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Abstract

We consider a stochastic recurrence equation of the form Z,41 = Ant+1Zn, + Bny1, where
E[log A1] < 0, Eflogt B1] < 0o and {(An, Bn)}nen is an i.i.d. sequence of positive random vectors.
The stationary distribution of this Markov chain can be represented as the distribution of the
random variable Z £ 3°°° ' By, 11 [[;_, Ak. Such random variables can be found in the analysis of
probabilistic algorithms or financial mathematics, where Z would be called a stochastic perpetuity.
If one interprets —log A, as the interest rate at time n, then Z is the present value of a bond that
generates B, unit of money at each time point n. We are interested in estimating the probability
of the rare event {Z > z}, when z is large; we provide a consistent simulation estimator using
state-dependent importance sampling for the case, where log Ay is heavy-tailed and the so-called
Cramér condition is not satisfied. Our algorithm leads to an estimator for P(Z > x). We show that
under natural conditions, our estimator is strongly efficient. Furthermore, we extend our method
to the case, where {Z, }nen is defined via the recursive formula Z,11 = ¥,,11(Zyn) and {¥p }nen
is a sequence of i.i.d. random Lipschitz functions.

1 Introduction
We consider an R-valued Markov chain {Z,, },en defined by

Zn+1 - \IJn-l-l(Zn)a (1)
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where {¥,, },en is a sequence of i.i.d. positive random Lipschitz functions and Z; € R is arbitrary but
independent of the sequence {¥, },en. For k < n, define the backward iteration as

arxXiv

Uin(2) 2 W oWp 00200, (2).

Define Z(™(z5) £ Uy.,(2). Under some mild conditions (cf. Assumption [2 below), the sequence
{Z)(29) }nen converges a.s. to some random variable Z. Moreover, this limit does not depend on the
choice of the initial condition zy (cf. Dyszewski, 2016, Theorem 3.1) and has the same distribution as
the stationary solution to . For simplicity we set

AR A (2)

We assume that ¥, is such that Z(" is increasing in n. Define T(z) = inf{n > 0: Z™ > z}.
This paper develops efficient simulation methods for estimating the tail probability of Z, i.e. we are
interested in computing

P(Z >z)=P(T(z) < ),

when z is large.


https://core.ac.uk/display/301640452?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

The main example we have in mind, is the so called stochastic perpetuity (also known as infinite
horizon discounted reward). More precisely, we consider the random difference equation, where ¥, is
an affine transformation, that is ¥, (z) = A,z + B,,. The formula (1) can be written as

Zn+1 = An+1Zn + Bn+17 (3)

for n € N. Tt is well known that if E[log 4;] < 0 and E[log™ B;] < oo, then the Markov chain given by
has a unique stationary distribution, which has the same distribution as the random variable

[eS)

A Sn

Z = § Bn+16 s
n=0

where S, £ S, 1 + X,,, So £ 0 and X,, £ log 4,,. Such random variables can be found in the analysis
of probabilistic algorithms or financial mathematics, where Z would be called a stochastic perpetuity.
If one interprets —log A,, as the interest rate at time n, then Z is the present value of a bond that
generates B, unit of money at each time point n. Perpetuities also occur in the context of ruin problems
with investments, in the study of financial time series such as ARCH-type processes (cf. e.g. [Embrechts,
Klippelberg, & Mikosch, [1997)), in tail asymptotics for exponential functionals of Lévy processes (see
e.g. [Maulik & Zwart, [2006)), etc. A book devoted to is |Buraczewski, Damek, and Mikosch! (2016)).
Although some particular cases exist that allow for an explicit analysis (see e.g. [Vervaatl [1979), it is
hard to come up with exact results for the distribution of Z in general. Thus Monte Carlo simulation
arises as a natural approach to deal with the analysis of stochastic perpetuities, including the large
deviations regime where = in P(7T'(x) < o) is large, which is the focus of this paper.

In this paper we develop a state-dependent importance sampling algorithm that can be proved
to be strongly efficient. By state-dependent, we mean that the importance sampling distribution for
generating Z(™*Y is dependent on the current state Z(™). We say that an estimator L(z) for P(T'(z) <
o0) is strongly efficient (for a discussion of efficiency in rare-event simulation, see e.g. [Asmussen &
Glynnl, 2007)) if

EL%(z)
R P(T(@) <o) = )

To explain the idea behind our algorithm, consider a stochastic perpetuity, where B, = 1. One
difficulty that arises in our setting—where log A; is heavy-tailed—is that the Cramér condition is not
satisfied (a study of the Cramér case can be found in Blanchet, Lam, & Zwart} |2012)), and hence,
standard techniques such as exponential change of measure cannot be used. The algorithm we provide
in the present paper is based on the fact that the stochastic perpetuity is closely related to the maximum
of a random walk. More precisely, for v € (0, —EX;) we observe that

1
1—e

Z =" exp(Sp) =Y exp{Sn +ny}exp(—ny) < exp {IS% (Sn + m)} (5)

n=0

For a general sequence {VU, },en, we construct a slightly more involved upper bounding random walk
and use it to construct a coupling. This allows us to leverage an importance sampling algorithm
designed for random walks, in |Blanchet and Glynn| (2008). We can extend this idea to a general
Markov chain given by . The tail asymptotics in this case have been derived by Dyszewski| (2016)).
Our extension of leads to a shorter proof of the asymptotic upper bound given in that paper.
Note that Z is defined over an infinite horizon, and hence, requires an infinite amount of com-
putational effort for generating each sample; a natural approach to address such an issue is to work
with approximations by finite-time truncation. In this paper we study the bias introduced by such
approximations and show that our estimator has a vanishing relative bias as * — co. We also study
the asymptotic behavior of the bias with respect to the truncation time. We show that the relative
bias converges to 0 at a polynomial rate, which depends on the moment condition of log A;. It should
be mentioned that such a convergence rate is due to the heavy-tailed nature of log A;; in case Cramér
condition holds for log A1, geometric convergence rates typically ensue, i.e, the relative bias converges
exponentially to 0 (cf. e.g. [Basrak, Davis, & Mikosch, 2002, Theorem 2.8). By identifying such a con-
vergence rate and proving a uniform bound on the relative moment of the associated estimator (slightly



stronger statement than the strong efficiency proved in Blanchet & Glynn, 2008), we show that one can
apply the bias elimination technique studied in |Rhee and Glynn| (2015) to construct strongly efficient
and unbiased estimators.

The rest of the paper is organized as follows. In Section 2 we briefly review an efficient simulation
algorithm for the maximum of heavy-tailed random walks proposed by [Blanchet and Glynn| (2008). In
Section 3 we introduce the random objects that can be handled by our algorithm. In Section 4 and
5 we use the result from Section 3 to prove an asymptotic upper bound of P(Z > x). Moreover, we
construct an efficient algorithm for estimating P(Z > z) and analyze its relative bias. The main result
of this paper is given as Theorem [f] In Section 6 we analyze the asymptotic behavior of the bias with
respect to the truncation time, based on a simple example; we apply the method studied in |[Rhee and
Glynn/ (2015) to obtain an unbiased estimator. In Section 7 we present our computational results.

