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Renaming operators are introduced in concrete process algebra (concrete means that abstraction and
silent moves are not considered). Examples of renaming operators are given: encapsulation, pre-abstraction
and localization. We show that renamings enhance the defining power of concrete process algebra by
using the example of a queue. We give a definition of the trace set of a process, see when equality of trace
sets implies equality of processes, and use trace sets to define the restriction of a process. Finally, we
describe processes with actions that have a side effect on a state space and show how to use this for a
transiation of computer programs into process algebra.
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INTRODUCTION

In this paper, we describe concrete process algebra. Concrete process algebra is an extension of ACP,
the algebra of communicating processes (see BERGSTRA & KLoP [4]). Concrete process algebra does
not consider silent moves or abstraction as is done in abstract process algebra (see BERGSTRA & KLOP
[5]). The main advantages of not considering abstraction are that it leads to a clearer, and less prob-
lematic theory, with an easy to understand axiomatization, that is amenable to a term rewriting
analysis and that can be studied using initial algebra semantics. Also, concrete process algebra is the
starting point for designing a programming language. It is very useful for specification of processes or
protocols, not so much for a verification formalism. Another article about processes without abstrac-
tion, and with essentially the same semantics, is DE BAKKER & ZUCKER [3].

In concrete process algebra, we introduce renaming operators. In §2, we define simple renaming
operators, called relabelings in CCS (see MILNER [14]), and give three examples of such operators,
namely the encapsulation operator (used to shield off a process, to prohibit communications with the
environment), the pre-abstraction operator (used to obtain a small degree of abstraction within con-
crete process algebra), and the localization operator (which allows us to ‘view’ a process while it is
interacting with an environment, or, in other words, allows us to focus on some actions and forget
about others).

In §3, we look at the defining power of renamings. We give a specification of a queue in concrete
process algebra with renamings, and show that a queue cannot be defined in concrete process algebra
without renamings, thus showing that the defining power of concrete process algebra is increased by
adding renamings.

In §4, we define a renaming operator with a memory, namely the restriction operator, that restricts
a process to a set of possible execution traces. Before we define the restriction operator, we first give a
short introduction to the theory of trace sets (for more information, see REM [16]), in which we prove
that two processes with identical trace sets, that do not deadlock and are deterministic, must in fact
be equal (also see ENGELFRIET [12]). Then we define the restriction operator, and use it in combina-
tion with the localization operator to show that in a context (or environment) we can restrict a pro-
cess to the set of ‘localized’ traces. In our view, this theorem constitutes an important interface
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between trace theory and process algebra.

In §5, we introduce the state space of a process, and talk about actions that have a side effect on
the state. We implement this with a generalized renaming operator, namely the state operator (for a
different approach, see the theory of nonuniform processes in DE BAKKER & ZUCKER [3]). We use the
state operator to discuss processes having shared variables, and to (mechanically) translate a given
computer program into process algebra. We see that this operator can be very useful in the design of
a programming language that is based on concrete process algebra. We finish by giving a different
specification of the queue.
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1. CONCRETE PROCESS ALGEBRA

In this section, we describe the axiomatic theory of concrete process algebra. This theory extends the
theory ACP (the algebra of communicating processes) as described in BERGSTRA & K1oP [4]. In this
paper, we do not consider silent moves (or 7-steps) or abstraction as is done in ACP, (see BERGSTRA
& Kvrop [5)).

1.1 Atomic actions:. concrete process algebra starts with a set of atomic actions 4.

We will assume that 4 is finite, that 4 contains two special elements § (for deadlock) and ¢ (for hid-
den step), and that a communication function y:A X A—A is given with the following properties:

1. vy is commutative, Va,b € A y(a,b) = y(b,a)

2. v is associative, Ya,b,c € A y(y(a,b),c) = y(a,y(b,c)).

3. 8 is a neutral element, VacA y(a,8) = &

4, t does not communicate, Va4 y(a,f) = d.

If a and b are two atomic actions, then y(a,b) is the result of the communication between a and b, the
result of executing a and b simultaneously. The communication merge | will extend y to the set of all
processes. If y(a,b) = 8, we say a and b do not communicate.

Next we define the signature 2 of concrete process algebra. We have three sorts: A4, the set of
atomic actions was defined in 1.1; P is the set of processes, the subject of investigation, and contains
A, and finally @&, the set of subsets of 4 — {8}, is the set of alphabets.

Functions +,-,]I,|L,|,85,7,, and constant § are discussed in BERGSTRA & KLoP [4] (7, is called (),
there), and « and ¢ are discussed in BAETEN, BERGSTRA & Kirop [1].

1.2 Signature 2

1. Sorts: A (see L.1)
P (set of processes; A CP)
@ (@=Pow(4 —{8}))

2. Functions:  +:PXP—P (alternative composition or sum)
“PXP—>P (sequential composition or product)
[I:PXP—P  (parallel composition or merge)
L :PXP->P (left-merge)
[:PXP—P  (communication merge)



d0y:P>P (encapsulation; H CA —{t})
Ty P—>P (projection; n >0)
a:P—@ (alphabet function)
3. Constants: 8eA (deadlock)
teA (hidden step)

1.3. Equations
Concrete process algebra deals with statements of the form

x =y
called equations; x,y €P.

We use letters a,b,c,... for elements of A, letters x,y,z,... for arbitrary processes, and we use capital
letters X,Y,Z,... for variables, ranging over P (often called formal variables, since we will use them in
specifications to define processes, not, like x,y,z, in quantified statements about processes).

—
e(X)
is an equation with variables among X, and

e(®)

is the same equation with processes X substituted for variables X. Often, we want to focus on one of
the variables, so writing

e(x, =)

means that equation e holds for x and a fixed set of other processes.

