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1. INTRODUCTION

Statistics of the form T = n_l Z? c. X. ,, n=1, where X. ,
n i=1 "in in in
i=1,2,...,n denotes the ith order statistic of a random sample X;,...,X

n
of size n from a distribution with distribution function (d.f.) F and the Cin?

i=1,2,...,n are known real numbers (weights), are said to be linear com-—
binations of order statistics. In the last decade there has been considerable
interest in these statistics with regard to the problem of their asymptotic
normality, which has been investigated under different sets of conditions

by many authors in this area. We refer to the important papers of SHORACK
(1972) and STIGLER (1974) and the references given in these papers. More
recently attention has been paid to the rate of convergence problem.
Berry-Esseen type bounds for linear combinations of order statistics were
established by BJERVE (1974) and HELMERS (1975). An account of these results
is given by VAN ZWET (1977).

The purpose of this paper is to establish Edgeworth expansions for
linear combinations of order statistics with remainder O(n—]) for the case
of smooth weights. BJERVE (1974) has shown that trimmed means admit asymp-
totic expansions. However his method employs special properties of the
trimmed means and does not carry over to the more general linear combinations
of order statistics we consider. Our method of proof was outlined by
VAN ZWET (1977). In his paper he obtained a bound on the characteristic
function of a linear combination of order statistics, which solves a
crucial part of our problem. The paper is organized as .follows: In section
2 we state our results in the form of two theorems. Section 3 contains a
number of preliminaries. Theorem 2.1 is proved in section 4, theorem 2.2 in

section 5. Extensions and applications are discussed in section 6. -
2. THE RESULTS

Let J1 and J2 be bounded measurable functions on (0,1), where Jl is

twice differentiable with first and second derivative J; and JT on (Q,l).

Let JY be bounded on (0,1) and let F be a d.f. with finite fourth moment.

The inverse of a d.f. will always be the left-continuous one. denotes

Xg
|[h(s)| for any function h on

the indicator of a set E. Let lIhl = sup,___,



(0,1). Introduce functions h],h2 and h3 by

1 ,
(2.1) hl(U) = - J Jl(S)(X(O’S](u)-S)dF_l(S)
0
}
-1
(2.2) b, (u,v) = - J J108) (g, 57w 78) (X(g,57(V)s) dF (s)
0
!
-1
(2.3) h3(u,v,w) = - J JY(S)(X(O,s](u)_s)(X(O,S](V)—S)(X(O,S](W)_S)dF (s)
0

for 0 < u,v,w < 1. Furthermore define, for each n 2 1 and real x, the func-
tion Kn by

K K K2

_ [ *3 2 4,3 3 ,.5 ...3 1

(2.4) Kn(x) = o(x)- ¢(x)L——T(x 1)+ Sin —(x"-3x)+ Tom (x"-10x +]5x)J

where & and ¢ denote the d.f. and the density of the standard normal distri-

bution. The quantities Ky = K3(J],F) and K, = K4(J1,F) are given by
1 11
(2.5) k, = k,(J. ,F) = [[ h7 (u)du+3 JJ h (u)h (v)h (u, v)dudv]
0P o J
00
and
l_1
_ B 1 4 L 4
(2.6) K4 K4(J1’F) = LJ hl(u)du 30 (J],F) +
o GTI,F) 0
11 111
+ 12 JJ h?(u)h](v)hz(u,v)dudv + JJJ (4h](u)h](v)h](w)h3(u,v,w) +
00 000 "
+ 12 h](u)h](V)h2(u,w)hz(v,w))dudvdw]
where
!
2.7) 02 = oZ(Jl,F) = J h?(u)du.

In our first theorem we shall establish an asymptotic expansion with

remainder o(n—]) for the d.f. F;(x) = P(T;Sx) for -» < x < o where



(2.8) T, = (Tn-E(Tn))/O(Tn)

for the case of smooth weights.

THEOREM 2.1. Suppose that positive numbers B,C],C;,CY,CZ,D4,K],K2,M],M

< t2 < 1 exist such that

2’

G 50,5C,m and numbers y > I.and 0 < t,

(2.9) max | c. - n

J,(s)ds -
1<i<n in I

Jz(s)ds l < Bn ! for n = 1,2,...3

e

B | T 1
e

8 [T

I 18 twice differentiable on (0,1) with first and second derivative J; and

JT on (0,1);

A

. J < 1 < i n < n | <
(2.10) Il 1II <C "J1" CI’HJIH < C1’|J2" <C

1? 2
and
o O°2
" -T"n - -— -
(2.11) |J](s]) J](82)| < K][sl 32| and IJZ(S]) J2(52)| < Kzls] sz|
for 0 < s s, <1 and
(2.12) J](s) > c for t] < s < t2;

F possesses a finite fourth moment By, with

(2.13) 34 < D4

and on (F_](t]), F—I(tz)) F is twice differentiable with density £ and
second derivative £' such that on (F-](tl)’ F-](tz))

(2.14) m<f<M and |f'| <M

1 2°

Then there exists A > 0 depending on n, the Cin and F only through B,

CI’C;’CY’CZ’D4’K]’K2’MI’MZ’al’GZ’C’m’t] and t, and a sequence of positive
S

numbers § with én depending only on n,a,0, and Y and with

ERVERRE



v

lim Gn = 0, such that for all n

n—>«o

IN
>
o
=}

sup | F_(®x) - K (x) |

Note that the expansion Kn does not depend on the function Joe This 1is
due to the exact standardization we have employed in theorem 2.1.

Our second theorem is a modification of theorem 2.1 which lends itself
better to applications. Since a different standardization is used in this

case our expansion will not only depend on J, and F but also on JZ' We shall

1
establish an asymptotic expansion with remainder 0¢(n 1) for the d.f.

