STICHTING

MATHEMATISCH CENTRUM

2e BOERHAAVESTRAAT 49
AMSTERDAM

AFDELING ZUIVERE WISKUNDE

Commutative polynomial semigroups on a segment

by

P.C. Baayen and Z. Hedrlin

it

October 1963

o CENTTAR
( MATHEMATISON CENTT
pLAGTHEEY AWSIERDAM




The Mathematical Centre at Amsterdam, founded the 11th of February
1946, is a non-profit institution aiming at the promotion of pure
mathematics and its applications, and is sponsored by the Nether-
lands Government through the Netherlands Organization for Pure
Research (Z.W.0.) and the Central National Council for Applied
Scientific Research in the Netherlands (T.N.0.), by the Municipality
of Amsterdam and by several industries.



4. Introduction

A commutative semigroup of mappings of a set X is a
family of mappings X— X which is a commutative semigroup
under composition of functions. A commutative polynomial
semigroup of mappings of a subset X of the real line R
(shortly: an X-cps) is a commutative semigroup of
mappings X-—»X, all elements of which are restrictions
to X of (real) polynomials on R. Such a semigroup S is
called maximal if every continuous map g : X-+ X which
commutes with all £ ¢ S itself belongs to S, and entire
if it contains (restrictions to X of) polynomials of every
non-negative degree.

1f S is a semigroup of continuous maps Xi—+ X
(1 =1 2), and if v is a homeomorphism of X, onto. X2
such that S, = {T e fot’ Tte S4}, then S, and S, are
called equivalent (by means of T). In that case the

transformation f -+ TefeT  is an isomorphism of the ab-
stract semigroup Sq onto the abstract semigroup Sg.

In this note we determine, up to equivalence, all entire
I-cps, where I is the c¢losed unit segment [O,ﬂ]° Moreover,
we establish which of these I-cps are maximal and which
not.

2. Commutative polynomial semigroups of mappings R -»R

It follows from results of J.F. Ritt [6,7] and of
H.D. Block and H.P. Thielman [ 5] that the every entire
R-cps is equivalent by means of a linear transformation
to one of the following three semigroups of polynomials:

(1) the semigroup P, consisting of the maps

PO, Pq Pg,oo. with



.

n
P (x) =x" 3
¥
(ii) the semigroup P , consisting of all P> 0¥ 1,
and the map Pj' such that

Pg (x) =0 for all x ;

(1ii) the semigroup.T. of all Chebyshev polynomials
TO’ T1} Tg,c-- K] Where

_Tn(x) = cos (n. arc cos x).
The first two semigroups are not maximal; in fact:

Lemma 1. There exists a unique maximal commutative semi-
group P (P¥) of continuous maps R—-R containing P ( P¥, .
respectively). The semigroup P (P¥)consists of the follow-
ing maps: all maps x—= |x|  , & a real number;.all maps
X —> lx]é..sign Xx., &€ a real number; and all maps in P

(in P¥ , respectively).

Proof,

It is immediately verified that P and P* . are commuta-
tive semigroups. In order to show their maximality, and.
the fact that they are the only maximal semigroups contain-
ing P or P*, we proceed as follows .

Let T be, any continuous map R— R commuting with all
maps in P or in P*, Take any a with O < a <1 and let
fa) =«. AS & = pEfj\/Z), ®» O If «a=0 , it follows that
f(ar) = «F =0 for all rational r, because foPy = Pg@fn
Hence f(x) =0 for x 2 0 ; 1if x < 0 ng(x) f(xg) =0
implies again f(x) = 0. Thus f is identically zero.

Assume «> O and let £ ¢ R with a® = «. Then as £ and P
e

2
commute, f(a¥) = a for all rational r ; hence f(x) = x

g
for x2 0. If x < 0, then ng(x) = ng(x) = (xe) , hence
£(x) = + les . As f is continuous, the lemma follows.

£
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The situation is different for the semigroup T: this
semigroup is maximal. In order to show this, we consider
the following mappings of the unit interval I into itself,
first introduced in [27]s

| té(x) =0 for all x ;
and, if n 2 1:

- ok ' o)+ D G T
65 =0, £ (FES =1 (k=0,12,...,[5]);

031,,2, o009 n-")-

i

1 Kkt o
tn ] [n s T] is linear (k

These so-called multihats are easily seen to constitute a
commutative semigroup M; in fact, t_ et =t . In [2]
P.C. Baayen, J.Kuyk and M.A. Meurice proved much more:
the semigroup of all tn . n= 0,1,2,... , is a maximal
commutive semigroup of continuous maps I1-—-1.

Lemma 2. The semigroup M is equivalent to the semigroup T!
of all Chebyshev polynomials Tn’ restricted to the segment
[-1, +17] , by means of the homeomorphism T : [0,1]— [1,1]
such that

TX = COSTEX .

Proof: immediate.

Now let f be a continuous map R-» R commuting with all
'I‘n° Then, as foTn = Tﬁ»f implies that f maps the set of
all fixed points of Tn into itself, and as the set of all
fixed points of all Tn with n # 1 is contained and dense
in [-1, +1] , f must map this segment into itself. It
then follows from lemma 2 that f e T.
Hence we have shown:

Lemma 3. The R-cps T 1s maximal.

