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ABSTRACT

An overview is given of work we have done in recent years on the seman-
tics of concurrency, concentrating on semantic models built on metric struc-
tures. Three contrasting themes are discussed, viz. (i) uniform or schematic
versus nonuniform or interpreted languages; (ii) operational versus denotational
semantics, and (iii) linear time versus branching time models. The operational
models are based on Plotkin’s transition systems. Language constructs which
receive particular attention are recursion and merge, synchronization and global
nondeterminacy, process creation, and communication with value passing. Vari-
ous semantic equivalence results are established. Both in the definitions and in
the derivation of these equivalences, essential use is made of Banach’s theorem
for contracting functions.
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1. Introduction

We present an expository account of work we have been pursuing in recent years on the semaf-
tics of concurrency, concentrating on those models which are built on structures from metric
topology. We shall exhibit semantic definitions for a variety of programming notions relating to
concurrency, viz. recursion with merge (parallel execution in the interleaving sense), synchroni-
zation and global nondeterminacy, process creation, and communication with value passing. We

hope to demonstrate the power of metric methods, both in the semantic definitions themselves

and in the establishment of particularly succinct derivations of equivalence results between
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operational and denctational semantic models.

Three contrasting themes will recur in our considerations (cf [BKMOZ] for a more ela-
borate treatment). Firstly, there is the familiar distinction between operational and denotational
semantics. The former will always be based on fransition systems which are variations on the
elegant systems of Hennessy and Plotkin ([HPL,[PI12],[P13]). The latter will throughout be
defined compositionally, with (unique) fixed points to deal with recursion. Such fixed points
exist on the basis of Banach’s theorem for contracting functions. In fact, this theorem is abso-
lutely pervasive in our technical considerations: a good deal of our definitions and theorems
ultimately rely on it. Secondly, we shall contrast uniform and nonuniform languages. The former
are schematic in the sense that their elementary actions are uninterpreted, and the meanings
rendered by our definitions involve entities with a strong flavour of formal language theory.
More specifically, sets of (possibly infinite) words or tree-like objects are delivered. Nonuni-
form languages have interpreted elementary actions. They include notions such as (individual)
variables, assignments, states and state transforming functions. As we shall demonstrate, it
requires additional tools to set up a framework in which one may merge such functions.
Thirdly, we shall be concerned with both linear time (LT) and branching time (BT) models.
Typical examples are sets of words versus trees (with some further properties not stated here)
over some alphabet 4. In the former, moments of choice are abstracted away which are present
in the latter. We recall the classical example of the LT set {ab,ac} versus the two different
trees in BT:

The genealogy of the work described in the present paper is as follows: Ancestors are
Nivat’s work on metric techniques in semantics ([Ni]) and Plotkin’s work on resumptions in
power domains ([PI1]). In [BZ1] we described a general method to solve domain equations
using metric techniques. [BZ2] is an example of a specific semantic application. A substantial
improvement on [BZ1] is given in [AR] where the scope of the method in [BZ1] was clarified
and, even better, considerably generalized. A comparison of LT and BT models for recursion
with merge was first made in [BBKM]. In [BMOZ], [BKMOZ] a systematic comparison of
operational and denotational models was developed, both for recursion and merge, for syn-
chronization with (forms of) nondeterminacy, and for nonuniform languages. Somewhat simul-
taneously we have devoted a number of papers to the design of semantic models for the parallel
object oriented language POOL ([ABKR1, ABKR2, AB)), dealing, besides with various other

notions, with process creation. An essential step on the way to substantial simplification of the

sometimes quite elaborate arguments in [BMOZ], [AB] was performed in [KR]. Here the full




power of the unique fixed point argument, not only in defining but also in comparing semantic

models, was first exploited.

In parallel to the metrically based semantic studies, we have also continued to work with
models based on partial orders, were it only to relate order-theoretic models to metric ones. In
addition, for the metric models as we use them, the requirement that all sets considered be
closed is vital, and the metric theory fails when phenomena inducing nonclosed sets are encoun-
tered. Examples of comparative studies, in particular relating to the ‘elemental’ combination of
recursion with merge, are [BM], [BMO]. An extensive application of order-theoretic tools,
specifically to deal with fair merge (the result of which is in general nonclosed) is described in
[M]. Another language notion which is not directly amenable to metric techniques is that of
hiding (cf. [MO)). Finally, we mention [MV] where an order-theoretic counterpart of the topo-
logical notion of compactness is studied. In fact, we might have paid some attention to (conse-
quences of) compactness requirements below as well, but we have decided not to do so for rea-

sons of space.

We are at present investigating further applications of the metric method in semantics.
Two prime examples are uniform (or ’logicless’) versions of logic programming, and more

advanced concepts in object-oriented programming.
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2. Mathematical Preliminaries

2.1 Notation

The phrase ’let (x € )X be such that ...” introduces a set X with variable x ranging over X such
that .... For X a set, #(X) denotes the collection of all subsets of X, and #_(X) is the collec-
tion of all subsets of X which have property 7. The notation f:X—Y expresses that f is a func-
tion with domain X and range Y. We use the notation f {y/x}, withx € X andy € Y, for a

variant of f, i.e. for the function which is defined by

y if x =x'
f(x') otherwise

Flymye) =




If f:X—=X and f(x)=x, we call x a fixred point of f.