G (x) = P(n%(T -u)/o<x) for — = < x < = ywhere
n n

1
(2.15) W= u(ILE) = J Fl(s) J (s)ds

0

and 02 = 02(J],F) as in (2.7). Introduce a function h4 by
1

_ _ -1

(2.16) h4(u) = J Jy(8) (X(O’S](U) s) d F (s)
0

for 0 < u < 1. Furthermore quantities a = a(Jl’JZ’F) and b = b(J],JZ,F)
are given by

1

(2.17) a = a(Jl,Jz,F) = m‘l—-FT {2_1 J s(1-s) Jl'(S)d F_I(S) -
]’
0 R
1
- J Fl(s) 3,(s) ds]
0
and
1
(2.18) b= b(J,,T,F) = — ‘ [J(h](u) hy(u,u) + 2 by (wh, (W) du +
20 (JI’F) 0

11
+ J J(z“hf(u,v) + b (Why(u,v,v) dudv].
00



Finally define, for each n 2 1 and real x, the function Ln by

3

/aK +a2+2b
+ ———————————————
\ 2n

r 3 3]
(2.19) LG = K () - 960 |- J* " en ¥

P

THEOREM 2.2. Suppose that the assumptions of theorem 2.1 are satisfied. Then

there exists A > 0 depending on n, the cin and F only through the same
constants as in theorem 2.1 and a sequence §., § . as in theorem 2.1

1> 72°
such that for all n =z 1

=1
n .

- <
s;p ] Gn(x) Ln(x) | <AS n
It may be useful to comment briefly on assumption (2.9). In spite of its
unusual appearance this assumption is satisfied in a number of interesting
situations. Three examples of the validity of this assumption are provided

by

(2.20) in

0
I
[
—
=]
+
N—

(2.21) c. = Jl(%)

in

and

(2.22) Cin

]
=}
| —
—
~
2
A
[a¥
[}

where Iy is a function on (0,1) satisfying the assumptions of theorem 2.1.
In each of these three cases it is easy to verify that assumption (2.9) holds
with Jz(s) = (%‘S)J;(S), Jz(s) = %J;(s) and Jz(s) = 0 respectively. The
weights (2.20) were considered by CHERNOFF et.al. (1967) and STIGLER (1974).
MOORE (1968) studied weights of type (2.21) and BICKEL (1967) investigated
weights of the form (2.22).

We conclude this section with a remark concerning the way we have

presented our results. Although our theorems are formally stated as results



for a fixed but arbitrary value of n they are .in fact purely asymptotic
results, because we do not make precise the way in which the constant A
appearing in our estimate of the remainder depends on certain constants
occurring in our assumptions. Since our estimate of the remainder depends
on n, the Cin and F only through these constants, we have, in effect, in-
dicated classes of linear combinations of order statistics and d.f.'s for

which our expansions are valid uniformly.

3. PRELIMINARIES

In this section we present a number of preliminary results which will
be needed in our proofs.

Let, for each n 21, U .,U_ be independent uniform (0,1) r.v.'s and

1o
let Uin (1£i<n) denote the 1 order statistic of Ul""’Un' It is well-

known that the joint distribution of X s X is the same as that of

-
(F_I(Ul),..., F-I(Un)) for any d.f.F. %herefore we shall identify Xi with
F_I(Ui) and also Xin with F_I(Uin). The empirical d.f. based on Ul""’Un
will be denoted by Fn. Throughout this paper we shall assume that all rw.'s
are defined on the same probability space (Q,A,P). For any r.v.X with

0 < 0(X) < » we write X=X - E(X) and x* = i/o(X). For any positive number
2 the fth absolute moment of F will be denoted by 82.

We start by stating a very simple but useful lemma.

LEMMA 3.1. Let {Xn} and {Yn} be two sequences of r.v.'s and let there exist
postitive numbers A and b and a number n > 1 such that for all n > 1

(i) 02(Xn-—Yn) <An ", and

(i1) o°(x ) = bn | holds. )
Then there exists C > 0 depending on A, b and n, but not on n, such that
GZ(X;—Y;) < oo™ for qll w1,

PROOF. Note first that

(3.1 P YD) = (&)=Y )% + 2017 ) 0(X )o(T)

where o denotes the correlation coefficient of Xn and Yn. Because of

assumption (i) and the fact that each of the terms on the right of (3.1) is



non-negative we find that

1N
(3.2) o(X ) - o(Y ) < A’n 2
and also that
A -n
(3.3) 2(1—pn) o(Xn) O(Yn) < An

Using now assumption (ii) and (3.2) and noting that n > 1 we see that

02(Yn) > en'_I for some e > 0 depending only on A, b and n. Combining this

-n+
n " !

and assumption (ii) with (3.3) we find that 2(1—pn) <cC for some

*

C > 0 depending only on A, b and n. Because OZ(X;—Y ) = 2(1—(%) we have

n
proved the lemma. O

Secondly we present an obvious result concerning the finiteness of

certain integrals.

LEMMA 3.2. a. Let & be a number > 1 and let, for some § > 0,8 w, Then

<
2+8
there exists A > 0, depending only on % and §, such that

1 1

1
v, -1 246
(3.4) J(s(]—s)) dF (s) < A 82+6 <
0
b. If 2 =1 and § = 0 then (3.4) holds with A = 1.

PROOF. Applying integration by parts we obtain

1 1 1 1
(3.5) J (s(1-sN* aF 1(s) = (s(1-s)* F 1 (s)
0

1 1
. — =1
- ! J Fls)(s(1-s))Y  (1-2s) ds.
0

Both under the assumptions a. and b. the first term on the right of (3.5) is



easily seen to be zero. To conclude the proof of part a. we apply Holder's

inecuality to the second term on the right of (3.5):

1 1 1 1
_ _ - -1 -1 =1
| ¢! J Fl(s)(s(1-8))%  ds | < J| Fo(s) [(s(1-s))* ds <
0 0

1 1 1+ S L+6-1

2+8 _ 2 (2+5-T) 98 _

Biss ( J (s(1-s)) ds) < o,
0

The proof of part b. is immediate from (3.5) and the remark made after it.

This completes the proof the lemma. g

The third lemma of this section will enable us to estimate certain

moments.

LEMMA 3.3. Let & be a positive integer and let, for some § > 0, 82+6 <

Then, for any number p for which p & 2 2, there exists A > 0 depending only
on P, % and 8, such that

1 % pL
o | Py ol L g+s 2

(3.6) E(J | Fn(s) s | "dF (s)) <A Boeg D .

0
PROOF. By Fubini's theorem we have

1

- 2
E(J |t (s)-s | PaE (s = | .

