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For any undirected graph G=(V, E) let A(G) be the largest d for which there
exists a d-dimensional subspace X of R* with the property that for each nonzero
xe X, the positive support of x induces a nonempty connected subgraph of G.
(Here the positive support of x is the set of vertices v with x(v) >0.) We show that
/{G) is monotone under taking minors and clique sums. Moreover, we show that
Z(G)<3 if and only if G has no K- or V¢-minor; that is, if and only if G arises
from planar graphs by taking clique sums and subgraphs. « 1995 Academic Press, Inc.

1. INTRODUCTION

In this paper we study a graph invariant A(G)eN, defined for any
undirected graph G=(V, E) as follows: A(G) is the largest d for which
there exists a d-dimensional subspace X of R” such that:

for each nonzero xe X, {supp,(x)) is a nonempty connected graph.
(1)

Here supp_(x) denotes the positive support of x; that is, the set {ve V|
x(r)>0}. Moreover, for any U=V, {(U) denotes the subgraph of G
induced by U; that is, the subgraph with vertex set U and edges all edges
of G contained in U. In this paper, all graphs are assumed to be simple.

Clearly, (1) implies that also the negative support supp_(x) of any
nonzero xeX induces a nonempty connected subgraph of G (where
supp _(x):={ve V| x(v)<0}).
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The function A(G) was motivated by the graph invariant u(G) intro-
duced by Colin de Verdiere [3] (cf. [4]), although we do not know a rela-
tion between the two numbers. (It might be that A(G)<u(G) holds for
each graph G.)

There is a direct equivalent characterization of A(G). Let G=(V, E) be
a graph and let de N. Call a function ¢: V' — R a valid representation if

for each halfspace H of R the set ¢ ~'(H) is nonempty
and induces a connected subgraph of G. (2)

In this paper, a subset H of R is called a halfspace if H={xeR“|cTx>0)
for some nonzero ce R*. Note that if ¢: ' — R is a valid representation,
then the vectors ¢(v) (ve V) span RY (since otherwise there would exist a
halfspace H with ¢ ~'(H)= ).

Now A(G) is equal to the largest d for which there is a valid representa-
tion ¢: ¥ — R This is easy to see. Suppose X is a d-dimensional subspace
of RY satisfying (1). Let x,,..,x, form a basis of X. Define ¢(v):=
(xy(v), ..., x4(v)) for each ve V. This gives a valid representation.

Conversely, let ¢: V- R be a valid representation. Define for any ce R?
the function x,e R” by: x (v) :=c¢” ¢(v) for ve V. Then X:={x,| ce R
satisfies (1).

It is easy to show that the function A(G) is monotone under taking
minors. (A minor of a graph arises by a series of deletions and contractions
of edges and deletions of isolated vertices, suppressing multiple edges and
loops.) That is:

THEOREM 1. If G’ is a minor of G then J(G')< AG).

Proof. 1f G’ arises from G by deleting an isolated vertex v,, the
inequality A(G') < A(G) is easy: if ¢: V(G') — R“ is a valid representation
for G' with d=A(G'), then defining ¢(v,) :=0 gives a valid representation
for G.

So we may assume that G' = (V”, E') arises from G = (V, E) by deleting
or contracting one edge e =uw. Let ¢': V' — R? be a valid representation
for G" with d=A(G"). If G’ arises from G by deleting e, then V= V", and
¢' is also a valid representation for G. Hence A(G)=d=MG").

If G' arises from G by contracting e, let v, be the vertex of G’ which
arised by contracting e. Define ¢(u) :=¢(w) :=¢'(v,), and define ¢(v):=
¢'(v) for all other vertices v of G. Then ¢ is a valid representation of G. |

Having Theorem 1, one can derive from the work of Robertson and
Seymour [8] that for each fixed n there is a finite class 4, of graphs such
that for any graph G: A(G)>n if and only if G contains a graph in ¥, as
a minor.
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We observe that trivially A(G) ==_(_) if and only if G has exactly one vertex.
So %, consists only of the graph X,.
For the complete graph one has:

THEOREM 2. A(K,)=n—1.

