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UNIFORM HYPERGRAPHS

A.E. BROUWER & A. SCHRIJVER

INTRODUCTION

Let X be a fixed n-set (an n-set is a set having n elements). Consider
the set Pk(x) consisting of all k-subsets of X. There are various problems
of a "packing & covering"-nature presented by the set Pk(x). In this chapter
we shall deal with some of them, mainly grouped around the following four

questions:

1. What is the maximum number of pairwise disjoint sets in Pk(x)?

2. What is the maximum number of pairwise intersecting sets in Pk(x)?

3. What is the minimum number of classes into which Pk(X) can be
split up such that any two sets in any class are disjoint?

4. What is the minimum number of classes into which Pk(x) can be

split up such that any two sets in any class intersect?

We shall first give, briefly, the answers to these questions; they are
treated more extensively in the Sections 1~4. To streamline the answers we
assume, for the moment, that n is at least 2k (for smaller n the questions
are not difficult).

The answer to the first problem is trivially L%J (LXJ and fx] de-

note the lower and upper integer part of a real number x, respectively).

n-1,
k-l)'
take all k~subsets containing a fixed element of X. The content of the Erdds-

The answer to the second question is easily seen to be at least (

Ko~Rado theorem (1961) is that one cannot have more: (E:i) is indeed the
answer to question 2.

The answer to the third question must be at least
n, ,n
(1) [ /15]]

n
since each of the classes partitioning the (k) elements of Pk(x) contains at .
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most [n/k_! elements. In 1973 Baranyai proved that indeed Pk(X) can be split
into this many classes each consisting of pairwise disjoint sets. This is
particularly interesting in case n is a multiple of k: then this splitting
vields (;:i) partitions of X, containing each k-subset exactly once.

In a similar manner we have that the answer to question 4 must be at

least
n, ,n-1. 7 _rn
(2) re/e =I5

An upper bound for the answer is given by the following construction (where
we may suppose, without loss of generality, that X = {1,...,n}): let Ki be
the collection of k-subsets of X whose smallest element is i (i = 1,...,n);

then

.. UK

3 KyrKgreeo R opng” Kpooke2 V- n

are n-2k+2 classes of pairwise intersecting k-subsets of X, with union Pk(x).
So the answer to problem 4 is at most n-2k+2. Kneser conjectured in 1955
that n-2k+2 indeed is the answer; in 1977 Lovdsz was able to prove this

conjecture, using homotopy theory and topology of the sphere.

We may set the problems described above in the language of graphs. The
graph K(n,k), usually called a Kneser-graph, has, by definition, the set
Pk(x) as vertex set, two vertices being adjacent iff they are disjoint (as
k-subsets). Now let, for any graph G, a(G), w(G) and y(G) be its stability

number, clique number and colouring number, respectively. In Chapter 1 we
saw that

(4) w(G) = a(G), w(G) < y(G) and

where v is the number of vertices of G. The solutions to the problems 1-4
above may be translated as follows.

1. a(K(n,k)) = |n/k],
_ ,n-1
2. a(K(n,k)) = (R
—— o n
3. YK(m,K) = [(k)/LkJ],

4. v (K(n,k)) = n-2k+2.

In particular, if k divides n, the inequalities in (4), for G = K(n,k)
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become equalities.

In this chapter we shall discuss the above mentioned and related prob-
lems. In Sections 1,2,3 and 4 we go further into the problems 1,2,3 and 4,

respectively.
1. COLLECTIONS OF PAIRWISE DISJOINT SETS

Let n and k be natural numbers such that k £ n. Let X be an n-set. In
this section we consider problems asking for the maximum size of collections
of disjoint or "almost" disjoint sets in Pk(x), and in some derived collec-
tions. The first question to arise is easy to answer: what is the maximum
number of pairwise disjoint sets in Pk(x)? Answer: LEJ. However, this ques-

tion has some more difficult and more interesting generalizations.

Our first generalization is to investigate the maximum number D(t,k,n)
of k—-subsets of X such that no two of them intersect in t or more elements.
So D(1,k,n) = [n/kJ. The problem of determining D(t,k,n) is a genuine pack-
ing problem: D(t,k,n) is the maximum number of pairwise disjoint sets Pt(Y)
for ¥ € Pk(X). Its covering counterpart is the problem of determining the
minimum number C(t,k,n) of k-subsets of X such that each t-subset is con-
tained in at least one of them. So C(t,};,n) is the minimum number of collec-
tions Pt(Y) (for ¥ e Pk(X)) covering the collection Pt(x).

It is easy to see that D(t,k,n) = C(t,k,n) if and only if there exists
a Steiner system S(t,k,n) (i.e., a collection of k-subsets of X such that
each t-subset is in exactly one of them).

The investigations into the functions C(t,k,n) and D(t,k,n), and their
design-theoretical aspects have assumed such large proportions that they
will be dealt with in Chapter 5 ("The Wilson theory") and 6 ("Packing and
covering of (t)—sets"). In Chapter 6, when considering C(t,k,n)-problems,

t and k are assumed to be fixed, while the behaviour of C(t,k,n) as a func-
tion of n is viewed. Now C(n-£,n-k,n) is the minimum number of (n-k)-subsets
of X covering each (n-£)-subset. Passing to complements, one can view this
as Turdn's problem: what is the minimum number T(n,k,£) of k-subsets of X

such that each £-subset contains one of them as a subset? So
(1) c(n-£,n-k,n) = T(n,k,L).

The distinction between the investigations into C and into T does not rest
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on any analytical basis but is simply a difference in approach: T(n,k,{)
will be considered mainly as a function of n (fixing k and £).

We may view the problems of determining D(2,k,n), C(2,k,n) and T(n,2,L)
as graph-theoretical problems: D(2,k,n) is the maximum number of pairwise
edge-disjoint complete graphs Kk in Kn; C(2,k,n) is the minimum number of
complete subgraphs Kk in Kn covering all edges of Kn; and T(n,2,£) is the
minimum number of edges in a graph on n vertices containing no L pairwise
nonadjacent points. So (;) - T(n,2,£) is the maximum number of edges in a
graph on n vertices containing no clique of size L.

The Turdn-like problems will be considered morxe extensively in Chapter

7 ("Turdn theory and the Lotto problem").

Now look at a second generalization of our main problem. Call a subset
d .
Y% . X Yy of X x ... x X =X a k-hypercube if |Y1I = ... 0= le] = k.
Now we may ask for the maximum number H(d,k,n) of pairwise disjoint k-hyper-

cubes in Xd. So H(1,k,n) = |n/k] and H(d,k,n) = 1 if k > %n. Furthermore

PROPOSITION 1. H(d+1,k,n) < |2 . H(&,Xk,n) ].

