients.
In particular, by (7.9) and (7.11),

g(b) =1/(cos ). (7.13)
Therefore,
e *I(a, x) = [1/(cos @)}]Q(x, ) +J(, x), (7.14)

where Q(x, k) is defined by (7.2) and
J(a, x)= f e~ ¥ty — bYf (W) dw, (7.15)
0

f(w)=[g(w)—g(b)]/(w—b)=(sin 6 —sin &)~' — (cos @)Y (w—b). (7.16)
The integral in (7.15) has the standard form (1.6).

7.2 Asymptotic Expansion of J(«, x)

We use the form of the asymptotic expansion given by Soni & Sleeman [3]
when the upper limit of integration is bounded away from the saddle point. (This
is different from the expansion given in [2: p. 348].) By (3.10), let

2n—1
fW)=2 cnPu(W)+ Ron(w). (7.17)
m=0
Then, by [3: Theorem 6], for y =0,
1

>

n—
sz._lx_m
m=0

I @) = W) S, camr™ + Wil)
m=0

—Aw) S x D Ry(x)] + E®,  (7.18)
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where B
E® =y f D" [Ran(1)]( — b)e 379 dt, (7.19)

0

with D as defined in (2.20), and
Wix) = f f(t—b)e M gt (i=0, 1), (7.20)

0
Ax) = e @09, (7.21)
The functions W(x) can be expressed in terms of A and Q of (7.2):
1-A(x O(x, k) — KA(x

Wo(x) = . ( ), Wi(x) = ( )x ( ). (7.22)

In (7.18), E™ is the remainder and provides an error bound. The coefficients c,,
are computed by using (3.9). Denote by C, the contour in the w-plane which
includes the interval (0, k) in its interior and which lies within €2, the domain of
analyticity of 8 = 8(w). Let C, be the image of C,, in the 8-plane. Then

1
n =3 J, £ 0no)

1 . N 1
=5 J’c., ((sm 6 —sina)™ " — —————-———(COS )¥ow = b))cpm(w) dw.
By (3.1,

I (w=b)"'¢,,(w)dw=0 (m=0,1,...).

Therefore, by (7.9), )
_ 1 [ pulw(8)]
2mi Jo, w(6) - b

We recall that in Soni & Sleeman [3] the coefficients ¢, are defined as in (1.11)

and (1.12). The above integral can be evaluated by the residue theorem. In
particular, by (3.1) for y =0,

Crm de.

1 + 1
wi(w—b) w(w—b)*’

! 3
¢1(W)—m, ¢3(W)=(w_b)4-

We use (7.11) and (7.12) to compute the residues in the above integral and obtain

Po(w) = % , (W)=

c _l(;__b_»
" b \(cosa)} sina)’

1
- 1,5 (2
=3 + 33 tan” «),
! (cos @) &+ )

1 1 1
-t 152 N
o b (cos ar)i (8 + 3 tan® @)

+ — ,
b%(cos a)! * sin® a

—_—— (-2 1T 2 385 4
C3= + tan‘ a + tan” «).
3 (COS a)% (128 192 1152 )
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Thus, by (7.14) and (7.18),
1
e (o, x) = m O(x, k) + Wy(x)(co + c2/x)

+ Wi(x)(c; + c3/x) ~ A(x) i x*DF Ry (k)] + E®. (7.23)

When k is large with respect to b, the A-term is very small compared with the
other terms. In fact, then it can be incorporated in the remainder E®. In the
present discussion, we consider the A-term as a significant contribution to the
expansion, and we compute its two terms.
For k=1, we have, using (2.20) and (7.17),
D[Ry(x)] = Ra(x) = f(x) — coPo(x) — ¢, Py(x)
=1/(1—sin &) — cos™} (a)(k = b)™' — ¢y — ¢,,

and, for k =2,

1
D[R.(x)] = P [f'(x) — ¢ — ek — b) — c5(K* — bK)],
where we used Py(w)=3iw?—bw and Py(w)=3w®—ibw>. The value of f'(x)
follows from (7.16) and is given by (observe that w = k < 8 =1/2)

, _ 1 1
fix)= (cos @)} (k — b)?’

All coefficients ¢, are analytic functions in the domain of interest. As a— 0, by
the relation (7.4), co—0, ¢;— %, ¢c;—0, c3— 135, k— ko= /2. Therefore,

Ko 1 9
PR ~ = gy 4 <—+ ) 2x)
lm:)e 1(a, x) L e dt PWRETT (mt/2x)
-—(n/2x)5(1+$+12§x2> as x — .