2.2 Metric Spaces

From standard topology (e.g. [Dul, [En]) we assume known the notion of (ultra)metric space
(M ,d) with distance or (ultra)metric d. We use the notions of closed subset X of (M ,d), of
continuous mapping (M ,d )—(M,,d,), of completeness of a metric space, and of isomerry
(=) between metric spaces (M ,d ) and (M,,d,). A mapping f:(M ,d )—(M,,d,) is called
contracting whenever, for all x,y € M |, we have d 2 (), f(¥))sa-d (x,y), with Osa<l.
If the same condition holds with a=1, we call S non distance increasing (ndi). Clearly, a con-

tracting or ndi mapping is continuous. A central role is played below by

Proposition 2.1 (Banach). Let f:(M ,d)™(M,d) be contracting, and let (M.,d) be complete.
Then f has a unique fixed point Xo and, for any vy, x0=limifi(y), where f%=)x-x,
fi+l =f°fi-

2.3 Metric Spaces of (Sets of) Words

Let A be a (finite or infinite) alphabet, let A" (A“) denote the collection of all finite (infinite)
words over A, and let A =% 4"yA“. Let ¢ denote the empty word. For each u € A, u(n)
is the prefix of u of length n, if this exists, and u(n) =u, otherwise. We define a metric d on
A by putting d(u,v) =27", where n =sup{k | utk)= v(k)}. Thus, d(u,v)=2"°=0 if

u=v. We have
Proposition 2.2. (4°,d) is a complete ultrametric space.

Let & = #,.(A°°) denote the collection of all nonempty closed subsets of 4°°. Let, for X € &,
X(n)={u(n)|u € X}. We define a metric d on & by putting d(X,¥)=2"", where
n =sup{k | X(k)=Y(k)}. For example, d ({abc .ef },{abcd efg}) =272, We have

Proposition 2.3. (#,d) isa complete ultrametric space.

On A and & we have the usual concatenation operator ’-’. For subsequent purposes, we are
interested in the subset Q of & consisting of either {e} or of elements X in & which do not con-

tain e.

2.4. Domain Equations and Resumptions

We briefly recall the notion of a (metric) domain equation. The general form of such an equa-

tion is

P = #(P) 2.1




or, more precisely, (P,d p) = #((P ,d p)), where the mapping ¥ (technically a functor from the

category of complete metric spaces to itself, but we do not have to be aware of this) is built up
as follows: & is either a constant (delivering some complete (4,d 4)), a transformation id,
which maps (M,d) to (M,a-d) for some real «, or composed from already given components
by operations such as cartesian product, disjoint union, (restricted) function spaces, or the
‘closed subset of* mapping. We have no room to discuss details which are described at length
in [BZ1] or [AR] (see also [BK] for the connection between such P and spaces obtained through

bisimulation from synchronization trees as, e.g., in [Mi]). It is sufficient to know that isometries

such as
P = {po} U (4 XP) 2.2
P = {po} U Pcipsea(A Xid 4(P)) (2.3)
P = {po} U (A ™ P pp50q(B Xid x(P))) (2.4)

all have well-defined solutions as complete metric spaces. (On later occasions, the mappings
id ,, will, for simplicity, be assumed implicitly). Elements of such P are either finite (and then
equal to p, or in some P, ., = %(P,)), or infinite and then satisfy p =lim,p,, withp, € P,.
Occurrences of P in terms ... XP on the right-hand side of these equations justify the terminol-
ogy of resumptions: For example, for p € P with P as in (2.4), p(#po) is a function which,
when supplied with argument a € A turns itself into, among other things, some <b,p’'>. In
later applications we shall read this with the connotation: process p maps a to b and then turns

itself into process p’ as resumption.

For subsequent purposes, we note that, if the constant spaces (4.d ,), (B d3g), ... are

assumed to be ultrametric, then the solutions P (as in (2.2) to (2.4)) are also ultrametric.

Example: Elements from P as in (2.3) are, e.g., {<a,{<b,py>,<c,po>}>} and
{<a,{<bpy>}>,<a,{<c,py,>}>}. These may be pictorially represented by the trees from
section 1. No such distinction is present in the set O, where both objects are represented by the

set {ab,ac}.

3. Recursion and Merge

The first language we consider is a simple extension of the traditional (uniform) sequential
languages, obtained by adding the programming construct of parallel execution or merge s,lis;
of the two statements s, and s,. By a traditional (uniform) language we mean here a language
which has (uninterpreted) elementary actions taken from some alphabet A, sequential composi-
tion, nondeterministic choice and recursion. It is well-known that these four concepts put
together in the customary way - the exact syntax follows in a moments - yield the expressive

power of context-free languages, here taken in the general sense of languages over finite and

infinite words over 4. Thus, we may rephrase the object of study in the present section as




infinitary context-free languages extended with merge or shuffle, where the latter notion is the

standard operation of language theory. This combination of (basic notions with) recursion and
merge was first studied in [BBKM] (denotational LT and BT models) and [BMOZ, BKMOZ]
(operational vs. denotational LT models). The presentation below essentially follows [KR],
though our returning here to the format of simultaneous recursion - rather than employmg pos-

sibly nested p-constructs - allows a considerably more concise treatment.
We build the syntax starting from
® a (not necessarily finite) alphabet 4, with elements a,b ,c,...

®  a set Fwae of procedure variables x ,x,,.... It will be convenient to assume that each pro-
gram uses exactly the procedure variables in the initial fragment 2= {x,,... x nt Of Pear,

for some n = 0.