PROOF. Suppose there are h pairwise disjoint k-hypercubes in Xd+1. The num-

ber of points contained in the union of these k-hypercubes equals h.kd+1.
s . a
For any X € X, the number of points contained in X x {x} is at most
+1 . d
kd.H(d,k,n). So the total number h.kd is at most n.k .H(d,k,n), which

implies that h < [%.H(d,k,n)_l. 0

nn n
COROLLARY 2. H(d,k,n) < [E{E [EJ__“,
~\ . /
d times
By a straightforward construction one sees that, if k divides n, H(d,k,n) =
d
(EO ; so in those cases the inequality passes into equality. This happens

also if d = 2.
THEOREM 2. H(2,k,n) = L]%[%JJ-

PROOF. Suppose X = {0,...,n~-1}, and let C = R/nZ be the circle of length
n; so C2 is a torus. We identify C with the interval [O,n), in which we
count modulo n. Let n = gk + r, where g and r are integers such that

0 £r £ k-1. Let

(2) = BRI = o+ I

——
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Choose in C2 the squares [x,x+k) x [y,y+k) with

ny ,4nn o @ o
2@, e @D

an
3 ’ = ’ r Uy ’
(3) (x,y) (0,0) (p 5 D

respectively. That is, the vertices (x,y) lie equidistantly on a spiral of
the torus with g rotations. In the following figure g copies of the torus

are unrolled and glued together:

A

Inspection of the figure yields that disjointness of the squares follows

from

(5) (i) ‘1—”2 k, and' (ii) q.q?n < n.

(1) implies that square numbered 1 is disjoint from square numbered 0. (ii)
implies that square numbered ¢ still has points in torus copy I. (i) again
gives that square numbered q is "high" enough to be disjoint from square
numbered 0'.

Now we have p disjoint squares, of side k, in C2. Since X2 < C2, the
intersection S n X2 is a k-hypercube in X2, for any square S. So the inter-

2
sections of the squares with X2 from a packing of p k-hypercubes in X~. [

Again, problems of dimension 2 can be formulated in the language of
graphs. H(2,k,n) can be regarded as the maximum number of edge-disjoint
K k'S in K . BEINEKE [8] showed that the maximum number of edge-disjoint
! ’
LLE P " . . .
subgraphs Kk,ﬂ of Km,n (such that the "k-sides" of Kk,ﬂ coincide with the

"m-side" of Km,n) equals
() SMCSII I

that is, the maximum number of disjoint kXE—rectangles (i.e., sets Y1><Y2
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such that |Y1| = k and [Y2| = £) in a set X, XX, with IX1| = m and |X2[ = n,
is equal to expression (5). This can be proved in a manner similar to the

proof of Theorem 3.

Theorem 3 proves equality in Corollary 2 for d = 2. This cannot be
generalized to arbitrary d, since it can be shown that H(4,2,5) < 30 =
Lg{g{g %JJJJ (note that H(3,2,5) = 12). In fact it seems that if k is not

a divisor of n, then the inequality of Corollary 2 is strict for some 4.

— d
It is straightforward to see that H(d,k,n) = a(K(n,k) ), where the
product graph is defined in Section 4 of Chapter 3 ("Eigenvalue methods") .

So

d d — -
3 supVh(d, k,n) = supVa (@MDY = 0EER)

d d

equals the Shannon-capacity of ETHTE). In Chapter 3 an upper bound of %—for
0(X(n,k)) is given (this upper bound also follows from Corollary 2), but it
is still an open problem whether this upper bound can be actually reached;
so we have the ‘

d

PROBLEM. Is sngH(d,k,n) = =, for k £ %n?

n
k
The answer is obviously "yes" if k divides n, but for no other values of k
and n do we know an answer. For k = 2, n = 5, the simplest unknown case,
Efﬁjiﬁ is the complement of the Petersen-graph. To calculate (6) in this
case we cannot adapt the construction of the proof of Theorem 3 straight-
forwardly: that construction yields "connected" k-hypercubes of {O,...,n-l}d
(i.e., the projections onto the components are connected intervals in the
cyclic ordering). The maximum number of disjoint connected 2-hypercubes in
{O,...,n—i}d is equal to a(ci), where Cn is the circuit on n vertices.

LOVASZ [66] (cf. Chapter 3) showed that, for odd n,

a
d n.cos (m/n) n
7 .= < S < =
(7) @(Cn) sgp a(Cn) T+cos (T/m) < > !
whence O(CS) = /5. since this number is smaller than 5/2 we cannot use the

construction of Theorem 3 to answer the problem affirmatively for k = 2,

n =5 (for some calculations of a(ci) see BAUMERT, et al. [7]).
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2. INTERSECTING FAMILIES

2.1. The Erdds-Ko-Rado theorem

Let k and n be natural numbers such that 2k < n, and let X be an n-set.
The following theorem of ERDOS, KO & RADO [33] is fundamental to this section.

THEOREM 1. (The Erdds-Ko-Rado theorem) The maximal number of pairwise inter—
n-1
).

secting k-subsets of an n-set is (k—l

PROOF. Evidently, the value (E:i) can be reached. Let A be a subset of Pk(x)
such that no two sets in A are disjoint. Let C be the collection of all cy-
clic orderings of the set X; so |C| = (n-1)!. Make a (0,1)-matrix M, with
rows indexed by C and columns indexed by A, as follows. The entry of M in
the (C,A)-position is a one if and only if the set A occurs consecutively
in the cyclic ordering C; that is, if and only if A induces a (cyclie) in-
terval on C (C ¢ C, A € A).

It is easy to see that the sum of the entries in any column of M equals
k!(n-k)!. So the total number of ones in M is equal to |A].k!(n-k)!. We are
finished once we have proved that the number of ones in each row is at most
k, since it then follows that the total number of ones is at most

k.|Cl = k.(n-1)!, which yields

[A]l.x!(n-k)! < k.(n-1)!,
ice., |A] < (iZi).

So let C € C be the index of an arbitrary row. We may suppose that X =
{1,...,n} and that C represents the usual cyclic ordering of {l,...,n} modulo
n. We have to prove that there are at most k sets in A occurring as an in-
terval in C. To this end, underline any number from 1,...,n which is the
first element (in C) of an interval (of length k) belonging to A. Moreover,
encircle any number j whenever j-k (mod n) is underlined; thus encircled
numbers are numbers directly following the last element of an interval in
A. So no number will be both underlined and encircled, since A contains no
disjoint sets (n 2 2k).

Now consider any encircled number, say, j. Then the n-2k subsequent
numbers j+1,...,j+n-2k (mod n) cannot be underlined since any interval start-
ing in one of these points is disjoint from the interval starting in j-k

(which is in A). So there exists an encircled number j such that the n-2k
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numbers following j are neither underlined nor encircled. Since the number
of underlined numbers is equal to the number of encircled numbers, there
cannot be more than k underlined numbers, i.e., the sum of the entries in

the row indexed with C is at most k. [

This method of proof is due to KATONA [58,60] (for a generalization,
see GREENE, KATONA & KLEITMAN [48]; for a proof using the "Kruskal-Katona
theorem", see DAYKIN [23]; for a proof using eigenvalues, see Lovasz [66]
(cf. Chapter 3)). The proof may be easily adapted to show that we may re-
place the condition A c Pk(n) by: all sets in A have at most k elements,
and no two of these sets are contained in each other.

FRANKL [36] generalized the above proof to obtain |A| < (E:i) whenever
Ac Pk(x), ik/(i-1) < n, and any i sets in A have nonempty intersection.

2.2. Sharper bounds

Elaboration of the proof also shows that, in case 2k < n, the bound
(2:1) can be achieved only by "stars", i.e., by collections consisting of
all k~-subsets of C containing a fixed element of X. HILTON & MILNER [55]
(answering a question of ERDOS, KO & RADO [33]) proved that collections A
of pairwise intersecting k-subsets of X which are not a star (that is,
n-k-1

k-1
to be attained; Hilton & Milner also showed that all collections achieving

-1
nA = @), have at most 1+(E_1)—( ) elements (this bound can easily seen
the bound are isomorphic).
MEYER [69] asked for the minimum size of a maximal (under inclusion)
collection of pairwise intersecting k-subsets of X; he conjectured that the

set of lines in a finite projective plane achieves this minimum.

