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1. Introduction: Biot’s model and three field formulation

Poroelasticity theory mathematically describes the interaction between the deformation of an elastic porous material and
the fluid flow inside it. A pioneer in the mathematical modeling of such coupling is Terzaghi [ 1] with his one-dimensional
model. Later, Biot [2,3] developed a three-dimensional mathematical model, used to date, for quantitative and qualitative
study of poroelastic phenomena. Nowadays, the analysis and numerical simulation of Biot’'s model become increasingly
popular due to the wide range of applications in medicine, biomechanics, petroleum engineering, food processing, and other
fields of science and engineering.

One of the main challenges in the numerical simulations based on the Biot’s models is the numerical instabilities in the
approximation of the pressure variable (see [4-8]). Such instabilities occur when materials have low permeability and/or
a small time step is used at the beginning of the consolidation process. Different explanations have been provided in the
literature about the nature of these instabilities. Usually, they are attributed to violation of the inf-sup condition for the
Stokes problem, or the lack of monotonicity in the discrete schemes. Various numerical methods to avoid this nonphysical
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behavior have been analyzed. In several papers Murad, Loula, and Thomée [9-11] studied the case of stable discretizations
(satisfying the inf-sup condition) for the classical two-field formulation based on displacement and pressure variables. As
shownin[12,13], however, the inf-sup condition is not a sufficient condition, and for small permeabilities the approximation
to the pressure exhibits oscillations and is numerically unstable. A possible remedy is to add to the flow equation in the
Biot’s model a time-dependent stabilization term, leading to oscillation free approximations of the pressure. Such stabilized
discretizations, based on the MINI element [14] as well as the P1-P1 element, are proposed and analyzed in detail in [13].
Other numerical schemes, such as least squares mixed finite element methods, are proposed in [15,16] for a four-field
formulation (displacement, stress, fluid flux and pressure). Different combinations of continuous and discontinuous Galerkin
methods and mixed finite element methods for a three-field formulation are studied in [ 17-19]. Recently, conforming linear
finite elements with stabilization for the three field problem are proposed and analyzed in [20].

Throughout this paper, we restrict our study to the quasi-static Biot’s model for soil consolidation. We assume the porous
medium to be linearly elastic, homogeneous, isotropic and saturated by an incompressible Newtonian fluid. According to
Biot’s theory [2], then, the consolidation process must satisfy the following system of partial differential equations:

equilibrium equation : —dive’ +aVp=g, ing, (1.1)
constitutive equation : o' = 2ue(u) + Adiv@w)l, in 2, (1.2)
compatibility condition : &(u) = %(Vu +Vu'), ing, (1.3)
Darcy’s law : w=—KVp, ing2, (1.4)
continuity equation : —a diva—divw=f, ing2, (1.5)

where A and u are the Lamé coefficients, « is the Biot-Willis constant which we will assume equal to one without loss of
generality, K is the hydraulic conductivity, given by the quotient between the permeability of the porous medium « and the
viscosity of the fluid 5, I is the identity tensor, u is the displacement vector, p is the pore pressure, o’ and € are the effective
stress and strain tensors for the porous medium and w is the percolation velocity of the fluid relative to the soil. We denote
the time derivative by a dot over the letter. The right hand term g is the density of applied body forces and the source term
f represents a forced fluid extraction or injection process. Here, we consider a bounded open subset 2 C R", n < 3 with
regular boundary I'.

This mathematical model can also be written in terms of the displacements of the solid matrix u and the pressure of the
fluid p. The displacement of the structure is described by combining Hooke’s law for elastic deformation with the momentum
balance equations, and the pressure of the fluid is described by combining the fluid mass conservation with Darcy’s law.

—dive’ + Vp =g, o' =2ue(u) + rdiv(wl, (1.6)
—divit +divkVp =f. (1.7)
To complete the formulation of a well-posed problem we must add appropriate boundary and initial conditions. For instance,

p=0, o'n = t, only,
u=20, K(Vp)-n = 0, onlg,

where n is the unit outward normal to the boundary and I'; U I, = I', with I and I disjoint subsets of I" with non null
measure. For the initial time, t = 0, the following incompressibility condition is fulfilled

(V-u)(x,0) =0, x e 2. (1.9)

However, in many of the applications of the poroelasticity problem, the flow of the fluid through the medium is of
primary interest. Although from the reduced displacement-pressure formulation the fluid flux can be recovered, a natural
approach is to introduce this value as an extra primary variable instead. In this work, we are interested in this three-field
formulation of the problem. The extra unknown can be seen as a disadvantage against the two-field formulation, regarding
the computational cost, but there are reasons to prefer this approach. For example, the calculation of the fluid flux in post-
processing is avoided in the way that the order of accuracy in its computation is higher and also the mass conservation for
the fluid phase is ensured by using continuous elements for the fluid flux variable. Therefore, the governing equations of the
Biot’s model, with the displacement u, Darcy velocity w and pressure p as primary variables are the following

(1.8)

—dive' +Vp=g, o' =2upes(u) + Adiv(wl, (1.10)
w+ KVp =0, (1.11)
—divit — divw = f. (1.12)

Then, we can introduce the variational formulation for the three-field formulation of the Biot’s model as follows: Find
(u,w,p) € Vx W x Q such that

a(u,v) — (p,divv) = (g,v), Vvev, (1.13)
K 'w,r)— (p,divr) =0, Vrew, (1.14)
—(divat, @) — (divw,q) = (f, @), YqeQ, (1.15)
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where the considered functional spaces are
V={ucH (2)|ul =0},
W ={w e H(div, £2) | (w - n)|. =0},
Q =1(2),
and the bilinear form a(u, v) is given as the following,

a(u,v) = Zu/ e(u) : e(v) +A/ divudivv, (1.16)
fe) o)

which corresponds to the elasticity part, and is a continuous bilinear form. Results on well-posedness of the continuous
problem were established by Showalter [21], and, for the three field formulation, Lipnikov [22]. In this work, we consider a
discretization of the three-field formulation with the displacement, the Darcy velocity and the pressure as variables. More
precisely, we use a nonconforming finite element space for the displacements u and conforming finite element spaces for
both the Darcy velocity w and the pressure p. As a time stepping technique, we use the backward Euler method, and, we
show that the resulting fully discrete scheme has an optimal convergence order. A similar discretization was considered
in [23] for the 2D case on rectangular grids. Our scheme here works for both 2D and 3D cases on simplicial meshes and has
the potential to be extended to more general meshes using the elements developed in [24,25]. We also show, albeit only
numerically, that this nonconforming three-field scheme produces oscillation-free numerical approximations when mass-
lumping is used in the Raviart-Thomas discretization for the Darcy velocity. A four-field (the stress tensor, the fluid flux, the
solid displacement, and the pore pressure) discretization has also been proposed and analyzed in [26].In [27], an improved
a priori error analysis for the four-field formulation has been discussed, in which the error estimates of all the unknowns
are robust for material parameters. We comment that our scheme with mass-lumping could be generalized to the four-field
formulation as well.

