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Abstract: We consider linear stochastic systems with additive white Gaussian noise, with the added generality that the system
matrices are random and adapted to the observation process. The main result of this paper is that in order for the standard Kalman
filter to generate the conditional mean and conditional covariance of the conditionally Gaussian distributed state, it is sufficient for
the random matrices to be finite with probability one at each time instant. This generalizes the best previous results available to date,
to our knowledge, which require the more stringent hypothesis that the entries of the random matrices should possess finite second
moments at each time instant.

A significant application of the results of this paper is to the problem of recursive identification of the unknown parameters of a
controlled linear stochastic system. In such problems, the observation matrix is typically generated by complicated nonlinear
feedback, as for example in adaptive control, and the finiteness of the second moments is difficult, if not impossible, to establish,
while the finiteness with probability one has been established in many applications.
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1. Introduction

Consider the system

x(t+1)=A(t)x(t) +B(t)u(z) + D(¢)w(t+1) forr=0, (1a)
y()=Cclt—-Dx(t)+G(t—-1v(t—-1)+F(r=1)w(r) forr>1, (1b)
where:

(A1) {w(2)}isiid. and w(z)~N(O, I),

(A2) [3@)] is dependent of {w(r)}, and x(0) is conditionally Gaussian given y(0) with conditional
mean %(0) and conditional covariance P(0) (the precise definition of conditional Gaussianity is given in
Section 2),

(A3) A(1), B(1), u(z), D(t), C(1), G(2), v(t) and F(t) are all o(y(0),..., y(z))-measurable,

(A4) the entries of A(¢), B(¢), u(t), D(z), C(t), G(t), v(t) and F(t) are all finite with probability one.

* The research of the first author was done while he was visiting the Department of Electrical and Computer Engineering and the
Coordinated Science Laboratory at the University of Illinois. The research of the second author has been supported in part by the
U.S. Army Research Office under Contract No. DAAL-03-88-K-0046, and in part by the Joint Services Electronics Program under
Contract No. N00014-84-C-0149.
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Thus we have a system with additive white Gaussian noise w(z). The initial state x(0) is conditionally
Gaussian given y(0). The inputs [;]] may be chosen by feedback from (y(0),..., y(¢)). The system
matrices A(1). B(t), C(t), D(¢). F(r) and G(¢) are also similarly allowed to be a(y(0),..., y(1))-measura-
ble.

The key generality of this paper is that we do nor assume that A(7), B('t?, C(t), D(1), F(t‘), G(t?, u(t)
and o(t) are integrable. Rather, we only assume the much weaker COIldlthn' (A.4) that their entries are
finite a.s. We show that this weak condition is sufficient for the conditional distribution of the sta@ 'x(t)
given (»(0),.... y(t)) to be Gaussian, and that the corresponding conditiopal mean ?nd conditional
covariance are generated by the well-known Kalman filtering algorithm (.SpCCifled.ll’-l Section 3).

The best previous results available to date, to our knowledge, require the finiteness of the second
moments of the entries of B(t)u(t), G(t)v(z), D(t), and F(t), almost sure uniform boundedness of the
entries of A(z) and C(¢), and a finite second moment condition on x(0) and y(0); see Liptser and
Shiryayev [7; Assumptions 1-4 on page 62, Theorem 13.4 on page 65]. o o

We have been drawn to this problem of removing integrability conditions because of its implications for
system identification and adaptive control. Specifically, consider the system

5= % [apti=i) + bae=1)] + ()

where {w(7)} is a sequence of i.i.d. Gaussian random variables with mean 0 and variance 1, 6°:=
(ay,...»a,, by....,b,) is Gaussian, and w and 6° are independent. The control input u(¢) is assumed to
be generated by feedback from (y(0),..., y(¢)), as for example in the important application area of
adaptive control.

The problem of estimating #° based on the observations ( y(0),..., y(1)) is the ‘parameter estimation
problem’ of linear systems. In order to do so, one can rewrite the system as

6(r+1)=46(¢), 6(0)=4°,
y(1)=¢"(1=1)8(z) +w(1),

where ¢'(r — 1) = (y(&=1),..., y(t=p), u(t—=1),..., u(t — p)) is the ‘observation matrix’. Then one can
estimate 8° by E[8(t) | y(0),..., y(1)].

