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Many networking-related settings can be modeled by Markov-modulated infinite-server systems. In such
models, the customers’ arrival rates and service rates are modulated by a Markovian background process;
additionally, there are infinitely many servers (and consequently the resulting model is often used as
a proxy for the corresponding many-server model). The Markov-modulated infinite-server model hardly
allows any explicit analysis, apart from results in terms of systems of (ordinary or partial) differential
equations for the underlying probability generating functions, and recursions to obtain all moments. As a
consequence, recent research efforts have pursued an asymptotic analysis in various limiting regimes,
notably the central-limit regime (describing fluctuations around the average behavior) and the large-
deviations regime (focusing on rare events). Many of these results use the property that the number
of customers in the system obeys a Poisson distribution with a random parameter. The objective of this
paper is to develop techniques to accurately approximate tail probabilities in the large-deviations regime.
We consider the scaling in which the arrival rates are inflated by a factor N, and we are interested in the
probability that the number of customers exceeds a given level Na. Where earlier contributions focused
on so-called logarithmic asymptotics of this exceedance probability (which are inherently imprecise), the
present paper improves upon those results in that exact asymptotics are established. These are found in
two steps: first the distribution of the random parameter of the Poisson distribution is characterized,
and then this knowledge is used to identify the exact asymptotics. The paper is concluded by a set of
numerical experiments, in which the accuracy of the asymptotic results is assessed.

© 2016 Elsevier B.V. All rights reserved.
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1. Introduction, notation, and preliminaries

Consider an infinite-server queue modulated by a finite-state
irreducible continuous-time Markov chain J: when the so-called
background process ] is in state ie {1,...,d}, jobs arrive accord-
ing to a Poisson process with rate A;, while the departure rate is
Wi These Markov-modulated infinite-server queues have attracted
some attention during the past decades; see e.g. the early con-
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tributions of D’Auria (2008), Keilson and Servi (1993), O’Cinneide
and Purdue (1986) and later Fralix and Adan (2009). Importantly,
considerably fewer results are available for this model than for the
corresponding single-server queue. This is primarily due to the fact
that, despite the system’s simple structure, the Markov-modulated
infinite-server queue hardly allows any explicit analysis: whereas
the Markov-modulated single-server queue has a matrix-geometric
stationary distribution, no such result applies to its infinite-server
counterpart. The results obtained so far are implicit, in that they
are in terms of partial differential equations characterizing the
probability generating functions related to the system’s transient
behavior, and recursions for the corresponding moments (where in
each step of the recursion a system of non-homogeneous ordinary
differential equations needs to be solved).
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The Markov-modulated infinite-server queue can be applied in
various domains, ranging from biology to the performance anal-
ysis of particular communication networks. In the present paper
the focus lies on the latter application, where the model with an
infinite number of servers typically serves as a proxy for its coun-
terpart with a large but finite number of servers. The Markov mod-
ulation of the arrival rates and service rates facilitates the model-
ing of some sort of ‘burstiness’; although the concept of Markov
modulation has been around for a few decades, it still spurs a con-
siderable amount of research effort (Horvath, 2015; O'Reilly, 2014).
For instance, the model can be used to describe the fluctuations in
the users’ activity level (where each user alternates between trans-
mitting data or being silent). Also, e.g. in a wireless setting, the
modulation of the service rate can represent channel conditions
that vary over time. In the context of communication networks,
a particularly relevant feature concerns rare events. More specifi-
cally, a high activity level corresponds to congestion, and therefore
the system should be designed such that such high activity levels
occur relatively infrequently.

Given that, as argued above, explicit analysis is hardly possible,
recent research efforts have focused on the exploration of various
limiting regimes. In the first place, significant progress has been
made in terms of the derivation of (functional) central limit the-
orems under specific parameter scalings. When inflating the ar-
rival rates by a factor N, and speeding up the background process
by a factor N¢ (for some « > 0), in e.g. (Anderson, Blom, Mand-
jes, Thorsdottir, and De Turck, 2014; Blom, De Turck, and Mand-
jes, 2015; Blom, De Turck, and Mandjes, 2016) it has been proven
that the (transient as well as stationary) number of jobs present in
the system is, after centering and normalizing, asymptotically Nor-
mally distributed. An interesting dichotomy was identified, in that
the regimes @ < 1 and @ > 1 lead to qualitatively different asymp-
totics.

Also the large-deviations regime has been explored, resulting in
so-called logarithmic asymptotics (Blom, Kella, Mandjes, & De Turck,
2014; Blom & Mandjes, 2013; Blom, De Turck, & Mandjes, 2013).
In these papers the arrival rates are scaled by a factor N and the
background process is either left unchanged or accelerated by a
factor N'*¢, & > 0. With M(N)(¢t) the number of jobs present at time
t in the resulting system, these papers determine the limit

’sim %logpgm (a) =: —I(a), with p™ (a) := P(M™(¢) > Na),
(M

as well as the corresponding limit for M(N)(t)'s steady-state coun-
terpart M(N), It is observed that these asymptotics are inherently
imprecise, as they essentially just entail that

P (@) = e NOWN),

for some unknown subexponential function W(N); we only know
that W(N) has the property that, as N — oo,

1
108 W (N) > 0. 2)

Observe that (2) still leaves a substantial amount of freedom: W(N)
could be for instance a constant, but also any polynomial function
of N, or even ‘big functions’ of the type 106 . exp (N099). We con-
clude that logarithmic asymptotics of the type (1) typically pro-
vide valuable insight into the system’s rare-event behavior, but
that they may be too inaccurate to be used for performance eval-
uation purposes. This shows that there is a clear need for more
precise asymptotic results.