The rest of the paper is organized as follows. In Section 2, we introduce our nonconforming spatial semi-discrete scheme.
The fully discrete scheme is discussed in Section 3, where we show the well-posedness of the discrete problem and derive
error estimates for the nonconforming finite element approximations. Section 4 is devoted to the numerical study of the
convergence and tests the monotone behavior of the scheme and conclusions are drawn in Section 5.

2. Nonconforming discretization

In this section, we consider spatial semi-discretization using a nonconforming finite element method. We cover §2 by
simplices (triangles in 2D and tetrahedra in 3D) and have the following finite element discretization corresponding to the
three-field formulation (1.13)-(1.15): Find (up,, wy, pr) € Vi, x W), x Qy such that

ap(up, Vi) — (Ph, divvy) = (g(t), vn), Vv € Vp, (2.1)
(K™'Wh, r)n — (pp, divey) =0, Vi, € Wy (2.2)
—(diviry, gn) — (divwy, i) = (F(6), qn), Y ai € Qu. (2.3)

Here, V}, is the Crouzeix-Raviart finite element space [28], W, the lowest order Raviart-Thomas-Nédélec space [29-31], and
Qy is the space of piecewise constant functions (with respect to the triangulation 7). Further details are discussed later in
this section.

2.1. Interfaces, normal vectors and jumps of traces of functions

Let us first introduce some notation. We denote the set of faces (interfaces) in the triangulation 7, by & and introduce
the set of boundary faces €2, and the set of interior faces £§°. We have € = €° U &°.

Letusfixe € €°andlet T € 73, be such thate € dT. We set n, 1 to be the unit outward (with respect to T) normal vector
to e. In addition, with every face e € &°, we also associate a unit vector n, which is orthogonal to the (d — 1) dimensional
affine variety (line in 2D and plane in 3D) containing the face. For the boundary faces, we always set n, = n, r, where T is
the unique element for which we have e € 9T. In our setting, for the interior faces, the particular direction of n, does not
really matter, although it is important that this direction is fixed for every face. Thus, for e € &, we define T*(e) and T~ (e)
as follows:

T*(e) := {T € T such thate € 9T, and (n, - n. 1) = +1}.

It is immediate to see that both sets defined above contain no more than one element, that is: for every face we have exactly
one T*(e) and for the interior faces we also have exactly one T~ (e). For the boundary faces we only have T*(e). In the
following, we write T* instead of T* (e), when this does not cause confusion and ambiguity.

Next, for a given function u (vector or scalar valued) its jump across an interior face e € &° is denoted by [[u [, and
defined as

[ulle®) = up+@e) (%) — ur-(x), x€e.
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2.2. Finite element spaces

We now give the definitions of the finite element spaces used in the semi-discretization (2.1)-(2.3).

2.2.1. Nonconforming Crouzeix—Raviart space

The Crouzeix-Raviart space V), consists of vector valued functions which are linear on every element T € 7} and satisfy
the following continuity conditions

v, = {vh e L*(2)

/[[vh]]e =0, foralle € 8"}.
e

Equivalently, all functions from V}, are continuous at the barycenters of the faces in &°. For the boundary faces, the elements
of V}, are zero in the barycenters of any face on the Dirichlet boundary.

2.2.2. Raviart-Thomas-Nédélec space

We now consider the standard lowest order Raviart-Thomas-Nédélec space Wj,. Recall that every element v, € W}, can
be written as

V=Y e ®). (2.4)

ecéy

Here, e(-) denotes the functional (as known as the degree of freedom) associated with the face e € & and its action on a
function v for which v - n, is in L% (e) is defined as

e(v) = /v-ne.

To define Wy, we only need to define the basis functions ¥,, for e € €, dual to the degrees of freedom e(-). If e is the face
opposite to the vertex P, of the triangle/tetrahedron T, then

o = Bty —t i xp) (2.5)
T T T '

We note that explicit formulae similar to (2.5) are available also for the case of lowest order Raviart-Thomas-
Nédélec elements on d-dimensional rectangular elements (parallelograms or rectangular parallelepipeds). For any such
element T € 73 with faces parallel to the coordinate planes (axes) let vﬁf denote the basis function corresponding to the
functional Fki(-). Clearly, the outward normal vectors to the faces of such an element are the e, k = 1, ..., d, where e; is
the kth coordinate vector in RY. Let x,\i/,,k € RY be the mass center of the face F5, k = 1, ..., d. We then have

x—x )" e

e. 2.6
IT| k (2.6)

+

'/’k x) =
From this formula we see that over the finite element T the basis functions wki (x) are linear in %, and constant in the
remaining variables in R?.

2.2.3. Piecewise constant space

For approximating the pressure, we use the piecewise constant space spanned by the characteristic functions of the
elements, i.e. Q, = span{xr}reg,.

