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Abstract

We study sample-path large deviations for Lévy processes and random walks with heavy-tailed
jump-size distributions that are of Weibull type. Our main results include an extended form of an LDP
(large deviations principle) in the Ji topology, and a full LDP in the M; topology. The rate function
can be represented as the solution of a quasi-variational problem. The sharpness and applicability of
these results are illustrated by a counterexample proving nonexistence of a full LDP in the J; topology,
and an application to the buildup of a large queue length in a queue with multiple servers.

Keywords Sample path large deviations - Lévy processes - random walks - heavy tails
Mathematics Subject Classification 60F10 - 60G17

1 Introduction

In this paper, we develop sample-path large deviations for Lévy processes and random walks, assuming the
jump sizes have a semi-exponential distribution. Specifically, let X (¢),t > 0, be a centered Lévy process
with positive jumps and Lévy measure v, assume that — log vz, 00) is regularly varying of index « € (0,1).
Define X,, = {X,,(t),t € [0,1]}, with X,,(t) = X (nt)/n,t > 0. We are interested in large deviations of X,,.
The investigation of tail estimates of the one-dimensional distributions of X,, (or random walks with
heavy-tailed step size distribution) was initiated in Nagaev (1969, 1977). The state of the art of such
results is well summarized in Borovkov and Borovkov (2008); Denisov et al. (2008); Embrechts et al. (1997);
Foss et al. (2011). In particular, Denisov et al. (2008) describe in detail how fast x needs to grow with n

for the asymptotic relation
P(X(n)>z)=nP(X (1) >z)(1+0(1)) (1.1)

to hold, as n — oo. If (1.1) is valid, the so-called principle of one big jump is said to hold. It turns out
that, if = increases linearly with n, this principle holds if & < 1/2 and does not hold if & > 1/2, and the
asymptotic behavior of P(X(n) > x) becomes more complicated. When studying more general functionals
of X it becomes natural to consider logarithmic asymptotics, as is common in large deviations theory, cf.
Dembo and Zeitouni (2009); Gantert (1998); Gantert et al. (2014).

The study of large deviations of sample paths of processes with Weibullian increments is quite limited.
The only paper we are aware of is Gantert (1998), where the inverse contraction principle is applied to obtain
a large deviation principle in the Ly topology. As noted in Duffy and Sapozhnikov (2008) this topology is
not suitable for many applications—ideally one would like to work with the J; topology.
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This state of affairs forms one main motivation for this paper. In addition, we are motivated by a
concrete application, which is the probability of a large queue length in the GI/GI/d queue, in the case
that the job size distribution has a tail of the form exp(—L(z)z®),a € (0,1). The many-server queue with
heavy-tailed service times has so far mainly been considered in the case of regularly varying service times,
see Foss and Korshunov (2006, 2012). To illustrate the techniques developed in this paper, we show that,
for v € (0, 00),

—logP(Q(yn) >n)

li =
o0 L(n)ne “

(1.2)

with ¢* the value of the optimization problem

d
minZaj? s.t. (1.3)
i=1
d
[(s;2) = As — Z(s — ;)T > 1 for some s € [0,7].
i=1

Ti,...,2q > 0.

where A is the arrival rate, and service times are normalized to have unit mean. Note that this problem is
equivalent to an L®-norm minimization problem with o € (0,1). Such problems also appear in applications
such as compressed sensing, and are strongly NP hard in general, see Ge et al. (2011) and references therein.
In our particular case, we can analyze this problem exactly, and if v > 1/(A — | A]), the solution takes the

simple form
1 (o7
* = i d-—0)|—) . 1.4
=m0 (75) Y

This simple minimization problem has at most two optimal solutions, which represent the most likely
number of big jumps that are responsible for a large queue length to occur, and the most likely buildup of
the queue length is through a linear path. For smaller values of 7, asymmetric solutions can occur, leading
to a piecewise linear buildup of the queue length; we refer to Section 5 for more details.

Note that the intuition that the solution to (1.3) yields is qualitatively different from the case in which
service times have a power law. In the latter case, the optimal number of big jobs equals the minimum
number of servers that need to be removed to make the system unstable, which equals [d — A]. In the
Weibull case, there is a nontrivial trade-off between the number of big jobs as well as their size, and this
trade-off is captured by (1.3) and (1.4). This essentially answers a question posed by Sergey Foss at the
Erlang Centennial conference in 2009. For earlier conjectures on this problem we refer to Whitt (2000).

We derive (1.2) by utilizing a tail bound for Q(t), which are derived in Gamarnik and Goldberg (2013).
These tail bounds are given in terms of functionals of superpositions of random walks. We show these
functionals are (almost) continuous in the M/ topology, introduced in Puhalskii and Whitt (1997), making
this motivating problem fit into our mathematical framework. The J; topology is not suitable since the
most likely path of the input processes involve jumps at time 0.

Another implication of our results, which will be pursued in detail elsewhere, arises in the large deviations
analysis of Markov random walks. More precisely, when studying X,, (t) = > ,Eztf (Yx) /n, where Yy, k >0
is a geometrically ergodic Markov chain and f () is a given measurable function. Classical large devia-
tions results pioneered by Donsker and Varadhan on this topic (see, for example, Donsker and Varadhan,
1976) and the more recent treatment in Kontoyiannis and Meyn (2005), impose certain Lyapunov-type
assumptions involving the underlying function, f (-).

These assumptions are not merely technical requirements, but are needed to a large deviations theory
with a linear (in n) speed function (as opposed to sublinear as we obtain here). Even in simple cases
(e.g. Blanchet et al., 2011) the case of unbounded f (-) can result in a sublinear large deviations scaling of



the type considered here. For Harris chains, this can be seen by splitting X,, (-) into cycles. Each term
corresponding to a cycle can be seen as the area under a curve generated by f (Y.). For linear f, this results
in a contribution towards X,, (-) which often is roughly proportional to the square of the cycle. Hence, the
behavior of X,, (1) is close to that of a sum of i.i.d. Weibull-type random variables. To summarize, the
main results of this paper can be applied to significantly extend the classical Donsker-Varadhan theory to
unbounded functionals of Markov chains.

Let us now describe precisely our results. We first develop an extended LDP (large deviations principle)
in the J; topology, i.e. there exists a rate function I(-) such that

logP(X,, € A)

R T T 2 ) (15
if A is open, and ~
. logP(X, € A) L
—_— < - . .
h?j;p L(n)n® - 151&)1 zlenie I(z) (1.6)
if A is closed. Here A€ = {z : d(x, A) < €}. The rate function I is given by
- i i
1) = Dobe(t)£E(t-) (€@ —¢t—))" if € e DL, (1.7)
o0, otherwise.

with D1 _[0,1] the subspace of D[0,1] consisting of non-decreasing pure jump functions vanishing at the
origin and continuous at 1. (As usual, D[0, 1] is the space of cadlag functions from [0, 1] to R.)

The notion of an extended large deviations principle has been introduced by Borovkov and Mogulskii
(2010). We derive this result as follows: we use a suitable representation for the Lévy process in terms of
Poisson random measures, allowing us to decompose the process into the contribution generated by the k
largest jumps, and the remainder. The contribution generated by the k largest jumps is a step function for
which we obtain the large deviations behavior by Bryc’s inverse Varadhan lemma (see e.g. Theorem 4.4.13
of Dembo and Zeitouni, 2010). The remainder term is tamed by modifying a concentration bound due to
Jelenkovi¢ and Momeéilovié (2003).

To combine both estimates we need to consider the e-fattening of the set A, which precludes us from
obtaining a full LDP. To show that our approach cannot be improved, we construct a set A that is closed
in the Skorokhod J; topology for which the large deviation upper bound does not hold; in this sense our
extended large deviations principle can be seen as optimal. This is in line with the observation made for
the regularly varying Lévy processes and random walks (Rhee et al., 2016), for which the full LDP w.r.t.
Jp topology in classical sense is shown to be unobtainable as well.

We derive several implications of our extended LDP that facilitate its use in applications. First of all,
if a Lipschitz functional ¢ of X,, is chosen for which the function Iy(y) = inf,.4()—y I(2) is a good rate
function, then ¢(X,,) satisfies an LDP. We illustrate this procedure by considering an example concerning
the probability of ruin for an insurance company where large claims are reinsured.

A second implication is a sample path LDP in the M| topology. We show that the rate function I is
good in this topology, allowing us to conclude limeoinfzea- I(x) = infyea I(z) if A is closed in the M
topology. The above-mentioned application to the multiple server queue serves as an application of this
result.

We note that both implications constitute two complementary tools, and that the two examples we
have chosen can only be dealt with precisely one of them. In particular, the functional in the reinsurance
example is not continuous in the M] topology, and the most likely paths in the queueing application are
discontinuous at time 0, rendering the J; or M; topologies useless.

This paper is organized as follows. Section 2 introduces notation and presents extended LDP’s. These
are complemented in Section 3 by LDP’s of certain Lipschitz functionals, an LDP in the M topology, and



a counterexample. Section 4 is considering an application to boundary crossing probabilities with moderate
jumps. The motivating application to queues with multiple servers is presented in Section 5. Additional
proofs are presented in Section 6. The appendix develops further details about the M topology that are
needed in the body of the paper.

2 Sample path LDPs

In this section, we discuss sample-path large deviations for Lévy processes and random walks. Before
presenting the main results, we start with a general result. Let (S, d) be a metric space, and 7 denote the
topology induced by d. Let X, be a sequence of S valued random variables. Let A° = {¢ € S: d(¢,() <
¢ for some ¢ € A} and A€ £ {¢€ € S: d(£,¢) < e implies ¢ € A}. Let I be a non-negative lower semi-
continuous function on S, and a,, be a sequence of positive real numbers that tends to infinity as n — oco.
We say that X, satisfies the LDP in (S,7T) with speed a,, and the rate function I if

logP(X, € A logP(X, € A .
— inf I(z) Sliminfu §limsupu < — inf I(x)

rEA° n—00 an n—o0 An, TE€EA~

for any measurable set A. We say that X, satisfies the extended LDP in (S, T) with speed a,, and the rate
function I if

logP(X, € A logP(X,, € A
— inf I(z) < liminfu < limsupu

TEA° n—00 Ay, n—oo an, e—=>0xe€Ae

< —lim inf I(x)

for any measurable set A. The next proposition provides the key framework for proving our main results.

Proposition 2.1. Let I be a rate function. Suppose that for each n, X, has a sequence of approximations
{Yf};Flw such that
(i) For each k, Y, satisfies the LDP in (S, T) with speed a,, and the rate function I;
(i) For each closed set F,
lim inf I(z) > inf I(x);

k—oo xzeF zeF

(ii) For each § > 0 and each open set G, there exist ¢ > 0 and K > 0 such that k > K implies

: oy .
meHClJf*éIk(x) < xlggl(:v) +9;

(iv) For every e > 0 it holds that

1
lim limsup — log P (d(X,,Y,}) > €) = —o0. (2.1)

k—oo nsoco Qn

Then, X,, satisfies an extended LDP in (S, T) with speed a,, and the rate function I.

The proof of this proposition is provided in Section 6.



2.1 Extended sample-path LDP for Lévy processes

Let X be a Lévy process with a Lévy measure v with v[z,00) = exp(—L(x)z*) where a € (0,1) and L(:)
is a slowly varying function. We assume that L(x)x®~! is non-increasing for large enough z’s. Let X, (t)
denote the centered and scaled process:

X, (t) & %X(nt) —tEX(1).

Let D[0,1] denote the Skorokhod space—space of cadlag functions from [0,1] to R—and T;, denote the
Ji Skorokhod topology on D[0,1]. We say that £ € D[0,1] is a pure jump function if £ = 377, z;i1{y, 1)
for some z;’s and u;’s such that x; € R and u; € [0,1] for each i and u;’s are all distinct. Let DI_[0,1]
denote the subspace of D[0, 1] consisting of non-decreasing pure jump functions vanishing at the origin and
continuous at 1. For the rest of the paper, if there is no confusion regarding the domain of a function space,
we will omit the domain and simply write, for example, D] instead of D!_[0, 1]. The next theorem is the
main result of this paper.

Theorem 2.1. X,, satisfies the extended large deviation principle in (D, Ty,) with speed L(n)n® and rate

function

() = Dot (t)£E(t—) (&) —&t-)" if¢eDl, (2.2)
00, otherwise. '

That is, for any measurable A,

logP(X,, € A) logP(X,, € A)

. < limi <1 < lim i '
Elenjo O hnrgloréf L(n)n® - hffo%p L(n)n® - ll—{% glenje 19, (2:3)
where A £ {¢€ €D :dy, (£,¢) < e for some ¢ € A}.
Recall that X,,(-) £ X (n-) has Ito representation:
Xn(s) = nsa + B(ns) —I—/ 2[N ([0, 78] x dz) — nsv(d)] —i—/ N ([0, ns] x dx), (2.4)
<1 z>1

with a a drift parameter, B a Brownian motion, and N a Poisson random measure with mean measure
Lebxv on [0,n] x (0,00); Leb here denotes the Lebesgue measure. We will see that the large deviation
behavior is dominated by the last term of (2.4). It turns out to be convenient to consider the following
distributional representation of the centered and scaled version of the last term:

N(n-)

Vo(-) & % S (z-E2)2 %/ 1xN([O,n~] x dx) — %N([O,n-] x [1,00))
1=1 2>

where N(t) £ N([0,t] x [1,00)) is a Poisson process with arrival rate v, and Z;’s are ii.d. copies of Z
independent of N and such that P(Z > t) = Vilu[x V 1,00). To facilitate the proof of Theorem 2.1, we
consider a further decomposition of Y;, into two pieces, one of which consists of the big increments, and
the other one keeps the residual fluctuations. To be more specific, we introduce an extra notation for the
rank of the increments. Given N(n), define Sy (,) to be the set of all permutations of {1,..., N(n)}. Let
R, :{l,...,N(n)} — {1,...,N(n)} be a random permutation of {1,..., N(n)} sampled uniformly from
Y2 {o€ SNm) : Zo-1(1) =+ 2 Zy-1(N(n))}- In words, R, (i) is the rank of Z; among {Z1,..., Znm)}



when sorted in decreasing order with the ties broken uniformly randomly. Now, we see that

- 1 N(nt) N (nt)

Y, = - Z ZiliRr, (i)<ky + - Z (Zil(r,@)>ky —EZ).
i=1 i=1

Tk LRk
* =K

n

1>

The proof of Theorem 2.1 is easy once the following technical lemmas are in our hands; their proofs are
provided in Section 6. Let D¢ denote the subspace of DI consisting of paths that have less than or equal
to k discontinuities and are continuous at 1.

Lemma 2.1. J* satisfy the LDP in (D, Ty,) with speed L(n)n® and the rate function

{ztem (E(t) — £(t=)" if €€ Dgy,

1x(§) = (2.5)

otherwise.

Recall that A=¢ £ {£¢ €D : dy, (£,¢) < e implies ¢ € A}.

Lemma 2.2. For each 6 > 0 and each open set G, there exist € > 0 and K > 0 such that for any k > K

nf T(€) < jnf 1) +6. (2.6)

Let By, (£,€) be the open ball w.r.t. the J; Skorokhod metric centered at ¢ with radius ¢ and B, £
BJl (0, 6).

Lemma 2.3. For every € > 0 it holds that

1 _
lim lim sup T log P (|| K} > €) = —o0. (2.7)

Proof of Theorem 2.1. For this proof, we use the following representation of X,,:
X, 2V, + 2, = J"+ KF + R, (2.8)

where R, (s) = £ B(ns) + £ flwl<1 [N ([0, ns] x dz) — nsv(dz)] + %N([O, ns] x [1,00)) — vit. Next, we verify
the conditions of Proposition 2.1. Lemma 6.1 confirms that I is a genuine rate function. Lemma 2.1 verifies
(i). To see that (ii) is satisfied, note that I(§) > I(§) for any £ € D. Lemma 2.2 verifies (iii). Since
dy, (Xn, JF) < ||KF¥||oo + | Rp | o, Lemma 2.3 and lim sup,, , . Wl)na log P(||Ry||co > €) = —oo implies (iv).
Now, the conclusion of the theorem follows from Proposition 2.1. o

2.2 Extended LDP for random walks

Let Sy, k > 0, be a mean zero random walk. Set Sy, (t) = Spuy/n, ¢ > 0, and define S,, = {S,,(),t € [0,1]}.
We assume that P(S; > x) = exp(—L(x)z*) where o € (0,1) and L(-) is a slowly varying function, and
again, we assume that L(z)z“~! is non-increasing for large enough z’s. The goal is to prove an extended
LDP for the scaled random walk S,,. Recall the rate function I in (2.2).

Theorem 2.2. S, satisfies the extended large deviation principle in (D, Ty,) with speed L(n)n® and rate
function I.



Proof. Let N(t),t > 0, be an independent unit rate Poisson process. Define the Lévy process X(t) =
Sn@y,t > 0, and set X, (t) £ X(nt)/n,t > 0. Then the Lévy measure v of X is v[r,00) = P(S1 > z).
We first note that the J; distance between 5, and X, is bounded by sup,¢(g 1) | A (t) — ¢| which, in turn, is

bounded by sup;c(o 1 |V (tn)/n — t|. From Etemadi’s theorem,

P( sup |N(tn)/n —t]) >¢€) <3 sup P(IN(tn)/n —t|) > €/3),
tefo,1] t€[0,1]

where P(|N(tn)/n — t|) > €/3) vanishes at a geometric rate w.r.t. n uniformly in ¢ € [0,1]. Hence,
limsup,, o L(nlw log P(dy, (Sn, X,,) > €) = —0o. Now we consider the decomposition (2.8) again. Condi-
tion (i), (ii), and (iii) of Proposition 2.1 is again verified by Lemma 2.1, Lemma 2.2, and Lemma 2.3. For
(iv), note that since dj, (S, J¥) < d, (Sny Xn) + | KF] 0o + || Rl cos

log P(dy, (Sp, JF) > ¢) log {P(dy, (S, Xn) > €/3) + P(| KF||c > €/3) + P(|| Rl > €/3)}

limsu < limsu
n—>oop L(n)na - n—)oop L(n)na
= —00.
Therefore, Proposition 2.1 applies, and the conclusion of the theorem follows. o

2.3 Multi-dimensional processes

Let XM ..., X be independent Lévy processes with a Lévy measure v. As in the previous sections, we
assume that v has Weibull tail distribution with shape parameter « in (0,1) and L(z)z®~! is non-increasing

for large enough z’s. Let )_(,(li) (t) denote the centered and scaled processes:
_ 1. ,
X)) 2 =X (nt) —tEXD(1).
n

The next theorem establishes the extended LDP for ()7(7(11), .. ,Xfld)).

