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1. INTRODUCTION

Our paper aims at presenting a thorough study
of the semantics of a number of concepts in
concurrency. We concentrate on shuffle and
synchronization merge, local and global
nondeterminacy, and deadlocks. Somewhat more
specifically, we provide a systematic analysis of
these concepts by confronting, for three sample
languages, semantic techniques inspired by earlier
work due to Hennessy and Plotkin ([13,20])
proposing an operational approach, De Bakker et al.
([3,4,5,6]) for a denotaticnal one, and the Oxford
school ([8,18,19,21]) serving - for the purposes of
our paper - an intermediate role.

Our operational semantics is based on
transition systems ([14]) as employed successfully
in [13,20]; applications. in the analysis of proof
systems were developed by Apt [1,2]. Compared with
previous instances, our definitions exhibit various
novel features: (i) the use of a model invblving
languages with finite and infinite words (cf. Nivat
[171); (ii) the use of full recursion (based on the
copy rule) rather than just iteration; (iii) an
appealingly simple treatment of synchronization;
(iv) a careful distinction between local and
global nondeterminacy; (v) the restriction to
uniform concurrency.

Throughout the paper we only consider uniform
statements: by this we mean an approach at the
schematic level, lea;ing the elementary actions
uninterpreted and avoiding the introduction of
notions such as assignments or states. Many
interesting issues arise at this level, and we feel
that it is advantageous to keep questions which
arise after interpretation for a treatment at a

second level fnot dealt with in our paper).

We shall study three languages in increasing
order of complexity:
LO: shuffle (arbitrary interleaving) + local
nondeterminacy (section 2)
Ll: synchronization merge + local nondeterminacy
(section 3)
L2: synchronization merge + global nondeterminacy
(section 4)
For-Li with typical elements s, we shall present
transition system Ti and define an induced
operational semantics Oiﬁs] ,i=0,1,2. We shall
also define three denotational semantics Diﬁs]
based, for i=0,1 on the "linear time" (LT) model
which employs sets of sequences and, for i=2, on
the "branching time” (BT) model employing
processes (commutative trees, with sets rather
than multisets of successors for any node, and
with certain closure properties) of [3,4,5].
Throughout our paper we provide Di only for Li
when restricted to guarded recursion (each
recursive call has to be preceded by some
elementary action); we then have an attractive
metric setting with unique fixed points for
contractive functions based on Banach's fixed
point theorem. (Our Oi do assign meaning to the
unguarded case as well.)
Our main question can now be posed: Do we
have that
(1.1) OilIsll = Di[[s]]
We shall show that (1.1} only holds for i=0. For
the more sophisticated languages Li’ i=1,2, we
cannot prove (1.1). In fact, we can even show that
there exists no Di satisfying {1.1), i=1,2. Rather
than trying to modify Oi (thus spoiling its

intuitive operational character) we propose to

replace (1.1) by




(1.2) 0.sD=a, (D Is])
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where ai, i=1,2, is én abstraction operator which
forgets some information present in DiHS] . The
proof of (1.2) requires an interesting technique
of introducing a transition based intermediate
semantics Iiﬂsﬂ . For i=1 we shall show that
Iiﬂs] = Diﬂs] . Next, we introduce our first

abstraction operator 0, (turning each failing

1
communication into an indication of failure and
deleting all subsequent actions) and prove that
Oﬂbﬂ=alﬂl&]).

The case i=2 is more involved, because L1 has
local, and L2 global nondeterminacy. Consider a
choice a or ¢, where a is some autonomous action
and c needs a parallel € to communicate. In the
case of local nondeterminacy (written as auc)
both actions may be chosen; in the global
nondeterminacy case (writtén as a+c, + as in CCS
[16]) c is chosen only when in some parallel
compound c is ready to execute. Therefore, L1 and
L2 exhibit different deadlock behaviours. 02 is
based on the transition system T2 which is a
refinement of Tl' embodying a more subtle set of
rules to deal with nondeterminacy. The
denotational semantics 02 is as in [3,4,5]. In
order to relate 02 and 02 we introduce the notion
of readies and associated intermediate semantics

1., inspired by ideas as described in [8,18,19,21].