2 Notations and Preliminary Results

In this section we will first introduce several notations, then we will recall some well known preliminary
results.

Let 2 = max(z,0) denote the positive part of z and let log™ (z) = max(log x,0) = log (max (x,1)).
We first recall the following lemma, which will be very useful in validating our new estimator.

Lemma 1 (Glynn, 2012). Let {Y,}nen be a sequence of random wvariables on the probability space
(Q, F,P). Let {My,}nen be a non-negative martingale that is adapted to {Yy, }nen for which EMy = 1.
Let T be a stopping time adapted to {Yy}nen. Define a sequence of probability measures as P, (A =
El14/ M, for A" € F. Then there exists a probability measure P, such that P(A") = P, (A"), for A’ € F
and n € N. Furthermore, we have that El{roo) = IE]I{T<OO}M

Our goal is to find a suitable martingale M, such that the strong efficiency criterion in is
satisfied. Here we consider first a useful example proposed by [Blanchet and Glynn| (2008]), where
the authors develop an efficient state-dependent importance sampling strategy for estimating the tail
probability of a random walk crossing a certain level. Before we go through the details of the example,
we introduce the following definition.

Definition 1. A random variable X is said to posses a long tail, if for every ¢ € R, we have that
P(X >t+¢)~P(X >t)ast— oo. X is called subexponential if P(X;" + X5 > t) ~ 2P(X+ > t) as
t — oo, where X; and X5 are independent copies of X. Moreover, X is said to belong to the family
S* if the following holds

t
EXHTP(X > t) ~ / P(X >t—s)P(X > s)ds
0

as t — oo.

If X7 belongs to S*, then both the distribution of X; and its integrated tail are subexponential (cf.
Klippelberg, (1988, Theorem 3.2) and, in particular, long tailed. Furthermore, the Pakes-Veraverbeke’s
theorem (cf. e.g. [Veraverbekel [1977| and |Zachary}, 2004) says

1

P (rS%(Sn > :E> ~ fE—Xl/gﬂ P(X, > t)dt, (6)

as x — oo, where S, = S,,_1 + X,,.

Example 1. Consider a random walk {S,},en generated by a sequence of i.i.d. random variables
{X,}nen, 1€, Sp = Sp—1 + Xn, So = 0. Assume that EX; < 0 and X; belongs to S*. We are
interested in estimating P (7(z) < co) = P(max,>o S, > ), where 7(z) = inf{n > 0: 5, > z}. Let
v(z) be a positive function on (—oo, z), let P(y,dz) denote the transition kernel of the random walk.
Instead of P(y,dz), one can simulate the random walk via another transition kernel

Qy, dz) = Py, dz)~

wy)’ Yy € (—o0,z], z € R, (7)



where w(y) is the normalization constant that is given by w(y) = [ v(2)P(y,dz). Choosing

-1 _ - w(Sk—1)
it =1 =,

and applying Lemma |1} this yields a potential candidate of the estimator, which has the form L(x) =
]1{7(1)<00}M;(i)- It is “a potential candidate” because for each a < 0, any M, ! constructed by the

pair w(- 4+ a) and v(- + a) is also a possible choice. Define a non-negative random variable W that is
independent of {X,, },en with tail probability

5 min |1 — /OO
P(W > t) £ min [1, EX ), P(X; > s)ds| . (8)
Blanchet and Glynn| (2008) propose to choose
v(z) £P(W > —(z — x)), 9)

and
wy) 2P(X1 +W > —(y — z)). (10)

From () we can see that the choice above of v(+) and w(-) leads to a good approximation of the so-
called zero-variance importance distribution, which involves sampling from the conditional distribution
of the random walk given {7(z) < oo} (cf. Blanchet & Glynn| 2008, Theorem 1). By showing

w(y) —v(y) = o( P(X1 > —y)), asy— —oo, (11)

(for details see [Blanchet & Glynn, 2008, Proposition 3) and, for each § € (0,1), the existence of a
constant a. = a.(0) € (—oo,0] such that

200\ _ 02
5< v (y) — w(y) ,
P(X1 > —y)w(y)
the authors were able to control the second moment of the estimator via a Lyapunov bound (for details

see Blanchet & Glynn| [2008] Theorem 2, Proposition 2, Proposition 3). We summarize one of their
results in the next theorem, which will prove to be useful in our context.

Vy < 2+ ax, (12)

Theorem 2. (Blanchet & Glynnl, |2008, Theorem 3) Suppose that EX; < 0 and X, belongs to S*. Let
v and w be defined as in @D and , For fized 6 € (0,1), set ax = a.(0) < 0 satisfying . Let an
unbiased estimator of P(max,en S, > x) be given by

7(z)
Sk: 1+ (l*
L ( ) = IL{‘r(z)<oo} H Sk T a*
Then
]EQa* L?I_(x)
sup < 00,

2
x>0
P (max Sy > :c)
n>0

where E@a« denotes the expectation w.r.t. the random process {Sy, }nen having a one-step transition
kernel

v(z + ax)
Q.. (y,dz) = P(y,dz) W T )
Py + Xy € dz)v(z + ax)
a w(y + a.)
=Ply+ X1 €dz| X1 +W > —(y— ) — as).




Theorem [2] implies that the following algorithm is strongly efficient.

Algorithm 1.

STEP 0. For fized § € (0,1), set a, +— a.(8) <0 satisfying (12).

STEP 1. Initialize s «— 0 and L +— 1.

STEP 2. Set s’ +— s, generate a random variable Y with the distribution given by

PY €dz)=P(s' + X1 €dz| X1 + W > —(s' — 1) — a.),
where W is defined as in . Update s «+— s’ +Y and

w(s' + ay)
v(s + ay)
STEP 3. If s > x then return L. Otherwise, go to STEP 2.

L +—

3 Stochastic Perpetuity and Iterated Random Functions

In this section we specify the random object that can be handled by our algorithm. We start with
an example of stochastic perpetuity and construct a stochastic upper bound that can be written as a
functional of a suitable random walk S,, (), which will be defined in three different levels of generality—
Example [2, general stochastic perpetuities, and stochastic recursions of the form . Furthermore,
using the upper bound we can define crossing levels s(x) (which will be defined in three different levels
of generality as well) and a stopping time

7 (@) = inf{n > 0: S,(7) > s(2)),

such that
{Z >z} C {r7r11§(>)< Sn(v) > s(z)} and 7y (x) < T(z). (13)

Since the change of measure proposed in |Blanchet and Glynn| (2008) is strongly efficient for estimating
the tail probability of the maximum of heavy-tailed random walks, a natural strategy is to keep track
of the random process {S,(7)}nen while simulating Z(™ | until the stopping time 7, (z). By doing
this, we can construct a state-dependent change of measure using the path of the random walk until
7y(x) according to the method introduced in Example Then we simulate the path of the random
walk after 7,(x) under the original measure. In the second step we extend the method to the general
case. Other properties such as efficiency will be discussed in Section [4] and

3.1 Stochastic Perpetuity

To illustrate our idea, let us consider a simple example, namely, a stochastic perpetuity that generates
exact one unit of money at each time point n.