Proof. Let V be the vertex set of K. To see A(K,,) <n, suppose X is a
subspace of R” satisfying (1) of dimension n. Then X = R”, and hence the
function x(v)= —1 (ve V) belongs to X, contradicting (1).

On the other hand, A(K,) > n — 1, since the set X of functions x € R” with
S x(v)=0 satisfies (1). §

It is easy to see that if n = 3, each proper minor G’ of K, satisfies /(G ) <
n—2.So if n=3, K, belongs to ¢, ,. (This is not true for n=2, since the
graph G with two isolated vertices also satisties A(G)=1).

Theorem 2 gives that Hadwiger’s conjecture implies that p(G)<
AG)+1, where p(G) denotes the (vertex-)chromatic number of G. So by
the results of Appel and Haken [1], Appel, Haken, and Koch [2] (the
four-colour theorem), and Robertson, Seymour, and Thomas [11], the
inequality (G)<A(G)+1 holds if A(G)<4.

It is easy to see that if G' = ( V', E') arises from G'=(V, E) by deleting a
vertex u of G, then A(G) < A(G') + 1. Indeed, let X be a d-dimensional sub-
space of R satisfying (1), where d := A(G). Then X" :={xeR" | x(u) =0}
has dimension at least d — 1. Deleting coordinate u gives a subspace of R”
(satisfying (1) with respect to G’) of dimension at least d —1=A4(G) —1.

This implies that contracting or deleting any edge uw of G decreases
A(G) by at most 1, as the new graph contains as a subgraph the graph G'
obtained from G by deleting u.

Similarly to the chromatic number, also the function A(G) cannot be
increased by “clique sums”, as we shall see in Section 2. This directly gives
that A(G) <1 if and only if G has no K;-minor, that is, if and only if G is
a forest; and that A(G) <2 if and only if G has no K,-minor, that is, if and
only if G is a series-parallel graph.

Let Vg be the graph with vertices v,, .., vy, where v, and v; are adjacent
if and only if |i—j|e {1, 4, 7}. In Section 3 we show that A(G)<3 if and
only if G has no Ks- or V-minor; that is, if and only if G can be obtained
from planar graphs by taking clique sums and subgraphs. The kernel of the
proof here is to show that A(G) <3 for any planar graph G. Having this,
a fundamental decomposition theorem of Wagner [12] then implies the
full characterization.

Note that the inequality A(G) =3 is easy for 3-connected planar graphs:
in that case G can be represented as the vertices and edges of a full-dimen-
sional convex polytope in R?. We may assume that this polytope contains
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the origin in its interior. Then this embedding of V in R*® is a valid
representation.

More generally, if G is the l-skeleton of a d-dimensional convex
polytope, then A(G)>d. (The l-skeleton of a convex polytope P is the
graph made by the vertices and edges of P.) However, in general one can
have A(G)>d, since Gale [5] showed that for each n>=3, K, is the
1-skeleton of a 4-dimensional polytope.

In Section 4 we give a few observations concerning the class of graphs
G with A(G)<4.

Finally in Section 5 we study a related graph invariant x(G) for con-
nected graphs G =(V, E). This is the largest d for which there exists a func-
tion ¢: ¥ — RY such that ¢( V) affinely spans a full-dimensional affine space
and such that for each affine halfspace H the set ¢~ '(H) induces a con-
nected subgraph of G (possibly empty). (Here an affine halfspace is a sub-
set of R of the form {xeR| ¢"x >4} for some nonzero ¢ € R* and some
oeR.)

Again it is easy to show that x(G) is monotone under taking minors.
Moreover, one has k(G) < A(G). In Section 5 we show that x(G)<d if and
only if G does not have a K, ,-minor. So for this invariant the class of
forbidden minors is exactly known for each d.