27
12 involves an extension of the LT model with
some branching information (though less than the
full BT model) which is amenable to a treatment
in terms of transitions. The proof of the desired
result is then obtained by relating the semantics
02, DZ and 12 by a careful choice of suitable
abstraction operators.

As main contributions of our paper we see

£

1. The three transition systems Ti, in particular
the refinement of T1 into T2.

2. The systematic treatment of the denotational
semantics definitions (for the guarded case)
together with the settiing of the relationship
Oi =y Di' (0, identity).

3. Clarification of local versus global
nondeterminacy and associated deadlock
behaviour.

4. The intermediate semantics 11 and, in
particular, 12.

2. THE LANGUAGE LO:SHUFFLE AND LOCAL NONDETERMINACY

Let A be a finite alphabet of elementary
actions with ae¢ A. Let X,y be elements of the
alphabet Stmv of statement variables (used in
fixed point constructs for recursion). As syntax
for se¢ LO we give

s:i= a|sl;52{slu 52[51“ szlx[ux[s].

A term Ux[s] is a recursive statement. For example,
according to the definitions to be proposed
presently, the intended meaning of uxl (a;x)ub] is
the set {aw}kia*.b, with a the infinite seguence

of a' s.

2.1. The transition system TO
Let At = 9F- a* A%y a%{1}, with A% the set of
all finite words over A, a*.{1} the set of all
(finite) unfinished words over A, and a” the set of
all infinite words over A, and L& A. Let w,u,v
denote elements of Atr, and let A be the empty
word. We define L.w = L for all w.

A configuration is a pair <s,w> or just a
word w. A transition relation is a binary relation
over configurations. A transition is a formula
<s,w> + <s',w'> or <s,w> + w' denoting an element
of a transition relation. A transition system is

a formal deductive system for proving transitions




based on axioms and rules. Using a self-explanatory

notation, axioms have the format 1- 2, rules have

the format ; i . Also, 1= 2|3 abbreviates 12
12|13 : 12 1>3
> — —
and 1+ 3, and 2556 abbreviates isE and 256"

For a transition system T, T+ (1~ 2) expresses
that transition 1-+2 is deducible from system T.

We now present the transition system T0 for
L.:
0

* *

<s,w>>w, we A ud .{l}. For we A we put
(elementary action)

<a,w> > w.a

(Yocal nondeterminacy)

<s, Us,,w> + <s,,w> | <s

1Ysyy 1 v

2
(recursion)
<pux(s],w> + <s[ux[sl/x1,w>
where, in general,s[t/x] denotes substitution
of t for x in s
(sequential composition)

<sl'w > > W'I <s',w'>

1
< iS.,W,> > <5, ,Ww'> <s';s.,w'>
Sll 2% 2: l i 2,

(shuffle)

<sl,w1> > w' l <g',w'>

<s syw >+ <s,,w'> [ <s'sywm>

<sl,w1> - w' ] <g',w'>

<spll syowy> > <5,

w'> | <52H s ,w'>

2.2. The operational semantics 00

We show how to obtain OO from TO. We define

the set Ooﬂsﬂ by putting we OO[sﬂ iff one of the

following three conditions is satisfied (always

af.

taking <s.,w.> = <s,A>):
0’70
1. There is a finite sequence of T0~transitions
<., W.> * ... > <s_,w > >y
070 n’ 'n
2. There is aninfinite sequence of To-transitions
<SS,/ W,> + ... T <s W > *<g W > ..
0’7o n'"n n+l' n+l

Y
where the sequence <wn>n

-0 is infinitely often

increasing, and w = sup W (sup with respect to

&

prefix ordering).
3. There is an infinite sequence as in 2, but now
w = w_for some n and all k20 and w = w_,1
n+k n n

Examples. OOE(al;aZ)” a0 = {a1a2a3,a1a3a2,a3a1a2},
Oglluxl (a5x) v b]T = a*.bu {a®}, O Muxl (x:a) ubl] =
= b.a"u {4},

Remark: Observe that systems such as TO are used

to deduce {one step) transitions 1-> 2. Sequences

of such transitions are used only to define ODE'B .

