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The tautological ring of M, ,, via
Pandharipande—Pixton—Zvonkine r-spin relations

Reinier Kramer, Farrokh Labib, Danilo Lewanski and Sergey Shadrin

ABSTRACT

We use relations in the tautological ring of the moduli spaces ﬁg,n derived by Pand-
haripande, Pixton, and Zvonkine from the Givental formula for the r-spin Witten class
in order to obtain some restrictions on the dimensions of the tautological rings of the
open moduli spaces M, ,,. In particular, we give a new proof for the result of Looijenga
(for n = 1) and Buryak et al. (for n > 2) that dim R97'(M,,) < n. We also give
a new proof of the result of Looijenga (for n = 1) and Ionel (for arbitrary n > 1) that
Ri{(My,) = 0 for i > g and give some estimates for the dimension of R‘(My,,) for
1< g—2.

1. Introduction

The study of the tautological ring R* of the moduli spaces of curves goes back to the classical
papers of Mumford and Faber [Mum8&3, Fab99]; see also [Vak03, Pan02, Zvol2, Tav16]. The
tautological ring of the moduli space of curves Mg, is additively generated by the so-called
dual graphs decorated by - and s-classes. A dual graph determines a natural stratum in Mg ,,
whose vertices correspond to irreducible components of a generic point in the stratum, whose
leaves correspond to the marked points, and whose edges correspond to the nodes. We decorate
each vertex with a non-negative integer equal to the geometric genus of the corresponding irre-
ducible component. Each vertex is also equipped with a multi-index x-class, and each half-edge,
including the leaves, is equipped with a power of the 1-class of the cotangent line bundle at the
corresponding marked point or the corresponding branch of the node. There are many linear
relations between these generators, called tautological relations.

We can restrict all these classes to the open moduli space Mg ;,. Then only the graphs with no
edges can contribute non-trivially. These graphs just correspond to the classes [[;", @/}f" Key,....en
for d; > 0 and e; > 1. There are still many relations among these classes that can be proved, in
particular the relation R'(Mg,) = 0 for i > g; see [Lo095, Ion02] and also a recent new proof
in [CGJZ16]. In the case i = g — 1, one can prove that dim R9~1( M, ,,) < n; see [Loo95, BSZ16]
for the cases n = 1 and n > 2, respectively. In this paper, we give new proofs of all these
results, as well as some restrictions on the dimensions of the tautological rings for ¢ < g —2. Note
that, by the non-degeneracy of some matrix of intersection numbers, one can in fact show that

Received 12 March 2017, accepted in final form 17 July 2017.
2010 Mathematics Subject Classification 14H10.
Keywords: moduli of curves, tautological ring.
This journal is (©) Foundation Compositio Mathematica 2018. This article is distributed with Open Access under
the terms of the Creative Commons Attribution Non-Commercial License, which permits non-commercial reuse,
distribution, and reproduction in any medium, provided that the original work is properly cited. For commercial
re-use, please contact the Foundation Compositio Mathematica.

The work of R. K., D.L., and S.S. was supported by the Netherlands Organization for Scientific Research.


https://core.ac.uk/display/301646653?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://algebraicgeometry.nl
http://www.ams.org/msc/
http://algebraicgeometry.nl
http://creativecommons.org/licenses/by-nc/3.0/
http://algebraicgeometry.nl

R. KRAMER, F. LABIB, D. LEWANSKI AND S. SHADRIN

dim R9~1 (M, ,) = n; we refer to [BSZ16] for that.

We use the tautological relations of Pandharipande-Pixton-Zvonkine [PPZ16]. Givental-
Teleman theory [GivOla, Tell2] provides a formula for a homogeneous semi-simple cohomological
field theory as a sum over decorated dual graphs as above; see [Giv01b, DSS13, DOSS14, PPZ15].
These formulae can be explained as a result of a certain group action on non-homogeneous
cohomological field theories applied to the rescaled Gromov—Witten theory of a finite number of
points (also known as topological field theory or degree 0 cohomological field theory); see [FSZ10,
Tell2, Sha09, PPZ15].

In some cases, we can obtain this way a graphical formula for a cohomological field theory
whose properties we know independently. In particular, the graphical formula might contain
classes (linear combinations of decorated dual graphs) that are of dimension higher than the
homogeneity property allows for a cohomological field theory. Then these classes must be equal
to zero and give us tautological relations. Alternatively, we might consider the graphical formula
as a function of some parameter ¢ parametrizing a path on the underlying Frobenius manifold
with ¢ = 0 lying on the discriminant. If we know independently that the cohomological field
theory is defined for any value of ¢ including ¢ = 0, then all negative terms of the Laurent series
expansion in ¢ near ¢ = 0 also give tautological relations (see [Janl5a, Panl6] for more details).
Once we have a relation for the decorated dual graphs in ﬂg,,ﬁm, for m > 0, we can multiply
it by an arbitrary tautological class, push it forward to M, ,,, and then restrict it to M, ,. This
gives a relation among the classes [[;"; 1#;1%51,...,%, for d; > 0 and e; > 1, in R*(My,,).

In the case of the Witten r-spin class [Wit93, PV01], the graphical formula and its ingredients
are discussed in detail in [Giv03, FSZ10, DNOPS15, PPZ16].

Both approaches mentioned above produce the same systems of tautological relations on
My, Two particular paths on the underlying Frobenius manifold are worked out in detail
in [PPZ16]; we are using one of them in this paper. Note that the results of Janda [Janl5a, Jan14,
Jan15b] guarantee that these relations work in the Chow ring; see a discussion in [PPZ16].

1.1 Organization of the paper

In Section 2, we recall the relations of Pandharipande-Pixton—Zvonkine. In Section 3, we use
them to give a new proof of the dimension of Rg_l(/\/lg,n), up to one lemma whose proof takes
up Section 4. In Section 5, we extend this proof scheme to show the vanishing of the tautological
ring in all higher degrees. Finally, in Section 6, we give some bounds for the dimensions of the
tautological rings in lower degrees.

2. Pandharipande—Pixton—Zvonkine relations

In this section, we recall the relations in the tautological ring of mg,n from [PPZ16] and put
them in a convenient form for our further analysis.

2.1 Definition

Fix r > 3. Fix n primary fields 0 < aq,...,a, < r — 2. All constructions below depend on an

auxiliary variable ¢; we fix its exponent d < 0. A tautological relation T'(g,n,r,a1,...,a,,d) =0
depends on these choices and is obtained as T = r9~! Yoo 7T>(kk)Tk /k!, where Ty is the coef-

ficient of ¢¢ in the expression in the decorated dual graphs of M ntk described below and
k) Mgtk — Mg, is the natural projection.
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TAUTOLOGICAL RING VIA PPZ RELATIONS

Consider the vector space of primary fields with basis {eg,...,e,—2}. In the basis é; :=
qﬁ_z/(r_l)ei, we define the scalar product n;; = (€;, €;) := ¢_(T_2)/(T_1)5,~+j,r_2. Equip each vertex
of genus h of valency v in a decorated dual graph with a tensor

Cay ® - ® Eq, > PV D (G gy s

Define matrices (R;,,')? form > 0 and a,b = 0,...,r—2 in the basis &, ..., &._2. Weset (R;;}) =

0ifbZa—m modr—1.1fb=a—m modr— 1, then (R’ = (r(r—1)¢"/"=D)""P, (r,a),
where P, (r,a), for m > 0, are the polynomials of degree 2m in r and a uniquely determined by

the following conditions:

Equip the first n leaves with Y0°_ (R, ¥"é, for i = 1,...,n. Equip the k extra leaves (the
dilaton leaves) with — anozl(R;,Jl)ng?Tﬁléb for ¢ = 1,...,k. Equip each edge, where we denote
by ¢/ and 9" the 1-classes on the two branches of the corresponding node, with

0 = 3o o (R )t I (R ) o ()™ ()™

w/ + ¢//

Then T}, is defined as the sum over all decorated dual graphs obtained by the contraction of
all tensors assigned to their vertices, leaves, and edges, further divided by the order of the
automorphism group of the graph.

€yt & € .

2.2 Analysis of the relations

There are several observations about the formula introduced in the previous subsection.

(1) We obtain a decorated dual graph in RP (M, ) if and only if the sum of the indices of the
matrices R;,! used in its construction is equal to D.

(2) According to [PPZ16, Theorem 7], the relation T'(g,n,r,ay,...,an,d) is a sum of decorated
dual graphs whose coefficients are polynomials in r.