Example 2. Consider the Markov chain defined via the random difference equations
Zny1=Apns1Z, +1, t €N, (14)

where E[log A1] < 0 and {A,, },en is an i.i.d. sequence of positive random variables, which is indepen-
dent of Zy. The unique stationary distribution of this Markov chain has the same distribution as the

random variable
o0

zZ 4 BS",
n=0

where S, £ S,,_1 + X,,, So £ 0 and X,, £ logA,,. Let v, € (0,—EX;) be fixed. For the stochastic
perpetuity Z, we observe that

oo o0 1
2=y exp(5,) = 3 exp(S, + ) esp(-rm) < exp {ma(S, 4000 b (19
n=0 -

n=0



Using (T5) we can define s(z) £ logz + log(1 — =) and 7., (z) £ inf{n > 0: S,, + ny; > s(x)}, such
that (13]) holds. To see 7,(z) < T'(x), suppose 7,(z) = N, we have that max,<n._15,(7) < s(x).
Combining this with the fact that

N.—1 N,—1
Z exp(Sy) = Z exp{ Sy, + ny1 } exp(—ny1)
n=0 n=0
< exp{ max S, +n’yl} i
- n<N,—1 1—em
< oxp (5(2)) =+
l—em

= fL"
we can conclude that T'(x) > N, = 7, ().

Example 2] shows that we can bound Z by a functional of the mean-shifted random walk, if we as-
sume that there is no randomness in B,,. However, extending the idea to general stochastic perpetuities
is not straightforward. The reason is that we can not deal B,, separately due to the potential depen-
dence structure between {A, }nen and {B;, }nen. To be precise, consider the Markov chain defined via
the stochastic difference equations

Zny1 = Apnt1Zy + Byy1, n €N,

where E[log A1] < 0, E[log™ B;] < oo and {(A,,, By,) }nen is an i.i.d. sequence of positive random vectors
that are independent of Z,. First we need to assume the following.

Assumption 1. Assume that (A, By) satisfies the conditions as follows.
a) Let Ay, B;>0 as, E[log A;] < 0 and E[log™ B;] < 0.

b) E[(log™ (max(A;, B1)))'™] < oo, for some 5 > 0.

c) For (A, By) we have that

P(A; >z, By < —z) = o(P(max(A4;, B1) > x)).

Under Assumption [1} it is well known (cf. Buraczewski et al., [2016| and [Dyszewski), 2016) that the
unique stationary distribution of this Markov chain exists, has right-unbounded support and has the
same distribution as the random variable

oo
Z 2> Bniedr,
n=0

where S, £ S,,_1 + X,,, So £ 0 and X,, = log A,. In the next step we want to construct an upper
bound for Z, which can be written as a functional of a suitable random walk S, (7). We have the
following Lemma.

Lemma 3. Under Assumption[], there exists a constant o such that
E[max (log* By — 72, log A1)] < 0.
Moreover, there exists a constant v, € (0, —Emax(log™ By — v2,log A1)) such that

e?

[ (16)

< o2 S, <
Z <e Ze exp{rrrbl%(sn(’y)}

n=0

where 5y = (11,72), Sy = Si_y +max(log™ By —72,10g An) and Su(y) = Sy +nyi.



Proof. Under Assumption |1|a) we obtain that

lim max(logt By —74,log A1) = log A;, a.s,

v5—00
since log™ By and log A, are finite a.s. Furthermore, we have that
| max(log™ By — ~4,1log A1)| < |max(log™ By, log A;)| + |log Ay]. (17)

Using Assumption [I| b) we have that Elog™ A; < Elog’ max (A, By) < co. Since Elog A; < 0, we
conclude that E|log A;| < co. Combining this with we have that for any v; > 0,

E |max(logJr By — 4, log Al)‘ <E |maux(logjL Bl,logAl)‘ + E |log A;|
=E |log* (max(By, A1))| + E [log A; | < oo.

Using the dominated convergence theorem we obtain the existence of 5. For the stochastic perpetuity
7 and the constant v5 > 0, we have that

o0 oo oo
7z < Z max (Bn+1’ 1) eS" — Z e(log+ Bpny1—72)+Sn < e Z eS;z7 (18)
n=0 n=0 n=0

where S, = S/, + max(log” B, — 72,log A,). To see the last inequality, comparing S/,,; with
(log+ B, 41 —72) + S, component wise, we have that

(log* Byt1 —v2) + Sy = (logt Byj1 — 72) + Z log A,
k=1

n
< max(log® Bpy1 — v2,log Apy1) + Z max(log™ By — 72,10g Ay) = S, 1.
k=1

Now let v1 € (0, —~Emax(log™ By — 72, log A1)) be fixed. From (I8), we observe that

oo , oo 672
Z<eny eSn=e Y exp{S;, +nyi}exp(—nyi) < exp {rilgg)c Sn(v)} [pp—
n=0 n=0 -
where v = (v1,72) and S, (7) £ Sn—1(7) + max(log+ B, —v2,log Ap) +91 =Sl 4+ nv. O

Now from we can define s(z) £ log z—72+log(1—e™ ) and 7, (z) £ inf{n > 0: S, (y) > s(z)},
such that holds.

3.2 Iterated Random Functions

As we indicated in the introduction, stochastic perpetuities can be considered as a special case of (/1)
with ¥, being an affine transformation. Thus, it is natural to consider the Markov chain given by (1)),
where for each U,, there exists a random vector (A4,, By, D,,) satisfying

Apz+ B, — D, <V, (t) < Azt + BY + D, (19)

for z € R. We assume that {(A,, By, Dn)}nen are i.id. and {¥,},en is a sequence of i.i.d. positive
random Lipschitz functions with

U, (t1) — U, (t
Lip(¥,,) £ sup —( ;) ; (t2) .
th#ts 1—t2

Analogous to Assumption [I} we assume the following holds.

Assumption 2. Assume that ¥, is such that Z(™ defined as in is increasing in n. Moreover, assume
that hold, and that (A;, By, D1) satisfies the following conditions:



a) A, D; > 0 as, E[log A;] > —oco and E[log Lip(¥;)] < 0. Moreover, E [log™ [Bf + D] < co and
E [log™ |By — Dy|] < oo.
b) E [(log* (max(A, B1)))'*"] < oo, for some 7 > 0.
c) The following tail behaviors
P(max(Ay, Bf + D1) > ) ~ P(max(Ay, By) > z),
P(max(A;, By — D1) > x) ~ P(max(A;, By) > )

and
P(A; > 2,B1 — Dy < —x) = o(P(max(A;, By) > x))

hold.

Remark 1. We want to mention that there are interesting examples that satisfy the increasing property
of the backward iteration. For instance, consider the stochastic equation given by

Zn+1 == \/An+1(Zn)2 + Bn+1Zn + Cn+1-

This corresponds to a second order random polynomial equation, which is studied by |Goldie (1991)).

Define Z £ lim,, oo ¥1.,(0). Recall that (cf. Dyszewski, 2016), under Assumption [2, the unique
stationary solution to exists, has the same distribution as Z, has right-unbounded support and can
be bounded from above with a stochastic perpetuity Z, which is given by

e’}

7 A § ' > Sn

Z = Bn+1€ s
n=0

where B,, & max (B} + Dp,1), S, = S,_1 +log(A,) and Sy £ 0 (cf. Dyszewski, 2016). Analogous
to the previous section, our goal should be to construct an upper bound for Z (and thus for Z) that
can be written as a functional of the maximum of a suitable random walk S, (). First we claim the
following lemma.