2.3. The denotational semantics DO
We introduce a denotational semantics DO for the
languaée LO based on an approach using metric
spaces (rather than the more customary cpo's) as
underlying structure. This section is based on [3];
for the topology see [10]. We recall that Di is
defined only for the guarded case: Each ux[s] is
such that all free occurrences of x in s are
sequentially preceded by some statement.

For ue Atr let ulnl], n2 0, be the prefix of u
of length n if this exists, otherwise u[n] = u.
E.g., abc[2] = ab, abcl5] = abc. We define a
natural metric d on Atr by putting
dcu,v) = 2—max{n| uln] = v[n]}
with the understanding that 2 = 0. For example,
d(abc,abd) = 272, d(a",a") = 27", We have that
(Atr,d) is a complete metric space. For Xg Atr we
put X[n] = {ulnl] uex}. A distance 3 on subsets
X,Y of A™Y is defined by

dx,v) = 2-max{n| X[n] = ¥[nl}
Let C denote the collection of all closed subsets
of Atr. It can be shown that (C,é) is a complete
metric space. A sequence <Xi>:=O of elements of C
is a Cauchy sequence whenever
Ye>0 3N VYn,m> N[ﬁ(xﬂ,xm) <gl. For <X;>;a Cauchy

sequence, we write limi Xi for its limit (which

pelongs to C by the completeness property).




A function ¢: (C,4) ~ (C,a) is called

contracting whenevei, for all X,Y, a(¢(x),¢(Y)) < O
a(x,Y), for some real number o with O<ag<i. A
classical theorem due to Banach states that in any
complete metric space, a contracting function has
a unique fixed point obtained as limi ¢i(XO) for
arbitrary starting point XO'

We now define the operations .,u, || on C in the
following way:

a. X, Yyca*ua“.{l}. For X.Y and Xu¥ we adopt the
usual definitions (including the clause
1l.u = 1 for all u). For X” ¥ we introduce as
auxiliary oéerator the so-called left-merge IL
(from [71). We put X” Y = {(XWL ¥) v (YiL X), where
L is given by XL Y = y{ul Y| ue X}, elL Y =Y,
all'y = a.¥Y, LY = {1}, and (a.u)lL Y =
a. ({ul]] v.

b. X,Ye {, X.Y do not coqsist of finite words only.
Then X op ¥ = limi(X[i] op ¥YLil), for
ope {.,u,l| }. 1n [3] we have shown that this
definition is well-formed and preserves closed
sets, and the operations are continuous (for
this finiteness of A is necessary).

We proceed with the definition of DOESB for
se LO' We introduce the usual notion of
environment which is used to store and retrieve
meanings of statement variables. Let [ = stmv~C
be the set of environments, and let ye I'. We write

Y‘==df' Y<X/x> for a variant of Y which is like Y

but such that Y'(x) = X. We define UO: L0-+ (r-0
as follows:

DEFINITION.

D=l 1) = {a}, Dylls, op 5,1 (v) = Dyls, T ) op
Uol[szll (y), for ope {.,u.| }. D Ix] (y) = y(x) ,and

Doﬂhx[s]] (v) = lim X , where X, = {1} ana

X =D IsT (y<x /x>
. 0 i

[FE

By the guardedness requirement, each function

¢ = AX. voﬁs] (Y<X/x>) is contracting, <.Xi>i is a
Cauchy sequence, and limiXi equals the unique
fixed point of ¢.

Remark. An order-theoretic approach to the
denotational model is also possible (cf. [9,151).
However, for our present purposes this has no
special advantages. In fact, the order-theoretic
approach does not provide a direct treatment for
the unguarded case either, it seems to require a
contractivity argument for uniqueness of fixed
points just as well, and, last but not least, as
far as we know, it cannot be used as a basis for
the BT model.

2.4, Relationship between 00 and DO.

We shall prove (for statements s without free
statement variables, and omitting ¥).

THEOREM 2.1. 00 = 0.

The proof relies on four lemmas.

LEMMA 2.2. 00 is homomorphic over .,u, || .