This 1dea of using the Kalman filtering algorithm for parameter estimation dates back at least to Mayne
[11]. Though it has since been part of the folklore (see Anderson and Moore [1], Caines [2], Kumar and
Varaiya [6], Ljung and Soderstrom [8], etc.) that the Kalman filter generates the conditional mean
E[0(2) | y(0),..., y(1)], the weakest assumption under which this appears to have been demonstrated is

E|¢(2)]*< +oo,

ie., a finite second moment condition on the entries of ¢(t); see Liptser and Shiryayev [7; Example 1,
page 84].
This condition is however very difficult, if not impossible, to establish, when u(z) is generated by

nonlinear feedback from (y(0),..., y(1)) as is typical in the important application area of adaptive control.
The results of this paper show that it is sufficient to have

lé(r)ll <+ as.;

see gon@ition (A4) above. This finiteness of the entries of ¢() has been established in a variety of
applications; see Meyn and Caines [12]. Thus, our results allow direct application to adaptive control; see
Sternby [14], Rootzen and Sternby [15), and Kumar [5]-

In any case, given the central role of the Kalman filter in a wide variety of applications, we feel that it is
useful to state the precise result in its full generality.
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2. Some preliminaries

Since the main thrust of this paper is to remove ‘integrability’ type assumptions, we will take as our
starting point the well defined notion of conditional expectation for non-negative random variables; see
Lemma I-2-9 of Neveu [13]. Proceeding from this, we define the conditional expectation used in this paper
as follows.

Definition. Let (2, F, P) be a probability space, GC F a sub-o-algebra of F, and X a not necessarily
integrable random variable. Let X :=max(X, 0) and X =max(— X, 0) be the positive and negative
parts of X. If either E(X* |G) < + 00 as. or E(X™ |G) < + 0 a.s., then we will define (a version of) the

condition expectation of X given G as
E(X|G)=E(X"|G)—E(X |G) as.

Note that if X is a vector of random variables, then by E(X|G), | X|, X* and X~ we shall denote the
vector of corresponding components. By a vector inequality such as X* < + oo, we shall mean the
corresponding inequality for all its components.

It should be noted that one need nor have E[E[X |G]|H]=E[X|H]if HC G. For a trivial example,
note that if H={¢, 2}, then the right-hand-side above need not even be defined. However, if X is
integrable, then our definition of conditional expectation coincides with the usual one, and so all such
properties hold.

However, the following corollary of Lemmas 1-2-9 and I-2-10 of Neveu [13] shows that one such
important property holds even without the integrability assumption.

Lemma 0. If o is a G-measurable random variable, with |a| < + o0 as., and E(| X | |G) < + o a.s., then

E(aX|G)=aE(X|G) as.

Proof. Note that

E((eX)"|G)=a*E(X"|G)+a E(X |G)< +o0 as.
from Lemmas I-2-9 and 1-2-10 of Neveu [13]. Similarly,

E((aX) |G)=a’E(X |G)+a E(X"|G) <+ as.

Hence, the result follows. O

We will use the following definition of conditional Gaussianity for not necessarily integrable random
variables. In what follows, by E(X |Y) we shall mean E(X|o(Y)) where o(Y) is the sub-c-algebra
generated by the random variable (or vector) Y.

Definition. Let | X'| < + o0 a. S. We shall say that X is conditionally Gaussian given Y if there exist a
Y-measurable random vector X and a Y-measurable random matrix P = PT > 0 a.s. such that

E[exp(iN'X) | Y] =exp(iX'X — $XPA)  ass. (2)

for every constant vector A.
The following lemma shows that under the above definition the conditional distribution of X given Y is
indeed Gaussian, and moreover that X and P are the conditional mean and covariance, respectively.

Lemma 1. Suppose X is conditionally Gaussian given Y, ie., |X|<+oo as. and (2) holds. Then
X= E(X|Y)as., P=E(X— X)(X X)T |Y) a.s. andfor any A € B", where B is the Borel o-algebra on
R, P(X€ A|Y) is the Gaussian measure, with mean X and covariance P, of the set A as.
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Proof. Since we are only concerned with the two random vectors X and Y, we can take the ‘tﬁs’lnc
probability space (2, F. P) to be just the sample probability space, i.e.', Q=R"*" gnd F=B' ,
assuming X is n-dimensional and Y is m-dimensional, and that X and Y are just t.he coordinate funct1(?ns,
ie. for w=(w..... Wyt X(@)=(w),..., ©,) and Y(@) = (6, 1,---s Wyt p)- SINCE tb? range of‘X is a
Borel set. it follows from Theorem 9.5, Chapter 1 of Doob [4] that there exists a conditional distribution
F(-, -) with the property that for every 4 € B", P(X&€ 4| Y)Xw)=F(A, ») for a.e. w. Moreover, by
Theorem 9.1, Chapter I of Doob [4]. for every vector A, E[exp(iXX) | Y](w) = Jexp(iXTx) F(dx, w) for a.e.
w. Thus, by (2), for every vector A,

