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We consider the parabolic Dirichlet problem on an interval for a singularly per-
turbed parabolic equation. The initial conditions of the problem have a local
disturbance over a small area of width 26. The perturbation parameters 2,
that is the coefficient multiplying the highest derivative, and & can take arbi-
trary values from the half-open intervals (0, 1] and (0, d], respectively, where d
is the width of the segment. As £ = 0, the parabolic equation degenerates to
the first-order hyperbolic equation, which contains the derivatives with respect
to the space and time variables. Using the method of additive splitting of the
singularities, and floating condensed meshes with the nodes located along the
characteristics of the reduced equation, we construct difference schemes that
are uniformly convergent with respect to the parameters € and §. We restrict
ourselves to the case, where the disturbance trace does not cross the boundary
of the domain.

1. INTRODUCTION
The solutions of boundary value problems for PDEs, in particular for singularly
perturbed equations, have a restricted smoothness if there is a local disturbance

1 This work was supported in part by the Netherlands Organization for Scientific Research

NWO, dossiernr. 047.003.017, and by the Russian Foundation for Basic Research, Grant
N 95-01-00039.

317




CWi Quarterly

of the initial conditions Smooth initial conditions vary by a finite value over a
narrow subdomain. The solutions of such problems have high-order derivatives
which increase unboundedly when the value § (i.e., the half-width of the subdo-
main) and/or the perturbation parameter € (¢2 is the coefficient multiplying the
highest derivative) tend to zero. The presence of the local disturbances results
in interior (transient) layers appearing for the small values of the parameters
€ and 6.

The restricted smoothness of the solutions of such boundary value problems
may give rise to difficulties in the numerical solution (see, for example, [1]-[4]).
For small values of the parameters £ and 4, the errors in the approximate
solutions obtained by classical difference schemes may become commensurable
with the solution of the boundary value problem itself (see, e.g., Theorem 1).
Therefore, there is an interest to construct special difference schemes for which
the solution error is independent of the value of the parameters € and 4, i.e.,
difference schemes that converge uniformly with respect to the parameters ¢
and & (converge (g, §)-uniformly).

In this paper we consider the boundary value problem for singularly per-
turbed parabolic equations on a segment. The initial conditions of the problem
have a local disturbance: they vary by a finite value in the small interval of the
local disturbance, which is a subdomain with half-width 4.

The reduced equation (the equation for ¢ = 0) contains the first-order
derivatives with respect to the space and time variables. For such boundary
value problems we construct special difference schemes whose solutions con-
verge to the solution of the boundary value problems (g, §)-uniformly.

To solve the boundary value problem for small values of the parameters €
and 4, we use the additive representation of the solution (cf. [5]), where the
term with the singular part of the solution, generated by the local disturbance,
is obtained separately. For the construction of the discrete equations we use
classical difference approximations of the boundary value problems [6]. For
the computation of the smooth part of the solution and also for the solution
of the problem with values of the parameters that are not too small, we use
uniform rectangular grids. For the computation of the singular part of the
solution, we use both rectangular grids and floating ” characteristic” grids, of
which the nodes are placed along the "trace” of the local disturbance in the
initial conditions, that is, along the characteristic curve passing through the
centre of the interval of the local disturbance. When the reduced equation
does not contain the first order space derivative, we construct a special rect-
angular piecewise uniform grid (in space and in time), which condenses in the
neighbourhood of the local disturbance. On such a grid the difference scheme
converges (&, §)-uniformly.

In the case that the reduced equation contains a first-order derivative in
space, the special piecewise uniform characteristic meshes allow us to find (with
(€,8)-uniform accuracy) the surface along which the interval with the local
disturbance moves. In short, the distance between the numerical and exact
traces of the disturbance tends to zero (g, §)-uniformly as the number of nodes
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grows. For small values of the parameter d, the derivatives of the solution
of the boundary value problem can take arbitrarily large values. Due to this
fact, on a simple uniform grid, the approximate solution of the boundary value
problem does not converge to the exact solution (g, d)-uniformly in the discrete
maximum norm. However, on the local grid the point-wise error of the trace of
the disturbance tends to zero, (g, §)-uniformly in the discrete maximum norm.
We shall call such approximations convergent (g, §)-uniformly up to shift of the
distance between the numerical and the exact traces of the disturbance (or, in
short, they converge (g, §)-uniformly up to the shift).

2. SETTING THE PROBLEM. PROBLEM FORMULATION
2.1. On the interval D = {z: —d < = < d} we consider Dirichlet’s problem?
for the parabolic equation

L(2.1)u(za t) = f(=, t), (z,t) € G, u(z,t) = ¢(z, t), (=, t)€S. (2.1)
Here G =D x (0,T], S = S(G) = G\ G,

o, 92 9 5
Loy = € a(z,t)6—$—2-+b(z,t)5; - (2, 1) — P, 1) 5

= 52L%2.1)+L%2.1),
the functions a(z,t), b(z,t), c(z,t), p(z,t), f(z,t), and also ¢(z,t) are suf-

ficiently smooth and bounded, on the set G and on the lateral sides of the
set G, respectively. The boundary function ¢(z,t) is continuous on S. The

coefficients satisfy the conditions:
ap < a(z,t) < a°, (z,t) € G,

and p(z,t) > po, c(z,t) > 0, (z,t) € G, ao, po > 0. The parameter ¢ takes
arbitrary values from the half-open interval (0,1].

