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A two-phase model for the growith of a single cell population structured by size is formulated and analysed.
The model takes the form of a delay-differential equation in a Banach space. Using positivity arguments we
describe the spectrum of the infinitesimal generator of the semigroup associated with solutions. Under a
certain condition on the growth rate of individual cells the semigroup is compact after finite time. This
enables us to determine the ultimate behaviour of solutions and prove the existence of a stable size
distribution.
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1. INTRODUCTION

In this paper we study a mathematical model for the dynamics of a population of single cells which
can be distinguished from each other according to their size and the particular cell cycle phase they
are in. Models for populations of dividing organisms incorporating size or age-size structure have
been formulated among others by Bell and Anderson (1967) and Sinko and Streifer (1971) and have
recently been investigated by Diekmann, Heijmans and Thieme (1984) and Heijmans (to appear a,b).
We refer to the book of Metz and Diekmann (to appear) for a general exposition of the dynamics of
physiologically structured populations. There exists a vast literature on models for progress through
the cell cycle and its various phases, see for instance the book of Eisen (1979). Tyson and Hannsgen
(1984) and Hannsgen and Tyson (1984) have studied cell cycle models which also take the cell size
distribution into account.

We consider a model in which we assume that the cell cycle consists of two distinct phases. The
first phase is of variable length. The cells in this phase cannot divide - they increase in size and,
provided they do not die, they will eventually enter the second phase. This second phase, which is
assumed to have constant duration, can be considered as an idealization of the mitotic period. At the
conclusion of this phase cells split into two equal parts and the newborn daughter cells start the cycle
in the first phase. It is assumed that the cells in the first phase are fully characterized by their size.
By this we mean that for instance the growth, death and transition rates are functions of size, and of
size only. Moreover, we assume that in the second phase the growth and death rates are functions of
size, but the fission rate is a (delta-) function of the time elapsed since entering the second phase.

Our model could be considered as a generalization of the one-phase model studied by Diekmann et
al. (1984) since if one formally puts the duration of the second phase equal to zero our fundamental
equation (2.1) reduces to the corresponding equation in the above mentioned paper.
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The model could easily be modified (without essentially affecting the results) to allow for more
complicated cell cycles and asymmetric division, see Gyllenberg (1985).

Diekmann et al. (1984) showed that under reasonable hypotheses the population will ultimately
grow or decay exponentially and they gave conditions on the individual growth rate under which the
size distribution converges towards a so- called stable size distribution. In this paper we shall prove
that the two-phase model exhibits a similar asymptotic behaviour, if we adapt the condition on the
growth rate.

It turns out to be mathematlcally convenient to write the model as a delay-dﬁcrentlal equation in a
Banach space. Our main tools will be the theory of strongly continuous semigroups and spectral
theory, in particular of positive operators.

The organization of the paper is as follows. In section 2 we write down the balance equation for the
size distribution of the population of the first phase. This equation, which is a first order hyperbolic
PDE with time delay, transformed argument and singular coefficients, is then reformulated as an
abstract linear delay-differential equation in a Banach space. In section 3 we prove well-posedness of
the abstract problem and associate a strongly continuous semigroup of bounded linear operators with
" the solution. In section 4 we represent the solution as a generation expansion and give conditions
under which the semigroup is compact after finite time. In section 5 we study the related eigenvalue
problem and characterize the spectrum of the infinitesimal generator of the semigroup. In section 6
we use the results of the preceding sections to state and prove the main result on the asymptotic
behaviour of solutions.

2. THE MODEL
The starting point of our investigation is the balance equation for the size distribution of cells in the
first phase

aitn(z,x) + -gq;(g(x)n(t,x)) = B @D

— () = beom(tx) + 2YCWOTEN iy
Yo x)

Here ¢ denotes time and x denotes size. The unknown n is the size distribution of cells in the first

phase, i.e. the integral f n(t,x)dx represents the number of cells in the first phase with size between
x1 and x, at time 7. The functions g, and b (which are assumed to be known) are the rates at which
cells of size x grow, die and transit to the second phase, respectively. r >0 is the constant duration of
the second phase, y(x) is the size of a newborn cell whose mother entered the second phase (exactly r
time units before) with size x and p(x) is the fraction of cells who survive the second phase given
that they entered it with size x.