2.3. Larger intersections

ERDOS, KO & RADO [33] also proved the following extension of Theorem 1.
Let 0 £ t< k. The maximum number of k-subsets of X such that any two of
them intersect in at least t elements, is equal to (E:E), provided that n
is large enough (with respect to k and t). Let n(k,t) be the smallest num-
ber such that for all n 2 n(k,t) the maximum is attained only by collections
of k-subsets of X containing a fixed t-subset of X. So n(k,1) = 2k+1.

After earlier estimates given by ERDOS, KO & RADO [33] and HSIEH [56],
FRANKL [38] determined n(k,t) for t > 15; he found that n(k,t) is about
(k-t+1) (t+1)+1 if t 2 19, and that, for all t, (k-t+1) (t+1)+1 < n(k,t)
< 2(k-t+1) (t+1)+1.
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A related conjecture of Erddés, Ko and Rado is that, if k is even and

n = 2k, the maximum number of k-subsets of X which pairwise intersect in at
k
Lk

the conjecture that for each n-set X the maximum size of a collection of k-

2 .
least two elements is equal to %((E)—( )7). FRANKL [38] extended this to
subsets pairwise intersecting in at least t elements always is attained by

a collection A of the form
A={acx| |al=%k and |an x'| 2 t+r}

for some r = 0,..., %(n~t) | and some (t+2r)-subset X' of X.

KATONA [60] observed that if a t-(n,k,1)-design exists (i.e. a collec-
tion D of k-subsets of X such that each t-subset of X is in exactly one set
of D; cf. Chapter 5), then certainly the maximum cardinality of a collection

: . s . . . n-t
of k-subsets, pairwise intersecting in at least t elements, is (k— ). For

t
let A be such a collection and let D be a t-(n,k,1)-design. So

_n. ... .(n-t+1)
o] = Ke o.. . (k-t+1) °

For each permutation m of X let 7D be thie design {7A|A ¢ D}, where
T = {mx|x ¢ A}.
So AnmD contains at most one set, Jor any permutation 7, since any two

sets in 70 have intersection at most t-.; hence
n! 2 ) |AnnD|,
L

where T ranges over the set of permutations of X. The right hand side of
this inequality is equal to the number of triples A ¢ A, D ¢ D, 7 permuta-
tion, such that 7D = A. For fixed A and D the number of permutations m such

that 7D = A, is equal to k!(n-k)!. Therefore

n. ... .(n-t+1)
ko «.o. o (k-t+1)

n! 2 |A

D|.x!(n-k)! = |A]. ki (n-k) !,

and the required upper bound for A follows. (This result also follows from
Delsarte's linear programming bound (Theorem 15 of Chapter 3).)
The following question was asked by FRANKL [36]: does there exists an
e > 0 such tha; if k € (+e)n, A < Pk(n) and [AanC] < 2 whenever A,B,C € A,
n-

then |A]| < (k—Z)?
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FRANKL [37] investigated the following problem of Erdds, Rothschild and
Szemerédi: given t and 0 < ¢ < 1, what is the maximum cardinality of a col-
lection A of k-subsets of X such that |AnB| > t, whenever A,B ¢ A, and for

all x € X:

[{a € Alx € a}| < c.]A|?

2.4. The Hajnal-Rothschild generalization

HAJNAL & ROTHSCHILD [52] generalized the Erdds-Ko-Rado theorem as fol-
lows. Let A be a collection of k-subsets of X such that each subcollection
A' of A with more than r elements, contains two sets which intersect in at
least t elements; then

T i+l r. n-it
|A] < .Z DT Qi)
i=1
provided that n is large enough with respect to k,r,t, i.e., n 2 n(k,r,t).
Clearly, in case r = 1, this result reduces to the Erdds-Ko-Rado theorem.

If we put t = 1, Hajnal and Rothschild's theorem becomes: if A c Pk(X)

contains no r+l pairwise disjoint sets -hen
n n-r
[Als ) - (0,

provided that n = n(k,r,1). ERDOS [28] conjectures that for all n

rk+k-1

Al :

IA

n, .n-r
max{ ( Yo (=0 )}
this was proved for k = 2 by ERDOS & GALLAI [311].
ERDOS [28] showed that n(k,r,1) < C,-%, and KATONA [60] conjectured
that n(k,2,1) = 3k+1 (taking all k-subsets of a fixed (3k-1)-subset of X

in case n = 3k, shows that 3k+! is the smallest number we may hope for).

2.5. A relation with Turdn's theorem

CHVATAL [20] has designed the following framework generalizing both
the Erdés-Ko-Rado theorem and Turdn's theorem (cf. Chapter 7). Call a col-
lection A of sets m-intersecting if any m sets in A have nonempty intersec-
tion. Let f(n,k,m) be the maximum cardinality of a collection A of k-subsets

of X such that for all A' cA: A" is m-intersecting implies A' is (m+1)-inter—

secting.
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So f(n,k,1) = (
theorem; f£(n,2,2) =

TURAN [78] asked (in another terminology) for the number f(n,k,k).
n-1
n-1 k-1 3 -

wondered whether £(n,k,2) = ( _}) if k > 2 and n 2 Sk; CHVATAL [20] ex-
tended Erdds' question to the conjecture that f(n,k,m) = (2:1

+
k >mand n 2 Eai.k. So this has been proved for k = m+l, and for m = 1.

::1), for n 2 2k, is equivalent to the Erdds-Ko-Rado
[4n2], is the content of TURAN's theorem [76,77] and
CHVATAL [20] proved that f(n,k,k-1) = (| ,) if n > k+2. ERDOS [29]

) whenever

For some more results see BERMOND & FRANKL [13].

2.6. Some further related problems and results

HILTON [54] showed that, if 1 € h £ k £ n, h+k < n, and A consists of

pairwise intersecting subsets A of X with h <€ |A| < k, then

|A]

IA

( ).

k
n-1
I

i=h

KLEITMAN [61] proved that if h+k < n and A and B consists of k-subsets
and h-subsets, respectively, of X such that A n B # ¢ for A € A and B ¢ B,
then |A| = (2:1) implies |B| < (;:i); HILTON 53] generalized this result.

KATONA [59] (cf. LOVASZ [64]) proved the following conjecture of
Ehrenfeucht and Mycielski: let Al""'Am be k-subsets of X, and let Bl""’Bm
be h-subsets of X, such that Ai n Bj # @ iff 1 # j; then m < (h;k). This
result was generalized by T. Tarjdn - see KATONA [60].

ERDOS & RADO [34] proved that, given natural numbers c and k, there is
a number ¢c(k) such that if A is a collection of k-sets with ¢C(k) elements,
then A has a subcollection A' of cardinality c with the property: if A,Be A’
then A n B = nA’'. They conjectured that one can take ¢c(k) < (cc')k for a
certain absolute constant c'. SPENCER [74] proved an upper bound for ¢c(k)
of order about c‘.k! (cf. ERDGS [30]).

FRANKL [39] proved that if Ays..-,B  are k-subsets of X such that
’AinAjI # 1 then m < (E:g) if k 2 4 and n large enough with respect to k.
See FRANKL [41] for extensions.