(3) Let A=3"" ,a;. Then A=g—1+D mod r—1. We can assume A =g—1+D+z(r—1)
with x > 0 since D is bounded by dimﬂgm = 39 — 3 + n, whereas the relations hold
for r arbitrarily big. Collecting the powers of ¢ from the contributions above, we obtain
d(r—1)=A+ (g —1)(r —2) —rD. Substituting the expression for A, we have d < 0 if and
only if D > g + z. The relevant cases in this paper are the cases x =0 and = = 1.

These relations, valid for particular » > 3 and 0 < aq,...,a, < r — 2, are difficult to apply
since we have almost no control over the x-classes coming from the dilaton leaves. We solve this
problem in the following way.

Let x = 0, and consider the degree D = g. We have relations with polynomial coefficients for
all » much greater than g and A = 2g — 1. More precisely, for all integers 0 < aq,...,a, < 29 —1
with Y | a; = 29— 1, we have a relation whose coefficients are polynomials of degree 2¢ in r. In
other words, we have a polynomial in r whose coeflicients are linear combinations of decorated
dual graphs in degree g, and we can substitute any r sufficiently large. Possible integer values
of r determine this polynomial completely, so its evaluation at any other complex value of r is
again a relation.
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Let x = 1, and consider the degree D = g+ 1. We have relations with polynomial coefficients
for all » much bigger than g and A = 2g — 1 4+ r. More precisely, for all integers 0 < aq, ..., a, <
r—2 with Y 1" ; a; = 2g — 1+ r, we have a relation whose coefficients are polynomials of degree
2g+2inr.

Note that in both cases we do not, in general, have polynomiality in a4, ..., a,, but we have
it for some special decorated dual graphs, under some extra conditions.

We argue below that a good choice of r in both cases is r = % (note that we still have to
explain what we mean in the case x = 1, since the sum A depends on 7). In particular, this
choice kills all dilaton leaves, and the only non-trivial term that contributes to the sum over k
in the definition of T'(g,n,r,a1,...,an,d) in these cases is Tj.

1

2.3 P-polynomials at r = 5

Recall the P,,(r, a)-polynomials of [PPZ16] introduced above, and define

Qm(a) = ( —i—l—f)

Qmm'
LEMMA 2.1. We have Py, (3,a) = Qu(a).

Proof. We will use [PPZ16, Lemma 4.3]. It is clear that we have Qo(a) = 1 and Q,(0) =
Qm(—3) = 6m0. Furthermore, we have

o, 2m 2m
Qn(a) = Qua=1) = CIE(TT (a+1-5) T (- 3))

k=1 k=1

m 2
- (27"1731! ((a—ké)a— (a—m—i—é)(a—m))

1 1
= %<—2am +m? — §m>Qm_1(a - 1)

= %(m— % — 2G>Qm—1(a_ 1)7

so the equations in the lemma are satisfied.

This does not allow us to conclude yet that our @,,(a) are equal to the P, (%, a), as the lemma
only states uniqueness for the P, (r, a) as polynomials in a and r. However, we can prove equality
by induction on m. The case m = 0 is given to be identically 1 in [PPZ16], agreeing with Q.

Now, assume m > 0 and Pp,_1(%,a) = Qn—1(a). Then,

(@) — Qpla—1) = %(m _ % ~20)Quorla— 1),

with the same relation for Pm(%, a). Hence, Pm(%, a) = Qm(a) + c. Using the same relation for
m+ 1, we get

1 c 2m —1
Amt1(0) = Put1 (5:0) = Quia(a) = —Sa? + = ac+d.
We then have
c 2m-—1 m
0= m+1< ) Apmt1(0 =-g~ g ¢=—7¢
Because m > 0 by assumption, this proves ¢ = 0, so Pm(%, a) = Qm(a). O
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2.4 Simplified relations I

In this subsection, we discuss the relations that we can obtain from the substitution r = % for
the case of x = 0 in Subsection 2.2.

The polynomials @,,(a), for m = 0,1,2,..., discussed in the previous subsection, have deg-
ree 2m and roots —%,O, %, 1,...,m— %,m — 1. Note that on the dilaton leaves in the relation
of [PPZ16], we always have a coefficient (R,!)} for some m > 1. Since for r = 3, we have

(anl)g = (—2¢71) " Qmn(0) = 0 for m > 1, the graphs with dilaton leaves do not contribute to
the tautological relations.

In order to obtain a relation on M, , we first consider a relation on ﬂngrm that we push
forward to ﬂg,n and then restrict to the open moduli space M, ,,. Note that only graphs that
correspond to a partial compactification of M 1., can contribute non-trivially. Namely, it is
a special case of the rational tails partial compactification, where we require in addition that

at most one among the first n marked points can lie on each rational tail. We denote this
rt[n]

compactification by M7 1,

For instance, the dual graphs that can contribute non-trivially to a relation on M;tq[ﬂl are

either the graph with one vertex and no edges or the graphs with two vertices of genus g and 0
and one edge connecting them, with leaves labeled by ¢ and n + 1 attached to the genus 0 vertex
and all other leaves attached to the genus g vertex, for ¢ = 1,...,n. These graphs correspond to

.. . rt[n]
the divisors in M 1,

More generally, we denote by Dy, for I C {1,...,n+m}, the divisor in ﬂg,mrm whose generic
point is represented by a two-component curve with components of genus g and 0 connected
through a node, such that all the points with labels in I lie on the component of genus 0 and all
other points lie on the component of genus g. Then the divisors that belong to M;Eﬂ_m
in which I contains at most one point with a label 1 <1 < n, and all dual graphs that we have
to consider are the dual graphs of the generic points of the strata obtained by the intersection

of these divisors.

that we denote by D; 1.

are those

We denote the relations on MQJL corresponding to the choice of the primary fields ay, ..., a,
by an(al, ...,ap) = 0, where D is the degree of the class. In this definition, we adjust the
coefficient; namely, from now on, we ignore the pre-factor r9~! in the definition of the relations,
as well as the factor (—i *1)7D coming from the formula for the R-matrices in terms of the
polynomials (). Hence, an(d’) is proportional to T(g,n la, d(D)). We will also often write €2

)9
. . . . t
for its restriction to various open parts of the moduli space, such as M;mrm

Note that, as we discussed above, there is a condition on the possible degree of the class
and the possible choices of the primary fields implied by the requirement that the degree of the

auxiliary parameter ¢ must be negative.

We use the following relations in the rest of the paper: Q£n+m(a1, ooy nim), Wwhere D > g,

m > 0, and Y7 a; = g — 1 + D and all primary fields must be non-negative integers. We
sometimes first multiply these relations by extra monomials of w-classes before we apply the
pushforward to M, ,, and/or restriction to Mg ,,.

2.5 Simplified relations II
In this subsection, we discuss the relations that we can obtain from the substitution r = % for
the case of x = 1 in Subsection 2.2.

1 - see Figure 1. Note that

Let us first list all the dual graphs representing the strata in M gn+2
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(1) The entire space

(V) Dpy1ny2

(VII) Dj7n+1,n+2 Dn+1,7L+2

an+2 a an+2 an+2
Gn+1 n+1 An+1
al “ e an a’l e an
(1) Djpio (V) Djn41 Dk 2 (viiD) Djnt1nt2Djn+2
an+1 an+2 an+1
aj, @ In+2
we (7)) ®
O O "
aj CLj
ap --- ap ai --- an ap --- Gp
(111) Dj i1 (VD) Djnt1ni2 (1X) Djnt1nt+2Djni1
An+2 Qn+2 Gn+-2
Q Gn+1
s
() :
CL]' aj
al...an al"‘an al"'an

rt[2]

Figure 1: Strata in M7 o.

under the extra condition 1 < a; < r — 3 — anq1 — anto for any 1 < ¢ < n, the coefficients of
all these graphs in T'(g,n + 2,7,d, —1), equipped in an arbitrary way with - and k-classes, are
manifestly polynomial in aq,...,a,+2,7. Indeed, this extra inequality guarantees that we can
uniquely determine the primary fields on the edges in the Givental formula for all these nine
graphs.