2. CLIQUE SuMs

In this section we show that the function A(G) does not increase by
taking clique sums, and from this we derive characterizations of the classes
of graphs G satisfying A(G)<1 and A(G)<2.

We first give an auxiliary result. For any finite subset Z of R? let
cone(Z) denote the smallest nonempty convex cone containing Z; that is,
it is the intersection of all closed halfspaces {x e R“| ¢7x >0} containing Z.
(Thus cone() = {O} while cone(Z)=R? if there are no halfspaces
containing Z.)

THEOREM 3. Let ¢: V—>R?Y be a wvalid representation of a graph
G=(V,E)and let U< V. Assume that cone(¢(U)) is not a hyperplane in R*.
Then there is at most one component K of G — U for which the inclusion
A K) = cone(¢(U)) does not hold.

Proof. We may assume that cone(d(U)) # R Since cone(¢(U)) is not
a hyperplane in R, the set

C:={ceR’|c#0, c"¢(v) <0 for each ve U}, (3)
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is nonempty and topologically connected (as the polar cone Cu {0} of
cone(¢(U)) is not a line). For ceRY% let H, :={xeR|c"x>0}. Let
K,, .., K, be the components of G — U. Let C; be the set of vectors ce C for
which H, intersects ¢(K;). So if i#j then C;n C;= ), since if ce C then
¢~'(H.) is connected and is disjoint from U. As C,u --- uC,=C and
since each C, is an open subset of C, it follows that C;= (J for all but one
i. Hence ¢(K;) Scone(¢(U)) for all but one 7. J

Let G=(V, E) be a graph and let V| and V, be subsets of ¥ such that
K:=V,nV,is a clique in G and such that there is no edge connecting
V,\K and V,\K. Then G is called a cliqgue sum of the graphs G, :=<{ V>
and G, :={V>5).

TueoreM 4. If G is a clique sum of G| and G, then A(G)=max{A(G)),
MG,)} (except if G, and G, each consist of one vertex and G of two
nonadjacent vertices).

Proof. Since G, and G, are subgraphs of G, we have AG)>=
max{A(G,), A(G,)}. So it suffices to show that A(G)=A(G,) for some
i=1,2. Assume that A(G)>max{A(G,), A(G,)}. Let d:=AG), G=(V, E),
and G;=(V,, E) fori=1,2.

Let ¢: ¥ — R be a valid representation of G. As d> A(G,), ¢ | V, is not
a valid representation of G, for i=1 and i=2. Let K:=V,nV, and
t:=|K|. We may assume that we have chosen the counterexample so that
|K| is as small as possible.

Then ( V,\K> has a component L such that each vertex in K is adjacent
to at least one vertex in L. Otherwise G would be a repeated clique sum
of subgraphs of G, and G, with common clique being smaller than K. In
that case A(G) =max{A(G,), 4(G,)} would follow by the minimality of K.

So G, has a K, |-minor. So A(G,) >, and hence A(G)> ¢ =|K|. There-
fore, cone(@(K)) is not a hyperplane in R? (Here we use that it is not
the case that K= (J and d=1.) So by Theorem 3, we may assume that
#(V)) < cone(¢(K)).

As d> )(G,), there exists a halfspace H of R such that (¢ ""(H)nV,)
is empty or disconnected. If it is empty, then ¢(v)e H for some ve V' \K,
contradicting the facts that ¢(v) € cone(¢(K)) and that ¢(K) ~ H= J. So it
is disconnected. But then also ¢ '(H) would induce a disconnected
subgraph of G, as K is a clique. This is a contradiction. |

This theorem directly implies characterizations of those graphs G
satisfying A(G)< 1 and A(G) < 2.

CorOLLARY 4a. For any graph G, M(G)<1 if and only if G does not
have a Ks-minor; that is, if and only if G is a forest.
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Proof. If A(G)<1 then G has no K;-minor, as A(K;)=2.
Conversely, if G is a forest, then G arises by taking clique sums and suh_
graphs from the graph K,. As A(K,) =1, Theorem 4 gives the corollary. i

COROLLARY 4b. For any graph G, A(G)<2 if and only if G does no;
have any K minor; that is, if and only if G is a series-parallel graph.