2.7. Permutations

An analogue of the Erdds-Ko-Rado theorem, due to FRANKL & DEZA [42] is:

let T be a collection of permutations of X such that for all Ty Ty € i
there is at least one x € X such that ﬂlx = MyX; then ]H[ < (n-1)!. A general-

ization has been conjectured by Deza and Frankl: if for any two Ty Wz €Il
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there are at least t distinct elements KyrewerXy in X such that My X =X,
for i = 1,...,t, then |N]| < (n-t)!.

In a way similar to Katona's method using t-designs mentioned above, one
can derive this bound for t = 2 from the existence of a collection P of
permutations of X such that for all distinct xl,x2 € X and for all distinct
yl,y2 ¢ X there is exactly one permutation p in P such that px1 = y1 and

PX, = ¥y The existence of such a collection P is easily seen to be equiv-

2
alent to the existence of a set of n-1 mutually orthogonal latin squares of
order n; so the conjecture is true, in case t = 2, for prime powers n. (See

also BANDT [1].)

In this section we have considered mainly intersection problems for
collections of sets with a fixed size. For a more extensive survey of (also
more general) intersection problems and results we refer to ERDOS & KLEITMAN
[32], xaToNA [60], GREENE & KLEITMAN [49], BOLLOBAS [14].

For a more general approach to intersection problems - see DEZA, ERDOS
& FRANKL [26]. Such problems can be handled with eigenvalue techniques within
the theory of association schemes (using Eberlein polynomials) -~ see DELSARTE
[24], SCHRIJVER [73], and Chapter 3.

Often one may replace expressions like "k-subsets of an n-set" by "k-
dimensional flats in an n-dimensional projective space”, and binomial coef-
ficients by Gaussian coefficients (cf. [47]), and so on, to obtain analogous

results - see DELSARTE [25], LOVASZ [64,67].
3. BARANYAI'S THEOREM AND EDGE COLOURING OF UNIFORM HYPERGRAPHS

3.1. Partitioning into partitions

Let X be a fixed n-set, In this section we consider partitions of Pk(x)
into classes of disjoint sets, and some generalizations. BARANYAI [3] showed

that the minimum possible number of classes in such a partition is equal to
n,, n
r(k)/LkJ]'

In the Introduction we saw already that proving this consists of showing that
this minimum can be achieved. Before going further into the general problem

we prove a special but nevertheless interesting case of Baranyai's theorem,
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namely the case when n is a multiple of k. Then the theorem becomes

THEOREM 1. (BARANYAI [3]) Let n be a multiple k. Then there exist (;:1)

partitions of X into k-sets such that each k-subset of X occurs in exactly

one of these partitions.

(This was proved for k = 3 by PELTESOHN [70] and for k = 4 by J.-C.
Bermond.) In order to prove Theorem 1 we prove a corollary of this theorem
which contains Theorem 1 as a special case. To this end let n = mk and
M = (E:i). Call an ordered m-tuple (Yl""'Ym) an m-partition of a set Y if
Yian = @ whenever i # j, and Y = UYi. (So the empty set may occur once or
more times in an m-partition.) Moreover we assume X = {1,...,n}.

Now suppose we have, as in Theorem 1, m-partitions I ,...,HM of X such

that each k-subset of X occurs in exactly one of these paititions as a class.
Let 0 < £< n. Then we have also m-partitions H',...,H& of {1,...,4} such
that, for t = 0,...,k, each t-subset of {1,...,2} occurs exactly (i:ﬁ) times
among these partitions. This can be seen by taking H% = (XlnX',...,anx')
where Hj = (xl,...,xm) and X' = {1,...,£}. So Theorem 2 is equivalent to

Theorem 1, since taking £ = n reduces Theorem 2 to Theorem 1.

THEOREM 2. Let n = mk, M = (E:i) and 0 < £< n. Then there are m-partitions
nl""'HM of {1,...,2} such that each t-subset of {1,...,4} occurs exactly
(::ﬁ) times among these partitions, for t = 0,...,k.

A basis for the proof of Theorem 2 is Ford & Fulkerson's integer flow

theorem (cf. Chapter 13).

INTEGER FLOW THEOREM. Let D = (V,A) be a directed graph, and let f:A - R

be a flow function (i.e., for each vertex v € V the sum of the values £ (a)
of arrows a with head v, is equal to the sum of the values f(a) of arrows
a with tail v). Then there exists a flow function g:A - Z such that for

each arrow a we have: g(a) = |£(a) | or g(a) = rf(a)].

PROOF OF THEOREM 2. We proceed by induction on £. For £ = 0 the theorem is

trivial; we can take H1 = ... = HM = (@#,...,0). Suppose we have proved the

theorem for some fixed £ < n. Let Myreas, T, be partitions of {1,...,4} such
-£

that, for t = 0,...,k, each t-subset of {1,...,£} occurs exactly (E_t)times

among these partitions. Make a directed graph with vertices: S, T (two new
objects), the partitions M,,...,I,, and all subsets of {1,...,2} with car-

dinality k or less. There are arrows from S to any partition Hj’ from any
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subset of {1,...,£} to T, and from T to S. Furthermore there is an arrow

from I, to subset X' iff X' occurs in Hj as a class.
J

—
HM
M
§
Now let f:A - IR be given by:
1, if a = (S,l'[j) for some j;
(i:ﬁ:i , if a = (X',T) for some X'<{1,...,£} with |X'| = t;
(1) fla) = <M, if a = (T,8);
oy if a (nj,x ) and |X I t ;
)\——k—- , 1if a= (I.,¥) and @ occurs X times in 1. .
n-£ j j

It is straightforward to check that f is a flow function. By the integer
flow theorem there is an integer-valued flow function g and A such that g
coincides with f on the arrows given in the first three lines of (1).
Furthermore for the two remaining possibilities for a we have 0< f(a) < 1
since the total amount of flow on arrows with tail ]'[j is equal to 1. Hence
we can take g(a) to be 0 or 1 on those arrows.

So for each j = 1,...,M there is a unique X' in Hj such that g(1.,X') = 1L
Now let H]! arise from Hj by replacing this unique X' by X'U{£+1} (for

j=1,...,M). Then Hi,...,Hb'd are m-partitions of {1,...,2+1} such that each
£

t-subset of {1,...,£+1} occurs exactly (n}—{
(for £ = 0,...,k}. 0

-1 .
€ ) times among these partitions
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3.2. Colourings

Let H = (X,E) be a hypergraph with vertex set X and edge set E. A
(vertex) p-colouring of H is a partition C = {c;!i <p} of X into p (possibly
empty) subsets ('colours'). We consider four successively stronger require-

ments on the colouring.

(1) C is called proper if no edge containing more than one point is mono-
chromatic, i.e. E ¢ E and }E[ > 1 imply E¢ C; for all i =1,...,p.

(ii) C is called good if each edge E has as many colours as it can possibly
have, i.e., |[{i|E n c, # g}| = min(|E|, P).

(1ii) C is called fair or equitable if on each edge E the colours are rep-

resented as fairly as possible, i.e.,
| IEl
s macls BN gori= 1,

(iv) C is called strong if on each edge E all colours are different i.e.,

|E n c;l <1 fori=1,...,p.