2.3. Approximate variational formulation

We first consider the bilinear form ay(-, -) : V, x V;, — R. Before we write out the details, we have to assume that I,
is non-empty. If I, = @, i.e, It = I" (the pure traction problem), a(-, -) is a positive semidefinite form and the dimension
of its null space equals the number of edges on the boundary (for both 2D and 3D). Therefore, the Korn’s inequality fails.
Even if I # (, for some cases, Korn’s inequality may fail for the standard discretization by Crouzeix-Raviart elements
without additional stabilization. In summary, if we simply take a,(-, -) = a(-, -) then it does not satisfy the discrete Korn
inequality and, therefore, ay(-, -) is not coercive. Moreover, it is also possible that Korn’s inequality holds, but the constant
will approach infinity as the mesh size h approaches zero. In another words, if we use a, (-, -) = a(-, -), the coercivity constant
blows up when h approaches zero. For discussions on nonconforming linear elements for elasticity problems and discrete
Korn’s inequality, we refer to [32,33] for more details.
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One way to fix the potential problem is to add stabilization. The following perturbation of the bilinear form which does
satisfy the Korn’s inequality was proposed by Hansbo and Larson [34].

ap(v,w) = a(v,w) +aq(v,w), wherea(v,w)=2uy Zh;1 /[[v Tew 1. .

ecé

Here, the constant y; > 0 is a fixed real number away from 0 (i.e. y; = % is an acceptable choice). As shown in Hansbo
and Larson [34] the bilinear form ay(-, -) is positive definite and the corresponding error is of optimal (first) order in the
corresponding energy norm. Moreover, the resulting method is locking free and we use such a;(-, -) in our nonconforming
scheme.

Remark 1. In [34], the jump term g;(-, -) includes all the edges, i.e., the stabilization needs to be done on both interior
and boundary edges. In [35], it has been shown that the jump stabilization only needs to be added to the interior edges
and boundary edges with Neumann boundary conditions and the discrete Korn’s inequality still holds. In fact, in [36], it is
suggested that only the normal component of the jumps on the edges is needed for the stabilization in order to satisfy the
discrete Korn's equality.

We next consider the bilinear formin (2.2), denoted by (-, -);. The first choice for such a form is just taking the usual L?(£2)
inner product, i.e. (w, r), = (w,r) = fg w - r. This is a standard choice and leads to a mass matrix in the Raviart-Thomas-
Nédélec element when we write out the matrix form.

The second choice, which is the bilinear form we use here, is based on mass lumping in the Raviart-Thomas space, i.e.,

(r.sh=)_ Y we(re(s). (2.7)
T ecadT

We refer to[37,38] for details on determining the weights w,, which are w, = % with d, being the signed distance between

the Voronoi vertices adjacent to the face e. Such weights, in the two-dimensional case, are chosen so that
w,r), = f w-r, w,r € W,andw, r are piecewise constants, (2.8)
2

which implies the equivalence between (w, r), and the standard L? inner product (w, r). The situation in 3D is a little bit
involved since (2.8) in general does not hold. Nevertheless, in [37], it has been shown that the mixed formulation for Poisson
equation using the mass-lumping maintains the optimal convergence order, which is what we need for the convergence
analysis of our scheme later in Section 3.

Remark 2. As shown in [37], the mass-lumping technique is quite general and works for both two- and three-dimensional
cases. For the convergence analysis of the mass-lumping, they assume that the circumcenters are inside the simplex. Such
partition exists in general (see [39]). Moreover, they also pointed out that this assumption is not strictly necessary and can
be relaxed. When the mesh contains pairs of right triangles in 2D and right tetrahedrons in 3D, d, degenerates to zero and
so is the weight w,. However, we can remedy by combining the pressure unknowns on these pairs to just one pressure
unknown.

In practice, such lumped mass approximation results in a block diagonal matrix and, therefore, we can eliminate the Darcy
velocity w and reduce the three-field formulation to two-field formulation involving only displacement u and pressure
p. In practice, such elimination reduces the size of the linear system that needs to be solved at each time step and saves
computational cost. In the literature, there have been other similar techniques for eliminating the Darcy velocity w. For
example, numerical integration [40] and multipoint flux mixed formulation [41]. In addition, for Biot’s model, as shown by
numerical experiments in Section 4, the lumped mass approximation actually gives an oscillation-free approximation while
maintains the optimal error estimates.

3. Analysis of the fully discrete scheme

In this section, we consider the fully discrete scheme of (1.13)-(1.15) at time t, = nt,n = 1,2, ... as follows: Find
(uy, wy, pp) € Vi x Wy, x Q4 such that
ap(uy, vi) — (py, divv) = ((t), Vi), Y vy € Vp, (
K 'w, r)n — (), divry) =0, Vi, € W, (3.2)
—(div deupy, gn) — (divw], gp) = (F(t). Gn), ¥ qn € Qu, (
where 7 is the time step size and 5[uﬁ = (uy — uﬂ’l)/r. For the initial data ug, we use the discrete counterpart of (1.9), i.e.,
divu) = 0. (34)

We will first consider the well-posedness of the linear system (3.1)-(3.3) at each time step t, and then derive the error
estimates for the fully discrete scheme.
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3.1. Well-posedness

We consider the following linear system derived from (3.1)-(3.3): Find (u, wy, pp) € Vi, x Wj, x Qj such that

ap(Up, Vi) — (P, divvy) = (g, vp), Vv, €V, (3.5)
‘L'(K_1Wh, rh)h — t(ph, divrh) =0, Vrh e Wy, (36)
—(divu, gp) — T(divwy, gn) = . qn). Y qn € Q. (3.7)

Here, to simplify the presentation, we have omitted the superscript n because the results are independent of the time step.
We have denotedf~ = 1f(t;) —div uz_], and we note that the relations (3.6) and (3.7) are obtained by multiplying (3.2) and
(3.3) with the time step size 7.

We equip the space V x W x Q with the following norm

. 1/2
I, w.p)ll- == (llulf + tw|® + *| divw|* + |]p|*) ", (3.8)

where ||- ||; and || - || denote the standard H' norm and L? norm, respectively. In the analysis we need the following composite
bilinear form (including all variables):

B(uty, W, Pr; Vi, T, Gn) = Gy (Uy, V) — 0y, divvy) + T(K ™ Wy, 1)
— 7(pp, divry) — (divuy, gp) — t(divwy, qp).
Note that
div W, C Q. (3.9)

Further, we note the following continuity, coercivity and stability (inf-sup) conditions on the bilinear forms involved in the
definition of B(-, -, -; -, -, -):

an(up, Vi) < Cyllumll1llvalls, VY un, vh € Wi, (3.10)

ap(up, uy) > aylluplly, Vuy € Vy, (3.11)

cllwall® < (K™ 'wi, wi)p < Cellwnll®, ¥ wy € W, (3.12)
(divan, pr)

s =By > 0. (3.13)
preQhupev, [upll1lIpsl

Under these conditions, which are satisfied by our choice of finite element spaces and discrete bilinear forms, we have the
following theorem showing the solvability of the linear system (3.5)-(3.7).