In this paper, the initial data can be considered as being the sum of a
continuous function and a finite bounded disturbance with small support. The
function ¢(z,t) depends on the parameter § which takes any value from the
half-open interval (0,d]. The function ¢(z,t) = ¢(z,t;9) for t = 0, is smooth
and bounded on the set D, but changes by a finite value in the é-neighbourhood
of the origin I'; = {z : £ = 0} C D. We describe the function ¢(x, 1), (z,t) € S
more precisely. Let So = {(z,t) : = € D, t = 0} be the lower boundary of
the set G and let SL = S\ Sy. Let p*(z), z € D, ¢~ (2), * € D™, where
Dt = (0,d), D~ = (—d,0), be sufficiently smooth functions, and assume
o(z,t) = po(z), (z,t) € Sp. The function o(z) coincides with one of the
functions ¢t (), ¢~ (z) for |z| > ¢ and smoothly connects these functions in
the region |z| < . Moreover, the function ¢(z,t) satisfies the estimates

2 The notation Li.ky (Mj.k)s f(5.5)(@,t)) means that these operators (or constants, func-
tions) are first introduced in the formula (j.k).
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-g{ggo(x, t)' <M, (z,t)€SL; ga;c-cp(m,t)’ <M, |z| >4, (2-2a)

<Msk |zl <4, (z,t) € So.

ak
5;,:%(1‘ 1)

Note that, generally speaking, ¢ (z) # ¢~ (), and max, |po(z) — 9= (z)| =
O(1), z € I}. Problems of this type arise, e.g., when heat transfer processes are
modelled (for t > tg > 0, to = £~262) in the case of concentrated instantaneous
sources [8].

We will consider the special case of problem (2.1), where the functions
¢t (z), ¢~ (z) satisfy the additional condition

¢t (z) = ¢~ (), z € Ip. (2.2b)

The solution of the problem is regarded as a function u € C*'(G) N C(G)
which is bounded on G and satisfies the differential equation on G, and the
boundary condition on S. Assume that the compatibility conditions [7] which
ensure the smoothness of the solution for each set of the values of the parameters
¢ and § are fulfilled on the set {(z,t) : z € D\ D.

As the parameter ¢ tends to zero, boundary layers appear in a neighbour-
hood of the set SL, and a transient layer appear in a neighbourhood of the
set S* = Iy x (0,T]. Note that problem (2.1) is singular even for ¢ = 1; the
smoothness of the solution is deteriorated when the parameter é§ tends to zero.
This means that the solution of the problem is sufficiently smooth for a fixed
value of the parameter §, but its derivatives increase unboundedly as § — 0.

Here and below by M, M; (m, m;) we denote sufficiently large (small)
positive constants independent of the parameters € and §. In the case of discrete
problems these constants do not depend on the discretisation parameters in the
difference schemes used.

2.2. Together with problem (2.1), we consider the boundary value problem
L(2.3)u(m’ t) = f(za t)a (za t) € G, u(z’t) = (P(mr t)a (:E, t) €S, (23)

where 2

o] o
p—tg 2 QU —
Lps = ¢ {a(z, t) 52 + b(x,t) 6:1:} +

5}

The data of problem (2.3) satisfy the same conditions as those formulated for
problem (2.1), and the functions b(z, t), b*(z,t) are sufficiently smooth on G.

For the singularly perturbed boundary value problems (2.1) and (2.3) we
are interested in the construction of special schemes which are (g, §)-uniformly
convergent.

For simplicity, we assume that the data of the problem satisfy conditions
under which no boundary layers appear. The construction of the schemes for
problems with boundary layers is studied, e.g., in [4], [9]-[12].

0 0
+b (:l:, t)—; - C(I, t) - p(wat)'gi = EzL%Z.l) + L%2.3)'
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3. A-PRIORI ESTIMATES FOR THE SOLUTIONS AND ITS DERIVATIVES

Using the technique from [4], [9]-[12], in this section we find estimates for the
solutions of boundary value problems (2.1) and (2.3), and for their derivatives.

3.1. In problem (2.1) we switch to a new coordinate system in which the
derivatives (with respect to the space variable) of the initial function are 4-
uniformly bounded. For e? < § we pass to the variables ¢, 7, where ¢ = e~ 2z,
T =¢7%t, and, for €2 > § to the variables x, 6, where x = =1z, § = £262t. In
these new variables the space and time derivatives are bounded (¢,8)-uniformly.
Returning to the original data, we can derive the following bounds (or estimate)

k+ko
Ok Btko

In this way also problem (2.3) can be investigated (see estimate (3.14a).

u(m,t)‘ < M§F[1+e%og=2k] | (3,t) € G. (3.1)

3.2. In the following subsections we derive a number of estimates based on the
asymptotic representation of the solution. It is convenient to use the notation
in the new variables for boundary value problems (2.1) and (2.3). In problem
(2.3) we pass to the new variables (characteristic with respect to z) y, t:

y=Y(z,t), z=Y(z,0), (3:2a)
so that the operator L%2_3) takes the form
- - o]
Liss) = —C(u,t) ~ B(u:)5;- (3.3)

Here the coefficients v(z, t) and ¥(y, t) of the operators L%m) and L(13.3), respec-
tively, are related by:  ¥(y,t) = vy(y,t) = v(X(y,t),1), v(z,t) = z(z,t) =
(Y (z,t),t), where 2= X(y.1) (3.2b)

is the transformation inverse to (3.2a).
In the variables y, ¢ we arrive at the problem

Laayi(y,t) = Fu,1), (v,8) €G, Uy, t) = w,1), (2) € 5. (34)
Here ii(y,t) = uy(y,1), (u(z,t) = Ta(s,1)), G° =G}, By, 1) = ¢(Xa(v:1),1),
G is the image of the set G°, G° C G,

’ 82 0
2 = ——
L.y =€ Lisq + Ll Lisay = 40055 + Bl g,

with P 2

A = alyst) [ 2400

where Y, (y,t) = Y(X(y,1),t), (8/02)Yy(y,t) = (8/0z)Y (X (y,1),1)-
Thus we reduced problem (3.4) to a problem of the form (2.1).