We start with

Definition 3.1 (Syntax).

a (statements). The class (s € )&, of statements is given by
su=a ]x I 51389 { s1US, ] slis,, withx € @
b (guarded statements). The class (g € )& 8 of guarded statements is given by
gu=algs|ge,lele,
c (declarations). The class (D € )@ect/|, of declarations consists of n-tuples

D =Xx&g X, 8, OF <x;¢g;>;, for short, with x; € & and g E LS.

d  (programs). The class (¢ € ) Phag ;| of programs consists of pairs ¢t = <D |s>, with
D € Dect | and s € & ,.

Examples

1. <
Xj&ax,Ub;x,,
Xo&€bUb;x ua;xq;x,,
Xzeaua;x Ub;x,;x,,

|x1>

2. <xea;blx)|(clx) >

Remarks

1. Alle g; occurring in a declaration D =<x;«g;>,; are required to be guarded, i.e.

occurrences of x € & in g; are to be preceded by some g (which, by clause b, has to
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start with an elementary action). This requirement corresponds to the usual Greibach con-
dition in formal language theory.

2. We have adopted the simultaneous declaration format for recursion rather than the p-
formalism which features constructs such as, for example, ¢ px [a;(uy [b 5y ;05U b3]lix)].
As remarked already, the avoidance of (nested) p-constructs allows for a simpler deriva-

tion of the main semantic equivalence result to follow.

We proceed with the definitions leading up to the operational semantics for s € £, and
t € Phog . It is convenient to extend &, with a special ’empty statement’ E which performs no
action (it will obtain {e} as its meaning). We put £, = &,u {E}. The operational semantics is
based on transitions (following the operational semantics techniques of Structured Operational
Semantics, cf. [HP, P12, Pi3]). Here, transitions are four-tuples in & X4 X Deed | X £ ', written

in the notation

with s € Z;,a € A,D € Pect |, s' € £,'. We present a formal transition system T, which
consists of axioms and rules. Transitions which are given as axioms hold by definition. More-
over, a transition which is the consequence of a rule holds in T, whenever it can be established
that, according to T, its premise holds (or, in later sections, its premises hold). We shall

employ below self-explanatory notational variants of the format for the rules. T is given in

Definition 3.2 (transition system 7). Lets,s',§ € £,a € A,D € Dec/ .

a
a-, E (Elem)

a
5 - s’IE
D

a (SeqComp)
$3§ = §'58 | 5
a
s, s’ IE
5 (Choice)
SUF = s | E
Sus — s IE
a
g—, 5 |E
—_— ,Withx «<g in D (Rec)
X =, IE
& a
s =, 5! IE
5 (ParComp)

sIs 5 505 |5
D l

o~ a ~ —~
§lls — _5ls' |5
D




a

b
We next define how to collect the successive transitions s -, s, s -, s",..., starting from

some ¢ = <D |s >, into its operational meaning O[[t]]. We use Q as introduced in section 2.3.

Definition 3.3.
a. The mapping 0: Fheg | = is given by
O[<D|s>] = 0,[s].
b.  The mapping O, : &,'—Q is given by: O,[E] = {e}, and for s £E,

OplsT = U{a-0p[s'] | Sips'},

where the transitions are with respect to 7.

It may not be obvious that the function &, is well-defined. This is in fact a consequence of the

following

Lemma 3.4. Let the operator ®:(%,' Q) (% ,' Q) be defined as follows: For any
Fp: &\ Q we put ®(Fp)E) = {e}, and, for s #E,

2 Fp)s) = U{a-Fps'T | s> s},

Then ® is a contracting mapping with O, as its fixed point.
Proof. Clear from the definitions and Banach’s theorem. [
Example. 0[[<x «a;xub | x>] = {a“}ua*-b.

Remark. As explained in [BMOZ], if we were to drop the guardedness restriction for the g; in
D, the operational meaning of <D ]s > (based on the definitions in [BMOZ]) is not necessarily
a closed set, and definition 3.3 would not, in general, yield the desired result. (Definition 3.3

always gives closed sets as results.)

The next step is the development of the denotational model. We use Q as before, and now
also define various semantic operators: Q XQ—>Q, viz. the operators of union ('U "), composi-

tion ('¢’) and merge ('ll").

Definition 3.5. ForeachX € Q wewrite X, ={u € 4*° |a-u € X}.
a. XuY =X,if ¥={e}.
XuY=7Y,ifX={).

Otlicrwise, X U Y equals the set-theoretic union of X and Y.

b. Let op stand for o or ll. Let ¢ be any ndi mapping: QXQ—Q. Let
@,, 1 (@XQQ) (@ XQ—Q) be defined as follows:




Y, if X = {¢}
Usea {a X)) | X, # @}, otherwise

@ .(9)(X)(Y)

]

@ (D)X)(Y) = 2.(S)NX)(TY) U 2 ($)(Y)(X)

c. We now put ° = fixed point(®.), || = fixed point(®,).

We have

Lemma 3.6. The operators U, °, Il are well-defined and ndi (and, hence, continuous).

Proef. Clear for u. For the other operators, another appeal to Banach’s theorem suffices. [J

The denotational semantic definitions employ the usual notion of environment. Let
(y € )I' = #ar—Q be the set of environments, i.e. of mappings from procedure variables to
their meanings. We define

Definition 3.7 (denotational semantics for &, Jhog ;). Below we often suppress parentheses

around arguments of functions.
a. M :Peg *Q is given by M [<D s> =2[sTvp-

b. yp=v{X;/x;}]-, where, for D = <x; g;>;, we put
<X |,..X,> = fixed point <®,,...,%,>

where ®; : Q"—Q is given by ®;(Y))...(Y,) = DMg; Nv{Y¥ilx;};-

c. Dally={a}, D[x]y=7vC), D[s,0p s, 0v=D[sQvop 252117,
forop € {;,u,ll} and op € {°,u,ll}, respectively.