Theorem 1. If the conditions (3.9)-(3.13) hold, then the bilinear form B(-, -, -; -, -, -) satisfies the following inf-sup condition,
B(up, Wy, py; Vi, T, qn)
sup >y (un, Wh, pn) |l (3.14)
(V,Th,qn) EVE X Whr xQp ” (th rp, Qh) ”r

with a constant y > 0 independent of mesh size h and time step size . Moreover, the three field formulation (3.5)-(3.7) is
well-posed.

Proof. According to the inf-sup condition (3.13), we have for py, there exists h;, € Vj, such that

(divhy, ) = Bvlipal®,  llpall = b lls. (3.15)

Note that, according to the condition (3.9), divwy, € Q. Let vy, = up, — 61hy, r, = wy, q, = —(pr + 62t divwy), then we
have,

B(tty, W, Pr; Vi, T, Gn) = G (Up, ty — O1hy) — (py, div(u, — 61hy)) + 7(K™ Wy, wy)y — T (pp, div wy)
— (divuy, —pp — 6t divwy) — t(divwy, —pp — 6,7 divwy)
||uh||§h — Ohap(uy, hy) + 01(py, divhy) + T (K™ 'wy, Wiy
+ 6, (divuy, T divwy) + 6,72 divwy]?

0161
2

01

2 2 2 2 2

= llunllg, lunllg, — Z”hh”ah + 01BvlIpnll” + ck Tllwall
1

B¢ %)
— 22 diva | — 22 72| divwy || + 6,72 div w2
2 262

9]61 91CV
> (1 - 2) lanllg, — % 1wl + 61 Bv lIpwll? + e T llwal®
1
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0>

2 200 4 2 20 4 2

— Ohealluplly — 25T | div wp[|© + 6277 div wy ||
2

9161
> [av (1 - T) - 9262} lunll} + ck llwa?

1 _ G
+ 6, (1 - 7) || div wy||* + [01 (ﬂv - l)} llpall?.
262 261

G o
Choose §; = &% ¢, = & 9, = % and e, = 1, we have
1= ¢, €1= 3,02 3 2 )

By

2
2G, Il

oy 2 2, v _o, .. 2
B(up, Wy, Pr; Vi, Ty Qn) > 3 luplly + ek Tliwall” + 5 ° [l divwy||© +
2
> Gyl (un, wi, po) 1%,

2
— min o By
where C; = min 5+ Ok 30y (-
On the other hand, we have
2 2 2 20 1 2 . 2
| (Vs Thy gn) 117 = llun — O1hn | + Tllwn ™ + 7l divwy||* + || — pr — 627 divwy]|

< 2llunll7 + 267 ka1 + Tllwal® + 22| div wy 1> + 21Ipall? + 265 2% div wy |1

2 2 20‘\2/ 20 A 2 :312/ 2
=2unlly + Tllwnll” +{ 1+ 5 )7 | divws|” + 27C2 +2 ) lipnll
v

2
< G|l (up, wi, pp) Iz,

O[2 2 1
where C, := max {2, 1+ ZT" Zﬁ—‘z’ + 2}.Then (3.14) follows with y = C;C;.
v

Moreover, it is easy to show that the bilinear form B(uy,, wy, pp; v, 1y, qn) is continuous, therefore, we can conclude that
the three-field formulation is well-posed. O

Remark 3. The continuity condition (3.10) follows from the definition of bilinear form and the corresponding norms.
The coercivity condition (3.11) follows from discrete Korn’s equality, which hinges on the stabilization provided by the
jump-jump term q(-, -). We refer to [34] for details on this. The condition (3.12) follows from the property of the
lumped mass procedure and we refer to [37] for details. The last condition (3.13) is the standard inf-sup condition for
the nonconforming finite element methods for solving the Stokes equation, see [28] for details.

3.2. Error estimates

To derive the error analysis of the fully discrete scheme (3.1)-(3.3), following the standard error analysis of time-
dependent problems in Thomée [42], we first define the following elliptic projections u, € V,, w, € W, and p, € Qy
fort > 0 as usual,

an(ith, V) — (Bn, divv) = ap(u, vi) — (p, divvy) — Y Y (-0 (tn), Vi)er VW4 € Vi, (3.16)
TeTh ecdT

K™ 'Wh, r)n — (Br, divey) = (K~ 'w, 1) — (p, divry),  Vry € Wy, (3.17)

(divwy, qn) = (divw, g), Vay € Q. (3.18)

Note that the above elliptic projections are actually decoupled; wy, and p;, are defined by (3.17) and (3.18) which is the mixed
formulation of the Poisson equation. Therefore, the existence and uniqueness of wy, and p;, follow directly from the standard
results of mixed formulation of the Poisson equation (for the mass-lumping case, we refer to [37] for details). After pj, is
defined, uy, can be determined by solving (3.16) which is a linear elasticity problem, and the existence and uniqueness of uy,
also follow from the standard results of the linear elasticity problem. Now we can split the errors as follows

u(ty) — upy = (u(ty) — iy(ty)) — (uf — y(tn)) =: pj — ey,
w(ty) — Wi = (W(ty) — Wi(ta)) — (W) — Wi(ta)) = pj, — €,
p(t) — P = (P(ta) — Bi(t) — (P} — Ba(t)) =: o — €.

