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ABSTRACT

The present state of the art in the classification of distance-transitive
graphs is surveyed. A detailed treatment is given of the graphs on which a
group with simple socle PSL(n,q) (n 2 8) acts distance-transitively.
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1. INTRODUCTION

In this section we outline the programme of classifying all distance-transitive graphs.
We mention some classification results, mainly concerning the case where the graph has
an automorphism group with nonabelian simple socle. Section 2 provides some neces-
sary conditions for a permutation group to act as a distance-transitive group of automor-
phisms on a graph and surveys recent general theory. Finally, in Section 3 a detailed
treatment is given of a specific case where the simple socle is isomorphic to PSL (n,q)
with 7 = 8. We understand that this result (viz. Theorem 3.2) has also been established by
INGLIS [14].

1.1. Definition. Let G be a group acting on a graph I'= (VI,ET) (i.e., we are given a
morphism G —autI’). We say that G acts distance-transitively on T if its induced action
on each of the sets

(1,9 |y.0e VT, d(1,8) =i}

is transitive. Here, d(y,8) denotes the usual distance in " between its vertices 7y and 0,
and i runs through {0, - - - ,diamT’}. A graph T is said to be distance-transitive if autT"
acts distance-transitively on it.

Suppose G acts distance-transitively on the graph T". Then G is transitive on VI and, for
each i, (1 < i < diamT'=:d), the stabilizer Gy of Y€ VT ucts transitively on the set I';(y) of
all vertices at distance i to y. The most famous set of invariants of a distance-transitive
graph is its intersection array

{bo,b1, " ,bg-1:¢1, """ ,cq}
where, for ye VI and 8e I;(y), b; = [T1(8) N Tj+1 (] and ¢; = [T1@) N1 (W]. (In
fact, cg = 1, so there are only 2d -1 relevant numbers involved.)

The notion of distance-regularity for a graph comes down to the existence of an intersec-
tion array for it. We shall not comment on the many different ways of looking at
distance-regular graphs; we use the standard terminology and facts concerning this con-
cept, as given in BANNAI & ITO [3], and BROUWER, COHEN & NEUMAIER [8].
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In reconstructing I' from G, two data are crucial: for some Y€ VT, the subgroup H :=Gy
of G of all elements fixing ¥, and an element g of G such that {g¥,y} € ET". For then, as a
G-set, VI' can be identified with G/H, and, via this identification, we have
{g1H,goH} € ET if and only if gflgz € HgH. In particular, for every distance-
transitive graph I" there is a group G, a subgroup H of G and an element g€ G with gg H
and g“1 € HgH such that I'=1(G,H,g), where I'(G,H,g) stands for the graph A with
VA=G/Hand EA= {{g1H,g1gH}| g, € G}.

Suppose we are given G,H,g such that G acts distance-transitively on I'=1(G,H,g).
Usually, it is not easy to find b;, ¢; from G and H, but the numbers k; := |I';(y)| can be
found as H-orbit sizes: since H is transitive on I';(y), and there is t € G with tye I';(y),
we have k; = |H/Hpy| = |HI(H ntHt™")|, whence k; = |HtH/H |. There are a few
problems left: supposing we have found the set of numbers |HtH/H |, how should it be
ordered to give the k;? (Lemma 2.7 below gives an indication.) Supposing the ordering
of the k; has been found. Although the b; and c; are related via k;b; = k; 1c; 41 the inter-
section array cannot yet be fully completed. Below we shall see why the question of
determining I" from G, H is of relevance.

1.2. Examples. (i). Set VI'= (;), where X ={1,..,n} for some n and
ET={{x,y}| |xny|=d-1}). Then I'=(VI,ET) is the so-called Johnson graph
J(n,d). It has diameter d if 2d <n and it is isomorphic to J(n,n—d). The symmetric
group Sym , on #n letters acts distance-transitively on J (n,d).

(ii). Set VI'=| d], the set of all d-dimensional linear subspaces of a vector space V of di-
mension n over Fq, and ET = {{x,y}| dimx Ny =d-1}. Then I' = (VT ,ET) is the so-
called Grassmann graph G (n,d,q). Its diameter is d if 2d <n, and it is isomorphic to
G (n,n—d,q). The projective special linear group PSL(n,q) acts distance-transitively on
G (nd,q). :

Imprimitivity of the action of G on VT can be described completely in terms of the
graph. For any j, denote by I'; the graph with vertex set VI" whose edges are the unor-
dered pairs of vertices at distance j in I". Thus I'; is disconnected if and only if I" is bi-
partite. We say that I is antipodal if T4, where d = diamT’, is disconnected. Clearly, G
is imprimitive on VT if I' is bipartite or antipodal. The following converse of this obser-
vation is due to SmrTH [27].