Thus, we have a sequence of tautological relations T'(g, n+2, 7, d, —1) in dimension g+1 defined
for a big enough r and arbitrary non-negative integers aq, ..., an1o satisfying a; + -+ + apyo =
2g+r—1land 1 <a; <r—3—ant1 — anye for any 1 < ¢ < n. This gives us enough evalua-
tions of the polynomial coefficients of the decorated dual graphs in /\/l;t’gz]r
polynomials completely. Thus, we can represent the values of these polynomial coefficients at an
arbitrary point (&, ...,an4o,7) € C"*3 as a linear combination of the Pandharipande-Pixton—
Zvonkine relations. This representation is non-unique, since we have too many admissible points
(a1,...,any2,7) € Z"3 satisfying the conditions above. This non-uniqueness is not important
for the coefficients of the decorated dual graphs in M:Eﬂw since we always get the values of their
polynomial coefficients at the prescribed points, but the extensions of different linear combina-

tions of the relations to the full compactification ﬂg,nﬁ can be different. Indeed, the coefficients

o to determine these
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of the graphs not listed in Figure 1 can be non-polynomial in aq,...,a,4+2 (but they are still
polynomial in r).

We can choose one possible extension to the full compactification M ,,+2 for each point
(@1,...,an42,7) € C"3. In particular, we always specialize to r = %, Ont1 = %, Ont+a = —%.
The choice r = % guarantees that we have no non-trivial dilaton leaves; that is, we have no
k-classes in the decorations of our graphs. We also divide the whole relation by the factor
(%)‘q_l(—%qﬁ_l)_l_g, as in the previous subsection.

Abusing the notation, we denote these relations by Qg;{m (al, cey O, %, —%) These relations

are defined for arbitrary complex numbers ar, ..., a, satisfying >\ | a; = 29 — % Of course, it is
reasonable to use half-integer or integer primary fields a1, ..., a, that would be the roots of the
polynomials (), since this gives us very good control over the possible degrees of the -classes on
the leaves and the edges of the dual graphs.

Let us stress once again that restriction of Qg;lﬁ (al, R %, —%) to MZtKL is well defined

and can be obtained by the specialization of the polynomial coefficients of the dual graphs in
Fig. 1 to the point (al,...,an,anH = %,an+2 = —%,r = %) We analyze these polynomial
coefficients in the next two sections. In the meantime, the extension of QZT;IJFQ (al, cey O, %, —%)

from M;tgﬂﬁ to Mg 42 is, in principle, not unique, and we only use that it exists.

3. The dimension of RY™1(M,,)

In this section, we give a new proof of the result in [BSZ16] that dim R9~1(M,,,) < n.

3.1 Reduction to monomials in 1-classes

In this subsection, we show that any monomial w‘lh apdng, o of degree g—1 can be expressed
as a linear combination of monomials of degree g—1 which have only 1)-classes. We prove this fact
by considering the relations QZ;IIJ:;ZL (a1,...,antm) for some appropriate choices of the primary

fields.

ProrosITION 3.1. Let g > 2 and n > 1. The ring Rgfl(/\/lgvn) is spanned by the monomials
G i fordy,. .. dy >0 with 320" di =g — 1.

Proof. The tautological ring of the open moduli space is generated by - and k-classes. Hence,
a spanning set for the ring RI™1(M,,,) is

dy
{ 1 o /l/]nn’ielr--vem

n m

m=>0,d; >0, e >1, Zdi-}-Zej:g—l}.
i=1 j=1

Let V C R9"Y(M,,,) be the subspace spanned by the monomials

{ e idi:g_l}-

i=1
We want to show that R9~1(M, ,)/V = 0. We do this by induction on the number m of indices
of the k-class.

Let us start with the case m = 1. Consider a relation Qg’n +1(a1, ..., ap41) for some admissible
choice of the primary fields. In this case, we have contributions by the open stratum of smooth
curves and by the divisors D, 1, for £ = 1,...,n. The open stratum gives us the following
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classes:
n+1 n+1

2 Hew@ [

di++dny1=g i=1
0<d;<a;

The condition d; < a; follows from the identity Qg4(a) = 0 for d > a. The contribution of —D;, 414
is given by

Z HQdiJr&ig(ai + 8iran41) H TZJ?iDi,M*(%l@) :

di+-+dn=g—1 i=1 i#ln+1
0<d;i<a;i+d5(ant+1—1)

Here 7: M;t[ﬁrl — My, is the natural projection. The sum of the pushforwards of these classes

to My, is equal to

0= Z HQd ;) Qet1(ant1 H¢ Ke (3.1)

di+-+dp+e=g—11i=1
d; >0,e1
in R9~1(M,,,)/V. Thus we have equation (3.1) in R9~'(M,,,)/V for each choice of ai,. .., an+1
such that Z?ﬂl a; =29 — 1.

If we choose the lexicographic order on the monomials 1[1?1 o qpdng,. we can then choose
the values of the a; in such a way that the matrix of relations becomes lower triangular, in the
following manner. For every monomial 111?1 e d}gn Ke, we choose the relation with primary fields
ag=di+g—1,a;=d; fori =2,...,n, and ap+1 = e+ 1. Equation (3.1) allows us to express
this monomial in terms of similar monomials with the strictly larger exponent of 1, so this
set of relations does indeed give a lower-triangular matrix. This matrix is invertible; hence all
monomials of the form ¢ - .. ¢dn g, are equal to zero in RI™(M,,)/V.

Now, assume that all the monomials which have a k-class with m —1 indices or fewer are equal
to zero in RY™1(M,,,)/V. Consider a relation Qf nl_:rlm(al, eevyQp, b1, ... by). This relation, after
the pushforward to Mg, gives many terms with no s-classes and also with s-classes with at
most m — 1 indices, and also some terms with x-classes with m indices. The latter terms are

therefore equal to zero in RI™1(M,,,)/V; namely, we have

0= Z <HQd a; )y )(HQe]-H >f€e1, e (3.2)

0<d;<a; Ni=1
lgej gbjfl
for 70 di + 370, ej = g — 1. Equation (3.2) is valid for each choice of the primary fields a;
and b; such that > i a; + 7L, bj = 29 — 2+ m.

Choosing a monomial djfl coqfdn Key,...,em> We can choose the primary fields to be a1 = dy +
g—1,a;=d;fori=2,...,n,and b; = e; +1 for j =1,...,m. Again, this relation expresses our
monomial as a linear combination of similar monomials with strictly higher exponent of 1. By
downward induction on this exponent, all monomials with m k-indices vanish in RI~*(Mg,,)/V
as well.

Thus RI~Y(Mg,,)/V = 0. In other words, any monomial which has a k-class as a factor can
be expressed as a linear combination of monomials in -classes. O

An immediate consequence of this proposition for n = 1 is the result of Looijenga.
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COROLLARY 3.2 ([Lo095]). For all g > 2, we have RI~1 (M) = ng_l.

3.2 Reduction to n generators

In this subsection, we prove the following proposition.

PROPOSITION 3.3. Forn > 2 and g > 2, every monomial of degree g — 1 in 1-classes and at most
one k1-class can be expressed as a linear combination of the n classes

-1 -2 -2
¢iJ ; % ¢2 P Qpiy wn

with rational coefficients.

Together with the previous subsection this gives a new proof of the following statement.
THEOREM 3.4 ([BSZ16]). For n > 2 and g > 2, we have dimg RY™1(M,,) < n.

Remark 3.5. Note that the possible k1-class is added in Proposition 3.3 for a technical reason;
it seems to be completely unnecessary in light of Proposition 3.1. In fact, when we include &1,
we consider systems of generators approximately twice as large, but this allows us to obtain
a much larger system of tautological relations. We do not know of any argument that would
allow us to obtain the sufficient number of relations if we consider only monomials of -classes
as generators.

We reduce the number of generators by pushing forward enough relations via the map
9 - P
mi: R (Mying2) = R (Maa),

where 7(2) is the forgetful morphism for the last two marked points (we abuse notation a little
bit here, restricting the map 7@ to M;tmrz

vector of primary fields:

— Myp). For n > 2, let us consider the following

a:= (al =2g — % — A,ag,...,an,an+1 = %7an+2 = —5) > (3'3)

where a; € Zzg for i =2,...,nand A= )" ,a; < g— 2. We consider the following monomials
in RI~H( M)

n n
Y= wf_Q_A Hl/)?ilﬂ and xy:= 1/1i7_2_A Hw;‘i““ , 4=2,...,n.
=2 i=2
LEMMA 3.6. The tautological relation Fiz)Qz;iz(d‘), where @ is defined in equation (3.3), has
the following form:

y- [ Quia)Q2(3) (Qg-1-4(29 — 3 — 4) = Qg-1-4(29 — 2 — 4))

=2

- Z xy - H Qa,+25, (@i + 36i0) (Qg-1-4(29 — 3 — A) — Qg-1-4(29 — 2 — A))

=2 =2
— terms divisible by ¢4 | (3.4)

Proof. In order to prove this lemma, we have to analyze all strata in M;tfb The list of strata
is given in Figure 1. Each stratum should be decorated in all possible ways by the R-matrices

with -classes as described in Section 2.
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There are several useful observations that simplify the computation. The leaf labeled by a;,
for i = 2,...,n, is equipped with zpfiQdi(ai). This implies d; < a;. Since Q>2(%) = 0 and
Q>o(—%) = 0, we conclude that the exponent of ¥, is at most 2 and that of ¥, 19 is equal
to 0. Note that we can obtain a monomial with 1-class in the pushforward only if we have 12, |
in the original decorated graph.