Proof. If A(G)<2 then G has no K,-minor, as A(K,)=3.

Conversely, if G is a series-parallel graph, then G arises by taking clique
sums and subgraphs from the graph K;. As A(K5) =2, Theorem 4 gives the
corollary. | '

3. GRAPHS SATISFYING A(G) <3

We next give a characterization of those graphs G satisfying A(G) <3. To
this end we first show:

THEOREM 5. If G is planar then A(G)< 3.

Proof. Suppose G=(V, E) is a planar graph with A(G)>4. Choose G
such that | V| is minimal. Then G is 4-connected, since otherwise it would
be a subgraph of a clique sum of two smaller planar graphs, contradicting
by Theorem 4 the minimality of | V|. (In this paper, graph H is smaller than
graph G if H has fewer vertices than G.)

Let ¢: ¥ — R* be a valid representation. Let X < R" be the 4-dimensional
space corresponding to ¢; that is, X={x, | ce R*}, where x(v):=c"d(r)
forve V.

By the minimality of | V| we know that ¢(v) # O for each v e V (otherwise
we can delete v). So we may assume that ||¢p(v)| =1 for each ve V.

Assume that F has been chosen such that, fixing ¥ and ¢,

S (L(du), p(w)))? (4)

e=uweF
1s as small as possible. (Here / (x, y) denotes the angle between vectors x
and y.)
We assume that G is embedded on the 2-sphere S*. For any face f of G.

let V, be the set of vertices incident with f.
We observe:

for any face f, if u, we V, then ¢(u) # ¢(w). (3)

Otherwise, we could identify u and w, contradicting the minimality of | V1.
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Moreover:
if « and w are adjacent, then ¢(u) # + d(w). (6)

Indeed, if ¢(u) = p(w) we contradict (5). If ¢(u) = —@(w), we can delete the
edge uw without violating (2), contradicting the minimality of the sum (4).

Let L, be the linear space generated by ¢(V,). For i=1,..,4, let F,
denote the set of faces f'with dim L, =i Note that (6) implies that F=0.
We next have:

for any face f, if u, v, we V, and if u and v are adjacent,

then ¢(w) ¢ cone({¢(u), (v)}). (7)

Otherwise we could remove edge uv and add edges uw and vw (if they do
not already exist), thereby decreasing sum (4).
Next we show:

F,=0. (8)

Suppose fe F,. Let X, :={x|V, | xe X}. (Here x|V, denotes the restric-
tion of x to V,. As dlmL,_4 we have dim X, =4. Let X, :={yeX,|
Zeev Ve =0}. Then X} has dimension at least 3 and for each nonzero
ye X, one has supp,(y)# . So, as (V,) is a series-parallel graph
(indeed, a circuit), by Corollary 4b, X contains a vector y with supp , ()
having at least two components on V_,~. Let xe X satisfy y=x|V,, and let
ce R” be such that x.=x (that is, x,=cT¢(v) for each ve V).

Let U:=supp ,.(x). As ¢7¢(v) >0 tor each ve U, cone(¢(U)) is a pointed
cone. Now for each ve V\supp,(x) we have ¢“¢(v) <0. As ¢(v) #0, we
have that ¢(v)é¢cone(¢(U)) for each ve V\supp,(x). Therefore, by
Theorem 3, G —supp, (x) has only one component. As G is planar, this
contradicts the facts that supp , (y) has at least two components on ¥, and
that {supp,(x)) is connected. So we have proved (8).