The left hand side of (2.1) is the derivative along characteristic curves and describes an individual’s
motion in the time-size continuum due to growth. The first term on the right hand side describes the
loss due to deaths and the second the loss due to transition to the second phase. The last term
describes the birth of cells from mother cells completmg their second phase: of those cells who
entered the second phase r time units ago with size y ~'(x) a fraction p(y ~!(x)) will succesfully
complete the phase and give rise to two new cells of size x. The factor 1 /y’(y ~!(x)) may seem
strange. It is due to the fact that cells giving birth to daughters in the size interval (x,x +dx) left

the first phase with size in the interval (y ~!(x), y "!(x) + _dx____) If one formally puts r =0,

one should take y(x) = —x and the last term in eq. (2.1) reduces to the corresponding term in the
model of Diekmann et al. (1984), namely 4b(2x)n (¢,2x).

We assume that cells cannot enter the second phase before they have reached a minimal size x¢ and
that y(xg)<xo. It follows that cells with size less than a:=y(x) cannot exist. This fact is expressed




by the boundary condition

“n(ta) =90 2.2)

which supplements (2.1).
We assume further that each cell in the first phase must either die or transit to the second phase
before it reaches a maximal size (normahzed to x =1) of the first phase. This requires that the integral

f [b(s)/g(s)lds diverges as x11 and that the source term in equation (2.1) is interpreted as zero for
: —

‘;c?ﬁ: =y (1) where 8 is assumed to be smaller than 1. We once and for all make the convention that
all functions containing y ~!(x) as an argument are given the value zero for x =>g. The possible sizes
a cell in the first phase can have thus lie in the interval (a,1), which should be chosen as the domain
of x in eq. (2.1). In order to obtain a well-posed problem an initial function » should be prescribed
on [—r,0]X{a,1]:

n(tx) =vitx) —r<i<(, asx<l. 2.3)

Concerning the growth, death and tramsition rates and the other given functions we assume
(compare Diekmann et al. (1984)):

(H,) yeC’[xO,l]q',y’>O, a:=y(xg)<xp and B:=y(l)<l.

(H,) peClxopl], 0<p(x)<l, x€lxe1]

(Hy) geClal] , g(x)>0, x€la,l].

(H) peClal] , mx)=0, xelal].

(Hy) beCla,l] ,b(x) =0, x€laxelb(x)>0, xe(x,1),
limfxb(s)ds = o0 and J(-—%E(x)<M<oo, x €fa, 1}
xﬂxo

In the last condition we have used the notation

] b(s)+us)
E(x) = exp(— ds). 24
x) = exp( / o)W @24
E(x)/E(y)i is the probability that a cell of size y remains in the first phase at least until it reaches

size x and f E(s)ds is the probability that a cell with size x, enters the second phase when its

()

size is between x, and x, By our assumptions the (possibly defective) probability density % E is not

only an L'-function but also bounded and continuous.

We point out that some of the assumptions could be weakened at the cost of some minor technical
difficulties. For instance, if y(xg)>x, we could redefine x, in the following way. Let x, = y(x,-}),
n=12,.... Since y(1)<1, x,—x," as n—>o0 where xy’ is the smallest fixed point of y. x,’ could then
be taken as the new x,. A similar procedure has been carried out in Heijmans (to appear, b). Guided
by Diekmann et al. (1984) we substitute

n(tx) = ﬂ(—)lu(t x) @.5)
into (2.1) and obtain

%lti(t,x) + g(x) —g—%(t,x) = k(x)u(t —'r,y_'(x)), (2.6)

where




2£G) POCN POTCD. g, -1y xefaf)

- E(x) y'y~'(x) g(v ()
k(x) = 1q. x el YN

The boundary condition (2.2) becomes

u(t,) =0 o 2.8)
and the initial condition (2.3) changes into
u(t,x) = ¢t,x), te[—r0]xelal] 2.9

where

o(t.x) = [g(x)/ EQ)p(tx).

We shall look for solutions which are continuous functions of ¢ with values in the Banach space
X = L' a,1]. Therefore we rewrite the problem (2.6), (2.8), (2.9) as the following abstract delay
equation:

d—“(dt‘l = Bu(t) + Lu(t —r), t>0 | 2.10)
u(t) = o(t), te[—r0l. @.11)

Here B is the unbounded closed linear operator defined by By=—gy/ for all ¢ in the domain
°B) = {¢€X |¢ is absolutely continuous on [a,1], Y(a) = 0} and L is the operator defined for all
Yin X by (Ly)(x) = k(x Wy ~'(x)). It follows from (H,) that L is a bounded linear operator on X.
¢ is a given initial function in

C = C([—r,05;X).

The rest of the paper is devoted to the investigation of so- called mild solutions of the abstract
problem (2.10) - (2.11).