Theorem 2.3. ()_(,(ll), X9 )_(,(ld)) satisfies the extended LDP on (Hfl:1 D ([0,1],R4), H'Z:l T5,) with

speed L(n)n® and the rate function

Id(gl, "'7§d) _ {E?—l EtE[O,l] (gj(t) - gj(t_))a Zf 5] € ]D)zo[ov 1] for each j =1,..., d7 (29)

0, otherwise.

For each i, we consider the same distributional decomposition of )_(7(5) as in Section 2.1:
XO 2 O L gEO 4 RO,

The proof of the theorem is immediate as in the one dimensional case, from Proposition 2.1, Lemma 2.3,
and the following lemmas that parallel Lemma 2.1 and Lemma 2.2.

Lemma 2.4. (j,lf(l), R 4 (d)) satisfy the LDP in (Hfl:1 D, H'Z:l T7,) with speed L(n)n® and the rate
function I H';:l D — [0, 0]

IH&,. .. &) = (2.10)

otherwise.

{25_1 e (€)= &(t=)" if & €Dy fori=1,....d,
o0



Lemma 2.5. For each § > 0 and each open set G, there exists € > 0 and K > 0 such that for any k > K

inf IHE, .. &) < I4E, ... 6q) + 6. (2.11)

(é1,---,6a)€G—* (&1, 7£d)€G

We conclude this section with the extended LDP for multidimensional random walks. Let {S ,(j), k> 0}
be a mean zero random walk for each i = 1,...,d. Set S (t) = S[(:L)t]/n,t > 0, and define §\” = {5 (¢),t €
[0,1]}. We assume that P(Sy) > x) = exp(—L(x)z®) where o € (0,1) and L(-) is a slowly varying function,
and again, we assume that L(x)z®~! is non-increasing for large enough z’s. The following theorem can

derived from Proposition 2.1 and Theorem 2.3 in the same way as in Section 2.2. Recall the rate function
Iin (2.2).

Theorem 2.4. (Snl), .8 ) satisfies the extended LDP in (]_[fl:1 D, H'Z:l T,) with speed L(n)n® and
the rate function I¢.

Remark 1. Note that Theorem 2.3 and Theorem 2.4 can be extended to heterogeneous processes. For exam-
ple, if the Lévy measure v of the process X9 has Weibull tail distribution v)[z, 00) = exp(—c;L(z)x®)
where ¢; € (0,00) for each i < dy < d, and all the other processes have lighter tails—i.e., L(x)z®* =
o(Li(z)x™) fori > dy—then it is straightforward to check that (X,Sl), ce X,(ld)) satisfies the extended LDP
with the rate function

Id(é.l gd) — {Zjo—l Cj Zte[O,l] (§J(t) - é.j (t_))a Zf&] € Dgo[ov 1] fO’I’j = 15 .. '7d0 and 5] =0 fOT’j > d07
o0,

otherwise.

Similarly, (5’7(11), ey S’r(Ld)) satisfies the extended LDP with the same rate function under corresponding con-
dition on the tail distribution of Sy) ’s

3 Implications and further discussions

3.1 LDP for Lipschitz functions of Lévy processes

Let X,, denote the scaled Lévy processes (X . (d)) and S,, denote the scaled random walks (5’7(11 beees S’SLd))
as defined in Section 2. Recall also the rate funct1on I defined in (2.9).

Corollary 3.1. Let (S,d) be a metric space and ¢ : H?:l D — S be a Lipschitz continuous mapping w.r.t.
the J1 Skorokhod metric. Set
I'(z) & inf I¢
@2 it 1)
and suppose that I' is a good rate function—i.c., ¥y/(a) & {x € S: I'(s) < a} is compact for each a € [0, c0).
Then, ¢ (Xn) and ¢ (Sn) satisfy the large deviation principle in (S,d) with speed L(n)n® and the good rate
function I'.

Proof. Since the argument for ¢(S,) is very similar, we only prove the LDP for ¢(X,). We start with
the upper bound. Suppose that the Lipschitz constant ¢ is l|¢llLip- Note that since the J; distance is
dominated by the supremum distance, HK’“HOO < eand |Rylle < € implies dy, (¢(J%), ¢(Xn)) < 2¢€]|¢] Lip,

where J& £ (j,’f(l), .. .,j,’f(d)) K £ (K, (1) ..,f(ﬁ (d)), and R, £ (RS), . .,R,(ld)). Therefore, for any



closed set F,

P (¢(Xy) € F) =P (¢(Xp) € Fdy, (0(J5), ¢(Xn)) < 2€)|@|Lip) + P (ds, (8(I}), ¢(Xn)) > 26 6l|Lip)
<P (¢> (J%) e F%W"w) +P (ds, (0(IE), 6(Xn)) > 2€]|0|Lip)
<P (jﬁ € ¢—1(er|\¢|\L;p)) +P (|KE oo > €) + P (Rl > €) -

Since P (||Ry||oc > €) decays at an exponential rate and P (|[KE || > €) < Zl 1 P(HKk @

)Hoo > e), we get
the following bound by applying the principle of the maximum term and Theorem 2.3:

limsup 2o ) _logP (¢ (X,) € F)

< l1rixisolipL _log {P( F2€”¢’”L‘P)) +P (Koo > €) + P (|Ronlloo > e)}
= max {1171?5,031) logP (I} L(n)niF%”qb“L]p)) : hﬁi‘ip log P (Il(ii;o > €) }
o]y T e P2

log P (| K5 Mo >
< max{ - inf Id(g17 .. &), limsup og (H I 6)
(E1snba)Ep—t (P20

n—oo0 L(n)n®

From Lemma 2.3, we can take kK — oo to get

logP (6 (X,) € F
8PP Xn)€F) inf I, ... &) =— inf I'(z) (3.1)
L(n)na (El,...,&d)eqﬁ*l(er“¢“L‘P) zeF2l?liLip

lim sup
n—oo

From Lemma 4.1.6 of Dembo and Zeitouni (2010), lim._,¢ infmeFGMHLip
n (3.1), we arrive at the desired large deviation upper bound.
Turning to the lower bound, consider an open set G. Since ¢~1(G) is open, from Theorem 2.3,

I'(z) = infyep I'(z). Letting e — 0

lim inf % log P (¢(X,) € G) =liminf ————1log P (X,, € ¢~ '(G))

> — inf I1(§) = — inf I'(2).
T (&1,80)E0H(G) (5) z€G ( )

3.2 Sample path LDP w.r.t. M| topology

In this section, we prove the full LDP for X,, and S, w.r.t. the M| topology. For the definition of M]
topology, see Appendix A.

Corollary 3.2. X,, and S, satisfy the LDP in (D, Tpy) with speed L(n)n® and the good rate function Iy .

Inp () 2 Ete[o,l] (&@) - 5(1%_))0‘ if € is a non-decreasing pure jump function with £(0) > 0, '
' otherwise.



Proof. Since the proof for S, is identical, we only provide the proof for X,,. From Proposition A.3 we know
that Iy, is a good rate function. For the LDP upper bound, suppose that F' is a closed set w.r.t. the M
topology. Then, it is also closed w.r.t. the J; topology. From the upper bound of Theorem 2.1 and the fact
that I (§) < I(§) for any § € D,

. logP(X, € F) L L
—— < - < - (&).
R T T . -

Turning to the lower bound, suppose that G is an open set w.r.t. the M/ topology. We claim that

inf 1 () = inf 1(0).

To show this, we only have to show that the RHS is not strictly larger than the LHS. Suppose that
Ing(§) < I(§) for some § € G. Since I and Iy differ only if the path has a jump at either 0 or 1, this
means that £ is a non-negative pure jump function of the following form:

§= Zzi]]-[ui,l]a
=1

where u; = 0, ug = 1, u;’s are all distinct in (0,1) for ¢ > 3 and z; > 0 for all i’s. Note that one can pick

an arbitrarily small € so that Zie{n;un«} z; < €, Zie{n:un>1_€} Zi <_e, €#u; foralli>2 and 1 — € # u;
for all i > 2. For such €’s, if we set

2l +2lp_cn+ Z 2iLju; 1]
1=3

then dyy; (€,€c) < e while I(§.) = Ip (§). That is, we can find an arbitrarily close element & from § w.r.t.
the M{ metric by pushing the jump times at 0 and 1 slightly to the inside of (0,1); at such an element,
I assumes the same value as Ip;(£). Since G is open w.r.t. My, one can choose ¢ small enough so that
& € G. This proves the claim. Now, the desired LDP lower bound is immediate from the LDP lower bound
in Theorem 2.1 since G is also an open set in J; topology. o

3.3 Nonexistence of large deviation principle in the J; topology

Consider a compound Poisson process whose jump distribution is Weibull with the shape parameter 1/2.
More specifically, X,(t) 2 L3N0 7, — ¢ with P(Z; > 2) ~ exp(—2®), EZ; = 1, and o = 1/2. 1If
X,, satisfies a full LDP w.r.t. the J; topology, the rate function that controls the LDP (with speed n®)
associated with X,, should be of the same form as the one that controls the extended LDP:

1(¢) = { Ete[o,u (&) — @) if & e D],

otherwise.
To show that such a LDP is fundamentally impossible, we will construct a closed set A for which

logP(X,, € A)

li?ﬂsotip v > — égg 1(¢). (3.2)
Let
ps1(€) = lim sup (£(v) = &(w))-

e—0 0V (s—e)<u<v<1A(t+e)
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Let Aeor = {€: ¢s4(€) > ¢} be (roughly speaking) the set of paths which increase at least by ¢ between
time s and ¢. Then A, is a closed set for each ¢, s, and t.

Let

m—1
L ) .
Am - (Ahz_i;:iéerhM) n (Al;mﬁ2,":i2+mhm> N ( m Aﬁ§ﬁ7m1ﬂ+mhm>
Jj=0

where h,, and let

_ 1
- (m4+1)(m+2)°
AL | A
m=1

To see that A is closed, we first claim that ( € D\ A implies the existence of € > 0 and N > 0 such
that B(¢;€) N Ay, = 0 for all m > N. To prove this claim, suppose not. It is straightforward to check that
for each n, there has to be sp,t, € [1 —1/n,1) such that s, < ¢, and {(t,) — {(sn) > 1/2, which in turn
implies that ¢ must possess infinite number of increases of size at least 1/2 in [1 — 4, 1) for any ¢ > 0. This
implies that ¢ cannot possess a left limit, which is contradictory to the assumption that ¢ € D\ A. On
the other hand, since each A,, is closed, UZJ\; A; is also closed, and hence, there exists € > 0 such that
B(¢;é)N A, =0 form=1,...,N. Now, from the construction of € and €/, B({,e V') N A = (), proving
that A is closed.

Next, we show that A satisfies (3.2). First note that if £ is a pure jump function that belongs to A,,, &
has to possess m upward jumps of size 1/m? and 2 upward jumps of size 1, and hence,

. S 1/2 1/2 21/2) _ g '
Elggf(f)_l%f(l F1Y2 4 m(1/m?) ) 3 (3.3)

On the other hand, letting A&(t) £ £(t) — £(t—),

P(X(nt1)(n+2) € 4n)

n—1
_ X _ . 1
n+l)j+nt ntl)j
z H P( sup {X(n+1)(n+2) (((71+1_))(Jn+2)) - X("+1)(n+2)((n-(‘r1)(72-]i-2))} = _2>
=0

j= t€(0,1] n
. Ve (n+1)n+nt > . v (n+1)(n+1)+nt >
P(t:zﬁ] {AX(n+1)(n+2) ((n+1)(n+2))} = 1> P<t23{’1] {AX(n+1)(n+2)( (n+1)(n+2) )} Z 1>
n 2
_ 1 _
— nt > . nt >
p ( tgﬁ.)l,:)l] {X(n+1)(n+2) ((n+1)(n+2)) } = nz) P ( tz%l?l] {AX(nJrl)(nJr?)((n+1)(n+2))} Z 1)
1 92 n 2
- P( sup {x(nt)} > Lﬁ”“) -P( sup {AX(nt)} > (n+ 1)(n—|—2))
t€(0,1] n t€[0,1)
n 2
> P( sup {X(m‘)} > 6) -P( sup {AX(nt)} >(n+1)(n+ 2)) :
te[0,1] te[0,1]
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and hence,

logP(X, € A log P(X(n41)(nt2) € An
lim sup o An €4 ( €4) > lim sup 0g P( (nt1)(n+2) = )
n— o0 n« n—o00 ((TL —+ 1)(71 —+ 2))

10gP(supte[071] {X(nt)} > 6) logP(supte[O)l] {AX(nt)} > (n+1)(n+ 2))
> limsup + 2limsup

n—oo ((n+ 1)(n+2))a n—oo ((n+ 1)(n+2))a
= (I) + (1D).

Letting p, £ P<supt€[07n} {X(t)} < 6>,

. log(1 — pn)"” . npy log(l — py)t/Pn —npn
I) =limsu = = limsu — = limsu = =20 3.5
(1) = Tim sup (n+ D) +2)"  noee ((n+1)(n+2) e (n+ D)(n+2) (3:5)

since p, — 0 as n — oo.

For the second term, from the generic inequality 1 — e™* > z(1 — z),

0w P supicion) {AX(00)} > 0+ D+ 2))
(1) = 2lim sup (n+ D +2)°
 wP(Qrmz @) leP(D=Qun 0 +2)
- 2113:1)50%}3 (n+1)(n+2)" - 211711ri>solip ((n+1)(n+2)"
logP (I‘l <nexp(—((n+1)(n+ 2))“))
= 2limsup (n+ D)(n+2)"
g limeup log {1 —exp ( —nexp(—((n —I—al)(n + 2))0‘))}
n—oo (n+1)(n+2))

ol log { (nexp ( —(n+1)(n+ 2))0‘)) {1 - (nexp ( —(n+1)(n+ 2))0‘))} }
2 2lmsup (n+ D) +2)°
= -9 (3.6)

From (3.4), (3.5), (3.6), _
logP(X, € A
limsup EPEn €A o o (3.7)
n—o0 n
This along with (3.3), B
. logP(X, € A)
limsup ———=
n—o0 ne

> 92 —3>—inf I
>-2>-3> 51214(5),

which means that A indeed is a counter example for the desired LDP.
Note that a simpler counterexample can be constructed using the peculiarity of J; topology at the
boundary of the domain; that is, jumps (of size 1, say) at time 0 are bounded away from the jumps
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at arbitrarily close jump times. For example, if Y, (t) £ %Zﬁ(ln 2 Z; + t where the right tail of Z is

Weibull and EZ = —1, then the set B = {z : z(t) > t/2 for all ¢ € [0,1]} gives a counterexample for
the LDP. Note that M, topology we used in Section 3.2 is a treatment for the same peculiarity of M;
topology at time 0. However, it should be clear from the above counterexample X,, and A that the LDP
is fundamentally impossible w.r.t. Ji-like topologies—i.e., the ones that do not allow merging two or more
jumps to approximate a single jump at any time—and hence, there is no hope for the full LDP in the case
of J1 topology.

4 Boundary crossing with moderate jumps

In this section, we illustrate the value of Corollary 3.1 We consider level crossing probabilities of Lévy
processes where the jump sizes are conditioned to be moderate. Specifically, we apply Corollary 3.1 in
order to provide large-deviations estimates for

P | sup Xn(t) >c, sup |X,(t) — Xn(t—)|] <b]. (4.1)
te[0,1] t€[0,1]

We emphasize that this type of rare events are difficult to analyze with the tools developed previously. In
particular, the sample path LDP proved in Gantert (1998) is w.r.t. the Ly topology. Since the closure of
the sets in (4.1) w.r.t. the L; topology is the entire space, the LDP upper bound would not provide any
information.

Functionals like (4.1) appear in actuarial models, in case excessively large insurance claims are reinsured
and therefore do not play a role in the ruin of an insurance company. Asmussen and Pihlsgard (2005), for
example, studied various estimates of infinite-time ruin probabilities with analytic methods. Rhee et al.
(2016) studied the finite-time ruin probability, using probabilistic techniques in case of regularly varying
Lévy measures and confirmed that the conventional wisdom “the principle of a single big jump” can be
extended to “the principle of the minimal number of big jumps” in such a context. Here we show that a
similar result—with subtle differences—can be obtained in case the Lévy measure has a Weibull tail.

Define the function ¢ : D — R? as

#(&) = (¢1(€), 62(¢)) = < sup &(t), sup [£(t) —§(f—)|> -
te[0,1] te[0,1]
In order to apply Corollary 3.1, we will validate that ¢ is Lipschitz continuous and that I'(z,y) £
infreep:p(e)=(z,y)} 1(§) is a good rate function.
For the Lipschitz continuity of ¢, we claim that each component of ¢ is Lipschitz continuous. We
first examine ¢1. Let &, € D and suppose w.l.o.g. that SUP¢[o,1] E(t) > SUPe[o,1] ¢(t). For an arbitrary
non-decreasing homeomorphism A : [0,1] — [0, 1],

[91(€) — @1 (Q) = | sup &(t) — sup ((¢)] =] sup £(t) — sup CoA(t) (42)
te(0,1] te0,1] te(0,1] tel0,1]
< sup [§(t) = CoA(t)| < sup [€(t) — CoA@D)| V [A(E) — .
te[0,1] te[0,1]

Taking the infimum over A\, we conclude that

|61(€) = ¢1(Q)] < inf sup {|£(t) — ARV IAE) — 2} = d (€ C).