LEMMA 2.3. (guarded case only). Consider a U-term

ux[s]. Let Q be the (auxiliary) statement such

(0) s(n+1)

that <Q,w> > w.l. Let s =8, = s[s(n)/x].
oas (n)
Then 0, Mux[s]T = 1im 0 Us™ ' 1 .
0 n 0
PROOF. This involves a detailed analysis of
transition sequences; it introduces in particular
the notion of truncating a sequence after n
applications of the recursion axiom involving the
considered p-term.
LEMMA 2.4. (guarded case only). For each s, OOES 1
is a closed set.
Caution. This is not true for the unguarded case.
*
For example, Ooﬂhx[{x;a)tlb]ﬂ = {L}ub.a . This set
is not closed since its limit point baw is not in
it.

LEMMA 2.5. (this is the crucial lemma relating OO




and D). Let var(s) € {x,,...,x 1. Let t, be
0 1 n i
without free statement variables, and let
Xi = OOEti] , i=1,..,n. Then
n n
DolsD ey /x>y ) = Oglls <t;/%;>5 1 -

PROOF. Structural induction on s.

3. THE LANGUAGE L1: SYNCHRONIZATION MERGE AND
LOCAL NONDETERMINACY A

Let A be a finite alphabet, let CCA with
ce C (the communications) and let ae A\C. Let there
be given a bijection : C-C (matching
communications &la CCS/CSP) with c=c. Let TeA
be a special symbol sérving as a meaning for the
skip statement, and let 8 be an element not in A
indicating failure. We always have S.w = 8. Let

Ag‘r

u,v,w nNow range over Atr. As syntax for se L, we
g 5 Y. 1

= A ua®un*. (8,1}

give
sii= alclsklplfall[sl;szls1 u 52151“ SZIX!UXES]-
3.1. The transition system T1'
The system T1 consists of TO extended with:
w * *
<g,w> > w for we A uA .{8,1l}. For we A" we have

(communication)

<c,w> + <fail,w> an individual communication

fails

(skip)

<gkip,w> + w.T
(failure)

<fail,w> > w.d
{synchronization)

<C” c W + <skip,w>

<c;51” < w> + <§E§2ﬁ51'W>

<c” E;sz,w> d <skip;sz,w>

<cis || cisym> > <skip; (s, || s,) ,w>

(commutativity and associativity of merge)

<51” 52,w> +> <g!',w'>

<52” s oW > <st,w'>

<51” (52” 53),w> > <g',w'> -
- , and symmetric.

<(51" s,) sy > <5 ,w'>
Remark. Note that associativity/commutativity of

merge are provable in TO.
3.2. The operational semantics 01

Olﬂs] is defined similarly to Ooﬂs] . Now failing
communications result in 8§, successful communica-
tions (through the -synchronization rule) in
addition in T.

Examples. OIEC] = {8}, 0,[(a;b) u (a;e) B = {ab,aé},
OIEC” c] ={8,1}. We observe too many 8's here: to
do away with such appearances of deadlocks in case
an alternative is present, we postulate - for the
remainder of section 3 only ~ the axiom

(3.1) {8}ux=% , for X # 90

(Formally, we should now take congruence classes
in Atr with respect to (3.1}; we do not bother to
be that precise.) Taking (3.1) into account, the
above examples now become Olﬁb] = {8},

0,[(asb) v (ase) T = {ab}, Olﬁb“ cl = {1}.

It is important to observe that the two statements
(a;b) U (a;c) and a ; (buc) obtain the same
meaning by 01. Section 4 will provide a more
refined treatment.

3.3. The denotational semantics Dl'

This is as in section 2,3. but extended/modified
in the following way {omitting y-arguments for
simplicity):

0,0l = {c}, D Uskipd = {t}, D [faill = {s},
Dlﬁslu szﬂ = Dlﬂslﬂ i Dlﬁszﬂ , where, for X,Yg;Atr,
we define X{| ¥ = (XL Y)u (YIL X) U (X]Y). Here the
operations L (left-merge) and | (communication)

are defined as follows: First we take the case

that X,Y consist of finite words only.




LY =U{wiLy| wex}, Ly = {1}, § iy = {8},
elLY=Y,allLy= Q.Y, (a.w) Ly =atiw}] .
Also, X]Y = {(w|u): we X, u € Y}, where
(c.wl)‘(zlul) = T.(w1” u). Moreover, wiiut = §
for w',u' not of such a form. If X or Y contains
infinite words, the definition is completed by
taking limits. (The definition of X|| ¥ is from
[71.)
3.4. Relationship between 01 and Ui'
Wwe do not simply have that

) 0,sT = D s .
(Take s=c for a counter example. Then Olﬁcﬂ = {8},
0, 0D = {c}). We even have that:
THEOREM 3.1. There does not exist any denotational
(implying compositional) semantics D satisfying (*).