The main contribution of the present paper is to improve the
logarithmic asymptotics (1) to so-called exact asymptotics: we

identify an explicit function ¢(-) such that, as N — oo,

p (a)
Z(N)

As it turns out, this {(N) is the product of the exponential term
identified above (e~M(®) a polynomial term (which is typically
of the form N~C, for some C > 0), and a constant. The proof of
this property consists of two steps, and relies on the property that
MWN)(t) obeys a Poisson distribution with random parameter (as
was observed in e.g. Blom et al., 2014; D’Auria, 2008).

o In the first step a system of partial differential equations is set
up for the distribution of this Poisson parameter.

o In the second step, this is combined with (a uniform version)
of the classical result by Bahadur and Rao (1960), Hoglund
(1979) on the exact tail asymptotics of sample means of i.i.d.
random variables, so as to obtain the exact asymptotics of the
tail probability of our interest.

Model and notation. As mentioned above, A; is the (Poissonian)
arrival rate when the background process is in state i. We let

Q= (Qij)gjﬂ

be the (d x d) transition rate matrix of the (irreducible) back-
ground process J, with w denoting the corresponding invariant
probability measure (which is a d-dimensional vector ). The en-
tries of Q are non-negative, except for those on the diagonal; the
row-sums are assumed to be 0, where we define g; := —q;; > 0.

Concerning the departure process, two models are considered.
In the first, referred to as Model 1, each job present is experienc-
ing a departure rate w; when J is in state i; as a consequence,
this hazard rate may change during the job’s sojourn time (that
is, when the background process makes a transition). In the sec-
ond, Model 11, the crucial difference is that the job’s sojourn time
is sampled upon arrival: when the background process is then in
state i, it has an exponential distribution with mean 1/x;. The evi-
dent independence assumptions are imposed.

Preliminaries. In Models 1 and 11, we have that M™)(t) has a
mixed Poisson distribution, i.e., a Poisson distribution with random
parameter (Blom et al., 2014; D’Auria, 2008). More specifically,
with P(b) denoting a Poisson random variable with mean b > 0,
our target probability pgN) (a) equals the probability P(P(N¢:(J)) >
Na) in Model 1 and P(P(Ny:(J)) > Na) in Model 11, where the func-
tionals ¢¢(J) and ¥ +(J) of the path J = {J(s): s € [0, t]} are given by,
respectively,

t ‘ t
¢t (]) ::/ A](S)87L Ml(r)drds and '(p[(]) = [ )\‘J(S)e*(ffs)llj(s)dsl
0 0

An intuitive explanation for this property is the following. In Model
11 the probability of a job that has arrived at time s is still present
at time t € (s, o) is

e—(t—s)m(s) ,

as fys) is its hazard rate during its entire lifetime. In Model 1 this
hazard rate may change over time, in the sense that when the
background process is in state i it is u;; therefore, the probability
of a job that has arrived at time s is still present at ¢ is

e~ s Hyndr |

In an earlier paper (Blom et al.,, 2014) we have developed a tech-

nique to determine for Model 1 numbers aﬁ“l) and a[(“) (such that

0< af“l) < at(“)) being the smallest, resp. largest numbers that
¢:(J) can attain. The analogous result for v (J) (featuring in Model
11) has been presented in Blom and Mandjes (2013), resulting in
numbers a~™ and a1V,
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In Model 11, the bounds ag"") and at(+'") are explicitly given:

t
gD :/ ( min )L,»e(”)’“)ds,
o \ie{l,...d}

t
a1 :/ ( max Aie(t‘)“f)ds. (3)
o \ie{l,...d}

For Model 1 a specific optimization program needs to be evaluated;
it is relatively straightforward, but we leave out its specific form
here.

Organization. Section 2.1 considers the situation in which the
probability pEN) (a) does not correspond to a rare event (i.e., does
not vanish as N — oo); the result is in terms of the distribution
of the Poisson parameter of M)(t) (of which we characterize the
density in terms of a system of partial differential equations). In
Section 2.2 we study the distribution of ¢¢(J) and ¥+(J) for val-

ues close to the maximum values they can attain (ie., al*? and

a}*’”)). These results are then used in Section 3, which covers the

case in which pgN) (a) decays essentially exponentially as N — oo;
along the lines described above, we determine the exact asymp-
totics. Section 4 contains remarks on computational aspects, as
well as a set of numerical experiments. The paper is concluded by
a discussion of the results obtained in Section 5.

2. Exact asymptotics in ‘non-rare range’ — distribution of the
Poisson parameter

This section studies the behavior of the Poisson parameters
¢¢(J) and Y((J) in detail. In the first subsection the obtained results
are used to evaluate the asymptotics of pEN) (a) for N large for the
case that a is smaller than af*’l) (for Model 1) or aﬁ*‘m (for Model
11). The second subsection focuses on the shape of the distribution
just below a**P (resp. a{+D).