For the errors for the elliptic projections, we have, fort > 0,

lloullay, < ch(llullz + llpll), (3.19)
lowll < chllwll1, (3.20)
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llopll < ch(lipllh + lIwll1) - (321)

Note that (3.20) and (3.21) follow from the error analysis of the mixed formulation of Poisson problems. If the mass-lumping
is applied, such error analysis can be found in [37]. The estimate (3.19) follows from the triangle inequality: First, we have
that

loulla, < llw—vnlla, + lltn — Valla,.
for any v, € V.. Next, the following estimates also hold for any v, € V,,
llu, — Vh||§h = ap(u — vy, Uy — V) + ap(tty, w4y — vy) — ap(u, uy, — vy)
= ap(u — vy, ity — Vi) + (B — p, div(@i, — v)) — Y > (-0 (), iy — Va)e
TeT eeT
= ap(U — vp, Uy — V) + (pop, div(, — vy))
=Y > oty — om0 (ta), (i — Vi) — 7oty — Vh))e
TeT ecd
< llu — vplla, ltn — vlla, + clloplllittn — Vulla, + c hlloll1llttn — Villa,-
Here g is the L(T)-orthogonal projection onto Py (T)-the space of constants on T.
We can similarly define the elliptic projection d;u, d;w, and d;p of d.u, 9;w, and 9;p respectively. And we have the
estimates above also for 0; oy, 0; ow, and 9; o, as well, where on the right hand side of the inequalities we have the norms of

oru, 0w, and 9, p instead of the norms of u, w, and p respectively.
We define the following norm on the finite element spaces:

2 2 2 172
N w. )l = (2, + Tlwl2 -, + IpI2)

where [[w]2_, = (K~'w, w)j.
Now we need to estimate the errors ey, ew, and e,, and then the overall error estimates can be derived by the triangular
inequality. Next lemma gives the error estimates of ey, ey, and ep,.

iy ([j)*ﬁh ([j—l)

Lemma 2. Let R} := d,u(t)) — , we have

n
(el el e llen < c (ne?,nah +ry ||Rf.,||ah> : (322)

=

Proof. Using the definition of elliptic projections (3.16), (3.17), and (3.18), choosing r = r, in (1.14) and g = q; in (1.15),
and subtracting these equations from (3.2) and (3.3), we have

an(ey, vi) — (€, divvy) = (g(tn), Vi) — [ahm, vi) — (0, divvy) — Y ) (- o (t), m} =0, (3.23)
TeT ecdT

(K~"ey,. rp)n — (e, divry) =0, (3.24)

— (div d;e}, qn) — (dive},, q) = —(div R, gp). (3.25)

Choosing v, = 5te;’,, ry, = ey, and g, = —eg in (3.23),(3.24), and (3.25), respectively, and adding them, we have

2 2 -1 : -1 :
lleglly, + Tllew 1, = anley, e, ) + T(divRy, e)) < lleylla, lley " lla, + Tl divRy |l llegll.

Thanks to the inf-sup conditions (3.13) and (3.23), we have

(ep, divwy) ap(e”, vy)
lleyll <c sup P T —¢ sup — T — clleglla,- (3.26)
ozvpev,  I1Valla, ozvpev,  |Valla,
Therefore, we have
2 2 -1
llewlly, + Tliewle—, < lleyla, (lle} " lla, + cTIIR llay) - (3.27)

This implies

-1
leulla, < lley™ lla, + cTlIRyla,-
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By summing over all time steps, we have

n
leglla, < ledllay + €T Y IR, lay- (3.28)
j=1

Combining (3.26), (3.27), and (3.28), we have the estimate (3.22). O

Following the same procedures of Lemma 8 in [13], we have

n ) tn ‘l th
> IR, g, sc( / I3l de + - f ||atpu||1dt). (329)
= 0 T Jo

Then we can derive the error estimates as shown in the following theorem.

Theorem 3. Let u, w, and p be the solutions of (1.13)-(1.15) and uy, wy;, and pj, be the solutions of (3.1)-(3.3). If the following
regularity assumptions hold,

u(t) € L ((0, T, Hy(£2)) N L™ ((0, T], H*(£2)) .

dquel' (0, T],H(R)), deuel ((0,T,H'(R2)),

w(t) € L® ((0, T], Ho(div, £2)) N L™ ((0, T], H'(£2))

pel®((0,T,H' (), apel'((0,T],H' (L)),

then we have the error estimates

tn
[l (u(tn) — up, w(ta) — wy, p(ta) — pp)llen < ¢ {Heﬁﬂa,1 + T/ | Qe || dt
0
tn
+h [||u||2 + 2wl + llwly + lIpll +/ (9cullz + 19eplla) df:” . (3.30)
0

Proof. The estimate (3.30) follows directly from (3.22), (3.29), (3.19)-(3.21), and triangle inequality. O

4. Numerical tests

In this section we consider two test cases verifying different aspects of the questions and the analysis we have discussed
earlier. The first numerical experiment uses analytical solution of a poroelastic problem and confirms the accuracy of
the discretization and the results of error analysis presented in Section 3. The second test shows that the mass lumping
technique, which can be viewed as a stabilization, provides oscillation-free numerical solution for the pressure field. Both
numerical experiments take place in the unit square as a computational domain, £2 = (0, 1) x (0, 1); the triangulation of £2
is obtained by partitioning §2 using n, x n, rectangular grid, followed by splitting each rectangle in two triangles by using
one of its diagonals.

4.1. Model problem with analytical solution for the convergence study

In this first numerical test we illustrate the theory described in Section 3. We consider the poroelastic
problem (1.10)-(1.12), where the source terms g and f are chosen so that the components of the exact solution, u = (u, v)7,
and, p, are

ux,y,t) =v(x,y,t) =e ‘sinmx sinmy, (4.1)
p(x,y,t) =e “(cosmy + 1). (4.2)

We prescribe homogeneous Dirichlet conditions for the displacements u. Next, the whole boundary 952 except its north
edge is assumed impermeable, that is, Vp - n = 0 (equivalent to essential boundary conditions for the fluid flux w). The
material properties are: Young modulus E = 1 and the Poisson ratio v = 0.2 and the permeability is assumed to be
k = 1.The numerical test provides estimates on the error between the exact solution given in (4.1)-(4.2) and the numerical
solution on progressively refined grids with n, = n, ranging from 4 to 64. The time-steps (t = T/n;) vary from 1/4 to 1/64.
The errors in the displacements, measured in energy norm, and, the errors in the pressure, measured in the L?>-norm, are
reported in Table 1. From the results reported in Table 1, we observe first order convergence, which is consistent with the
error estimates obtained in previous section.
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Table 1

Energy norm of the displacements’ error and L?-norm of the pressure error for different
spatial-temporal grids.

nyxnyxn 4x4x4 8x8x8 16x16x16 32x32x32 64x64x64

[la — uplg, 0.2060 0.1073 0.0546 0.0275 0.0138
llp — pnll 0.0476 0.0194 0.0092 0.0045 0.0023
p=0
o-n= ( ’ _1)t
Q
u=

Fig. 1. Computational domain and boundary conditions corresponding to the second test problem.
4.2. Poroelastic problem on a square domain with a uniform load

The second numerical experiment models a structure which drains on the north (top) edge of the boundary. On this part
of the boundary we also apply a uniform unit load. More specifically we have,

p=0, o-n=(0,-1" only=[0,1]x1.