3. EXISTENCE AND UNIQUENESS AND THE CORRESPONDING SEMIGROUP
It is obvious that the operator B defined at the end of section 2 generates a strongly continuous
semigroup {S(¢)}s0 of linear operators on X. In fact, let

_ (.4t
G(x) !8(9 3.1
and define
X(tx) = G GHx)+1) 0<G(x)+t<G(1). (3.2)

(Note that G~! is well defined on [0,G(1)] because g>0). Then S(z) is given for every y€X, every
t =0 and almost every x €[a,1] by

YX(—1,x)) if G(x)—t>0
(SEx) = {0 if G(x)—t<0. G3)
Note that S(¢) = 0 for t =G(1). Observe that X(z,x) is the solution of the initial value problem
IX — g0 xOx) = x 34

and hence X (¢,x) represents the size of a cell at time ¢ which had size x at time zero.
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If there exists a continuously differentiable function u satisfying (2.10), (2.11) it satisfies the
following integral equation (variation of constants formula)

u(t) = S(2)¢(0) + jS(t —s)Lu(s —r)ds (3.5)
0 ’

for t >0. Any continuous function u which satisfies (3.5), (2.11) is called a mild solution of the initial
value problem.

Travis and Webb (1974) have investigated existence, uniqueness and semi-group properties of a
class of functional differential equations in Banach spaces. Some of their basic results can be applied
to the present problem. As a special case of Proposition 2.1 of Travis and Webb (1974) we have

PROPOSITION 3.1. For each ¢&C there exists a unique mild solution u(¢):[—r,00)—X of the initial
value problem (2.10), (2.11).

If u is a continuous function [—r,00)—X we denote by u, (s =0) the element of C defined by
u,(0) = u(s +86), 0<[—r,0].

For each ¢t =0 we define T(¢):C—C by T(t)¢ = u(¢),, pC, where u(¢) is the unique mild solution
of (2.10), (2.11) given by proposition 3.1. The results of Travis and Webb (1974, proposition 3.1.)
give us the following:

PROPOSITION 3.2. {T(t)};»0 is a strongly continuous semigroup of linear operators on C. The
infinitesimal generator A of {T(t)},;>o is given by

NA)={9eC |¢'eC, H0)eNB), $'(0—)=Bp(0)+Le(—r)},
(A e)O)=¢'(6), b<[—r.0) -

One of our main objectives is to describe the large time behaviour of mild solutions. Such
information can be obtained from spectral properties of T'(¢). If the semigroup is compact after finite
time, then by a well known spectral mapping theorem (cf. Pazy (1983, chapter 2)) the spectrum of
T'(z) is completely determined by the spectrum of its infinitesimal generator 4. In the next section we
give conditions under which T'(¢) is indeed compact for ¢ large enough and in section 5 we use
positivity arguments to give a rather precise characterization of the spectrum of 4. It turns out that
the same condition which ensures compactness of T'(¢) guarantees the existence of a strictly dominant
real eigenvalue of 4. A combination of these results enables us to determine the asymptotic behaviour
of solutions.

4. GENERATION EXPANSION AND COMPACTNESS OF THE SEMIGROUP
In the theory of linear autonomous differential-delay equations in finite-dimensional Euclidean spaces
R" the semigroup associated with the solution acts on the space C([-1,0]; R") and it is a relatively
easy consequence of Ascoli’s theorem that the semigroup is compact for ¢ =r (cf. Hale (1977,chapter
7)). In our case R" is replaced by the infinite-dimensional Banach space X and the proof of Lemma
1.1 of Hale (1977, chapter 7) does not carry over to this case, simply because the Heine-Borel theorem
fails in infinite- dimensional spaces. Neither can we use the compactness results of Travis and Webb
(1974) since their results depend heavily on the assumption that the operator B generates a semigroup
which is compact for all >0 and this condition is not satisfied in the problem under consideration.
In order to prove compactness of the semigroup corresponding to a related problem (without delay)
Diekmann et al. (1984) wrote down a generation expansion for the solution. Here we shall use similar
methods. The larger dimensionality of our state space makes the compactness proof a bit more
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involved than in the above mentioned paper.
In the problem under consideration where we have to take account of individuals present at
negative time, it makes sense to define also the -1’th generation. We write

[ 3
u(t;9) = 3 u'(t;9), , . CRY)
i=—1
where
. #(t), —r<t<0 -
u (t:9) = 0, >0 4.2)
t
u%t;0) = S()e(0) + f St —DLu Y(r—r;p)dr, t=0 4.3)
‘ 0
and the higher generations are obtained by iteration of the integral operator.
t
Wi e9) = [S@—DLu'(r—r;p)dr, 120, i=0. P (44)
0

Let for i >0 and 7 €[r,00) the operator family T?(¢):C—C be defined by
T' () = u{(¢). 4.5

Now let i =0, ¢t =r and fe[—r,0] then

t+0 ‘
(TN = u' T +09) = [ SEHI-n)Lu'(r—r g)dr
0 .