f exp(iNx ) F(dx. @) = exp(iNX(w) = INP(w)X) forae. w.
-

Let R"={A€R"|A=(\...., A,)T and every A, is rational}. Then there exists a set N < £, P(N)=0,
such that

fexp(i}\rx)F(dx, @) =exp(iNX(w) ~ }AP(w)X) forall \€R", w € N°.
-

For fixed w € N, since [g+ exp(iATx)F(dx, ) is a continuous function of X (see Chung [3, page 143)), it
follows that

f exp(iAx) F(dx, w) = exp(iANX(w) — IAP(w)X) forall A€R", w € N°.
.

Due to the one-to-one correspondence between characteristic functions and distribution functions (see
Theorem 6.6.2 of Chung [3]), it follows that for every w € N°, F(-, w) is the Gaussian distribution with
mean X(w) and covariance P(w). Thus P(X€ A|Y )(w) = F(4, ) as., as claimed. Moreover, by the
Restricted Integration Theorem of Loéve [9, page 359], it follows that E(X™ |Y ) (w) = [g-x " F(dx, w) for
a.e. w, and the right hand side is finite for a.e. w. Similarly, E(X™ |Y)(w) = [gex” F(dx, w) for a.e. w,
and is also finite for a.e. w. Thus E(X|Y) = [pxF(dx, w)= X as. Similarly,

E[(X— )?)(X~X')T| Y](co) =‘/;{"(x— )?(w))(x—)?(w))TF(dx, w)=P(w) forae. w,
proving the claim. O

The following lemma shows that the usual properties of conditionally Gaussian random variables are
valid for our definition of conditional Gaussianity.

Lemma 2. (1) If X is conditionally Gaussian given Z, and A(-) and b(-) are Borel measurable functions with
ACZ) || < + o0 as. and [[b(Z) ]| < + 0 as., then A(Z) X + b(Z) is also conditionally Gaussian given Z.

(it) If [§] is conditionally Gaussian given Z, then X and Y are conditionally independent given Z if and
only if ENX—E(X|Z)(Y—E(Y|Z)|Z]=0 as.

Proof. (i) If X is n-dimensional and Z is m-dimensional, as earlier, we take the basic probability space
(2,F. P) 1o be just the sample space, and X, Z to be the coordinate random variables, i.e., £:= R"*"™
F=B""" X(w)=(w,,...,w,), and Z(w) = (Wps1s..., W,y ,,), fOr ©=(wy,...,w,, ). From Loéve [9,
Section 27.b, page 363] it follows that there exists a conditional distribution F(A, (Wp415--+» Wyyp,)) such
that for every A € R",

Elexp(iN4(Z) X)| Z](w) =Lmexp(mTA((w,,“,...,w“m))x)F(dx, Cratseer @y )

forae. w=(w;,...,0,.,).
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However, as shown in Lemma 1, except for « in a null set, F(-, w) is a Gaussian distribution with mean
(say) X(( Wpt1s00+5> Wy p,)) and covariance P((w, 1, ..., W, ,,)). Hence the evaluation of the integral yields
E[exp(i}\T[A(Z)X+ b(2)])1Z] =exp(i}\Tb(Z))E[exp(i)\TA(Z)X) 1Z]
= exp(iN'b(Z))[exp(iXA(Z) X — INA(Z) PAT(Z)A)]
=exp(iN[4(Z) X+ b(2Z)] - IN[4(Z)PAT(Z)]N)  as.

This proves that A(Z) X + b(Z) is conditional Gaussian given Z, and moreover that the conditional mean
is A(Z )X + b(Z), while the conditional covariance is A(Z)PAT(Z).
(i1) This follows by straightforward computation which shows that

E[exp(iXX +1p7Y) | Z] = E[exp(iX"X) | Z] E[exp(mTY_) 1Z] as.
if and only if
E[(X-E(X|Z))(Y-E(Y|2))"|Z] =0 as. O

The next lemma shows the Gaussian ‘updating’ formula to be valid for random variables which are
conditionally Gaussian.

Lemma 3. Suppose that [}] is conditionally Gaussian given Z with conditional covariance

Pxx]z ny|z as
Pyxlz Pnyz .