1.3. Theorem. An imprimitive distance-transitive graph is bipartite, antipodal, or of
valency 2.

In fact (cf. [8]) the theorem also holds if distance-transitivity is replaced by the weaker
(combinatorial) condition of distance-regularity.

The theorem turns the classification of distance-transitive graphs into a two-stage
problem. The first stage is to find all graphs whose automorphism groups act primitively
on the vertex sets (i.e., the primitive distance-transitive graphs). The second stage is to
find, for every primitive distance-transitive graph I, all related imprimitive distance tran-
sitive graphs I" (more precisely, assuming the valency is at least 3, all bipartite and all an-
tipodal distance-transitive graphs I" for which a natural quotient exists that is isomorphic
to I".) The number of such imprimitive distance-transitive graphs can be bounded in
terms of |G | (provided the valency of I is at least 3). Two techniques of finding im-
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primitive distance-transitive graphs related to a given primitive distance-transitive graph
have proved to be of use: for finding bipartite graphs, a study of maximal cliques (cf.
HEMMETER [12]), and for finding antipodal, a study of geodesics of the underlying primi-
tive graph (cf. BROUWER & VAN BoN [6]). By the two papers just cited, almost all im-
primitive distance-transitive graphs related to a large class of primitive ones are deter-
mined. —

The following result by PRAEGER, SAXL & YOKOYAMA [25] sheds light on the struc-
ture of autT" in the primitive case. The proof of this theorem depends on the classifica-
tion of finite simple groups. Below, a group G is called almost simple if there is a nona-
belian simple group X such that X <G <autX. (Then X = soc G, the socle of G, i.e., the
product of all minimal normal subgroups of G.)

1.4. Theorem. Let T be a primitive distance-regular graph with a distance-transitive
group G of automorphisms of T'. Then one of

(@) T is a Hamming graph or, in case diaml’ = 2, its complement, and G is a wreath
product;

(i) G is almost simple;
(iti) G has an elementary abelian normal subgroup which is regular onT.

1.5. The state of the art. In case (i) of Theorem 1.4, the graph is completely determined
(although the group is not).

In case (ii), the classification of finite simple groups may be invoked so as to obtain
an exhaustive list of possibilities for soc G. The following cases have already been treat-
ed: socG = Alt,, the alternating group on  letters (n 2 5), by SAXL [26] (for n > 18),
Ivanov [18] (who also treats the imprimitive case), and LIEBECK, PRAEGER & SAXL [23].
For soc G = PSL (n,q), n 2 8, see Section 3. The case n <7 will be dealt with in a forth-
coming paper. We understand that work on case (ii) for the classical groups of dimen-
sion at least 13 has been done in INGLIS [14]. At any rate, the distance-transitive groups
of Lie type with a parabolic vertex stabilizer are all determined (cf. [8]). This leaves the
exceptional groups of Lie type, where a classification is imminent (e.g., Eg(q) has no
distance-transitive permutation representation), and the sporadic groups. Some interest-
ing examples of primitive distance-transitive graphs come from the sporadic groups M 12,
M14,J1,J 2, and Suz. On the other hand, the Held group does not occur as soc G in case
(ii) of the theorem (cf. VAN BON, COHEN & CuvpPERS [7)).

Case (iii) is somewhat harder. Here, the first step is to use ASCHBACHER [2] to
reduce to the case of an almost simple vertex stabilizer and the second to reduce the size
of the regular normal subgroup, so that the study of an almost simple group on a relative-
ly small module remains as the third step.

We end this section by mentioning two kinds of results that do not fit the partition-
ing induced by Theorem 1.4: If diamT'=1, then G is doubly transitive on VT, and the pair
G, T is known (see, e.g., LIEBECK [22] for further references). If diamI" =2, then G and
" are determined by KANTOR & LIEBLER [20], LIEBECK [21,22], and LIEBECK & SAXL
[24]. It seems that the methods employed can be extended to diamI” <4 without too
much difficulty. Finally, the case of small valency has been given some attention during
the last few years, cf. A.A. IvaNnov & A.V. Ivanov [19]. As a consequence, every

&
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distance-transitive graph (not necessarily primitive) of valency at most 13 is known. See
[8] for details and further references.