. .
= fS(t—s)Lui(s+0—r;¢)ds -

f St —s)L(T (s —r)p)(0)ds.
-4

= f St —s)L(T"(s —r)p)0)ds.

For a bounded operator F:X—>X we define the bounded operator F:C—C by (Fe)0) = F(¢(6))
for all ¢ C. Thus we can write

AR (D) =j§(t —S)LT! (s —r)ds, t=r , i=0. 4.6)

w .
We note that T(¢) = _EOT’ (t) ;t=r. If we can prove that T'(z) is compact for ¢ =r then it follows
2 ;

from (4.6) that T"‘“(t)—is compact for t=r and i =1 and this finally yields that T'(¢) is compact,
t=r +G(1), since T%t) = 0 if £=r +G(1). Therefore the rest of this section is concerned with a
proof of the compactness of T'(¢),t =r.

The following version of Ascoli’s theorem can be found in Martin (1976, Theorem II. 3.2.).

LEMMA 4.1. A set V in C is precompact if the following conditions are satisfied




i) Vs bounded
il) The family V is equicontinuous
iii) For each §[—r 0] the subset {¢(0)|p€V'} of X is precompact.

An easy easy calculation shows that P
u%(t % ;0) = ¢0,X(—1,x))+ f k(X (—7x )t —1—ry (X (—1x)))drT, @.7
. 0 —
ul(t,x;p) = jk(X(—T,x W{$O0.X(—t +7+ry (X (—Tx))+ (4.8)
0 .

[ kX (—oy ' X (—rx )yt —o—1=2r y " (X (~op "X (—rx))))do}dr.
0

_In trying to prove compactness of T'(¢) it becomes clear that we need some relation between g and
». We shall make the following assumption

ASSUMPTION 4.2.

goyy'(x)<g(r(x) xo<x<l.

Below we shall give an interpretation of this inequality.
THEOREM 4.3. If assumption 4.2 is satisfied, then the semigroup T(t) is compact for t =r +G(1).

PROOF. We have already explained that it suffices to show that T'(¢) is compact for t =r. Instead of
(4.8) we can write

ul(t,x;0) = uf (t.x;¢) + ul (t,x;9),

where
ul (t,x;9) = jk(X(—T,x))'MO,X(—t+'r+r,)'"'(X(—7,x))))d'r
t—7—2r

ug (t,%39) = fk(X( X)) { f k(X(s—t+r+2r y 7 (X(—7x)))

@5,y "X (s =t +14+2r p T X (—7,x)))ds }dr

where in this second expression we have substituted

s =t —o—T1—2r

Let Tj\(t):C—C for t=r, j = 1,2 be given by
(T} @))0) = u}t +6;9), 6e[—r 0]

Here we shall prove that T’ (¢) is compact for ¢ =r. The easier proof of compactness of T} (t),t =r is
omitted.

Let 7=>r be fixed and let for R>0 the subset Cx of C be given by Cx = {¢C |llpllc <R}. We
will show that ¥ = (T3 (t) ¢|$€Cr} obeys the conditions of lemma 4.1. Obviously V is bounded.
Now we replace = by the variable




z =y Y X —t+r+2ry WX (—7x))).
Then -
X(—=s+t—1=2ry(@)) =y '(X(—7x)) = &

Differentiation with respect to 7 yields- /

—g(& __g_(.i = — E_(,&
O+ o e = e -
Therefore, if assumption 4.2 is satisfied, —(—% never becomes zero and replacing 7 by z in the

expression of u; one obtains

3 (1,x;9) = 4 f)Q(s,z;t,x)¢(s,z)dsdz,

where f f dsdz is uniformly continuous in ¢ and x in bounded subsets of the (¢,x)-plane and
’ (¢ .x)
Q(s,z;t,x) is uniformly continuous in s,z,t and x in bounded subsets of the (s,z,¢,x )-plane. At this

point the reader will have no difficulty to see that V' indeed obeys conditions (ii) and (iii) of lemma
41.0

In the case that there is no delay, which has been stud1ed by Dlekmann et al. (1984) the function y is
given by y(x) = —x and assumption 4.2 reduces to 2g(x)<g(2x) xg=<x =<1, and this is indeed the

condition imposed in that paper in order to establish compactness of the semigroup.