Lemma 4. Under Assumption[d, there exists a constant o such that
E [max (logJr (Bfr + Dl) — 72, log Al)] <0.

Moreover, there exists a constant 1 € (0, —Emax(log™ By — v2,log A1)) such that

i V2
<en” Sn < -
zgen S e <o {massio)| o (20)
where v = (y1,72), Sy, = S),_1 +max (log" (B;f + D) — 72,10 A) and Su(v) = S}, +nm.
Proof. Analogous to the proof of Lemma [3] O

Now from we can define s(z) £ log z—72+log(1—e™ ) and 7., (z) = inf{n > 0: S, (y) > s(z)},
such that holds.

4 Asymptotic Upper Bound and Strong Efficiency

Recall that in Section [3| we have developed a stochastic upper bound for each of our random objects.
Moreover, using these upper bounds we also have defined a crossing level s(z) and a stopping time

Ty(x) =inf{n > 0: S,(v) > s(x)},

such that {Z > z} C {max,,>0 S () > s(z)} and 7,(z) < T'(z), for each case respectively.

It turns out that the upper bounds we derived in the previous section are not only helpful for
constructing our algorithm, they can also be used to derive an asymptotic upper bound for P(Z > z)
as ¢ — 0o. In this section, we first analyze the asymptotic behavior of P(Z > x). After that, we show
that our estimator is strongly efficient.



4.1 Asymptotic Upper Bound

In the theory of large deviations, one is interested in results such as the asymptotic behavior of P(Z > x)
as © — 0o. More precisely, we are interested in finding a function f(x) such that P(Z > z) ~ f(x) as
x — oo. Usually, obtaining an asymptotic lower bound is easier than obtaining an upper bound. It
turns out that the stochastic upper bounds we derived for Z can be used in deriving the asymptotic
upper bound of P(Z > z). To illustrate this, let us get back to our example.

Example 2 (continued). Consider a stochastic perpetuity with B, =1, i.e. Z = >~ e». Moreover,
assume that the integrated tail of X; is subexponential. On the one hand, using , we obtain that

P(Z>x)<P (rggg Sn(y) > s(x)) .

Since the integrated tail of X; 4 77 is also subexponential, applying the Pakes-Veraverbekes Theorem
we have that

P

: P(Z > x) , (I;ggg Sn(y) > s(af)) )

limsup —=5 < limsup = = — . (21)
T—00 flogm ]P(Xl > t)dt T—00 flogm ]P)(Xl > t)dt EX, + Y1

Letting v; — 0 we conclude that

lim s P(Z > x) < 1
i = < - .
x~>ocp flog:r P(Xl > t)dt EX,

On the other hand we observe that Z > exp(max,>0S,). Therefore applying again the Pakes-
Veraverbekes Theorem we obtain that

P (max Sy > log J;)
liminf - 2> T g g A2 S (22)

ioo oo (P(Xy > t)dt T wvee [ P(Xy > t)dt EX,"

Combining and we conclude that

1 o0
P(Z>a)~ g /WI@(X1 > 1) dt.

Consider the stationary distribution of the Markov chain given by . As we indicated earlier,
Dyszewskil (2016) shows that under subexponential assumptions on the random variable log™ max(A;, B;)
the tail asymptotics can be described using the integrated tail function of log™ max(A;, B;). However,
the upper bound we derived in Section [3:2] yields us a shorter proof for the asymptotic upper bound
in Dyszewski (2016, Theorem 3.1).

Lemma 5. (A shorter proof of the asymptotic upper bound in [Dyszewski, 2016, Theorem 3.1) Let
Assumption@ hold. Furthermore, assume that the integrated tail of logmax(Ay, By) is subexponential.

Then we have that
lim su P(Z > ) < - !
wﬁoop Fr(log(x)) = [Ellog(41)]’

where Fr denotes the integrated tail of logmax(Ay, By).

Proof. From the upper bound we constructed in Section [3:2] we know that
P(Z>z)<P (m%( Sn() > s(az)) . (23)

Due to Assumption [2|c¢) we know that the integrated tail of log(max(A;, By + Dy, 1)) is also subexpo-
nential. Moreover, we have the following inequality:

log (max (Al7 Bf + Dy, 1)) — v < log (max (Al, e (Bl+ + D1) ,e_'”)) < log (max (Al,Bfr + Dy, 1)) .



The increments of the random walk S,,(y) have a subexponential integrated tail. Using the Pakes-
Veraverbeke theorem we get the following relationship for the RHS of , namely

1

[max(B; — y2,log A1)] + 71 Fr(log(x)). (24)

P (max$,0) > ) ~

Now, letting 72 — co and v; — 0 yields the result. O

Remark 2. Note that the assumption of an increasing backward iteration of ¥, is not needed in the
proof of Lemma [5] Therefore, it provides indeed a shorter proof of the asymptotic upper bound given
in Dyszewski| (2016, Theorem 3.1).

4.2 Strong Efficiency

Given the asymptotic behavior of P(Z > x), we are able to show the strong efficiency of our estimator.
Recall that, based on , our algorithm constructs a state-dependent change of measure according
to the methods introduced by Blanchet and Glynn| (2008). Define the following elements, which are
needed for the change of measure, via

P(W, > t) £ min {17 m /tOO P(S1(y) > s)ds| ,

vy (2) £ P(W, > —(2 — 5(x))), (25)
and
wy (y) £ P(S1(7) + Wy > —(y — s(2))). (26)

We propose an estimator and show its strong efficiency in the following theorem.

Theorem 6. Suppose that ES1(y) < 0 and S1(7y) belongs to S*. Let vy, and w, be defined as in
and (26)). For fized 6 € (0,1), one can choose a, = a,(8) <0 so that

v2(y) — w3 (y)
0= P(X1 > —y)wy(y)’

Yy < s(x) + ax.

Let

7 (@)

Ly () £ Lir(s)<oo} H

Then Ly (z) is an unbiased estimator of P(Z > x) and

w'y Sk 1 +a*)
v'y Sk +a/*)

(27)

- E%- L (x) <o
"R PZ >z ’

where EQ4- denotes the expectation w.r.t. the Markov chain {S,(7)Ynen having a one-step transition

kernel
vy (2 + ax)

1, d2) = Py, d2) 200
oY *

Proof. Let

PRI WAL SIRTS
TR § N S

Obviously, { M, }nen is a martingale, and therefore, { M,,n+_ (2) fnen is also a martingale. Since 7, (z) <

T(z), applying Lemma [1} we can conclude that

EQu Ly(z) = P(T(z) < 00) = P(Z > ).

10



For the strong efficiency we have that
EQa. L2T(m) _ E%. {1{Z>1}MT_72(95)}
P(Z > z)? P(Z > z)?

Ee |:]1{YT?§§STL(’Y)>5($)}M7;2($):|
- <
- P(Z > x)?