2. GENERAL THEORY

It may be transparent from the Praeger-Saxl-Yokoyama Theorem that the main problem
in the classification of all distance-transitive graphs is: given a group G find all possible
graphs I" on which G acts primitively and distance-transitively. Thus, criteria are needed
to determine the structure of such a graph I" from knowledge of G. The lemma below is
an example. It states that the stabilizer in G of a vertex in I is fairly large. The proof (cf.
[8]) uses the fact that every orbit is self-paired and that hence every irreducible consti-
tuent of the permutation character of G on VI occurs with multiplicity 1 and is real.

Notation. We shall, for any graph I', unless ambiguity arises, respectively denote by v,
k, and d its number of vertices, its valency and its diameter.

2.1. Lemma. If G is a distance-transitive group of automorphisms of a graph I of diam-
eter d on v vertices, then

(i) v <Y x(1), where the sum runs over all irreducible real characters ¥, of G;

.4 . I
(i) v Smin(‘/(d+ |G|, 1+¢ +‘/s|G| Yand d <r — 1, where r ( resp. s) stand for
the number of irreducible real (resp. symplectic) characters of G, and t is the
number of involutions in G.

The following, trivial observation is quite useful: if T = Y a, % is a permutation character
X
of G, then (m, 1?,) < Zax, where 11C.;1 denotes the permutation character of G on

x
VI = G/H (here H is the stabilizer in G of a vertex). This observation is usually applied
with T a well-known permutation character. For instance, if G is a group of Lie type with
Tits system (B,N,W,R) and T = 1§, where B is a Borel subgroup of G, then

@G <Tx() =1+1,
X

where % runs over the irreducible characters of W and T denotes the number of involu-
tions in W. (Since, in any group, the number of irreducible symplectic character degrees
plus the number of elements of order at most 2 equals the number of irreducible real
character degrees, cf. ISAACS [16] p. 51, the above equality follows from the fact that all
irreducible characters of W are real). In particular, H has at most 1+1 orbits on G/B.
INGLIS, LIEBECK & SAXL determined the multiplicity-free permutation representations of
L (n,q), n 28, (cf. Theorem 3.1 below) by making heavy use of this observation.

A useful diameter bound is given by TERWILLIGER (cf. [29]).

2.2, Theorem. Let T" be a distance-regular graph with intersection array
{bo.b1, - .bg-1; c1, " "scq). If T contains a quadrangle, then, for all i
(i=1,---,diaml),

ci—bj2ci—1—-bj-1+a1+2;




in particular, diaml" < (k +cg)/(a1 +2).
The criterium below, due to VAN BON [5], restricts the behavior of normal subgroups of a
vertex stabilizer.

2.3. Proposition. Let I be a graph of diameter d on which the group G acts a'zstance-
transitively as a group of automorphisms. For ye VI, denote by G] the kernel of the ac-
tion ofGY on T]('y) If, for some i 2 1, we have G % 1, then

GicGilc - cG) or GGy - cGY.

Thus, the normal subgroups of GY whose actions vanish come in chains. The followmg
corollary shows how the proposition can be used to derive information on I'. We set GY
for the kernel of the action of GY on the union of all T'; i for 0 £j <1, and, likewise
GY> ! for the kernel on the union of all T; jpfori<j<d.

2.4. Corollary. Let I', G and Y be as in the above proposition. Assume, in addition, that

G acts primitively on VT.

G) IfGy'#1then |Gy'| > G777

(ii) Let & be a permutation of {1,...,d} such that K is the kernel of the action of Gn(l )
on Ty, and |Ki|2|Ki| (@= .,d), where Kgi1=1. If
|K1]| > |K2| =|K3]| #1, then n(1)=1.

Another application (by VAN BON [5]) of this proposition concerns graphs defined on in-

volutions. We recall that a class of p-transpositions in a group is a union of conjugacy
classes of involutions with the property that the product of any two has order 1,2, or p.

2.5. Proposition. Let T be a distance-transitive graph with distance-transitive group G.
Suppose that the vertex set VI of T is a conjugacy class of involutions in G, that G acts
on T" by conjugation and that there are elements in VI" which commute in G. Let x,y € I’
be such that x is adjacent to y. Then at least one of the following statements holds.

(i) T isa polygon or an antipodal 2-cover of a complete graph.