This strengthens considerably a result of G.Baxter and
J.T.Joichi [ 3], who showed that T cannot be embedded in

&
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a 1-parameter semigroup of commuting functions.
We conclude this section with a triviality.

Lemma 4. Let QqsQ, be polynomials commuting on some
non-degenerate segment. Then Q,i and Q2 commute every-
where on R.

3. Commutative polynomial semigroups of mappings I - 1I

It follows from the results of section 2 that every
entire I-cps 1is equivalent by means of a linear trans-
formation to a semigroup SlA, where S is one of the
R-cps T,P,P*, and A is a closed segment [a,b] , a<b,
that is invariant under S.

The only non-degenerate segment mapped into itself by
T is [—1,+1]. The only non-trivial segments mapped into
themselves by P are the segments [-a,1j, with Os a<€1 ;
we write P(a) for the [-2,1]-cps of all Pni[—a,ﬂz )
n=0,1,2,... . The only non-trivial segments invariant under
P* are the segments [-a,b], with Os a <1 , a%¢ b€ , b£0 ;
we write P*(agb) for the [-a,b]-cps of all Pni[-a,b] ; nz
together with Pgl[—a,b].

Lemma 5. Each of the semigroups P(a), O€as< 1, is not
maximal, and is contained in a ﬁnique maximal [—a,ﬂ]—semi—
group P(a). Similarly each P* (a,b) is contained in a
unique maximal [-a,b] -semigroup P*(a,b).

Proof.

In the same way as in the proof of lemma 1 one shows
that P(a) = F|[-a,1] is the unique maximal commutative
semigroup of continuous maps [-a,1] —> [-a,1] containing
P(a). Similarly F%(a,b) = P*|[-a,b] .

Hence:

Theorem 1. There are two maximal entire I-cps; they are
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both equivalent to T' (or to M).

Proof.,

Every maximal entire I-cps must be equivalent by
means of a linear map to T'= T|[-1,+1]. There exist
two linear maps of [-1,+1] onto I =[0,1].

Lemma 6. If a#b , where 0¢ a,b< 1, then P(a) and
P(b) are not equivalent.

Proof.

Assume P(a) and P(b) are equivalent by means of a
homeomorphism T ¢ [-a,1] - [-b,1]. Then<T (1) = 1, as 1
is the unique common fixed point of all f € P(a), and
also of all £ ¢ P(b). Similarly ©t(0) = O, as O is common
fixed point of all maps but one in P(a), and also of all
maps but one in P(b). Of course the second end point -a
must be mapped by T onto ~-b. Now it is easily seen that
T must be linear; it then follows that a = b,

The next two lemma's are proved by similar observa-
tions.

Lemma 7. Let O¢ ais'1, aigs biéﬂ, oy # 0 (i=1,2). The
semigroups P*(aﬂ,bq) and P*(ag,bg) are equivalent if and

only if a, = 8, and b,1 = b2.

Lemma 8. No semigroup P(a) is equivalent to a semigroup
#

P"(b,e).

Consequently we have:

Theorem 2. There are infinitely many non-equivalent non-
maximal entire I-cps. Each of these is equivalent by means
of a linear map Tt to one of the following semigroups,
which are all mutually inequivalent:

P(a), Osga <
or

P*(a,b) , Ogagt , a2£ bsl1, b # 0,
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Theorem 3. Every entire I-cps is contained in a unique
maximal commutative semigroup of continuous maps I — I.
Two entire I-cps are equivalent if and only if the
maximal commutative semigroups in which they are contain-
ed are equivalent.

4, Remark on mappings commuting with T, or P s ne,

It was shown by P.C. Baayen and W. Kuyk in [1] that
every open map of I into itself that commutes with t2
is itself a multihat tn. From this it follows almost
at once that every continuocus map commuting with t2 is
either a tn or is everywhere osciﬂating (nowhere monotone).

This result has been improved very much by G.Baxter
and J.T. Joichi [4], who showed the following theorem:

If a continuous map f 3 I->I commutes with some
multihat tn,xle, it is itself either a hat-function
or a constant map.

Now we saw in section 2 that the semigroup M of all

hats tn is equivalent to the semigroup T' of all Chebyshev
polynomials on [~1,+1] .

Hence we conclude:

Theorem 4. Every non-constant continuous map of [-1,+1]
into itself that commutes with a Chebyshev polynomial
Tn with n2 2, is itself a Chebyshev polynomial.

For the maps Pn’ ns2, the situation is completely
different. Consider e.g. continuous maps of [O,4j into
itself which commute with P2 on that interval.

There exist multitudes of such functions. For let O<a <1,
and let £ _ be any continuous function of (ag,a‘ 1nto
(0,1). TF e defines £(0)=0, £(1)=1, £(x)=(£ (x2™)y2 ™"
Af x:e(a ,a2 ") {(n integer), £ will be a contlnuous
map I — I commuting with Pg.

&
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