E%. [11{133%sn<v>>s<z>}Mﬁ2(x)} P (5?38( Snl7) > S(x)) ’
= 2 ( P(Z > x) ) ’
P (maxs,() > s(o))

where the first term in the last equation is guaranteed to be bounded over z € (1, 00) due to Theorem
Hence, only the latter term remains to be analyzed. Define

P <m§(>)( Sn(y) > s(x))
x(@) = P(Z > ) '
From [Dyszewski (2016, Theorem 3.1) we have that

P(Z > x) 1

lim inf — > .
2500 Fy(log(z)) — Elog A,

(28)

Since by assumption the integrated tail Fy is subexponential, it is in particular long tailed. Combining

and we obtain that

. Elog Ay
limsup x(x) < = . 29
£—300 () E[max(B; — v2,log A1)] + 71 (29)
Using the fact that x(z) is bounded over a compact interval, we obtain that
P (max Sn(v) > S(x))

su "2 < 00

:L’>F1) P (Z > (E) '
O

5 Asymptotic Unbiasedness

The estimator derived in Theorem |§| requires the computation of 17y, and hence, is unbiased only
if we can generate Z in finite time. Generating a perfect sample from Z in our current setting is not
straightforward, although there is plenty of literature on this topic; see, for example, [Blanchet and
Wallwater| (2015) and Blanchet and Sigman| (2011). Conditional on {7,(z) < oo}, using the strong
Markov property, we have that

Z = \Ijl:‘rﬂ,(z) (Z/) )

where Z’ £ limy/_ o0 \I/Tw(x)+1;u(x)+M(0) L7 is independent of Wy.. (,). Therefore, a natural choice

for approximating the distribution of Z’ is a truncated sum. More precisely, letting M € N be fixed;
our modified estimator takes the form

7 (@)

A _ wy (Sk=1(7) + as)

L7(z, M) = 1{m(w)<oo7wlzw<x>(Z'<M>)>w} k[[l vy (Sk(7) +ax)

where 7/M) 2 \I/T-Y(CE)+1ZTFY(I)+M(0)' To illustrate this, let us consider an extension of Example

11



Example 2 (continued). Consider a stochastic perpetuity with B,, = 1. Moreover, for a > 0, assume
that X is regularly varying with index « + 1; i.e, for the tail distribution of X, we have that F(z) ~
2~ 1L(x) with L being a slowly varying function. Let a(x) denote the auxiliary function of X; (c.f,
e.g. Asmussen & Kliippelberg, [1996) that is given by a(z) = =/« in the regularly varying case. On the
set {7,(x) < oo}, using the strong Markov property, we have that

o0
— Sn _ Al 7! /
Z2=3 ¢ =A,7 + B,
)—1 - . . .
where A/, = 5@ B = Z:::(g) eSn,and Z' = 3200 e +n 797 () s a random variable that is

independent of (A; JE) Our modified estimator takes the form

7 (@)

wy (Sk—1(7) + ax)
LE(@, M) = 1, (0)<oo, ar 2 e i
P M) =i,y zrnamsay 11 =0 6070

M M - o
where 7/ = Yo 5 (@+n =50 @) The relative bias is defined as

Az, M) =

EQd L& (x, M) — P(T(x) < 00)
P(T(x) < o0) '

From {7, (z) < o0, Z;”:%HM e >z} C{T(z) < oo} C {r,(z) < 0o} we obtain that

P (rrrll%c Sn(y) > s(m)>
Ax, M) =06(z,M) _]P’(Z>x) ,

T (x) < oo)
T (x) < oo) .

Note that we have seen in the proof of Theorem @ the latter term in the RHS of is bounded.
Therefore, to show that the relative bias vanishes as © — oo, it is enough to show that ©(x, M) — 0 as
x — oo. In the following corollary we derive the limiting distribution of &, conditional on {7, (x) < oo},
where

(30)

where

Oz, M) =P (A;Z’(M) +B, <z,AZ'+B, >z ‘ 7y (z) < oo)

P log Z'™) < log (x — B;) log(A}) log Z'
a(logz) — a(logz) a(logz)  a(logz)

(

(

_p log z'M) log
N a(logz) — a(logz) a(logx) a(logx)

z— B) Sm(z)(v)—ﬂ(ﬂ?)7< log Z'

¢ 2 log (x = By) St =7 (x)y log (1 - BT) ~ Se @) —logz 7 (x)y
“ a(logx) a(log x) ~ a(logx) a(log x) a(logx)’

Proposition 7. Let p £ —EX;. Conditional on {r,(r) < oo}, & converges in distribution to

5271/&/(;1 — ) — Ty as © — oo, where V,, is a positive random variable and its tail is given by
Go(x)=P(Vy>2)=(1+x/a)" = >0,

and T, is defined on the same probability space, such that P(V, > x,T, > y) = Go(x +1vy). Moreover,
the density of & is given by

—a—1
=y y\—o! - (=Y
fely) = — (1 - *) Liy<oy + T <1 + m) Ly>0}-

12



Since both random variables log Z’ (M) /a(log z) and log Z’/a(log z) converge in probability to 0 as
x — 00, the relative bias vanishes.

It should be noted that the result from the example above remains valid, if we assume that X,
belongs to the maximum domain of attraction of the Gumbel distribution. However, we want to show
the result of vanishing relative bias in a general context as described in Section Moreover, we are
only assuming that the integrated tail of log(max(A,, By,)) is subexponential. We need the following
Lemma, of which the proof uses a similar technique as the proof of Theorem 1 in [Palmowski and Zwart
(2007).

Lemma 8. Let u £ —EX; and p, = —ES;i(y). For v, K > 0 consider the sets
EY = E(K,v) = {8; € (=j (n+v) = K. ~j(up—v) + K), j <n},

EY = EP(K,v) ={8;(y) € (—i(uy +v) — K,—j(py —v) + K), j < n},
and

EY) = EPD(K.v) = {|B;| < e, j<n},
where B; = Bj — Dj. Then, for v,e > 0, there exists K > 0, such that

P ﬂ(Eﬁll)ﬂE,(f)mEf’)) >1-—e

n>1

Proof. In the proof of Theorem 1 in [Palmowski and Zwart| (2007)), the authors state that for any v > 0
and any i.i.d. sequence {Y;,}, >0 with E [log™ |Y1|] < oo, it holds that

]P’(|Y]| < Witk i< n) — 1,
as K — oo uniformly with respect to n. Using this argument we conclude that P (E,(LS) — 1 as

K — oo uniformly with respect to n. Further, combining this fact with the SLLN for {S,},>0 and
{Sn(7)}n>0 (for details see eg. |[Asmussen, Schmidli, & Schmidt], (1999, Lemma 3.1), we can always take
K large enough such that

P (Ef}) NE® N E,(f')) >1—e

for all n € N. Finally, since the sequence of sets {Er(bl) N E7(12) N Ey(lg)} is decreasing in the sense of
n>0
inclusion, we obtain the result. O]
Due to the fact that {T,y(l') <00, ¥i.r (a) (Z’(M)) > :1:} C {T(xz) < oo}, in order to prove the
vanishing relative bias result, it is sufficient to show that

P {7y (z) <00, ¥1r (a) (Z’(M)> > x)
lim inf > 1. (31)
T—00 P(T(z) < )

In the following theorem we use a similar proof technique as in the proof of Theorem 3.1 in |Dyszewski
(2016).