(This is just the special case of a good or fair colouring with p colours
when p 2= max{|E| lE € E}.) Instead of asking for an equal partition over

the edges one may ask for an equal partition of colours over the points:

(v) A proper colouring is called equipartite if for i = 1,...,p we have

1x1 B
—| < |C.| £ |—/—].
N
Dually one defines a (proper, good, fair, strong, equipartite) edge p-

colouring of H as such a p-colouring of H* = (E,X), the dual of H (where

X € X is identified with Ex ={E ¢ Elx ¢ E}).

EXAMPLE 0. For p 2 |XI the partition of X into singletons is an equipartite
and strong p-colouring. Hence any H has a proper, good, fair, strong and

equipartite p-colouring for some p.

In the case of proper or strong colourings the only interesting question

is to ask for the minimum number of colours needed (which number is usually
called x(H) resp. Y(H) in case of vertex-colourings and ?(H) resp. g(H) in
case of edge-colourings) since here adding unused colours does not change
the property. In the case of good, fair or equipartite colourings we really

want to know for which p such a colouring exists.
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EXAMPLE 1. Let H = (X,E) be a simple (undirected) graph (i.e. E c PZ(X))'
By VIZING's theorem [80] if

p 2 max &(x) + 1
xeX
then H has a good (hence fair & strong) edge p-colouring. By GUPTA's
theorem [50,51] if

p S max 6(x) - 1
xeX
then H has a good edge p-colouring (but not necessarily a fair one, and
certainly no strong one).

[Here (and below) 6(x) = |Ex] = |{x|x ¢ E ¢ E}|.]

EXERCISE 1. Determine the minimal p for which there exists a proper edge

k

p-colouring of Kﬁ. [Kn = (X,Pk(x)) where |X| = n.]

EXERCISE 2. Verify that the complete graph K7(=K3) has a fair edge p-
colouring unless p = 2 or 6, a good edge p-colouring unless p = 6 and an

equipartite edge p-colouring unless p = 1.

EXERCISE 3. (FOURNIER [35]) Let H = (X,E) be a graph. Then H has a good

edge 2-colouring iff no component of H is an odd cycle.

3.3. Baranyai's theorem

Let IX] = n. The hypergraph H = (x,Pk(x)) is called the complete k-
uniform hypergraph, written KE. In this case BARANYAI [3] provided a com-

plete solution for the edge-colouring problems by proving

THEOREM 3. Let H = Ki and write N = (n), the number of edges of H. Then

k

(1) H has a good edge p-colouring iff it is not the case that

N/ gl <p </ |7,
i.e. iff

N n N,

o< Ll or D207

(ii) H has a fair edge p-colouring iff
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A py N rAyn
[Lka “p‘l_rp]kJ

where A = %?-is the degree (valency) of each point.
(iii) q(8) = [n/ [%J 1.

Note that (iii) generalizes Theorem 1. For the moment we restrict ourselves

to proving necessity.

PROOF OF NECESSITY. This part of the proof will be valid for any regular

k-uniform hypergraph on n points with N edges. Let C be any edge p-colouring

of H and define for x € X
c(x) := l{i]Ex nc; # g,

the number of colours found at point x.

(1) p < N/Lﬁj, i.e., L%J < §~means that there exist two non-disjoint
edges with the same col;ur i.e., c(x) < §(x) = A for some x.
p > N/ [ﬁi, i.e., [Eﬂ > g-means that not evexry c¢olour occurs at
each point, i.e., c(x) < p for some x.
But for a good edge p-colouring we have Vx: c(x) = min(S§(x),p).

(ii) By definition of a fair edge colouring we have for each i

SEECAENCE

and hence
g 1< el s 115y

Averaging over i we find the stated condition.

(i) q(H) 2 [n/ L%J] immediately follows from (i). [

REMARK. (i) and (iii) can be formulated more generally as follows.
For a regular hypergraph H = (X,E) let v(H) be the maximum cardinality
of a set of pairwise disjoint edges in H, and let p (H) be the minimum

cardinality of a set of edges covering all vertices.

(i) can be stated as: if

V(H) <

Bl .y,
p
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then H does not have a good edge p-colouring.

(iii) can be stated as:

E
a(H) = [vl(nl) E

Concerning the sufficiency half of Theorem 3 we shall in fact prove
slightly more, since we need it later. Let s be a positive integer, and
H = (X,E) be a hypergraph. Then define sH = (X,sf) to be the hypergraph with
the same vertices as H, but with each edge from H taken with multiplicity
s. Obviously v(sH) = v(H) and p(sH) = p(H). A colouring of sH with p colours
is sometimes called a fractional colouring of H with q = % colours. We show

here that sz has a good or fair edge p-colouring iff p satisfies the con-
n
n
k).
A hypergraph (X,E) is called almost regular if for all x,y ¢ X we

ditions (i) resp. (ii), where now N = s(

have |8(x)-8(y)| € 1. Now we have

THEOREM 4. (BARANYAI [3]) Let ajreeesay be natural numbers such that

zt 1 a.=N:=(Z)s. Then the edges of SKE can be partitioned in almost regular
i= i ;
hypergraphs (X,Ej) such that ]Ejl =2y (1< 3<¢t).

It is easily verified that Theorem 3 follows from Theorem 4:
(1) If pc< N/f;—:—] then use Theorem 4 with s = 1, t = p and
= = =[2 = N-(t-1)[2

a = ... nat_l [k], a, = N-(e-1)[2].

If p> N/I-EJ then use Theorem 4 with t

N-(t-1) [%J.

(/1211 ana

i}

n
ap ==y = gloag
This also proves (iii).

A
41
, t

In

(i1) Write £, = rlAJ %] and £, |- 1f pfy S N < pEy

0
then use Theo]éem 4 with s =

N
panda1 ..,_ag-LPJ.,_l

- ——
nows

i}

N N
and ag+1 =...=a = LEJ where g = N - p I-p-l

Vi fo < a; < f1 guarantees that we get a fair colouring.

Theorem 4 will be proved in subsection 3.6 as a consequence of much more

general theorems.

3.4. Normal, balanced and unimodular hypergraphs

The results mentioned in this subsection are treated more extensively
in Chapter 13.
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DEFINITION. A hypergraph H = (X,E) is called balanced if for any odd cycle

/B, s.-.,E = a

agrEpra 2p'a2p+1 0

o' o""171

(where ajra € Ei € E (0 £ i< 2p)) there is an i (0 < i < 2p) such that
Ei contains at least three vertices of the cycle.
Note that for graphs balanced means the same as bipartite (no odd

circuits).
EXAMPLE 2. X = R, E = {E ¢ R|E connected} yields a balanced hypergraph.
PROPOSITION 1. The dual of a balanced hypergraph is balanced. 0

PROPOSITION 2. H = (X,E) is balanced iff for each A < X the subhypergraph

HA = (A,{E nA| E € E}) has X(HA) < 2.

PROOF. (if) Obvious from the definitions. (only if) Induction on |X|.
Let (X,E) be a balanced hypergraph, and let G = E n Pz(x). Let a € X he a

non-cut point of the bipartite graph (X,G). H is balanced, hence by

x\{a}
induction it has a proper bicolouring: X\{a} = C,+C,. Since (X,6) is bi-
partite and a is not a cut point all neighbours of a in this graph have the
same colour, say C,. But then X = C, + (02 u {a}) is a proper bicolouring

of (x,E). O

THEOREM 15. (BERGE [9]) Let H = (X,E) be balanced. Then H has a good vertex

p-colouring for each p.