Then:
(1) Given (Z, Y), X is conditionally Gaussian with conditional mean

E[X|Z, Y]=E[X|Z]+P. ,.P/, (Y—E(Y|Z)) as.

x,ylzty.yix

and conditional covariance P,,,.,= P, .= Py, . %,y,, l’rv'“ Here P* is the pseudo-inverse of P which
(uniquely) satisfies PP*P =P, as well as P* = UP V, for some matrices U and V.
(i) Given Z, X—E(X|Z, Y) is conditionally Gaussian and independent of Y.

)y ,z is Z-measurable one can choose a Z-measurable version of P .. Let us
define W:=X—-E(X|Z)-P,,. ,._V]Z[Y—E(Y|Z)] It follows readily from Lemma 2(i) that [¥] i
conditionally Gaussian given Z. Moreover, a straightforward computation which consists of verifying the
conditions of Lemma 2(ii) using the properties of the pseudo-inverse (see Marsaglia [10]) shows that W
and Y are conditionally independent given Z. Hence [wat] and Y are alsod conditionally independent given
Z. Thus E(W* |Z, Y]=E[W" |Z]and E[W™ |Z, Y]=E[W™ |Z]as.,and so E[W|Z, Y]=E[W |Z]
=0 a.s., where the last equality follows by straightforward computation. Thus, using the definition of W,
we obtain E[X|Z, Y]=E[X|Z]+P,,,. P’ [Y—E(Y|Z)] as claimed. Consequently, we also have

|z

W=X—-E(X|Z,Y), and so the claim (ii) is proved. To complete the proof of (i) note that
E(exp(iX'X) | Z, Y) =exp(iX'E(X | Z, Y))W [exp(iXN' (X — E(X| Z, Y))) | Z. Y]
=exp(iXNE(X | Z, Y))E [exp(iX'W) | Z, Y]
=exp(iNE(X|Z, Y))E [exp(iX'W) | Z]
(since W and Y are conditionally independent given Z)

=exp(iXE(X|Z, Y) = 3N [Py — Poy B L P 2| N)

z xylzfyylz

Proof. Note first since P,

(by straightforward computation).

This proves (i), thus completing the proof. O
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3. The main result

Consider the system (1) satisfying the assumptions (A1)-(A4). The main result of this paper is the
following theorem which establishes the validity of the Kalman filter.

Theorem. The state x(1) is conditionally Gaussian given (y(0), y(1),..., y(1)), with conditional mean %(t)
and conditional covariance P(t) which are given recursively by the following system of equations:

£(t+1)=A(t)2(t) + B(t)u(r)

+K(6)[p(1+1) = C(1) A(1)%(1) = C() B(1)u(r) = G(1)v(1)],  £(0), (3)

P(t+1)=R(1) = K()[C(1)R(r) + F(1)DT(1)], P(0), (4)
where

K(1)=[(R(2)C™(2) + D()FT(1))][C()R(z)CT(t) + F(¢) F (1)

+C(6)D(1)F(¢) + F(t) DT(1)C(1)]
R(1)=A(t)P(t)AT(¢) + D(¢)D(r).

Proof. Let us denote Y(¢) :=((0),..., y(t)). First we show by induction that given Y(¢), both x(z) and
[5¢11)] are conditionally Gaussian.

Consider 7=10. By assumption, x(0) is conditionally Gaussian given Y(0) = y(0), and its conditional
mean and covariance are finite a.s. Moreover, since

[x(l)] *{ A(0) D(0) HX(O) } +[ B(0)u(0)
c

y(1) (0)4(0) €(0)D(0) + F(0) [{w(1) | | C(0)B(0)u(0)+ G(0)v(0) |
in order to prove that [;EB] is conditionally Gaussian given y(0), it suffices by Lemma 2(i) to show that
[fv‘ﬁ’)] is conditionally Gaussian given y(0). But this follows from (A2) since

E[exp(iKTx(O) +igTw(1))| y(O)] = E[exp(i)\Tx(O))E[exp(ip.Tw(l)) [ x(0), y(O)] |y(0)]
= E[exp(ip™w(1))] E[exp(iXTx(0)) | y(0)]
=exp(iA'£(0) — JAP(O)A — 3p"p)  as.
It should also be noted that the conditional mean and covariance are finite a.s.