Theorem 9. Let Assumption 2 hold. Moreover, we are assuming that the integrated tail of log(max(A1, By))
is subexponential. Then holds.

Proof. Define

E,=EYVnEPDNE® N {max (Aps1,Bpyq) > ge IR B> —xe"(“_”)_K} N {Z’(l) > v},
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where L > 0 is chosen to be large enough, such that the sets {E,},>0 are disjoint. Moreover, we can
show that E, C {7,(z) =n+1, \IILTV(JE)(Z’(D) >z} C{7,(x) < o0, \I/LTW(I)(Z’(M)) > x}. To see this,
on FE, we have that

Uy (20 Z§k+1HA +( ar + 2" AnH)HA
Jj=1 j=1
n—1 k n n
== |Byl H Aj + ( np1 T et TR 7MA,, ) A — zen—)-K HAj
k=0 j=1 j=1 j=1
2K
> —ﬁ + min(v, 1) max (An+1,Bn+1 + peH=Y) K) e =K g
— e v
e ' —n(utv)—K
> ST + min(v, 1) max (An41, B, ) e """ —x
02K
> — + min(v, )xel — 2z >z,

1— e—u+2u
for sufficiently large L that does not depend on z. Since {S;(y)},<n is bounded by K, > p, and

Spt1(7) = Sn(v) + log (max (Bn+1€7ﬂ{2~4n+1)) + 7
> —n(py +v) — K +log (max (B, 1, An+1)) =72 +m
>logz+n(p—py)+L-r2+m
>logz + L — v +m > s(z),

for sufficiently large L that does not depend on z, we can also conclude that 7,(z) = n+1 < oo by
taking x sufficiently large. This implies that

P (T»Y(l') < 00, \Illzr.y(w) (Z/(M)) > 3?) Z ZP(E

n>0

> (1—¢€)P VAR P (max (A1, B,) > xe Wt +HL+K
1

n>0

—P (A1 > xe"(“+”)+L+K,§1 < —a:e”(“_”H'K) } (32)

From Assumption [2k) we conclude that, for any ¢ > 0, by taking sufficiently large x, the following
holds

P (A1 > xe”(“+”)+L+K,§1 < fxe"(’“”)JrK) <P (A1 > xe”(’“”)JrK,ﬁl < fxe"(’“”)JrK)
<P (max (A1, B,)) > er*VHK) .
Combining this with , we obtain that
P (Tw(x) < 00, Wy (1 (2™ > :c)

>(1—-¢)P AR P (max (A, B,) > zeWH+L+K
1

n>0

—€'P (max (A1, B;) > xe"(“_”)+K) } (33)

Since P (max (A1, B;) > y) is decreasing in y, we observe that, for any n,

P (max (A1,By) > xe"(“+”)+L+K) >

1 logz+L+K+(n+1)(p+v)
et

P (logmax (A1, By) > y) dy,
ogx+L+K+n(pu+tv)
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and that

1 log z+K+n(p—v)
P (max (A1, By) > xe”(“”’HK) < 7/

S P (log max (A1, B;) > y) dy.

logz+K+(n—1)(p—v)
Moreover, using the fact that Fy is long tailed, we obtain from that

P (T’Y(x) < 0, \III:T,Y(I)(Z/(M)) > $>

6/

> (1-eop(z'™ > u)( Fi(logz + L+ K) —

u+v nw—v
1 € _

~(1—ep(z'™ — Fi(

(1= B2 > ) (oo~ ) Fallog )

6/

Frllogzr + L+ K — (u— 1/))>

1
~ 1—6PZ'(1)>U(—
(1 = e)P( ) iy i—v

) P(T(z) < 00). (34)

where in we use [Dyszewski| (2016, Theorem 3.1). Letting €, €', — 0 we obtain the result. This
result implies that the relative bias converge to 0, since the numerator in is always smaller than
the denominator. O

Let the conditions in Theorem [l and Theorem [J be satisfied. The following algorithm for estimating
P(Z > x) has bounded relative error and vanishing relative bias as z — oo.
Algorithm 2.
STEP 0. For fized 6 € (0,1), set a, +— a.(8) < 0 satisfying (12).
STEP 1. Initialize s <— 0, z +— 1 and L <+— 1.

STEP 2. Set ' +— s and 2z’ +— z. Run Algorithm (1| until the random walk S, (y) crosses
s(z). Meanwhile, update s and L according to STEP 2 of Algorithm |1, then update z via
the backward iteration.

STEP 3. Seti<«— 0, s’ «— s and 2’ «— z. While 1 < M, update z via the backward iteration,
2 +—zandi<+— i+ 1.

STEP 4. If z > x then return L. Otherwise, return 0.

6 Truncation Index and Unbiased Estimator

In this section we analyze the asymptotic behavior of the relative bias as M — oo for fixed z, based on
which we propose an unbiased estimator for P(Z > x) using the technique studied in Rhee and Glynn
(2015). We first go back to the Example i.e., the stochastic perpetuity example with B, = 1.

Example 2 (continued). Consider the Markov chain given by . From we know that in order
to analyze the relative bias we need to consider the term O(xz, M), which is given by

O(z, M) =P (A;Z’<M) +B. <2,A.Z' + B, >z } 7 (x) < oo) .

Let P(*) (-) denote the conditional probability of P (- |7, (z) < c0) and E®) the corresponding expecta-
tion operator. Note that

@(:L',M) = /]]'{Z,(M)<m:‘B§D7Z,>x_Bé}dP(m)

7 7
x A

— / PO (2 <y, 7' > y) B (dy)

_ / {w) (Z' > y) — P ( 7/ y) } P (dy), (35)
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where follows from the fact that {Z’(M) > y} C{Z" > y}. Using the strong Markov property we
have that 2/ £ Z2(M) and 7' £ 7 under P®), Therefore, we can write as

O(z, M) = / {IE” (Z>y)—P (Z<M> > y) } P (dy) .