0

1 ) N
= J .. J E .M | r (s)) - silp dF (s) ... dF (s)).
0

0

An application of Holder's inequality shows that

1
2 L 7
_ P ~ _ pe. L
E igl I Fn(si) Si | B iE](E | ‘n(si) Si I )



for all 0 < Spsees8) < 1. Hence we know that
1 1 1
-1, ¢ [N -1 L
E(J | I (s)-s | Pa F (s)) < (j (E | r (s)-s Py a7 (s)) -
0 0
_.1 n
Since Fn(s) =n izl (X(O,s](Ui)_s) for all 0 < s <1 and n 2 1 the

MARCINKIEVITZ, ZYGMUND, CHUNG inequality (see CHUNG(1951)) yields for
P2 2 2, n=>21and 0 < s <1

pL

E | Fn(s)—s | pL < Bn 2 s(1-s)

where B > 0 depends only on p and 2. It follows that

1 _ps 1 1
- [} -
E(J |t (s)-s P4 F (s)) <Bn 2 (J (s(i-s)* d 7 Hs)t.
0 0
An application of lemma 3.2 completes our proof. g

To formulate the following lemma we introduce functions Hl’ Hy, H and

3
H4 by
1
(3.7) H (u) = J | I () -] X(O’S](u)—s | 4 F 1 (s)
0
1 .
(3.8) H,(u) = J IEHONE X(0,s7W=s | d F(s)
0
1
" "1
(3.9) Hy(u) = J | 37(s) |1 X(g.s1W)s | d F (s)
0
] 1
(3.10) H, (u) = [ | J,(s) .| X(O’S](u)-s | d F (s)
0



10

for 0 < u < 1. Note that the integrand of Hi‘majorize the integrand of h, and
hence that Hi majorize hi(lsis4). Remark also that h2 and h3 are symmetric in

their respectively arguments.

LEMMA 3.4. a. Take & 2 1 and suppose that there exist positive numbers C
ci, cl', C

I’
and DQ such that B, < D2 and assumption (2.10) Zs satisfied.

1> 1o G 2
Then

(3.11) EH W) < (et o,
(3.12) E Hy(U,) < (4c;)2 D,
(3.13)  Emiw) < (et o,
(3.14) EH,U) < (4" D,.

b. Let I be twice differentiable with bounded second derivative J;'on (0,1),
let J2 be bounded on (0,1) and let Bl < w, Then E h](Ui) =E h4(Ui) =0
for any i, and with probability one E(hz(Ui’Uj) | Uj) =0 for i # j and

E(h3(Ui,Uj,Uk) l Uj,Uk) =0Zfi# jand i # k.

PROOF. a. We first prove (3.11). It is immediate from (3.7) that

HI(UI) < "J]" . (J s d F_l(s) + J (1-s)d F_l(s)).
(O,U]) [Ulal)

Applying the cr—inequality we find -

-1

t H%(Ul) <2 . "Jlﬂﬁ « [EC( J sd F_l(s)§ +

0,0,

+ E( J (1-s) d F Lsnt.
(U1

Using integration by parts, the finiteness of 82, and applying the c,-

inequality once more we see that



11
Ul

E( J saF (N =E v Tl - J Fl(s) ds |* <
(O’Ul) ' 0

1

< 2 wp P (JIF“‘(s>lds)“) < 27 NElx | e Elx DY <
: |
< 2* E[X][Q.
Similarly we can show that
E( (1-s) daF s < 2* E|Xl|£

(ussn

so that E HIQ(UI) < 42 HJIHK E|X]|Z < (ACI)Q D2 which proves (3.11). The

other statements of part a. can be proved in essentially the same way.

b. We shall prove that with probability one E(hB(Ui’Uj’Uk)lUj’Uk) = 0 for
i# j and i # k. Note first that using Fubini's theorem for non-negative

integrands and applying (3.13) with £ = 1 we see that with probability one

1
E(J |31 | |X(0,S](Ui)-s| [X(O,S](Uj)—sl IX(O’S](Uk)-s|
0

-1
dF (s)]Uj,Uk) < EHy(U) < =,

for all values of Uj and Uk' Therefore the conditional expectation
E(h3(Ui’Uj’Uk)|Uj’Uk) is well-defined and Fubini's theorem can be applied
to see that E(hB(Ui,Uj,Uk)]Uj,Uk) = 0 with probability one. The other two
statements of part b are easier and can be proved in essentially the same

way. O

REMARK. Lemma 3.4 will be applied frequently in the following sections.
In particular the proof of lemma 4.6 depends heavily on it. In this remark

we give two typical examples of the way we shall use lemma 3.4.
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(i) Suppose that 8 < o and J' 78 bounded on (0,1). Then E h (U )hz(Ul’U ) =
=t h (U ) h (U U2) = 0.
(ii) Suppose there e.mst numbers Cl’ Ci» C{'and D, such that 13 I < C,

1
||J;I| < c{, ||J" I < c" and B < D,. Then there exists A >0 depending

4
only on Cl C{, Ci'and D such that E(h (U )+h (U )) Ih (UI’U )|
PROOF. (i) We first prove that E h (U ) h (U],U ) = 0. It follows directly
from (2.1), (2.2), (3.11) and (3. ]2) and the independence of U and U2 that

IE h (U ) h (U U2)| <t H (U ) EH (U2) < o, Hence we can write

2
E h](U]) h2(U1,U

2 -
5) E[E(hl(ul) h2(U1,U2)|Ul)J =

E{ (U )E{h U,,U, )|U }} =0,

because of lemma 3.4.b. This proves the assertion. The other statement can
be proved in essentially the same way

(i) We remaric that E(h, )+ (U0 by (U ,0) ] < 8 E b)) |hy(u,,u) ] +
+ 8 E h (U )|h U, )i= 16 E h4(U )|h (U, U2)| <16 E H?(Ul) H,(U,) =

- 16 E H?(Ul) E HZ(UZ) < ’cle D1D4 < =,

using lemma 3.4 and the 1ndependence of U1 and U2. This completes the
proof. 0

The fifth and last lemma of this section gives conditions which guarantee

that 02 = 02(J1,F) (c.£f.(2.7)) is bounded away from zero.