Examples. @[a;(buc)]y = @[(a;b)u(a;c)]y = {ab.ac}.
AM[<x =aybllx) lx>]] = lim;X;, where X; ., =a -(bllX;), and X, € Q is arbitrary.

Remark. The (unique) fixed point in clause b exists by the guardedness requirement which

ensures the contractivity of the ;.

The above definitions of the operational and denotational semantics have been tuned such
that the ,proof of & = .# is now no longer a major undertaking (as it was in [BMOZ]). We fol-

low the approach as in [KR] (cf. [HP], [AP] for a similar approach in an order-theoretic frame-

work) with the additional simplifications due to our replacing u-constructs by simultaneous
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recursion. We prove
Theorem 3.8. Forallt € Shog |, Ot] = M [1]).

Proof. Letus put @ ,[s] =% @[s]lyp. By the definition of @ and lemma 3.4, it is suffi-
cient to show that, for s € &, (*):@p[s] = P(D p)(s). The proof proceeds in two stages;
first for g € &% and next forany s € &,.

Stage 1. Take g € & %. We prove (*) by induction on the complexity of g. We only treat the
case that g = g llg,, the other cases being simpler. We have:

(D p)(g,ligy) = (def.®)

a
U{a-Dp[5] | g)llgo=, 5} = (def.T)
a a .
Ufa-2plslig.] | 81> ,s'}u U {a-@pllg)lis"] | g2~ 5"} = (def.®)
a
U{a(@pLs'T1Dp[g.1) | g1~ ,s" U
a
U{a(@ple,I1Dpls"]) | g2 5"} = (ind. hyp)
a
U{a(@pLs'TIR(Dp)8g)) | 1=, 5"} u
a

U {a-(@@p)e)I@p[s"T) ]gz—eDs”} = (def.ll,T)

(D p)(EDIR(Pp)(gr) = (ind. hyp.)

Dplg:1INDple.]l = (def.D)

Dplg g1
Stage 2. Take s € . We prove (*) by induction on the complexity of s. All cases are as in
stage 1, but for the case s =x, withx =x; € . We have

a a

®(@p)x;) = U {aDp[5] |x;> 5} = U {a-2,[5] lgi—=,3} (withx; «g; in

@) = (by stage 1, the desired result holds for g; € #8) @ ,[[g; ] = (by the fixed point pro-
perty) @p[lx;]. [

4. Synchronizatioh and Global Nondeterminacy‘

We discuss an extension of &, with two new features. Firstly, we add a form of synchroniza-
tion in the tradition of CCS [Mi] or CSP [Ho]. Secondly, we replace the nondeterministic choice
(s1Usy) of section 3 by a new form of nondeterminism, written as s,+s,. The latter is called
global (sometimes also external) nondeterminism. In the presence of synchronization, the
former variety is then called local. For an extensive discussion of these two notions we refer to
[BMOZ] and the papers cited there. The interesting point with the notion of global nondeter-

minacy is that it needs some form of non-LT denotational semantics to make sufficient distinc-

tions. For example, assuming that a,b are normal actions and ¢ is a communication action
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(which requires a corresponding ¢ in a parallel component to establish sysnchronization), we
want to assign different denotational meanings to s, =a;(b+c) and s, = (a;b)+(a;c). A
simple LT model would not capture the operational intuition (which treats s,,s, differently,
details follow), since it would deliver the outcome {ab,ac} in both cases (cf. the example fol-

lowing definition 3.7).

We shall present below a branching time (BT) denotational model for &, which indeed

provides the desired refinement to distinguish between @[[s,]] and 2[[s,]] .

The syntax and operational semantics for £, exhibit only minor differences with those for
& ,. Firstly, we assume a subset (¢ € )Cc4 of communications, and assume moreover a map-
ping ~: C—>C, such that (writing ¢ for (c)) we have ¢ =c. Finally, we postulate a special ele-
ment 7 € A\C which will be used as outcome for a successful synchronization between an

action ¢ and its counterpart ¢ . For this we refer to the rule(s) Synch in definition 4.2.

Definition 4.1 (Syntax). Let A be as just described, and & as in section 3.
a (s € Zy). s i=a Ix |sl;s2 I §;+S8, | sills,, withx € &

b (g€ 2f). gu=algs|e+e]|gle

¢ (D€ Dectly)). D = <x;<8,>;,X; € X,8;, € L.

d (1 € Progy). t = <D |s>,D € Bocly, s € &,

e. ) =%,u{E}

The transition system T, is given in

Definition 4.2. The transition system T, contains Elem, SeqComp , Rec and ParComp from T ;.

Moreover, it contains the rules (s,s",5,5,,5,,8" € Z,,a € A,c € C,D € Decl>)

a
5= s'IE
D

7 (GloCho)
s+5—> 5 |E
D
-~ a !
Sts—> s | E
c ¢
51> s, s> 5"
D D
7 (Synch p)
s sy b s'lis”
c ¢
sl—'*D s’ s 52"‘)0 E
- , and a symmetric rule (Synch,)
5 ltsy -, s’
: E ? E
Sl 4 N Sz —
D D
(Synch3)

=
sqills,— E
sy =
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c
Remark. By Elem, we now also have that ¢ -, E.

