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Graph Parameters and Reflection Positivity 

Alexander Schrijver 

(joint work with Michael H. Freedman and Laszlo Lovasz [l]) 

We characterize which real-valued (undirected) graph parameters are of the 
following type, where His a graph and a: V H _, lR+ and /3: EH_, ffi'.: 

J H,a,{3(G) := ( II a.p(vj)( II /3q,(u).P(v))· (1) 
,,,vo-vH vEVG 
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Here <P: VG_, VH is a homomorphism if <P(u)<P(v) E EH for all uv EEC. (So if 
<P(u) = <P(v), then H has a loop at <P(u).) To reduce technicalities, it has turned 
out to be convenient to assume that G has no loops but may have multiple edges, 
while H has no multiple edges but may have loops. 

Several graph parameters are indeed of this type. A first example of such a 
parameter is f(G) :=the number of k-vertex-colourings of G (for some fixed k). 
Then we can take H = Kk (the complete loopless graph on k vertices), and a and 
/3 the all-one functions on VG and EG respectively. More generally, by taking 
any graph H and a = 1 and /3 = 1, f(G) counts the number of homomorphism 
of G into H. By taking H to be a two-vertex graph with one edge connecting the 
two vertices and a loop at one of the two vertices, f ( G) then counts the number 
of stable sets of G. 

Other examples are given by the partition functions of several models in sta
tistical mechanics. Then H can be taken to be a complete graph with all loops 
attached, and V H is interpreted as the set of states certain elements of a system 
G can adopt. The function f3 : EH _, lR describes the energy of the interaction 
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of two neighbouring states, while a : V H ___, lR+ can be the external energy of the 
different states, or, alternatively, if L:vEV H av = 1, av may be the probability that 
an element is in state v. Then any function <P : VG -+ V H is a configuration of 
system G, and f H,a,13(G) is the total or average energy of the system. (A different 
interpretation of this model is in economics, where (3 gives the profit or cost of 
certain interactions, and fH,cx,/3 gives the expected profit or cost.) 

It will follow from our theorem (but also a direct construction based on charac
ters can be made) that also the following graph parameters are of the type above. 
Let r be a finite abelian group and let S be a subset of r with -S = S (i.e., 
-s E S ifs E S). For any graph G, fix an arbitrary orientation. Call a function 
x : EG -+ r an S-fiow if all values of x are in S and x satisfies the flow conserva
tion law at each vertex v of G: the inflow is equal to the outflow. Let f ( G) be the 
number of S-fl.ows. (Since -S = S, this number is independent of the orientation 
chosen.) A well-known example is when r is the cyclic group with k elements and 
S = r \ {O}. Then an S-fl.ow corresponds to a nowhere-zero k-flow, and Tutte's 
nowhere-zero 5-flow conjecture says that f (G) > 0 if k = 5 and G has no bridges. 
(It can be shown that for the case of nowhere-zero k-fl.ows, we can take for H the 
complete graph on k vertices with all loops attached, and set a( v) = 1 / k for each 
v E VH, f3(e) = k -1 for each nonloop edge e of H, and f3(e) = -1 for each loop 
e of H.) 

The question of characterizing the graph parameters of form (1) is motivated, 
among others, by the question of the physical realizability of certain graph param
eters. It turns out that two conditions on certain matrices derived from the graph 
parameter are necessary and sufficient: restricted (namely exponential) growth 
of the ranks and positive semidefiniteness - a condition that corresponds to the 
well-known reflection positivity in statistical mechanics. 

These matrices are described as follows. For any integer k ;::: 0, let Qk be the 
set of graphs in which k of the vertices are labeled 1, ... , k, while the remaining 
vertices are unlabeled. For G, G' E 9k, let GG' denote the graph obtained by first 
taking the disjoint sum of G and G', and next identifying equally labeled vertices. 
(So GG' has IVGI + IVG'I - k vertices.) For any graph parameter f, let Mt,k be 
the (infinite) gk x gk matrix whose entry in position G, G' is equal to f (GG'). 

Then for any graph parameter f (where Ko is the graph with no vertices and 
edges): 

Theorem 1 There exist H, a: VH ___, lR+ and (3: EH-+ lR such that f = fH,a,/3 
if and only if f (Ko) = 1 and there exists a c such that each Mt,k is positive 
semidefinite and has degree at most ck. 

Necessity can be shown rather straightforwardly. The method for proving 
sufficiency is based on considering each Qk as a semigroup (taking GG' above as 
multiplication), making the semigroup algebra over ~h, and taking the quotient 
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algebra over the null-space of Mf,k, thus obtaining a finite-dimensional Banach 
algebra, which has a basis of idempotents. The interaction of the idempotents 
between these algebras for different values of k gives us the combinatorics to find 
H and the functions a and f3. 

Extension of this method gives similar results for directed graph and hyper
graph parameters, and more generally for any parameter for systems that have a 
certain semigroup structure. 
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Claw-free Graphs 

Paul Seymour 

(joint work with Maria Chudnovsky) 

A graph is claw-free if no induced subgraph is isomorphic to the complete 
bipartite graph K 1,3. We give a structural description of all claw-free graphs with 
the additional property that every vertex is in a 3-vertex stable set. 

One way to formulate our result is that, for every claw-free graph G, either G 
belongs to one of (about ten) well-understood basic classes of graphs, or G admits 
one of (about five) types of decomposition, or some vertex is not in a stable set 
of size 3. Having proved that, we can stand back and ask, what does this tell us 
about the "global structure" of G? And there is indeed a "structure theorem", 
but we are still working on its precise formulation, and for this abstract we confine 
ourselves to the decomposition theorem. 

First, here are a few kinds of claw-free graphs. 

• Line graphs. If His a graph, its line graph L(H) is the graph with vertex 
set E(H), in which distinct e, f E E(H) are adjacent if and only if they have 
a common end in H. 

• The icosahedron. This is the unique planar graph with twelve vertices all 
of degree five. 

• The Schlfilli graph. Let G be the graph with 27 vertices ai,j,k (1 :=:; i,j, k :=:; 
3), and with adjacency as follows. ai,j,k is adjacent to a;',j',k' if and only if 
either 