1.4. Specifications
A (recursive) specification E is a set of equations {e;:j€J} (J an index set), with ¢; of the form

X; = tj(—)?),
4; is a term with variables from {X;:jeJ}, and J has a distinguished element jo.
Process x is a solution of E if E(x, —), i.e. substituting x for X; (and other processes for the other
variables) gives e;(x, —) for all jeJ.

x is (recursively) definable if there is a specification E such that E(y, —) & x = y.
(For these definitions, also see BAETEN, BERGSTRA & KroP [2]).

1.5. DErFINITION: The set of finite closed process expressions, FCPE, is defined inductively:
1. A C FCPE; '
2. xeFCPE & acA = axcFCPE
3. x,yeFCPE = x+yeFCPE
The set FCPE will allow us to use induction in proofs (when combined with the limit rule) and recur-
sion in definitions (on the standard model).
Next we define a notion of guardedness (taken from BAETEN, BERGSTRA & KiLoP [2]). Specifications
must be guarded in order to prove that they have unique solutions (see 1.9).

1.6. DEFINITION: Let ¢ be an open term, possibly containing variables. An occurrence of a variable X
in ¢ is guarded if t has a subterm of the form aM, with a€A and this X occurs in M; otherwise, the
occurrence is unguarded.

Let E = {e;:jeJ} be a specification.
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Define X; —-X . X; occurs unguarded in #; (the right-hand side of ¢)), and
Eis guarded @-—-)15 well-founded (i.e. there is no infinite sequence Xj, —-)X ...

1.7. Axioms

The axioms for concrete process algebra are presented in table 1. We use the following abbreviations:
ACP=AI1-7+C1-3+ CM1-9+D1-4; PR=PRI1-4; AB=ABI-6; CPA=ACP+HA+PR
+AB+AIP+LR and CPA, = CPA + C4, so in table 1 we have CPA, + RDP.




Concrete process algebra

x+ty =y+x Al m(@)=a PR1
x+@y+z) = (x+y)t+z A2 m(ax)=a PR2
x+x = Xx A3 T +1(ax)=am,(x) PR3
(x+y)z = xz+yz A4 T (x +y)=m,(x)+m,(y) PR4
xy)z = x(yz) A5
x+8 =x A6
éx =8 A7
alb = bla Cl1 a(d)=o ABI1
(alb)|c = al(b|c) C2 a(a)={a} if a8 AB2
Ola =9 C3 a(dx)= @ AB3
xlly = xlly +yllx+xly CM1 | a(ax)={a}Ua(x)if a~6 AB4
all x = ax ‘ CM2 | a(x +y)=a(x)Uealy) ABS
(@)lly = a(xlly) CM3 | a(x)= Lila('n',,(x)) AB6
x+»lz =xlz+ylz CM4
(ax)|b = (a]b)x CM5
al(bx) = (alb)x CM6
(@x)|(by) = (a|b)(xlly) M7
(x+y)z = x|z +y|z CM8 E%%I-(aig_e_i) RDP
x|y +z) = xly +x|z CM9 ’
dy(a) = aifaeH D1
dy(a) = 8ifaecH D2
d(x +y) = 3g(x)+3u(y) D3 AL W")(Cxi_ ;W"(y) ATP
Ig(xy) = 9g(x)du(y) D4

_ VteFCPE e(t, —) -
x|ylz=48 HA e(x, =) limit rule (LR)
alb=v(a,b) C4

Table 1

1.8. CoMMENTS. For a discussion of axioms ACP, see BERGSTRA & K1LOP [4]. The handshaking axiom
HA implies that all (proper) communications are binary. Axiom C4 says that the communication
merge | extends the communication function y given in 1.1. Axioms PR1-4 define the projection
operator m,, for n eN,n > 0. Their intuitive meaning is that =, ‘cuts off’ a process at depth n, 7,(x)
stops after executing n steps. Axioms AB1-6 define the alphabet of a process, and were introduced
and discussed in BAETEN, BERGSTRA & KropP [1].

The Recursive Definition Principle (RDP) states that every guarded specification has a solution, and
the Approximation Induction Principle (AIP) states that two processes are equal if all their projections
are equal. For RDP and AIP, see BAETEN, BERGSTRA & KLoP [2]. Finally, the limit rule is new here.
It states that if an equation holds for all finite processes (more precisely, for all elements of FCPE),
then it holds for all processes. It may be, that the limit rule is derivable from the other axioms of con-
crete process algebra. The limit rule allows us to prove identities by induction, since FCPE is defined
recursively.

P
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1.9. DerFINITION. The Recursive Specification Principle (RSP) is the following rule:

E(x —) E(, )
E guarded

X =y

(RSP)

1.10. LEMMA: RSP holds in concrete process algebra.

PROOF. See BAETEN, BERGSTRA & K1LoP [2].

Since some observations made in this proof will be used more often, we will state these here. Let
E = {e;;j € J} be a guarded recursive specification with solution x (a solution always exists by
RDP). Thus, we can substitute x for variable E; (j, the distinguished element of J) and other
processes {x;:;j € J —{jo}} for the other vanables Now by repeatedly substituting terms ¢; for x; in
term ¢;, we obtain a term t in which all x; occur guarded. Then, we see that (t ), and therefore
ay(x), does not depend on the choice of the x; (j&€J), but is equal to some term in FCPE. In general,
for each n = 1, we can obtain an expansion t}‘o of #;, in which all x; are n times guarded, so that
7,(x) is equal to some term in FCPE. Thus, if x and y are two solutions of a guarded recursive
specification E, we find #,(x) = m,(y) for all n = 1, so x =y by AIP.

1.11. THEOREM. The following identities hold in concrete process algebra:

Standard Concurrency Conditional Axioms
_ [(a()NH)CH
xylz = xlLgllz) sc1 | 2% CAl
il 12 I (x 1) =35 e 10 (7))
xIlLz=xIylLz) SC2
xly=ylx SC3
xly =yllx SC4 )NH=2 CA3
BH(x)-':x
xl(ylz)=(x{y)lz SC5
xll@llz)=ly)lz SC6
H=H,UH, CAS
3 (x) =g, 0, (x)
Table 2
Expansion Theorem ] o
xyllxall - - - llx, = XL ¥ + > (x,-lxj)u_'a?” ET
1<i<n I<i<j<n
(here® = | xand@ = | x)
t<g<n gk

Proor. Identities SC1-6 are proved in BERGSTRA & Krop [6], CAL,3,5 in BAETEN, BERGSTRA & KLoOP
[1], and ET in BERGSTRA & TUCKER [10] for all terms in FCPE. The general identities then follow by

applying the limit rule.