To see the biological meaning of assumption 4.2, consider two identical cells in the first phase with
size x >x,_Assume that one of the cells immediately enters the second phase. It will divide after »
time units. Assume further that the two daughter cells will remain in the first phase for ¢ time units.
¢t +r time units after our initial moment each daughter cell will have size X(¢,y(x)). The other cell is
assumed to behave differently. It first grows for ¢ time units reaching size X(¢,x), then enters the
second phase and finally at time ¢ +r divides into two daughter cells of size y(X(¢,x)) each.
Assumption 4.2 guarantees that

YX(@Ex)<X(tyx)). 4.9

This can be seen as follows. Differentiation of G(x)— G (y(x)) shows that this expression is increasing
in x if assumption 4.2 is satisfied. Now for +>0 and x, a<x <X(—1,1) we have that x <X(¢,x)
and therefore

Gx)—GHYEN<GX(x)—GrX(.x)) = t+G(x)—Gy(X(,x)),
hence

GX@ExN<t+G(y(x))

which implies (4.9). This thought experiment shows that the combination of growth and division
provides a dispersion mechanism for cell size, which is essential for proving compactness and also, as
we shall see in the following section, for proving some sort of strong positivity.

If B<x,, then every cell has to pass size x¢ in each cycle. If condition 4.2 fails for all x €[xg,1]
(which corresponds to the case where individual cells grow exponentially throughout the cell cycle),
then 7:=G(x)—G(xg)+r +G(xg)— G(y(x)) is constant. But 7 is the time elapsed between the event
when the mother cell passes size xo and the event when the two daughter cells pass size xo Thus 7
can be considered as the effective cycle time. In the case of exponential individual growth the cycle
time 7 is the same for all cells; it does not depend on size ; there is no dispersion.

Finally we point out that assumption 4.2 implies

y(x)<x forall xe(xq1) ' (4.10)




which is a strengthenihg of (H,). To see this let x €(xg,1) and take ¢ >0 such that X(¢,xo) = x. Then
(4.9) implies

yx) = p(XEx)<X(p (x)SX(t x0) = x. 4.1

5. THE SPECTRUM OF A

In this section we combine ideas similar to those of Travis and Webb (1974), Hale (1977, Chapter 7)
and Heijmans (to appear, a) to describe the spectrum of the generator 4 and, in particular, to prove
the existence of a strictly dominant, algebraically simple real eigenvalue. Assumption 4.2 is not
presupposed unless this is explicitly stated.

Let us first introduce some notation. The norm of a Banach space Z is denoted by |I-llz. Z* stands
for the dual space of Z. We let <®,6>; be the duality pairing of ¢Z,8=Z". For an operator T’
defined on a domain NT)CZ with values in Z we let o(T),Po(T) and p(T) denote the spectrum,
~point spectrum and resolvent set of T respectively. 7(T') is the spectral radius, 9T’ the kernel and

(T the range of T.
By definition, Aep(d4) if and only if the equation

A —A) =9 (5.1)

has a unique solution ¢&A4) for all ¢ in C and ¢ depends continuously on . By proposition 3.2
each ¢ in 9(4) is continuously differentiable on [-1,0] and 4 ¢ = ¢’). Hence (5.1) can be rewritten as

Ap(l) — ¢'(8) = WB), be[—r.0] : (5.2)
and it follows that every solution ¢ of (5.2) is given by

0
#(0) = M9(0) + [rNYs)ds, e[~ 0] (.3)
]
In particular,
0
H—r) = e VH0) + [e N F N (s)ds. (5.4)
On the other hand, proposition 3.2 also tells us that
9'(0) = BH0) + Lo(—r) (-3
for all $€9)(A ). Combining (5.2), (5.4) and (5.5) one obtains
AM(0) = Y0) + HQAW, (5.6)
where for each AeC the operator A(A) with domain D(A(A)) = ¢)XB) and values in X is defined by
AN =N —-B—e ML G

and H(}) is defined on all of C by

0
HQW = L(fe ™ *)(s)ds), yeC. (5.8)

bt 4

We can now prove the following.
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PROPOSITION 5.1.
(@) Aeo(A) if and only if 0o(A(N)).
(b) AePa(A) if and only if 0 P o(A(N)). Moreover, dim A —A) = dim TUAR)).

PROOF. (a) Above we have shown that if ¢%(4) is a solution of (5.1), then ¢(0) satisfies (5.6).