LEMMA 3.5. Let Jl be bounded on (0,1) and let 6] < =, Suppose that positive

numbers M and c and numbers 0 < t, <ty = 1 exist such that on (F_l(tl),

F_l(tz)) F possesses a density f, such that on (F_l(t]),F_](tz)) f < M, and

on (tl’tz) J1 > c. Then there exists 02 > 0 depending only on Ml’ c, t. and

0 1
t 9 such that
2

(3.15) 02(J1,F) > ol
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PROOF. Note first that because J1 is bounded on (0,1) and B] < o the

function h1 is well-defined and finite for every 0 < u < 1. Secondly we
1 t
remark that GZ(J],F) = [ h]z(u) du = J 2 h?(u) du. It follows directly from
0 t
1 -
(2.1) and the assumptions of the lemma that h](uz) - h](u]) > c Mll(uz-ul)

for t) < U <uy <ot The geometry of the situation ensures now that
2, RN
hi7(u) du is minimized for h,(u) = (u-——-—=")-—. Hence
1 1 1 2 2 M1
2 C2(tz"tl)3
o (J],F) U
12 M
1
This completes the proof of the lemma. O

4. PROOF OF THEOREM 2.1.

The purpose of this section is to provide a proof of theorem 2.1. Since
our proofs will depend on characteristic function (c.f.) arguments let us

denote by p;(t) the c.f. of T; and by Sn(t) the Fourier-Stieltjes transform

~

pn(t) = J exp(itx) d Kn(x) of Kn(see (2.4.)).

We shall show that for some sufficiently small € > 0

(4.1) f o) - 5] [t]™ at = o™
lt|<o

and that

(4.2) | X ] lel™ a0 @™
n€<lt|sn3/2

and
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O(HTI) s

4.3 [ ol e a

|t|>log(n+1)

hold as n + «. An application of Esseen's smoothing lemma (ESSEEN (1945))
will then complete our proof. '
*
We first prove (4.1). We shall essentially have to expand pn(t) for

these "small" values of |t|. To start with we define for 0 < u < 1

1
(4.4) wi(u) = J Ji(s) ds - (1-u) Ji
u
1
where':fi = J Ji(s) ds for i = 1,2. Then it is easy to check (see SHORACK

0
(1972) for a similar approach) that with probability one

1
(4.5) Tn = J (wl(Tn(s) + n_]wz(Fn(s)) d F_l(s) +
0

S -
+ (J,+4n J.) n ) F (U,) +
I 2 i I

i i
o o
-1 B -1
+n .Z (c; -n J J,(s) ds - J Jy(s) ds) F (U; ).
= i-1 i-1
n n

-

Let J1 be twice differentiable with first and second derivative J; and JY

on (0,1). Let J' and J, be bounded on (0,1) and let B, = Elx][ < o, In-

troduce for each n 2 1 the r.v. Sn by (a prime denoting differentiation)

1
(4.6) s = J {wl(s> + 0 lpy(s) + (T ()=8) (b](s)+n 'pi(s)) +
0



(r_(s)-s)” (r (s)-5)" L. oo
A el N C) +'—-f—g————— ¥ (s) [aF (s) +
1 _ n _
+ @) 0 g .

Note that lwi(u)l < 4 "Ji" u(l-u) for 0 <u <1, 1 =1, 2 and that w{ =

= -3 +31, vy = - J, +32, 9" = - J] and ¥}" = -J}' on (0,1) so that it is
easily verified that Sn is a well-defined r.v. Later on in this section it
will become clear that T: - S; is, under appropriate conditions, of negligible

order for our purposes.

It is convenient to introduce some more notation. Define r.v.'s I

mn
for m = 1,2,3,4 and n 2 1 by
1
-1 -1 ©
4.7) Iln = - J J](s) (Fn(s)-s) dF (s) =n .Zl hl(Ui)
0 =
G OLL L ., n @
(4.8) I, =- J J(s) —2—5——dF (s) =2 n 21 Z hy (U;,U5)
0 =
1 3
(T_(s)-s) _ . _, . mn n
(4.9) 13n=-JJi'(s)-——n—6———dF1(s)=6]n3 D)
5 i=1 j=1 k=1
hB(Ui’Uj’Uk)
I n
(4100 = - J 3,(8) (T ()=s) d F ' (s) = n PELACRE
0

2,h3 and h4 are given by (2.1) - (2.3) and (2.16).
It is easily checked that

where the functions h],h

4

Imn = 2 (Imn—E Imn)'
1 m=1

(4.11) -ES

wn)
=]
]
wn
=]
=]
[}
I o~

m
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Furthermore define r.v.'s Jmn for m = 1,2,3,4 and n =2 1 by

(4.12) Jo= I /o(Sn) = (L -EI )/o(s5),
so that
. 4
(4.13) 5 = ) J -
m=1

The proof of (4.1) will now be split up in a number of lemma's. Throughout
the remaining part of this paper we shall frequently use order symbols in
our proofs to indicate the order of certain remainder terms. We remark that
these order symbols will always be uniform for fixed values of the constants

appearing in the statement we are proving.

LEMMA 4.1. Suppose that positive numbers C» c!, c!', and D, exist such that

1
B, <D, and assumption (2.10) Zs satisfied. Then there exists A > 0
depending on n, J

12 I and F only through C> c:, c!

1> G5 C, and D, such that

5
(4.14) loz(sn) -0 le? - 207 %2 b| < An?
where 02 = oz(J ,F) s as in (2.7) and b = b(J F) as in (2.18).
addition o° < Al and o |bl < A, for some poswttve constants A, and A, de-
pending only on Ci» Dy and C,» Ci, C'Z c, and D, respectively.

4
PROOF. In view of (4. ]1) o (Sn) =g ( Z mn). It follows directly from
(2.1) and (4.7) that o (I ) = n-loz. Also note that it is immediate from
(4.7), (4.8) and an appllcatlon of lemma 3.4. that -
., D n n
2 cov(l, ,I,) =2ETL, I, =n> 12] le kzl Eh (U) h (U U =

1

n_2 J hl(u) hz(u,u) du.