On the rest of the boundary we have impermeable boundary conditions for the pressure and we also assume rigidity, namely,
the rest of the boundary conditions are:

Vp-n=0, u=0, onl,=0\1I.

For clarity, the prescribed boundary conditions are shown in Fig. 1.

Here we aim to illustrate the stabilization effect of the mass-lumping performed in the Raviart-Thomas-Nédélec space
(see (2.7)). As oscillations of the pressure usually occur when the material has low permeability and for a short time interval,
we set the final time as T = 103 and perform only one time step. The value of the permeability is « = 1076 and the rest of
the material parameters (Lamé coefficients) are A = 12500 and = 8333.

In Fig. 2(a), we show the approximation for the pressure field obtained without mass lumping. We clearly observe
small oscillations close to the boundary where the load is applied. Introducing mass lumping in computing the fluid flux
completely removes these oscillations. This is also clearly seen in Fig. 2(b).

Another test is illustrated in Fig. 3(a)-(b). We show the numerical solutions for the same problem but with variable
permeability, i.e. k (x) = 1073, x € ((0, 0.5] x (0, 0.5]) U ([0.5, 1) x [0.5, 1)) and k¥ = 1 in the rest of the domain. While
the small oscillations in the solution shown in Fig. 3(a) are difficult to see, the lumped mass solution shown in Fig. 3(b) is
clearly oscillation free.

Finally, let us remark that, while illustrating that the mass-lumping techniques remove the oscillations in the numerical
solution, even in this simple case there is no supporting theory showing that the discretization we have analyzed is in fact
monotone and will provide oscillation free approximation to the pressure. This is a difficult and interesting mathematical
question which is still open.

5. Conclusions

In this paper, we have proposed a nonconforming finite element method for the three-field formulation for the Biot's
model. We use the lowest order finite elements: piecewise constant for the pore pressure paired with the lowest order
Raviart-Thomas-Nédélec elements for the Darcy’s velocity and the nonconforming Crouzeix-Raviart elements for the
displacements. The time discretization is an implicit (backward) Euler method. The results on stability and error estimates,
however, hold for other implicit time stepping methods as well. For the resulting fully discrete scheme, we have shown
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a o b %
1.002
PN -
BRE—— = N ——
0.99 0.998 —
— 0.996
0.98 0.994
0.992
0.97
0.99
096, 0.988
0.986
0.95 0.984
1 1 \ |
I I T T | 0_5[ T I [
O'g 0.8 0.6 0.4 0.2 0 0 0.8 0.6 0.4 0.2 0

Fig. 2. Numerical solution for the pressure to the second numerical experiment (a) without mass lumping and (b) with mass lumping.

-3
a ><11g b %1073
: 1.6
1.4

1.4
1.2

1
0.8
0.6
0.4
0.2

0
1

1.2

1
0.8
0.6
0.4
0.2

Fig. 3. Numerical solution for the pressure for the example with variable permeability: (a) without mass lumping and (b) with mass lumping.

uniform inf-sup condition for the discrete problem. Further, based on standard decomposition of the error for the time-
dependent problem, we derived optimal order error estimates in both space and time. Finally, we presented numerical tests
confirming the theoretical estimates, and, in addition showing that the mass lumping technique to eliminate the Darcy
velocity leads to an oscillation-free approximation of the pressure.

Acknowledgments

Ludmil Zikatanov gratefully acknowledges the support for this work from the Department of Mathematics at Tufts
University and the Applied Mathematics Department at University of Zaragoza.

References

[1] K. Terzaghi, Theoretical Soil Mechanics, Wiley, New York, 1943.

[2] M.A. Biot, General theory of threedimensional consolidation, J. Appl. Phys. 12 (2) (1941) 155-164.

[3] M.A. Biot, Theory of elasticity and consolidation for a porous anisotropic solid, J. Appl. Phys. 26 (2) (1955) 182-185.

[4] FJ. Gaspar, FJ. Lisbona, P.N. Vabishchevich, A finite difference analysis of Biot’s consolidation model, Appl. Numer. Math. 44 (4) (2003) 487-506.
http://dx.doi.org/10.1016/S0168-9274(02)00190-3, URL http://dx.doi.org/10.1016/S0168-9274(02)00190-3.

[5] M. Ferronato, N. Castelletto, G. Gambolati, A fully coupled 3-d mixed finite element model of Biot consolidation, . Comput. Phys. 229 (12) (2010)
4813-4830.

[6] J.B. Haga, H. Osnes, H.P. Langtangen, On the causes of pressure oscillations in low-permeable and low-compressible porous media, Int. J. Numer. Anal.
Methods Geomech. 36 (12) (2012) 1507-1522.

[7] M. Favino, A. Grillo, R. Krause, A stability condition for the numerical simulation of poroelastic systems, in: C. Hellmich, B. Pichler, D. Adam
(Eds.), Poromechanics V: Proceedings of the Fifth Biot Conference on Poromechanics, 2013, pp. 919-928. URL http://ascelibrary.org/doi/abs/10.1061/
9780784412992.110.