Conversely, if ¢(0)eX satisfies (5.6) ther’ the function ¢ given by (5.3) belongs to N4) and is a

solution of (5.1). To complete the proof of (a) it suffices to show that the right hand side of (5.6)

covers X as ¢ ranges over C. In order to see this consider yC glven by Y(s) = f(s)w where weX
T

and the scalar function f deﬁned on [-1,0] satisfies (1) f(0) = 1, (ii) f e ™ Sf(s)ds = 0. It is obvious

that Y(0) + HQW = w.

b) Suppose AePa(4) and let e C,¢5£0 satisfy A¢ = Ap. Then ¢(f) = ¢(0)e’’ and AM)$(0) = 0.
From ¢540 it follows that ¢(0)40 and therefore 0€P o(A(A), Similarly, 0 P o(A(A))= AcPo(4). The
second relation follows immediately. [

-r

Proposition 5.1 characterizes the spectrum and the point spectrum of A acting in the space
C = C(—r,0,X) in terms of the operator A(A) acting in the simpler space X. Below we shall
investigate the spectral properties of A(A) with the aid of yet another operator and eventually obtain a
rather precise description of a(4).

Consider the equation
AMdw = f, (5.9)
that is, :
Aw(x) + gw'(x)—e Mk W Tix) = f(x) (5.10)

where f€X. We are looking for solutions w EGD(A(}\)) = 9XB). Following Heijmans (to appear a),
we transform (5.10) into an integral equation by means of the following substitution

w(x)= e A&y (x). (5.11)
Then (5.10) takes the form

V) = ke~ = L8, (5.12)
where by definition
kx) -6 en-6ertr) | 4 efa )
kax) = Og( 2 , x€[B)). (5.13)

Since w as a member of (B) should be continuous and vanish at x =a the same must be true for v.
We therefore look for solutions v €Y of (5.12) where Y is the Banach space

Y = {veCla,l]|v(a) = 0}. (5.19)
Integration of (5.12) yields

v — KAy = UN)f (5.15)
where for AeC the operators K(A):Y —»Y and U(A):X—X are defined by

(x.8)
[KQpx) = f kx@v(y~'(@)dE veYxelal], (5.16)
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- UM ) - f ﬁge““’dﬁ, fex. (.17)

The advantage of the formulation using the operators K(A) and U(}) is that these are compact (the
proof of this fact is standard) and that K (?\) has useful positivity propertles Observe that the range
of UA) liesin Y.

We can now prove the following theorem concerning some relations between the spectra of 4,AQ\)
and K(A).
. —
THEOREM 5.2. The following conditions are equivalent
(a) Aeo(4)
(b) AePo(4)
(©) Oca(A(A)
(d) 0ePa(AQ))
() leo(K(N)
(0 1ePs(KQ)).
Moreover, if K(\)v = v for some AeC and v €Y, then w given by (5.11) belongs to “)XB) and satisfies
AMw = 0. If0¢o(AQN) , then A~ is compact.

PROOF. In Proposition 5.1 we have already proved (a) < (c) and (b) « (d).

Putting f =0 one observes by comparing (5.9) and (5.15) that (d) <> (f) and that the eigenvector v
belonging to the eigenvalue 1 of K(A) corresponds to the eigenvector w belonging to the eigenvalue 0
of AQA).

(e) < (f) follows directly from the compactness of K ()\)

Since trivially (b) = (a) it remains to show that (c) => (). To this end, suppose that 1¢a(K(A))
which means that 7 —K(}) is invertible. For each f €X there exists therefore a unique solution v €Y
of (5.15). But then w defined by (5.11) satisfies (5.9). Hence 0€o(A(N)).

To prove compactness of AQ)~! for 0p(A(N)) observe that since U(A) is compact and (I —K))™!
is bounded, the mapping f v defined by (5.15) is compact. The transformation v —»w defined by
(5.11) is obviously bounded, hence AA)~':f —w is compact. [J

One important consequence of Theorem 5.2 is that the spectrum of 4 consists solely of eigenvalues
((@)«> (b)) We emphasize that in order to establish this result we have not used compactness of T'(¢),
which would also imply the equivalence of (a) and (b).

Theorem 5.2 gives two entirely different characterizations of o(4) - one in terms of A(A), the other
in terms of K(A). These characterizations will also be used for different purposes in the analysis to
follow. A(A) will prove to be of great importance in determining the algebraic and analytic properties
of the eigenvalues and the resolvent operator of 4. K(A) turns out to play a fundamental rle in the
investigation of the location of the eigenvalues in the complex plane.