The expression on the right is the same as the first three terms in the asymptotic
expansion of e™*I(0, x).

7.3 Error Bounds

To complete the discussion of the uniform asymptotic expansion of e™*I(x, @),
we compute bounds for the remainder E® in (7.23). We can use Theorem 8
(Section 3). However, this general result gives a rather rough estimate. In order
to obtain sharper bounds and to show further techniques, we proceed as follows.

The expression D?[R,(¢)] in (7.19) can be written as (see (6.17))

DR =5 [ €300 =IO v
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Since, by (2.8) and (2.9),

1 2 N 3 N 3
w—t (w=bPw—1 (w—bPw—t)* (w—b)(w=-1t)’

e

we obtain
DY [R(1)] = 3Gs 1(t) + 3G 2(t) + 2G5 5(2), (7.24)
where
de

O e

Here, C, is a contour in the 8-plane, for instance the image of C,, used in earlier
expressions, and it encircles the points that correspond with w=1¢t and w=5>b
(6=a)

To obtain error bounds for E® defined in (7.19), we need a bound for G, ,(?).
In the Appendix, we derive the result

(2’ 2 1))
ny/2 (2 cos a)*?

(7.25)

Gem(0)] = (6= wo) " B(=e) D% + (w, ()" B(a) <),
(7.26)

where B(p, ) =T(p)T(q)/T(p + q) is the beta function, w, are defined in (7.6),
and B(a) is given by
B(a)= (Ca~m)tan o + 2. (7.27)

Before constructing bounds for E®, we remark that the coefficients ¢, and c;
can be written in terms of the G-functions. We have

G = G3,()(t), C3 = 365,0(1’), (7.28)

where ¢ does not play a part, since m = 0. In Table 1, we give the ratios of ¢, and
the right-hand side of (7.26) (with k =3, m =0), and the same for ¢;. For a, we
take the values

o =(j/10)m/2 (j=0,.,9). (7.29)

It follows that the bounds are rather sharp for these cases.

Next, we construct two bounds for E®. The first one follows from (7.19) from
writing

|[E@) sx‘zj ID’[R.()](t — b)| e~*37=8 gy (7.30)
0
TasLE 1

R,=Gs,/c, and R, =3Gso/cs, where G is the right-hand side of (7.26); j indicates
the aj-values given in (7.29)
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TABLE 2
Ratios of B(7.30) and (7.33) (bounds in (7.30) and (7.33), respectively) to ‘exact’
values of E®; a; are as in (7.29)

x=10 x=25
@ B(7.30)/E® B(7.33)/E® B(7.30)/E®@ B(7.33)/E®
o 4.41 5.44 6.91 8.19
o 2.33 2.30 3.06 2.36
o, 2.39 1.97 3.82 1.75
o 2.58 2.42 4.05 1.75
o 2.64 3.87 3.49 1.88
os 2.68 7.34 2.95 2.59
o 2.83 16.13 2.72 5.32
o 3.37 45.89 2.83 14.91
o 4.38 265.20 372 66.79
o 4.76 1038.00 27.11 2949.00

and by using the bounds in (7.26) for the G-terms (7.24). The second bound
follows by using integration by parts in (7.19):

P’E® = fo Kd% DAR4(r)]e >4~ dr + DYR4(0)] — D [R4(x)]JA(x), (7.31)

where A(x) is given in (7.21). From (7.24) and (7.25), we derive

£ DP(RA()] = 66541 + 6Gi(1) + 3G 0. (7.32)

So we obtain
2 1EO) < [ |3 DR
 ldr

By using the estimate (7.26) in the terms of (7.24) and (7.31), we have established
bounds for E®. In Table 2, we compare numerical values of the ‘exact’ value of
E®@, defined in (7.19), (7.23), and (7.31), with the estimates that can be obtained
from (7.30) and (7.33) (via (7.24) and (7.32)). We computed E® by using (7.23)
and numerical quadrature for I(a, x).

Table 2 shows that in most cases the bound based on (7.30) gives a better
estimate, especially for small values of a and « near 7t/2. The reason is that the
integrated terms in (7.33) are taken with absolute values. This prevents any
cancellation of the contributions. The situation is worse for larger values of «
because, for sin a>2/n (0<a <mn/2), A(x) is exponentially increasing rather
than exponentially decreasing. Furthermore, the upper bound for ID*[R4(x)]|
approaches infinity as a— /2. All this is reflected, in particular, when a = a,
and the bound (7.33) is used.

e 3-8 dr 4 |DYR4(0)]] + ID’[R4(x)]| A(x). (7.33)
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Appendix

We will prove that, if f(z) is an analytic function, regular within and on a
simple closed contour C which has the points z =a, b, c in its interior, then

1 f(@) N
— dz| = .
‘2Jti L(z —a)* Yz —=b)"*'(z — c)"*! i <(I +m+n+2)’ (A1)
where
N = max lf(l+m+n+2)(2)‘, (A.Z)
zeA

with A the triangle with vertices at a, b, c, respectively.