[8] P.Phillips, M. Wheeler, Overcoming the problem of locking in linear elasticity and poroelasticity: an heuristic approach, Comput. Geosci. 13 (1) (2009)
5-12.


http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref1
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref2
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref3
http://dx.doi.org/10.1016/S0168-9274(02)00190-3
http://dx.doi.org/10.1016/S0168-9274(02)00190-3
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref5
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref6
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://ascelibrary.org/doi/abs/10.1061/9780784412992.110
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref8

154 X. Hu et al. / Journal of Computational and Applied Mathematics 310 (2017 ) 143-154

[9] M.A. Murad, A.F.D. Loula, Improved accuracy in finite element analysis of Biot’s consolidation problem, Comput. Methods Appl. Mech. Engrg. 95 (3)

(1992) 359-382. http://dx.doi.org/10.1016/0045-7825(92)90193-N, URL http://dx.doi.org/10.1016/0045-7825(92)90193-N.

[10] M.A. Murad, A.F.D. Loula, On stability and convergence of finite element approximations of Biot's consolidation problem, Internat. J. Numer. Methods
Engrg. 37 (4) (1994) 645-667. http://dx.doi.org/10.1002/nme.1620370407, URL http://dx.doi.org/10.1002/nme.1620370407.

[11] M.A. Murad, V. Thomée, A.F.D. Loula, Asymptotic behavior of semidiscrete finite-element approximations of Biot’s consolidation problem, SIAM J.
Numer. Anal. 33 (3) (1996) 1065-1083. http://dx.doi.org/10.1137/0733052, URL http://dx.doi.org/10.1137/0733052.

[12] G. Aguilar, F. Gaspar, F. Lisbona, C. Rodrigo, Numerical stabilization of Biot’s consolidation model by a perturbation on the flow equation, Internat. J.
Numer. Methods Engrg. 75 (11) (2008) 1282-1300. http://dx.doi.org/10.1002/nme.2295, URL http://dx.doi.org/10.1002/nme.2295.

[13] C.Rodrigo, F. Gaspar, X. Hu, L. Zikatanov, Stability and monotonicity for some discretizations of the Biot’s consolidation model, Comput. Methods Appl.
Mech. Engrg. 298 (2016) 183-204.

[14] D.N.Arnold, F. Brezzi, M. Fortin, A stable finite element for the Stokes equations, Calcolo 21 (4)(1984) 337-344. http://dx.doi.org/10.1007/BF02576171,
URL http://dx.doi.org/10.1007/BF02576171.

[15] ]. Korsawe, G. Starke, A least-squares mixed finite element method for Biot's consolidation problem in porous media, SIAM ]. Numer. Anal. 43 (1)
(2005) 318-339.

[16] M. Tchonkova,]. Peters, S. Sture, A new mixed finite element method for poro-elasticity, Int. J. Numer. Anal. Methods Geomech. 32 (6) (2008) 579-606.
http://dx.doi.org/10.1002/nag.630, URL http://dx.doi.org/10.1002/nag.630.

[17] P.Phillips, M. Wheeler, A coupling of mixed and continuous Galerkin finite element methods for poroelasticity i: the continuous in time case, Comput.
Geosci. 11 (2) (2007) 131-144. http://dx.doi.org/10.1007/s10596-007-9045-y, URL http://dx.doi.org/10.1007/s10596-007-9045-y.

[18] P. Phillips, M. Wheeler, A coupling of mixed and continuous Galerkin finite element methods for poroelasticity ii: the discrete-in-time case, Comput.
Geosci. 11(2) (2007) 145-158. http://dx.doi.org/10.1007/s10596-007-9044-z, URL http://dx.doi.org/10.1007/s10596-007-9044-z.

[19] P. Phillips, M. Wheeler, A coupling of mixed and discontinuous Galerkin finite-element methods for poroelasticity, Comput. Geosci. 12 (4) (2008)
417-435. http://dx.doi.org/10.1007/s10596-008-9082-1, URL http://dx.doi.org/10.1007/s10596-008-9082-1.

[20] L.Berger, R. Bordas, D. Kay, S. Tavener, Stabilized lowest-order finite element approximation for linear three-field poroelasticity, SIAM J. Sci. Comput.
37 (5)(2015) A2222-A2245. http://dx.doi.org/10.1137/15M 1009822, URL http://dx.doi.org/10.1137/15M1009822.

[21] R. Showalter, Diffusion in poro-elastic media, J. Math. Anal. Appl. 251 (1) (2000) 310-340.

[22] K. Lipnikov, Numerical methods for the Biot model in poroelasticity (Ph.D. thesis), University of Houston, 2002.

[23] S.-Y.Yi, A coupling of nonconforming and mixed finite element methods for Biot’s consolidation model, Numer. Methods Partial Differential Equations
29 (5)(2013) 1749-1777. http://dx.doi.org/10.1002/num.21775, URL http://dx.doi.org/10.1002/num.21775.

[24] D. Di Pietro, S. Lemaire, An extension of the Couzeix-Raviart space to general meshes with application to quasi-incompressible linear elasticity and
Stokes flow, Math. Comp. 84 (291) (2015) 1-31.

[25] Y.Kuznetsov, S. Repin, New mixed finite element method on polygonal and polyhedral meshes, Russian J. Numer. Anal. Math. Modelling 18 (3) (2003)
261-278. http://dx.doi.org/10.1163/156939803322380846, URL http://dx.doi.org/10.1163/156939803322380846.

[26] S.-Y.Yi, Convergence analysis of a new mixed finite element method for Biot’s consolidation model, Numer. Methods Partial Differential Equations
(2014) 1189-1210. http://dx.doi.org/10.1002/num.21865, URL http://dx.doi.org/10.1002/num.21865.

[27] J.J. Lee, Robust error analysis of coupled mixed methods for biot’s consolidation model. ArXiv Preprint arXiv:1512.02038.

[28] M. Crouzeix, P.-A. Raviart, Conforming and nonconforming finite element methods for solving the stationary Stokes equations. I, Rev. Frangais. Autom.
Inform. Rech. Opér. Sér. Rouge 7 (R-3) (1973) 33-75.

[29] P.-A.Raviart, .M. Thomas, A mixed finite element method for 2nd order elliptic problems, in: Mathematical Aspects of Finite Element Methods (Proc.
Conf., Consiglio Naz. delle Ricerche (C.N.R.), Rome, 1975), in: Lecture Notes in Math., vol. 606, Springer, Berlin, 1977, pp. 292-315.