€Aielo,1]

Therefore, ¢; is Lipschitz with the Lipschitz constant 1.
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Now, in order to prove that ¢2(&) is Lipschitz, fix two distinct paths &£, € D and assume w.l.o.g. that
$2(C) > ¢2(€). Let ¢ & ¢po(¢) — ¢o2(€) > 0, and let t* € [0,1] be the maximum jump time of &, i.e.,
$2(&) = |€(t*) — £(t*—)|. For any € > 0 there exists A\* so that

45,(6,0) 2 it {16 = CoAlao V A = ellac} 2 1€ = €0 Nl V 1N — elloc .
[6(7) = Co N () V1M =) — Co X ()] — e (43)

Y%

From the general inequality |a — b V |c — d| > 3 (la — ¢ — |b—d]),

€)= CoN(E) V [§(t1-) = CoN (" =) > 5 (JE() — £ ) = [Co A" () — Co A (t"—)])

(62(6) — $2(Q)) = ¢/2. (4.4)

N~ N~

In view of (4.3) and (4.4), d, (£,¢) > 3|6(£) — ¢(C)| — €. Since € is arbitrary, we get the desired Lipschitz

(
bound with Lipschitz constant 2. Therefore, |¢(€) — d(C)] = |p1(§) — d1(C)| V |d2(€) — d=2(C)| < 2d4, (&, )
and hence, ¢ is Lipschitz with Lipschitz constant 2.
Now, we claim that I’ is of the following form:

(2] oo+ (c— [£]b)" f0o<b<c,
I'(e,b) =140 ifb=c=0, (4.5)

00 otherwise.

Note first that (4.5) is obvious except for the first case, and hence, we will assume that 0 < b < ¢ from
now on. Note also that I’(c,b) = inf{I(¢) : £ € DL, #(&) = (c,b)} since I(§) = oo if & ¢ DI_. Set
C 2 {€eDl, (c;b) = ¢(€)} and remember that any ¢ € DI admits the following representation:

£= Zwil[ui,u, (4.6)
i=1

where u;’s are distinct in (0,1) and ;s are non-negative and sorted in a decreasing order. Consider a step

function & € C, with |£] jumps of size b and one jump of size ¢ — | £] b, so that & = ZEJ by, 1) + (¢ —

L%J)]l[“LCJH’”' Clearly, ¢(&) = (c,b) and I(&) = [£] 0% + (c— |£]b)™. Since & € C, the infimum of I
b

over C should be at most I(§) i.e., I(§) > I'(c, b).

To prove that & is the minimizer of I over C, we will show that I(£) > I(&) forany £ = Y%, a1y, 1) € C
by constructing & such that I(£) > I(£') while I(¢') = I(&). There has to be an integer k such that
z), 230, 7 <b. Let &+ £ Zle 2} 1}, 1) where z} is the i*? largest element of {1, s TRt z. }. Then,
e Cand I(¢Y) < I(€) due to the sub-additivity of z — 2. Now, given &= Zle @} 11y, 1], we construct
&It1 as follows. Find the first I such that ] < b. If 2] = 0 or x/,; = 0, set &1 £ &I Otherwise,
find the first m such that a:an = 0 and merge the I*® jump and the m*™ jump. More specifically, set
T B ] +ad, ANb—af), 2l 2 wd, —ad, A b—af), o] 2w for i £ Lm, and §F1 2T 2l g .
Note that 77" + zJ+! = ] + 2J, while either 2] = b or /" = 0. That is, compared to &/, &+ has
either one less jump or one more jump with size b, while the total sum of the jump sizes and the maximum
jump size remain the same. From this observation and the concavity of z — z%, it is straightforward to
check that I(&7F1) < I(¢7). By iterating this procedure k times, we arrive at ¢ = ¢¥ such that all the jump
sizes of ¢ are b, or there is only one jump whose size is not b. From this, we see that £ has to coincide with

&. We conclude that I(¢) > I(¢Y) > - > I(¢F) = I(¢') = I(&), proving that & is indeed a minimizer.
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Now we check that W/ (y) £ {(c,b) : I'(c,b) < 7} is compact for each v € [0, 00) so that I’ is a good rate
function. It is clear that ¥y () is bounded. To see that ¥/ () is closed, suppose that (c1,b1) ¢ U/ (7). In
case 0 < by < ¢, note that I’ can be written as I'(c,b) = bo‘{ (¢/b—Le/b))" + c/b] }, from which it is easy
to see that I’ is continuous at such (cy,b1)’s. Therefore, one can find an open ball around (¢, b1) in such a
way that it doesn’t intersect with W/ (). By considering the cases ¢1 < by, by = 0, by = ¢; separately, the
rest of the cases are straightforward to check. We thus conclude that I’ is a good rate function. Now we
can apply Corollary 3.1. Note that

inf I'(z,y) = inf I'(z,y) =1I'(c,b),
(z,y)E€[ec,00) X [0,b] ( y) (z,y)€(c,00) %X [0,b) ( y) ( )
and hence,
log P (supe 0, Xn(t) = ¢;5upyefo 1) [ Knlt) = Xnlt-)| <) L]+ (c—[§]0)" ifo<b<c
lim sup =<0 ifb=c=0,
n—00 L(n)na .
0 otherwise.

From the expression of the rate function, it can be inferred that the most likely way level c is reached is due
to L%J jumps of size b and one jump of size (c — L%J b). If we compare this with the insights obtained from
the case of truncated regularly varying tails in Rhee et al. (2016), we see that the total number of jumps is
identical, but the size of the jumps are deterministic and non-identical, while in the regularly varying case,
they are identically distributed with Pareto distribution.

5 Multiple Server Queue

Let @ denote the queue length process of the GI/GI/d queueing system with d servers, i.i.d. inter-arrival
times with generic inter-arrival time A, and i.i.d. service times with generic service time S; we refer to
Gamarnik and Goldberg (2013) for a detailed model description. Our goal in this section is to identify
the limit behavior of P(Q(Wn) > n) as n — oo in terms of the distributions of A and S, assuming
P(S > z) = exp{—L(z)z*},a € (0,1). Set A\ = 1/E[A] and px = 1/E[S]. Let M be the renewal process
associated with A. That is,
M(t) = inf{s : A(s) > t},

and A(t) & A;+ Ay +-- ~+A|;) where Ay, Ag, ... areiid copies of A. Similarly, let N® be a renewal process
associated with S for each i =1,...,d. Let M,, and N,(f) be scaled processes of M and N® in D[0,~]. That
is, M,(t) = M(nt)/n and N (t) = NO(nt)/n for t > 0. Recall Theorem 3 of Gamarnik and Goldberg
(2013), which implies

0<s<vy

d
P(Q(yn) > n) <P ( sup (,(5) = >N (s) > 1) (5.1)

for each v > 0. It should be noted that in Gamarnik and Goldberg (2013), A; and Sy) are defined to have
the residual distribution to make M and N equilibrium renewal processes, but such assumptions are not

necessary for (5.1) itself. In view of this, a natural way to proceed is to establish LDPs for M,, and Ny)’s.
Note, however, that M,, and N,(f)’s depend on random number of A;’s and SJ@’S, and hence may depend

on arbitrarily large number of A;’s and S](-i) 's with strictly positive probabilities. This does not exactly
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correspond to the large deviations framework we developed in the earlier sections. To accommodate such
a context, we introduce the following maps. Fix v > 0. Define for ¢ > 0, ¥, : D[0,v/p] — D[0,~] be

U, (€)(t) = sup &(s),

s€0,t]

and for each p define a map @, : D[0,v/u] — D[0,~] as

Du(E)(t) £ 0u(&)(t) Au(E)(),

where
PuOO Lint(s €0/ ¢6) > 1) and 6O 2~ (14 [ HOG/],).

Here we denoted max{x,0} with [z];. In words, between the origin and the supremum of &, ®,(£)(s) is
the first passage time of ¢ crossing the level s; from there to the final point 7, ®,() increases linearly from

v/ at rate 1/p (instead of jumping to oo and staying there). Define A,, € D[0,7/EA] as A,,(t) & A(nt)/n
f%r t eh[O,y/EA] and S € D[0,7/ES] as 5(t) 2 SO (nt)/n = L 1" 8 for t € [0,7/ES]. We will
show that

o A, and S\ satisfy certain LDPs (Proposition 5.1);

e ®p,(-) and Pgg(-) are continuous functions, and hence, ®ga(A4,) and @ES(S’S)) satisfy the LDPs
deduced by a contraction principle (Proposition 5.3, 5.4);

e M, and N are equivalent to ®g(A,) and @ES(S‘S)), respectively, in terms of their large deviations
(Proposition 5.2); so M,, and N satisfy the same LDPs (Proposition 5.4);

e and hence, the log asymptotics of P(Q(yn) > n) can be bounded by the solution of a quasi-variational
problem characterized by the rate functions of such LDPs (Proposition 5.5);

and then solve the quasi-variational problem to establish the asymptotic bound.
Let DZT) [0, v/ 1] be the subspace of D[0, /] consisting of non-decreasing pure jump functions that assume

non-negative values at the origin, and define ¢, € D[0,v/u] as (,(t) = ut. Let D*[0,~/u] £ ¢, —i—ID)g [0,/ ).

Proposition 5.1. A, satisfies the LDP on (D[0,~/EA], dM{) with speed L(n)n® and rate function

1o(6) = {0 i €= Coa,

oo otherwise,
and 8% satisfies the LDP on (D[0,~/ES], dg) with speed L(n)n® and the rate function

L&) = {Ete[o,v/m (&(t) — £(t=)>  if € € DES[0,4/ES],

00 otherwise.

Proof. Firstly, note that + ZJLZJ (A; — EA - t) satisfies the LDP with the rate function

oo otherwise,
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whereas = ZJLZJ (S’J(-i) - ES- t) satisfies the LDP with the rate function

Yteio,/es)(6(1) =€) if € € DI[0,+/ES],

00 otherwise.

Is (&) = {

Consider the map T, : (D[O,W/u],TM{) — (ID)[O,W/M],'TM{) where Y ,,(§) £ € + ¢,. We prove that Tg4 is
a continuous function w.r.t. the M/ topology. Suppose that, &, — £ in D[0,v/EA] w.r.t. the M] topology.
As a result, there exist parameterizations (un($),t,(s)) of &, and (u(s),t(s)) of £ so that,

sup {|un(s) — u(s)| + [tn(s) — t(s)|} = 0 as n — oo.
t<vy/EA

This implies that max{sup,<, ga [Un(s) — u(s)],5up;<, /g [tn(s) — t(s)|} — 0 asn — oo. Observe that,
if (u(s),t(s)) is a parameterization for £, then (u(s) + EA - t(s),t(s)) is a parameterization for Tga(§).
Consequently,

sup {|un(s) + EA-tn(s) — u(s) — EA-t(s)| + [tn(s) — t(s)[}
t<vy/EA

< sup {lun(s) —u(s)|} + sup {(BA+1)[ta(s) —t(s)[} — 0.
t<y/EA t<y/EA

Thus, Tga(§n) — YTra(§) in the M] topology, proving that the map is continuous. The same argument
holds for Tgs. By the contraction principle, A, obeys the LDP with the rate function In(¢) £ inf{l(¢) :
£ e D[0,7/EA], ( = Tga(§)}. Observe that I4(§) = oo for £ # 0 therefore,

Io(¢) = {0 if ( =Tga(0) = Cea,

oo otherwise.

Similarly, Ig) (£) = oo when ¢ is not a non-decreasing pure jump function. Note that & € D] implies that
¢ = YTrs(€) belongs to DEY[0, v/ES]. Taking into account the form of I and that I;(¢) £ inf{Igu () :
£ €D[0,7/ES],¢ = Trs(§)}, we conclude

L) = Ytefon/ms) (C(t) = C(t=))*  for ¢ € DFF[0,~/ES],
Z o0 otherwise.
O

Proposition 5.2. M, and ®ga(A,) are exponentially equivalent in (D[0,~], Tar). N and CI)ES(SS))
are exponentially equivalent in (D[O, 7, ’TM{) foreachi=1,...,d.

Proof. We first claim that dyy (M, ®Ea(Ay)) > € implies either

Y= W(A,)(7/BA) > 22 or sup  Ma(t) —7/BA > ¢/2.
2 tE[W(A,)(y/EA), ]

To see this, suppose not. That is,

- EA _
v —=U(A4,)(v/EA) < —¢ and sup M, (t) —v/EA < €/2. (5.2)
2 tE[W(An) (1/BA), 7]
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By the construction of A,, and M,, we see that M, (t) > v/EA for t > W(A,,)(y/EA). Therefore, the second
condition of (5.2) implies B
sup | M, (t) —v/EA| < €/2.
e[V (An)(v/EA), ]
On the other hand, since the slope of ®g4(A,) is 1/EA on [¥U(A,)(y/EA),~], the first condition of (5.2)
implies that -
_sup [PeA(An)(t) —7/EA| < €/2,
tE[¥(An)(7/EA), 1]

and hence,

sup |Bpa(d,)(t) — Ma(t)] < . (5.3)
LE[¥(A,)(7/BA) 7]

Note also that by the construction of ®ga, M, (t) and ®g4(A,)(t) coincide on t € [0, ¥(A,)(y/EA)). From
this along with (5.3), we see that

sup |Ppa(An)(t) — M, (t)] <e,
t€[0,7]

which implies that dys (PEa (A,)(t), M, (t)) < €. The claim is proved. Therefore,

logP(dM{ (M, Ppa(A,)) > e)

limsu
n—)oop L(n)no‘
10g{P(7 U(A,)(v/EA) > %6) + P(Supte[‘ll(A ) /EA) 7] M (t) = 7/EA > 6/2)}
< limsup
n—oo L(n)n®
_ logP(y—W(A)(1/EA) = Bhe)  10gP(subiciu(a,r/mayq Malt) = 7/BA > ¢/2)
< limsup V lim sup ,
n—00 L(?’L)?’La n—00 L(?’L)?’La

and we are done for the exponential equivalence between M,, and ®g4(A,) if we prove that

1ogP(”Y v(A )(’Y/EA)EET)

lim su = —00 5.4
n—)oop L(n)na ( )
and B
. logP(supte[‘P(An)(v/EA)W] Mp(t) = ~/EA > ¢/ 2)
lim sup T - = —00. (5.5)

For (5.4), note that (A, )(v/EA) <~ — EAe/2 implies that dpy (An,(ea) > EAe/2, and hence,

log P (7 — W(4,)(7/EA) > Bte) log P (dag; (A, Csa) > Be)
lim sup Lo < lim sup .

< — inf I(§) < —o0,
€€Byyy (Cea; EA/2)¢

where the second inequality is due to the LDP upper bound for A,, in Proposition 5.1. For (5.5), we arrive
at the same conclusion by considering the LDP for A(n-)/n on D[0,~v/ES + €/2]. This concludes the proof

for the exponential equivalence between M,, and ®g4(A,). The exponential equivalence between fo) and
@ES(S}(LZ)) is essentially identical with slight differences, and hence, omitted. O
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Let Dy, £ {€ € D[0,7/p] : ®u(€)(7) = @p(§)(v—) > O}
Proposition 5.3. For each p € R, @, : (D[0,v/pl, Tary) — (P[0, ], Tar) is continuous on D, .

Proof. Note that ®, = ®, o ¥ and V¥ is continuous, so we only need to check the continuity of ®, over the
range of U, in particular, non-decreasing functions. Let ¢ be a non-decreasing function in D[0,~y/u]. We
consider two cases separately: ®,(£)(y) > v/p and ®,(&)(y) < v/p.

We start with the case ®,(£)(y) > v/p. Pick € > 0 such that ®,(&) > v/ + 2e and {(v/p) + 2e < .
For such an ¢, it is straightforward to check that dpr (¢, €) < € implies ®,,(C)(v) > p/v and ¢ never exceeds
v on [0,7/u]. Therefore, the parametrizations of ®,(§) and ®,(¢) consist of the parametrizations—with
the roles of space and time interchanged—of the original £ and ¢ concatenated with the linear part coming
from 1),,. More specifically, suppose that (z,t) € I'(¢) and (y,r) € I'(¢) are parametrizations of ¢ and ¢. If
we define on s € [0, 1],

2(s) & t(2s) ifs<1/2 22 z(2s) ifs<1/2
A @G/ ) s>z T

and

(s) 2 r(2s) if s <1/2
YO Z\ 20765 - w(Q (/i) +7) s > 1/2°

then (2/,t) € T(®,(€)), (v',7") € T(®,(¢)). Noting that

1>

(o) {y(2s) if s <1/2

R L
= sup [t(2s) —7(2s)|V sup |[2'(s) —y/(s)|+ sup |x(2s) —y(2s)|V sup [t'(s) —1(s)]
s€[0,1/2] se(1/2,1] s€[0,1/2] se(1/2,1]

=t =7l V 1 T (v/1) = TE) (/)] + |2 = ylloo V [T(C) (v/ 1) = T (E) (/1)
SuH it =1l Ve = ylloo + llz = ylloe < (1 +n7) Iz = yllso + 11t = rllo),

and taking the infimum over all possible parametrizations, we conclude that d; (,(€), ®.(¢)) < (1 +
u’l)dM{ (£,¢) < (1 + p~Y)e, and hence, @, is continuous at &.