(i) Gisa2-group.

(iii) The order of xy is an odd prime, and, if a,b € VI" with ab of order 2, then a and b
have maximal distance in T'; moreover |wz | # 4 for all w,z € VT.

(iv) The elements x and y commute, and if z € 1'3(x), then the order of xz is 4 or a prime.
In particular, O 2(Cg(x)) # {x) or there is an odd prime p such that Cg(x) contains
a normal subgroup generated by a cluss of p-transpositions.

When starting with a group G having simple socle X, the situation where H = C;(0), the

centralizer in G of ¢ € aut X can often be reduced to the case where 6 € G. The result is

again due to VAN BON [5].

2.6. Lemma. Let T be a graph on which G acts primitively distance-transitively, and
denote by H the stabilizer in G of a vertex in VI'. Suppose © is an automorphism of G.

(i) If o centralizes H and diam1” 2 3, then © € autT".
(ii) If o normalizes H and diamI” 2 5, the same conclusion holds.

The following result is one of the few tools that can be frequently employed. It goes

&
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back to TAYLOR & LEVINGSTON [28], except for the final statement, which follows from
work of A.A. IvaNov [17], cf. [8]. '

2.7. Lemma. Let I be a primitive distance-transitive graph with diamI” 2 3, and, for

ye VT, set k; =T';(Y). -
(i) There are i j with 1<i<j<d such that
l<ki< - <kj=-"=kij> " >k

(i) Ifi<jandi+j<d, thenk; <k;.

(iii) Ifk; =kjfori,jwithi < jandi+j<d, thenkjy1 =kj_1.
(iv) Ifk; = ki1, then k; 2 kj for all j.

(v) Ifkj_y =kfor some jwith3 < j<d, thenk =2.

(vi) Ifk >2and ki1 <k;, thend < 3i.

3. FINITE LINEAR GROUPS
The following theorem is due to N.F.J. INGLIS, M.W. LIEBECK & J. Saxr [15].

3.1. Theorem. Let G,H be a pair consisting of a group G with

PSL (n,q)<|G < aut PSL (n,q), n 2 8, and a maximal subgroup H of G such that the per-

mutation representation of G on the collection of cosets with respect to H is multiplicity

free. Then one of the following statements holds (here, V = anI and ¢ is the canonical

projection TL(V)—>PT'L(V)):

(i) G <PTL(V)and H is the stabilizer of a proper subspace U of V;

(ii) G contains a graph automorphism and H is the stabilizer of a pair {U,W} of sub-
spaces of Vwith dim U =1, and dim W = n—1;

(iii) G contains a graph automorphism, n =2m, and H is the stabilizer of an m-
dimensional subspace of V;

(iv) G contains a graph automorphism, n =2m+1, and H is the stabilizer of a pair
{U,W} of subspaces of V, withU c W, dim U =m, and dim W = m+1;

(v) n=2m and H =Ng(¢K), where K is a subgroup of SL(n,q) isomorphic to

SL(m.q?);

(vi) n=2m and H =Ng(¢K), where K is a subgroup of SL(n,q) isomorphic to
Sp (2m,q);

(vii) g Lz; as 2L;are and H = Ng(¢K), where K is a subgroup of SL(n,q) isomorphic to
n,g’?),

(viii)q is a square and 0K, where K is a subgroup of SL (n,q) isomorphic to SU (n,ql/z).

We use the above theorem to establish that all graphs on which G as above acts
distance-transitively are known:
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3.2. Theorem. Let G be a group with PSL(n,q)<|G SautPSL(n,q), n28. If I' is a
graph on which G acts primitively and distance-transitively, then I is a Grassmann
graph (possibly a clique).

Proof. As discussed in §1, we may put I'=1'(G,H,g) where H is a subgroup and g is an
element of G. Since the permutation representation of G on H is multiplicity free, we
have one of the cases listed in Theorem 3.1. We shall treat them separately.

Case (i). Let n = 3. Letting two cosets of H be adjacent if the unique subspaces of di-
mensions d =dim U they stabilize meet in a d—1-dimensional subspace, we find the
Grassmann graphs G(n,d,q). It is well known that this is the only graph structure on VI’
turning it into a distance-transitive graph. Hence the theorem holds in this case.

CaSE (ii). Let n 2 4. We have a dichotomy according as U and W are incident or not. In
the former case, the graph is of Lie type (rank 5), and is well known to be of rank 5 and
not to possess a distance-transitive permutation action (cf. [8]).