0
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Next we consider oz(Izn). Using lemma 3.2 and lemma 3.4 once more we

directly find that

2 -1 =2 2
E I,,=4% n (E hz(Ul,Ul)) + 2

-1 -2 2
n“E h2(U],U2) +

+ O(n_3), as n > «,

Because we know also that (E I2n)2 = 4_1 n_Z(E hZ(Ul’Ul))Z we have shown
that
11
02(12n) = 2_l n—2 JJ hg(u,v) dudv + O(n—3), as n > =,
00

Similarly we can prove that

1
2 COV(Iln’IBn) = n_2 J J hl(u) h3(u,v,v) dudv + O(n—3), as n >
00
and also that
1
_ -2
2 cov(Iln’I4n) = 2n { hl(u) h4(u) du.
0

Finally we remark that it is easy to prove by using similar arguments as

above that

02(13n) + cz(Ilm) =03, asn oo

and also that
2

2
|cov(12n,13n) + COV(IZn’IAn) + COV(I3H’I4D)| =0(n ), as n > =,
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Combining all these results we have proved (4.14). Note that 02 < Al follows

from lemma 3.4 (relation (3.11) with 2 = 2). The assertion 02|b| < A2 is a

simple consequence of lemma 3.4 (with 2 = 2) and the formula for b given in

(2.18). g

] "

o, 2 .
1 C;» Cys Dy and 9 exist

and the assumptions of lemma 4.1 are satisfied.

LEMMA 4.2. Suppose that positive numbers C;, C

such that oz(Jl,F) > cé
Then there exists A > 0 depending on n, J], J2 and F only through Cl’ cl,

c!', C D, and oé such that for any fized real number m

1> 727
o m_
(4.15) ic—m(Sn) - n 2 o-m[ < An 2
2 2 R .
where ¢” = ¢ (JI’F) is as in (2.7).
PROOF. The statement is immediately from lemma 4.1. u

The next lemma will enable us to show that T; - S; is of negligible
order for our purposes. Let T; denote the c.f. of S;.
2
) 1A
1> €10 G +s> 0°
and a number y > | exist such that 82+6 < D2+6’ o (J;,F) = og

LEMMA 4.3. Suppose that positive numbers B, C Cy> §, D

Kl’ K2, al, a2

and the assumptions (2.9), (2.10) and (2.11) are satisfied. Then there

exists A > 0 depending on n, the Cin and F only through B, C» C;, cl', C
2

S, D2+5s 99 K]’ K2’ ars and ay such that for every € > 0 and all n > 1

2’

o [0
- lemin(—t 2 . _
(4.16) J |p;(t)-T;(t)l le]7! ae < a o ITRIRGG YD) e

ltlSn

PROOF. It follows from lemma X.V. 4.1. of FELLER (1966) that

. *
(4.17) lpa(e) = ta(e)| = |e| E|r, - sy

for all t and n 2 1. Using (4.5), (4.6), assumption (2.11) and applying

Taylor's theorem we see directly that
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3+a 2
(4.18) oz(Tn—Sn) <3 Kf E(J IT_(s)-s]| d F'l(s)> +
0
1 1+o
2 2
ER E([ It (s)-s| F“(s>> v
0
1 1
n n
2(a7! § - J (s)d ds) F L. ))
+ 3 0 (n .;l(cin n l(s) s - Jz(s) s) in?)
. i1 i1
n n

Application of lemma 3.3 with 2 = 2 and p = 3 + o, and p = 1 + oy respec-

1
tively implies that the sum of the first two terms on the right of (4.18)
is

—3—min(a1,u2)
(4.19) 0(n ), as n > =,

To treat the third term on the right of (4.18) we need the following simple
2, ¢ 2, ¢
inequality: o (-Z a; X. ) <o (.z bi Xin)’ provided aiaj < bibj for all

1=1 in 1=1

1 <£i, j £ n. (The proof of this inequality is immediate from the well-
known fact that the covariance of any two order statistics is always non-

negative). Using this and assumption (2.9) we see directly that

3y(s) ds) F (U, )) < :
1

| “ﬁ.’jll“'

1
n
(c. —n J Jl(s) ds -

1 i

d
d

2 n—l-2y 02

< B (xX,).

1
Combining this result with (4.19) it is easy to conclude that

(4.20) oz(Tn—Sn) = o 3 minCe0)y L oYy as 0o .
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To complete our proof we remark that it follows from an application of the

lemma's 3.1 and 4.2 (with m=-2) that (4.20) implies that

—2—m1n(al,a2)

OZ(T;—S;) = (0(n ) + O(n_zY), as n > «,

This combined with (4.17) proves (4.16). ]

Next define for real t and n = 1

itJ . 2

_ n . (it) 2
(4.21) Tln(t) =E e (1+1t(J2n+J3n+J4n) + 7 Jzn).

In the following lemma we shall approximate T; by T 0 for all |t| < n®,

1

LEMMA 4.4. Suppose that positive numbers Cl’ c;, c;' C2, S, D3+<S’ and oé

. 2 2 > . .

2.1
exist such that 83+6 < D3+6’ o (J],F) > % and assumption ( 0) zs
satisfied. Then there exists A > 0 depending on n, I J, and F only through
2
| "
Cl’ Cl’ C], C2’ S, D3+6 and % such that for every e > 0 and all n 2 1
r * -1 "%'+ 3e

(4.22) | |Tn(t) - T]n(t)l |t]| " dt <An .

|t|<n®

PROOF. Application of lemma X.V.4.1. of FELLER (1966) yields

itd it(J, +J, +J, )
* _ In 2n "3n “4n" _ . _
ITn(t) T]n(t)l = |Ee (e 1 lt(J2n+J3n+J4n)
- iiflfqu )| < 2 (E|l3, J, |+E|J, 3, |+E|J, J, |+E 32+
2 2n’ ' T 2n  3n 2n “4n 3n 4n 3n

2 3 3
+E Jén) * |t| E|J2n * J3n * J4n[

2

for all t and n 2 1. It is not difficult to verify from the proof of

lemma 4.1 and from lemma 4.2 that the coefficient of t2 in the above in-
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_3
equality is O(n 2), as n +~ ©, An application of the cr—inequality, lemma,
3.3 with 2 = 3 and p = 2,3 and g respectively, and of lemma 4.2 shows that
!3

also E[Jzn + J + J = 0(n 2), as n + », Combining these results we

3n 4n
easily check that (4.22) is proved. a

. . . . . 2
We continue with the analysis of 1, (t). For convenience we write Gn to