We now proceed by induction, and suppose that, given Y(¢t—1), both x(r—1) and [jm] are

conditionally Gaussian with a.s. finite conditional means and conditional covariances. The conditional
Gaussianity of x(¢) given Y(t¢), with a.s. finite conditional mean and conditional covariance, follows
immediately from Lemma 3(i). Note also that

E[exp(iKTx(t) +ipgtw(t+1))] Y(t)] = E[exp(iATx(t))E[exp(iuTw(t+ 1)) | x(z), Y(t)] IY(t)]
= Efexp(ip™w (1 +1))] E[exp(iX'x(1)) | Y(1)] as.,

and by the same argument as for ¢ = 0, we deduce that [i‘f(‘,’+1 ,] is conditionally Gaussian given Y(¢), with
a.s. finite conditional mean and conditional covariance. Finally, since

{x(t—l—l)}_[ A(1) D(1) x(1)
y(t+1)| [ C()A(r) C(6)D(t) +F(r) ||w(t+1)

the induction is completed by Lemma 2(i).

+[ B(t)u(t)
C(t)B(t)u(t)+ G(t)v(r) |
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. It remains only to §how that the formulas for the conditional mean and conditional covariance of x(z)
given Y(z) are as claimed. By Lemma 3(i), by identifying Z with Y(t), Y with y(t++ 1), and X with

x(t+ 1), we obtain
E[x(t+1)|Y(t+1)] =E[x(¢+1) | ¥(¢)] + P,

where

Py E[(x(t+1) = E(x(t+1) | (1) (3(e+1) = E(y(t+ 1)1 ¥(0)))T 1 ¥(2)],
Py = E[(0(1+1) = E(p(r+ 1) [¥())) (3t +1) = E(p(r+1) | Y(0))T1¥(1)].
Note first that,
E(x(t+1)|Y(2))=E[A(2)x(t) + B(t)u(z) + D(t)w(rt+1)|Y(1)]
=A(1)E(x(2)|Y(z)) + B(t)u(t) as.,
E[y(t+1)1Y(2)] =E[C()x(t+1) + G(1)v(r) + F(t)w(r+1) | Y(1)]
=C()E(x(t+1)|Y(2))+G(t)v(t) as.
Also, by substitution of (5), (8), (9) in (6),
P, = E[((4(1)(x(1) = E(x(1) |¥(2))))
+D(1)w(z+1))(C(1)A(r)(x(2) = E(x(2)Y(2)))
+(F(2) + C(1) D(1))w(t+1))"¥(1)]
= A()E[(x(¢) = E(x(e) [ ¥(0))(x(1) = E(x() [ Y(£))T1Y(0)] AT (1) C (1)
+D(1)(F()+C(£)D(1))" as.
where the last equality arises because the cross-term can be evaluated as follows:
E[D(1)w(t+1)(C() A (x(1) = E(x(1) [Y(1) T 1¥(1)]
= E[D()E[w(t+1)|Y(2), x()}(C(1) A()(x(2) = E(x() | Y(1)))) 1 ¥(1)]

=0 a.s.

(and similarly for the other cross-term). By a similar computation,
Py = C() A E[(x(8) = E(x(1)) 1¥(0))(x(1) = E(x() 1¥())T1¥(0)] 4T())CT(2)
+(F(t)+C(t)D(2))(F(t)+C(z) + C(t)D(t))T a.s.
Finally, by the formula for the covariance ‘update’ P, ., in Lemma 3(i),

E[(x(:41) = E(x(r+ D)1 ¥(1+ D)) (x(1+1) = E(x(r+1) [ ¥(r+ 1)) | ¥(e +1)]

= E[(X(t+ 1) - E(x(t+ 1) lY(t)))(X(t+ 1) - E(.X(t+ 1) IY(t)))T] - R\')'I:P_)::I:‘Pr)'l:

= E[(A(1)(x(1) = E(x(1) | Y(1))) + D(1)w (1 +1))
(A (x(8) = E(x(£) 1 ¥(2))) + D(6)w(z + 1) 1 ¥(1)] = Py 1P P,
— A(0) E[(x(1) = E(x(1) 1¥(1)))(x(£) = E(x(2) [ Y(1))) 1 Y(1)] A7(¢) + D(£) D™(2)
—P.  P* P a.s.

xylzfyylztyx|z

o By + D) = E(p(r+1)|Y(1)] as., (5)

(6)
()

(8)

9

(10)

(11)

(12)
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Substituting (10), (11) in (12) gives (4). while substituting (8)~(11) in (5) gives (3), completing the proof.
|

4. Concluding remarks

We have shown that integrability conditions on the entries of the random matrices can be removed, and
replaced by the much weaker conditions of a.s. finiteness. This relaxation of conditions for the validity of
the Kalman filter is very useful, particularly in identification and adaptive control, as the recent paper of
Kumar [5] shows.
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