2.1. Exact asymptotics in non-rare range

We start by considering the situation that the event of inter-
est is not increasingly rare as N — oo. For the moment we focus
on Model 1, where it is noted that a similar line of reasoning, mu-
tatis mutandis, applies to Model 11. If ¢+(J) > a, then evidently the
probability that P(P(N¢:(J)) > Na) converges to 1 as N — oo, and
otherwise to 0. As a consequence,

Jim p* (a) = P () = a).

As a consequence, we wish to characterize the probabilities
P(¢:(J) = a), and P(Y¥(J) > a); the main result of this section is
a system of partial differential equations that enables the evalua-
tion of these objects. For ease we assume that there are no dis-
tinct i, j such that both A; = A and w; = ;; we comment later, in
Remark 1, on how to relax this assumption.

Model 1
Our objective is to characterize the quantity

pi(a.t) :==P(¢ () = a.J(t) =),

for i e {1,...,d}, where it is assumed that J(0) =iy e {1,...,d}.
Consider the last A > 0 time units immediately before time t, A
to be typically thought of as a small number. In this time interval
the background process either jumps to state i from a state j #1i,
or it was already in state i; the third option, corresponding with
two or more jumps, has probability o(A).

If the process does not jump, then

t—A . t
¢e()) = /0 Aysye~ o ds + /t A?»Ms)e_“"([_s)ds

t-A -
= e*ﬂiAf )\J(S)e*f! Srodrds 4 A + o(A)
0

A .~
(1 —M:‘A)/O e kT Hodds £ LA 4 o(A),

which is (1 — wjA)@i_a(J) + A;A + 0o(A). As a consequence, up to
terms of order o(A),

pi(a.t) = Z%A pj(a.t)+ | 1- ZQUA Di
j#i J#
x(@—AiA+ap; At —A).

Subtracting p;(a, t) from both sides, dividing by A, and letting A |0

leads to the following system of partial differential equations, for

i=1,....d:

d d d
2 45ipi(a, ) = 5o pi(a, £) + (ki — api) 5 pi(a, b).
j=1

We thus arrive at the following result; we present it in a compact
form by using self-evident vector/matrix notation.

Proposition 1. Consider Model 1. Assume at("” <ac< at(”). As N —
0,

d
V(@) - P () = a) = > pila.t),
i=1
where p(a,t) solves the system of partial differential equations

. R d
Q'p(a.t) = 5:P(@.0) + (A —aM) 7 p(a.t).

Now focus on additional conditions that are to be imposed. Re-
call that J(0) = ig.

e Let us start by identifying the conditions related to t = 0. Re-
alizing that a(()”l) = aé“) =0, we have that p; (0,0)=1 and
p;i(0,0) =0 for i # ip.

o Now consider the a-related conditions. Observe that

P(q» 0= [ et “"odrds> _ P<¢t 0=2u(1- ew))

lo

= e i,
It follows that
pi(at(7<l)’ t) = (e)iy.ir pi(a§+’l)’f) =0

for all ie {1,...,d}, but p; (-, t) has the special feature of hav-
ing an atom of size e~ %" at the value

a = ﬁ(l —eol) € [aﬁ"l), a[(”)].
Mig

Remark 1. Above we imposed the assumption that there are no

distinct i, j such that both A; =2; and w; = u;. We now sketch

what to do when this property does not hold. Let us consider the

case that there is precisely one j # ip such that both ;) = A; and

M, = pj; further generalizations can be performed in the same

manner. It is noted that now the atom at a; has size

e Tt 4 /[ qioe_qms . @ et ds — e~ Tigt n et _e qlntinjA
0 iy qi, — 4;

Model 11
For Model 11 a similar approach can be followed. We now con-
centrate on the object

pi(a,t) ;=P () = alJ(0) =),
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forie{1,...,d}. Observe the subtle difference with the analysis of
Model 1: where we there considered the distribution of ¢.(J) jointly
with J(t) =i, we now study the distribution of () conditional on
J(0) =i.

Consider the first A > 0 time units, in which the background
process either jumps, or stays in state i (or jumps twice or more,
but this corresponds to a probability that is o(A)). If the process
does not jump in (0, A], then, in distribution,

A t
Ye(J) = / Aie~E=9Hids 4 / Aye" Mo ds
0 A

t—A
4 et A 4 f hysye Ao ds 1+ o(A),
0

which is Aje=#it A + YA (J) +0(A). We thus find that

pi(at) =) qijApjlat) + (1 - Z%‘A)ﬁl

J#i J#i

x(a—dieTMEAt— A) +o(A).
We continue in the usual way: subtracting p;(a, t) from both sides,
dividing by A, and letting A0 leads to the following system of

partial differential equations, fori=1,...,d:
N 3 e D -
;qijpj(avt): api(a’t)‘i‘)\ie i %Pi(a,t)

This leads to the following statement, again in self-evident nota-
tion.

Proposition 2. Consider Model 1. Assume a{~™" <a <a(™'V. As N
— 00,

d

M (@) - PWe(D = a) =Y pila.b),

i=1

where p(a,t) solves the system of partial differential equations

Qp(a.t) =

Again additional conditions should be imposed:

9 ey O -
ﬁp(a,t)+(Ae )%p(a,t).

e We have p;(0,0) =1 forallie{1,...,d}.
e In this case p;(a;,t) =0 and p;(af,t)=1forall ie{1,...,d}
and pj(a, t) has an atom of size e~9¢ at
A
aj, = (1—eit).
’ Mi
It is noted that these conditions can be adapted in case there
is a j such that A;) = A; and p;, = i}, in the way pointed out in
Remark 1.