We start by writing down an explicit expression for the resolvent operator R(A\,4):C—C of 4. It
follows from (5.3) and (5.6) that for Aep(4 )( &, since by a standard result for semigroups Aep(4)
for all A with ReA large enough)

0
RMNAWNG) = (AN WO +H W)+ fe ™ y(s)ds }. (5.18)
9

Hence R(A,4) = R;(A) + Ry(A), where for Aep(4), the bounded operators R;(A\) and R,(A) are
given by

(RIAWNO) = AN 'W0) + HOW), yeC

0
RAOWNO) = [M~W(s)ds, yeC.
[
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From the boundedness of H(A):C—X and the compactness of AA)™! if Aep(4) it follows that
R,(N): C—C is compact if Aep(4). Furthermore R,(}) is quasinilpotent, i.e. r(R,_(J\)) = 0 if AeC.

This can be shown as follows. Define the norm ||-ll, on C as follows : lhell, s fle ~"4(®)lx.
(This norm is eqmvalent to the original norm |}/|c). Now let yeR be such that 7+Re}\>0 A
straightforward calculation shows that [|R4AWII, < T+ Ro ————IlYll,. Therefore r(Rz()\))< R Y for

all y>—Re) and this yields the result. As a sum of a compact and a quasinilpotent operator R(AA)
is a Riesz operator (cf. Dowson (1978)). The following result was proved by Lay (1970, Th. 4.6).

THEOREM 5.3. Let Z be an infinite-dimensional Banach space and let T be a closed operator on Z with
nonempty resolvent set. Suppose that there exists an a€p(T) such that R(a,T) is a Riesz operator. Then
o(T') is a countable set of poles of R(A,T') of finite rank with oo the only possible point of accumulation.

As a consequence we have the following result.
" COROLLARY 5.4. If \geo(A) then A is a pole of R(M\A) with residue of finite rank.

REMARK 5.5.
a) For all A\jeo(4) we have that Ay is a pole of order p of (A(A))" iff Ag is a pole of order p of
R(A,A). This follows easily from (5.18) and the fact that e’ the operator H(A) and the operator

0 ,
from C to X given by y— f e ™y(s)ds define entire functions.

0 .
b) If assumption 4.2 is satisfied, then the semigroup T'(¢) is compact after finite time, and therefore
the Browder essential spectrum (see e.g. Webb (1985) for a definition) o, (T'(¢)) = {0}, ¢ >0, and
now corollary 5.4 follows immediately from proposmon 4.13 of Webb (1985) which says a.o.

{eM €0 (4)) Cou (T()), £>0.

The operator K(A) is very similar to an operator studied by Heijmans (to appear, a). Using
essentially the same methods, based on the positivity of K(A) for AeR, one can prove the following
result. For readers consulting the above mentioned reference we mention that K(A) corresponds to T
and that xo>a and x, = «a respectively correspond the cases @ >0 and a =0 of that paper.

LEMMA 5.6. There exists a \; €R such that

i) 1 is an algebraically simple eigenvalue of K(A;).

ii) The associated eigenvector v, €Y is strictly positive on (a,1].
iii) All elements Aeo(A) satisfy ReA<<),.

Let X, be the subset of X consisting of all functions which are nonnegative a.e., then X, defines a
cone in X and with the induced ordening X is a Banach lattice (e.g. Schaefer (1974)). Define C, as

C, = {¢eC|deX,, 6<[—r,0]}.

With the ordening induced by the cone C ., the space C becomes a Banach lattice as well.
Now we can prove the following important result.

THEOREM 5.7. The eigenvalue N; of A is algebraically simple. The eigenvector ¢, satzsﬁes ¢y(0,x) =
wd(x) where wy €Y and wy(x)>0,x €(a,1]. The dual eigenvector ®,, determined by A" ®; = A\;®,
is strzct{y positive, i.e. p€C 4,070 implies that <@ ,;,0>,>0.

PROOF. As in theorem 5.4 of Heijmans (to appear, a) we can show that A, is a simple pole of A(A) ™!
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and -that the eigenvalue 0 of A(A;) has geometric multiplicity one. Combined with proposition 5.1.b
and remark 5.5.a this yields the algebraic simplicity of the elgenvalue Ay of 4. Let vz be given by
lemma 5.6 and w, by (5.11) then AA;)w; = 0. Now ¢, €C, given by ¢,(0) = e™®w, satisfies indeed
the conditions stated in the theorem.