Turning to the case ®,,(£)(y) < v/u, let € > 0 be given. Due to the assumption that ®,(€) is continuous
at -y, there has to be a § > 0 such that ¢, (£)(7) +€ < 0. (§)(v—0) < () (Y +9) < pu(€)(y) + €. We will
prove that if dps (€, () < 6 A, then duy; (®,.(E), ,(C)) < 8e. Since the case where ®,(¢)(y) > 1/ is similar
to the above argument, we focus on the case ®,({)(y) < p/7; that is, ¢ also crosses level v before /. Let
(z,t) € T(€) and (y,7) € T'(¢) be such that ||z — y[lec + ||t — 7[|c <. Let s, = inf{s > 0: z(s) >~} and
sy = inf{s > 0 : y(s) > v}. Then it is straightforward to check t(s;) = ¢,(£)(7) and r(sy) = @, () (7).
Of course, z(s;) = v and y(s,) = . If we set 2/(s) 2 t(s A sy), t'(s) = 2(s A sz), and 3/ (s) = (s A sy),
7 (s) £ y(s A s,), then

2" = ylloc <1t = 7lloc + sup {It(s2) = r(s)] V [t(s) = 7(sy)|}
SE[Su NSy, 52V sy]

Slt=rllo+  sup {([tlsa) = t()] + [t(s) = (s)]) V ([t(s) — t(sy)| + [t(sy) —7(sy)]) }

SE[Su NSy, 52V sy]
< 1t = 7llos + ([t(s2) = t(sy) + It = 7lloc) V (t(sy) = t(sa)] + |1t = 7llc0)
<2t = rllo 4 2lt(s2) — t(sy)]-

Now we argue that ¢(s;) — € < t(sy) < t(sy) + €. To see this, note first that z(s,) < z(sz) +0 =+, and
hence,

t(sy) < pu()(z(sy)) <€) (¥ +0) < pul&)(7) + € =t(sz) + €.
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On the other hand,

t(se) — €= u(€)(7) — e <puly = 0) < isy),
where the last inequality is from &(t(sy)) > x(sy) > z(sz) — 6 =y — ¢ and the definition of ¢,,. Therefore,
|2/ — ¥ |loo < 20 + 2¢ < 4e. Now we are left with showing that ||’ — 7’||cc can be bounded in terms of e.

¢ =7"lloo <l =ylloo+ sup {Jalsa) =y()| V lals) — ysy)I}

SE[Su NSy, 82V sy]

Slle=yllo+ sup {(Jalsa) — ()] + |2(s) —y(s)]) V (l(s) —a(sy)] + [2(sy) — y(sy)l) }

SE[Sx NSy, 52V sy]
<z = ylloo + (It(s2) = t(sy)| + [z = ylloo) V (|2(52) — 2(5y)] + |2 = ylloo)
< 2/|lz = Ylloo + 2|2(s2) — 2(sy)| = 2[| — ylloo + 2[y(sy) — x(sy)| < 4|z — ylloo < 4e.

|

Therefore, dpy, (@u(f), @H(Q) < 2" =y loo + |t — 7']|oo < 8€.

Let C*[0,7] £ {¢ € C[0,7] : ¢ = (&) for some & € D#[0,~/u]} where C[0,4] is the subspace of D[0, ]
consisting of continuous paths, and define 7,(£) £ max {O, sup{t € [0,7] : £(t) = s} —inf{t € [0,7] : £(¢)

s}}.

Proposition 5.4. ®ga(A,) and M,, satisfy the LDP with speed L(n)n® and the rate function

0 ifEt) = t/BA,
oo otherwise,

I5(6) é{

and fori=1,...,d, @ES(S’S)) and N satisfy the LDP with speed L(n)n® and the rate function

THIE {Zse[ow/ES] (&)™ if € € CYEI0,4],

00 otherwise.

Proof. Let I)(¢) 2 inf{Iy(€) : € € D[0,/EA], ¢ = ®pa(€)} and [/(¢) 2 inf{L;(€) : € € D[0,v/ES], ¢ =
Dgg(€)} for ¢ = 1,...,d. From Proposition 5.1, 5.2, 5.3, and the extended contraction principle (9.367
of Puhalskii and Whitt, 1997, Theorem 2.1 of Puhalskii, 1995), it is enough to show that I/ = I/ for
1=0,...,d.

Starting with ¢ = 0, note that Ip(§) = oo if £ # (ga, and hence,

14(¢) = inf{Io(€) : € € D[0,7/EA], ¢ = Bga(€), £ = Cpa} = {20 fo=2eallea) (54

O0.W.

Also, since U((ga)(v/EA) = v, Yra(CRa)(t) = E—1A(7 + [t —v]+) = v/EA. Therefore, Pra(Cra)(t) =
inf{s € [0,7/EA] : s > t/EA} A (v/EA) = (t/EA) A (v/EA) = t/EA for t € [0,~]. With (5.6), this implies
I = I.

Turning to i = 1,...,d, note first that since I;(¢) = oo for any & ¢ DES[0,v/ES)],

I/(¢) = inf{I;(¢) : € € D®5[0,~/ES], ¢ = ps(€)}

Note also that ®gg can be simplified on DES[0,7/ES]: it is easy to check that if ¢ € DEJ[0,~v/ES],
Yrs(§)(t) = v/ES and prs(§)(t) < v/ES for t € [0,]. Therefore, Prs(§) = ¢rs(£), and hence,

I/(¢) = inf{I;(€) : € € D®[0,7/ES], ¢ = ¢Es(€)}.
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Now if we define gggs : D[0,~v/ES] — D[0,v/ES] as

£(t) t € [0, ers(§) (7))
v+t —ers(§)(V))ES te [soEs( €)(7),7/ES]’

then it is straightforward to check that I;(§) > I;i(ors(§)) and ¢rs(§) = vrs(ors(§)) whenever £ €
DES[0,v/ES]. Moreover, ogs(DES[0,v/ES]) € DES[0,v/ES]. From these observations, we see that

I(¢) = inf{I;(€) : € € 0Bs(D®[0,7/ES]), ¢ = pEs(€)}- (5.7)

Note that £ € 0rs(DES[0,7/ES]) and ¢ = prs(€) implies that ¢ € C'/F%[0,7]. Therefore, in case ¢ ¢
CYE3[0,4], no & € D[0, v/ES] satisfies the two conditions simultaneously, and hence,

oEs(§)(t) £ {

I'(¢) =inf 0 = oo = I/(¢). (5.8)
Now we prove that I/(¢) = I}(¢) for ¢ € CV/BS[0,~]. We claim that if £ € grgs(DE[0, v/ES]),

Ts(pms(§)) = §(s) —&(s—)

for all s € [0,7/ES]. The proof of this claim will be provided at the end of the proof of the current
proposition. Using this claim,

Li(¢) = inf {ZSG[O,V/ES]@(S) —&(s=))™ : € € 0ps(D®[0,7/ES)), ¢ = @Es(f)}
= inf {Zse[o ’y/ES] (<PES(§))Q : 5 € QES(DES[Ovﬁy/ES])a C = @ES(&)}
= inf { X, cj0.0/m17 (O)° £ € € 0ms(DPS0,7/ES]), ¢ = pms(€) } -

Note also that ¢ € C'/E9[0,~] implies the existence of ¢ such that ¢ = pgrs(£) and & € pps(DES[0,v/ES)).
To see why, note that there exists ¢’ € DES[0,v/ES] such that ( = ¢rs(¢’) due to the definition of
CYES[0,~]. Let £ £ ops(¢'). Then, ¢ = prs(&) and € € ops(DES[0,~v/ES]). From this observation, we
see that

{ESG[O,W/ES]TS(C)Q €€ QEs(DES[077/ES])= ¢= @ES(&)} = {Esg[oﬁ/Es]Ts(C)a} >

and hence,

L= Y. 7Q*=T1( (5.9)

s€[0,v/ES]

for ¢ € C/B5[0,~]. From (5.8) and (5.9), we conclude that I! = I; for i = 1,...,d.

Now we are done if we prove the claim. We consider the cases s > prg(£)(y) and s < ¢rs(§)(y)
separately. First, suppose that s > pgrs(£)(7). Since prg(§) is non-decreasing, this means that prs(€)(t) <
s for all t € [0, 7], and hence, {t € [0,7] : prs(t) = s} = 0. Therefore,

7s(prs(£)) =0V (sup{t €[0,7] : prs(t) = s} —inf{t € [0,7] : prs(t) = s}) =0V (—o0—00)=0.

On the other hand, since £ is continuous on [prs(€)(y),v/ES] by its construction,

£(s) —&(s—) = 0.
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Therefore,
To(ems(£)) = 0= &(s) — &(s—)

for s > pEs(£)(7)-
Now we turn to the case s < pgs(£)(y). Since prs(§) is continuous, this implies that there exists
s

u € [0, 7] such that prs(£)(u) = s. From the definition of pgrs(£)(u), it is straightforward to check that

uwelf(s—).é(s)l = s=vrs(§)(u). (5.10)
Note that [£(s—),&(s)] C [0,7] for s < prs(&)(y ) due to the construction of £. Therefore, the above
equivalence (5.10) implies that [£(s—),&(s)] = {u € [0,7] : prs(§)(u) = s}, which in turn implies that
&(s—) =inf{u € [0,7] : prs(§)(u) = s} and &(s) = sup{u € [0,7] : vrs(§)(u) = s}. We conclude that

Ts(pms(§)) = §(s) —€(s—)

for s < prs(€)(7)- O
Now we are ready to characterize an asymptotic bound for P(Q(yn) > n). Recall that 7,(§) £
max {0, sup{t € [0,4]: €(t) = s} — inf{t € [0,9] : £(t) = s} }.

Proposition 5.5.
—log P(Q(yn) > n) < —¢*

limsup ————

1
n—oo L(n)n®

where ¢* is the solution of the following quasi-variational problem:

Z > ()" (5.11)

i=1 s€[0,7/ES]

d
subject to  sup (E_SA — Z&(S)) > 1;
i=1

0<s<~

.....

& e CYES0,4]  fori=1,...,d.

Proof. Note first that for any € > 0,

P ( sup (Mn(s) - iN,@(s)) > 1)

Oss=y i=1
_ s s d .
e (e (- 7) + 2 (571 A0) 21
- S S (i
S P (Oilig’y (Mn(s) - ﬂ) 2 6) + P (021515,), (E— — ; n)(S)) 2 1— 6) .

2\
=
|
i)
N—
Y
N
Il
|
3

Since limsup,, , ., L(n)na logP (Sup0<s<'y (

N—

P (SUPogsgy ( n(s) — Ez 1 N(Z (s) )

li =i
17?1,801;]9 L(n)n® 17?1_501;]9 L(n)n®
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To bound the right hand side, we proceed to deriving an LDP for supy<,<, (ﬁ - Zle Nfzi)(s)), Due

to Proposition 5.4, (N,(f), cee N,(Ld)) satisfy the LDP in H?Zl DI[0,~] (w.r.t. the d-fold product topology of
Tar;) with speed L(n)n® and rate function

', ) 2 ZI’ &).

Let D'[0,] denote the subspace of D[0,~] consisting of non-decreasing functions. Since N € D0, ~]
with probability 1 for each i = 1,...,d, we can apply Lemma 4.1.5 (b) of Dembo and Zeitouni (2010) to

deduce the same LDP for (N, .. ,N,(zd)) in H?Zl D0, ~]. If we define f : H?Zl D0, 7] — D[0,~] as
d
FIND, ND) £ gpa— ) N
=1

where &ga(t) £ t/EA, then f is continuous since all the jumps are in one direction, and hence, we can

apply the contraction principle to deduce the LDP for éggq — Zle N,(zi), which is controlled by the rate
function

I”(C) £ inf I’(ﬁo, c. ,fd).
{(€1,.- ) EBa—2 L, €i=C}

Now, applying the contraction principle again with the supremum functional to éga — Zle N,(f), we get
the LDP for sup, (g ] (¢ga — Ele N (t)), which is controlled by the rate function

I'"(z) = inf I"(¢) = inf I'(&, ..., ).
{¢:sup,epo 4 C(H)=2} {(51,...,5,1): SUD¢¢(0,] (ﬁEA(t)—E 1 & t)) m}

The conclusion of the proposition follows from considering the upper bound of this LDP for the closed set
[1,00) and taking € — 0. O

To show that the large deviations upper bound is tight, and to obtain more insight in the way the rare
event {Q(yn) > n} occurs, we now simply the expression of ¢* given in Proposition 5.5. To ease notation,
we assume from now on that E[S] = u~t = 1.

Proposition 5.6. If v < 1/X, ¢* =oco. If v > 1/\, ¢* can be computed via

d
mianf‘ s.t. (5.12)
i=1
d
l(s;2) = As — Z(s —2:)T > 1 for some s € [0,7].
i=1

L1y--5Xd > 0 )

which in turn equals

min {0<k<w v <1/(A—k) {(d — k) v+ (L =y A+9k)" (k= [\ A [A = 1/7J)1_a} (5.13)

DAL 1
pp -0 (55) P
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Proof. We want to show that ¢* is equal to

d
inf > > 7 (G)* (5.14)

i=1 s€[0,7]
s.t.
d
sup < As — i(s)p>1
s o)

G=wu(&), & eD*0,v/p]foriel, ... d.

After a simple transformation, we might assume that p = 1. For simplicity in the exposition we will assume
the existence of an optimizer. The argument that we present can be carried out with &-optimizers. In the
end, the representation that we will provide will show the existence of an optimizer. First, we will argue that
without loss of generality we may assume that if ({3, ...,{4) is an optimal solution then the corresponding
functions &1, ..., &4 have at most one jump which occurs at time zero. To see this suppose that (1, ..., (q)
is an optimal solution and consider the corresponding functions (&, ...,&4) such that ¢; = ¢, (&§). By
feasibility, we must have that at least one of the &’s exhibit at least one jump in [0,v]. Assume that ¢;
exhibits two or more jumps and select two jump times, say 0 < ug < u; < 7, with corresponding jump sizes
xg and x1, respectively. Let

& () =& () = 1Ly 71 () + 21Tjug 3 ()5
in simple words, & (-) is obtained by merging the jump at time u; with the jump at time ug. It is immediate
(since zg,z1 > 0) that for each ¢ B
&) =& (@)
and, therefore, letting {; = Ou (5_1) we obtain (directly from the definition of the functional ¢; as a generalized
inverse) that for every s

Gi () < Gi(s).
Therefore, we conclude that the collection (1, ..., (j, ...Cq is feasible. Moreover, since
S @)= Y )+ (o +a1)’ —af —af
s€[0,7] s€[0,7]

and, by strict concavity,
(xo —i—:vl)’@ < xg —l—xf,

we conclude that (i, ..., G, ..., (q improves the objective function, thus violating the optimality of (1, ..., (4.
So, we may assume that &; (-) has a single jump of size z; > 0 at some time u; and therefore

Gi (s) = min (s,u;) + (s — 27 — ;)" . (5.15)

Now, define t = inf{s € [0,7] : As — Zle ¢i(s) > 1}, then

d
M — Zg t)=1 (5.16)

and we must have that t > x; + u;; otherwise, if z; + u; > t then we might reduce the value of the objective
function while preserving feasibility (this can be seen from the form of (; (+)), thus contradicting optimality.
Now, suppose that u; > 0, choose € € (0, min(u;, x;)) and define

§i (8) =& (8) = @illju, 4] (8) + @ill[; —c ) (5) -
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~ In simple words, we just moved the first jump slightly earlier (by an amount €). Once again, let
G =pu ({1), and we have that

@(s)zmin(s,ui—5)+(s—xi—ui+5)+ << ().

Therefore, we preserve feasibility without altering the objective function. As a consequence, we may assume
that u; = 0 and using expression (5.15) we then obtain that (5.11) takes the form

d
mian? s.t. (5.17)
i=1
d
[(s;2) = As — Z(s — ;)T > b for some s € [0,7],
i=1

Ti,...,2q > 0.

Let © = (x1,...,24) be any optimal solution, we may assume without loss of generality that 0 < z; <
... < x4. We claim that z satisfies the following features. First, x4 < +, this is immediate from the fact
that we are minimizing over the x;’s and if x4 > v we can reduce the value of x4 without affecting the
feasibility of x, thereby improving the value of (5.17). The same reasoning allows us to conclude that
inf{s:1(s;2) > 1} = x4. Consequently, letting x; = a1 + ... + a;, (5.17) is equivalent to

m
min g

. [0}
K3

CLj s.t.
i=1 \j=1
d i
Aar+ ... +ag) — Z(al + .. daqg— Zal) >1
i=1 j=1

ay~+ ... +aqg <v,ay,..,aq > 0.

This problem can be simplified to

) [e3%
K2

m
min g

i=1 \ j=
A+ A=1Das+...+AN=d+1)ags>1
ar+ ... +aqg <, ay,..,aq > 0.

aj s.t.
1

In turn, we know that 0 < A < d, then it suffices to consider

A [ “ W+t \
minz Zaj +(d—|A) Z a; s.t. (5.18)
i=1 \j=1 j=1
Aai+(A=1)ag+ ...+ (A — LAJ)GLAJJ’,l:l (5.19)
ar+ ...t apn1 <7, (5.20)
ai, .., azj+1 =0, (5.21)

because (A —m) < 0 implies ay_m4+1 = 0 (otherwise we can reduce the value of the objective function).
We first consider the case A > |A|. Moreover, observe that if v > 1/(A — [A])) then any solution
satisfying (5.19) and (5.21) automatically satisfies (5.20), so we can ignore the constraint (5.20) if assume
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that v > 1/(A — [A]). If X is an integer we will simply conclude that a|yj4; = 0 and if we only assume
~v > 1/X we will need to evaluate certain extreme points, as we shall explain later.

Now, the objective function is clearly concave and lower bounded inside the feasible region, which in turn
is a compact polyhedron. Therefore, the optimizer is achieved at some extreme point in the feasible region
(see Rockafellar (1970)). Under our simplifying assumptions, we only need to characterize the extreme
points of (5.19), (5.21), which are given by a; =1/(A—i+1) fori =1,..., [\| + 1.