3.3. Assuming the condition (2.2) to be satisfied, we obtain the estimates. for
the regular and singular parts of the solution of problem (2.1). It is convenient
to represent the function ¢(z,t) as a sum of the functions
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o(z,t) = ¢! (z,1) + ¢*(z,1), (z,t) €S, (3.5)
where the functions ¢*(z,t) satisfy the conditions

k

0
—_<P1(x’t)

5k SM, (zat)esm kS1§
T

and

k

@) < M5, (5,0) €S0, @020, 7(5,T0) 25, @Y €5,

where r(z,I}) is the distance from the point z to I5p.
For simplicity, the following conditions are assumed to hold:

<pl(;c7 0),‘P2(,0) € Cl+a(SO): ! > K7 K 26, a> Oa (3'68‘)
2# @0 M, (s0) € o, k<6 (3.60)
Now we represent the solution of problem (2.1) as a sum of the functions

u(z,t) = U(z,t) + V(z,t), (z,t) €G. 38.7)

The functions U(z,t), V(z,t), which are the smooth and singular parts of the
solution of problem (2.1), are the solutions of the problems

L(2_1)U($, t) = f(mv t)v (.’E, t) € Ga U(.’B, t) = (pl(.’ll,t), ("E;t) € S; (383‘)

LeyV(z,t) =0, (z,t) €G, V(z,t) =¢*(z,t), (z,t) € S. (3.8b)
The functions U(z,t), V(z,t) satisfy the estimates
oF+ko .
WU(I, <M, (z,t)€G; (3.9
Hk+ko —
WV(:;, )| < M&* [1+4e*05=2k] | (2,8) € G, k+ 2k < 4.

We introduce the auxiliary function Vy(z,t), (z,t) € G, which is the solution
of the problem

L3.10)Vo(z, t)

2
{620(0, t)'a% - C(Oa t) —p(07 t)g;} %(17, t) = 01

(z,t) € G, (3.10)
o (x,t),
(z,t) € S.

VO(:E» t)
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The function Vy(z,t) satisfies the estimates

ak—{-ko
5k 570 ———Vo(z,t)| < Meog=k-2ko (3.11a)
x (1 + 66“1t1/2) ot exp (—m26"2(1 +e07 1t 2) 22 (g, Fo)) )
if >4
6k+ko
azkatko%(x t)i < M&*exp(—m16 7 (2, I)),

if e<é, (z,t)€q,
where m; is an arbitrary number, my is an arbitrary number satisfying the
condition my < m3, m$ = 4 ! min[a~!(z, t)p(z,t)]. For small values of the
G
parameter § the functions V(z,t) and Vp(z,t) are close to each other:
|V(.’E, t) - ‘/O(ma t)l < MJI‘V: €2 6; (311b)
[V(z,t) — Vo(z,t)] < M6, <6, (z,t) €G,

where v > 0 is an arbitrarily small number.

THEOREM 1. Let the conditions (2.2) hold. Then the estimate (3.1) is valid
for the solution of problem (2.1). If, besides this, the conditions (3.5), (3.6) are
valid, then the functions U(z,t), V(z,t), that are the components of represen-
tation (3.7), satisfy the estimates (3.9) and (3.11).

3.4. For the solution of boundary value problem (2.3) and its components from
the representation

u(z,t) = U(z,t) + V(z,t), (z,t) €G, (3.12)
where U(z,t), V(z,t) are the solutions of the problems

LayU(z,t) = f(z,t), (z,t) €G, Ulz,t) =¢'(a,1), (z,t) €S; (3.132)

LpsV(z,t) =0, (z,t) €G, V(z,t)= Y% (z,t), (z,t) €S, (3.13b)
the following estimates are valid:

ak+ko

9zkotko u(z, t)| < Mo~Fko [1 4 g2h+2kog=2k=2ko] = (5 t) € G, (3.14a)
T

ak+ko

5akatks U t)| <M, (3.14b)
k+ ki _
_—__aikatlo V(.’l:, t)' < Ma—k—ko [1 + €2k+2k05-2k——2ko]’ (Z, t) € G, k+ 2k0 < 4.
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We use the notation V, (y,t) for the solution of the auxiliary problem

2

~ s L - 0 &
L(3.15)%(y1t) = {52‘4(0’ t)gy—z - C(O, t) - p(oa t)b—i} ‘/O(yat) = 07(315)

(y,t) € G,
Voly,t) = @ (v,1),
(v,t) € S,

where 32(y,t) = ¢2(y,t) = p2(X(1,1),t), (v,%) € 5, 32(y,0) = ¥*(3,0).
The functions V(z, ), (z,t) € G and Voly, 1), (y,t) € G satisfy the relations

IV(a:,t)—%m(:v,t) < M8, £>6: (3.16)

|V(a:,t)—i7})z(x,t) < M$, e<é, (c,t) €

Me?o 5—k—2ko (1 +65—1t1/2) okl X

IA

6k+ko ~
laykatko%(y) )

-2
X exp (—m26’2 (1 +56"1t1/2) y2) , E> 0

l ak+ko ~

W%(y’t) S Mé—k exp (—mld-ly) y € S 6, (yyt) € ‘Gza

where m1 is an arbitrary number, mo is any number satisfying the condition
my < mg, m§ =4~ 1mm[A Yy, )ply,t)], v= V(3.11)-
G

THEOREM 2. Let the conditions (2.2) hold. Then the solution of problem (2.3)
satisfies the estimate (3.14a). If, besides this, the conditions (3.5), (3.6) are
valid, then the functions U(z,t), V(z,t), that are the components of represen-
tation (3.12), satisfy the estimates (3.14b) and (3.16).

REMARK. For small value of the parameters ¢ and/or &, the function Vo, (z,t)
is the main term in the asymptotic expansion of the singular part of the solution
for boundary value problem (2.3). To compute the function Vo (z,t), it is
convenient to use a boundary value problem close to problem (3.15). From
the variables x, t we pass to the variables 1, t: n = n(z,t), n = Y(0,t) +
(8/0x)Y(0,t)z. By VO(n,t), (n,t) € G, where G= G, we denote the solution
of the problem

Lamfant) = {2305 e -pg ) Tan.) =0, (1,0 €,
(3.17)
Vont) = @Mmt), (mt)eS
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Here G° = G is the image of the set G°, generally saying, G # G0; A(t) =
A(0,2), @Z(U(z’t)vt) = <p2(.'L', t), (z,t) €S, @2("7: 0) = ‘Pz(ﬂ,O)y 9(t) = 1(0,¢),
where 9(t) and ¥(0,t) are respectively one of the functions &(¢),...,5(0,t).
Thus, the coefficients of the equations and the initial data for problems (3.15)
and (3.17) are coincident; however, in the case of problem (3.17) the relation
between the original data z, t and the variables 7, ¢ is considerably simpler
than that between z, ¢t and y, t. This fact is used for the construction of
special difference schemes. The function Vo, (z,t) = Vo(n(z, t),t), (z,t) € G
satisfies estimates similar to (3.16).