Therefore, suppose H is the stabilizer of a pair U, W of subspaces of V of dimension 1,
n-1, respectively, with U & Wo. This situation has been analyzed by DARAFSHEH [9].
A pair U, W can be in one of 5 positions relative to the pair Ug, Wo:

To={{Uo.Wol}}

To={{UW}|U=UgorW=Wy} \Ip;

I'g = {{U,W} |UcWoandUg cW} \Iy;

Iy={{UW} |[UcWyandUpeW,orUgcWand UEWy};

Ts = {{U,W)|U&Wg and UgEW}.

The sets Iy, Ip, and I’y are H-orbits of respective sizes, 2(q"_1—1),
q"2(q"1-1)/(g-1), and 2" 2(¢g""1-1). There is a single H-orbit in I's of size
(q"‘l—-l)(q"_z—l) consisting of all U,W e I's with (U+U o) " W < W. The remainder
of I's is partitioned into ¢-2 H-orbits, each of size q”'2 q" ’1—1), with
U+UgyNnWonW = . (Since H is transitive on the set of all points U distinct from
U and not in W, we can fix U and parametrize these orbits by (U + Ug) N W, rang-
ing over the points on U +U ¢ distinct from U, U, and WW+Ug)nWyp.)

First, observe that if I'y({Ug,Wq}) =T, then To({Ug,Wo}) would contain all of Fﬁ
and Ty, a contradiction. Thus, using that |Te. | is the minimal nontrivial H-orbit size, we
must have Ty;({U¢,Wg})=T¢. (Recall that n 24.) However, if g>2, it is readily seen
that Ty, = To({Ug,W o)), by checking the various possibilities for I'y ({U¢,W¢}) among
the H-orbits described above. This leads to the contradiction 4 < d=2.

Finally, suppose ¢=2. Then |I's| < [I'g| < |T'y[, and so I';1({U,Wo}) =T, and, tak-
ing Wy on (U+Ug)nW with Wi not on any of U+Uy, Wo, W, we find
(UW)} ~{Uqg,Wo}~{UW;}, whence I'y, < I'2({U,W}), a contradiction as before.

CASE (iii) gives again rise to the Grassmann graphs, and can be dealt with as in (i).

CASE (iv). Let n = 3. The vertex set VI can be described as follows. Let A be the dou-
bled Grassmann graph on Fg. (Thus, the vertices of A are the subspaces of dimension m
or m+1 and adjacency is incidence.) Then H is the stabilizer of an edge in A, so VI is the
set of edges in A. Distance-transitive graphs which are line graphs have been deter-
mined, cf. BiGes [4]. A direct check shows that if I" is the line graph of A, it is
distance-transitive if and only if » =3 (in which case we obtain the generalized hexagon
of order (g, 1) associated with the projective plane of order g, on which G N PT'L(3,q)
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acts). Let n =>4, and assume that I" is not the line graph of A. Fix y={Ug,Wp}e VT,
and put H = Gy. Standard computations yield that the H-orbit containing {U,W}e VI
has size as indicated in the table below.

orbit invariant orbit size ~ restriction

a7 =
dim Ug N W =dim W n U =a and 2@ T Ml 1gasm
dim Wo W —dim Ug n U e {0,2}

dimUg AW —-dimWonUe {1,-1}and 2¢@1-)m=a)["][ " 1[" ] 0<a<m-1
dimUgnNnU-=a

dimUg N W =dimWo U =aand q(m+2_")(m_a)[':][mria] 0<asm
dim Wo ~ W —dim Ug n U =1

Thus, the non-trivial H-orbit of minimal length is the one containing {U,W} e VI with
U=Uy, ie., such that {{UW},{Ug,Wq}} is an edge in the line graph of A. Conse-
quently, our assumption and Lemma 2.7(ii) give that this orbit coincides with I';(y). By
Lemma 2.7(ii) and (iv), I'(y) coincides with the unique nontrivial H-orbit of second smal-
lest size. By the above table, this implies ¢ > 2 and that I'(y) is the H-orbit containing
{UW}e VI with dimUgnNnW -dimWognU=1and dimUgNnU=m-1. A direct
check shows that representatives from the smallest orbit occur in I'>(Y), whence d =2, a
contradiction.