PROOF. Let C = {Cili < p} be a best possible vertex p-colouring, i.e., one
with maximal ZEEEC(E) (where c(E) is the number of colours of edge E).
If C is not good then for some E € E we have c(E) < min([E!,p).

Since c(E) < |E| there is a colour i with ICi nEel 2 2.

Since ¢(E) < p there is a colour j with lcj n E|l = 0.

Since H is balanced H has a good 2-colouring (C,uC.) = C! + C!.
C;UCy i 7y i 3j

Replacing Ci and Cj by Ci and Cﬁ we obtain a colouring with larger value

of zEeEc(E)' Contradiction. [
COROLLARY. Let H be balanced. Then H has an edge p-colouring for each p.
COROLLARY. Let H be balanced. Then

Y(H) = max |E],
Eet
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q(H) = max §(x),
xeX

H has min |E| disjoint transversals,
EeE

H has min §(x) disjoint point covers.
xeX
DEFINITION. A hypergraph H = (X,E) is called normal if for each partial
hypergraph H' = (X,E') of H [i.e. E' ¢ E] we have q(H') = A(H') [where
A(H) denotes the maximal degree of a hypergraph H: A(H) = x}r(lg(c §(x)].
By the second line of the second corollary a balanced hypergraph is normal.

PROPOSITION 3. (LOVASZ [63]) Let H = (X,E) be normal and E ¢ E. Then

B' = (X,E+{E}) is normal too. That is, increasing the multiplicity of edges

leaves a normal hypergraph normal.

THEOREM 4. (LOVASZ [63]) H = (X,E) is normal iff for each partial hypergraph
H' we have v(H') = T(H'"). [Where v (H) is the maximum cardinality of a set of
pairwise disjoint edges and T(H) is the minimum cardinality of a transversal

(set of points meeting every edge).]

COROLLARY. (BERGE & LAS VERGNAS [12]) Let H = (X,E) be balanced. Then
V(H) = T(H).

COROLLARY. H = (X,E) is balanced iff for all H' = (X',E') with X' < X,
E' < {E n X'|E € E} we have v(H') = T(H') (or: y(H') = maEIlE!; or:
Ee
q(H') = max 6'(x); or: H' has min |E] disjoint transversals; or: H' has
x€X EEE’

mi§(1 8'(x) disjoint point covers).
Xe€

DEFINITION. A hypergraph H = (X,E) is called unimodular if its incidence
matrix is totally unimodular (i.e. each square submatrix has determinant

0 or *1).

THEOREM 7. (GHOUILA-HOURI [46]) H is unimodular iff for each A € X the sub-

hypergraph HA has a fair vertex 2-colouring.
COROLLARY. A unimodular hypergraph is balanced.

Note that for (multi)graphs unimodular is equivalent to bipartite. If
a hypergraph is unimodular, then so is its dual and any partial sub-hyper-
graph.
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THEOREM 8. (BERGE [9]) Let H = (X,E) be unimodular. Then H has a fair vertex

p-colouring for each p.
PROOF. Similar to the analogous one in the balanced case. a

3.5. The r-partite case

Let X be partitioned into r subsets: X = 2§=1 X,, and let n = 1x1,

n, = [Xil. The hypergraph H = (X,E) with € = {E ¢ Pk<x){vi: IE n Xi| <1}

is called a complete r—partite k-uniform hypergraph, written Kn1 n”
7ty
When n,=...=n =mn then H is written KtXm' Here the problems are not

yet solved, but the following is known.

- For Ktxm BARANYAI [4] proved the analogue of Theorem 1 and Theorem 3.

k
The results are exactly the same when we read there n = mr, N = (;)m ,
r-1 k-1
A = (j—l)m .
- For k = r BERGE [10] showed that Ki a has the edge-colouring prop-
1 re-erily
erty (ECP), that is q(H) = mgﬁ §(x).
X —
In this case, when n, 2 n_ 2 ... 2 n_ this means that g(H) = HF ! n,.
1 2 - r i=1 i
Then MEYER [68] showed that Knl L, has a good p-colouring for any
ree s pily
p =2 1 (explicitly constructing one).
- Finally BARANYAI & BROUWER [6] showed that K; ., has a fair
1re-eefy
p-colouring for any p 2 1 as a corollary of the theory in the previous
sections and the fact that the 1xr matrix (11...1) is totally uni-
modular:
The arguments proving this run along the following lines. Let R = {1,2,...,r}
and let a hypergraph H= (R,E) be given. Define H(nl,...,nr) = (X,E(nl,...,nr))
r
where X = Zi=1 X;omy o= IXil and

E(nl,...,nr)={EeP(X)|Vi: lxinE[ <1 & {i||Xi neEl #0} e E}.

Define Ho(n .,nr) to be the hypergraph with vertices R and edges E but

170"

each edge E ¢ E with multiplicity nieE n,; .

With this notation we have for H = K that H(n,,...,n ) = Kk .
r 1 r nl,...,nr
THEOREM 9. If Ho(nl,...,nr) has a fair edge p-colouring then H(nl""'nr)

has one too.

COROLLARY. If H is unimodular then H(nl,...,nr) has a fair p-colouring for
any p 2 1.
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COROLLARY. If H has a fair edge p-colouring and nieE n, does not depend on

E (e.g. when n, = ... =n, and H is k-uniform) then H(nl,...,nr) has a fair

edge p-colouring.

k
Hence all above mentioned results on Kn n follow from Theorem 9
gre--sOp

(and Theorem 3).

2
EXERCISE 4. (Brouwer.) Show that q(Kp g ) = p+tq+e when p 2 g 2 r and € = 0
14 ’

r
unless p=g=r =1 (mod 2) or p - 1 g=1r =0 (mod 2) in which case

e = 1.
3.5. Parallelisms

A parallelism or l-factorization of a hypergraph H = (X,E) is a parti-
tion E = zg_l Fi where each Fi is a parallel class or l-factor, that is, a
partition of X. In other words, a parallelism of H is a strong edge-colour-

ing of H with §(H) colours.

REMARK. Let w(H) be the maximum cardinality of a set of pairwise inter-
secting edges (clique) in H. Obviously A(H) < w(H) < q(H) for any H.
V. Chvatal conjectured that if H is hereditary, i.e. if E' ¢ E c E implies

E' € E, then A(H) = w(H), i.e. some maximum clique is a star.

Concerning the edge-colouring property for hereditary hypergraphs
we have:
Ak

THEOREM 10. (BROUWER & TIJDEMAN [18]) Let H = K= = (X,P<
n <

|X| = n. Then H has the edge-colouring property (and hence a fair p-colour-—
ing for any p) iff

k(X)) where

. An-k-1
(1) n< 2k and Kn has the edge-colouring property,

or

(ii) n > 2k and

either n =0 (mod k) and n 2 k (k-2)
or n -1 (mdk) and n 2 bk (k=-2)-1.

Ak
When Kn does not have the edge~colouring property not much is known.

J.-C. Bermond proved for k = 3 and n = 1 (mod 3), n =2 7 that

83y _ A 03 n-4
a®) = ) + [2].