4. DIFFERENCE SCHEMES FOR PROBLEM (2.1)

4.1. Consider the classical finite difference scheme for problem (2.1).
On the set G we introduce the mesh

5;,, = .Eh X W =W X Wy, (4,1)

where W, Wo are meshes in the intervals [—d, d] and [0, T], generally the meshes
W, Wo are nonuniform. Assume h* = z'*! — g 2f, £ € @, A = K (tF) =
th+l — ¢k ¢k k1 € Ty, h = max; h, by = max; h¥. We denote by N + 1
and Ng + 1 the number of nodes in the meshes @ and @y, respectively. Let
h < MN7! hy < MN§*'. We will also consider the meshes

Gh = Gh(a1), (4.2)

where the mesh Wy is uniform. _
With problem (2.1) we associate the difference scheme on the mesh G:

Agayz(z,t) = f(z,t), (z,t) € G, z(z,t) = p(z,t), (z,t) € Sh. (4.3)
Here Gp, = GN G, Sp =SNGy,
Aasyz(z,t) = {{a(z, )+ [bH(z,8)d: + b7 (2, 8)éz] } +
+ [b3* (z,t)822 + b} (z,1)055] — cla, 1) — pz, )&} 2(a, 1),

vt(z,t) = 27 (v(g, 1) + |u(z,1)]), v (2,t) = 271 (v(z, 1) — |v(z, B)]), dez(z;8),
6z2(z,t), &z(x,t), d-2(x,t) are the first and second difference derivatives on
nonuniform meshes, for example,

—2(z,t) = 2 (B + hY) T (Gaz(z,t) — 0z2(s, 1)), z = o'

The maximum principle [6] is valid for difference scheme (4.3), (4.1). Using
the maximum principle, we get (¢, 6)-uniform boundedness of the solution of
problem (4.3), (4.1): |z(z,t)] < M, (z,t) € Gn. The convergence of scheme
(4.3), (4.1) can be investigated similarly to [4], [9], [10]. Taking into account
estimate (3.1), we obtain

lu(z,t) — z(z,t)| < M [625‘3N'1 + A +eHNGY, (z.t) € Gh, (4.4)

325




that is, difference scheme (4.3), (4.1) converges, uniformly with respect to the
parameter ¢, for fixed values of the parameter J.
In the case of conditions (3.5), (3.6) we use estimates (3.9). For the approx-
imate solution we get the estimate
lu(z,t) — z(z,8)] < M[E263N + (146 *)Ng'], e>6; (4.5)

lu(z,t) — 2(z,t)] < M[6TIN"'+N;'], <4, (z,t) € Gh.

THEOREM 3. Let the solution of boundary value problem (2.1) satisfy the esti-
mates of Theorem 1. Then the solution of finite difference scheme (4.3), (4.1)
converges c-uniformly for the fired values of the parameter §. The discrete
solution satisfies the estimates (4.4) and (4.5).

For boundary value problem (2.1) we wish to construct the difference scheme
which make it possible to find the approximations convergent (&, d)-uniformly.

4.2. To solve the problem for small values of the parameters € and 6, we will use
the method of the additive splitting of the singularities (cf. [5]). The solution of
the problem is approximated by u’(z,t) = U(z,t) + Vo(, 1), (z,t) € G, where
U(.’L‘, t) = U(3.7)(x, t)1 I/O(z1 t) = V0(3.10)(x7 t)a (1‘, t) €G.

We approximate boundary value problem (3.8a) by the difference scheme

Ausz(z,t) = f(z,t), (z,t) € Gh, z(z,t) = ¢'(z,t), (z,t) € Sp, (4.6)
where G}, = @h(m). To solve problem (3.10), we use the difference scheme
Agnyz(z,t) = {%a(0, )8 — c(0,t)— (4.7)
-p(0,t)d:}2(z,t) =0, (z,t) € Gy,
z(z,t) = p*(z,t), (z,t) € Sh.

Here Gp, = Eh(u) is the mesh, generally different from the mesh in problem
(4.6)

Gh =W x o, (4.8)

where Wy = Wy(4.1). We denote by Z(z,t), (z,t) € Gan, where Gap = [—d,d] x
[0,T], the interpolant linear with respect to each of the variables and con-
structed from the values of the solution of problem (4.6), (4.1). The approxi-
mate solution of problem (2.1) is defined by the relation

z(x,t) = Z(a.6) (2, 1) + 247) (7, 1), (z,t) € 6h(4.8)- (4.9)

The function 2(4.9)(x,1), (z,t) € E’—h“,g) is called the solution of difference
scheme (4.6), (4.1), (4.7), (4.8). For solving problem (3.10) we use the meshes
condensing in the neighbourhood of the set S*.

4.3. Assume

e<4, €€(0,1], §€(0,d). (4.10)
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On the set G we introduce the special mesh
G = 5: X Do =W° X Wy, (4.11a)

where Wy = Wo(s.2), W¢ = @W°(0) is a piecewise-uniform mesh on [-d,d], & is
a parameter depending on § and N. The step of the mesh @° is constant on
the intervals [—d, —0], [0, d] and [~0, 0], and equal to h(?) = 4(d — o) N~! and
h() = 46 N~1, respectively. The value o is chosen to satisfy the relation

0 =0@.11)(6, N) = min [27'd, m™'§In N], (4.11b)

where m = m4.1;) is an arbitrary number.
Taking into account the estimates of Theorem 1 for difference scheme (4.6),
(4.2), (4.7), (4.1), we find the estimate

lu(z,t) — z(z,t)| < M [N"'InN + Ng' + 4], (z,t) € G(a1y), € < 6.(4.12)
Thus, under condition (4.10), the solution of the difference scheme converges
to the solution of boundary value problem (2.1) for § = o(1) (as N, No — o0).
4.4. Let the condition

e, c€(0,1], 6€(0,d). (4.13)

be valid. On the set G we introduce the mesh which is condensed in the
neighbourhood of the set S* and also for small values of #:

Gh =Dy xwf =w° x T, (4.14a)
where ¢ = W°(0), B = w§(oo) are piecewise uniform meshes in the intervals
[~d,d] and [0, T] respectively, oo, o1 are parameters depending on €, 4, No, N.