CASE (v). Let L be the unique subgroup of order g+1 in SL (n,q) centralizing K. Then
G-set of ¢"1G-conjugates of L may be identified with VT, and we may write H = Ng(L).
In K, the elements of L have diagonal shape; a fixed generator / has diagonal (g,¢,...,€),
where € is a primitive g +1-stroot of 1 in Fj2. Fori =1, - --,m, let; denote the element
of K having diagonal shape, with its first ; diagonal entries equal to €, and the remaining
m—i equal to €1, Then, each l; with [ # 0,m generates a subgroup L; which is G-
conjugate but not H-conjugate to L. Since L; =L,,-;, we may assume without loss of

generality, i <m/2. The H-orbit of L; has size g%~ [’;’]q2 if i # m/2 and g2 ™~

[’7] 512 otherwise.

We claim that, for i =1,...,m/2, the kernel C; = CH(LH ) of the action of H on the H-
conjugacy class of L; commdes with Scaly, the ¢-image of the group of all scalar ma-
trices in ¢ (H YN GL (m, q ) For, C; stabilizes each subspace of dimension i as they
are eigenspaces of certain L for h € H (if i = m/2, alittle extra care is needed to exclude
a possible interchange of the two eigenspaces, this is done by considering a second H-
conjugate of L; having exactly one eigenspace in common with the first), and so must be
in the center of GL (m,q 2y, By Proposition 2.3, m <5, since otherwise there would be
more than 2 H-orbits with the same kernel.

Let n>8. Then m =4 or 5, and L{{ and L[21 are 2 orbits with the same kernel. Since
Scaly is the biggest normal subgroup in H that can occur as the kernel of an orbit (note
that K is never in a kernel) we must have I'{ (L) = Ll , and Fd(L) L for {i,j} ={1,2}.
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If i=1, then L ~L{~L,, so d=2, a contradiction. Suppose i=2. Then there are
ni,no€ ISI such that the two eigenspaces of n 1 both have trivial intersection with those
of 15, and those of ny both meet those of /5 in a 1-dimensional subspace. Thus, {n1),
(n3)eT1(L) c T<2(L2), and, as {n1), {n2)&Cy(L2), we get (n1), (n2) € (L 7).
On the other hand, due to the above eigenspace intersections, {{ng),{l2)}, for s=1,2,
represent two distinct G-orbitals in I';, contradicting the distance transitivity assumption
on G.

CASES (vi), (vii), and (viii). These cases are described by means of involutions, so 2.5
and 2.6 apply. Let x be an involution such that H = Cg(x). Then VT is the PGL (n,q)-
conjugacy class of x. We claim that, in all three cases, an involution y € VF can be
found with xy of order 4. Write © for the Frobenius map & > & where r = q”, and 1 for
transpose inverse.

IfK =Sp(2m,q) (m 2 3), set

01 RO
a=|_jo|adb=1g

andletx =at,and y =bxb~ ~1, where R maps to an element of order 4 in PSL (m,q).
IfK =SL(n,r) (n23),take x =6 and y =aca™ ", where a is given by the following ma-
trix in which o€ F,\F,

1o0 l-a(l-@ - (@-01-1 0
0 1 o} , respectively, o 1 0
001 0 0 1

(extended by the identity matrix of dimension n-3 to a matrix of dimension n) if g is
even, respectively, g is odd.
IfK=SU(n,r)(n=23),take x =01,and y = axal , where a is given by the matrix

1 00
o 10
o 01

(extended by the identity matrix of dimension n—3 to a matrix of dimension n), where
oo =-1.

Proposition 2.5 then yields that I'; (x) is contained in Cg(x) and Cg(x) N %0 is a class of
p-transpositions for some p. Now, let n = 5. Then, by ASCHBACHER [1] and FiscHER [10],
case (vii) does not occur, while in case (vi) g=2 and I'(x) is the graph of transvections,
i.e., I'(x) is the collinearity graph of the symplectic geometry of Sp (2m,q); in particular,
it contains a quadrangle, so Theorem 2.2 applies, showing that diamI” < 4, a contradic-
tion. (The relevant numbers k and a; follow from knowledge of the intersection array of
the distance-transitive graph I'(x), see, for instance, HUBAUT [13]). In case (viii) for
n 25, we get r=2 and I'(x) is the graph of isotropic points of the hermitean variety, and
again contains a quadrangle. Theorem 2.2 now gives diamI <8, contradicting that the
number of H-orbits equals the number of G-classes in PSL (n,r) (cf. Gow [11]), the final
contradiction. O
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