Next we show:

Let /" and /" be two faces having an edge in common,
with dim L, =dim L,.. Then L, = L. (9)

If dim L, =2 the statement is trivial, so assume dim L, =3. Let e =uw be
the common edge of /' and f". Suppose L, # L,. Then we can select
v'e Vo and v" € V. such that ¢(u), ¢(w), ¢(v ), and ¢(v") form a basis of
R*. Hence there exists a c € R* such that ¢7¢(u) —0 cTh(w) =0, c7d(v') >0,
and ¢"¢(v")>0. Hence for x:=x,€X one has that x(u)=0, x(w)=0,
x{v')>0, and x(v")>0. Let G' be the subgraph of G induced by
V\supp ., (x). Since {supp.(x))> and {supp (x)) are connected, we may
assume that supp _(x) is not contained in the same component of G' —e
as u.
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Now there exists a y€ X such that y(u) <0 and y(w)=0. This follows
from the fact that ¢(u) # +¢(w). Then for small enough ¢ > 0, the function
z:=x+e¢ey has supp,(z)2supp,(x) and supp_(z)2supp_(x), while
uesupp_(z) and wé¢supp_(z). This contradicts the connectedness of
{supp_(z)). This proves (9).

This implies more strongly:

Let f' and f" be two faces having a vertex in common,
with dim L, =dim L,»=3. Then L, =L .. (10)

Let v be a common vertex of /' and f”. If all faces f incident with v have
dim L, =3, the statement directly follows from (9). So we may assume that
there is a face f incident with v with dim L,=2. Let « and w be the two
vertices in V, incident with v, chosen in such a way that u, w, f', f" occur
in this order cyclically around v. Assume L, # L,.. Then there exist vertices
v'eV, and v" € V. such that the vectors qﬁ(u); o(v), ¢(v'), and p(v") are
linearly independent. Hence there is a ceR* such that ¢"¢(u)>0,
cTp(v)=0, ¢TPp(v') >0, and cT¢(v") <0. Hence for x:=x,eX we have
x(u)>0, x(v)=0, x(v') >0, and x(v") <0.

We show that x(w)<0, that is, ¢"¢(w) <0. Assume c’¢(w)>0. Since
dim L, =2, there exist A and g such that ¢(w)=Ad(u)+ud(v). Hence
Thp(w) = AcTd(u) + ucTd(v) = AcTd(u). As ¢Tp(u)>0 and cTdp(w)=0 one
has 4 >0. Now A#0 since otherwise v and w are linearly dependent, con-
tradicting (6). So A>0. However, if 4 >0 then ¢(w)e cone({d(u), ¢(v)}),
contradicting (7); and if # <0 then ¢(u) e cone({¢(v), ¢(w)}), contradicting
(7) again.

It follows that x(w)<0. This however contradicts the connectedness of
the graphs induced by supp . (x) and supp _(x). Thus we have (10).

Now F; # (J, since otherwise L,= L, for any two faces f, /*, implying
that dim ¢(¥)=2. Consider a component K of the space S:= Urer /- ( f
denotes the topological closure of 7.)

y (10), there is a 3-dimensional subspace L of R* such that for each
vertex v contained in X one has ¢(v)e L. As ¢(V) has dimension 4, there
exists a vertex v, such that ¢(vy)¢ L. As vy ¢ K, there is a simple closed
curve C not intersecting vertices of G, such that each face traversed by C
belongs to F, and such that C separates K and v,. So by (9) there exists
a 2-dimensional subspace M of R* such that ¢(V,)= M for each face f
traversed by C.

We may assume that C traverses at least one face that has an edge in
common with K. Hence M < L. Let U be the set of all vertices incident
with faces traversed by C. As ¢(vy)éL, ¢(vy)¢ M. Moreover, since
dim(¢(U)) =2 and dim(¢(K)) =3, there is a vertex v, € K with ¢(v,) ¢ M.
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So ¢(ve) ¢cone(p(U)) and ¢(v,) ¢ cone(¢p(U)). As v, and v, belong to
different components of G — U, this contradicts Theorem 3. §

Having Theorem 5, Theorem 4 gives that A(G) < 3 also holds for graphs
G obtained from planar graphs by taking clique sums and subgraphs. This
characterizes the graphs G with A(G) < 3, as follows from the following two
results.