‘The proof is based on

LEMMA 3.2. Oldoes not behave compositionally over ||
Proof. We show that there‘egists no "mathematical”
operator “D such that Olﬁslu s2B = Olﬂslﬂ “U
Olﬂszﬂ . Consider the programs s,=c, 52=E‘in Ll'
Then Olﬁslﬂ = OIHSZB = 6. Suppose now that “D
exists. Then {8} = 0&51“ s, 1= 00, 1 ”U Ofs, T =
00,3 || 0,3 = 0Ts, || s, B = {t}.
Contradiction. 0
We remedy this not by redefining '1‘1 {which
adequately captures the operational intuition for
Ll)' but rather by introducing an abstraction
mapping o, such that
(%) 01 =0y .
tr)

We take o, =-syn; defined by (W& A(S

synl(w) = {wl we W does not contain ce C} v
{w.8| 3w',c’ such that w.c'.w'eW,

w contains no c}

The right-hand side of this definition should be

]

taken with respect to (§.w = § and) {8}ux =X,

X # @. Informally, synlreplaces unsuccessful
synchronization by deadlock and keeps this 'in case
there is no alternative.

We cannot prove (**{'by a direct structural
induction on s (because syn, does not behave
homomorphically). Rather, we introduce an
intermediate semantics 11: we modify T1 into T:
which is the same as T1 but for the communication
axiom which now has the form
(communication*)

<E,W> > W.C
We base Il on TT just as we based 01 on Tl’ We
can now prove
LEMMA 3.3. For all s,s'cl, and w,w'e (a\C)*

T, Fo<s,w> +w'| <s',u'> .

iff

T: - ocs,w> + W' <st '
proof. Structural induction on the deductions in
T, and T:. 0

This lemma immediately leads to
THEOREM l3.4. Olﬂs]] = sgnl(11{[s]] )

Next we show
THEOREM 3.5. I OsT= D, Is1
Proof. Combine ideas of section 2.4 with a proof
that 11 behaves compositionally over “ (as defined
in section 3.3).

Remérk. This proof recalls Apt's merging lemma
[1,2].

By combining theorems 3.4, 3.5 we finally

obtain our desired result

THEOREM 3.6. 01[[s]] = synl(DIIIsIﬂ ).

4. THE LANGUAGE L2: SYNCHRONIZATION MERGE AND
GLOBAL NONDETERMINACY

The syntax for se L2 is given by




s::= alc]skiglfail|sl;szlsl+sz|51” 52|x|ux[s]

Here "+" denotes gl§bal nondeterminacy; the
notation is from ccs{16].
4.1. The transition system TZ.
T2 is like Tl’ but without the axiom for local
nondeterminacy, and without the axiom for
communication (<c,w> = <fail,w>). 2dditionally,
we have
(global nondeterminacy)

[p-unfolding]

<51,w> > <g!',w>

< > > <g'4 >
S +S, W s'+s,,W
[selection by elementary action]

<g,,w> > w'| <s',w'>
1

where w' w
<51+SZ’W> > w'| <s',w'> ' #

[selection by communication/synchronization]

<51“ 53,w> - <g',w">

where the
<(sl+sz)” 53,w> > <5’ ,w'>

transition in the premise involves
synchronization between actions from sy

and Sy

[commutativity of +]
<s ¥sp,w> > w'| <s',w'>

1 1] 1
<52+sl,w> > w ] <s',w'>

<(51+52) “ s3,w> > w'l <, w'>

<(52+s1)" Sy.W> > w'[ <s',w'>

Remark. Associativity of + is derivable.

We see that global nondeterminacy is more
restrictive than local nondeterminacy. In fact,

<s ts, W > w'| <s',w'> implies

1

<s,US,,W> > w'T <s',w'> but not wvice versa.

1

* *
Example. <auc,w> > w.§,<auc,w> > w.a, but
*
<atc,w> +» w.a only. In the case of global
nondeterminacy, the communication transitions of

SI+SZ depend on the communication transitions of

Sy and S, in some global context sl“ sy or SZH Sy

This formalizes the communication as present in
languages like CSP, ADA or OCCAM.