Combining this with the fact that the backward iteration Z(™) has the same distribution as Zy;, we
obtain that

O(x, M) = / {P(Z>y)—P(Zy > y)} P (dy) < drv(Zar, Z) (36)

where d7y denotes the total variation distance. To get a handle on this quantity, we apply the Lyapunov
criterion in |Jarner and Roberts| (2002, Theorem 3.6), which implies a polynomial convergence rate of
the M-step transition kernel to the invariant distribution in the total variation norm. We assume that
the Markov chain {Z,},en given by is irreducible and aperiodic; this is the case, for example,
if A; has a Lebesgue density (Buraczewski et al.l 2016, Lemma 2.2.2). Moreover, assume that there
exists an integer ¢ > 2 such that E|X;]? < co. In order to establish the Lyapunov condition, let
V(z) =1V (logz)?. Note that V(z) = (logz)1{y>e} + L{z<c} and hence the binomial expansion gives

PV(‘T) = E[ (]'Og (Alx + 1))‘1 ]]'{A11+1>e} + 1{A1r+1§e}:|
Az +1 1
=E {(log IT + log m) Liyz+1>ey + 1{A1m+1§e}:|

q i
q — Az +1
=E |(log f)q]l{Alzr+1>e} + Z <1) (logz)? (log = - ) Liayztisey + ]I{Ala:+1<e}‘|

i=1

=V (2) + E(log 2)"(L{a,z4+15e} — Lase}) T E(L{ae41<e) — Liw<ey)

_ Az +1 s Az +1Y\"
+q(logz)?™'E (1 1]]-{A1x+1>e}> +EZ< ) (logz)? (log 1$> Ly z+1>e}

For z > e,

Alx—i—l

PV(s) < V() + Bl + 12 )+ alog)'™ B (1og 2 1 )

‘ Az 41\
+Z< ) logxq E (1 1:1:> 1{A11+1>e}]-

Note that |log Ali“ 1{A1x+1>e}} < |log A1| + C for some constant C' and noting that the right-hand-
side doesn’t depend on x and has finite g-th moment, there has to be ¢;’s such that

q q i Az +1 i q—2 . -
Z ; (logz)!™"E 1OgT LA, oq1>e} SZci(loga:) < e(log z)

=2 =0

A117+1

for sufficiently large . On the other hand, note that log LA 041>} converges to X; = log A;

almost surely as x — oo and hence by dominated convergence IE (log Alffl 1{A1x+1>6}) — Elog A; < 0.
Therefore, for any fixed € > 0,

Air+1

q(logz)?'E <log 1{A1z+1>e}> < (¢EX1 + €)(logz)?™!

for sufficiently large x. Choosing € so that ¢EX; + 3¢ < 0 and noting that P(A;2 +1 < e) — 0 as

x — 00, as well as (logz)?~! = ((log 2) M ysey + 1{$<6}) N for > e, we conclude that there exists
K such that

PV(z) <V(z) +e(logz)?™' 4+ (¢EX; + €)(log )7 + e(logz)?~!
<V(x)— CV(q—l)/q(x)
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for 2 > K, where ¢ = —(qEX; + 3¢) > 0. Finally, since PV (), V(z) and V(@~1/4(z) are bounded on
C = [0, K], there exists a constant b such that

PV(z) <V(z)— V@ V/(z) 4 b1,

which is the sufficient condition in|Jarner and Roberts| (2002, Theorem 3.6) for polynomial ergodicity;
we conclude that the M-step transition kernel converges to the stationary distribution in the total
variation norm at a polynomial rate with order q — 1, i.e., there exists a constant ' satisfying

Oz, M) < dpy(Zp, Z) < kM~@=1), (37)

for all M € N. It should be noted that an exact expression of the constant x can be obtained in a few
special cases—for example, see e.g. Douc, Moulines, and Soulier| (2007)), |Kalashnikov and Tsitsiashvili
(1999) and the references therein. However, applying the method studied in Rhee and Glynn| (2015)
we can get rid of this constant altogether and obtain an unbiased, strongly efficient estimator. In order
to apply the method, a sufficient condition is to bound

EQ: (L (2, M) — Lr(x))*
P(Z > z)?

(38)

by a decreasing function of M independent of x. Once we can have such a bound, we can construct an
unbiased estimator that is given by

N i i—
L%G(x) A Z L%(l’,Q ) — L%(xa2 1) (39)

whose second moment is

B9 (LA (2,207Y) — Lyp(z))2 — B9 (LA (2, 2%) — Lp(x))?
P(N > i) ’

=0

where N is a random truncation index independent of everything else and L% (z,2°) is interpreted as 0
if i < 0 (for details see Rhee & Glynn, [2015, Theorem 1). It turns out that such a bound on can
be derived easily, if
7 r24e
sup —EQG* L7 (2)
x>0 P(Z > $)2+6
holds for some € > 0. In case this is possible for some positive € > 0, we can proceed as follows: let
E,(1)=AZ'?) 4 B and &, = A, Z' + B’. For 3 € (0,1), using the Hélder’s inequality we get that

< 00 (40)

~

EQz* [(L%(x’QZ) —LT(x))Q] _]EQO* I:]]‘{T—Y(I)<Oo,gz(i)fl',£z>l'}(Mal(x))2:|

P(Z > z)? P(Z > z)?
Q7 -1 b -1 20

EXa. (IL{TW(QC)QX,,gm(i)gm,gx>m}f\/.l}w (x)) (]I{T(ar:)<c>o}]\4¢7 ($)>

- P(Z > z)?
¥ — A 7 - =Z s
<EQQ* (L <o o0 M7 @)] B9 [Lra) ooy M () 5]
= P(Z > z)P P(Z > x)?—5
. EYRSY. =l
B L )<t za g ay M (@) |7 | B9 LI (2) (41)
P(Z > x) P(Z > z)i=5

The first term in is bounded by (Ii2_i(q_1))6 due to , and the second term is uniformly
bounded w.r.t. z. Therefore, the second moment relative to P(Z > x)? can be bounded uniformly

17



w.r.t. z, if we choose 3 and N in a suitable way. For example, setting 5 £ where € > 0 is small

1+25
=1
enough to ensure that 5 < 1, and then N such that P(N > i) = 2-(1+¢) one can achieve the purpose.
Finally, we are left with verifying , which turns out to be possible by adapting the idea as described
in Blanchet and Glynn| (2008). Using the same argument as in the proof of Theorem [} it is sufficient
to analyze the term that is given by

B9 12 (a)
i .
P(7y(z) < oo)2+€

The following Lemma, which can be considered as an extension of Theorem 2] proves that the estimator
LEC (x) defined in is an unbiased estimator of P(Z > z) and is strongly efficient.

(42)

Lemma 10. Suppose that EX; < 0 and X, belongs to S*. Fiz v € (0,—EX;). Let vy and wy be
defined as in and (26). Let e > 0. For fized § € (0,1), one can choose a, = a,(5) <0 so that

w2t (y) — w2t (y)
T P(Xy > —y)wyt(y)]

Yy < s(x) + ax.

Let

T (@)

w Sk 1+a*)
L ( ) 1{7—7 (z)<oo} H ;’Y Sk—Fa*) .

Then Ly (x) is an unbiased estimator of P(max,en Sn > s(x)) under P9, and

EQ- [2+(z)
sup <

2+€
~0p (max Sp > s(x))
n>0

< 00,

where P@e denotes the probability measure associated with the random walk {Sy,}nen having the one-

step transition kernel
vy (2 + ax)

wy (Y + as)’

and E®Qa« denotes the corresponding expectation operator.

Qa.(y,dz) = P(y, dz)

Proof. The proof including the existence of a, can be found in Appendix B. O

Note that the above discussion can easily be extended to cover the general stochastic recursion. We
conclude this section with the following theorem.

Theorem 11. Suppose that ESi(y) <0, S1(v) belongs to S* and Assumption 2 holds. Let v, and w.
be defined as in and (26)). For fized § € (0,1) and 3 € (0,1), set a, = a.(8) < 0 satisfying
g 23
1 —
v () = wy ; W) , Yy < s(x) + as.