Assume 01 = 0(4.11)(6,N), w(oy) = U&‘u)(al). We define the value g by
the relation

00 = 00(€,8, N, No) = min [ 27T, e"262N2/3 e 282 NZ/®]. (4.14b)

The step of the mesh @ is constant on the intervals [0,00] and [oo, T}, and
equal to hf,l) = 200Ny ! and h(()z) = 2(T — 00)Ny ! respectively. Thus, the
mesh _G",,(4,14) has been constructed.

Taking into account the a-priori estimates of the boundary value problem,
for the solution of difference scheme (4.6), (4.2), (4.7), (4.14) we obtain the
estimate

fu(z, 1) — 2(z, 1)) < M [N+ NG /o 4+ 67 (4.15)

(z,t) € ﬁh(4.14), €296, v=y3i11)-

Thus, in case of condition (4.13), difference scheme (4.6), (4.2), (4.7), (4.14)
converges, as N, Ng — o0, to the solution of the boundary value problem for
é =o(1).
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4.5. The estimates (4.5), (4.12), (4.15) imply that difference schemes (4.3),
(4.2); (4.6), (4.2), (4.7), (4.11) and (4.6), (4.2), (4.7), (4.14) make it possible to
construct the approximate solution convergent to the solution of the boundary
value problem (g, 6)-uniformly. We define the function z(4.¢)(2,t), (z,t) €
@h(4,16), assuming

z(z,t) = z(a34.2)(2,1), (z,t) € ah(4.1e;), Eh(4.16) = 5}»(4.2) (4.16)

for either e <4, 6 > ¥1(N,No), or £>4, § > ¥a(N,No);
2(2,t) = 2(4.6,4.2,4.7,411)(T,1), (2,1) € Gra16), Ghriar6) = Griany)

for € <4, § < U(N,Ny);

2(z,t) = z(4.6,4.2,4.7,414) (T, 1), (2,1) € —G—h(4.16)’ 5]).(4.16) = ah(4.14)

for e>46,0< ‘I’z(N,No),
where ¥ (N, No) = N=1/2, W,(N,Ng) = (N~14+N;)1/5. We call the function
2(4.16)(7,t) the solution of difference scheme (4.3), (4.6), (4.2), (4.7), (4.11),
(4.14).
The solution of this scheme converges (g, §)-uniformly with error bounds

Iu(:c,t) - 2(4_16)(23, t)l < M (-Zv_l/2 + No_l) ’ (117, t) € ah: e< 6; (417)

|u(@,t) - za16) (@, 8)] < M (N2 + Ng) O™ (0,8) € G, £ > 8, v=v(3.11).

THEOREM 4. Let the solution of boundary value problem (2.1) satisfy the esti-
mates of Theorem 1. Then the solution of finite difference scheme (4.3), (4.6),
(4.2), (4.7), (4.11), (4.14) converges to the solution of the boundary value prob-
lem (e, 6)-uniformly. The discrete solution satisfies estimates (4.17).

REMARK.  For solving the discrete problems (4.3) and (4.6) one can use,
instead of the mesh Gj(4.9), the meshes G411y for € < 6 and Ghpq.14) for
€ > 4. The statement of the theorem holds also in this case.

5. DIFFERENCE SCHEMES FOR BOUNDARY VALUE PROBLEM (2.3)

For problem (2.3) we will construct the classical and special difference schemes
and investigate their convergence.

5.1. We approximate the boundary value problem (2.3) by the discrete problem
A(5_1)Z(.'E, t) = f(xa t)a ("l"’ t) € Gh) Z(I7t) = QO((B, t): (xa t) € Sh- (51)

Here G, = Gha),
Asyz(zt) = {{alz,t)0o+ b (2,8)8: + b (2,8)d7] } +

+ [T (z, )6, + b (2, t)dz] — c(z,t) — p(z, )6} 2(x, t).

328



Because of the maximum principle, the solution of difference scheme (5.1),
(4.1) is bounded (g, §)-uniformly. Taking account the estimate of Theorem 2,
we find

lu(z,t) — z(z,t)] < M6 N +e% 0Ny, >4 (5.2)
lu(z,t) — z(z,t)] < M[ET'NT'+672N;1], e <4, (z,t) € Gh

5.2. To construct the special difference scheme, we make an additive splitting of
the singularities. The solution of the problem is approximated by the function
ul(z,t) = U(z,t) + Vo(z,t), (z,t) € G. Here Uz, t) = Uz.az)(z,t), Vo(z,t) =
%(3.17):1: (.’L‘, t)7 ((L‘, t) €G.

We approximate the boundary value problem (3.13a) on the mesh Gh(4.2)
by the difference scheme

A(5.1)z(za t) = .f(z7 t)v (Il?, t) € Gh: z(m, t) = (pl (ZU, t)7 (iL’, t) € Sh: (5'3)

Let us construct the difference scheme-for the numerical solution of problem
(3.17). On the set G (with the ”curvilinear” boundary 3) we introduce the mesh

Gh=GnUSh, Gn=Gn{wxm}, (5.4)
where Wo = Wo(4.1), w is @ mesh on the axis 7, generally speaking, nonuniform.