An easy calculation shows that R(A,4) defines a positive operator with respect to the cone C if

A>A; Now let Ay>A,; be fixed. Then r(R(Ap4)) = " 1)\
—Ag

-®, for some positive functional ,8,50. Since

and a standard result from positive

operator theory says that R(Ag,4) @, = " ! X

g
R(Mg,A) = R(M,A") (cf. Taylor & Lay (1980)) we obtain that 4° &, =A,;®,. Now suppose that @d
is not strictly positive, i.e. there is a $€C ., ¢5%0 such that <®,y>. = 0. Then YA I —4")*

= RNz —A), hence A\;6—A ¢ =  for some ¢ C, hence

AQ)0) = W0) + HAWeX  \ {0}

A calculation very similar to the one performed in the proof of theorem 5.4 of Heijmans (to appear,
" a) shows that

RAANNX . = {0}
and this is a contradiction. Therefore ®, is strictly positive. (I

An important question is whether or not the eigenvalue A, is strictly dominant, i.e. ReA<<A, if
Aeo(A4)A#N,;. If assumption 4.2 is satisfied, this would immediately imply that there exists a positive
€ such that ReA<<A; —¢ if Aeo(4)A5%N,, because if this were not true then there would exist a
sequence A, €0(4) such that ReA, is stnctlxﬁ mcrcasmlg and Re)\ -y, n—00. But if >0 is such that
T(¢) is compact, then eM ‘eo(T(t)) and |e Mt 100 which implies that o(T(t )) has
an accumulation point different from zero contradlctmg the compactness of T(t).

The answer to the question concerning the strict dominance depends strongly on the dependence of
the kernel k)(x) of the operator K(A) on A. As in Heijmans (to appear, a) we can prove the following
result.

THEOREM 5.8. If assumption 4.2 is satisfied, then there is an €>0 such that ReA<A;—e if

Aeo(4)\ (Aa).
If assumption 4.2 is false for every x €[x,1] then
GO E)—G® = ¢, a<t<B,
where ¢ is a constant, and we find that
KM = e M *9K(0),

where the operator K(0) does not depend on A.
It follows immediately that in this case

Aeo(d)=h-+k-= 2’"

eo(A ), keZ,

and theorem 5.8 is certamly not true in this case. If assumption 4.2 is fulfilled on a nonempty subset
of [x,1] then the situation is more complicated but one can prove that theorem 5.8 is still true (see
Diekmann, Heijmans & Thieme (1985)).

As in Heijmans (to appear, a) it is possible to compute the so-called characteristic equation from
which all eigenvalues of 4 can be calculated in principle. Here we shall only do this for the special
case B<xg.
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Let B<<xy and let vA be a solution of
KAy = v

Then v(x) is constant for B<x <1 and we may take v(x) = 1, B<x <. Then

V) = [ln@voTI@ME = [kt a<x <p

Since v has to be continuous in x = f we obtain -

8
1= [kn®dt (5.19)

and this equation determines the elements of o(4) if S<x,.

- 6. THE STABLE SIZE DISTRIBUTION

Throughout this section we assume that assumption 4.2 is satisfied. Let A, be the strictly dominant
eigenvalue of 4, and let ¢,,®; be given by theorem 5.7. Since A; is a simple pole of R(A\,4), we
have the following decomposition of the state space C (cf. Taylor & Lay (1980)):

C = N —A)DRNI —A), (6.1)

where JUYA,I —A) is the one-dimensional space spanned by the positive eigenvector ¢,. Let P be the
orthogonal projection on 9YA;I —A ) according to this decomposition, then P is given by

P‘P = <¢d’¢>c'¢d’ . (6'2)

where we have normalized ®;,¢, such that <®,,¢,>, = 1. Let (T'(¢) be the restriction of T'(¢) to
AN —A), then r(T(1))< e®~9 t =0, where we have used theorem 5.8. A standard result from
semigroup theory says that for all O<n<e there exists an M(n)=1 such that |T@Wi<
M@e® ™|iyll,” for all YeRNI—A). Let ¢eC, then ¢ =Po+(I—P)p =
<®,,0>.¢;+(I —P)p and therefore

T@)p = <®y,6>.e™¢; + T()I —P)p, t =0

and the following result follows.

THEOREM 6.1. For all 0<n<Ce there is a constant M (n)=1 such that for all $C
IT(@)p — <By o> e dll<M(m)e™ ™ ||pll,t =0.

For obvious reasons we call ¢, the stable size distribution.

Finally we mention that there is an alternative way to reach the main results exploiting the
positivity of the semigroup. Using known results from positive semigroup theory (cf. Greiner (1981))
theorem 5.8 follows immediately. The main problem is now to establish the algebraic simplicity of A,.
This can be done by showing that the semigroup is not only positive but also irreducible (cf. Schaefer
(1974), Greiner (1981)). However, the technical difficulties arising in this approach seem to be greater
than in the one we have adopted.
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