In
indicate noz(Sn) and we denote the c.f. of hl(UI) by p. To start with we

remark that it follows from (4.21) that

(4.23) T, () = o) +
2
n“o
n
it
T (h, (U )+h, (U,))
I 18717 Y
it n-2, t na,
+ 3 o) ( I ) n(n-1) E e -hz(UI,UZ) +
2 no,
2n o :
n it
P
it n-1 t nzcn N
+ P (——)n E e h,(U,,U.) +
3 3 271771
2 no,
2n" o
n
At (n,(U,)+h, (U,)+h (U,))
3 I KRS T/ Rt Bk
+ —3L On—3( E )n(n-1)(n-2) Ee © .
5 2
- n°o
2 n
6n 9n
"hy(Uy,U,,05) +
it -
T (hl(U1)+h1(U2))
; no
it n-2 t n
+ B p (——)3n(n~1) E e h3(U1,Ul,U2) +
2
2 o,
6n“o
n
—— h, (U)
it n-1 t nzon ~
+ 2 p (,)nEe h(U,U,U)+
5 I 3100100
2 noy
6n-o
n
TURASIALY]
e ATISCH CENTTY
BIBLIOTHEEK MA ‘Cff*”\jff% e

Ao -

[
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= @)
nlg 171
;t pn_l( f )n Ee n h&(Ul) +
2
2 n on
nao
n
(i)? -4, t
3 () n(n-1) (n-2) (n-3) -
8n o nlg
n
ﬂF (h (U)+1 (U,))
nzon ,
(Ee hz(Ul,Uz)) .
3 Y ( T Y4n(n-1) (n-2) -
8n o nig
n n

n2

- Ee

1
1

o
n

2
~32° I
n

_%E_(hl(U1)+h](U2)+hl(U3))

hZ(Ul’UZ)hZ(U]’U3) +

T f y2n(n-1) (n=2) -

n’c
n

n2

te

8n~o

i

(o

N

BN

t

n

(it)

Nl

n-ao

te

t
(h (U)+h, (U,)+h, (U,))

on—z( £ Yén(n-1) -

no
n

(hl(Ul)+h1(U2))
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(b, ) +h, (U,))
n-o

f 80 072t yonn-1) Ee D (h,(U,,U))% +
63,2 ! 250,
n On n On
it
——h, (©))
G(it)? n-2, ¢ n'o, - 2
+ ———=p “(——)n(n-1) (ke h, (U ,,U.)) +
8n302 n’o 201
n n
it
_l:——hl(Ul)
.2 n‘o
A N T k., @, ,u 2.
3,2 R 2(U1sY,
n n n

In the next lemma we derive an asymptotic expansion for the factors
n-m, t

P (

) appearing in the terms on the right of (4.23).

no

n

LEMMA 4.5. Suppose that positive numbers C

such that OZ(JI,F) > oé

Then there exist A > 0 and a > 0 depending on n, I I, and F only through
C], Ci, Ciﬂ C2, D4 and Oé’ a sequence of positive numbers 61, 62, ... With
8 depending only on n and with lig 6, =0, and a fixed polynomial P in t,

n 1
such that for any fized m > 0 and all |t|< an? and n 2 1

1’ Ci: Ci', Cz, D4 and Oé e.’L‘iSt

and the assumptions (2.10) and (2.13) are satisfied.

I
.2 (it)BJ h?(u)du
-t 2
(4.24) P Pty e 2 (-8 By 0 +
nlo n 2 6n203
n .
1 I
(it)4(J hla(u)du—304) (it)6(J h?(u)du)3
0 0
+ + E
24no4 72no6
_t*
4

<A Gn n! |t| P(t) e R

where 02 = OZ(JI,F) 28 as in (2.7) and b = b(J],Jz,F) as in (2.18).
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n-m .
z hl(Ui) is a properly standardized sum of

i=1
independent identically distributed r.v.'s with expectation zero, variance

=1
PROOF. Since (o(n-m)) 2

one, and finite fourth moment, it follows directly from the classical theory
of Edgeworth expansions for such sums (see e.g. GNEDENKO-KOLMOGOROV (1954),
§41, theorem 2.1, inequality (b)) that there exist a > 0 and a sequence of
positive numbers 61, ?2, ... satisfying the assumptions of the lemma such
that for all |t| < an? and n = |

1
2 o’ f h (u)du
(4.25) |pn—m K———E———\ - e 2 /1 + 0 +
\(n—m)%o/ \ 6n%o3

1 1
(it)4(J h?(u)du-304) (it)6(J h?(u)du)z
0 0 \|_
+ + =
24:104 72n06 /

t2

O((Sn n-l|tl P(t) e .

), as n > =,

where P is a fixed polynomial in t. We perform now a change of variables
-t 2 '
n

1 1
tn = t nzon/(n—m)zo). It follows after expanding e 2 around t and using

the result of lemma 4.1 that we obtain (4.24). 0

The expectations appearing on the right of (4.23) are expanded in the

-

following lemma.

LEMMA 4.6. Suppose that positive numbers C
such that OZ(JI,F) > og
Then there exists A > 0 depending on n, J], JZ’ and F only through C], C;,
Cf, C2, D, and oé such that for all t and n 2 1

1° C{, C;Z C2’ D4 and oé exist

and the assumptions (2.10) and (2.13) are satisfied.



(4.26)

(4.29)

(4.30)

(4.31)

25

it
;;;—(hl(U])+hl(U2)) L1
n - (it) _
|Ee h,(U,,0,) - 2 J J hy (W)h, (V)h, (u,v)dudv

00

11 5
J [ h? (u)h, (Vh, (u,v)dudv | < A 2% + 0 2 e,

I 3
n°o . : -

|Ee P Ry(U,,U)) - —%E-J hy (Why(u,u)du | < AG ' t24n *[e]).