So, the solution, assuming that v > 1/ (A — | A]), is given by

min{daf, (d — 1) a5, ..., (d — L/\J)anJrl}

L)\J.+1 p ' 1 @
= %?{("+”(7317)}'

In the general case, that is, assuming v > A~! and also allowing the possibility that A\ = |[\], our
goal is to show that the additional extreme points which arise by considering the inclusion of (5.20) might
potentially give rise to solutions in which large service requirements are not equal across all the servers. We
wish to identify the extreme points of (5.19), (5.20), (5.21) which we represent as

Aay + (/\ — 1)a2 + ...+ ()\ — L/\J)aL/\JH =1,
a+ a1+ ... +anxn+1 =7,
A0, A1y ooy Q| N|+1 > 0.
Note the introduction of the slack variable ag > 0. From elementary results in polyhedral combinatorics, we
know that extreme points correspond to basic feasible solutions. Choosing a;+1 = 1/(A—i) and ag = y—a;41
recover basic solutions which correspond to the extreme points identified earlier, when we ignored (5.20).
If X = |A| we must have, as indicated earlier, that a|5j41 = 0; so we can safely assume that A —i > 0. We
observe that v > 1/(X —4) implies that a;41 = 1/(A—i) and a; = 0 for j # i + 1 is a basic feasible solution
for the full system (i.e. including (5.20)). Additional basic solutions (not necessarily feasible) are obtained
by solving (assuming that 0 <1 < k < )
1 = A=k agt1 + A =1 ap1,
Y = Gk41 + a4

This system of equations always has a unique solution because the equations are linearly independent if
[ # k. The previous pair of equations imply that

Ay — 1 =kags1 + laj41.
Therefore, we obtain the solution (@g41,a;+1) is given by
(h—Dages = (A\—=Dy-1,
(k=Dajy1 = 1—y(\—k).
So, for the solution to be both basic and feasible we must have that 1/ (A —1) <~ < 1/(A — k) (with
strict inequality holding on one side).
If we evaluate the solution a1 = Ggt1, 41 = G141, air1 = 0 for ¢ ¢ {k, 1} in the objective function

we obtain

(e

[A] i [AJ+1
> aj | +d=[A)| D a
i=1 \j=1 j=1

= apy (k=D 4 ([N = k) (@1 + @)™ + (d = [A]) (@g1 + @ga)”
= ajyy (b —1) 4+ (d = k) (ar+1 +ae1)”
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Note that in the case v = 1/ (A — k) we have that ap11 = 1/ (A —k) and a; = 0 for ¢ # k + 1 is a feasible
extreme point with better performance than the solution involving ax+; and @41,

atyy (k=1) + (d = k) (@1 + ap1)® > (d = k) ajyy.

Consequently, we may consider only cases 1/ (A —1) < v < 1/ (A — k) and we conclude that the general
solution is given by

1 (e}
i i d—k)~y® 1—~vA=E)N" i — k—1
mm{o<k§p\ﬁr<11/(,\fk) {( )7+ 1= ( ) O§l<L>\jIn:11}})\fl)§'y (k — l) ( )} ’

IMALA-1/7] g 1\
min {< - >(m> }}'

Simplifying, we obtain (5.13). O

We conclude with some comments that are meant to provide some physical insight, and highlight
differences with the case of regularly varying job sizes.

If v < 1/, no finite number of large jobs suffice, and we conjecture that the large deviations behavior
is driven by a combination of light and heavy tailed phenomena in which the light tailed dynamics in-
volve pushing the arrival rate by exponential tilting to the critical value 1/, followed by the heavy-tailed
contribution evaluated as we explain in the following development.

If v > 1/ the following features are contrasting with the case of regularly varying service-time tails:

1. The large deviations behavior is not driven by the smallest number of jumps which drives the queueing
system to instability (i.e. [d — A]). In other words, in the Weibull setting, it might be cheaper to
block more servers.

2. The amount by which the servers are blocked may not be the same among all of the servers which
are blocked.

To illustrate the first point, assume v > b/ (A — | A]), in which case

A < A=b/],

and the optimal solution of ¢* reduces to

fe-n(:2))

Let us use [* to denote an optimizer for the previous expression; intuitively, d — [* represents the optimal
number of servers to be blocked (observe that d — |A] = [d — A] corresponds to the number of servers
blocked in the regularly varying case). Note that if we define

fO) =@d=t)(A=1)"",
for ¢ € [0, |A]], then the derivative f (-) satisfies
FO=ad—t)A=t)""""—A=t)"".

Hence, ( )
. A—ad
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and
: (A —ad)
f(t)>0<:>t>m,

with f(£) = 0 if and only if t = (\— ad) /(1 — a). This observation allows to conclude that whenever
v >b/ (A= |A]) we can distinguish two cases. The first one occurs if

(A —ad)

A=y

in which case I* = |A| (this case is qualitatively consistent with the way in which large deviations occur in
the regularly varying case). On the other hand, if

(A —ad)
(1-a)’

this case is the one which we highlighted in feature i) in which we may obtain d—1* > [d — A] and therefore
more servers are blocked relative to the large deviations behavior observed in the regularly varying case.
Still, however, the blocked servers are symmetric in the sense that they are treated in exactly the same way.

In contrast, the second feature indicates that the most likely path to overflow may be obtained by
blocking not only a specific amount to drive the system to instability, but also by blocking the corresponding
servers by different loads in the large deviations scaling. To appreciate this we must assume that A=1 <
¥ <1/ (= |A)):

In this case, the contribution of the infimum in (5.13) becomes relevant. In order to see that we can
obtain mixed solutions, it suffices to consider the case d = 2, and 1 < A < 2 and

[A] >

then we must have that [*

I/ A<y <1/(A—1).
Moreover, select v = 1/(A—1) — & and A = 2 — &3 for § > 0 sufficiently small, then
Y+ (1—y(A—1)*=1-6ba++o0(5%) <277,
concluding that .
=y - D) <z (5)

for 0 small enough and therefore we can have mixed solutions.

For example, consider the case d = 2, A = 149, o = 0.1 and v = ﬁ — 0.1. For these values,
Y+ 1=y (A=1)" <2 (%)a, and the most likely scenario leading to a large queue length is two big jobs
arriving at the beginning and blocking both servers with different loads. On the other hand, if v = ﬁ the
most likely scenario is a single big job blocking one server. These two scenarios are illustrated in Figure 1.

We conclude this section with a sketch of the proof for the matching lower bound in case v > 1/A.
Considering the obvious coupling between @ and (M, N ... ' N(4)) one can see that M(s)— Z'Z:l NG (s)
can be interpreted as (a lower bound of) the length of an imaginary queue at time s where the servers can
start working on the jobs that have not arrived yet. Therefore, P(Q((a + s)n) > bn) > P(Q((a + s)n) >

bn|Q(a) = 0) > P(M,(s) — Z?:l N,Si)(s) > b) for any a,b > 0. Let s* be the level crossing time of the
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Figure 1: Most likely path for the queue build-up upto times v; = ﬁ — 0.1 and v = ﬁ where the
number of servers is d = 2, the arrival rate is A = 1.49, and the Weibull shape parameter of the service
time is o = 0.1.

optimal solution of (5.11). Then, for any ¢ > 0,
P(Q(yn) > n) = P(My(s") = 3 N(s") > b)
i=1

d
P(NMy(s') — 5" /BA > —¢ and s"/BA= Y N{(s") > b+c)
i=1

Y

ZP(S*/EA—‘

3

d
V(D (s* €] — V,(s*) — s* < —e
3 (O )>b+) P(M( )~ s*/EA < )

Since P(M,,(s*) — s*/EA < —e) decays exponentially fast w.r.t. n,

logP(s*/EA - YL N (s*) > b
lim inf log P(Q(yn) > n) > lim inf og P(s"/ 2zt (s)>b+¢) > — inf I'(&, ..., &)

n—00 L(n ne n—o00 L(n)no‘ (&1,...,€q4)EA°

where A = {(&1,...,&4) : s*/EA—E?Zl &(s*) > b+e€}. Note that the optimizer (£5,...,&)) of (5.11) satisfies
s*/EA — Zle &(s*) > b. Consider (¢f,...,&)) obtained by increasing one of the job size of (¢5,...,&5) by
4 > 0. One can always find a small enough such § since v > 1/X. Note that there exists € > 0 such that
s'/EA — Ele &(s") > b+ e. Therefore,

oning 2 P(Q() > 1)

n—00 L(n)n®

> -—I'(&,...,&) > —c" — 0"

where the second inequality is from the subadditivity of z — x®. Since ¢ can be chosen arbitrarily small,
letting § — 0, we arrive at the matching lower bound.
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6 Proofs

6.1 Lower semi-continuity of / and I¢

Recall the definition of I in (2.2) and I¢ in (2.9).
Lemma 6.1. I and I are lower semi-continuous, and hence, rate functions.

Proof. We start with I. To show that the sub-level sets W () are closed for each v < oo, let £ be any given
path that does not belong to ¥(y). We will show that there exists an € > 0 such that dj, (§, U;(7)) > e.
Note that U;(y)*=(ANBNCND)=(AYUANB)UANBNC)U(ANBNCN D) where

A={£eD:£0)=0and {(1) =&(1-)}, B = {¢ € D : ¢ is non-decreasing},
C ={£eD:¢is apure jump function}, D={¢eD: Ete[O,l] (E(t) — £(t=))™ < 7).
where § = 1 max{|¢(0)|,]£(1) — £(1-)|}. Suppose not

For ¢ € A°, we will show that dj, (§,Ur(y)) > ¢ 5

so that there exists ¢ € W;(y) such that dj, (§,¢{) < 6. Then |((0)] > |£(0)| — 2§ and |{(1) — ¢(1—)| >
[€(1) — £(12)] — 26, That is, max{IC(O)], (1) — C(1-)[} > max{|£(0)] - 26, (1) — £(1-)| — 26} = 0.
Therefore, ¢ € A, and hence, I(¢) = oo, which contradicts to that ¢ € ¥y(v).

If ¢ € AN B, there are Ty < T such that ¢ £ ¢£(T,) — &(Ty) > 0. We claim that dj, (¢,¢) > c if
¢ € ¥s(y). Suppose that this is not the case and there exists ¢ € U;(y) such that dj, (£§,¢) < ¢/2. Let
A be a non-decreasing homeomorphism A : [0,1] — [0,1] such that || o A — {]|ec < ¢/2, in particular,
CoATs) > &(Ts) — ¢/2 and ¢ o AM(T}) < &£(T}) + ¢/2. Subtracting the latter inequality from the former, we
get (o A(Ts) — CoA(Ty) > &(Ts) — £(T:) — ¢ = 0. That is, ¢ is not non-decreasing, which is contradictory
to the assumption ¢ € ¥;(7y). Therefore, the claim has to be the case.

If ¢ € ANBNCS, there exists an interval [T, T3] so that ¢ is continuous and ¢ = £(T;) — &(Ts) > 0. Pick
§ small enough so that (¢ — 28)(26)*~! > ~. We will show that dj, (£, ¥;(7)) > §. Suppose that ¢ € U (y)
and dj, (¢,€) < 4, and let A be a non-decreasing homeomorphism such that || o A — £[lcc < d. Note that
this implies that each of the jump sizes of { o A in [T, T;] has to be less than 2§. On the other hand,
CoMTy) > &(Ty) — 0 and € o A(Ts) < &(Ts) + 6, which in turn implies that ¢ o A(T3) — (o A(Ts) > ¢ — 24.
Since ¢ o A is a non-decreasing pure jump function,

c=20<CoNT) —CoNT) = Y (CoAt)—CoA(t-))

te(Ts, Ty

= > (CoMt) = CoA(t—))"(CoAt) = (o A=) T < > (CoAt) = Cor(t—))(26)"

te(Ts, Ty te(Ts, Ty

That is, 35, 7 (CoA(#) —Co A(t—))" > (20)>~%(c — 26) > v, which is contradictory to our assumption
that ¢ € Uy(v). Therefore, dj, (£, ¥r(7)) > 4.

Fimadly7 let £ € ANBNCNDES. This implies that ¢ admits the following representation: £ = -, il 1
where w;’s are all distinct in (0,1) and > 2, 2 > ~. Choose k large enough and § small enough so that
Ele (x; —20)* > ~. We will show that d s, (£, Ur(7y)) > d. Suppose that this is not the case. That is, there
exists ¢ € ¥y(v) sothat dj, (§,{) < d. Let A be a non-decreasing homeomorphism such that ||[(oA—¢&||ec < 4.
Thus for each ¢ € {1,...,k}, (o A(u;) — Co A(u;—) > &(u;) — E(u;—) — 26 = x; — 26, and hence,

k k
I(Q) = D (CoA(ti) —CoA(ti—)* =D (CoAui) — > (@i —20)* >,
te0,1] i=1 =1
which contradicts to the assumption that ¢ € ¥y(v). O
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6.2 Proof of Proposition 2.1

Proof of Proposition 2.1. We start with the extended large deviation upper bound. For any measurable set
A,

P(X,€A) =P (X, €A dX,Y})<e)+P (X, €A dX,YF)>e¢
<P(YF e A) +P(d(Xn, V) > €). (6.1)

£(1) £(10)
From the principle of the largest term and (i),
logP(X, € A 1
lim sup log P(Xn € 4) < max {— inf Iy(z), limsup — log P (d(X,,Y,¥) > e)} .
n—o00 (7% TEA* n—oo 0n

Now letting & — oo and then € — 0, (ii) and (iv) lead to

1 _
. 1 < _lim i
llrgsolip o logP (X, € A) < ll_r)% mlenje I(x),
which is the upper bound of the extended LDP.
Turning to the lower bound, note that the lower bound is trivial if inf,c 40 I(2) = co. Therefore, we
focus on the case infze a0 I(z) < co. Consider an arbitrary but fixed § € (0,1). In view of (iii) and (iv),
one can pick € > 0 and k£ > 1 in such a way that

log P (d(Xn,Y,F) > €)

— inf I(z) < — inf I ) d li < —inf I(z)—1. (6.2
Jnf I(@) < — inf Ii(e) + an im sup o < - inf I(z) (6.2)
Hence .
log P(d(X,,YF) > ,
lim sup o8 P(d( )>) < — inf Ip(x)+0-—1. (6.3)
n—00 Qnp rEA~E

P(d(X,.Y})>e)

We first claim that
P (Y/f eA*ﬁ)

— 0 as n — oo. To prove the claim, we observe that

P(d(X,,Y,)) >¢) exp(logP(d(X,,Y,y) >¢))

P(YfeA—<)  exp(logP(V}e A))
k k —e an
_ {exp (10gP(d()in,Yn) > logP(YZ €A ))} | 6.4

From the lower bound of the LDP for Y,*,

logP(Y,Fe A=
lim sup — ogP (Y, ) < inf Ij(§).

n—00 An, T geAc

log P (d(Xn,¥})>c)  logP(vrea )

An an

This along with (6.3) implies that limsup,, . exp < > < e~ < 1, which
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in turn proves the claim in view of (6.4). Using the claim and the first inequality of (6.2),

1 1
liminf — log P (X, € A) > liminf —logP (Y,¥ € A7, d(X,,,Y;F) <¢)

n—o00 (Ap n—0o0 Ap

> lim inf -~ log (P (YF e A=) = P(d(X,, V) > ¢) )

n—00 Oy

= liminf i log <P(Yf e A_E) <1 B P(d(Xn,Y,{C) > e)))

n—00 @ P(Yéc € A*E)
_lznl}éréfalogP( €EA) > —zégfielk(x)z—wuelgl(x)—&
Since § was arbitrary in (0, 1), the lower bound is proved by letting § — 0. O

6.3 Proof of Lemma 2.1

We prove Lemma 2.1 in several steps. Before we proceed, we introduce some notation and recall a distri-
butional representation of the compound Poisson processes Y,,. It is straightforward to check that

N,

/>1x ([0.n] x dr) Z ()L, (),

where I = E1 + Fy + ... + Ej; E;’s are i.i.d. and standard exponential random variables; U;’s are i.i.d.
and uniform variables in [0,1]; N,, = Nn([(), 1] x [1, oo)); N, = Zfol (U1,Q&(T))> Where 6,y is the Dirac
measure concentrated on (z,%); Qn(z) 2 nv[z,00), and Q5 (y) = 1nf{s > 0:nv[s,00) < y}. It should be
noted that N is the number of I';’s such that I'; < nvy, where v; = 1/[1 00), and hence, N ~ Poisson(nvy).
From this, we observe that J* has another distributional representation:

k
_ 1
T2 LS QT 21N, < £ ORI

i=1 = Nn"l‘l

1>

JSk 2 <k

Roughly speaking, (@5, (T'1)/n,...,Qy5 (I'x)/n) represents the k largest jump sizes of Y,, and JS* can
be regarded as the process obtained by keeping only k largest jumps of Y;, while disregarding the rest.
Lemma 6.2 and Corollary 6.1 prove an LDP for (Qf (I'1)/n,...,Q5 (Tx)/n,Us,...,U). Consequently,
Lemma 6.3 yields a sample path LDP for J3 J<k. Finally, Lemma 2.1 is proved by showmg that J* satisfies

the same LDP as the one satisfied by J<k

Lemma 6.2. (Qﬁ(Fl)/n, QF (Ta)/n, ..., Q:(Fk)/n) satisfies a large deviation principle in RE with nor-

[0}

malization L(n)n®, and with good rate function

k .
. FoxY iy S ae > > >
Ik(Il, :Ek) = {Zz—l Te BT =d2 2 =@ 20 . (65)
00, 0.W.
Proof. Tt is straightforward to check that I}, is a good rate function. For each f € Cb(Ri), let
£ 1 Ln)n® F(QF (T1)/n, Q5 (T2) /..., Q5 (T'k) /)
A} = nh_)rrgo Lo log | Ee . (6.6)
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Applying Bryc’s inverse Varadhan lemma (see e.g. Theorem 4.4.13 of Dembo and Zeitouni, 2010), we can
show that (Q5 (T'1)/n,...,Q5 (I'y)/n) satisfies a large deviation principle with speed L(n)n® and good rate
function I, (x) if

A = sup {f(2) — Ti(x)} (6.7)

zeRk

for every f € Cy(RY).