Similar observations are also valid for the exponents of the 1-classes at the nodes. Note that
there are no -classes on the genus 0 components in any strata except for the case of the dual
graph VI, where we must have a 1-class at one of the four points (three marked points and the
node) of the genus 0 component; otherwise, the pushforward is equal to zero. So, for instance, we
have 9% at the genus g branch of the node on the dual graph 11 with coefficient —Q 441 (aj — %),
so in this case we have d < a; — 1. If we have 1% at the genus g branch of the node on the dual
graph VvIiI, then the product of the coefficients that we have on the edges of this graph is equal
to Ql(aj — %)Qd+1 (aj — % + % — 1), so in this case we have d < a; — 1. And so on; one more
example of a detailed analysis of the graphs vI-IX is given in Lemma 4.3 in the next section.

We see that we have severe restrictions on the possible powers of -classes at all points but
the one labeled by 1, where the exponent is bounded from below, also after the pushforward.
Then it is easy to see by the analysis of the graph contributions as above that the exponent of
1 is at least g — 2 — A. Let us list all the terms whose pushforwards to M, ,, contain the terms
with 7 —2-4

e One of the classes in /\/l;tgz]rQ corresponding to graph 1 is 7 —iA | R iT,ZJ?IH with coef-

ficient []7" , Qq, (ai)Qg(%)Qg,l,A (2g — % — A). Its pushforward contains the monomial y
and the terms divisible by ¢{ —1=4

e Consider graph 11 for j = 1. Let mpi0: Mgnut2 — Myat1 be the forgetful morphism
for the (n + 2)nd point. Up to irrelevant terms, one of the classes corresponding to this

. . Wl g—2—A\ . .

graph is ], ¢§“¢3+1D1,n+2(7rn+2) (@Z)f 2 ) with coefficient (—1) [, Qai(ai)Qg(%) .
Qg-1-4(29 — 2 — A). Its pushforward is equal to the monomial y.

o Let mpy1: Mg pi2 — Mg i1 be the forgetful morphism for the (n + 1)st point. One of the
classes corresponding to graph 111 for j = £ is H#l’g @bfiz[)i}*l*AD&nH(wnH)* (1/)?”1) with
coefficient (—1) Hi#,f Qa;(ai)Qayt2 (ag + %)Qg,l,A (2g — % — A). The pushforward of this

class contains the monomial z, and the terms divisible by ¢ —i=A

e Consider graph v for j = ¢ and k£ = 1. One of the classes corresponding to this graph

is TLiz10 UV Dy 1 (1) * ( ?ZH)DLnH(WﬂH)*( f_2_A) with coefficient JT; . , Qq,(as) -
Qap+2 (ag + %)Qg,l,A(Qg — 2 — A). Its pushforward is equal to the monomial x.

Collecting all these terms together, we obtain the left-hand side of equation (3.4). Then, it is
easy to verify case by case that under the pushforward, all other graphs and all other possible
decorations on these four graphs produce only monomials divisible by @Z}fﬁl*A. O

Let a; > 0 for j = 2,...,n. Consider a vector of primary fields @ (@) obtained from @ by
adding % to a1 and subtracting % from aj, that is,

=) . 1 3 1
gl .= (2g—1—A,a2,...,aj_1,aj - i,aj_i_l,...,an,?—i).
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(2) QQ—H

on " 5(@Y)) has the following form:

LEMMA 3.7. The tautological relation 7y
Y- HQai (ai — 50i)Q2(3) (Qg-1-4(29 =1 — A) = Qy1-a(29 — 5 — A))

— Z - H Quait26, (@i + 3610 — 3045) (Qg-1-4(29 — 1 — A) — Qg—1-4(29 — 3 — A))

1575]

= terms divisible by wf_l_A.

Proof. The proof of this lemma repeats the proof of Lemma 3.6. It is only important to note
that the terms that could produce the monomial x; contribute trivially since they have a factor
of Qaj+2 (aj — % + %) = 0 in their coefficients. ]

Remark 3.8. Note that we have the condition a; > 0. Indeed, if a; = 0, we can still try to
use @9 as a possible vector of primary fields. But in this case, it can contain monomials with
lower powers of 1, and hence those relations cannot be used for our induction argument in
increasing powers of ;. To see this, consider graph 11. The coefficient that we have in this case
for the degree d of the 1-class on the genus g branch of the node is equal to Qg+1 (—% — %)
Since —1 is not a zero of any polynomial ()>¢, the degree d can be arbitrarily high, and therefore

there is no restriction from below on the degree of ;.
Let us distinguish now between zero and non-zero primary fields. Up to relabeling the marked
points, we can assume
ap=a3=-+-=as=0 and a; =21, t1=s4+1,...,n

Note that, by the definition of the Q-polynomials, the coefficient of y is not 0 in all relations in
Lemmata 3.6 and 3.7. Dividing these relations by the coefficient of y, we obtain the n — s + 1
linearly independent relations

n
Qa,+2(a; +3/2) . _1-A
Relp: vy — L x; = terms divisible by 7 ,
— Qay(a1)Q2(3/2) '
Qa +2 (a1 +3/2) o —1-A
Rel; : L 1 —6;;)x; = terms divisible by 7
J Z a Cbl QZ 3/2) ( 75 ) y 1/’1
for j = s+ 1,...,n. Rescaling the generators by rational non-zero coefficients
3/2
T i=— Quta(a +3/ ) =2,...,n,
Qun (@) Q2(3/2) "
we can represent the relations in the following matrix:
Yy T2 Ts Tsy1 Tsy2 Tsg3 Tn
Relg 1 1 1 1 1 1 1
Relg41 |1 1 1 0 1 1 1
M:—= Relggo |1 1 1 1 0 1 1
Relgy3 |1 1 1 1 1 0 1
Rel, | R | 1 1 1 e 0
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Let us take linear combinations of the above relations: ﬁaj := Relg — Rel; for j =s+1,...,n,
and Rely := Rely — Z?:S +1 Rel;. We obtain

_ Yy I Ts Toy1 Tst2 Tsy3 Tp
Relp |1 1 1 0 0 0 0
Relss1 |0 O 0 1 0 0 0
Relgso |0 O 0 0 1 0 0
Relyi3 |0 0 0 0 0 1 0
Rel, [0 0 -~ 0 0 0 0 - 1

The relation /ﬁeﬁj expresses the monomial wi’_2_A 1T wfﬁéij as a linear combination of the
generators with higher powers of 9. The relation E&o expresses the monomial Y _2_’4]_[?:2 (U
as a linear combination of the monomials 1] —2-4 | J TN i+0ij , for j =2,...,s, and generators
with higher powers of ;. In case no primary field a; is equal to 0 (that is, s = 1), any of the
monomials y, 2, ..., 2, can be expressed in terms of the generators with strictly higher power

of 1/11.

3.2.1 Reduction algorithm. Consider a monomial wf_l_z diwg2 ‘e wgn. Let djs be the maxi-

mal element in the list of the d; with the lowest index. If d)s > 2, compute the relations Rel; for
the following vector of primary fields:

(29 - % - Z:LZQ di7d27' . 'adelvdM - 17dM+17 L) >d’nad’n+1 - %,dn+2 — 7%) .

Since djp; — 1 > 1, we can use the relation f{éM to express the monomial ¢517—1—Z ding S ngn
as a linear combination of monomials with higher powers of ;.