1.12. INITIAL ALGEBRA. Suppose we have a guarded finite recursive specification £ =

{ej:1<j<n}.




By RDP+RSP, E has a unique solution in concrete process algebra. Now if Z is the signature of con-
crete process algebra defined in 1.2, let Z(xy,...,x,) denote the signature 2 with extra constants
X},-sX, € P. Then, the initial algebra.

A = Ti(Z(x1sXn), CPA,+E(x(,5%4))

will exist, because CPA, + E(x,...,x,) is a positive conditional system.
(Of course, we could add constants for more than one specification.)

1.13. ExampLEs: 1. Suppose y(a,b) = 8 for all a,b € A. Take a,b € A4, and consider the initial alge-
bra A = T/(2(x,y,z,w), CPA, + {x =(a+b)x, y=apyz=bz,w= yliz}). Then
CPApw =yllz =  ylz+zly +ylz= (@)lz + @)y +6= a@llz) + bzly) =
(a +b)(yliz) = (a +b)w (use induction plus limit rule to show y |z =8§), so RSPrx = w.

2. Suppose a € A, and consider the initial algebra A = T;(2(x,y),CPA, + {x=ay,y =ax}). Note
RSPrx =y.

The existence of initial algebras shows that concrete process algebra is consistent. To show however,
that there exists a non-trivial model, we need a result from BAETEN, BERGSTRA & KroP [2]:

1.14. THEOREM. G = Gy (4 — {8}, {8,]}) /=, the set of all finitely branching, rooted directed multi-
graphs, with edges labeled by elements of A — {8}, and endpoints labeled by 6 or |, modulo bisimulation,
is a model of concrete process algebra. ,

Moreover, each finite element of G is the interpretation of an element of FCPE, and each infinite element
of G is the unique solution in G of a guarded recursive specification.

1.15. CoroLLARY. If A is an initial algebra of concrete process algebra as defined in 1.12, then A is a
subalgebra of G.

1.16. CorROLLARY. If x € G, then for each n = 1 there is a term s € FCPE such that Gem,(x) = s.

ProoF. From the proof of 1.10.

2. RENAMINGS

In this section, we define global renaming operators in concrete process algebra, and consider three
examples of renaming operators, namely the encapsulation operator 9y, the pre-abstraction operator
t; and the localization operator »5. The localization operator will again be used in section 4.

2.1. DEFINITION. If a € A4, and H CA — {8}, then the renaming operator ay will rename all elements
of H into a. This renaming operator was introduced in process algebra in BERGSTRA, Kror &
OLDEROG [7]. To be more precise, we extend the signature with operators

ay P — P (acAd, HCA —{8)),

and add axioms

ag(b)=b if bgH RNI1
ay(b)=a if beH RN2
ag(x +y)=ap(x)+ag(y) RN3
ap(xy)=ag(x)an(y) RN4

Table 3.




We still have the existence of initial algebras (as defined in 1.12) for this extended system.

2.2. EXAMPLE I: ENCAPSULATION The simplest example of a renaming operator is of course the encap-
sulation operator 0y = 8y (for HCA —{8,t}). Its usefulness is demonstrated in every paper on the
algebra of communicating processes. Usually, we are dealing with the merge of a number of processes,
that can communicate, and we shield them off from the outside by encapsulation, i.e. we set the com-
munication ’halves’ equal to 8. Thus, if x is the merge of a number of processes, set
H = {aca(x) : Abea(x) y(a,b)7#0}, and we consider dy(x).

For example, if y(a,b) = c¢548, and a*c,bc, then d(,)(allb) = c.

2.3. ExaMPLE II: PRE-ABSTRACTION

We do not consider silent moves or abstraction in concrete process algebra, but using a special con-
stant 14 we can capture part of abstraction by the renaming operator #; (for I CA —{8}), which we
call the pre-abstraction operator. Note that when we use an encapsulation operator 0y, we always
require ¢ H, so that d4(¢) = ¢. In 2.4, we explain some notation for distributed systems, which we
use in 2.5-7 to give an example of the use of #.

2.4. DISTRIBUTED SYSTEMS. Suppose we have a number of locations, and a number of channels link-
ing them. We assume that at each location a certain process is executed, and that these processes can
communicate via the channels, thus obtaining a communication network. These communications will
consist of the transferal of a piece of data. So suppose we have a finite set of data D (in practice,
D = {0,1}), and we have communication channels 1,2,...,k. Then we have the following atomic
actions:
ri{d) = read d along channel i (deD, 1<i<k),
s(d) = send d along channel i (deD,1<i<k);
¢;(d) = communicate d along channel i (deD,1<i<k),
and on these atomic actions, we define the communication function as follows:
Y(ri(d),s:(d)) = v(s;(d),ri{(d)) = ¢;(d) (deD,1<xi<k); y(a,b) = &8 in all other cases.
2.5. DEFINITION. We consider the following communication network:

) () ——(T)—(Q)—
NG 4 NSNS

fig. 1

(so we represent locations by circles, with the name of its process inside, and channels by lines).
The processes P,Q,B1,B, are given by the following FCPE terms:

P = X ri(d)y Jri(e)ysa(dysa(e)

deD ecD
Q = 2rad)y Zrae)yss(f (dre))
deD eeD

(here f :DXD—D is some given function)

B; = i 1(dysis2(d) D rivi(e)sivale) (= 1,2).
deD eecD

Thus, P is a two-place buffer that works only once, B, and B, are one-place buffers that work twice,
and Q transforms incoming data using f. Put H = {r{(d),s(d) : deD,i = 2,3,4}, so 9y will encapsu-
late all internal communications.