2.2. Distribution of Poisson parameter close to its domain boundaries

In this section we study the behavior, for small §, of ¢:(J)
and ¥((J) being less than § away from a(+ D and a(Jr AD, respec-
tively. The exposition is slightly easier for Model 11, due to the fact
that for that model the maximum attainable variable is explicitly
known (see (3)), but for Model 1 essentially the same approach
can be followed. The results obtained in this subsection are cru-
cial when deriving the exact asymptotics in Section 3.

Define the ‘maximizing path’

¢ (5) = arg max Xe (=),

As was shown in Blom et al. (2014), Blom and Mandjes (2013) y«(-)
jumps at most d — 1 times in [0, t]; let D <d — 1 be this number
of jumps. Then there are two cases: no jumps at all in [0, t], and

a positive number of jumps in [0, t] (in which case we denote by
s up to sp the epochs of these jumps). The former case being el-
ementary, we focus in this section on the latter case. Without loss
of generality we assume that the states are labeled such that y(s)
visits the states 1 up to D + 1 when s increases from 0 to t.

We first evaluate the difference between the maximum value
a§+'”) of ¢(J) (corresponding to jumps at s; up to sp) with the
value of ¥¢(J) that results from jumps at times s; + V1€ up to sp +
vpe, where the v;e are small (but not necessarily positive). It is
readily checked that this difference equals, with sy =0, sp,1 =t,

and Vo =VUpy1 = 0,
Si+UE
/ Lie~HiE=ndr |,
Si-1+Vi—1€

D+1
(/ Aot dr —

which can alternatively be written as

D+1 )L D+1 .
Z ,u e~ Hit (e//« iSi eMiSH) _ Z 21—t (elti(si*—viﬁ) _ e//«i(si—1+vi—15))’
; .

i=1 71
or, further simplified,

D+1 A D+1 h

Z Do Hit=5) (1 — ehutie) _ Z 2 om

i=1 M1 =1 M

Hi(t=si-1) (1 — gHiVia€), (4)

notice that, due to vy = vp,1 = 0 the last term of the first sum can
be left out, and the same holds for the first term of the second
sum. Recalling that, immediately from the definition of sq, ..., sp,

AjeHilt=s) = ), e~ Hin =) j—1,...,D,

we have that (4) equals, up to terms that are o(s2),
D

D D
D (hieT ) — pp gt 0 e N " wy (18)? =Y w; (V€)%
i=1 i=1 i=1
here we have used the definition, fori=1,...,D,

Aig1 izt e Min (t=si) _ Ailki e~ Hilt=si)
2 2

wj =

Aip1
= H (Kip1 — mi)e” =) = *(HH—] — pi)e s,

It is readlly verified that along y(-) it holds that w; > p; if i
> j, and hence all coefficients w; are non-negative; this is in line
with the fact that the functional /+(J) is maximized by the path
y¢(-). We thus arrive at

P(I/fr O =z a1 - 5) = migre %qze%(sf‘”

- ch'zD*“ Qo121 0V(8) +0(V(8)).
D

where V(§) denotes the volume of the set

D
Xp) 1 Y wix? < 8},

i=1

8(8) :={(x1,...,

which is «; - RP = k¢ - 8072 for some constant k; > 0 and R := V3§
being the ‘scale’ of the ellipsoid. We have thus identified a constant
K¢ > 0 such that

181?315»(1/4 ) = a1 _ 3)570/2 — .

A similar argument provides us with the corresponding density
close to a(+ D then essentially the integration needs to be done
over 88(8) wh1ch is of the order RP-1. Appealing to the chain rule
(with dR/d§ = (2+/8)~1), we thus find that for a constant &; > 0,

lim P(a§+~“> — () e d5)5—0/2+1 — . (5)
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We note that above we tacitly imposed the regularity condition
that all transition rates along the path y(-) are positive:

giis1 >0 forallie{1,...,D}. (6)

As an aside we mention that adaptation of the arguments to
the case in which along y(-) there are (one or more) states i e
{1,...,D} corresponding with q;;, 1 = 0 is a purely technical issue,
and is relatively straightforward. Importantly, it can be checked
that it affects the power of § appearing in (5). Example 2 illus-
trates how this issue can be dealt with.

Example 1. Consider Model 11 with d =2. We consider the case
that A; < A, and [t < [y, so that the curves A;ei(t=S) intersect
at

oo log(r1/hs).
H1— K2
we assume t > S. Because of the choice of our parameters, we are

in the situation that the maximizing path jumps once in [0, t],
where

A A —H2/(H1—H2)
w1 = 5 (g — ) H2 ) = 22 (s — m)(é) :

We conclude that

2728 A Ha/(1—H2)
o T
Aa (g — (1) 2
and hence

- —qut
Ke =11 qraq2 7"

22 (M)(q1—qz+uz/2)/(m—uz)
Vhaa(pa — ) \ A2

Example 2. In this example we consider a situation in which reg-
ularity condition (6) does not apply. We point out how in this case
the density close to at(+‘") can be evaluated. As becomes clear, the
procedure is straightforward but tedious; therefore we assume in
the next section, when evaluating the asymptotics, that the simpler
situation in which (6) is in place.