We are left to treat the vectors d with d; =0or 1 for i = 2,...,n. They correspond to the
vertices of a unitary (n — 1)-hypercube with non-negative coordinates. Let s be the number of d;
equal to 0, so the remaining (n — 1 — s) d; are equal to 1, for s =0,...,n — 1. Let us distinguish
between the different cases in s.

s =n —1: In this case, we have wffl, a generator.

s =n — 2: In this case, we have the remaining n — 1 generators 1/){721/% fori=2,...,n.

1 < s < n—3: This case can be treated as the case s = 0 for some smaller n discussed below.
Let us argue by induction on n. For n < 3, the case 1 < s < n — 3 does not appear. Let us
assume n > 4. We have at least one zero, so let us assume d; = 0. Let 77§1) be the morphism

that forgets the jth marked point. If the monomial ¢ ""592 ... 4p; .. .¢hdn is expressed as a
linear combination of generators in R9~!(M,,_1) (the space where the point with the label j

is forgotten), then the pull-back of this relation via Wj(l) expresses wi]_nJrS (212 = -%‘ ~-dn as a
linear combination of the pull-backs of the n — 1 generators of R~ (Mg,_1), ¢f71 and wffqui,
where i #£ 1, 4. To conclude, we observe that (ﬂj(-l))*iﬁ_l = wi]_l and (ﬂj(l))*wf_Qwi = wf—2wi
for ¢ # 1,7 on the open moduli spaces. Note that the same reasoning does not work in the case
s =mn — 2 since the argument for s = 0 below uses the assumption n > 3.
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3.2.2 The case s = 0. Forn > 3, we show that the monomial ¢{ " | wil can be expressed

in terms of the generators z,b“f_l and wf_2wi for ¢ = 2,...,n, concluding this way the proof of
Proposition 3.3.

Now, let v} be the vector of primary fields

R n+2+k 1 1 3 1
Up=|la1=29g— ————1,...,1, =, ... = Gpnt1 = =, Qpy2 = —= | .

2 2’ 2 2 2
——
n—1—k
Similarly as before, let
— g—n—]_ - 1 d ~ — Q3(5/2) g—n—l 1 2 1 E: 2
Y =] zH;ﬁlﬁl and Iy : —Q1(1)Q2(3/2)¢1 (SRR Y Uy, s RN

Consider the monomials

n n
W [ and g ]wl 0k, £=2,....n.
i=2 =2
The relations we used in the cases s > 1 imply that the difference of any two of these monomials
is equal to a linear combination of the generators wf_l and 1/)%_21/% for i = 2,...,n. Let ¢
(respectively, c¢1, c2) be the sum of the coefficients of these monomials in the pushforwards
of the relations Qg;ﬂz(ﬁo) (respectively, Qg;ﬁz(ﬁl), Qg;{ﬂ(ﬁg)), and let ¢; be the normalized
coefficients that we get when we divide the relations by the coefficient of .
Now we can expand, in this special case, the system of linear relations collected in the matrix
M above. We have a new linear variable, z := ¢{~ " [["_, ¢, which is equal to ¢»{ " []"", @Z)il_‘s”nl
up to generators, for £ = 2,...,n, and an extra linear relation Rel, corresponding to the vector
of primary fields #». Since in this special case, in these relations all terms with the exponent
of ¥ equal to g — 1 — A, where A = n — 1, are now identified with one another and collected
in the variable z, these relations express z, ¥y, xo,..., T, in terms of the monomials proportional
to 1y ~A. The matrix of this system of relations reads

Z Yy Ty Tz Iy T,
Relg [ ¢o 1 1 1 1 1
Relg 61 1 0 1 1 1
Relg 61 1 1 0 1 1
I{el4 61 1 1 1 0 1
Rel, |¢1 1 1 1 1 ...
Rel, |2 1 0 O 1 ... 1

This matrix is non-degenerate if and only if é; —2¢é1 +¢ép # 0. We prove this non-degeneracy in
Proposition 4.1 in the next section. This completes the proof of Proposition 3.3 and, as a corollary,
Theorem 3.4.

4. Non-degeneracy of the matrix

In this section, we compute the sum of the coefficients of the monomials ¢ " [, ; and
an(H?:Q @ZJZ-l _5”)&1 for £ = 2,...,n for the three particular sequences of the primary fields.
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Let us recall the notation. We denote these sums of coefficients by

co for the primary fields ¢ — 1 n, 2, cee % ;
c1 for the primary fields ¢g—35 —n,1, %, e % ;
¢y for the primary fields ¢ — 2 n,1,1, %, ey % .

We denote the sequence of the primary fields by aq, ..., a,. The primary fields at the two points
that we forget are as usual ap41 = % and ap42 = —%. For each ¢;, for i = 0, 1, 2, we denote by ¢;
the normalized coefficient, namely,

Cii=c;- <(Qg+1fn(al) Qgi1-n( HQI a; Q2(%)> 17 (4.1)

where the sequence of primary fields is exactly the one used for the definition of the correspon-
ding ¢;.
The goal is to prove the following non-degeneracy statement.

PROPOSITION 4.1. For any g and n satisfying 3 < n < g — 1, we have éy — 2¢1 + éo # 0.
We prove this proposition below, in Subsection 4.3, after we compute the coefficients cg, 1,

and co explicitly.

4.1 A general formula

First, we prove a general formula for any set of primary fields as,...,a, € {%, 1}.

LEMMA 4.2. Let all a; fori = 2,...,n be either % or 1. We have a1 = 29 — % —> " a;. A general

formula for the sum of the coefficients of the classes ¥{™ " [y ¢ and ¥{ "], wz»l ity for
¢ =2,...,n, in the pushforward to My, is given by

HQl(az’) : [(29 —2+n)Q2(2)Qg—n(ar)

+(29—24+n)Q1(3) (Qg+1—n(a1) — Qgt1-n(a1 — %)>
+ Qg+2-n(a1) — Qg42-n (al - %)
+ Qgi2-n(a1 +1) = Qgyan(ar +3)
+(Qu3) - Q) Qyrra(@)

n (QQ(%) (Q1(ar) — Q1(ar — )))Qg n(a1)
2 Q1(ar)

(=2

(Qalar+1) = Qs(ar + 3) ) Qy-nlar)
" ;:; Q1(ar)

n (@2(3)Qolar) ~ Qafar +3)) (Qgi1-nla1) ~ Qi1 nfar — 3))
+Z 01 (a0 . (4.2)

Proof. The proof of this lemma is based on the analysis of all possible strata in ﬂg7n+2 equip-
ped with all possible monomials of -classes that can potentially contribute non-trivially to

716



TAUTOLOGICAL RING VIA PPZ RELATIONS

I [Ty s and ¥ " 1, wg_‘mm, for £ = 2,...,n, under the pushforward. Note that we do
not have to consider s-classes on the strata in M, 42 since the choice r = % guarantees that
there are no terms with k-classes in the Pandharipande—Pixton—Zvonkine relations.

Recall that we denote by Dy, for I C {1,...,n+2}, the divisor in M, 12 whose generic point
is represented by a two-component curve, with components of genus g and 0 connected through
a node, such that all points with labels in I lie on the component of genus 0 and all other points
lie on the component of genus g. In this case, we denote by vy the 1-class corresponding to the

node on the genus 0 component.

We denote by 7’: mg,n-ﬂ — MgmA_l the map forgetting the marked point labeled by n + 2,
by ©": Mg ny1 — Mgy, the map forgetting the marked point labeled by n + 1, and by 7 their
composition m = 7" o 7’. Note that ﬂ;(H?jll fl) =i 4,50 s ji_dﬁ, so, since in order to
compute 7, we always first apply 7, below we typically mention the degree of which v-class is

reduced. We do the same for 7/ in the relevant cases.
Let us now go through the full list of possible non-trivial contributions:

e The pushforward of the class /{" " ]/, %2 | contains ¢{ " [7"_, ¥} with coefficient (29—
2+4n) [y Q1(ai)Qg—n(a1)Q2 (%) This explains the first line of equation (4.2). It also con-
tains the terms wf_nH?ZQwil*é”m, for ¢ = 2,...,n, with coefficient [[;" ,Q1(a;)Qg—n(a1) -
@a(3)-

e The pushforward of the class o9 " T["y ) **Dypyotp? 41 also gives the term

A ¢i1_5”/£1, with coeficient — [T1", Q1 (a; — 6i¢/2) Qg—n(a1)Q2(2). The sum over ¢
of this and the previous coefficient is equal to the sixth line of equation (4.2).