UNIFORM HYPERGRAPHS 61
BERGE & JOHNSON [11] showed that for k = 4 and n -~ 9 that

if n 1 (mod 4) then q(ﬁ:)

. -
- A(ﬁ4) N [n(n J)] )
9
if n £ 2 (mod 4) then q(Q4) = A(Q4) + [Eiﬂ:ll]
n n 6
A
They also showed that Kr has the edge-colouring property.

N{s--»,0

When parallelisms e#&gt welgay study them as geometrical objects, or look
for parallelisms with special properties (cf. CAMERON [19]). Let {Fi]i < g}
be a fixed parallelism on (X,E). We say that Y is a subspace of X when Y ¢X
and for each i the collection {F|F - Fj and F ¢ Y} is either empty or a
partition of Y. In this case the non-empty ones amonq these collections form
a parallelism on (Y,EY) where EY = {E|E ¢ £ and E ¢ Y}. (In geometrical terms:
Y is a subspace of X when for y « Y and E < Y the unique line F containing vy
and parallel to E is contained entirely within Y.)

Now let (X,E) = KE. By Theorem 1 a parallelism exists iff kln. Let Y
be a proper subspace, and |Y| = m. CAMEEON [ 191 showed that m - 4n (since
the (E:l) colours used to colour pk(Y) colour Q:ﬂ.(::;) k-subsets of X.Y,
so that Eig'(::i)" (n;m), hence (::i) : (“;T;l) and consequently m - n-m) .
Conversely it seoms to be true that ?]Y!" %X! and !x! ‘Y} 0 (mod k)
suffices to guarantec the existence of a parallelism on (the k-subsets of)
X with subspace Y. BARANYAT & BROUWER | 6! proved this for k © 3 and for
arbitrary k, when n - mk or m{n. In case m!n there even exists a parallelism
on X with % disjoint subspaces of size m.
EXERCISE 5. (WILSON [811]) Show that for k 2 the existence of a parallelism
on Kn with a subparallelism on Km for n - 2m is equivalent to the fact (proved
by CRUSE [221) that any symmetyic Latin square of order m can be embedded in
a symmetric Latin square of order n iff n - Zm.
EXAMPLE. An interesting example of o parallelism on 24 points io obtained
from the Steiner system S(5,8,24). Take (s parallel classes all partitions
of the 24 points into 6 4-uets with the property that the union of any two

D

of the 4-sets is a block in the Steiner system. There are (',’/9 such part i-

tions, and they torm a parallelism. Each block of the Steiner system s oa

subspace of this parallelism.
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3.6. Baranyai's method

Baranyai (see BARANYAI [37,[4],[5] and BROUWER [16]) proved a large
number of very general theorems (sometimes so general as to be almost un-
intelligible) all to the effect that if certain matrices exist then hyper-
graphs exist of which the valency pattern and cardinalities are described
by those matrices. An example is
THEOREM 11. Let ]Xl =n, H= (X,E) where E = Zi=lpk-(x) (the ki not necessari-
ly different). Let A = (ai_) be an sxt-matrix with ;onnegative integral en-

tries such that for its row sums ZF

a,. = (n) holds. (For k < 0O or k > n
j=1"1ij ki

n
we read (k) = 0.)

Then there exist hypergraphs Hij = (X’Eij) such that

(1) lEijl = a4
(1) P (x) = §=1Eij (1<is< s),
(iii) (x,ZizlEij) is almost reqular (1< 3< t).
Note that for k1 = ... = ks = k this implies Theorem 4. If £ is an in-

teger, let £ ~ d (and d ~ £) denote that either £ = lda] or £ = [a] holds.

We first give some lemmas.

LEMMA 1. For integral A we have
A a-[a/ A a-la/
By - alaely g g2y o pacle/aly

Lemma 1 is an easy exercise in calculus.

IEMMA 2. Let H = (X,E) and a € X. Then H is almost regular iff HX\{a} is

almost regular and & (a) ~ % ) |E].

‘E<F

This can be proved by using Lemma 1.

LEMMA 3. Let (Eij) be a matrix with real entries. Then there exists a

matrix (eij) with Integral entries such that

(1) €5 ~ €1y for all i,j,
(ii) Zi eij ~ Eij for all j,

L
)

(iii) Zj eyy ™1y &gy forall i,
i r : Ry ~ . : PR
(iv) lej elj 21,3 elj
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PROOF. This follows straightforwardly from Ford & Fulkerson's Integer flow
theorem (subsection 3.1). 7

PROOF OF THEOREM 11. By induction on n = |X|. If n = O the theorem is true.

The induction step consists of one application of Lemma 3. We may suppose

that for i < s we have 0 < ki < n. Let Eij = 7%_aij’ the average degree of

the hypergraph (X,Eij) we want to construct.

By Lemma 3 there exist nonnegative integers eij with jeij = %?_z),
n-1 1 i
(a,.~e,.) = and ).e .~ =) k.a,_..
zj( ij 13) (ki ) 21 ij n Zl 1a1]
Let a ¢ X and apply the induction hypothesis to X' = X\{a} with s' = 2s,
t' = t, k! = k,, k! =k, ~1 < ics ‘o= - . ' =
M i’ Ti+s i < is s, %35 T %15 T Gi5 a(i+s)j eij'

(That this is the proper thing to do is seen by reasoning backward:
when we have Eij and then remove the point a, Ei' is split up into the class
of edges that remain of size ki and the class of edges that have now size
ki—l. The latter class has cardinality Eij on the average.)

By the induction hypothesis we find hypergraphs Fij and Gij such that

|Fijl T &397%4y0 lGij‘ = S5y

ZjFij Pki(x), ZjGij = Pki_l(x),

+ i t lar.
Xi(Fij Gij) is almost regular

Defining E_, = F . u fGu{al| 6 ¢ G,.} we are done (using Lemma 2). 1
ij ij ij

SKETCH OF THE PROOF OF THEOREM 8.

(i) The 'only if' part rests on estimates of (sums of) binomial coefficients.
E.g., if n > 3k and n # 0 or -1 (mod k) then a parallelism cannot exist

since each parallel class (colour) must contain at least one edge of

n n-1
size at most k-2 but zjsk-Z(i) < (k—l)' so that there are not enough

small sets.

n-1
(ii) The 'if' part follows from Theorem 11: Let A = Zisk(i-l) be the degree

of ﬁk. If there exists a A x k-matrix D such that
1
(i) D has nonnegative integral entries,

(ii) zk for all i< A,

5=1%137 ~

n
A n .
(iii) zi:ldij = <j) for all j < k,
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then ﬁk has a parallelism (the proof is an exercise). It turns out that
n
in all cases a suitable matrix D can be found (or at least it can be

proved to exist). [J

A more general multipartite version (see BROUWER [16] for the regular
case, BARANYAI [5] for the almost regular case) is:

THEOREM 12. Let nl,...,nr be positive integers, and let K = (ktj)tSr,jSS be

a matrix of integers, where O < ktj <n (t < r). Let Q = {Ql,...,QD} be a

partition of {1,2,...,s}, and suppose that

#3153 € Gy yrkygrnerkyg) = (kpukpoeen sk )} < T (ki)

for all i < p and all integer vectors (kl,kz,...,kr).