THEOREM 6. If G has no Ks- or Ve-minor, then G can be obtained by
taking clique sums and subgraphs from planar graphs.

Proof. Suppose G is not planar. If G 1s not 3-connected, then it is easy
to see that G is a subgraph of a clique sum of two smaller graphs not
having any K- or Vg-minor. So we may assume that G is 3-connected.

Then by Wagner’s theorem [12], G can be obtained as a subgraph of a
3-clique sum of two smaller graphs G, and G, both with no Ks-minor. Let
K be the clique.

It suffices to show that G, and G, have no V-minor. Suppose to the
contrary that G, say, has a Vg-minor. As ¥, does not contain any triangle,
the Vg-minor in G, does not need all three edges of K. So G, —e¢ has a
Vs-minor for some edge ¢ in K. However, G, —e¢ is a minor of G (by the
3-connectedness of G), contradicting the fact that G does not have a
Ve-minor. |

THEOREM 7. A(Vy) =4

Proof. The inequality A( V) <4 follows from the fact that for any ver-
tex v of Vg, the graph Vy —uv is planar. Hence A( V)< A(Vg—v)+1<4 by
Theorem 5.

We next show A(Vy) =4. Again, represent V' as the graph G with vertex

set ¥V={v,, ... vg}. where v, and v, are adjacent if and only if |i—/| is 1,
4 or 7. We define ¢: V' — R* as follows:

¢(U])=(], 1, ]‘ﬂ 3)1 ¢(l’2)=(la 0, O, 0), ¢(U3)= —(l, 23 3-v 6)5
Plrg)=(0,1,0,0), d(vs)=(1,3,3,3), ¢(ve) =(0,0, 1,0), (11)
dlvs)=—(1,2,1,2), d(vg) =(0,0,0,1).

We first show that for i=1, ..., &

¢(r,) belongs to Cone({¢(vi-—l)~ Pvi ) & L'i+4)}) (12)
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(taking indices mod 8). Indeed:

(1, 1,1,3)= 2(0,0,0,1)+3(1,0,0,0) +3(1, 3, 3,3),
(1,0,0,0)= 2(1,1,1,3)— (1,2,3,6)+ (0,0, 1,0),
—(1,2,3,6)= 2(1,0,0,0)+4(0,1,0,0)—3(1, 2,1, 2),
(0,1,0,0)=—(1,2,3,6)+ (1,3,3,3)+3(0,0,0,1),
(1,3,3,3)= 2(0,1,0,0)+2(0,0,1,0)+ (1,1, 1,3),
(0,0,1,0)= 3(1,3,3.3)— (1,2,1,2)+%(1,0,0,0),
—(1,2,1,2)= 2(0,0,1,0)+4(0,0,0,1)— (1,2,3,6),
(0,0,0,1)=—(1,2,1,2)+ (1, 1,1,3)4+ (0,1,0,0).

To show that (2) holds, consider an open halfspace H of R*. Then
W:.=¢ Y(H) is nonempty, since at least one of (1,0,0,0), (0, 1,0,0),
(0,0,1,0), (0,0,0,1), and (—~1, —2, —3, —6) belongs to H.

Assume that W induces a disconnected subgraph of V. Let U:= V\W,
and let K| and K, be two of the components of ( W). Then |K;| > 2, since
otherwise K; would consist of one vertex, contradicting (12). So |U]<4.
Since V, is 3-connected, since each cut set of size 3 consists of the set of
vertices adjacent with one vertex v;, and since U separates K, and K, it
follows that |U| =4, and that the subgraph induced by W consists of two
disjoint edges.