e The pushforward of the class 1/1‘1”1_” H?j; il, where at the first step the map 7, decreases
the degree of ¢y, gives ¢ "], ¢} with coefficient (2g—2+n)[ ]I yQ1(a;)Qg+1-n(a1)Q1(3).

e The pushforward of the class (7/)*(¢¢") [1125 ¥} D1 nsa gives I~ ™[Iy 1} with coefficient
—(29—2+n) [T"5 Q1(a;)Qgt+1-n (a1 —3)Q1(2). The sum of this and the previous coefficient
is equal to the second line of equation (4.2).

e The pushforward of the class w§+2_n [T, v}, where both 7, and 7/ decrease the degree
of 1, gives ¢ " [y} with coefficient [, Q1(a;)Qqg+2—n(a1).

e The pushforward of the class (z/)*(9"1™") [Ty ¥} D1 12, where the map 7"’ decreases the
degree of 11, gives ¢ " [I 51} with coefficient — [}, Q1(a;)Qg+2-n(a1 — 3). The sum
of this and the previous coefficient is equal to the third line of equation (4.2).

e The pushforward of the class (7”)* (9T ") [['y ¥} D1ni1, where at the first step the
map 7, decreases the degree of (7”)*11, gives 1 " [[i, ¥} with coefficient — [}, Q1(a;) -
Qgr2-n(a1 +3).

e Consider the following seven cases together: 7 (¢{ ") [T g 1 D1 nt1n+2(to + 1 + ¥ni1 +
VYnt2) and 7 (V] ") [Ty YD1 nt1nt2(D1 st + D12+ D1 nt2). By Lemma 4.3 below,
the total sum of their pushforwards is equal to ¢ " []""_, ¢; with coefficient [}, Q1(a;) -
Qg+2-n (a1 — % + %) The sum of this and the previous coefficient is equal to the fourth line
in equation (4.2).

e The pushforward of the class /] " ]\, wg —dae Dy i1 (7")*p}, where at the first step the map
7, decreases the degree of (7”)*ty, gives ¢~ " [[I, 9} with coefficient — 7", Q1425,, (a; +
35%/2) ngn(al)-
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e Consider the following seven cases together: 7 "], wil _6i[Dg7n+17n+27T*¢% (Yo + e +
Uit + Vi) and B TIo ¥ " Doy 1 ns2(Dinsr + Dipsa + Dyg1ns2) 79} . By Lem-
ma 4.3 below, the total sum of their pushforwards is equal to ¢{™ " [, ¢; with coefficient
[T, Qit2s, (ai+di)Qg—n(a1). Note that this coefficient is always equal to 0, since Q3(2) =
Q3 (%) = 0, but we included this term here and in equation (4.2) in any case in order to make
the whole formula more transparent and homogeneous. The sum of this and the previous
coefficient is equal to the seventh line in equation (4.2).

e The pushforward of the class 1/1‘1]+1_n | wilwi 11, where, first, the map mi decreases the
degree of 1,11, so it becomes 0, and then the map 7/ decreases the degree of 11, giving

T iy ¥} with coefficient T]7 o Q1(a:)Qg+1-n(a1)Q1 (%)

e The pushforward of the class w§’+l_" [Ty ¥} Dpt1nt2, where the map 7/ decreases the
degree of 91, gives ¢{ " T[], ¥} with coefficient — []"", Q1(a;) - Qg41-n(a1)Q1(3 —3). The
sum of this and the previous coefficient is equal to the fifth line of equation (4.2).

e The pushforward of the class 9+ ™" 1T, ¢i1 ~Oitq)2 41, where at the first step the map
7, decreases the degree of 11, gives ¢ " [, wil “0it ) with coefficient [Ty Qs (a;) -
Qg+1-n(a1)Q2 (%)

e The pushforward of the class (7')*(¢] ") [Iie, @Z)il_éwDLnHw%H gives the term
I T, %1—61-5 - k1 with coefficient — [y Q1—-s,,(ai)Qg+1-n (a1 - %)Qz(%)

e The pushforward of the class wfﬂ_" | wil*é”Dg’nH(ﬂ”)*wl}, where at the first step the
map 7, decreases the degree of ¥y, gives ¢ " [\, 1} with coefficient — [[i_, Q1—s,,(a;) -
Qgt+1-n(a1)Q2(as + 3).

e The pushforward of the class (7)*(¥¢ ™) Iyt " Dypir (7")* YD1 nra  gives
VI T, ¥} with coefficient 7, Qi—s,,(¢:)Qgt1-n(a1 — 3)Q2(ar + 3). The sum
over £ of this and the previous three coefficients is equal to the eighth line in equation (4.2).

Thus, we have explained how we obtain all terms in (4.2). Note that since Q=1 (—%) =0, we

can never have a non-trivial degree of 1,49 in our formulae. For the same reason, the degrees
of 19, ... 1, are bounded from above by 1 and the degree of ¥,11 is bounded from above by 2.
With this type of reasoning, it is easy to see by direct inspection that all other classes of degree
g+1 do not contain any of the monomials 1§ " 7", ¢; and ¢{ " [[\, wl.lf‘si%l fort=2,...,n
with non-trivial coefficients in their pushforwards to M, ;. For instance, for an arbitrary ay, the
class (1) (9™ Ty ¥t % Dy s () 40t Dy i1 gives as result ¢ " [, ¢} with coefficient
[T Qi—s,,(a;)Qg+1-n (a1 + %)Qg (ag — %) But since ay is either % or 1 and @Q2(0) = Qg(%) =0,
this coefficient is equal to 0. ]

LEMMA 4.3. Let the points 1, n+ 1, and n + 2 have arbitrary primary fields «, 3, and . Then
the pushforward of the part of the class given by

n
[T [Dl,n+1,n+27f*¢fl (o + 1 + Y1 + ¥ny2)
=2

d
+ D17n+1,n+2(D1,n+1 + Dl,n+2 + Dn+1,n+2)77*w11

is equal to []I, v with coefficient [, Qa, (a:)Qa,+2(a + B + 7).

Proof. Indeed, the Givental formula for the deformed r-spin class (for a general r) in this case
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implies that these seven summands have the following coefficients, up to a common factor:

e (R = LT R
(O (R51+1)Zigiz—dl (R
Yni1:  — (R;ﬁl)ﬂgg*? 2(R1_1)§_1,
T 0 et il R
Dy (Rd11+1)31213 Clh Q(Rfl)zjrg_l’
Dy pyo: (Rgﬁl)ﬂgﬂy—dl 2( 1_1)2371’
Duiimizi (Rata)ots 0 ()

(in addition to a common factor on the right-hand side we also omit the common factor
77*( fl) [T, ¢g"D17n+17n+2 on the left-hand side of this table).

After the substitution r = %, the first term above, (R_ )a+ﬁ = d172, gives us the factor

d1+2 a+ﬂ+’Y
Qay+2(a+ B +7), and times the common factor of [[1" , Qqg, (a;), it is exactly the result we state

in the lemma. We have to show that the other seven terms sum up to zero. Indeed, the other

seven terms, after substitution r = %, are proportional to

Qi(—35 —a—B-17) +Qi(a) + Q1(8) + Q1(y) — Qila+ B) — Qi +7) — Qi(v + B) .

Note that @ (—% — x) = @Q1(x), so the expression above is proportional to

(3+a+B+y)(@+B+7)+ (3 +a)(@)+ (3+8)(B)+ (3+7)()
~(G+a+B)e+B) -G +at+y)(at+y) - E+B+7)(B+7) =0. O

4.2 Special cases of the general formula

In this section, we use Lemma 4.2 in order to derive the formulae for ¢y, c1, and co. Since all
our expressions are homogeneous (the sum of the indices of the polynomials @ is always equal
to g+ 1), we define Q,, = (—2)™Qp, for m > 0, to simplify notation.