To prove (6.7), fix f € Cp(RE) and let M be a constant such that |f(z)] < M for all z € RE. We
first claim that the supremum of Ay £ f — I is attained. Pick a constant R so that R® > 2M and let
Ap 2 {(z1,...,21) € Ri :R>x > -+ > xp}. Since Ay is continuous on Ag, which is compact, there
exists a maximizer & £ (%1,...,%x) of Ay on Ag. It turns out that # is a global maximizer of A;. To see
this, note that on Ag,

sup (f(e) ~ Fe(@)} > inf f(@)~ inf Lu(x) = inf (f(@)} > ~M.

while
sup  {f(z) — Ik(x)} < sup {f(z)-2M} <-M
zGRi\AH zGRi\AR
since Ij,(1,...,2;) > 2M on R% \ Ap. Therefore, SUD, crk Aj(x) = sup,ca, As(x), showing that & is
indeed a global maximizer. Now, it is enough to prove that

Ar(2) < liminf ﬁ log Y y(n) and lim sup log T r(n) < As(2), (6.8)
nn

1
n—00 n—oo L(n)n®

where
T4(n) 2 / eL(")naf(Q:(yl)/"x“';Q:(y1+"'+yk)/’ﬂ)e— Sk dyi . . . dyj.
Rk
+

We start with the lower bound—i.e., the first inequality of (6.8). Fix an arbitrary ¢ > 0. Since Ay is
continuous on Ay, 2 {(z1,...,21) € R’i imxq > -+ > xk}, there exists § > 0 such that z € B(ﬁ:;2\/E5) N
Ao implies A¢(z) > Af(&) — €. Since H?Zl[ﬁ:j + 6,25 + 28] € B(2;2vkd) and Q% (-) is non-increasing,
QS (Xl  yi)/n€ & +6,& +26) for all j =1,...,k implies

Ap(Q (y1)/my s @ (yr 4+ +yr)/n) = Ap(2) — e (6.9)

That is, if we define DJ (= D;,"""%'~") as

D& {y; € Ry : Q5 (X wi)/n € [ + 6,3, + 20]},
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then (6.9) holds for (yi1,...,yx)’s such that y; € DI for j = 1,..., k. Therefore,
Tf(n) = / eL(n)naAf (Q: (yl)/n,...,Q:(y1+---+yk)/n)+L(n) Ei‘c:l Q:(ijl yj)a_zi'c:1 Yi dyl . dyk
- / o / LA (Q57 ()/m @ (i) /m) 4 L) S @ (Shoa 1) =S iy iy
~ Jp} Dk
> / . / eL(n)n® (Af(f17~~~;ik)—€) eL(n) S @ (i v - Yidyy ... dy
Dy, Dk
[ [
Dk

L (g (@r,in) =€) L) S, (n(3it6)) =0, Yy ... dys

L (A i) =e) L Ty (net0)) / / e~ i vidy, . dy, (6.10)
D! Dk
@M, 2

lig

£(11),,

where the first equality is obtained by adding and subtracting L(n) Zl 1 Q“(E j=1Y;)" to the exponent
of the integrand. Note that by the construction of DJ’s,

Qn(n(@; +20)) <1+ -~ +yj < Qu(n(d; +9))

on the domain of the integral in (III),, and hence,
k
(11D, = e~ @@t I ( n(ii +0)) — Qn(n(@: + 25))). (6.11)
i=1

Since Qn (n(Zx +6)) — 0 and L (n(&; + 6)) n®(&; 4+ 0)* — L (n(&; + 26)) n®(&; + 26)* — —oo for each i,

1

n—oo L(n)n

- 1
Elﬂé%fW(‘Q"( (@ +9)) + Zl&fﬂgf 105 (@n (01 +9)) = Qu(n(a: +20)) )
= th 1nf 1og (ne—L("(fi+5))na(ii+5)“ (1 _ L ((@i48))n (£:i+6)% —L(n(2:+28))n (#:+26)" ))
_ n—o00

_ 5 s « 1 1— L(n(2;46))n“(2;+8)—L(n(2;+268))n (&; +26)°‘
_ Z limint L@ 0@ +9)7 | log(1—e
“— n—oo L(n)n® L(n)n®

k
== (& +0)". (6.12)
i=1
This along with

1 1 o .
i gy 18 (O = ity o (74820 7)) = At ) =

and

1
lim inf pov log (II),, = liminf

n—oo n (n) n—oo nN*L(n

log (MO Ty 2 5, 4
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we arrive atwhich implies
1

Letting € — 0, we obtain the lower bound of (6.8).
Turning to the upper bound, consider

Dprn = {(y1,y2,- -, yk) : Q5 (y1)/n < R},

and decompose Y ¢(n) into two parts:

k-
We first evaluate the integral over Df . Since |f| < M,
/ HO F (@5 @)/ Qi it ) o= i Tidry ... dxy

L (@ @1) /1 Q5 (@1t tan) fn) o= S5 " (e (o1 /s ry 1 - . A

i=1 mi]]-{mngn(nR)}dxl .. dIEk

_ /6L<n>naf(Q§<z1>/n ,,,,, Q (erttan) /n) - S

eL(n)n M 21 1 1]]'{11<Q (nR) }dIl dIk < eL(n)nD‘M(l _e—Qn(nR))

(6.13)

(6.14)

Turning to the integral over Dg,, fix € > 0 and pick {#(M,...,2(™} C R in such a way that

{Hk [Z; M _ j:;l) + e]}l covers Ag. Set

j=1 =1,..., m
Hrp1 = {(yl, ceyYk) € Ri 1 Q5 (y1)/n € [jzgl) —e,:izgl) —|—e],. Qi+ Fuyk)/n € [ )
Then Dgn, € U Hrn,, and hence,

/ L £ (QE () /e @i (nettw) n) o= Sy s gy e
DR n

< Z/ L £ (QE () /e @ bt w) 1) = S i gy e
Hp,n,

1=

IN

dyk

NERNNGE

LAy (1,82, 3k) / L S Q0 (S ) =S v gy -y
HR n,l

1

2H(R,n,l)
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_ / L0 A (@1 (00) /@i (et /) (L0 S5, QT (S )™ =S v gy i
1 YHR,n,

+e}.

(6.15)



where the first equality is obtained by adding and subtracting L(n )ZZ 1 Q“(E j=1Y;)" to the exponent
of the integrand. Since

Qi (i) /ne 5 —e &) + 6] = Qu(nE" + ) < X!y < Qu(nE! — o)),

we can bound the integral in (6.15) as follows:
/ L) S Q1 (5o w) =S v gy dy
HR,n,
< / A vty CTCAR) RS waRg? dyy ... dyy
Hp,n,
< / LTy (0@ =0)" = Qu (G 49) gy
Hp,n,

_ L, (0G0 -0) = Qu (n(a) +0) / dys . .. dy
Hp n,

k

k
_ Lmne T, @ =0 =@ (n@+o) H(Qn(n(jg ) = Qn(n(& —|—e))) (6.16)

=1

With (6.15) and (6.16), a straightforward calculation as in the lower bound leads to

1
li ——logH l
msup 7S log (R, n,1)
< limsup log (eL(")naAf@l’jQ’“jk)) + lim sup ! log (€L(n)"a (@0 =97 =Qn ("(ig)“)))
n— oo L(TL) « n— oo L( )na

+ Z lim SUp T (Qn( ( 6)) —Qn (”(555[) + 6)))
= Af(fL‘l, ceey ik).

Therefore,

1 1 « 1
liv?l»Solip L= log Ts(n) = livrln_}solip Lo log (eL(")" MQn(nR)> V max {liiri)solip W

yip) = (M = R%) V sup {f(z) = In(2)}.

acE]R

logH(R,n,l)}
< (M — RV Ag(&4,...,2

Since R was arbitrary, we can send R — oo to arrive at the desired upper bound of (6.8). O
The following corollary is immediate from Lemma 6.2 and Theorem 4.14 of Ganesh et al. (2004).

Corollary 6.1. (Q} (I'1)/n,...,Q% (Tk)/n,Un,...,Uy) satisfies a large deviation principle in R% x [0, 1]
with speed L(n)n® and the good rate function

. a Zlex? if 1 >x0>->x, and u,...,u; €[0,1],
Ty ULy .-, U) =

Ip(z1,. .., (6.17)

0, otherwise.

Recall that J$F = LS Q¢ (D)1
sample path LDP for Jn<k.

v,,1) and the rate function Iy defined in (2.5). We next prove a

36



Lemma 6.3. JSF satisfies the LDP in (D, Ty,) with speed L(n)n® and the rate function Iy.

Proof. First, we note that Ij is indeed a rate function since the sublevel sets of I equal the intersection
between the sublevel sets of I and a closed set D¢y, and I is a rate function (Lemma 6.1).
Next, we prove the LDP in D¢ w.r.t. the relative topology induced by 7j,. (Note that Ij is a rate

function in Dgy as well.) Set Ty (z,u) = Zle 21}y, 1] Since

inf I (z,u) = I (€)
(z,u) €T, (&)

for £ € D¢y, the LDP in D¢y, is established once we show that for any closed set F' C Dy,

1 . .
limsup ———— log P (Jf’C € F) < — inf I (z,u), 6.18
n—00 L(n)na (z,u)ET, *(F) ( ) ( )

and for any open set G C Dy,

1 ~
—  inf  fy(e,u) <liminf ——lo P(Jf’“eG). 6.19
(z,0)ET, 1 (G) ) = B T 18 (619

We start with the upper bound. Note that

1
lim su
n—»oop L (n)na

log P (j,fk € F)

(
( ~

< - inf Ii(xy, .o Tg, ur, .o ug).

1
= lim sup Toone logP
nOL

5D 7o (Qi (T1), -, Qi (), Un,... U) € T (F) )
< limsup ———logP

oo L(n)n (@7 (T1),. -, Qi (Tn), Uy, Uk) € T (F)*)

In view of (6.18), it is therefore enough for the upper bound to show that

inf I (x,u) < inf I (x,u).
(z,u) €T, (F) (z,u) €T, H(F)~

To prove this, we proceed with proof by contradiction. Suppose that

= inf I (x,u) > inf I (z,u). (6.20)
(z,u) €T (F) (zuw)€T, H(F)~

c

Pick an € > 0 in such a way that inf(zﬁu)ekal(F), fk(x, u) < ¢ — 2¢. Then there exists (z*,u*) € T;l(F),

such that fk(x*, u*) < c—2e. Let Iy(xy,..., x5, u1,. .. ug) 2 Zle x$. Since Ifkiis continuous, one can find
(' u') = (2}, ..., 2}, ul, ... u}) € T, ' (F) sufficiently close to (z*,u*) so that I(2',u’) < ¢ —e. Note that
for any permutation p : {1,...,k} — {1,...,k}, (2", u") & (:v;(l), ... 7$;(k)7“;(1)1' .. ,u;(k)) also belongs

to T, ' (F) and I (2", u") = I;(2',u') due to the symmetric structure of T}, and Ir. If we pick p so that
x;(l) > > x;(k), then Ip(z”,u”) = Tp(z/,u') < ¢ — e < inf(zﬁu)ekal(F) I (z,u), which contradicts to
(2", u") € T;7' (F). Therefore, (6.20) cannot be the case, which proves the upper bound.
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Turning to the lower bound, consider an open set G C Dgy.

o 1 Sk
hnn_1>1£f Lnyne log P (Jn € G)

- 1iminfﬁlogP((Qﬁ(F1),...,Q,T(Fk),Ul,...,Uk) e T7(0))

n— o0 (n)n
- 1 1m0
> — inf fk(xl,...,xk,ul,...,uk).
(1,00 Th U, uk)GT,Ql(G)°

In view of (6.19), we are done if we prove that

inf Iy(z,u) < inf I (z,u). (6.21)

f— )

(m,u)GTl;l(G)o (z,u)GT,;l(G)
Let (z,u) be an arbitrary point in T, '(G) so that Ty(z,u) € G. We will show that there exists (z*,u*) €
T, ' (G)° such that Iy (z*, u*) < Ix(z,u). Note first that if u; € {0, 1} for some 4, then 2; has to be 0 since
G C Dgy. This means that we can replace u; with an arbitrary number in (0, 1) without changing the value

of I and Tj. Therefore, we assume w.l.o.g. that u; > 0 for each i = 1,...,k. Now, suppose that u; = u;
for some ¢ # j. Then one can find (2, u’) such that Ty (2',u’") = Ti(x, u) by setting

AN ’
(2" u) = (1, im0, O T Uy U e, UG U,
i*® coordinate  j*® coordinate k+i*™® coordinate k4" coordinate

where u/; is an arbitrary number in (0, 1); in particular, we can choose v so that ) # w; for I = 1,... k.

It is easy to see that Iy (', u) < Irx(z,u). Now one can permute the coordinates of (z’,u’) as in the upper
bound to find (2, u”) such that Ty(z”,u") = Ti(x,u) and I (2", u") < Ix(z,u). Tterating this procedure
until there is no ¢ # j for which u; = uj, we can find (z*,u*) such that Ty (2*, u*) = Ti(z,u), uf’s are all
distinct in (0,1), and Ip(z*,u*) < Ix(x,u). Note that since T} is continuous at (z*,u*), Tx(z*,u*) € G,
and G is open, we conclude that (z*,u*) € T, '(G)°. Therefore,
inf I (z,u) < Ip(z,u).
(z,u)GT;l(G)O

Since (x,u) was arbitrarily chosen in T, *(G), (6.21) is proved. Along with the upper bound, this proves
the LDP in Dgy. Finally, since Dgy, is a closed subset of D, P(JS* ¢ Dgy) = 0, and I, = oo on D\ Dgy,
Lemma 4.1.5 of Dembo and Zeitouni (2010) applies proving the desired LDP in D. O

Now we are ready to prove Lemma 2.1.
Proof of Lemma 2.1. Recall that

jsg ZQ& Ul__]l{N <k} Z Qy, (i), 1 -

i= Nn"l‘l

<k
=Jn :j,fk

Let F' be a closed set and note that
P(JEe F)=P(JSF — sk e F) <P(JsF — JsF € F,1{N(n) < k} = 0) + P(1{N(n) < k} #0)
<P(JSF € F) + P(N(n) < k).

n
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From Lemma 6.3,

. gP(JheF) logP(JskeF) log P(N(n) < k)
1 <1 V1 —_—
W L T YT Ligee et L{npne
<
< — inf I (€),
since limsup,,_, o W logP(N(n) < k) = —o0.

Turning to the lower bound, let G be an open set. Since the lower bound is trivial in case inf cq Ix(2) =
oo, we focus on the case inf,ecq I (z) < oco. In this case,

Tk Tk > 7<k >
lim i logP(J; € G) > Tim inf logP(Jy € G, N(n) > k) — liminf logP(J3% € G, N(n) > k)

n—00 L(n)n® n—00 L(n)n® n—00 L(n)n®

R 1 i<k
> J— X —
lim inf o log (P(Jn €eG)—P(N(n)< k))

n—00 (n)

— limin 1 o <k _P(N(n) <k)
= minf 7 ryne 108 (P(J” €C) <1 P(J5F @) ))

fio (075t < ) 4100 (1 2N < 1)

- hnrggéf L(n)n®

o 1 A<k :
= _ = > — .
lim inf e logP(J3" € G) inf It (&)

n—oo L(n Ie

The last equality holds since

o L(n)n®

P(N k logP(N k logP(JSk e G

im P(WN(n) < k) Agz) <k) = lim {exp 0gP(N(n) <k) logP(Ji" € G) =0 (6.22)
n—00 P(Jn\ c G) n—oo L(n)no‘ L(n)no‘

which in turn follows from

logP(JS* € G) < inf Ij(z) < .

1
limsup ————1log P(N(n) < k) = —o0 and lim sup n £
n rEe

-1
n—00 L(TL) n—00 L(n)na

O

6.4 Proof of Lemma 2.2

Proof of Lemma 2.2. Since the inequality is obvious if infeep I(€) = oo, we assume that infeep I(£) < oo.
Then, there exists a § € G such that I(§) < I(G) 4 ¢. Since G is open, we can pick € > 0 such that
By, (§0;2¢) C A, and hence, By, (§;¢) C G~°. Note that since I(§) < oo, & has the representation
& = Z;’il Tilpy,, 1) where x; > 0 for all ¢ = 1,2,..., and u;’s all distinct in (0,1). Note also that since
I(&) = Yo a8 < oo with a < 1, 372, @; has to be finite as well. There exists K such that k& > K
implies > 7%, #; < e If we fix k> K and let & £ Zle i L1y, 1), then I1(&1) < I(&o) while dj, (§o,&1) <
160 = &illoe < Poitpy1 i < e Thatis, & € By, (§os¢) C A~ Therefore, infeca— I4(§) < I(&1) < (&)
infec s I(§) + 0.