In order to define @ for qg ,, we provide a slight variation on the set Q used in section
3. We introduce a new symbol § & 4, modelling failure, and we put 4;° = A*yA®yd*-é.
Thus, 4;* extends A° by adding all finite sequences over 4 to which § is appended. Further-
more, we put &5 = #,.(4,;™), and we take R to be the subset of #; consisting of either {e} or
of {6}, or of elements X in &, that do not contain e or 5. We shall again use X,Y to range
over R, and use the notation X, as before. (Note, however, that elements in X ¢ Dow may end

with §.) We give

Definition 4.3 (operational semantics for Srog 5, €5).
a. O:%eg, R isgivenby O6[[<D [s>] = Op[[s].
b. @p:%,R is given by: O,[[E] = {e}, and for s #E,

©)if{a |sS s,aaCl=0

D
g = a
ols] U{a-0pLs'] | s>

b s',a & C}, otherwise,

where the transitions are with respect to T,.

As in section 3, @, may be shown to be well-defined by a contractivity argument.
Example. Opf[a;(b+c)] ={ab}, Op[[(a;b)+(a;c)] = {ab,ab}.

The denotational model for &, assumes a domain (p € )P of branching time processes

(cf. section 2.4) satisfying the isometry
P = {Po} u t@closed(A XP) (4.1)

Here we assume the discrete metric on A. Typical processes are

® the ’nil process’ p, and the empty process & (the empty set), corresponding to the LT
objects {e} and {8}, respectively,

® {<a,{<b,py>}>,<a,{<c,py>}>}, which is different from
{<a,{<b.po>,<cpe>}>},

®  the infinite process p =lim,p,, where p, ., = {<a ,p,>,<b,p,>}.

We recall from section 2.4 that P is a complete ultrametric space, and that elements of P are

either finite or satisfy p =lim,p,, for p, finite. We draw attention to the difference between
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{6} € R and @ € P. There is no problem in incorporating & into P. In particular, we have
that d({<a.,p,>},{<a.p,>}) =% d(p,py) holds, even for p, or p, equal to &. (This fol- )
lows from the implicit use of id ,(P) on the right-hand side of (4.1).) On the other hand, since
a-@=@, including @ into R would invalidate the contractivity property
d(a-X,a-Xy) =% dX,X,).

We next define the semantic operators op : P XP—P, for op € {u,°,li}, as natural varia-

tions on those of definition 3.5.

Definition 4.4.
a. pug =p,ifg=po
pugq = gq,if p=p,.
Otherwise, p U g equals the set-theoretic union of the sets p and q.

b. Let op stand for o or Il. Let ¢ be any ndi mapping: PXP—P. Let
®,, (PXPP)™ (P XP—P) be defined as follows:

q,ifp=pg
() P)(9) = {<a,0(p’)(q)> | <a,p’'> € p}, otherwise
®,(D)(P)(q) = 2.(D)(P)(Q) U RN U B |(P)(9)

where $| :P XP-*P is given by
$1(P)q) = {<7.0(')g")> | <cp'> € p,<C,q'> € q}

c. We now put ° = fixed point(®.,), | = fixed point(® ).

We have again that the operators U ,°,ll are well-defined and ndi (and, hence, continuous).

The denotational definitions are now easy variations on the ones in section 3. Let
(y €)T,=X—P. Now M : Prag ,—P and D : £,—>(T" ;> P) are defined in

Definition 4.5 (denotational semantics for &,, %ag ;).
a. M[<D|s>]=2[sTvp-

b. yp=7{pi/x;}}-1, where, for D = <x; «g;>;, we put

&

<P 1seeesPp > = fixed point <® ..., P, >
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with ; : P"—P is given by, for j=1,....,n, ®;(q,)..-(9,) = @[g; N v{q:/x:}:-

¢. Dlally={<apo>}, 2[xJy=7(x),
D[sy0p syQly= D51 Qvop @Ls,0y, for op € {;,u,ll} and op € {°,u,ll}, respec-
tively.

Examples. @[a;(b+c)]y = {<a,{<b,py>,<c.,po>}>},
D(a;0)+(a;0)Ty = {<a,{<b,po>}>,<a,{<cpo>}>},
MI<x a;(blx) |x>] = lim;p;, where p; ., = {<a,{<b.ps>}lp;>}.

We see that @ [[s J]y contains traces of unsuccessful communications which are not present in
Opl[s1 . For example, @[[c ]|y = {<c.,py>}, @p[[c] =86. Moreover, the elements delivered
by @ [[s ]]v are branching time objects (in P) and the elements delivered by @ [[s J] are linear.
time objects (in R). We therefore define an abstraction operator abs : P—>R which links the
two meanings: given an argument p, abs deletes <c,...> branches from p, and collapses the

branching time structure into the set of all ’paths’ in the process p.

Definition 4.6 (abstraction). We define abs as fixed point of the contracting mapping
¥ ps :(PR)—>(P—R) given as follows: Let y € P—>R. Writing ¢ 4, as shorthand for
‘I,abs(‘p)’ we put

J’abs(PO) = {E},
and, for p #p,,

. {6},if{a |<ap' >€p,aaC}=0
Vars(P) = U{a¥@") | <a.p'> € p,a & C}, otherwise.

It can now be shown that
Theorem 4.7. For eacht € hag ), O] = (absetO[1].

We omit the proof which is an extension of that of theorem 3.8. Details are given in [KR].

5. Process Creation

We now turn to the study of a simple uniform language with processt creation as central

feature. We couch the notion of process creation in the framework of the language %5 (with

&

1The programming notion of ‘process’ as studied in section 5 has nothing to do with the mathematical notion
of ‘process’ appearing in section 4.
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induced Fhog ). This language is like & (or Fhag |), but with the construct of merge replaced
by the construct new(s): execution of new(s) creates a new process with body s, to be exe-
cuted in parallel with the already existing processes. (A more precise definition follows in a

moment.)