HEU 0

IN

it
——(h, (U)+h, (U,)+h, (U5))

n
|Ee hy(U,,Uy,0,) -

111 >
3 -2 4, T2y (3
- (13t) J J J h](u)hl(V)h](W)h3(u,V,W)dUdVdWl < A(n 2t%4m 2~|t| ) -
2,3 000

5 (b, (W) *h (U,) +h (U,))

nzcn
lEe h3(Ul’U1,U2) -
11 _é
- llt J f hl(u)h3(u,v,v)dudv| < A(n—]t2+n 2[t|). "
2
n-o 00
it
- by (U))
n?o |
n ~ -1
|Ee h3(U1,U1,U1)] < An ?|t].
it
KL ! 3
|Ee T h, (U) - —%5-{ hl(u)hé(u)du| < A '£%4n 2Ic]).

0
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=, (W) +h, (U,))
n"o

n 2
(4.32) | (Ee h,(U,,0,))" =
N - _5
i (%;i*(J J b, (wh, (Wh,(,v)dudv)®| < A e[ th
no
00
AL (h (U )+h, (U,)+h, ()
IEEIES RS A At R
n
(4.33)  |Ee h, (U, ,U,)h, (U, ,U,) -
, 111 E
) (lt;- J- J J by (h, (V)h, (u,w)h, (v,w)dudvdw| < A(n 2|t|3+n—2t2),
no
000
it
:%—(;—(hl(Ul)+hl(U2)+hl(U3)) .,
n

(4.34)  |Ee hz(U],Ul)hz(Uz,UB)] < An

it
——(h, (U)+h (U,))
n‘o |
n ~ -3
(4.35) |Ee hz(Ul,U])hz(Ul,U2)| < An ?|t].

it
——(h, (U )+h, (U,)) 1

nzon 2 ] 2 -1
(4.36) |Ee (hZ(U]’UZ)) - [ J 1'12 (u,v)dudv| < An ?|t]|
00 -
it
—— h, (U))
n'o, ~ 2 -1.2
(4.37) | (Ee hy(U,,U0)7| < An 't
—— h, (U))
nlc

(4.38) |Ee O (B, 0% < a.
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PROOF. Because the statements (4.26) - (4.38).are all proved in essentially

the same manner we shall only prove, by way of an example, (4.26). Expand-

ing eXP<_%E_(h1(Ul)+h1(U2))) around t = 0 and applying part (i) of the remark
h<o

made after lemma 3.4 we find that for all t and n = 1

it
n (it)

2
no,

11

J J hl(u)hl(v)hz(u,v)dudv -
00

11

J J h%(u)hl(v)hz(u,v)dudv| <
3 00
n

4
t 4
< -;2-0—4 E|hl(U])+h](U2)| |h2(U],U2)|.

Application of part (ii) of the remark made after lemma 3.4 shows that the
term on the right of (4.39) is O(n—zo;4
lemma 4.2 implies that 0;1 = 0-1 + O(n-l), as n » =, Inserting this result

in (4.39) we have proved (4.26). a

ta), as n > «, Next we remark that

We are now in a position to prove (4.1). We first apply lemma 4.3 with
0 < g < minc?T;ZT’Y_]) to see that the integral on the left of (4.16) is

O(n—l), as n > ». Secondly we use lemma 4.4 with 0 < e < %-to find that the

integral on the left of (4.22) is also o(n_l), as n > », To proceed let us

note that we can write down Sn(t) explicitly as

2
t .. 3 42
it K3 3K4t K3t

* 72 n )

6

(4.40) () = e 2 -

Nl-j

6n

Next we apply (4.40) and the results of the lemma's 4.5 and 4.6 to check
that for all n > 1
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f ~ -1, -1
j 7, (8 =B (©)] [e] at <A 8 n

1
it]|<an’

with A, a en the 6n as in lemma 4.5. Hence we can conclude that (4.1) holds
oA (61

for 0 < g < minCE};:?,Y‘I;%) under the assumptions (2.9), (2.10), (2.11),
L

(2.13) and the assumptions of lemma 3.5.

Next we consider (4.2) and (4.3). Finding sufficient conditions for
(4.2) is a problem of an entirely different nature, which was solved by
VAN ZWET (1977). In his theorem 4.1 he obtains a bound for the character-
istic function for a linear combination of order statistics. This result
of VAN ZWET (1977) provides the argument at exactly the same place in our
proof where Cramer's condition (C) (see CRAMER (1962)) is used in the
classical ﬁroof for sums of independent identically distributed r.v.'s.

To prove (4.2) we remark first that application of theorem 4.1 of
VAN ZWET (1977) shows that his bound applies to our situation, provided

positive numbers C C2’ m, Ml’ M2, B, Y, ¢, t, and t, exist such that

1’ 1 2
. "Jzﬂ <c, and the assumptions (2.9), (2.12) and (2.14) are satis-
fied. It is also clear from VAN ZWET (1977) that the only missing ingredient

HJIH <C

to complete the proof of (4.2) is the requirement that there exist positive
1

numbers e and E such that e < n? c(Tn) < E for all n 2 1. To see this we

. 1
first use the lemma's 3.5 and 4.1 to find that n? O(Sn) is bounded away from
zero and infinity and then apply (4.20) (c.f. also (5.10)). Hence (4.2) is

shown to hold if we suppose that, for some § > 0, 82+6 < D2+6 < = and that

the assumptions (2.9), (2.10), (2.11), (2.12) and (2.14) are all satisfied.
To prove (4.3) we simply use (4.40) and note that, under the assump-
tions (2.10) and (2.13) and the assumptions of lemma 3.5 there exist

positive constants A, and A depending only on C,» Ci, C;Z D> My, ¢, £,
and tys such that |K31$ A3 and IK4I < A4. Since the assumptions of theorem

2.1 imply those of lemma 3.5 this completes the proof of theorem 2.1.

To conclude this section it may be useful to mention that if we

4+8§
suppose that, for some § > 0, B = EIX][ < o and that the assump-

4+8
tions of theorem 2.1 are all satisfied the expansion Kn established in
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theorem 2.1 is in fact an Edgeworth expansion; i.e. K3n_ and K4n_1 are the

Nl

first order terms in the asymptotic expansions for the third and fourth
* . . .
cumulant of Tn’ whereas the higher order terms in these expansions can be

proved to be of order o(n-]).