26 LemMA. d4(PlIBIIB.lIQ) =
= 3 ri(d) D ri(e)ea(d)es(d)ca(e)ca(d)+ca(d)ca(e))es(e)ca(e)ss(f (d, e))

deD eeD

PrROOF. Since we have binary communication, we can use the expansion theorem proved in §1, so we
start with an action from one of the processes, or a communication between two of them. Only the
first step we will write out in full.

9y(PlIB, 1B, lIQ) =
= (> ri@(Z ri(e)s2(d)s2(e))I BB IQ)+

deD eeD

+ 2 rAd)Plits3(d) 3 rale)ss(@BIQ)+

deD eeD

+ dZD r3(d)PlIB,li(s4(d) ZD ry(e)sa(eNQ)+

+ dzb r4(d)(P11B,11B:li( ED ra(e)ss(f (deN)+

+8) =

= 3 ri(d)og((S ri(e)sa(d)s2(e)liByIB,IQ)+8+8+8 =
deD ecD

= dED ri(dy ED ri(e)du((s2(d)s2(e)IB 1B, 1IQ) =

= 3 ri(d)r 3 rie)yca(d)dplsa(e)lls3(@) 2 fz(f)Sa(f))llellQ) =
deD eeD feD

= 3 ri(@dr Jri(eyea@res(@dp(s2CE ra(fss(Nlsa(@) X r3@)sa@)IQ) =
deD eeD feD geD

= dED n(d)ED ri(e)ea(d)es(dXca(e)dn(ss(@li(sald) 3 ri@)sa@NIQ)+
€ ee geD

+ 6‘4(d)'3H(Sz(e)||(2 ra(fss(f ))H(E rs(g)S4(g))||(2r4(h)Ss(f d.m)) =

2rdz r1(e)Cz(d)03(d)(Cz(e)C4(d) 3u(s3(e)li( 2 r3(@)sa@NI( Z ra(h)ss(f (d,h)))+

deD eeD

+ea(d)ca(e)Inlss(e)li Zl)rs(g)84(g))l|(h2])r4(h)Ss(f @)=
g€ €
= Zn(d) X rie)ead)es(@d)ca(e)ca(d)+ca(d)ea(e))

deD eeD

c3(e) (s 4@ X ra(r)ss(f (dR)) =

heD

= X rid) Zri(e)exd)es(d)ca(e)ca(d)+cald)eca(e))cs(e)cale)ss(f (dse)).

deD eeD

2.7. We can simplify the expression derived in 2.6 considerably, if we use pre-abstraction. Put
I = {c(d):d €D, i = 2,3,4}, the set of all internal communications, then

1190 (PlIB,1IB21lQ) =
= 3 rn@d3 rifeyrtt+etyress(f(de)) =

deD ecD

= 3 n@d3 rie)t®ss(f (de)).

deD eeD
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Thus, we only see the input and output actions, and we no longer see the alternatives in formula 2.6.

2.8. ExaMpLE III: LOCALIZATION

Let B CA — {8} be such that

1. for all by,b, €B and all ay,a; €4, if y(by,a;) = v(bz,a2)79, then by = b, (we express this by
saying that communication is one-to-one on B); and

2. forallb eBandalla €4 y(b,a) ¢ B (if we put, for B;,B, C 4,

B11B; = {¥(b1,b2):by €By,b; €By}—{6},
then this requirement is equivalent to:
BiA N B =g.

If B satisfies these two requirements, then y has an ‘inverse’ on B|A, i.e. if ¢ €B|A, then there is
exactly one b € B so that an a € A4 exists with y(b,a) = c. In this case, we put b = y~!(c).
Now we can define the localization operator.

2.9. DEFINITION. Let B C A —{0,t} satisfy 2.8.1 and 2.8.2, and suppose Bl4d = {ci,....c,}. We
define the localization operator v by:

e = Y e)ey® T oY Ca)(e) Ot —a1BUB U8

It is easy to see that v} has the following properties:

L vhyba) = b if beB,aed, y(b,a)5~0

2. vyb) = b if beB

3. (o=t if ceA—(41BUBU{8})
4 V@) =8

5. vi(x+y) = vi(x)+ri(y)

6. p30) = va(x)vh(y).

Intuitively, we think of »% as the operator that ‘localizes’ a process to actions from B, so that, in a
context, typically a merge of communicating processes, we can focus on some actions and (pre-)
abstract from others.

We give an example of the use of localization in 2-10,11 and will discuss this example again in §4.

2.10. DEFINITION. We consider the following communication network

fig.2

Think of S as a sender, R as a receiver and E as an environment.
We define S and R as the unique solutions in concrete process algebra of the following two guarded

recursive specifications:
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S = 3 ri(d)s(d)rs(ack)s(ack)S
deD

> ra(d)sa(d)ss(ack)R
deD

Here we have a special element ack denoting acknowledgement (it is easiest to take ack ¢ D), so S
sends a d €D to R, receives an acknowledgement, and then sends the next d; R receives the data and
sends back an acknowledgement.

S and R also communicate with the environment E; so E can send data along 1, receive an ack-
nowledgement along 1 or receive data along 4. Thus we can put

E = (3 s1(d) + 3 rq(d) + ri(ack))E

deD deD

2.11. But, we have the feeling that E cannot do any of these things at any time: first we must have a
51(d), then a r4(d), and then a r,(ack), before a next s,(d’) can follow.
We can express this by using the localization operator.
We put H = {s;(d),r(d):d € D,i €{1,2,3,4}}, and look at
| 7ee)°du(EISIIR) |

so in the process d4(E|ISIIR) we focus on actions from E, we localize to E. It is easily seen that
o(E) = {s51(d),r4(d) : deD}U{r (ack)}, and that a(E) satisfies 2.8.1 and 2.8.2. We see

VaE)°Ou(ENISIR) =
= var)( 2 c1(d)Iu(Ell(s2(d)rs(ack)s (ack)S)IR) =

deb
= dé} 51(d) iy (e2(d) A (ENI(r3(ack)s  (ack)S (s 4(d)s3(ack)R)) =
= g) s 1(d)t-Viey(ca(d) 3y (E(r3(ack) s  (ack)S)|I(s s(ack)R)) =
:»E) s1(d)tro(dyvig(cs(ack)dy(Eli(s 1 (ack)S)IR) =

= ED si(dytra@ytvygy(ci(ack)dy(EIISIR)) =

= E) si(dytra(dytri(ack)vee)du(ElSIIR),

so that the actions from E indeed occur in the right order.