We first encountered the notion of process creation during our study of the semantics of
POOL, a parallel object-oriented language. In [ABKR1,2] we have designed operational and
denotational semantics for POOL, and in [AB] we massaged these definitions such that the
equivalence of the two semantics for process creation could be shown. What follows below is a
new presentation, which could be simplified considerably thanks to another application of a con-

tractivity argument.

We assume A and & as in section 3. (For simplicity, this section has no (¢ € )CgAd, and

'y’ again replaces '+'.)

Definition 5.1 (Syntax).
a (s€ %) su=a |x | 5458, ] 51U, | new(s), withx € &

b (s€2P). gu=h|g;8.]8.U8gs | new(g)
(h € H). h ==a|h;s |huh,

C (D € @90[3). D = <xi¢=gi>i,x,- € g', 8 (S Qg,g,i:l,...,n.

d (1 € Pogy). t = <D |s>,D € Decly, s € ¥;.

Remark. The complications in the definition of (g € )¥3% are caused by the following
phenomenon: We want to make sure that occurrences of x in g are guarded by some statement
which starts with an elementary action a. Without the precaution as taken in clause b (i.e.,
adopting a syntax for Z,8, analogous to Z %, of the form g :=a lg;s Iglugz l new(g)), a
statement new (a);x would qualify as guarded. As we shall see later, the intended meaning of
new(a);x is the same as that of the unguarded (¥ ,-)statement allx, allowing execution of x
before a. This would violate the desired contractivity of the function(s) associated with the

declarations; hence, the need for the more involved definition.

Before providing the formal semantic definitions, we first present an informal explanation
of process creation. The execution of s is described in terms of a dynamically growing number
of processes which execute statements in parallel in the following manner (all steps are with

respect to some given D):

1.  Set an auxiliary variable i to 1 and set s, to s, the statement to be executed. A process,

numbered 1, is created to execute 5.

2. Précesses 1 to i execute in parallel. Process j executes s; (1= =<i) in the usual way in

case s; does not begin with some new (s') statement.




S
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3. If some process j (1= =<i) has to execute a statement of the form new(s'), then the vari-
able i is set to i +1, s5; is set to s', and a new process with number i is created to execute

s;. Process j will continue to execute the part after the new (s') statement. Go to step 2.

4.  Execution terminates if all processes have terminated their execution.

We proceed with the formal semantic definitions. We use a somewhat extended transition for-

malism which involves constructs defined in

Definition 5.2.
a. The set (r € )%g of sequents is defined by r ::= E | s;r, with s € ;.

b. The set (¢ € )Fae of parallel constructs is defined by ¢ ::= ry,...,r,, n = 1.

Transitions in T are elements of P XA X Pecl 3X #ar , written in the notation

e, e

a

We shall often encounter instances of transitions written as ...,r,... = ..., ,.... Here r (r') is

D
a component of @ (g'), and the notation implies that all terms at the dots (...) are unaffected by

the transition. Mutatis mutandis, such notation also applies to transition rules.

Definition 5.3 (transition system 7).

a
a3 T e el e (Elem)
a
SN SH C0% 3 N -, e
3 (SeqComp)
(5138257 pees -, e
a
cesS3 e = Q@
(Choice)

D
a
s (SUS); T, -, e
a
__)

e (SUS); T, b @

a
P e N

5 , withx<g inD (Rec)
vessX 3T geus —)D e

a
sl s S3 E = @

D
a (New)
- D Q

c HEW(S); 7 et
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Note that in the rule (New), if the transition in the consequence has n components on its left-

hand side, then the itransition in the premise has n +1 components on its left-hand side.

a b
Example. new(a;new(b;c));d;E -5 d;E ,new(b;c);E -,

d c
d;E ,E ,c;E -, E E ,c,E —>D E ,E ,E.

The operational semantics associated with T'; is described in

Definition 5.4.
a. O:%ag5—Q is given by O[<D |s>] = Op[[s;E].
b. Op:Fn—Q is given by:

{e}, if o=E,E,....E

OplE] = a
plE] Ufa-0p[e’'] | Q_.,DQ'},otherwise,

where the transitions are with respect to T,.
Remark. Well-definedness of Op follows as usual.

We continue with the denotational definitions. Let Q and the operators u,ll be as in sec-
tion 3 ("¢’ plays no role here). Besides the usual environments, we also introduce the set of so-
called continuations %ent which, in the present setting, coincides with Q. We have, altogether,

the following domains and functions:
(X e€)0, X € )Cont=0Q
(y €)T3 = X (Gont—Q), £ € Cont—Q
M Peog 37Q
D : 23T 37 (Cont Q)
with # and @ defined in

Definition 5.5.
a. MI<D|s>T =D[[sTvp{e}.

b. vyp=v{&/x;}}-,, where, for D = <x;«<g;>;, we put

<&|pee by > = fixed point <& ,..., 9, >

with ®; :(Gone—Q)" > (€on¢—>Q) is given by ®;(£,)...(§,") = D[g;Nv{&i'/x;}i, for

j=1,..,n.
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c. D[allyX=a"X, Px[vyX =v(x)X, DLsis:]vX =P[5, (25,07 X),
D[s s 0y X =(D[[s, TvX)u (@[5, ]vX)-

d. Dnew(S)NvX =(D[sPv{e}) IX.
As usual, our main task is to relate @ and .#. We shall prove
Theorem 5.6. Forallt € Progs, Ot = M]t]).