5. PROOF OF THEOREM 2.2.

In this section we present a proof of theorem 2.2. To start with we

remark that for each n 2 1 and real x
. -3 -1 _ -1
(5.1) Gn(x) = Fn(xon o (Tn) + (u E(Tn))o (Tn)).
Using this identity and applying theorem 2.1 we find that for all n = 1

o7 (T ) + eE@ o (1)) | < A8 !

Nl=—

(5.2) s§p|Gn(x) - Kn(xcn

with A and the 6n as in theorem 2.1, holds under the assumptions of theorem

B
2.1. To proceed we shall need expansions for on % ¢ ](Tn) and (u—E(Tn))o_l(Tn).

In the following lemma we give these expansions.

1 "
1! C]’ C]’ C2’ 59 D2+6’

and a number vy > 1 exist such that B <D and 02(J1,F) > 0%

LEMMA 5.1. Suppose that positive numbers B, C Kl’ K,»

., O 02
12 722

0 248 2+§
and the assumptions (2.9), (2.10) and (2.11) are satisfied. Then there
exists A > 0 depending on n, the Cin and F only through B, Cp» Ci, Ciﬂ C,-

2
69 D2+(S’ Kls K2’ als Ciz, 00 and Y such that fOI’ all n = 1

[0 [0
-1 - ~1-min(},—,—=2,v~1)
(5.3) |(u=E(T )) o (T ) - an ?| < An DY

and

a a,
lemin(l — &
n 1 m1n(2,2, Z’Y 1)

Nl

(5.4) lo n o—](Tn) -1+b n_1| <A

with a = a(Jl,Jz,F) and b = b(J],Jz,F) as itn (2.17) and (2.18).
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PROOF. We first prove (5.4). Application of lemma 4.1, (4.20) and the

Cauchy-Schwarz inequality yields

02 02 -1-mi (El-i— -1)
(5.5) 5 - — (1 + 0(n MYy as oo e,
no (Tn) no (Sn)
Lemma 4.1 implies that
) _3
o b 2
(5.6) —_———=1-2=+0(n ), as n > =.
no? (s ) n
n
Combining (5.5) and (5.6) we find
a, o
2 T S I
(5.7) ——él———-= 1 - 2%~+~0(n I-min 65, 2° 2°Y 1)) as n > o,
no (Tn)

Inequality (5.4) is an immediate consequence of (5.7). To prove (5.3) we

first use (4.20) again to see that

o ol
-3 min(gg 1D
(5.8) ET_=ES_+0(|T-S |)=Es_+ 0
n n n n n

Using the definition of Sn (cf. (4.6)) and noting that E(I‘n(s)—s)3 =

= n—zs(l-s)‘(l-Zs) we can easily check that

t Sn =p-agc n_] + O(n—z), as n +»

so that (5.8) implies that

3. . %1%
-1 5 mln(i,jfyjst 1)

(5.9) u-E Tn =aon + 0 ), as n > =,

Because (5.7) directly implies that

), as n~> .
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-1 +3 -1 -3 :
(5.10) o (Tn) =n?o¢c +0(m?%, as n > =,

we have proved (5.3). g

To complete the proof of theorem 2.2 we use (2.4), (2.19), (5.3), (5.4)

and lemma 3.5 and apply a simple Taylor expansion argument to find that
I
"z 71 + - -1 = +
(5.11) Kn(xn o] (Tn)o (u E(Tn)) o (Tn)) Ln(X)

. 1 72
+ 0(n

uniformly in x. Combining this with (5.2) completes the proof of theorem

2.2.

6. EXTENSIONS AND APPLICATIONS

In the theorems 2.1 and 2.2 we have established asymptotic expansions
for the d.f.'s of linear combinations of order statistics with remainder
O(n—]). However, it is clear from the proofs given in this paper as well as
from statement and proof of theorem 4.1 of VAN ZWET (1977) that, in
principle, asymptotic expansions for the d.f.'s of linear combinations of
order statistics to any order can be obtained, of course at cost of
stronger conditions, in essentially the same way.

An extension in a different direction is concerned with the order of

-

the remainder of the asymptotic expansions established in this paper. In
thoerem 2.1 and 2.2 we have been content with a remainder that is O(n— ).
However, no new difficulties will be encountered when showing that under

somewhat stronger conditions the remainder of our expansions is of order
3

2 . . . .
n , which is of course the natural order of the remainder term. We will
state the result without further proof.

3 ’ 7 ] 1" "t 1]
Suppose that positive numbers Bl’ C], C], Cl’ C] s C2’ C2, DS’ K], K2,
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3 .
9» Cs M and numbers y > 5 and 0 St <ty < 1 exist such that

assumption (2.9) is fulfilled; I, 18 three-times differentiable with first,
second and thira derivative J;, J;'and J;" on (0,1) and Iy 18 differen—

tiable on (0,1) with derivative Jé on (0,1);

Ml’ MZ’ al, a

130 < ', 13"l <g™ Igmi <c™. Il < I3t < ¢
b =g, hapl < e, 13 Cims Byl =Gy, TJ1 =€y

131 <c 95

1’
and

a
I s ) = 3G | < K s) - sy

(o}

2
[95(s) = 35(sp)| < Kylsy = s,

2
F possesses a finite absolute fifth moment Bg with

for 0 < $;> S < 1

and the assumptions (2.12) and (2.14) are satisfied. Then there exists

A > 0 depending on n, the cin and F only through B, C], Ci, Cih C;", Cz,

Cé, D5, Kis Ky Mo, MZ’ Ups 0ps Cy Wy and t, such that for all n =z 1

3
* 2
- <
s;p|Fn(x) Kn(x)[ < An
and
-3
S§P|Gn(x) - H}(x)l < An 2.
. -1 n
Throughout this paper we have considered T_ = n 2 c. X. ,1i.e. a
n £ 7in Tin

linear combination of the Xin' More generally, one may also consider

-1 . .. .
n i h(Uin) and under suitable conditions on h obtain parallel results.

1

[ =]

i=1
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An important application of the asymptotic expansions established in
this paper lies in the computation of asymptotic deficiencies in the sense
of HODGES and LEHMANN (1970) for estimators and tests based on linear com-—
binations of order statistics. These computations will be given in a sep-

arate paper.
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