3. DEFINING POWER OF RENAMINGS

3.1. Suppose we want to give a recursive specification of a queue Q with input channel 1 and output
channel 2 as in fig.3.

1~ 2

fig. 3
An infinite guarded specification can be given by the following equations:

Q=0.= 3 rnd%

deD
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Qora = 52(dyQs + 3 r1(€)Qerora

eeD

(for any word o€D” and any deD)

(see BERGSTRA & TIURYN [9)).

Now we look for a finite recursive specification of Q, in the context of handshaking communication.
Then we may assume that r;(d) and s,(d) are not the result of communications, for we need the fol-
lowing interactions with the environment:

Y(ri(d),5(d)) = c(d) (i = 1,2; deD).
That is why we want to specify Q under the condition
a(@)Nran (y) = & (since Q) = {ri(d),s2(d) : deD}).

3.2. Next, we will prove two theorems:

1. we cannot define Q by a finite guarded recursive specification in concrete process algebra without
renaming under the condition a(Q)Nran (y) = 9.

2 we can define Q by a finite guarded recursive specification in concrete process algebra with
renaming operators (as defined in §2) under the condition a(Q)N ran(y) = 9.
We will prove theorem 1 in 3.10. First we need a number of intermediate results.

We define the following axiom systems:

PA = Al-5 + Ml1-4 + PR14

(here M 1 is axiom x|y = x|l y + ylLx and M2-4 = CM2-4) and

PA; = PA + A6,7.

3.3. LeMMA. Q is not definable by a finite guarded recursive specification in PA.
PrOOF. see BERGSTRA & TIURYN [9].

3.4. DEFINITION. Let x € P. We say x does not deadlock (or —DL(x)) if for each n = 1, there is a
term s € FCPE such that 7,(x) = s and & does not occur in s.

3.5. LEMMA. Suppose process x is definable by a finite guarded specification in PAs and x does not
deadlock. Then x is definable by a finite guarded specification in PA.

PROOF. Let E = {e; : 1<j<n} be a guarded recursive sPeciﬁcation in PAs defining x (so
x = t1(X,X2,...,%,) for some x,,...,x,). We define a theory PA ', intermediate between PA and PA;,
as follows:

the set of PA *-terms is defined inductively:

1. anya € A —{8)} and any variable X is a PA *-term;

2. if s,t are PA *-terms, then so are s +1t,s-t,sllt,sll ¢ and 5-8.

The axioms of PA" are:

PA" = PA + {adll x = ax$8}.

Note that applying a PA"-axiom to a PA”-term will yield a PA”-term.

Note also that CPA +aéll x = ax§ (induction on FCPE plus limit rule). Now we can assume that
all right hand sides of the equations in E are PA’-terms (if some are not, apply axioms A6 and A7,
and if an equation X; = § appears, substitute & for occurrences of X; in right hand sides, and leave
out equation X; = 8). Let E’ be the specification obtained from E by leaving out all occurring .
Then E’ is a finite guarded specification in PA, and we claim that E’ also defines x.

To see that x is a solution of E’, let n = 1 be given. By 1.10, there is an expansion ] of ¢; in which
all x; are n times guarded, so that we can reduce, in PA;, m,(¢7) to a term in FCPE. Likewise, for E’
there is an expansion ¢’} of ¢';, so that m,(¢'}) reduces in PA to a s’, in FCPE. Now the reduction

&
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from m,(t'}) to s’, in PA can be exactly transcribed to a reduction from ,(f7) to a s, € FCPE in
PA" (sometimes using the PA"-axiom instead of CM2).
Since x is a solution of E we have m,(x) = s,. But s, is a PA*-term, and so A6 and A7 cannot be
applied to s,, so since x does not deadlock, § cannot occur in s,. But that means that s, = s’,, 50
m,(t]) = 5, = 5, = w(t']), and x is a solution of E’.

3.6. COROLLARY. Q is not definable by a finite guarded recursive specification in PA .

ProoF. That Q does not deadlock can be seen using the infinitary specification given in 3.1. Now use
3.3 and 3.5.

3.7. LeMMA. Let x be a solution of the guarded recursive specification E. Then dy(x) is a solution of
dy(E), where 9y(E) is obtained from E by replacing each right hand side t; by Ou(t;) (where
H C A4—{8})

Proor. Use 1.10 and the observation
CPA +7,°05(x) = 0yom,(x).

3.8. LEMMA. Suppose process x is definable by a finite guarded specification in ACP,+PR and
a(x)Nran(y) = B. Then x is definable by a finite guarded specification in PA;. (ACP, = ACP+C4)

PROOF. Let E be a finite guarded recursive specification in ACP,+PR defining x. Put
H = A|A = ran y— {8}, then by 3.7 dy4(E) defines 9y(x). But 34(x) = x, by applying rule CA3
(see 1.11). But it is not hard to see that applying 9y to an open (ACP, +PR)-term amounts to leav-
ing out (i.e. set equal to d) all communication (sub)terms of the form x |y, and has the same effect as
having a trivial communication function y with y(a,b) = & for all a,b € A. The theory ACP,+PR
with trivial v is the same as theory PA;.

3.9. COoROLLARY. Q is not definable by a finite guarded recursive specification in ACP,+PR, if we
require o(Q)Nran(y) = &.