The proof uses an auxiliary function & p, : Zze—Q defined by

® Eplrisry, ] = Eplr, Q.. &pMr, T,
® GplET = {e}, €plls;r] = DPLsTvp(EplrI)-
We shall show that

Claim.

éa [[Q]] - {G}’ l:fQ=E’E,""E
D -
Ufa-€plle'Tl | Q—a+D o'}, otherwise.

Once this claim has been established, we are done: By the usual argument, it implies that
€pllell =0plle]; hence, in particular,

o[<D |s>]] =0Op[s;ETl = €p[s;E]l = DP[svp{e} = #[<D |s>]] .

The claim is proved by showing that & satisfies (*): ¥(& p) =¢&€p, where ¥ is defined, for
each ¥, € #Zm—Q, by

, {e}, if p=E.....E
¥ (Fp)(e) = a
Uf{a-Fple'T | e— @'}, otherwise.

We prove (*) by induction on the complexity of ¢ =r,,...,r,,, which we define as the entity
<k,c(e)>, where k=0 is the number of unguarded occurrences of some x; (1=j=n) in
some r; (1=i=m). Moreover, c(g) is defined as c(r)+..+c(r,), where c(E)=0,
c(s;r)=c(s)+c(r), and c{a)y=c(x)=1, c(sps)=c(sUs)=1+c(s)+c(sy),
c(new(s))=1+c(s). (We recall here that x does occur unguarded in, e.g., new(a);x;E.) We

order the entities <k,c > by putting <k,c> < <k’,c’ > whenever k <k’ or k =k’ and ¢ <c'.

Stage 1 We first consider the case that complexity(p) = <O0,...>. If g=r,0’ we show that

®(&p)(r.e)=€pllr,e’']l by an argument similar to that in section 3, stage 1 of the proof of
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theorem 3.8. Here we use, in addition, that, if

17, @

22,0

then complexity(g,) < complexity(p,). If ¢=r, we distinguish various subcases. If r=E, the

claim is obvious. If r=s;r', we argue by case analysis on the structure of s. We discuss two

typical subcases:

s =5;5,. Then

(Ep)((sy389;r)=

Ufa €p[el | (siispir =, &} = (def. T)

Ufa-6pLeD | sitspir) =, 8} =

(since (5,3 (s2;7)) <c (($1;5,);r), we may apply the ind. hyp.)
Eplsi(sur)] = (def. &p, D)

Eplsis);r].

s=new(s').

B(&p)(new(s);r)=

Ufa-plal | (rew(s)ir >, &} = (def. Ty)

Ufa-6pLal |r.s:E >, &) =

(since ¢(r ,s;E)<c(new(s);r), we may apply the ind. hyp.)
Epllr,s;ET = (def. &p)

EprINEp[s;ET = (def.&p, @)
(ZLsTvp{eHiéplr] =

D [new(s)17p(€pLrl) =

Epllnew(s);r]l.

Stage k+1. Assume that (*) holds for any ¢ with at most k unguarded occurrences of some x;.

Now consider a @ with k +1 unguarded occurrences. All cases are as before, but for the case

o=r,r=s;r ,s=x;, for somex; € & Then

S(Ep)(x;sr')=

a

Ufa-&plleD |x:r -, @} = (def. T3)

a
U{a-€plel |gi:r =, 8} (withx;eg inD) =
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(since g; is guarded, we may apply stage k)
€pllgi:r'l =

€pllx;;r' 1, where the last equality holds by the definition of @. O

We conclude this section with two

Remarks.

1. It has been shown by IJ.J. Aalbersberg and P. America that the expressive power of il and
of new(...) are incomparable: There exists ¢, € Jhag | such that for no t; € Fhag,,
Ot = 0[[t;]], and vice versa.

2. In [AB], process creation is also considered in a nonuniform setting, in the sense of, e.g.,

the language of the next section.

6. Communication with Value Passing

We conclude our list of four specimen languages analyzed with metric tools with a discussion of
a nonuniform language &, which is best seen as an extension of &, from section 4. The atomic
actions of &, are no longer uninterpreted symbols a from some alphabet 4, but, instead,
assignments v:=e, for v an individual variable and ¢ an expression, and communication
actions ¢?v or cle. Also, booleans b are introduced appearing as tests in conditional state-
ments. Accordingly, the semantic models now incorporate states, i.e. mappings from individual

variables v to elements « in some set ¥ of values.

We first collect some syntactic preparations. We introduce the set (v € )Fnde of indivi-
dual variables and (¢ € )C of channels. Channel names ¢ appear in the communication actions
c?v and cle. Synchronization of two such actions is defined similarly to that of ¢,¢ in section
4. In addition, however, at the moment of successful synchronization the assignment v:=e takes
place. Assuming that c?v occurs in some component s, and cle in a component s, of the
parallel statement s ,lls,, the current value of e is transmitted by the sender 5, over the channel
¢ to the receiver s;, where it is (instantaneously) assigned to the variable v. Furthermore, we
introduce the syntactic classes (e € )&y of expressions and (b € ) Beot of booleans. For sim-
plicity, we assume some elementary syntax for &% and Beof, and leave this unspecified here.
We only postulate that no complications such as side-effects or nontermination arise in the

evaluation of some e or b.

We now give

Definition 6.1. Let &= {x,...,x,} be as before.

a (s €Y.




b

C.
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s u=vi=e | ey | cte | x | if b then s, else s, fi | 558, | s\lls,, withx € &

(8 € L&) gu=vi=e|cwv|cle|g;s|if b then g, else g,fi | g,llg,

D € Decly, t € Hrog , are formed from s € L and g € £ as usual.