We can substitute the values 1(%) =3, Q:1(1) = g, Ql(l) = %, Q1(0) = 0, Qg( ) = 45

Q2(2) =2, Q2(3) = 2, Q3(3) = 22, @3(2) = 0 in equation (4.2). This gives use the followmg

coefficients of Qg—nla1), Qgr1-n(a1), and gH,n( a] — %), where we omit the global factor

[Tis @1(a:):

inco: (39— % + §n)@ _ (a ) + (69 + % —3n)Qgr1-n(a1) + (— 69 + 0+ 3n)Qgi1-n(a1 — 1),

incp: ( 99— + n (69 + 2 3”)Qg+1—n(al) + (— 6g+ 1+ 3n)Qg+lfn(a’1 %)
l)
2
(4.3

in cy: (2g — £ —|— n) (Gg — = 3n)Q9+1 n(a1) + (— 6g + 2+ 3n)Qg+1_n(a1
Note that the primary field a1 has a different value in these three cases.
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Furthermore, we are going to use that

N g —g—14n
Qg+2—n(a1)—Qg+2—n(a1—%):(al)(al 5) (a—g—1+n)

(g+1—mn)! ’
A = —(a; + 3 +1)---(ag —g+ L4+
Qg+2_n(a1 + 1) — Qg+2_n(a1 + %) — (al 2)((11(9 Jr)l (;)1' gT3 n) '

(4.4)

(4.5)

Let us combine these terms with the terms with Qg+1_n computed above. In the case of ¢,
the primary field a; is equal to 2g — 1 — n/2. Then the sum of (4.3), (4.4), and (4.5) is equal to

the following expression:

(2g—1—1in)---(g—2+1in) Ly~ 3
ST (o1 )Gy (20§ - )

— (49 +1-3n)Qgr1-n(20 - 3 — 37

)
SCES R URIET e

+(20+ 5= $7)Qgi1-n(20 -1 in )l
:_(29—1—%71)(2‘(] 2—3n)-(9-5+3n)
(g —n)!
+(4g+1—%n)(29_1_%71)“'(9—14—%71)
(g —n)!
—(2g+%_%n)@g_%—%n)'“(g—%Jr%n)
(g —n)!
:(39+%—Sn)(Qg_l_%n)"'(g—l—i-%n)
(g—n)!
29_1—177,)--.( _l_|_ln)
—(29+3 5)( 2 "2 3 +3n)
(g —n)!

+ (49 + 1= 3n)Qgr1-n(29 — 1 = 3n

We can perform the same computation for ¢; and cs. Recall in all three cases the term with Qg_n

and the overall coefficients []_, Q1(a;) in (4.2). We obtain the following expressions.

COROLLARY 4.4. We have

R N A N O, 1
T e e = e

(g —n)!
- g+ § - 4 é‘ég])_'#)(!g—%%n)
<39+—3n>(29_1_%8—n>(f‘” 2) |
c=Qi(3)" Qi) [(39 B 52@9)_n§'9 -3+in)
o joy =1 dn) o1 )
(39+35 3)(9_3—%2});7;)(!9—%%7@) |
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3 _ 1Y (g— 1
C2 = Q1(%)n73Q1(1)2 (39— 2L 4 3n) (29 —5—3n) (9 —1+3n)

(g —n)!
90 —3 _ 1oV (g—3 41,
_(29_%_%71)(9 2 2(9)_n)('9 5 +31)
20—2—1in)... (g—2+1in
+(3g+%—3n)(g Q(Q_n)(,g ")

4.3 Proof of the non-degeneracy

In this subsection, we prove Proposition 4.1. First, observe that Qgﬂ,n(al) — Qgﬂ,n (a1 -
1) is equal to (a1)(a1 — 1)+ (a1 — g +n)/((g —n)!). We substitute a; = 2g — 1 + 3n for ¢
(respectively, 2g — % + %n for ¢; and 2g — 2+ %n for cg) and combine the result of Corollary 4.4

and equation (4.1) in order to obtain the following formulae:

1 1 1 1
354 _(3,_9.3 (29 =3 = 5m) C(9g4+1_1 (29— 3 —5m) 5 _
160 = (59 4+2”)( —%—1—%71)(9—1—1—%71) (29+3 —3n) (g—l—i—%n) +(3g + 3 — 3n),
ST ST S R .k Sk ) MY PPN S OO0 . Rk S L) SR S

(9—1+3n)(9—35+3n) (9—35+3n)

3 1 3 1
34 _(3,_21,3 (29 =5 —5n) C(2g_1_1 (29— 35— 3m) 5 _
By an explicit computation, we obtain

S(g,n)

3(a _2A +A = ’
10 =2 ) = T T 1t ) (- 3+ I (=2 + )
where

S(g.m) = —g -+ %n— 397 + 2gn — Lg* + 3g%n — In.

We want to prove that this polynomial is never equal to zero in the integer points (g, n) satisfying
3 <n < g—1. We can make a change of variable n = b+ 3, g = a+ b+ 4; then we want to prove
that S(a + b+ 4,b + 3) never vanishes for any integer a,b > 0. This is indeed the case since all
non-zero coefficients of the polynomial

S(a+b+4,b+3) =21 18, 2p_ 6 — b — 20> — 1a® — 3a%

are negative, including the constant term. This completes the proof of Proposition 4.1.

5. The vanishing of R*9(M,)
In this section, we will give a new proof of the following theorem.

THEOREM 5.1 ([Lo095, Ion02]). The tautological ring of Mg, vanishes in degrees g and higher;
that is, R79(Mg,,) = 0.

This theorem and Theorem 3.4 together constitute the generalized socle conjecture, as the
bound dim R9~1(M,,,) = n can be proved relatively simply; see, for example, [BSZ16]. This
conjecture is a generalization of one of Faber’s three conjectures on the tautological ring of Mg;
see [Fab99] for the original conjectures and [BSZ16] for the generalization.

The proof consists of three steps: in steps 1 and 2, we show that the pure - and k-classes
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vanish, respectively, and in step 3 we reduce the mixed monomials to the pure cases. The first
two steps will be proved in separate lemmata.

LEMMA 5.2. Let ¢ > 0 and n > 1. Any monomial in 1-classes of degree at least max(g,1)
vanishes on Mg .

Remark 5.3. This lemma was originally conjectured by Getzler in [Get98].

Proof. For g = 0, this is well known; see, for example, [Zvol2, Proposition 2.13]. So let us assume
g>1.

We will prove that any monomial in -classes of degree g vanishes. This clearly implies that
any monomial of higher degree vanishes as well.

For this, look again at €29, but now on ﬂg,n. When restricted to the open part M, ,, the
only contributing graph is the one with one vertex of genus g, as the other graphs correspond to
boundary divisors, by definition. Hence, the equation for the cohomological field theory reduces
to

—s I mi(ai);" ) if 300 ai =29 -1,
ng(ah . ’a”)|M — { 2 Hzfl (ngo Q ,(CL )@bz ) 1 ZZ,1 a g
g,n 0

We will prove the vanishing of all monomials using downward induction on the exponent dy of ¢,
starting with the case di = g 4+ 1. This case trivially gives a zero, as this power cannot occur in
a monomial of total degree g.

else.

Now, assuming that all monomials with exponent of 1, larger than d; vanish, consider the
monomial wfl -9yt for any d; summing up to g. For the relation, choose a; = d; for all i # 1 and
a1 =29 —1—>",a; This means Q,, (a;) = 0 unless m; < d; or ¢ = 1, so the only monomials
with non-zero coefficients have exponent of v; at most d; for i # 1. Because the total degree is
fixed, the only surviving monomial with exponent of 1 equal to d; is the one we started with,
and this relation expresses it in monomials with strictly larger exponent of ;. By the induction
hypothesis, this monomial must be zero. ]

Remark 5.4. Note that this argument breaks down for degrees lower than g, as the class does
not vanish there. Therefore, to get relations in those degrees, one must push forward relations in
higher degrees along forgetful maps on the compactified moduli space, which contain non-trivial
contributions from boundary strata.

LEMMA 5.5. Any multi-index k-class of degree at least g vanishes on My ,.

Proof. Fix a degree d > g, and consider the pure (multi-index) k-classes in this degree. Without
loss of generality, we can assume the number of indices to be equal to d: this is certainly an upper
bound, and adding an extra index zero only multiplies the class by a non-zero factor, using the
dilaton equation on the definition of multi-index k-classes.

We will consider Qg’n 44 In order to get arelation in RY(M g,n), we should multiply by a class o

of degree 2d — g, push forward to My ,,, and then restrict to M, ,,. As we can now assume d > g,
we have 2d — g > d, and we can therefore choose o = H?:1 wiﬂ:;-l with each f; > 0. By choosing
such a o, we ensure that after pushforward and restriction to the open moduli space, none of
the contributions from boundary divisors on M, ;14 survive and only the term with one vertex

contributes.