3.10. THEOREM. Q is not definable by a finite guarded recursive specification in concrete process algebra,
if we require a(Q)Nran(y) = 2.

Proor. This immediately follows from 3.9, since any specification in concrete process algebra uses the
signature of ACP, +PR, so is a (ACP, +PR)-specification.

3.11. THEOREM. Q is definable by a finite guarded recursive specification in concrete process algebra with
renaming operators, such that a(Q)Nran(y) = 2.

PROOF. Let 4 contain atoms r(d),s,(d),/(d) and u(d), for each d €D, and suppose
Y (d),l(d)) = u(d) (deD)

are the only non-trivial communications.

Suppose D = {di,..,d,}, and define sy, = $2(d1)(u,)}°52(d2)(ua,)}® " * * °S2(dn)u(ay), and
lis,y = 1(d1)is,a,0° * * * °(dn)(s,a,)» tWO renaming operators, and H = {I/(d) : deD}. We claim we
can define Q by:
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0= 3 1@, Al @ls:@)2)
deD

z=3 ldyZ
deD

To show this specification is correct, define R, for ¢ eD®, inductively:

R, = @ (as given above)

Rora = 590905l (5,) (Ro)ls2(d)Z).

First we need the following observation:

Rs = 520905 (5,} (R Z).

We prove this by RSP, showing that both sides satisfy the same equations: we have, on the one hand

R, = 3 ri(@) sl (s,;(R)Is2(d)Z) =
deD

= > ri(dyRy, and
deD

Rora = 52005 5,3 (R)lIs2(d)Z) =
= 520 °0n( (5, (RILs2(d)Z) + 520} 0 (s2() Z L1 (5,3 (R,))
(since s5,(d) does not communicate) =
= 520 0n (s, (S 11 5,) Rerg)lls2()Z 1+
eeD

(by induction)

+ 1,y 200 (5, Ras)lis2(d)Z])

(if 6 = o’*f; if 0 = ¢, this term doesn‘t appear)+
+ s2(d)s20uy 0 (5,) (R)IZ) =

= 3 r1(e)s20u)@n (s} (Reso)lls2()Z) +8) +
eeD

+ 52(d)s20u) 20 5, (RN Z) =
= X r1(e)Reora+52(d) 520205 (s, (R)IZ).

ecD
On the other hand, we have

520y B (s,) RN Z) =
= Sz(u}°3H(d% ri@)l s,y 20uy°0u U s,y (@lis2(DZPN Z ]+

+ 1(@d)ll (s} (RINZ]) =

= 3 ri(d)ysauy (s, (R)IZ), and
deD

$20u}°0u (5, (R Z) =

= 520u) °08 (U (5} 520y O 5, R 2 (D)D) Z) =

= 520y 0n [ (s,) (2 715204} °0n{U (s, (Res s DIs2(d) Z)]) +
ecD

+ L,y 5205204y 0 (s} R ZDNZ) =

= 520u)°0n( Y 71(e)(s,) Rergr )l Z) +
eeD
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+ 5200y 0@ (A)s 24y O (5, ) (RINDNZ)) =

= 2 r1(e)saguy 0 (s,) Rexgra)1 Z) +
eeD

+ 52(d)s 20y °0u (5 244y O (5, R Z).
Therefore, we have shown R, = s55(,)°04(/(s,}(R,)NIZ), and so the equations for R, simplify to:

R, = 2 ri(dyRy
deD
Ro"d = 2 rl(e)'Re‘o“d + SZ(d)'Ra'
eeD
But that means that the R, sétisfy the equations for Q. in 3.1, so by RSP R, = Q,, in particular
R, = Q,, so the equations above indeed define the queue Q. Finally, «(Q)N ran(y) = @ is obvious.

4. TRACES AND RESTRICTION

In this section, we define the trace set (set of execution paths) of a process. It is well-known that in
concrete process algebra, two processes with identical trace sets need not be equal (consider e.g.
processes a(b+c) and ab-+ac). We will define for a process, what it means that it does not
deadlock, and when it is deterministic, and then we show that if two processes have the same trace
set, do not deadlock and are deterministic, then they must be equal. Next, we define a restriction
operator, that can limit a process to a set of possible traces, and we give an example of the use of this
operator by again considering example 2.10,11.

4.1. Note. From now on, our discussion will take place in the standard model G (see 1.14), but
everything will work equally well in an initial algebra A as defined in 1.12. The crucial property we
need is 1.16: each projection must be a finite term.

4.2. DEADLOCK BEHAVIOUR. We define a predicate DL on G as follows:
on FCPE, we define DL inductively by
1. DL@®) v
2. DL(x) = DL(ax+y) (acA —{8}, x,yeFCPE);
and on G, we define
3. DL(x) < 3n DL(m,(x)).

4.3. LeMMA. The following hold on G:

1. —DL(a)ifa € A—{6},

2. <DL(x) = —DL(ax) (acA —{8}, x€6),
3. —DL(x)&-DL(y) =>-DL(x +y) (x,y€6).
Proor. Easy.

4.4. THEOREM. Let a €A — {8}, H C A —{8} and x G, then DL(ay(x)) & DL(x).

PROOF. =:suppose —DL(x). Take n = 1. Then —DL(m,(x)). Let se FCPE such that m,(x) = s.

Then —DL(s), and by applying 4.3, we find —DL(ay(s)). Then —DL(ag(m,(x))), and since by limit

rule we can easily show ayom, = m,cay, we have —DL (m,(ay(x))). Since n was chosen arbitrarily, we
“have DL (ay(x)).

<=just as simple.

4.5. NOTES.
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1. In 4.4, we can take a = ¢, so pre-abstraction is safe with respect to deadlocks.
2. In 4.4, we cannot take a = §, as the following counterexamples show.
2.1. if a,b € A —{8} with a 5%b, then
DL (ad+b) but ~DL(3(,;(ad+b);
2.2. if a €4 — {8}, then ~DL(a) but DL(3,}(a)).
Thus, neither of the implications

DL(x) = DL(y(x))
DL3g(x)) = DL(x)

holds in general.
3. By 4.2.3, the predicate DL is semi-recursive on G. In general, DL will however not be decidable.