We consider the same setting as in the previous example, but
now with d =3 where the transition rates g; are such that state
2 can be reached from state 1 only via state 3: qi3, g3 > 0 but
g12 = 0. We assume that for any s € [0, t] the function Aze#3(=5)
nowhere majorizes A;e~#1(=5) or A,e~H2(t=5) In other words: as
in the previous example the maximizing path subsequently visits
states 1 and 2 (and the resulting value of at(“l) is the same), but
the modulating Markov chain cannot jump directly from state 1 to
2.

Consider the path at which there is a transition from state 1
to 3 at time s; —v;&, and then a transition from state 3 to 2 at
time sy + v,¢, with v;e small and positive. The difference between

af“l) and the value of 1((J) resulting from this path is
)\1 —p1(E=s1) _ )¥2 _ _

e 1 (‘l _e ,U-1V18) + e Mo (t 51)(el/-21/26‘ _ l)
123 [2%)

_ ﬁe*liz (t=s1) (eM3V28 _ M3t f) ,
M3

which behaves, for v;e small, as zjvi& + 2156, with z; =
AjeHit=s1) _ jse=#3(t=s1); recall that z; > 0. We thus arrive at, ig-
noring terms that are o(V(§)),

P(l/ft(]) > g+ _ 8)
= Tqq e*‘hsl @q3e*Q3'0qﬁqze*‘h([*-ﬁ)v(a)
q1 qs

= m1qr3e” M g3qre” R EIV(S),

where V(§) denotes the volume of the set
$(8) = {(xl,xz) eR? 1 21X + 22X < 8},

i.e., 82/(2z1z,). Conclude that for § small the probability under in-
vestigation is essentially proportional to §2. This is in contrast with
the order +/3 that we found in Example 1; apparently the likeli-
hood of reaching values close to aﬁ*’”) is considerably smaller in

Example 2, as a consequence of the additional transitions needed.

3. Exact asymptotics in ‘rare range’

In the previous section we have considered the situation in
which pgN)(a) converges to a positive constant; this case corre-
sponds to the exceedance level a being between the minimum and
maximum value of the Poisson parameter underlying the distri-
bution of MN)(t). In the present section we look at the opposite
case, i.e., the case in which pEN) (a) vanishes as N grows large. We
present the analysis for Model 1, but Model 11 can be dealt with
fully analogously.

Below we consider the situation that a > a®D; the asymptotic
analysis of 1—p (a) for a <a~D follows in the same way. To
this end, we first realize that we have the following representation,
due to the fact that M(N)(t) has a Poisson distribution with random
mean:

a+D

@ = [ PPN = NoyPgi() € de

the integral is on the interval [at(”l), a[(”)], as this is the interval
of values that ¢(J) can attain.

The first step is to analyze P(P(N«) > Na), relying on standard
probabilistic tools. Define, for o € [ai"l), at(“)], with A(¥ |@) =

logEe?P@) the Legendre transform

I(a|a) :=sup (Ya— A |a)) =sup (da—a(e’ —1)).
9 9

As the optimizing 9 equals ¥ (a|«) =log(a/a) > 0, we have
I(a|@) =alog(a/a) + @ —a. As can be found in e.g. (Dembo &
Zeitouni, 1998), the lattice version of the Bahadur-Rao result
(Bahadur & Rao, 1960) states that, as N — oo,

P(P(Na) > Na) - (N1 V27N - £ (a|a)) — 1,

where

§(alo) = /AT @@(1-e ") = a1 - £)

Interestingly, we know that this convergence is uniform in « e
[a;,af], as an immediate consequence of the results in Hoglund
(1979). This implies that, for all ¢ > 0 we have that for N large
enough

sup P(P(Na) > Na) - (eM@1V2rN - E(ala)) e (1-¢,1+¢).

aela; .af]

In addition, we have, uniformly in N, the celebrated Chernoff
bound:

P(P(Na) > Na) < e Nl@lo), -

When analyzing the asymptotics of piN) (a) for N large and a >
a}*’”, two cases need to be distinguished: the case that ¢¢(J) does

not have an atom in ai*’l), and the case that it has. Let us start

with the former case (which is more involved than the latter case).
> Case 1 — ¢¢(J) does not have an atom in ai*’l). Fix some § ¢

(-1, —%). We split pgN) (a) into

K(agﬂny o+ — N‘S) -|—K<a§+’” _ NS, a}**”), (8)
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where, for u < v,
K(u,v) := /U]P’(P(Noz) > Na) P(¢c(]) € dav).

Let us start by analyzing the first term in (8); our goal is to
show that it can be ignored (asymptotically, i.e., as N — oo) relative
to the second term. Observe that, because of (7),

eNitalatD) K(aﬁ"l), g _ Na)

(+,I))

< A[ eNI(a | a; sup e—NI(a o) (9)

as[af"l),ag*‘l)—Né]

where A; := at(“) - at("'); in view of the shape of the asymptotic

. . +.I)
expansion that eventually comes out, we multiplied by eM@/a ™),

Now realize that I(a|«) is convex in ¢, having the value 0 when
@ =a, and that it is decreasing in «, since a > a/*". It thus follows
that

arg inf I(a|a) = ar(“) _ NS

ae[a}"l’.af*‘l’—Nﬁ]
As a consequence, (9) is majorized by
A eNlal af*D) p-Nita| Do), (10)