OIA L

6.5 Proof of Lemma 2.3

In our proof of Lemma 2.3, the following lemmas—Lemma 6.4 and Lemma 6.5 play key roles.
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Lemma 6.4. Let f > «. For each e > § >0,

J
lim sup W log P ( max (Z,L']].{Zign(;} - EZ) > ne) < —(e/3)%(e/6) 5. (6.23)

n—oo L 1<j<2n &
1=

Proof. We refine an argument developed in Jelenkovi¢ and Moméilovié (2003). Note that for any s > 0
such that 1/s < nd,

Ee*Ztzsns) = Bt Mz g 1y + Be®?HZ5n 1y 4y = (1) + (1), (6.24)

and

() = / eVAP(Z < ) + / dP(Z < y)
[1/s,n6] (nd,o0)
(nd)+

= {esyP(Z < y)}(l/s)i

- s/ eP(Z < y)dy + P(Z > nd)
[1/5,né]

=e"™P(Z <nd) —eP(Z < 1/s) — s/

e*dy + s/ eP(Z > y)dy + P(Z > nd)
[1/s,mé] [1/s,né]

_ eanP(Z < n5) —GP(Z < 1/5) —65n6+6—|—5/ esyP(Z > y)dy—l—P(Z > n5)
[1/s,n6]

= —e"P(Z >nd) +eP(Z > 1/s) + s/ e P(Z > y)dy + P(Z > no)
[1/s,n6]
gs/ e'P(Z > y)dy + eP(Z > 1/s) + P(Z > no)
[1/s,n6]
< s/ eP(Z > y)dy + s*(e + 1)EZ? (6.25)
[1/s,n6]
where the last inequality is from P(Z > nd) < P(Z > 1/s) < s> EZ?; while
1/s 1/s
(IT) < / eVdP(Z < y) < / (1+sy+ (sy)*)dP(Z <y) <1+ sEZ+s°EZ% (6.26)
0 0
Therefore, from (6.24), (6.25) and (6.26), if 1/s < nd,

néd
Ee*Zzsns) < s/ VP (Z > y)dy + 1+ sEZ + s*(e + 2)EZ?
1

nd
= s/ eV 1 dy 41 4 sEZ + s%(e + 2)EZ>
1

s

< snd (esné*q(n‘s) + 617(1(%)> +1+sEZ +s*(e +2)EZ? (6.27)

where g(z) £ —logP(X > z) = L(x)z® and the last inequality is since e*¥~9) is increasing due to the
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a—1

assumption that L(y)y

J
P (Z (Zil{z,<nsy — EZ) > ne)

is non-increasing. Now, from the Markov inequality,

=1

J
<P (exp (s Z Zi]]-{Zi<n6}> > exp (s(ne —i—jEZ)))

i=1
< exp {—S(ne —I—jEZ) + jlog (EeSZ]L{ZSnJ})}

< exp {—s(ne +JEZ) +j (sné (65"5—‘1<"‘5> + el—q@) +SEZ + s%(e + 2)EZQ>}

= exp {—sne + jsné (65"5_‘1("6) + el_q@)> + js%(e + 2)EZ2}

< exp {—sne + 2n%sd (esné*q(”‘s) + elfq(%)) + 2ns?(e + 2)EZ2} (6.28)
for 7 < 2n, where the third inequality is from (6.27) and the generic inequality log(z + 1) < z. Fix

v € (0,(¢/8)'=P) and and set s = %. From now on, we only consider sufficiently large n’s such that

1/s < nd. To establish an upper bound for (6.28), we next examine e*"9~4("%) and e!=9(3), Note that
q(ne) < q(nd)(e/s5)” for sufficiently large n’s. Therefore,

~—

s — o) = T80V 5 4(00) < o)/~ — a(nd) = ~a(nd) (1 = 1(5/)*?) < 0

and hence,
esné—q(nﬁ) < e—q(nls)(l—V(‘s/ﬁ)liﬂ)' (629)
For =95 note that 1 — q(1/s) < 1 — v Pq(ne)* =7 since q(ne) < Q (1/s) v q(ne)?. Therefore,
el=a(3) < =7 Pa(ne) 77 (6.30)

Plugging s into (6.28) along with (6.29) and (6.30),

J
,max P (Z} (Zil{z,<nsy — EZ) > ne)

2 2 2
2y9ng(ne) (e*q(m?)(l*'y(é/e)l’ﬁ) +6177’5q(ne)1*5) I 27%(e + 2)EZ* q(ne) }
n

< exp {—7(1(716) + 2
€ €

Since
i sup — - 210na(ne) (cmr(=26/0") 4 1= =) o,

n—oo L(n)n® €

and 27v%(e + 2)EZ? q(ne)?
hgl_igp (n)ne €2 n 0

we conclude that

1 ” . —q(ne) 4

hrrLILsng W Og}%};ﬂP (; Ziliz,<nsy — EZ) > ne) = hrrLILsng W = —€%y.
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From Etemadi’s inequality,

1 J
lim sup m logP < max (Z,L']].{Zign(;} — EZ) > 3ne>
1

n—o0 L 0<j<2n 4
1=

1 J .
< lim sup ml {302?5111) <; (Zi]].{ZiSn(;} - EZ) > ne)} = —e%y.

n—r oo L

Since this is true for arbitrary 4’s such that v € (0, (¢/6)*~#), we arrive at the conclusion of the lemma.
o

Lemma 6.5. For every e, § > 0,
1 J
limsup ——— (e 1ogP < sup E (EZ— Zi]]-{Zigné}) > ne) = —00.

n— o0 L 1<5<2n =1

Proof. Note first that there is ng such that E (Z; ]]-{Zl>n6}) < g for n > ng. For n > ng and j < 2n,

(
J
P(Z (EZ - Ziliz,<ns)) >ne> :P<
=1

(EZL1{z<nsy — Zil{z,<nsy) > ne — jEZ]l{Z>n5}>

M-

E
<P EZ]l{ZSmg} — Zi]l{ZiSmS}) > ne —j€/3>

Il
-

3

<r(3

Let Y™ 2 E(Z;1;4,<ns)) — Zil{z,<ns}, then BY," = 0, var V") < EZ?, and ;") < EZ almost surely.
Note that from Bennet’s inequality,

M)~

ne
(BZLiz<ns) — Zil{z,<n5)) > g)

1

J
P <Z (EZ1(z,<nsy — Zil{z,<ns}) > %)
1=1

o [ jvarY (™ 4" EZ loe (1 4+ "€ EZ neEZ
xp |t _nens _
= &P | (EZ)? 3jvarY (™ & 3jvarY (™ 3jvarY (")
o [ jvarY (™ neEZ loe (14 "€ EZ neEZ
xp | — _
= &P | (EZ)? 3jvarY (®) & 3jvarY () 3jvarY(m)
[ n neEZ ne
< _ ] _
=P {(3EZ) Og( +3jvarY(")) (3EZ)H
[ € eEZ €
< _ - _
=P ”{(3Ez)log (1+6EZ2> (3EZ)H

for j < 2n. Therefore, for n > ng and j < 2n,

P (Z: (BZ — Zil{z,<0sy) > ne) < exp {—n{(ﬁ) log (1 + gEEJZZQ> - (3;2)}} .
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Now, from Etemadi’s inequality,

1 J
limsup————1log P ( sup Z (EZ - Zi]l{zigna}) > 3ne>

n—o0 L(n)na 1<j<2n =

=1

1 € eEZ €
< limsup ——— 1 —nd (=) 10g (1 - — .
R Ay Og{?’eXp[ "{(3EZ) °g< +6EZ2) (3EZ)H} >

Replacing € with ¢/3, we arrive at the conclusion of the lemma. O

1 J
<1l . — Z
< lim sup L log {3 1%?57113 <Z (EZ Zz]l{ZiSnt?}) > ne) }

Now we are ready to prove Lemma 2.3.
Proof of Lemma 2.5.
P (||K} ] > €)
<P (|Kf||w > e, N(nt) > k) + P (| KE| oo > €, N(nt) < k)
<P (Hf(;gnm >, N(nt) > k, Zp14 < n5) +P (||f(j§|\oo > e, N(nt) > k, Zp 1 > n5) +P(N(nt) < k)

<P (HK’jHOO >, N(nt) > k, Zp14 < n5) 4P (N(nt) >k, Zpor g > n5) FP(N(nt) <k). (6.31)

An explicit upper bound for the second term can be obtained:

Qn(né) 1
P (N(t) > b, Zyor gy > n8) < P(Q} (D) > nd) = P (T < Qu(nd) = / ety
0 .
nv[nd,oo) nv(nd,oo)
_ / itk—le—tdt < / k=1gp — lnke—kL(mS)naéa'
0 k! ~—Jo k
Therefore,
1
limsup ———— log P (@ (Tx) > nd) < —kd”. (6.32)

n—oo L(n)n®

Turning to the first term of (6.31), we consider the following decomposition:

P (| KElloo > € N(nt) = b, Zy1(y < )

=P <N(nt) 2k, Zpo1py < n&,tg%]?l] Kr(t) > 6) +P <N(nt) 2k, Zp-1gy < n&,tg%]?l] —KX(t) > 6) .

£(3p) £ (ii)
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Since ZRgl(k) < nd implies ]]-{Rn(i)>k} < ]]-{Zigné}v

N(nt)

i <P tz%pl] Z (Zi]l{Rn(i)>k} — EZ) > ne, N(nt) > k, Zp-igy < nd
Al =1

N(nt) J
<P su Ziliz,<nsy —BZ) >ne | =P su Zilsz,<nsy —BEZ) >n
te[ol,ol] ; ( (o} ) ‘ <O<j<11i)/(n);( {zisno) ) 6)

J
<P < sup Z (Zi]].{zign(;} — EZ) > ne, N(n) < 2n> +P(N(n) > 2n)

0<j<2n i=1

j
<P < sup Z (Zi]].{zign(;} — EZ) > ne) + P(N(n) > 2n).

0<j<2n i=1

From Lemma 6.4 and the fact that the second term decays at an exponential rate,

. 1 -k a 1-8
[ — _ < < - . .
hyrlri)solip L(n)nO‘P <ZRn1(k) < né,ti?(.)l?l] K} (t) > 6) < —(e/3)%(e/9) (6.33)

Turning to (ii),

N (nt)

(i) <P sup > (BEZ-Zil(g,@>ky) > ne
tel0,1] ;=
N (nt)

—-P s > (EZ — Zil{z,<nsy + Zi (L{z,<ns) — H{Rn<z‘>>k})) > ne
te0,1] ;5

N (nt)

<P | swp Y (EZ — Ziliz,<nsy + Zﬂl{zism}mwn(i)sm) > me
telo,1] ;=
N(nt) N(nt)

<P| sup Z (EZ — Zi]]-{Z¢<n5}) +knd >ne| =P | sup Z (EZ — Zi]]-{Zi<n§}) > n(e — ko)
tel0,1] ;=1 - tel0,1] ;4 -

J
<P < sup E (EZ - Zi]]-{Zi<n6}) > n(e — kd), N(nt) < 2n> + P(N(nt) > 2n)
0<j<2n i=1 N

J
<P < sup (EZ - Zin{zigmg}) > n(e — k5)> +P(N(nt) > 2n).

Applying Lemma 6.5 to the first term and noticing that the second term vanishes at an exponential rate,
we conclude that for § and k such that kd < e

1 _
limsup————1logP [ Z,-1,,, < nd, sup —Kﬁ t) >e| = —o0. 6.34
n—oo  L(n)n® < R (k) t€[0,1] () (6.34)
From (6.33) and (6.34),
. 1 ok a 1-
limsup 7P (ZR#(,C) < 16, | KF||oo > e) < —(/3)%(¢/8) ", (6.35)
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This together with (6.31) and (6.32),

lim sup P (HKﬁHOO >€) < max{—(e/3)%(e/6)! 7P, —k6*}
for any 0 and k such that k6 < e. Choosing, for example, § = 57 and letting k& — oo, we arrive at the
conclusion of the lemma. O

6.6 Proof of Theorem 2.3

We follow a similar program as in Section 2.1 and the earlier subsections of this Section. Let ng) () &
Q,T(F;l))/n where Qf (t) = inf{s > 0 : nv[s,00) < t} and I‘l(l) =EBY 4.4 El(l) where E]@’s are

independent standard exponential random variables. Let U ]@ be independent uniform random variables in

[0,1] and A ( _Sf)(l), e _Sf)(k), Ul(i), e U,Ei)). The following corollary is an immediate consequence

of Corollary 6.1 and Theorem 4.14 of Ganesh et al. (2004).

Corollary 6.2. ( Wz ) satisfies the LDP in HZ 1 (R x[0,1] ) with the rate function I¢(z, ... 2(d)) &
Z‘;:l I, (29)) where z0) = (xgj), :v,(j),ug ) ) for each j € {1,...,d}.

<k (¢
Let J () A Z] lQ ( ) [U;i),l]'

Lemma 6.6. (jfk(l), e jfk(d)) satisfies the LDP in H?Zl D ([0, 1], R) with speed L(n)n® and the rate
function

&, . ) 2 zd:Ik(fi) = {zg—l Pty &) = &(t=) if & €Dgy for i=1,....d,
i=1

otherwise.

Proof. Since I, is lower semi-continuous in H'Z:l D([0,1],R) for each ¢, I, .k, is a sum of lower semi-
continuous functions, and hence, is lower semi-continuous itself. The rest of the proof for the LDP upper
bound and the lower bounds mirrors that of one dimensional case (Lemma 6.3) closely, and hence, omitted.

O

Proof of Lemma 2.4. Again, we consider the same distributional relation for each coordinate as in the
1-dimensional case:

1
JOJa ZQ(Z ()1, 1]——]1{N(1)</€} Z QY ()L, 1 -

Jj= N()Jrl

F<k () DAY
=J A0

Let F' be a closed set and write

d
P((JFM . JFDy e p) < P((j§k<1>, LISy e Bt (NG < k) = o) +) P(L{N{) <k} #0)
=1

IN

P((jfk“),...,Jn (d)) ) ZP (1{NS) < k} #0).
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From Lemma 6.6 and the principle of the largest term,

logP((jff(l),... J(d))eF) logP((J\k(l) .,J (d))EF)

li <l vV li
e L(n)n® =nnp L(n)n® it d e P T L (n)ne
< — inf 1y--5&d)-
(&15--5€a)€ (5 & )

Turning to the lower bound, let G be an open set. Since the lower bound is trivial in case inf,cq I (z) = oo,
we focus on the case infyeq I(x) < co. In this case, from the similar reasoning as for (6.22),

logP((JEW .. Ty e @) logP((JFW, . D)y eq, oL, 1{NY > k) =0)

lim inf > liminf

n—oo L(n)na n— oo L(n)no‘
_ logP((SFW L JsE Dy e g o 1N > k) = 0)
= liminf =
n—00 L(n)n®

1 . . .
> lim inf ——— log (P((Jf’“(l), L JSE@Y € G) — aP(ND < k))

1 N ~
= liminf ————log P((/i*(V.... . J5* ) € G)

n—oo L(n)n

> — inf IHE, .. ).
T (&1,-£0)EG b6 &)

O

The proof of Lemma 2.5 is completely analogous to the one-dimensional case, and therefore omitted.

A Mj] topology and goodness of the rate function

Let D[0, 1] be the space of functions from [0, 1] to R such that the left limit exists at each ¢ € (0,1], the
right limit exists at each ¢ € [0,1), and

§(t) € [§(t—) ANE(t+), &(t—) v E(t+)] (A.1)
for each ¢ € [0, 1] where we interpret £(0—) as 0 and £(1+) as £(1).
Definition 1. For £ € D, define the extended completed graph T"(€) of € as
I'(€) £ {(u,t) e R x [0,1] s u € [€(t=) AE(t+), &(t—) VE(EH)]}
where £(0—) 2 0 and £(14) £ £(1). Define an order on the graph T'(£) by setting (u1,t1) < (ug,ta) if either
oty <ty or
o t1 =ts and |E(t1—) — ur| < |€(ta—) — ual.

We call a continuous nondecreasing function (u,t) = ((u(s),t(s)), s € [0,1]) from [0,1] to R x [0,1] a
parametrization of I'(§)—or a parametrization of E—if TV(§) = {(u(s),t(s)) : s € [0,1]}.

Definition 2. Define the M{ metric on D as follows

darr (§,€) é( t;gf {llu = vloo + 1[It = 7loo }-
<v’r>er <<>
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Let DT £ {¢ € D: ¢ is nondecreasing and £(0) > 0}.

Proposition A.1. Suppose that & € D with £(0) > 0 and &, € DT for each n > 1. If T 2 {t € [0,1] :
En(t) = Eo(t)} is dense on [0,1] and 1 € T, then &, et €0 € DT where & (t) £ limgy; £o(s) for t €[0,1) and
(1) £ &(1).

Proof. 1t is easy to check that éo has to be non-negative and non-decreasing, and for such éo, &o should
be in D, Let (z,t) be a parametrization of I'(&), and let € > 0 be given. Note that I"(&) and I"()
coincide. Therefore, the proposition is proved if we show that there exists an integer Ny such that for each
n > N, IV(&,) can be parametrized by some (y,r) such that

[ = Ylloo + ([t = 7lloo <€ (A-2)

We start with making an observation that one can always construct a finite number of points S =
{Si}i:O,l _____ m g [O, 1] such that

(S1) 0=s0<s1 < - <8p=1

S2) t(s;) —t(si—1) <e/dfori=1,....m

S3) x(s;) —x(si—1) <¢/8fori=1,....,m

S5

(52)

(S3)

(S4) if t(sg—1) < t(sk) < t(Sk41) then t(sy) € T

(S5) if t(sg—1) < t(sk) = t(Sk+1), then ¢(sp—1) € T} if, in addition, k — 1 > 0, then t(sg—2) < t(sk—1)
(S6)

S6) if t(sp—1) = t(sk) < t(Sk+1), then t(sg+1) € T if, in addition, k + 1 < m, then t(sgp4+1) < t(Sk+2)

One way to construct such a set is to start with S such that (S1), (S2), and (S3) are satisfied. This is
always possible because x and ¢ are continuous and non-decreasing. Suppose that (S4) is violated for some
three consecutive points in S, say Sip—1, Sk, Sk+1. We argue that it is always possible to eliminate this
violation by either adding an additional point §; or moving sj slightly. More specifically, if there exists
8k € (Sk—1,8k+1) \ {8k} such that ¢(8;) = t(sy), add 8 to S. If there is no such §, #(-) has to be strictly
increasing at s, and hence, from the continuity of x and ¢ along with the fact that T is dense, we can
deduce that there has to be 5 € (sk—1, sk+1) such that t(5x) € T and |¢(8;) — ¢(sk)| and |z(8k) — x(sk)]
are small enough so that (S2) and (S3) are still satisfied when we replace s with 5 in S. Iterating this
procedure, we can construct S so that (S1)-(S4) are satisfied. Now turning to (S5), suppose that it is
violated for three consecutive points si_1, Sk, Sg4+1 in S. Since T is dense and t is continuous, one can
find §; between si_; and s such that ¢(sx—1) < t(8k) < t(sg) and ¢(8x) € T. Note that after adding
Sk to S, (S2), (S3), and (S4) should still hold while the number of triplets that violate (S5) is reduced
by one. Repeating this procedure for each triplet that violates (S5), one can construct a new S which
satisfies (S1)-(S5). One can also check that the same procedure for the triplets that violate (S6) can
reduce the number of triplets that violate (S6) while not introducing any new violation for (S2), (S3),
(S4), and (S5). Therefore, S can be augmented so that the resulting finite set satisfies (S6) as well. Set
SE{s;eS:t(s;)eT, t(si_1) < t(s;)in case i >0, t(s;) < t(siy1) in case i < m} and let Ny be such that
n > Np implies |€,(t(si)) — &o(t(si))| < €/8 for all s; € S. Now we will fix n > Ny and proceed to showing
that we can re-parametrize an arbitrary parametrization (y’,r") of I'(§,) to obtain a new parametrization
(y,7) such that (A.2) is satisfied. Let (y/,7’) be an arbitrary parametrization of I'(§,,). For each 4 such that
si€ 8, let s} 2 max{s > 0:1(s) = t(s;)} so that r'(s}) = t(s;) and &,(r'(s;)) = v/(s;). For i’s such that
s;i € S\ S, note that there are three possible cases: t(s;) € (0,1), t(s;) = 0, and #(s;) = 1. Since the other
cases can be handled in similar (but simpler) manners, we focus on the case t(s;) € (0,1). In this case, one
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can check that there exist k and j such that k < i < k+ j, t(sp—1) < t(sg) = t(Sk+j) < t(Sk+j+1), and
Sk—1,Sk+j+1 € S. Here we assume that k£ > 1; the case k = 1 is essentially identical but simpler—hence
omitted. Note that from the monotonicity of &, and (A.1),

w(sk—2) < €o(t(sp—2)+) < Eo(t(se—1)—) < &o(t(sk-1)) < Eol(t(sp—1)+) < Eolt(sk)—) < z(sk),

ie., &o(t(sp_1)) € [x(sp_2), 2(sk)], which along with (S3) implies |€o(¢(sk_1)) — z(sx_1)| < /8. From this,
(S5), and the constructions of s}, and Ny,

[y (s—1) = 2(sk-1)| = € (' (5}-1)) — (51|
= 1€ (r" (51—1)) = €o(t(si—1))] + [0 (¢(58-1)) — 2(s5-1)]
= [€n(t(s1-1)) = &o(t(sr—1))] + €0 (t(s8-1)) — @(s-1)] < /4.