We will prove (A.1) when a, b, c are all distinct. The inequality (A.1) holds
even when b =c or a = b = c. These cases can be considered directly or by taking
the limit in (A.4) below.

RS M N Ok (C
2ni Je(z —a)(z - b)(z—¢) (@a=b)a—c) (a—-b)b—c)

1 * 1 b
=m£f(“)d““(7:b—)(;_—c)£f(u)du

(aib)jo {f'lle+(@—-cu]—f'lc+ (b —c)u]} du

- L 1 f Cufle + (b — )+ (a = byv)u] dv du (A.3)

Differentiating with respect to a, b, ¢ respectively [, m, n times,

ij fE@)m!n!
2mi C(Z __a)1+1(z _ b)m+1(z — C)n+1

dz

=j0 jo f(l+m+n+2){c + [(b _ c) + (a —b)v]u}u”’"'”(l _ u)nvl(l _ V)m dv du.

(A4
Therefore,
L f(2) &
23!,' C(z _ a)l+1(z _b)m+1(z . C)n+1
1 1
- N
<N(l!m!n! lf u'rmri] — "df ‘A=v)"dvs .
( ) o ( u) uOV( V) v (l+m+n+2)! (AS)

Next we construct the bound given in (7.26). A suitable contour C, to obtain
this result is given by S, US_, where S, are defined in (7.7) (see Fig. 1). Since w
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is an analytic function of 6 in €, and |w|— o as |Im 8] — o, it follows that we can
integrate along the boundary S, US_ of Q,. On these curves, w is real, and if
O0eS_then we(~», w_]and if O €S, then w e [w,, +=). Note that, when 6 is
on the upper (lower) part of S,, w is on the upper (lower) side of the cut
[w., +=), and similarly for S_. From (7.25), we obtain

Gem® =5 [ +5= 0 _ . .
k,m 2t s 21t s, (W _ b)k(w _ t)m - Gk,m(t) + Gk.m(t)-

Recall that 0 <t < k. Hence, assuming for the moment that 0 < & < g, we have
I(w—=0)""<(wye—0)"" ifw=w,,
w—0)""<(@—w)™ ifwsw_.

Furthermore, if 6 € S, it follows from (7.7) that

(w —b)?>=2[(a — o) sin & + cos a — cos o cosh T].
We want to show that ‘
(w=b)=2[Qa—nsinw+cosa+cosacoshz] iffeS,, (A.6)
(w—b)*=2[(2a + msin & + cos a + cos acosh 7] if HeS_. (A7)
To prove the first inequality, we have to show that the function
F(7) = sin a(nt — &« — ) — (cos 0 + cos a) coth T
is non-negative for T € R. Using (7.7), we write

sinh t
T

F(r)=

[(¢ — ) sin ¢ + (cos ¢ — cos &)1 coth 7],

where ¢ =m —o0. Note that 0<¢=<oa. Since rcotht=1 if 7eR, and
(¢ — a)sin ¢ + cos ¢ — cos « is non-negative if 0< ¢ < a < ay<n/2, it follows
that F(7) =0. This proves (A.6). The proof of (A.7) is similar. In that case, we
take ¢ = —o —m; again, 0s ¢ < a.

With the above estimates, it is straightforward to construct bounds for G ,,(t).
We integrate with respect to 7, using df/dr=do/dt +i, where o is an even
function of 7. Hence, the contributions from do/dt vanish. (Observe also that

Gy (?) is real when ¢ and b are real.) Using (A.6) and (A.7), we obtain the
estimates

j . dr

b [B(xa)+cosh 7 — 1]

The integral can be estimated by substituting sinh 7/2=u (8 /2)} (observe that
of (7.27) satisfies 0=< B(a)=<2 if 0<a <mn/2) and by replacing the quantity

a+ %ﬁuz) in the resulting integral with the smaller quantity 1. This gives a beta
integral and we obtain

G (D) <7 (2008 @)™ Wy — 17"

ta

3
IGim(DI < [ﬁi\/—:z)]— [2B(a) cos a] 2 |ws —t|™™B(3, 3(k - 1)),

which is the result in (7.26).