We denote by N +1 the number of nodes in the mesh w on the minimum interval

of the axis 7 onto which the set Gis projected. The set §h = SonUS; h; the set
S1n are formed by the points of intersection of the surface S with the straight
lines passing through the nodes of the set G}, in a parallel way with the axis n;

the set Sop, is the low base defined by the relation: Son=Gn{wx[t=0]}.
On the mesh Gp, for problem (8.17) we introduce the difference scheme

As5)Zm,1) =0, (0,8) € Ga, 2(n,1) = B (1), (n,1) € 5, (5.5)

where A5 5)2(1,t) = {e2A(t)8~ — &) — B(t)E;}2 (. t).
We define the approximate solution of problem (2.3) by the relation

2(z,t) = Z(5.3,4.2) (2, 1) + Z(5.55.4)= (7, 1), (T,t) € Gha- (5.6)

Here Ehm is an image of the set Eh under the mapping z = z(n,t), (n,t) € G,
which is inverse to the mapping n = n(z,t); 2(5.3,4.2)(%,t), (z,t) € G and
2(5.5,5.4)(1, 1), (m,t) € G, are the solutions of problems (5.3), (4.2 and (5.5),
(5.4), respectively, Z(5.3,4.2) (€, t) is the bilinear interpolant with respect to z and
t, and 2(5'5’5.4)1 (27, t) = 2(5.5’5.4) (7](2}, t), t) We shall call the function 2(5.6) (1?, t),
(z,t) € Gha, the solution of difference scheme (5.3), (4.2), (5.5), (5.4).

To solve problem (3.17), we use the meshes condensing in a neighbourhood
of the set S*, where S* = {(n,t): =0, t € (0,T]}.
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5.3. Let the condition € < 4, € € (0,1], § € (0,d] be valid. On the set G we
introduce the special mesh

Gh = Ghs.4), (5.7)

where w = w*(g) is a piecewise uniform mesh, similar to the mesh &, ),
condensing in a neighbourhood of the points 7 = 0. The distribution of nodes of
the meshes w( (o) in the interval [-o, 0] and outside this interval is assumed
to be uniform. The stepsizes hg?n and hg‘;?.,), respectively in the interval
[~0,0] and outside of it, are defined by the relations: hg?ﬂ =40N"1, hg?ﬂ =
2(do — 20)N~1, where 0 = 0(4.11)(, N1), do is the length of that interval on

the axis n onto which the set Gis projected.
For the solution of difference scheme (5.3), (4.2), (5.5), (5.7) we have the
estimate

|u(z,t) — 2(z,t)] K M [N"'InN + Ng' +6], (z,t) € am, Eh = 5,.(5_7), e<é

If the condition € > 4, € € (0,1], 6 € (0,d] holds, then we construct the

mesh on G which is condensing in a neighbourhood of the set S* and also for
small values of ¢:

Ch =GChayy {for (z,6)=(m,t) }, (5.8)

where w = w(cs..,)(al) with o1 = 0(4.11)(6, N), Wo = Wo(a.14)-
For the solution of difference scheme (5.3), (4.2), (5.5), (5.8) we have the
estimate

ju(e,t) - 2(z,6)] < M [N+ Ng** +-647], (,8) € Gha,
Gh =Ghps), €296, v= V(3.11)-

5.4. We will construct the (g, d)-uniform approximation for the solution of
Eoundary value problem (2.3). We define the function z((s.9))(2,t), (z,t) €
Gh((5.9))> assuming
2(2,t) = 2(5.1,4.2)(, 1),  (2,t) € Grs.9)» Gh(s.9) = Gh(a2)- (5.9)
for either € <4, § > W3(N,Ng), or 6> 4, 6 > lII4(N_,__N0);
2(x,1) = 2(5.3,4.2,5557)(%,t), (2,t) € Gh(s.9), Ch(s.9) = éh(s.T):u
for € <4, § < U3(N, Np);

2(z,t) = 2(5.3,4.2,5.5,5.8)(T, 1), (z,t) € Grs.9), Gh(s.9) = @h(s.B)z

for € > 5,6 < \114(N,N0);
where ¥3(N, No) = (N1 + Ny 1)/3 W, (N, No) = (N1 + Ny 1)1/10, We shall
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call the function z(5 o)(z,t), (z,t) € Eh(s,g,, the solution of scheme (5.1), (5.3),
(4.2), (5.5), (5.7), (5.8).

The solution of this scheme converges (g, 8)-uniformly:
Iu(z, t) - 2(5'9)(.’17, t)l < M (N_l + ]\I()_l)l/3 ) (zy t) € —G—ha €< 6; (510)

u(z,t) — 259y (z,t)] < M N1+ N;H) ) (28) €Ty e > 6.

THEOREM 5. Let the solution of boundary value problem (2.3) satisfy the esti-
mates of Theorem 2. Then the solution of finite difference scheme (5.1), (5.3),
(4.2), (5.5), (5.7), (5.8) converges to the solution of the boundary value prob-

lem (g,0 )-uniformly. The solution of the difference scheme satisfies estimates
(5.10).

5.5. We assume that, as for difference scheme (5.1), (5.3), (4.2), (5.5), (5.7),
(5.8), the coefficients of the equation for problem (3.17) and the functions
s0(t) =Y (0,t), s1(t) = (8/0z)Y(0,¢t), t € H (where H = (0,TY), which define
the transformation n = 7(z,t), can be found in the explicit form. Therefore,
this difference scheme is not constructive. We give the difference scheme in
which the coefficients of the difference equations and the functions so(t), s1(t)
are being found numerically. We call the curve x = so(t), t € H, the trace of
the local disturbance in the initial conditions (or, shortly, by the disturbance
trace). Let us construct the discrete approximation for the function so(t),
te H.

Note that the coefficients of equation (3.17) are determined by the relations

A(t) = A(a.0)(0, 1) =a(s0(2), D1 (D%, B(t) = v(so(t), 1),

where v(z,t) and 9(t) are the functions c(z,t), p(z,t) and €(t), p(t), respec-
tively; so(t) = Y (0,t), s1(t) = (8/0z)Y(0,t), t € H.