Then there exist (0,1)-matrices (etjﬂ) for t £ r such that

1< <
n_ j_s,ﬂ_nt
(i) z£=1etjﬂ = ktj for all t,j,

(ii) the vectors (etjﬂ) are different for j ¢ Qi'

<r A<
t<r, L n,

(1ii) the matrices (etjl)KSgt,sz are almost regular for all t,

, s h . o<
that is, I2j=1etj£ zj=1etj£'| <1 for £,8' < n, -

Even more generally, for each t let Ft be a forest (or laminar) hyper-
graph on the set {1,2,...,s} (i.e. a hypergraph such any two of its edges
are disjoint or comparable). Then we may also require that all matrices
(etjﬂ)KSnt,jeF are almost regular, for all F ¢ Ft' t <r.

The proof is similar to that of Theorem 11 (use induction on r). The
results about the existence of parallelism with subspaces of a given size

follow as corollaries of this theorem.
4. PARTITIONING INTO INTERSECTING FAMILIES

Let n and k be natural numbers such that n = 2k, and let X be an n-set.
Call a subset A of Pk(X) a clique if any two elements of A intersect. This
section is concerned with the question of determining the minimal number of
cligues needed to cover Pk(x), and with related questions.

As stated in the Introduction to this chapter, the minimal number of
cligues needed to cover Pk(X) must be at least [n/k] and at most n-2k+2.
KNESER's conjecture [62] is that n-2k+2 indeed is the minimal number. This

problem can be visualized by considering the Kneser-graph K(n,k) (cf. the
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Introduction): Kneser conjectured that the chromatic number y(K(n,k)) of
K(n,k) is equal to n-2k+2.

For k = 1 or 2, Kneser's conjecture is easy to prove; GAREY & JOHNSON
[44] proved the conjecture for k = 3. In 1977 LOVASZ [65] was able to prove
Kneser's conjecture for general k, using algebraic topology and Borsuk's
antipodal theorem; also in 1977 BARANY [2] showed that Kneser's conjecture
immediately follows from Borsuk's theorem and a theorem of Gale from 1956.
Below we give Barédny's proof. First we give the two ingredients of the proof.

Let Sd be the d-dimensional sphere, i.e. Sd = {x € Rd+1

[Txl = 1}.
Borsuk's antipodal theorem [15] says that if Sd is covered with d+1 closed
subsets, then one of these subsets contains two antipodal points (for a
proof see DUGUNDJI [27]). Simple topological arguments show that in Borsuk's
theorem we may replace “"closed" by "open". [Borsuk's theorem is also equiv-
alent to the assertion that for each € > 0, the chromatic number of the
Borsuk-graph B(d,e) is at least d+2, where the Borsuk-graph B(d,e) has
vertex-set Sd, two vertices being adjacent. iff their euclidean distance
is at least 2-¢ (in fact y(B(d,e)) = d+2 if ¢ is small enough).]

GALE's theorem [43] states that one can choose 2k+d points on Sd such
that each open hemisphere contains at least k of these points. PETTY [71]

(cf. SCHRIJVER [72]) found that one can tate these points to be

d
wl""’w2k+d € S, where
v
i i 0 .1 .d d+1
w, = igif' and v, = (-0 (i ,i,...,i) € R ,
i

for i = 1,2,3,... (The proof consists of showing that for each non-zero
real polynomial p(x) of degree at most d there exist n distinct natural
numbers i between 1 and 2k+d such that (—1)lp(i) > 0, which is not hard.)

We now prove Lovdsz's Kneser-theorem with Bardny's method.

THEOREM 1. (LOVASZ [65]) The minimal number of clique needed to cover Pk(x)
is equal to n-2k+2.

PROOF. Let d = n-2k. Suppose we could divide Pk(X) into n-2k+1 = d+1 cliques,

say Al""’A . We may assume that X is embedded in Sd so that any open

da+1
hemisphere of S  contains at least k points of X (Gale's theorem). Define

the open subsets Ul""'U of Sd by

d+1

Ui = {x ¢ Sd the open hemisphere with centre x contains a k-

subset of X which is an element of A;l.
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da
So$ =U, U...uU Ud+1

contains two antipodal points. But these antipodal points are the centres

and hence by Borsuk's theorem one of the sets, say Ui’

of disjoint open hemispheres, each containing a k-subset in Ai' These k-sets

are necessarily disjoint, contradicting the fact that Ai is a clique. 0

Using Bardny's method SCHRIJVER [72] showed that the set of all stable
k-subsets of a circuit with n vertices (a subset is stable if it contains
no two neighbours) constitutes a minimal subcollection of Pk(x) which cannot
be divided into n-2k+1 cliques (identifying X with the set of vertices of
the circuit); in other words, the subgraph of K(n,k) induced by the stable

subsets is (n-2k+2)-vertex-critical.

An interesting extension of Kneser's conjecture was raised by STAHL
[75]. Define for each graph G and for each natural number £ the £-chromatic
number YK(G) by

Y£<G) is the minimal number of colours needed to give each vertex

of G £ colours such that nc colour occurs at two adjacent vertices.

Otherwise stated, YZ(G) is the minimal number of stable subsets of the vertex
set of G such that each vertex occurs in at least £ of them.

First observe that YK(G) < n if and only if
G + K(n,4),
where the (ad hoc) notation G + H stands for: there is a function ¢ from
the vertex set V(G) of G into the vertex set V(H) of H such that if v and w
are adjacent vertices of G then ¢(v) and ¢(w) are adjacent in H (in particu-
lar, ¢(v) # ¢(w)).
Stahl showed that
K(n,k) - K(n-2,k-1),
for each n and k, from which it follows that for any graph G

(1) T (@ = v, _ (@ + 2.

(Stahl showed K(n,k) - K(n-2,k-1) as follows. Assume K(n,k) (K(n-2,k-1),

respectively) has vertices all k-subsets ((k-1)-subsets, respectively) of
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{1,...,n} ({1,...,n-2}, respectively). Now define
¢@) = {i e {1,...,n-2} j ¢ A& for all § = i+1,...,n, or
i1 €A and j e A for some § > i},
for all k-subsets A of {1,...,n}. Then ¢ has the required properties.)
Since y (K(n,k)) = n-2k+2 (Kneser's conjecture) and Yk(K(n k) = n (s:.nce,
by the Erdos Ko-Rado theorem, each colour class contains at most ( ) ver-

tices), it follows from (1) that, for 1 < £ < k

v (K(n,k)) = n-2k+24.
STAHL [75] conjectures that, in general,
_rk
(2) Yp(K(n,k)) =[] (m-2k) + 22,

Again by using the Erdds-Ko-Rado theorem one can prove the validity of (2)
if £ is a multiple of k. By (1) the right hand side of (2) is an upper bound
for Yz(K(n,k)). Also by (1) it is sufficient to show (2) for £ = 1 (mod k).

Stahl proved (2) in case n = 2k or n = 2k+1 (cf. also GELLER & STAHL
[451) ; moreover GAREY & JOHNSON [44] proved (2) for k = 3, £ = 4.

Some asymptotic results were also obtained. Stahl showed that if £ is
large with respect to n and k then Y£+k(K(n'k)) =n + yﬂ(K(n,k)), so for
fixed n and k we have to prove (2) for only a finite number of L. CHVf\TI-\L,
GAREY & JOHNSON [21] showed (using Hilton and Milner's result of subsection
2.2) that if n is large with respect to k then Yk+1(K(n,k)) =Yk+1(K(n—1,k))+2
so for fixed k and £ = k+1 it is sufficient to prove (2) for only a finite

number of n.
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