Now note that for each edge e =wv,v;,, of V. each other edge e’ of Vs
disjoint from e contains at least one vertex that is adjacent to at least one
vertex in e. It follows that W= {v,, vs, vs, v,} or W=1{v,, Vg, Vg, Vg}-

First assume W={v v;,vs,v,}. However, ¢(v,) belongs to
cone({¢(v,), ¢(vq), P(vg), ¢(vg)}), contradicting the fact that ¢(v,)eH
while ¢(v;) ¢ H for i=2,4, 6, 8.

Next assume W= {v,, v, vq,05). Now ¢(v,) belongs to cone({d(v,),
B(v3), Blus), (va)}) (as (1,0,0,0)=3(1, 1,1,3) + 3(—1, =2, =3, —6)+
(1,3, 3,3)+3(—1, =2, —1, —2)), contradicting the fact that ¢(v,)eH
while ¢(v;)¢ H for i=1,3,5,7. |

Thus we have the following theorem:
THEOREM 8. Let G be a graph. Then A(G)<3 if and only if G has no

Ks- or Vgminor; that is, if and only if G arises by taking clique sums and
subgraphs from planar graphs.

Proof. Directly from Theorems 2, 4, 5, 6, and 7. |
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4. GRAPHS SATISFYING A(G) <4

We do not know a characterization of the class of graphs G satisfying
AG)<4. By Theorem 2, G=Kg is a forbidden minor for this class. Any
other graph G in the “Petersen family” of graphs however satisfies A(G) < 4.
The Petersen family consists of all graphs that can be obtained from K¢ by
a series of 4Y- and YA-transformations.

(A dY-transformation consists of choosing a triangle wvw in G, deleting
the three edges of the triangle, adding a new vertex r to G, and adding the
three new edges ru, rv, and rw. A Yd-transformation is the converse
operation, starting with a vertex of degree 3.)

The Petersen family consists of seven graphs, including the Petersen
graph. Robertson, Seymour, and Thomas [9] showed that the Petersen
family is exactly the family of forbidden minors for the class of graphs that
are linklessly embeddable in R?.

We first observe:

THEOREM 9. Let G be in the Petersen fumily with G # K. Then G is
obtainable by taking clique sums and subgraphs from K.

Proof. Inspection of the Petersen family (cf. Robertson, Seymour, and
Thomas [10]) shows that G is either a subgraph of the graph obtained
from K, by deleting the edges of a triangle, and this graph is a clique sum
of three Ki’s, or G arises from such a subgraph by one or more
AY-transformations, that is, it is a subgraph of a clique sum with K,’s. ||

This immediately implies that A(G) <4 for each graph G # K, in the
Petersen family. Moreover, it follows that each such graph is obtainable by
taking clique sums and subgraphs from linklessly embeddable graphs.

Linklessly embeddable graphs are good candidates for graphs G satis-
fying A(G)<4—and hence, by Theorem 4, so are all graphs obtainable
from linklessly embeddable graphs by clique sums and subgraphs. Note
that the graph G obtained from Vg by adding a new vertex adjacent to all
vertices of V5, cannot be obtained from linklessly embeddable graphs by
taking clique sums and subgraphs; but G does not have a K,-minor.

In fact, it follows from the next result that this graph satisfies A(G)=35.
However it is not minor minimal for the property A(G)=S5.

Let G, denote the graph obtained from V by adding a new vertex v,
adjacent to v,, vy, vg, Uq, Uy. Similarly, let G, denote the graph where the
new vertex v, is adjacent to v,, vs, Us, Uy, Ug.

THEOREM 10. A(G,)=AG,)=5.

gitdierhol
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Proof. 1t suffices to give a representation in R> of the graphs G, and
G,. This representation can be constructed as an extension of the represen-
tation ¢ of ¥V given in the proof of Theorem 7. Namely, for k=1, 2, set
die(ve)=1(0,0,0,0, 1) and ¢.(v,) =(d(v;), x¥) for i=1, ..., 8, where x'= (0,
0, —=3,0,0,0, —1,0)and x>=(1, 0, —3, 0, 3, 0, —2, 0). Then, for all
1<i<8, ¢,(v;) belongs to the cone generated by ¢,(u) for the vertices u
adjacent to v, in G,. Moreover, ¢,(v,) belongs to cone({¢,(vo), ¢(v2),
Pi(va), Bilve), dilv5)}) and ¢ (v,) belongs to cone({Bx(vo), Pi(v1), dilvs),
¢r(vs), ¢r(v7)}). This permits to show that ¢, is a representation of G, in
the same way as in the proof of Theorem 7.