We approximate the functions s;(t), i = 0,1 in the following way. The
function so(t), t € H is approximated by the function go(t), t € Hap. Assume
that we know the function go(t), t € Hap for t < %, t° € Do, Do = Do(s.1),
t° < T, and also go(0) = 0. We construct go(t) for ¢t < 10, 10 = t0 + h,(t°). By
q(t), t € [t°,1°], we denote the solution of the problem

2 ) =~ Ipla(®), 0] 11a(0),0), te (., (5.11a)
q(t®) = q(t° = 0) for t° >0,
q(t°) =0 for t9=0.

Thus, z =¢(t), t€ [0,2°] is the characteristic passing through the point (0, 0).
The function go(t) for ¢ € (t°,2°], 9 30 € @y, is defined by the relation

2w = qt), te#,1°], ° t°€m. (5.11b)
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Continuing this process, we find the function go(t), t € H. The function go(t)
converges to the function so(t): |so(t) — go(t)| < M[N~! + Nj'], t€ H.

We approximate the function s,(t), t € H by the function Q,(t), t € H.
Let the function Q;(t), t € H be known for ¢ < t°, t° € @y, and also @, (0) = 1.
Construct the function Q1 () for ¢t € (£2,7°]. We denote by Q(t), ¢ € [t°,%9],
the solution of the problem

LQ() = ~pla(t), 1) Q1) = F(t,a(),Q(), t€ (.8,  (5122)
Q%) =Q:(t° —0) for t°>0,
Q(®) = Q1(t% for t° =0,
where o 0
F(t,0(0), Q1)) = ~ -6 a(0),1Q(0) + 5-p(a(®), HQ°(0),
Q°1) = [pla(0), 1) P (1), Q). a(t) = aioan)4).

The function Q(t), t € [t°,2°] approximates the derivative of the function
Y(z,t), in z, on the characteristic £ = ¢(5.11)(t), t € [t9,°]. We define the
function Q4 (t), t € (¢°,%°] by

Q:1(t) = Q(1t), te (¢, t°, t° e wo. (5.12b)

Continuing the process, we find the function Q,(t), t € H. The function
Q1 (t) converges to the function s1(t): |s1(t) — Q1(t)] < M[N~'+N;'],t € H.

Let us construct the mesh approximations of problems (5.11) and (5.12).
We introduce the mesh on H:

Hy, = o, (5.13)

where Wy = Wo(s.1). With problems (5.11), (5.12) we associate the difference
scheme (on the basis of explicit difference approximations)

8ig™(t) = — [p(a* (), )] " B (g (), 1), t € wo, (5.14)
g*(0) =0, sh(t)=q"(t), te€Hn;
—p(g"(t),t)8:Q " (t) = Fis.12)(t,¢"(t),Q"(t)), t € wo,

QM0) =1, st =Q"%), teHp, t temo.

We shall call the functions s2(t), t € Hp, i = 0,1, the solution of difference
scheme (5.14), (5.13).

Assume the step @y to be sufficiently small. The coefficients of each of the
difference equations in (5.14), being written for the two-point stencil (see, e.g.,
[8]), have opposite signs and are commensurable in modulus.

The solution of discrete problem (5.14), (5.13) satisfies the estimate

|si(t) — st(t)| < M[N"'+ N;'l, t€Hn i=0,1. (5.15)
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5.6. Now we construct the difference scheme for the solution of problem (2.3).
The mapping n = n(z,t), (z,t) € G corresponds here to the mapping £ =
&(z,t), £ = sk(t) +s%(t)z, t € Hy. On the set G we construct the mesh related
to this last mapping. Denote by Q = R x ﬁh the range of the variables &,t,
a,ndletwobea.meshonthea,ms.’,c AssumeQ =uw x Hp; Q, —{ z,t): €=

&(z,t), (&,¢t) € Q }. On the set G we define the mesh

G" = (@) (5.16a)
The mesh
Ge =GhuSk, Gt=3GnH,, (5.16b)

in the variables ¢, ¢ corresponds to the mesh G". The set Sg includes the set

Soe N @h and also the set of the points of intersection of the lines, which are
parallel to the axis £ and passing through the nodes of G?, with the surface
Se.

The coefficients /T(t), ¢(t), p(t) in equation (3.17) correspond to the mesh
functions

AM(t) = a(sp(2),8) [SE ), () =c(s6(2),8), F"(8) = p(s5(1),1), ¢ € Hh

On the mesh @_2(5.16), for the solution of problem (3.17) we use the difference
scheme

A(5.17)Z(€7 t) = O’ (£1 t) € G?7 z(§7 t) = Sag(fat)? (f:t) € ‘5'?7 (517)

where ©Z(£,8) = * (z(, 1), 1), As.1m)2(£: ) {E2A"(t)5--*(t)—*(t)5 rz(§,1).
We define the approximate solution of problem (2. 3) by the relation

—h
Z(.’l?, t) = ‘2(5.3,4.2)(27115) + z(5.17,5.16):::(37: t)a (.’E,t) eG, (518)

—h  —=h —h
where G~ = G(5.16), 2(5.17,5.16)(%;t) = 2(5.17,5.16)((%, 1), 1), (z,1) € G(5.16)-
We shall call the function z(5.18)(2, 1), (z,t) € @h, the solution of scheme (5.3),
(4.2), (5.17), (5.16).
In case € < § we use the mesh

—h  —h

Ge = Ges.16), (5.19)
where Wy = Wo(4.2), @° = W%(0) is 3 p1ecew1se uniform mesh condensing in a
neighbourhood of the point £ = 0; ‘*’(5 19)(0) =W(;, 11y(0) for o = o4, 11)(6, N),
hPiey = B, = 40N, b2, = 2(dg — 20)N 1, dg is the length of that

—=h . .
interval on the axis £ onto which the set G is projected. If € > 4, we use the
mesh