4.6. NotE. The following statements are easily proved:

1. DL(xlly) = DL(x) V DL(p)

2. DL(xy)= DL(x) V DL(y)

(the converse only holds for 1, if both x and y are finite, and the converse holds for 2, if x is finite).

We define determinism in 4.8. First we need another definition, which appeared earlier in e.g.
BERGSTRA & KroP {4].

4.7. DEFINITION. The set of subprocesses of x is the set of all processes obtained by executing a
number of steps from x. We have the following inductive definition:

1. x eSub(x)

2. ay + z € Sub(x) =y € Sub(x).

4.8. DEFINITIONS. Let x €G.
1. x is root nondeterministic if there is an a € A —{8} and x,x,,y € G such that (in G) x, # x,
and

X =axy; + ax; + y

2. x is nondeterministic if there is a y € Sub(x) which is root nondeterministic.
3. DET(x) < x is not nondeterministic.
Thus, DET is also a predicate on G.

4.9. NoTEs. 1. Neither of the implications
DET (x) = DET (ay(x))
DET (ay(x)) = DET(x)

holds in general (for a4 — {8}, H C A —{8}), as the following counterexamples show.
If a,b € A —{8} with a b, then

1.1. DET(aa +b8) but ~DET (ay(aa +bd));

1.2. —DET (aa +ab) but DET (a)(aa +ab)).

2. Incasea = 6, the implication

DET(x) = DET (34(x))

does hold, as is easily shown by induction, but the implication

DET (0y(x)) = DET(x)

does not, as the following counterexample shows.
If a € A — {8}, then
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DET (3(,(aa +ad)) but —~DET (aa +ad).

4.10. It is easily seen that DET (x) & DET(y) is not a sufficient condition to conclude to DET (xly)
(take x = aa,y = ab), so we need some extra condition(s). Without proof, we mention the following
PROPOSITION.

DET(x) DET(y)

a(x)Na(y) C H

(@) a(NN(a(x)Va(y)) CH
DET (g (xlly))

4.11. THEOREM. Let x € G. Then
DET(x) <« foralln = 1. DET(m,(x)).

PROOF. = Suppose n = 1 is such that —DET(m,(x)), so there is a y € Sub(w,(x)) and a €4 — {8},
X1,%x2,x3€6 with x; #x, and y = ax; + ax, + x;. Using induction, it is not hard to show that
for each y € Sub(m,(x)), there is a y’e Sub(x) and an m < n such that =,,(y') = y. It follows that
y' = ax’y+ax’'; +x'3, with 7, _1(x')) = X1, Tp—1(x"3) = x3 (x’y = x; and x’; = x, if m=1) and
Ta(x’3) = x3. Since x; 7% x,, a fortiori x’; % x’,, whence —DET (x).

< Suppose —DET(x), so there is a y e Sub(x) and aed —{8}, x;,x;,x3 €6 with
y = ax;+ax,+x3 and x,5x,. Since x;5x,, there must be an n = 1 with m,(x)5m,(x;) (by
AIP). Therefore we have that 7, ., (y) is root nondeterministic. Now if the top of y is ‘at depth m’ in
x (p is reached after executing m steps from x), then ~DET (, 4, +1(x)).

4.12. NotE. By 4.11, the predicate DET is co-semi-recursive on G In general, DET will however not
be decidable.

4.13. DEFINITION. Now, we will define the trace set of a process in G. A trace set is a set of words
from A — {8}, so we will have a function

tr: G — Pow((4 —{8})).
On FCPE, we define tr inductively:
1. tr(a) = {ea} if acd — {6}
2.tr(®) = {¢}
3. tr(ax) = {}U{a*o : octr(x)} if acA — {8}
4. tr(x+y) = r(x)Uer(y) )

and we extend this definition to G by:

5. tr{x) = §1 tr{m,(x))

4.14. Definition 4.13.5 is correct, because trace sets are prefix closed, i.e. if 0*p is in some trace set
(0,0€(A4 —{8))", o*p is word o followed by word p), then ¢ is too.

We define the set of trace sets T as the set of all prefix closed subsets of (4 —{8})".

Note that § = {F}U ran(tr).

4.15. DErFINITIONS. On 9, we define three operations:
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L ifZe‘:T,%(Z)= {o:a% € Z}, s0 aa—a:?T—a 9 for aeA —{8}.

2. fZ e first(Z) = {a : Joe(4 —{8}) a*0€Z}, so first:T — &= Pow(4 —{8})).
3. fZec%Tandacd—{8},a*Z = {e}U{a*o:0€Z},50 *:(4d—{6})X T 9.

Note that a* & = {e}.

416.LeMa. ForallZ € 5—(8) Z= (J a*-(2).
asd — {8} da

Proor. This follows easily from 4.15.

Next we see when equality of trace sets implies equality of processes. A theorem similar to this one
was proved by ENGELFRIET [12], in the setting of CCS (MILNER [14]) or CSP ( BroOkES, HOARE &
Roscok [11]). Here, in the setting of concrete process algebra, we need an extra condition, because we
have both successful and unsuccessful termination (the process a vs. the process ad).

4.17. THEOREM. Let x,y€G. If DET (x)&DET (y)& — DL(x) & —DL(y) & tr(x) = tr(y), then x = y.

PrOOF. By the limit rule, it suffices to prove this for x,y € FCPE. We use induction, but in a little
different form as in the definition of FCPE.