Following the same line of reasoning, we can show that [y'(s}, ;1) — (sk+j+1)| < €/4. Noting that both x
and y’ are nondecreasing, there have to exist s}, s} q,..., 8}, ; such that sj_; <sj < <sp, . <sp i
and |y'(s)) —z(s;)| < e/dfor l =k,k+1,...,k+ j. Note also that from (S2),

t(si)—e/4 = t(sk)—€/4 < t(sk—1) =1 (s)_1) S 7(s)) <7/ (Shyju1) = Elskrjrn) < t(skej)te/d = t(st)+e/4,

and hence, |1'(s)) —t(s;)| < e/4 for l = k,..., k+ j as well. Repeating this procedure for the ¢’s for which

s} is not designated until there is no such #’s are left, we can construct si,...,s,, in such a way that

ly'(s) — x(s;)| < €/4 and |7 (s5) —t(si)| < €/4

for all i’s. Now, define a (piecewise linear) map A : [0,1] — [0,1] by setting A(s;) = s at each s;’s and
interpolating (s;, s)’s in between. Then, y £ 3’ o A and r £ 7/ o X consist a parametrization (y,r) of I'(£,)
such that |x(s;) — y(s;)| < €/4 and |t(s;) — r(s;)| < €/4 for each i = 1,...,m. Due to the monotonicity of
x, y, t, and r along with (S2) and (S3), we conclude that ||y — x| < €/2 and ||t — r||cc < €/2, proving
(A.2). O

Proposition A.2. Let K be a subset of DT. If M £ supee e [|€lloe < 00 then K is relatively compact w.r.t.
the M, topology.

Proof. Let {&,}n=1,2,... be a sequence in K. We will prove that there exists a subsequence {&,, }x=12,... and

yeen

that & (1) (t1) converges to a real number z; € [-M, M]. For each i > 1, given {n,(j)}, one can find a further
T

subsequence {néi+l)}k:1,27___ of {TLS)}]@:LQV” in such a way that fn(i+1)(ti+1) converges to a real number
k

Tir1. Let np £ n®) for each k = 1,2,.... Then, &,, (t;) — x; as k — oo for each i = 1,2,.... Define a
+ k k

function éo :T — R on T so that éo(ti) = x;. We claim that éo has left limit everywhere; more precisely,
we claim that for each s € (0,1], if a sequence {s,} C T'N[0,s) is such that s, — s as n — oo, then &y(s,)
converges as n — co. (With a similar argument, one can show that éo has right limit everywhere—i.e., for
each s € [0,1), if a sequence {s,} C T N (s,1] is such that s, — s as n — oo, then & (s,) converges as
n — o00.) To prove this claim, we proceed with proof by contradiction; suppose that the conclusion of the
claim is not true—i.e., éo(sn) is not convergent. Then, there exist a € > 0 and a subsequence r, of s, such
that

|60 (Tns1) — €o(rn)| > . (A.3)

Note that since & is a pointwise limit of nondecreasing functions {£,, } (restricted on T'),

48



e & is also nondecreasing on T, (monotonicity)

o sup,er [So(t)] < M. (boundedness)

However, these two are contradictory to each other since the monotonicity together with (A.3) implies

éo(rNOJrj) > & (rn,) + je, which leads to the contradiction to the boundedness for a large enough j. This
proves the claim.

Note that the above claim means that éo has both left and right limit at each point of T'N (0, 1), and
due to the monotonicity, the function value has to be between the left limit and the right limit. Since T'
is dense in [0, 1], we can extend £ from T to [0,1] by setting &(t) £ limttiﬁtt £o(t;) for t € [0,1] \ T. Note

i>

that such éo is an element of D and satisfies the conditions of Proposition A.1. We therefore conclude that
&n, — & € DT in MY as k — oo, where & (t) £ limg); £o(s) for t € [0,1) and & (1) = &y(1). This proves
that K is indeed relatively compact. o

Recall that our rate function for one-sided compound poisson processes is as follows:

Tyt (6) = Zte[o,l} (&@) - §(t—))a if £ is a non-decreasing pure jump function with £(0) > 0,
M) o otherwise.

Proposition A.3. Iy is a good rate function w.r.l. the M topology.

Proof. In view of Proposition A.2, it is enough to show that the sublevel sets of I5;; are closed. Let a be
an arbitrary finite constant, and consider the sublevel set Uy ,(a) £ {{ € D : I (€) < a}. Let ¢ €D
1
be any given path that does not belong to ¥ ,(a). We will show that there exists ¢ > 0 such that
1

da (€6, \IJIM{ (a)) > €. Note that \IJIM{ (a) = AUBUCUD where

A={{eD:¢0) <0},
B ={¢ €D: ¢ is not a non-decreasing function},
C = {¢ € D: ¢ is non-decreasing but not a pure jump function},
D = {{ € D: £ is a non-decreasing pure jump function with £(0) > 0 and Z (&(t) — €(t=))" > a}.
t€[0,1]
In each case, we will show that ¢ is bounded away from ¥; ,(a). In case £ € A, note that for any
1

parametrization (x,t) of £°, there has to be s* € [0, 1] such that z(s*) = £€°(0) < 0. On the other hand,
y(s) > 0 for all s € [0, 1] for any parametrization (y, r) of ¢ such that ¢ € ¥(a), and hence, ||[x—y|/c > £°(0).
Therefore,

dy (€6,¢) > inf — gyl > 1£6(0)].
wp (€50 = inf e =yl 2 1€9(0)]
(y,m)el(¢)
Since ¢ was an arbitrary element of Wy, , (a), we conclude that dys; (€%, Wi(a)) > € with e = [£°(0)].
1

It is straightforward with similar argument to show that any £¢ € B is bounded away from ¥ (a)®.
If ¢&¢ € C, there has to be Ty and T} such that 0 < T, < Ty < 1, £° is continuous on [T, T3], and
c £ (Ty) — €°(Ts) > 0. Pick a small enough € € (0, 1) so that

(4€)*~(c — 5e) > a. (A.4)

Note that since £¢ is uniformly continuous on [Ty, Ty], there exists ¢ > 0 such that |£°(¢) — £°(s)| < € if
[t — s| < ¢. In particular, we pick ¢ so that 6 < e and Ty +§ < T; — 6. We claim that

dM{ (\IJIMi (a),é-c) > 0.
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Suppose not. That is, there exists ¢ € ¥y, , (a) such that dpr (¢,€°) < d. Let (z,t) € I'(§°) and (y,7) € I'(()
1

be the parametrizations of {¢ and ¢, respectively, such that ||z —y|| e+ ||t —7[|cc < . Since Ij; () < a < oo,
one can find a finite set K C {t € [0,1] : {(t) — {(t—) > 0} of jump times of ¢ in such a way that
ek (¢(t) = ¢(t=))" < €. Note that since e € (0,1), this implies that DoigK (C(t) = ¢(t—)) < e. Let
T1,..., T} denote (the totality of) the jump times of ¢ in K N (T, 4 6, Ty — 6], and let Ty £ T, + 6 and
Tii1 2T, — 6. Thatis, {T1,...,Tx} = KN (Ts + 6, Ty — 6] = K N (Ty, Tx11]. Note that

e There exist sg and sp11 in [0, 1] such that
y(so) =¢(To),  r(s0) =To,  y(sk41) = C(Th41),  r(sk41) = Thpr.
e For each i =1,... k, there exists sz'-" and s; such that
r(si) =r(s) =T y(s") =T, yls7) =Tin),

Since t(sg+1) € [r(sp+1) — 6, 7(sg+1) + 8] C [Ts, Ti], and £€ is continuous on [Ty, T;] and non-decreasing,
Y(sk41) = @(spp1) =0 = E°(t(5p41)) =0 2 §°(r(sr41) —0) =6 = E(Thy1—0) =0 = £ (Thp1) —€—06 = £ (Thy1) —2e.
Similarly,

y(s0) < x(so) +0 = &(t(s0)) +0 < E°(r(s0) +0) +6 =&°(To +0) +0 < &°(To) + e+ 6 < £°(To) + 2¢.
Subtracting the two equations,

Y(skt1) — Y(s0) = £ (Thy1) — £°(To) — e = c — de.

Note that
k
> (< (T;=)) = C(Tip1) = C(To) = D (C(6) = (=) = {(Thpa) = ((To) — €
i=1 te(To, Trr1]NK®

=y(sk+1) — y(s0) — € > ¢ — be. (A.5)
On the other hand,

y(si) —y(si) < (a(s7) +0) = (a(s;) = 0) = a(s]") —a(s;) +20 < E°(K(s]")) — €°(t(s7)) +20

< (x(s
<E(r(sh) +6) —€(r(s7) = 8) + 26 < (T + 6) — €9(T — 6) + 20 < 2 + 26 < 4e.

That is, (((T}) - ¢

=

=)t = (y(sf) —y(s;))* > (4e)>~ 1. Combining this with (A.5),

K2

k
« a—1 a—
L (Q) 2 Y (UT) = ¢(Ti))" = Y (UT) = <(T:)) (UT) = ¢(T:)) " = (e = 5e)(4e)* ! > a,
i=1 i=1
which is contradictory to the assumption that ( € ¥y, , (a). Therefore, the claim that ¢ is bounded away
1
from Wy, , (a) by 0 is proved.
1
Finally, suppose that £¢ € D. That is, there exists {(zi,u;) € Ry x [0,1]}i=1,... such that £° =
>oioq Zilpy, 1) where u;’s are all distinct and )7, z& > a. Pick sufficiently large k and sufficiently small

6 > 0 such that Z:i:l(zZ —28)* > a and uipy —u; > 20 fori = 1,...,k — 1. We claim that dpz (¢, %) >
for any ¢ € ¥y, , (a). Suppose not and there is ¢ € ¥y , (a) such that ||z — y[loc + ||t — 7[|ec < & for some
1 1
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parametrizations (z,t) € I'(¢¢) and (y,r) € T'(¢). Note first that there are s ’s and s; ’s for each i = 1,..., k

such that t(s;) = t(s]) = uy, (s;) = €°(u;—), and z(s;") = £°(u;). Sinceiy(s;-") >a(sf) =8 =¢&(w) —9
and y(s; ) <xz(s; )+ 0 =E%(u—) +6,
Clr(si) = Cr(s)) Z y(s) —wlsi) = €%(ui) — €°(u; ) — 20 = 2 — 20.

Note that by construction, r(s) < t(sf) +6 = u; +8 < wiy1 — 6 = t(s;,) — 6 < r(s;;,) for each

%

1=1,...,k—1, and hence, along with the subadditivity of = — z%,
k k
Ly (O = Y (€)= ¢(t=)" = D [r(sh) = Cr(s)]* 2 D (2 — 20)* > a,
t€[0,1] i=1 i=1

which is contradictory to the assumption ¢ € ¥y , (a). O
1

References

Asmussen, S. and Pihlsgard, M. (2005). Performance analysis with truncated heavy-tailed distributions.
Methodol. Comput. Appl. Probab., 7(4):439-457.

Blanchet, J., Glynn, P., and Meyn, S. (2011). Large deviations for the empirical mean of an m/m/1 queue.
Queueing Systems: Theory and Applications, 73(4):425-446.

Borovkov, A. A. and Borovkov, K. A. (2008). Asymptotic analysis of random walks: Heavy-tailed distribu-
tions. Number 118. Cambridge University Press.

Borovkov, A. A. and Mogulskii, A. A. (2010). On large deviation principles in metric spaces. Siberian
Mathematical Journal, 51(6):989-1003.

Dembo, A. and Zeitouni, O. (2009). Large deviations techniques and applications, volume 38. Springer
Science & Business Media.

Dembo, A. and Zeitouni, O. (2010). Large deviations techniques and applications. Springer-Verlag, Berlin.

Denisov, D., Dieker, A., and Shneer, V. (2008). Large deviations for random walks under subexponentiality:
the big-jump domain. The Annals of Probability, 36(5):1946-1991.

Donsker, M. and Varadhan, S. (1976). Asymptotic evaluation of certain markov process expectations for
large timeiii. Comm. in Pure and Applied Math., 29(4):389-461.

Duffy, K. R. and Sapozhnikov, A. (2008). The large deviation principle for the on-off Weibull sojourn
process. J. Appl. Probab., 45(1):107-117.

Embrechts, P., Klippelberg, C., and Mikosch, T. (1997). Modelling extremal events, volume 33 of Applica-
tions of Mathematics (New York). Springer-Verlag, Berlin. For insurance and finance.

Foss, S. and Korshunov, D. (2006). Heavy tails in multi-server queue. Queueing Systems: Theory and
Applications, 52(1):31-48.

Foss, S. and Korshunov, D. (2012). On large delays in multi-server queues with heavy tails. Mathematics
of Operations Research, 37(2):201-218.

Foss, S., Korshunov, D., and Zachary, S. (2011). An introduction to heavy-tailed and subexponential distri-
butions. Springer.

o1



Gamarnik, D. and Goldberg, D. A. (2013). Steady-state gi/g/n queue in the halfin-whitt regime. The
Annals of Applied Probability, 23(6):2382-2419.

Ganesh, A. J., O’Connell, N., and Wischik, D. J. (2004). Big queues. Springer.

Gantert, N. (1998). Functional erdos-renyi laws for semiexponential random variables. The Annals of
Probability, 26(3):1356-1369.

Gantert, N., Ramanan, K., and Rembart, F. (2014). Large deviations for weighted sums of stretched
exponential random variables. FElectron. Commun. Probab., 19:no. 41, 14.

Ge, D., Jiang, X., and Ye, Y. (2011). A note on the complexity of L,, minimization. Math. Program., 129(2,
Ser. B):285-299.

Jelenkovié, P. and Momeéilovié, P. (2003). Large deviation analysis of subexponential waiting times in a
processor-sharing queue. Mathematics of Operations Research, 28(3):587—-608.

Kontoyiannis, I. and Meyn, S. (2005). Large deviations asymptotics and the spectral theory of multiplica-
tively regular markov processes. FElectron. J. Probab., 10(3):61-123.

Nagaev, A. V. (1969). Limit theorems that take into account large deviations when Cramér’s condition is
violated. Izv. Akad. Nauk UzSSR Ser. Fiz.-Mat. Nauk, 13(6):17-22.

Nagaev, A. V. (1977). A property of sums of independent random variables. Teor. Verojatnost. i Primenen.,
22(2):335-346.

Puhalskii, A. (1995). Large deviation analysis of the single server queue. Queueing Systems, 21(1):5-66.

Puhalskii, A. A. and Whitt, W. (1997). Functional large deviation principles for first-passage-time processes.
The Annals of Applied Probability, pages 362-381.

Rhee, C.-H., Blanchet, J., and Zwart, B. (2016). Sample path large deviations for heavy-tailed Lévy
processes and random walks. eprint arXiv:1606.02795.

Rockafellar, T. (1970). Convez analysis. Princeton Mathematical Series. Princeton University Press, Prince-
ton, N. J.

Whitt, W. (2000). The impact of a heavy-tailed service-time distribution upon the M/GI/s waiting-time
distribution. Queueing Systems Theory Appl., 36(1-3):71-87.

92



	1 Introduction
	2 Sample path LDPs
	2.1 Extended sample-path LDP for Lévy processes
	2.2 Extended LDP for random walks
	2.3 Multi-dimensional processes

	3 Implications and further discussions
	3.1 LDP for Lipschitz functions of Lévy processes
	3.2 Sample path LDP w.r.t. M1' topology
	3.3 Nonexistence of large deviation principle in the J1 topology

	4 Boundary crossing with moderate jumps
	5 Multiple Server Queue
	6 Proofs
	6.1 Lower semi-continuity of I and Id
	6.2 Proof of Proposition ??
	6.3 Proof of Lemma ??
	6.4 Proof of Lemma ??
	6.5 Proof of Lemma ??
	6.6 Proof of Theorem ??

	A M1' topology and goodness of the rate function