We will use downward induction on the first index of the k-class. The base case is a first
index larger than d, and hence another index being negative, giving a trivial zero.
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Now, assume that all s-classes with first index larger than e; are zero. Fix a class ke, .

of degree d = 2?21

eq
ej, choose a set of non-negative integers {a;, f;|2 < j < d} such that

aj + f; = ej, and set a1 =29 —1— Z;‘l:2 aj and f; = 0. We will consider

d d
d d PRI j
Ty (U : Qg,n_‘_d(oa s 707 Ay, ... 7ad)) ‘Mg,n = Ty <H wn{k] ' _5 H Z Qm]’ (aJ)’(/JZLij> '
j=1 j=1m;>0 Mg,n
1 d
=73 Z (H Qm, (%’)) Kfitma,....fatma s
m;>0 \ j=1
1<y<d

which vanishes. By our choice of a;, for the product of @-polynomials to be non-zero, we need
m; < aj for j # 1. Furthermore, by our choice of f;, this shows that f; +m; < e; for j # 1.
Because we look at a fixed degree d, this means f; + m; > ej, with equality only occurring for
m; = fj, with j # 1, and hence for the x-class we started with. Hence this relation expresses our
chosen class ke, ,...c, in terms of k-classes with strictly higher first index, which we already know
vanish. O

Remark 5.6. Note that we cannot use the vanishing of the ¥-monomials in higher degrees and
push these relations forward, as the k-classes are defined by pushing forward i-classes on the
compactified moduli space and then restricting to the open part, and not the other way around.

We are now ready to prove the theorem.

Proof of Theorem 5.1. For general monomial -k-classes, that is, classes of the form u =
zﬁidl . ¢g" * Key,....en» We will use induction on the total degree d = > | d; + 25:1 ej. If all d;
are 0, we are in the case of Lemma 5.5, so we can assume that at least one of them is non-zero,
that is, up = v - ¢; for some 1.

In degree d = g, we get that the degree of v is g — 1. By Proposition 3.1, we know that v is
a polynomial in 1-classes. Therefore, so is 4 = v - ¢;. By Lemma 5.2, we know that y vanishes.

For the induction step, we know by induction that v is zero, hence p is too. This finishes the
proof of Theorem 5.1. O

Because the proof of this theorem only uses the case x = 0 from Subsection 2.2, see also
Subsection 2.4, and only fixes non-negative integer primary fields, all the relations are actually
explicit on all of M, ,,. Hence, we get the following.

PRrROPOSITION 5.7. The Pandharipande—Pixton—Zvonkine relations for r = % give an algorithm
for computing explicit tautological boundary formulae in the Chow ring for any tautological class
on ﬂg,n of codimension at least g. In particular, the intersection numbers of Y-classes on ﬂg,n
can be computed with these relations for any g > 0 and n > 1 such that 2g — 2 +n > 0.

Remark 5.8. The first part of the statement is very similar to [CGJZ16, Theorem 5], which gave
a reduction algorithm based on Pixton’s double ramification cycle. It confirms an expectation
on page 7 of [BJP15], that “(...)Pixton’s relations are expected to uniquely determine the
descendent theory, but the implication is not yet proven”.

Note that the intersection numbers in - and k-classes can be expressed as intersection
numbers of only t-classes by pulling back along forgetful maps; see [Zvol2, Corollary 3.23]. By
Proposition 5.7, all these intersection numbers can then be computed using the PPZ relations.
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Proof of Proposition 5.7. The first sentence follows by the comment above the proposition. For
the second sentence, we will reduce polynomials in 1-classes to smaller and smaller boundary
strata using our explicit relation. This will be done in the form of an induction on dim Mg,n =
39 — 3 + n, the O-dimensional case My 3 being obvious.

For any g1+g2 = g and I;Uls = {1,...,n} such that 2¢g;+|;|—1 > 0, write ,091’92 Mgl,\hlﬂx

ﬂ oI +1 My, for the attaching map, and D?l ’?2 for the divisor (p?1 ’?2) (1). Similarly, write

o: ./\/lg Lnt+2 — ./\/lg n for the gluing map, and i, for o.(1). Then these divisors together form
the entire boundary of M, ,,, and p*(¢;) = ; and o*(1;) = 1; for any choice of indices.

Now, let g and n be such that 3g—3+n > 0, and choose a polynomial p(¥)) € R373T7 (M, ,,).
Using stability, we see that 3g —3 +n > g — 1, so by Lemma 5.2, this class is zero on My .
Since the proof only uses relations without x-classes, it can be given explicitly as a sum of the
boundary divisors given above multiplied with other -polynomials. By the projection formula,

we have
) nd (md’ d; d"
[ Tletongenren = [ (Tt et [ (T0o)uiin
Mg"z 1 M91,|11H—1 i€l M02 [I2]+1 N4els
n
d// dl dl d//
/ Hw 61rr 1///) _/ <H¢z )wn+1wn+27
Mg i1 Mg—1n+2 \ =]

where v’ and )" are the classes on the half-edges of the unique edge in the dual graphs of the
divisors.

All spaces on the right-hand side have a strictly lower dimension, so by induction we can
compute those numbers via the PPZ relations. ]

According to [CGJZ16, Section 3.5], Proposition 5.7 implies the following theorem.

COROLLARY 5.9 ([GV05, Theorem x|, improved in [FP05]). Any codimension d tautological
class can be expressed in terms of tautological classes supported on curves with at least d— g+ 1
rational components.

6. Dimensional bound for RS972(M,,,)

Similarly to [PPZ16, Theorem 6], our method also gives a bound for the dimension of the lower-
degree tautological classes. For the statement of this proposition, recall that p(n) denotes the
number of partitions of n and p(n, k) denotes the number of partitions of n of length at most k.

PROPOSITION 6.1. We have

dim R (Mg,,) < L

d <n+k—1
k=0

>Md—hg—1—®.

Remark 6.2. If we use the natural interpretation of (kgl) as 0,0, this does indeed recover [PPZ16,
Theorem 6] in the case n = 0.

Proof. We will exhibit an explicit spanning set of this cardinality, consisting of -k-classes,
namely monomials in 1-classes multiplied with a multi-index k-class.

First, a less strict first bound can be obtained as follows: any w-k-class is a product of
factors v, of total degree k, and factors k, of total degree d — k. There are ("+k 1) different
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monomials of degree k in n variables, and furthermore there are as many different multi-index
k-classes of degree d — k as there are partitions of d — k, so p(d — k). This gives the first bound

(n+Z_1)p(d—k),

which is already close to the statement of the proposition.

d
dim R* (Mgp) <
k=0

To get the actual bound, we will show that any 1/-k-class with at least ¢ — d k-indices can
be expressed in -k-classes with strictly fewer k-indices. Following the logic of the previous
paragraph, this proves the bound.

This reduction step is analogous to the proof of Lemma 5.5. Suppose that we have a class
W= w(lil . '¢g"/€e1,...,em with m > g — d. Choose non-negative integers { f;, ai}?jlm such that the
following hold:

n+m
fi=0, Zfi:d—g—l—m, a; + fi=d; for 2<i<n,

=1

m
Antj + fnpj =e€j+1 for 1 <j<m, a1:2g—1—zaj-
j=2

Let o = [[1," wzf ‘. and consider the class
w (O’ . nger(al, ceey an+m)) ‘Mg,n .

By the second condition on our chosen numbers, which fixes the degree of o, this expression gives
a relation in R4(M, ).

There are no -x-classes with more than m k-indices in this relation, and the coefficient of
any -k-class with exactly m indices can only come from the open part of ﬂg,wrm, as each
forgotten point must carry at least two -classes, which would give too high degrees on any
rational component. Therefore, the coefficient of ¢}" -+ ¢ kg, 4. must be T, Qp,—7,(a;) -
H}n:1 Qq;—fns;+1(an+j). This is only non-zero if p; < fi +a; = d; for all i # 1 and ¢; <
fntj +an +j—1=e; for all j. This implies p; > dy, with equality only if p; = d; and ¢; = e;
for all ¢, j. Hence, this relation expresses the class u as a linear combination of ¢-k-classes with
fewer than m k-indices and 1-x-classes with strictly higher exponent of ;. By induction on first
the exponent of ¢); and then the number of k-indices, all these classes can be reduced. O

Remark 6.3. This argument breaks down for m < g — d, as the class ¢ would have to have
a negative degree: our class only vanishes in degree at least g, and to get at most m-index
k-classes, we can only push forward m times, so the lowest degree relation would be in RI~"™.

The condition that partitions have length at most g — 1 — d seems dual to Graber and Vakil’s
Theorem *, Corollary 5.9; see [GV05, Theorem 1.1].
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