—h =k
G¢ = Gg(s.16) (5.20)
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where w® = w'()sc.lg) (01) for 01 = 0(4.11)(6, N), @Wo = Tg(4.14)-
For the solutions of problems (5.3), (4.2), (5.17), (5.19) and (5.3), (4.2),
(5.17), (5.20) we obtain the estimates

|u(z,t) — 2(5.5,4.2,5.17,5.19) (T + 80(t) — sb(®),t)| < M[N"'ln N + Nyt +4],
(z,t) € 5(';_19), e <4,
]u(z,t) ~ 2(5.3,4.2,5.17,5.20) (T + s0(t) — Sg(t),t)l < M[N_1/3 + No_l/5 + 687,
(@) €Cisany €26, lo—so(t)l <my
|u(z,t) = 2(5.3,4.2,5.17,5.10) (%, )| < M[N~'1n N+N51+5]: (z,t) € a(’;.19)v e<é,
[u(z,t) = 2(5.3,4.2,5.17,5.20) (T, 1) | < M [N—1/3 + N5 4 51—"] )
(z,t) € -(7(’;.20)7 €24, |lz—so(t)) 2m, v=vsun),

where @(’;_19) = (@&5.19))“ 5(’;20) = (@_&5.20))3. Thus, if the values of the pa-
rameters are small, the solutions of the difference schemes approximate (in
the discrete maximum norm) the solution of problem (2.3) outside an m-
neighbourhood of the trace; inside this m-neighbourhood of the trace, the dis-
crete solutions approximate the exact ones at the points equidistant from the
numerical and exact traces, respectively.

We will construct the (g, §)-uniform approximation for the solution of bound-
ary value problem (2.3) ly. Define the function z(5.91)(2,1), (x,t) € Ghs.21)s
assuming

2(2,t) = 2(5.1,4.2)(T,1), (2,t) € Gh(s.21), Gh(s.21) = Gha2) (5.21)
for either € <4, § > U3(N,Np), or € >4, 6§ > U4(N, Np);
2(2,t) = 2(5.3,4.2,517,5.19) (2, 1), (2,t) € Gh(s.21), Grson) = g(’;.w)
for € <4, § < ¥3(N,Np);

z(T,t) = 2(5.3,4.2,5.17,5.20) (T, 1), (x,t) € Z;'-11(5.21)7 611(5.21) = a(';.zo)

for e >4, e< ‘I’4(N, No);
¥, (N, N_o_) = Uy5.9)(IV, No). We call the pair of the functions z(s.21)(z,t),
(z,t) € Gp(s.21), and sg‘(s~14)(t), t € Hp(5.13), the solution of difference scheme
(5.1), (5.3), (4.2), (5.17), (5.19), (5.20).
The solution of this scheme satisfies the estimates
lu(z)t) - 2(5.21)($ + So(t) - s(’Jl(t))t)l < M(N_l + N(;—l)l/:s’ (522)
((C, t) € Eh, € S 5,
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IU(SB, t) — 2(5.21) (T + so(t) — s (2), t)l <M(N"'+ No—l)(l*V)/IO,
(z,t) € Gy, >4, |z — sg(t)| <m;
Iu(z,t) — z(s.21) (2, t)| <M(N7P+ NeDHY3, (z,t) € Gh, £ < 6,
lu(z, t) - 2(s5.21) (2, t)‘ < M(N™' 4 Ny1A-v/10)
(Z,t) € aha €24, l.’L‘ - sg(t)! > m,
for the function s§(t) the estimate (5.15) holds. To compute the function s?(z),
t € T{—h(5,13), t = 0,1 by the scheme on the mesh @(’;.19) (on the mesh @(';.20)),
we use the mesh H5.13), Where Wo = @y(s.19) (Where To = Wy (5.20))-

Thus, as N, No — oo, the function 2(5.21)(z,t) converges (g, 6)-uniformly
to the solution of boundary value problem (2.3) outside the m-neighbourhood
of the curve x = so(t), t € H; whereas in the neighbourhood of this curve
the values of the function z(5.9;)(x,t) at the points (z,t) € Gh(s.21) converge
to the values of the solution of boundary value problem (2.3) at the ”shifted”
points (z —so(t)+sk(t),t). Hence, we say that the function 2(5.21)(,1), (2,1) €
Gh(s.21) converges to the exact solution (g,d)-uniformly up to the shift of the
argument z on the value of so(t) — sf(t), i.e., on the distance between the exact
and numerical trace of the local disturbance (or, shortly, up to the shift of
the argument). The quantity so(t) — sf(t), that is, the shift of the argument,
converges to zero (g, d)-uniformly as N, Ny — oc.

THEOREM 6. Let the solution of boundary vaelue problem (2.3) satisfy the esti-
mates of Theorem 2. Then the solution of finite difference scheme (5.1), (5.3),
(4.2), (5.17), (5.19), (5.20) converges to the solution of the boundary value
problem (g,6)-uniformly up to the shift of the argument. The solution of the
difference scheme and the disturbance trace so(t) satisfy estimates (5.22) and
(5.15).

REMARK. In the case of problem (2.3), when the components V(z,t) in
the representation (3.12) satisfies estimate (3.11a), the accuracy the approx-
imate solution may be rather improved. In this case we define the function

2((5.23)) (€, 1), (z,t) € Gp((5.23)), assuming

2(x,t) = 2(5.3,4.2,5.17,5.19) (T, 1),

= - —h
(z,t) € Gh(s.23), Gr(s.23) =Gh(s.19) fore <6,
(5.23)

2(x,t) = 2(5.3,4.2,5.17,5.20) (T, 1),
= = —h
(9"1 t) € Gh(5.23),Gh(5.23) =Gh(5.20) for € > 6.

For the function z(5 23)(, t), (z,1) € ah(S_zg), which is the solution of difference
scheme (5.3), (4.2), (5.17), (5.20), we obtain the estimates
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. M[N~'InN + Ng'], €<4,
|u(z,t) — 2(5.29) (€ + 50(t) — 85 t),1)] < MIN-15 4 NTYT, > 6,

for |z—sB(t)| <m, (z,t) € Gh;

M[N'InN+N;', €<§,

Iu(z7t) - 2(5.23)(1:, t)l S M [N_1/3 + N0_.1/5], > 5’
for |z, —sh(t)| >m, (z,t) € Ghy, Ghr=Gh(s.23)
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