We now present an upper bound on the exponent featuring in (10).
It is a trivial exercise to verify that standard estimates yield
a(+,l) _ NS

I(a]a™") —I(a]|a™P - N°) = alog +———— e
t

5 a s s
+N 5(1M>N < —cN°,
t

for some positive ¢ (where it is used that a > ai*’l)). Conclude that
Expression (10) is bounded from above by A; exp(—cN'=%), and
therefore we obtain, as N grows large,

N©@+1/2 eNl(a\a;+~I>) K(aﬁ"”, aﬁ*-” _ Ns)

< NO+D/2 g o= _ (11)

Let us now concentrate on the second term in (8); as we will
show, it dominates the contribution of the first term. To this end,
we first focus on an upper bound, but, as we see later on, a cor-
responding lower bound can be derived very similarly, thus estab-
lishing the exact asymptotics of pgN) (a). Because of the (uniform
version of) the Bahadur-Rao result (as was stated above), we have
that for any € > 0,

lim sup NO+1/2¢Nala;"") K(Gt(”) — N, afﬁ’l))

N—oo

af"‘b
< (1+é¢)- limsupNP/2 /HI) G P e de). (12)
a[' —

N—oo
where, with n(a|a) := 1/(V27 £ (a|a)),

+1
GN(ot) — eNI(ala} M)—NI(a|«) n(a | a).

We now further analyze (12). To this end, we first define

- o
G(a) :=alog (l - ) +a,
a§+.l)

and assume that the regularity condition (6) applies. By virtue of
standard continuity arguments it follows that in combination with
(5), for all ¢’ > 0, Expression (12) is majorized by

a+D

(1+&)nala™P) . limsupND/Z/ [ eNltalaD)-NiGala)
N—oo l][(Jr'l)—N6

cx (atV — )P 1 dor
Bi=a"

L NS
“(A+¢)na| aﬁ”))kr limsupND/Z/
0

N—oo
% eNC(ﬁ)ﬁD/zqdﬂ

Using elementary Taylor expansions, it is easily verified that there
are numbers ¢ and u such that, with

a
bi=——-1]>0,
(551)

for N sufficiently large and all 8 < [0, N?],

¢N'*2 _ pBN < N(a log (1 p ) + ,3) < uN't28 _pgN.

T &)
at

As a consequence, using in step (i) that § < —% and in step (ii)

5> —1,

N
lim sup NP2 / eNC(B) gp2-148
0

N—oo

N
< lim sup NP/t / ebBN gD2-14
0

N— oo

. N3
©limsupn?/? [ e 214
0

N—oo

wi=bN @ T(D/2)

bN8+1
—a ,D/2-1
msu e %u do = ——=.
g b2

pD/2—1 hNﬁm
The corresponding lower bound can be found along the same lines:

for an arbitrary &’ > 0,

lim inf N©@+D/2eNi(al af*D) K(a(“) N a(+,1))
N—oo t Tt

> (1-¢)n(a|a™D) & liminfy_  NP/2eN™
0]

N
x / e—baNaD/2—lda’
0

which can be evaluated as before. By taking &’ 0, upon combining
the above upper and lower bound, we obtain

lim N@+D/2 eNl(alug*'I’) K(aﬁ“) ~N°, aﬁ“))

N—oo
I'(D/2)
pD/2

Next we combine the asymptotics of both intervals, i.e., the one

over [a™P, a*D — N%) and the one over [a/"" — N? a*V]. From

(11) and (13), the main result of this section follows. The analogous

result for Model 11 can be derived in precisely the same way; the

only difference lies in the value of the constant &.

=n(ala™") & (13)

Theorem 1. Consider Model 1. Assume a > ag“), and let ¢+(J) have

no atom in at(“); in addition, assume that regularity condition (6)

applies. As N — oo,
ke T'(D/2)
V2m E(alaD)

> Case 2 — ¢¢(J) has an atom in at(“). We now consider the
situation that

F(aD) = IP’(¢>t () = aﬁ”) - 0.

Because of the arguments used in the derivation of Theorem 1, we
observe that the contribution to the probability of interest due to
the event ¢ (J) € [a[(”l), af“)) is of an order of at most

D/
(D+1)/2 NI@|a*Dy (N a§+‘l)
N e e py(a) -
a_a(+,l)
¢

e—Ni(a| a§+'I))
N
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(up to a multiplicative constant); realize that this is a consequence
of the fact that the corresponding path requires at least one jump.
From the Bahadur-Rao result, however, it is directly seen that the
contribution due to the event ¢:(J) = aﬁ*‘l) is larger, viz. of the or-
der (up to a multiplicative constant)

e—Ni| uf*‘l’)

VN
As a consequence, the latter scenario dominates, and we obtain the
following exact asymptotics; again, an analogous result is valid for
Model 11.

Corollary 1. Consider Model 1. Assume a > af"l), and let ¢¢(J) have
an atom in a{tP. As N — oo,

F(a™")

+h
VNeM@la™™) pMNgy o % T
‘ V2 &(alaltD)

4. Computational issues

The objective of this section is to present an efficient simulation
method for estimating pﬁN) (a) for the situation that a is large than
(in Model 1) at(”) or (in Model 11) af*’"). In addition we include a
numerical experiment featuring a typical example.