P(X1 > —y)ws " (y)

Moreover, assume that E|log A;|? +E|log B1|9 < oo. Then, it is possible to choose N independently of
x, such that

-0 <

S (102 — Lr (o)

24 "P(Z > 2)?P(N = i)

converges, and hence, the estimator L%G(x) defined in 1s unbiased and strongly efficient.
Remark 3. Note that, in general, the bias elimination scheme of Rhee and Glynn| (2015)) is not guar-
anteed to produce non-negative estimators, which might not be ideal in the context of estimating (rare

event) probabilities. However, in our case, L4 (z, M) increases w.r.t. M, and hence, the resulting
unbiased estimator LZC () is always non-negative.
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Figure 1: Estimated probabilities for changing values of M. The y-axis values indicate the estimated
rare-event probabilities and the vertical bars indicate the 95% confidence intervals. The z-axis values
indicate the truncation index M. In each of the subplot, we can see that as M increases, the estimated
probability converges to a fixed value, which suggests that our estimator is consistent with respect to
M. Comparing the four subplots for different value of x, one can see that the relative bias for small
M decreases as x grows.

7 Numerical Results

Here we investigate our algorithm numerically based on a stochastic perpetuity with B, = 1. We

consider the increment X, =W — 3 /2 where W is a random variable with Weibull distribution:
P(W > t) = exp (—2t1/2) )

For the algorithmic parameters, we chose a, = —10, v = 0.5. Moreover, we use a geometric distributed
random truncation index with parameter 0.5. Figure[l|shows the change of estimated probability with
respect to the different choice of M for 4 different values of x = 10%, 2 = 10'6, z = 1032, and z = 1054
in each of the four plots. One can see that the estimated probability stabilizes as M grows, which
suggests that our estimator is consistent as M — co. Comparing the four plots, one can also tell that
the initial bias for small M decrease as = increases, which is consistent with the conclusion of Theorem
|§| (vanishing relative bias). Table 1 reports the estimated probabilities, their 95%-confidence intervals
and the estimated coefficients of variation, that is, the estimated standard deviation divided by the
sample mean (based on 200000 samples), for different values of x and M. In the last column, we
present the results produced with the unbiased algorithm as introduced in Section [f} We can see that,
on the one hand the ratio between the estimated probability and the standard deviation stays roughly
constant over a range of x values and M values; on the other hand, the estimated probability using
the fix truncation method tend to converge to the estimated probability produced with the unbiased
algorithm as M grows. These observations are consistent with the strong efficiency—predicted in
Theorem [6] and Theorem [[1—of our estimators.
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Est

CI M =22 M =24 M =26 M =28 RG
CV
1.083 x 1073 1.117 x 10~3 1.120 x 10~3 1.120 x 1073 1.119 x 10~3
x =108 +0.009 x 103  +0.010 x 10~3  +0.010 x 10~3  4+0.010 x 10~3  4+0.013 x 1073
2.06 2.10 2.10 2.10 2.70
4271 x 107° 4373 x 107° 4.383 x 107° 4.383 x 10°° 4.375 x 107°
x =106 +0.041 x 107°  4+0.042 x 107°  4+0.043 x 107°  40.043 x 107°>  +0.053 x 10~°
2.17 2.22 2.22 2.22 2.76
3.583 x 10~ 7 3.646 x 10~ 7 3.650 x 10~ 7 3.650 x 10~ " 3.663 x 10~ 7
x=10%2 40.035 x 107  40.037 x 10~7  40.037 x 10~7  40.037 x 10~7  40.045 x 10~7
2.25 2.28 2.29 2.29 2.81
4.079 x 1010 4.120 x 1010 4123 x 1010 4123 x 10710 4115 x 10710
x =10 4+0.037 x 10719  40.037 x 1071°  +0.038 x 10719  +0.038 x 10710  40.041 x 10710

2.05

2.06

2.06

2.06

2.27

Table 1: Estimated rare-event probability and 95% confidence intervals. One can see that, on the one
hand the ratio between the standard deviation and the estimated probability stays roughly constant
for different combinations of x and M, on the other hand, as M grows, the estimated probability
produced with the fix truncation method tends to converge to the estimated probability produced with
the unbiased algorithm, which suggests the consistency and the strong efficiency of our estimators
predicted by Theorem [6] and Theorem

Appendix

A Proof of Proposition

First we claim that, conditional on {7, (z) < oo}, the first term in £, converges to 0 in probability. Let
€ > 0 be arbitrary, we have that

log (1 — %;)

a(log x)

B/
< —e|1y(x) < o0 :IP’("”Z

T

1—2

£
«

Ty (z) < oo) .

Let M. (;) denote the maximum of {S;(7)}i<r, (@)—1- It is well known that M. () = O(1) (cf. the
proof of Theorem 1.1 in |Asmussen & Kliippelberg] (1996). Moreover, B’ is bounded by

B/
p( Bayyo
x

Ty (x)—

Ty (2)—

Ty (2)—1

Z eSn — Z eSn(v) nY < eMry @ Z e < Mm@ (1 -

Therefore, for o > 0, we have that

3

a

77(1')<OO) <P (M, () —logz —log(l—e ) >log(l—a~« |T,y ) < o0)

log x

log(1 — 2~ =)

_log(1—e™7)
a(log )

Mz, (@)
P v
a(log )

T (x) < oo)
(43)

a(log ) a(logx)

— 0,

as x — 00, since log x/a(logx) = . The convergence of the last two terms in &, is an application of
Asmussen and Klippelberg (1996, Theorem 1.1).
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B Proof of Lemma [10

First notice that the numerator in is equal to ELije (). Analogous to Blanchet and Glynn| (2008,

1+e€

Theorem 2), we can derive a similar result for IELijE () simply by replacing r with 7€ where

r(y,2) = ——=

and v, w are defined in the corresponding way as in . Based on this observation we claim the
following Proposition (cf. Blanchet & Glynnl 2008, Proposition 2):

Proposition 12. Let P(y,dz) denote the transition kernel of the random walk {Sy }nen. Assume that
w(y) > 0 fory < s(x) and that there exists a finite-valued function h : R — [01,00) satisfying

w1+5(y)/v(z)h(Z)P(y,dZ) < h(y)v**<(y), (44)
fory <s(z). If h(z) > 1 for z > s(x) and v(z) > §3 > 0 for z > s(x), then we have that
ELL () < 6710, *F v (y)h(y).

Recall that v, defined as in depends implicitly on z. The Pakes-Veraverbeke’s Theorem implies
that P(7y(z) < o0) ~ v,(y) for every fixed y as © — oo. This observation gives us a way to prove
Lemma first find a suitable function A such that holds with v and w being defined as in
and , then the result can be yielded using Proposition Define

h(y) = ]]-(—oo,s(m)—a*](y) + (1 - 5)1(s(m)—a*,oo)(y)'
Now is equivalent to (cf. the proof of Theorem 3 in Blanchet & Glynn| [2008))

o et a) —u(y+a)

< . Yy < s(x).
P(X; > —y — a)wy " (y + a.)

Using the definition of w., and noticing the non-negativity of W, implies particularly that w(y) —
v(y) = o(w(y)), as y — —oo. Therefore, such a, can be found.
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