Remark. For simplicity, &, has no form of nondeterminism.

Some semantic preparations are contained in

Definition 6.2.

a. (a € )V is the set of values, {1t ff) is the set of truth-values.

b. (0 € )X = Inde—V is the set of states.

c. (ne€)H=XuA, where
Ge)r={cw]|ceC,v e In}u{clalceC,aeV}.

d. For e € &, [e] (o) denotes its value in state o; for b € Bsof, [b](0) denotes its
truth-value in state o.

Remarks.

1.  The reader may always take Z for V to give some realistic flavour to our considerations.

2. The set H serves technical purposes in the definitions below. For given input ¢, computa-

tions yield elements n € H as output. These may be distinguished into ’normal’ n € L

and ’abnormal’ 4 € A, where the latter results from one-sided (and therefore failing)

‘attempts at synchronization c¢?v or cle.

We proceed with the definition of the transition system T,. This time, transitions are five-

tuples in Z4XE X Decl ;X L4 XH or four-tuples €, XL X Decl ;X H, written as

<s5,0> % p <s' >,

<s,0> >p 1,

respectively. T, is defined, again applying a self-explanatory style of abbreviating rules, in

Definition 6.3.

<v:=e,o0>*p o{a/v}, where a=[e T (o) (Ass)

<c?,o0>"pc?y

<cle,o0>=p cla ,where a=[[e ]| (o) (IndCom)

<s5;,0> 2 p <s' > | 7

(Cond)

<if b then s, else s, fi, 0> > p <s' > )
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where s; =5, (s5,) in case [b ] (o) =1 (ff)

<s$,0> >p <s' 9> | 7

- - - (SeqComp)
<$§;5,0> 2 p <s';5,93> f <§,1> P
<5,0> 2, <s' 9> I 7

~ ~ — (ParComp)

<sli§, o> =, <s'lI§,p> ' <§>

<§ls,o> =, <5ls' 9> | <5,9>

<S> p <5Lev >, <85y,0> 2 <s'cla>
Synch
<s\llsy,0> = p <s'lls",0{alv}> (Synch)
and the three obvious variations in case s', s” or both are missing
<g.0>p <s' > l 7

y,2Withx«g inD (Rec)

<x, 0>, <s' 3> g

Before we define @ [[t]] and @ [[s ] we first introduce the process domain P as solution of
P = {Po} U (E_)gclosed(H xXP)), 6.1

with the discrete metricon £ and H.

Remark. We leave for another occasion discussion of the equation
P' = {e} U (E2P4(H-P)) (6.2)
determining P’ as possible ‘linear time’ alternative for P. This discussion will in particular

have to clarify the role of '+’ versus ‘X’ in a nonuniform context.

The operational semantics are given in

Definition 6.4 (operational semantics for Prog 4, 4 ,).
a. O0:%ag 4P is given by ﬂ[[<Dls>]] = 0Oplls].
b. Op:%,—P is given by:

OplsT = o ({<0',Op[[s' ] > | <5,0> =) <5',0'>}u {<0'po> | <s5,0> =5 a'});

where the transitions are with respect to 7.

Remark. Just as in definition 4.3, @, does not take into account transitions stemming from

failing cgmmunications, signalled here by the format <s,0>—, <s',6> | 6 with 6 € A.
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For P as in (6.1), we can define the usual operators U, °, ll. We restrict ourselves to the

definition of Il, here involving the auxiliary operators IL and |.

Definition 6.5. Let P be as in (6.1), and let (X € )& abbreviate #,;,,(H XP). We define
the operator li as fixed point of ® : (P XP—>P)—>(P XP—P), where, for¢ € PXP—P and ¢
ndi, @ ,(¢) =¥ ¢, is given by

p,ifg=p,
éu(p)9q) = 14,if p=p,
Ao . ($u(p (0))(g) U d(q(0))(P) U | ,(p (0))(q(0)))

where ¢,: #XP—> & is defined by
uUX)(q) = {<n,d(')(g)> | <n.p'> € X},
and ¢ o PXFPP s defined by

$|,,,(X)(Y) = {<o{alv},o(@')(q')> ] <cv,p'>€X, <cla,qg'> € Y or vice versa}.

We are now ready for the definition of #[[t] and D[t . Let (y € )T y= P, let
M Shrog 4P and D . Z,—(T'y—P). We give

Definition 6.6 (denotational semantics for &,, Sreg 4) .

a. JM[<D|s>]=D[sTvp-

b. vp is as usual.

c. Dv:i=elly=MNo.{<o{al/v}pey>}, with a=[eI(0), Z[c?[v=No.{<c?v py>},
D[clelly =Mho. {<cla,py>}, with a=[e ] (o),
Df b then s, else s, fill = No.if [bI(0) =1t then D[s,]]yo else D[s,]vo fi, and
D(xTv, D[s,0p s211v for op € {;,u,ll}, as usual. ’

One last step is necessary before we can formulate our final result. We define the abstraction
mapping abs : P—>P", where P" satisfies
P" = {po} U(E=P poea(EXP™) 6.3)

by putting abs=fixed point (¥ ,.), with ¥, :(P—P")>(P—P") defined by: For
¥ € PP, ¥ 4 () =¥ {4 is given by

&

izabs(Po) = Do
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and, for p #p,,

and

Yaps (@) = Ao $(p (0))

¥(X) = {<o,¥(p')> | <o,p'> € X}.

Note that the last clause deletes pairs <§,p’ > from X .

We finally have:

Theorem 6

Proof. By
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