Basic method, and its logarithmic efficiency. Particularly when
N is large, the probability piN) (a) will be small, thus imposing
constraints on the feasibility of standard Monte Carlo techniques.
There is, however, an interesting remedy. To this end, note that we
can express the probability of our interest as

pf" (@) = EP(Na, N () (14)
(where, as an aside, we mention that we point the procedure out
for Model 1, but Model 11 can be dealt with fully analogously); the
function

o0 Y )J(

P(n, A) 1= Ze R
k=n :

is the tail distribution of the Poisson distribution, and is avail-
able in standard software packages. The form (14) suggests the fol-
lowing simple and effective simulation approach: in run ¢ (with
¢=1,...,M) the path J, is sampled, the parameter ¢:(J;) is calcu-

lated, and the probability pr) (a) is estimated by

1M
M Z P(Na,Nep:(J.))-
=1

This procedure is logarithmically efficient (Asmussen and Glynn,
2007, Chap. VI). To see this, first note that we have the obvious
deterministic upper bound

P(Na, N (J)) < P(Na, Na“+P), (15)

as a consequence of the stochastic monotonicity of the Poisson dis-
tribution in its parameter. Due to Jensen’s inequality in combina-
tion with Theorem 1 and Corollary 1 we have the lower bound

liﬁninf% log EP?(Na, N (J)) > 2 1\}im %log EP(Na, Np:(J))
= —2I(a|a*D).
Because of (15), however, this lower bound is actually achieved:

lim sup%logE?z(Na, Ng:(J)) <2 l\}im %log?(Na,Nat(“))

N—oo
= —2I(a|a™D).

We thus obtain logarithmic efficiency. Often simulation experi-
ments are performed until the estimate has reached a certain ef-
ficiency: the ratio of the width of the confidence interval to the

estimate is smaller than some predefined number (e.g. 10%). In
practical terms, in this setting with piN) (a) decaying essentially ex-
ponentially in N, logarithmic efficiency effectively means that the
number of runs that is needed grows at most subexponentially in
N.

Importance-sampling based acceleration. In fact, the rare event
studied in this paper is the effect of the combination of (i) the
Poisson parameter ¢.(J) attaining a rare value, say ¢, and (ii) a
Poisson random variable with parameter N¢ attaining a rare value.
Note that the above approach adequately deals with the random-
ness due to effect (ii) - that is, we do not need to sample the Pois-
son random variable, but we use computations instead.

The question that is left concerns the rarity which is a conse-
quence of ¢(J) attaining a rare value. In the proofs we have seen
that overflow is most likely caused by ¢(J) attaining a value ‘close
to’ its maximal value ai*"), which only happens when the jump
epochs are close to those of some maximizing path (that was ex-
plicitly determined in Blom et al. (2014) and Blom and Mandjes
(2013) for Models 1 and 11, respectively). We saw that the probabil-
ity of ¢(J) being an amount in the order of § away from its max-
imum value a{*', is of the order 8°/2, i.e., relatively rare. Impor-
tance sampling can be used to resolve this issue in the following
way.

Choose A sufficiently small such that all s; pairs are at least
2A apart; recall that the s; are the transition epochs along the
path that optimizes the Poisson parameter. We let Ty =0 and T;,
for i=1,2,...,D+1 be the subsequent transition epochs of the
background process in our simulation, and U; :=T; — T;_; the cor-
responding sojourn times. We write, with y(-) being functions that
map [0, t] onto {1,...,d} and §; :=s; —S;_1,

y(s)=iVselTl_1,T}) Vi=1,...,D+1;
U,‘G(S_,'fA,S_iJrA) Vi=1,...,D;
Upi1 =t —sp+ DA

2(8) =1y ()

The set Z(A) should be interpreted as the collection of paths that
are ‘close to’ the path that maximizes the random parameter of the
Poisson distribution; recall that, without loss of generality, we had
labeled the states such that along this optimizing path the states 1
up to D + 1 are subsequently visited.

The idea is now to estimate the quantities

E(P(Na.N¢: () 1§ ¢ 2(A)}) and E(P(Na,Ng:())) 1{J € 2(A)})

separately, and to add the resulting estimates up. The first of these
quantities is estimated under the actual measure P, whereas for
the second (which contains the rare event of ¢:(J) being close to
aﬁ*’l)) we use importance sampling. In more detail:

o The quantity E(P(Na, N¢:(J)) 1{J ¢ Z(A)}) is estimated by per-
forming M, runs:

M,
Mll > P(Na, N () 10 ¢ 2(A)},
=1

with the J, sampled under P.

o The quantity E(P(Na, Ng:(J)) 1{J € Z(A)}) can be estimated us-
ing an importance sampling approach: an alternative measure,
say Q, is used to draw samples ¢¢(J;) up to ¢¢(Jy,), and then
the simulation output (i.e., P(Na, N¢:(J,))) is translated back in
terms of the original probability measure P by multiplying it
with an appropriate likelihood ratio L, (to be interpreted as a
Radon-Nikodym derivative dP/dQ).