4.2. The operational semantics 02

02 is derived form T2 in the usual way. In
addition, however, we no& have to consider the
case that we have a finite sequence

<g,A> = <so,wo>a-...+»<sn,wn>, with no transition
<sn,w; + ... deducible. We then deliver wn.G as
element of OZESB - The pair <s_ ,w > is then called
a deadlocking configuration.

Example. 0,[(a;b)+(a;c) ] = {ab,as},

0,[a; (bre) I = {abl}.

4.3. The denotational semantics 02.

We follow [3,4,5] in introducing a branching time

semantics for L2. Let A = at.

Aaull}. Let P,
n2 0, be defined by

P, = P, p =P@u(a xP))

n+1
where P(.) denotes all subsets of (.), and let
Py T Unpn' We define a metric d on P (for its
definition see {3,4,5]) and take P as the
completion of Pw with respect to d. It can be
shown that P satisfies the domain equation

P = Pclosed(ALU (ALX P))
Finite elements of P are, e.g., {[a,{bl}],[a,{bz}]}
or {[a,{bl,bz}]}. Thus, the branching structure is
preserved. An infinite element is, e.g., the
process p which satisfies the equation
p = {[a,p],[b,p]}. The empty set is a process and
takes the role of §. Note that in the LT framework,
# cannot replace § since by the definition of
concatenation (for LT) we have a.f =@ which is
undesirable for an element modelling failure. (An
action which fails should not cancel all previous

actions.) In the BT framework, {[a,#]} is a process

which is indeed different from §. Since, clearly,

# u p=p for all sets (processes) p, we can do




without explicitly imposing a counterpart of rule
{3.1) for §.

Operations .,u,” , limits and continuity,
fixed points of contracting operations are as in

[3,4,5]. For example, for p,q¢ P , we put

plla= (La U (gl p) u(p|q) where
plLg = {xlL q: xep}, all g = la,ql,dl g =1,
[a,p'lL g = [a,p'|| q1, and plq = U{xly): xep,
ye g}, where [c,p'1|[c,q'] = {tt.p'll '3},
e|lc,q'1 = {[t,q' 1}, Le,p'lc = {[t,p'1},
c|e = {t}, and (x]y) =@ when x,y are not of one
of these four forms.

It is now straightforward to define
Dzz L2 > (FZ-*P), where F2 = Stmv ~ P, by

following the clauses in the definition of DO’ Dl'
Thus we put Dzl[a]] ) = {al, 02[[ s, op 52]] (y) =

172[[811] (Y) op DZ[[SZ:U ) D,IxT (v) = Y{x), and

Dz[ﬁix[s]]] () = im.p,, where p, = {1} and
P,y = DoIsT (y<p,/x>)
4.4. Relationship between 02 and 02.
We shall show that
=) 0, = azovzr
for suitable (12. In fact, 0.2 is defined in two
steps:
1. First we define syn,: P > P for p¢ Pw
syn,{p) = {a] acp and akcl u
{[a,synz(q)ll [a,q] ¢ p and a4 C}
For pe P\Pw' we have p = lim p ., with p € P .,
and we put sgnz(p) = limn(sgnz(pn) ).
Example. let p = Dé[[(a+c) || (o+c)T . Then
syn, (p) = {{a,{p}1,[p,{a}],T}.
2. Next, we define traces: P-*P(Agr) by (finite

case only displayed):

traces (p) = U{traces (x): xep} if p # P

{8} ifp=4¢

where traces(a) = {a}, traces([a,ql) = a.traces{q).