[30] J.-C. Nédélec, A new family of mixed finite elements in R, Numer. Math. 50 (1) (1986) 57-81.

[31] J.-C. Nédélec, Mixed finite elements in R®, Numer. Math. 35 (3) (1980) 315-341.

[32] RS. Falk, Nonconforming finite element methods for the equations of linear elasticity, Math. Comp. 57 (196) (1991) 529-550. http://dx.doi.org/10.
2307/2938702, URL http://dx.doi.org/10.2307/2938702.

[33] RS. Falk, M.E. Morley, Equivalence of finite element methods for problems in elasticity, SIAM J. Numer. Anal. 27 (6) (1990) 1486-1505. http://dx.doi.
org/10.1137/0727086, URL http://dx.doi.org/10.1137/0727086.

[34] P.Hansbo, M.G. Larson, Discontinuous Galerkin and the Crouzeix-Raviart element: application to elasticity, M2AN Math. Model. Numer. Anal. 37 (1)
(2003) 63-72. http://dx.doi.org/10.1051/m2an:2003020, URL http://dx.doi.org/10.1051/m2an:2003020.

[35] S.C.Brenner, Korn'’s inequalities for piecewise H' vector fields, Math. Comp. 73 (247) (2004) 1067-1087. http://dx.doi.org/10.1090/S0025-5718-03-
01579-5, URL http://dx.doi.org/10.1090/S0025-57 18-03-01579-5.

[36] K.-A. Mardal, R. Winther, An observation on Korn’s inequality for nonconforming finite element methods, Math. Comp. 75 (253) (2006) 1-6.
http://dx.doi.org/10.1090/S0025-57 18-05-01783-7, URL http://dx.doi.org/10.1090/S0025-5718-05-01783-7.

[37] F. Brezzi, M. Fortin, L.D. Marini, Error analysis of piecewise constant pressure approximations of Darcy’s law, Comput. Methods Appl. Mech. Engrg.
195 (13-16) (2006) 1547-1559. http://dx.doi.org/10.1016/j.cma.2005.05.027, URL http://dx.doi.org/10.1016/j.cma.2005.05.027.

[38] J. Baranger, ].-F. Maitre, F. Oudin, Connection between finite volume and mixed finite element methods, RAIRO Modél. Math. Anal. Numér. 30 (4)
(1996) 445-465.

[39] J. Brandts, S. Korotov, M. Krizek, . Solc, On nonobtuse simplicial partitions, SIAM Rev. 51 (2) (2009) 317-335.

[40] S. Micheletti, R. Sacco, F. Saleri, On some mixed finite element methods with numerical integration, SIAM ]. Sci. Comput. 23 (1) (2001) 245-270.

[41] M. Wheeler, G. Xue, L. Yotov, A multipoint flux mixed finite element method on distorted quadrilaterals and hexahedra, Numer. Math. 121 (1) (2012)
165-204.

[42] V.Thomée, Galerkin Finite Element Methods for Parabolic Problems, second ed., in: Springer Series in Computational Mathematics, vol. 25, Springer-
Verlag, Berlin, 2006.


http://dx.doi.org/10.1016/0045-7825(92)90193-N
http://dx.doi.org/10.1016/0045-7825(92)90193-N
http://dx.doi.org/10.1002/nme.1620370407
http://dx.doi.org/10.1002/nme.1620370407
http://dx.doi.org/10.1137/0733052
http://dx.doi.org/10.1137/0733052
http://dx.doi.org/10.1002/nme.2295
http://dx.doi.org/10.1002/nme.2295
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref13
http://dx.doi.org/10.1007/BF02576171
http://dx.doi.org/10.1007/BF02576171
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref15
http://dx.doi.org/10.1002/nag.630
http://dx.doi.org/10.1002/nag.630
http://dx.doi.org/10.1007/s10596-007-9045-y
http://dx.doi.org/10.1007/s10596-007-9045-y
http://dx.doi.org/10.1007/s10596-007-9044-z
http://dx.doi.org/10.1007/s10596-007-9044-z
http://dx.doi.org/10.1007/s10596-008-9082-1
http://dx.doi.org/10.1007/s10596-008-9082-1
http://dx.doi.org/10.1137/15M1009822
http://dx.doi.org/10.1137/15M1009822
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref21
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref22
http://dx.doi.org/10.1002/num.21775
http://dx.doi.org/10.1002/num.21775
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref24
http://dx.doi.org/10.1163/156939803322380846
http://dx.doi.org/10.1163/156939803322380846
http://dx.doi.org/10.1002/num.21865
http://dx.doi.org/10.1002/num.21865
http://arxiv.org/1512.02038
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref28
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref29
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref30
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref31
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.2307/2938702
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1137/0727086
http://dx.doi.org/10.1051/m2an:2003020
http://dx.doi.org/10.1051/m2an:2003020
http://dx.doi.org/10.1090/S0025-5718-03-01579-5
http://dx.doi.org/10.1090/S0025-5718-03-01579-5
http://dx.doi.org/10.1090/S0025-5718-03-01579-5
http://dx.doi.org/10.1090/S0025-5718-03-01579-5
http://dx.doi.org/10.1090/S0025-5718-05-01783-7
http://dx.doi.org/10.1090/S0025-5718-05-01783-7
http://dx.doi.org/10.1016/j.cma.2005.05.027
http://dx.doi.org/10.1016/j.cma.2005.05.027
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref38
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref39
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref40
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref41
http://refhub.elsevier.com/S0377-0427(16)30273-4/sbref42

	A nonconforming finite element method for the Biot's consolidation model in poroelasticity
	Introduction: Biot's model and three field formulation
	Nonconforming discretization
	Interfaces, normal vectors and jumps of traces of functions
	Finite element spaces
	Nonconforming Crouzeix--Raviart space
	Raviart--Thomas-Nedelec space
	Piecewise constant space

	Approximate variational formulation

	Analysis of the fully discrete scheme
	Well-posedness
	Error estimates

	Numerical tests
	Model problem with analytical solution for the convergence study
	Poroelastic problem on a square domain with a uniform load

	Conclusions
	Acknowledgments
	References