The graphs G, and G, are minor minimal for the class of graphs satis-
fying A(G) < 5. Indeed, every minor G of G, or G, satisfies 1(G) <4. (For
this, note that every such G has a node whose deletion produces a graph
which is planar or a subgraph of a clique-sum of planar graphs.)

5. A RELATED GRAPH INVARIANT

We finally study a graph invariant related to A(G), for which the set of
forbidden minors can be precisely characterized. For any connected graph
G=(V, E), define x(G) to be the largest d for which there exists a function
é: V- R? such that:

(1) ¢(V) affinely spans a d-dimensional affine space;

(i) for each affine halfspace H of R, ¢ ~'(H) induces a (14)
connected subgraph of G (possibly empty).

Note that such a function ¢ does not exist for disconnected graphs; so k(G )
would be undefined if G is disconnected.

Observe that if G is the I-skeleton of a full-dimensional polytope in R,
then x(G)>d, as the polytope gives the embedding in R,

By similar arguments as used in the proof of Theorem [ one shows that
if G' is a connected minor of G then x#(G') < k(G). So again for each d there
is a finite set of forbidden minors for the class of graphs satisfying x(G)<d.
This class of graphs equals {K,_ .}, as is shown in the next theorem.

First observe that

K(G)<AG) (15)

holds for each connected graph G, since if ¢: V' — R satisfies (14), then we
may assume that the origin belongs to the interior of the convex hull of
#( V). But then trivially ¢ is a valid representation for G.
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Basic in the characterization is the following observation (Griinbaum
and Motzkin [7], Griinbaum [6]):

THEOREM 11. If G is the l-skeleton of a d-dimensional polytope P, then
G contains a K, \-minor.

Proof. By induction on d, the case d=0 being trivial. If d> 0, let F be
a facet of P. By the induction hypothesis, the 1-skeleton of F can be con-
tracted to K,. Moreover, the vertices of P not on F induce a connected
subgraph of G, and hence can be contracted to one vertex. This yields a
contraction of G to K, ., as each vertex of F is adjacent to at least one
vertex of P not on F.

This gives:

THEOREM 12.  For each connected graph G and each d, k(G)=d if and
only if G has a K, \-minor.

Proof.  Sufficiency. One has k(K ) =d since the vertices of a simplex
in RY give a function ¢ satisfying (14). So if G has a K, ,-minor, then
K(G)=d

Necessity. Let G=(V, E) be a connected graph and let d :=x(G), such
that for each proper connected minor G’ one has «(G’) < d. By Theorem 11
it suffices to show that G is the 1-skeleton of a d-dimensional polytope.

Let ¢: V' — R satisfy (14). Let P be the convex hull of ¢(¥). So P is a
d-dimensional polytope in RY. We show that G is the 1-skeleton of P.

First observe that for each vertex x of P, the set ¢ ~'(x) induces a con-
nected subgraph of G, as it is equal to ¢ ~'(H) for some affine halfspace H
of RY. Hence if ¢ ~!(x) consists of more than one vertex of G, then we can
contract this subgraph to one vertex, contradicting the minimality of G.

Similarly, for each edge xp of P, the set ¢ '(xy) induces a connected
subgraph of G. Hence it contains a path from ¢ ~'(x) to ¢ ~'( ).

As this is true for each edge, G contains a subdivision of the 1-skeleton
of P as a subgraph. By the minimality of G this implies that G is equal to
the l-skeleton of P. |

So Hadwiger’s conjecture is equivalent to p(G)<x(G)+1 for each
connected graph G.
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