We now put

o, = at. traces © syn
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but we cannot (yet) prove (%), because, similarly
to Qs (12 does not behave homomorphically.
Therefore, we try an intermediate sem;ntics 12.
This cannot be based on a simple LT model as the
following argument shows:

Let us try for Iz,similarly to Il’ the addition of

the axiom <c¢,w> + w.c to T2. Now consider the

programs s, ¥ a; (c1+c2), s, = (ase ) + (aze,) .

i

s

;1. Then 02ﬂ:sin sl = {at} # {at,ad} =
02[{52“ s]l . However, 12[[51“ sl = 1211:52“ sl . Thus
whatever O we apply to 12[[.]] , the results for
Sl“ Sy 52” s will turn out the same.

our solution to this problemis to introduce an
intermediate semantics 12 which, besides recording
all traces in Agr, also records a very weak
information about the local branching structure
of the process. This information is called a ready
set or deadlock possibility: it is a subset X of
Cc. Informally, X indicates the set of
communications ¢ which are ready to synchronize
with any other matching communication c from
another parallel compound (for the notion of ready
set cf. [8,11,18,19,21]). Formally, take A = P(C).

For Xe A, let X = {c| ce x}. The ready domain R is

*

t. t: P
now R = P(a r ua r.A). The transition system T2

consists of all axioms and rules of T2 together
*

with (for we d ).

{i) <C,W> * W.C

(ii) <c,w> + w.{c}

(iii) <fail,w> + w.§

<g, ,w> > w.X , <s,,w> *W.Y
1 2

tiv) <Sl+52'W> -+ w.XuY




<g,,w> > w.X , <s,,w>*rw.Y
1 2
(v)

where
<51|] S, /W F W.XUY !

XnY = @.
Axioms (ii), (iii) introduce deadlock
possibilities/ready sets. Rule (iv) says that
sl+s

2 has a (one-step) deadlock possibility only

if 5y and s, have, and rule (v) says that sl|| s,
has a (cne-step) deadlock possibility if both S

and S, have, and no synchronization is possible.

*

We omit the natural definition of 12 from T2

Examples (1 2 semantics)
(i) IZU:a; (btc) I = {ab,ac}.

Proof. We explore all transition sequences

*

in T, starting in <a; (b+c) ,A>:

(1) <a,A> > a (elem.action)
(2) <aj (b+c),A> > <b+c,a> (seq.comp.: (1))
(3) <b.a> + ab

(elem.action)

(4) <c,a> » ac N {comm. )
~ a.{c}

(5) <b+c.a> -+ ab (glob.nondet. :
N ac (3),(4))

No more transitions are
deducible for <b+c,a>.
(6) Thus =

<a; (b+c) ,A> > <b+c,a> + ab
“ ac

are all transition sequences

starting in <a; (b+c),A>.

This proves the claim 0

(i1) IZ[[a;b + a;c] = {ab,ac,a.{c}}.
Proof. Here we only exhibit all possible
transition sequénces in T; starting in
<a; {b+c) ,A>:

<a;b+aj;c,A> - <b,a> - ab

<c,a> —» ac

h a.{c} 0

For the further results the following lemma is

important:

10

LEMMA 4.1. For all s,s’e€ (A\C)* the following

holds:

*

1. T .+ <s,w>>w'| <g',w'> iff T2

2 - <g,w>rw'i<s',w'>

2. <s,w> is a deadlocking configuration for T2 iff

k)

there exists some X C with T2

+ <s,w>*+wW.X.
'
* *
Let now w range over Atr =AU Awu a .{1} and let

tr.A). We define the

W range over R = P ua
. . * tr
abstraction operator syn,: R~+ P(AG ) by
*
syn, (W) = {w| wew does not contain any
ceclu
{w8| 3xe A: w.Xew}

We have.

*OI

THEOREM 4.2, 02 = syn,o I,.

Next, we wish to relate 12 with the full BT
semantics D,. To this end, we introduce the
abstraction operator readies: P+ R by defining .
readies (p) as follows (finite case only). Let
p = {al P ,am,[b1 ,qu, v ’[bn'qn]}' with
ai’bj € A. We put

readies (p) = U{readies(x): xep} v

{A.x]x = {al,..,am,bl,..,bn}sc}

where readies (a;) = {ai}, readies ([bj,qj]) =
b,.readies {q.).
j 9y
THEOREM 4.3. 12 = readies o Dz.
Proof. (i) readies behaves homomorphically on
R N E £ 5 I,(ux[s]) can be obtained by applying
readies to the fixed point definition of ux[sl
under D2'

* .
LEMMA 4.4. tracesc° syn, = syn, © readies

2

Summarizing, we have our final

THEOREM 4.5. 02 = traces ° syn, ° Uz.
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