The measure Q is constructed as follows. The transition proba-
bilities are changed in such a way that with probability 1 the
background process visits the states 1 up to D + 1. Along this
path, the time spent in state i is sampled from a distribution
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Fig. 1. The distribution function P(y;(J)) < a) for ae[a{™™", a{"™V], dashed the

curves @,/a—a{™™ and 1 - & /altV —a.
with density, for s € (§; — A, §;+ A),

Si+A -1 —q;s
il e 15 .
qie” (/ q,-e‘q*'rdr) = L, with
5-A

i

0= e~ 4iGi—A) _ o=aiSi+A)
(where the density is defined to be 0 elsewhere), for i=
1,...,D. The time spent in state D + 1 is sampled from a dis-
tribution with density, for s > t —sp + DA,
oS
gp1€” " . with op,; 1= e~ (E=50+DA)
Op+1

(and 0 elsewhere). Observe that all paths sampled under Q are
necessarily in Z(A). The likelihood ratio of such a path reads

D Gii D+1
L:JT]H(%)~ l_[O'i .
i=1 ! i=1

Performing M, runs, we have thus constructed the estimator,
with L, the likelihood ratio corresponding with the ¢th sam-
ple,

M,
i 2P (Na. NG UL
=1

0.6

0.5F

L
0 50 100

L L L L
150 200 250 300
N

As an alternative, one could use the following estimator (in self-
evident notation), based on M runs under the original and alterna-
tive measure:

M
% (Z P(Na. N (i) 1 ¢ 2(A)} + P(Na. Nep, (]éQ)))Lg)
=1

Example 3. Following up on Example 1, we consider Model 11 with
d =2 and the following choice of the parameters: A; = u; =1,
M=2, U =5 q=¢ =1, and t =1. As it turns out, s; =1 —
log V2, and

I 1—logi‘/§ 1
al™ ):[ Ale*‘“(]*”dr-i-/
0 l—logit/f

o1 1.2 1_(1)5
V2 e 5 2) )

which equals 0.704838. We focus on the probability pgN) (a) that
MW)(t) exceeds Na, witha=1 > aﬁ*'"). Likewise,

1-log ¥2 1
a{~th :f kze”‘za’r)dr—k/
0 1-log ¥2

21 )L
- 5\\»2 V2

which equals 0.324588. Fig. 1 presents the distribution function
of 1r1(J). Observe that there are atoms of size mje N1t = (2e)~! ~
0.183940 at 1—e~ !~ 0.632120, and of size mye % = (2e)"1 ~
0.183940 at %(1 —e7%) ~ 0.397305; these atoms correspond to the
scenarios that the process starts in state 1 (state 2, respectively)
and does not leave that state before t = 1. It is also seen that the
shape of P(yr1(J) < ag"”) +6) as well as P(yr1(J) > ag”l) —§) for
8 small is roughly proportional to +/8, in line with results derived
earlier in this paper.

By virtue of Theorem 1 we know that NeM pgN)(l) should con-
verge to a constant as N — oo, with the decay rate I equal to

1(1]a{"™M) = —loga{"™V 4 a{*V — 1 ~ 0.0546252;

this convergence is confirmed by the left panel of Fig. 2. The right
panel of Fig. 2 shows the (approximately) exponential decay of
pgN)(l) (as a function of N).

Agpe 2(-Ndr

A a-ngr

Example 4. In this example we take the same parameters as in
Example 3, but fix N = 80. Our objective is to find, for a given value
of ¢, the value of a such that pgsm (a) < &. Then Na could be used

10

Sk

6F

4k

9 1 1 1 1 1 1
0 50 100 150 200 250 300

N

Fig. 2. Left panel: NeM p™ (1) for N e {20,40, ...,300}; right panel: —log;o p{™ (1) for N € {20, 40, ...,300}.
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Sk
6F
4
2k
1 1 1 1 1
0.8 0.9 1 1.1 1.2 1.3
a

Fig. 3. —log;, p*” (a) for a € [0.8, 1.25].

as a (somewhat rough) approximation of the number of servers
needed in the corresponding finite-server system so as to keep the
blocking probability below . From Fig. 3 we see that e.g. for ¢ =
103 we need 80 x 0.92 ~ 74 servers, and for ¢ = 10~* we need
80 x 0.98 ~ 78 servers.

5. Discussion and concluding remarks

In this paper we have identified the exact asymptotics of the
tail distribution of the number of jobs M(N)(t) present in a Markov-
modulated infinite-server queue at some time t > 0; this find-
ing extends earlier obtained logarithmic asymptotics (Blom et al.,
2014; Blom & Mandjes, 2013). In the asymptotic regime that we
consider, in which the arrival rates are inflated by a factor N, the
exact asymptotics are the product of a polynomial function (in N)
and an exponential function (in N). The degree of the polynomial
function depends on the number of jumps the background process
makes so as to maximize the (random) Poisson parameter that de-
scribes the distribution of M(N)(¢).

In our paper we have concentrated on the exact asymptotics for
the model in which the transition rate matrix Q of the background
process is not scaled. A topic for future research could relate to
identifying such asymptotics for the setting in which Q is scaled
by a factor N¥. For o =1 logarithmic asymptotics have been ob-
tained in De Turck and Mandjes (2014), where related results in
a more general diffusion setting were derived in Huang, Mandjes,
and Spreij (2016) building on the framework developed in Liptser
(1996), but these do not seem to lend themselves to a straight-

forward extension to exact asymptotics. For & > 1 the system es-
sentially behaves as an ordinary (non-modulated, that is) M/M/oo
queue, and it is therefore conceivable that its exact asymptotics co-
incide with those of that M/M/co queue.
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