We will prove the following statement:

suppose DET (x)&DET (y)&—DL (x)&—DL(y)&tr(x) = tr(y),

n n
x = 3 ax; + 3 b (a,b;ed, n+m>0)

r k)
y= > ay t 3 d (c,di€A, r+5>0)
k=1 =1
and the theorem holds for all x;,y;. Then x =y. So suppose x and y are as specified.
By applying A6 and A7, we can assume a;,b;,ci,d; € A —{8}. By applying A3, we can assume all the
b; are distinct, and all the d; are distinct.
Smoe DET(x) and DET (y), we can assume all the g; are distinct, and all the ¢, are dlstmct
Since —DL(x) and —DL(y), we can assume that x; # 8 (if 1<<i<n) and y; 540 (if 1<k <r).
Using definition 4.13, we see that this implies that there is a oetr(x;) and a eetr(y;) with 0 # e
Now {a; 1 Iisn}U{b;: 1<j<m} = first (tr(x)) = first (tr(¥)) = {¢x : 1<k<r}u
{d; : 1<i<s}. If 1<i<n, then there is a 0 € tr(x;) with o%¢. Then g;*0 € tr(x), so g;*c € tr(y). It
follows that there must be a k (I<k<r) with ¢ =¢ and o€ tr(yk) Thus

a; 1 1<isn} = {¢ : 1<ks<r} and also {b; : 1<j<m} = {d, : 1<<I<s}, whence b, = d.
TAS

n j=1 =1

m
Therefore, we can write y = )} a;y; + 3 b; (maybe after a renumbermg of the y;).
i=l j=1

Let 1<<i<n, then tr(x;) = —a%(tr(x)) = —£:(tr(y)) = tr(y;) (since all the g; are distinct). Since

x; €Sub(x), y; € Sub(y), we have DET(x;) & DET(y;) immediately from definition 4.8; we have
—DL(x;) & -DL(y;) from 4.2.2. Thus, applying the induction hypothesis, we have x; = y;, and there-
fore x = y.

Now we define the restriction of a process to a trace set. If x is a process, and Z a trace set, then
Vz(x) is the result of disallowing every step in x that will result in a trace outside Z. ¥V is not
strictly a renaming operator (axiom RN4 will not be satisfied), so if we formally want to define the
restriction operator in concrete process algebra, we need to extend our signature and set of axiomas.
We formulate this in 4.18.

&
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4.18. DerFINITION. Extend signature 2 with operators

Vz:P P foreachZ € §

_8_’ *, defined in 4.15), and extend

(9, defined ,in 4.14, is an algebra with functions first, %

CPA, + RDP with axioms

Vz(a) = 34— fira(z)(@)
Vz(ax) = 94— ﬁrsz(Z)(a)'V-g’;(Z)(x)

Vzx +y) = Vzx) + Vz(y)

4.19. LEMMA Let x € G and Z & . Then:
L wr(Vzx)) € Z
2. r(x) € Z = Vzx) = x

ProoF. Use induction on x.

4.20. DEFINITION. Let I C A —{8}. For a word ¢ in (4 —{8})’, let (o) be the word obtained from
¢ by leaving out all elements from I. Then, if x € G, we define tr;(x), the set of I-abstracted traces of
x, by:

tri(x) = {e(0) : 0 € tr(x)}.

The following theorem constitutes an important interface between trace theory and process algebra.
4.21. THEOREM. Let’p,q e G. UZ 2 tr(,}ovf,(p)oay(pllq), then GH(pllq) = GH(Vz(p)!lq).

PrOOF. Let p,q € G, and suppose

Z D tr{,)ovf,(p)OBH(p”q)-

Note that by 2.8, communication is one-to-one on a(p) and a(p)|4 N afp) = @. It suffices to prove
the theorem for p,q € FCPE (by limit rule). We will use simultaneous induction on p and g to prove
the following five statements:

1. (pllg) = 3x(V2(p)llg)

3. 3u(qllp) = 3u(glLV2(p))

4. plg) = (Vz(p)lg).

5. u(p) = 3u(Vz(p)).

If Vz(p) = p, there is nothing to prove, so we can assume V z(p) # p.

Case I: p = a € A. Since V z(p) # p, we must have a # 8, and Vz(a) = §, so a ¢ first(Z). If we
would have a ¢ H, then a € first(tryy ©ov{5°04(a)) C first(triy  ov(ay  °3m(allq))
C first(tryyov{sy°du(allq)) C first(Z), which is a contradiction. Therefore a € H. Now we use
induction on gq.

Case 1.1: g = b € A. Since »{;)°0y(alb) = a, if alb % & and a|b ¢ H, and that will give a con-
tradiction as above, we must have 3y(a|b) = 4. But then d4(allb) = 94(8llb) and 2-5 follow.

Case 1.2: q =bx, beA. Again 0gy(alb) = 8, so Oy(allbx) = 0y(a)du(bx)+0y(b)dy(allx) +
p(alb)y(x) = 835(bx) + dy(b)0y(6llx)+835(x) (use induction for the middle term) = 9y(511bx).
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Statements 2-5 are easier.

Case 1.3: g = x +y.

dg(all(x +y)) = dp(a)du(x +y)+0g(xlla)+d4(ylLa)+ P
Og(alx)+ap(aly) = 80y(x +y)+3y(x|L8)+ay( L&)+

+35(81x)+3,(8y) (induction on terms 2-5) = 34(8ll(x +y), and again, 2-5 are easier.
This finishes case 1.

Case 2: p=ax,acA. If ae first(Z), we concludle as in <case 1 that
du(pllg) = 34(llg) = 3u(Vz(p)llg). Therefore, we can assume a € first(Z), so a ¢ H.

Claim: —aa;(Z) Q tr{,}va,(x)OBH(xﬂq).
PROOF. Suppose o €tr ;) ov(x)°dn(xllg).
Then ‘
a*c € a*tr(y vy °ou(xllg) =
= try(a-vyx)odu(xllg)) =
= I (Vayu(ay(@0p(xllg)) =
= tr{,}ovf,(P)OBH(aleq) c
(- t"{,)°l’:,(p)°a”(p“q) C Z,
so by definition o € % (2).
Now we use induction on g¢.
Case 2.1. ¢ =0b € A. Then
dg(ax|lb) = 8y(a)dpu(xllb) + 34(b)dn(a)du(x) +
+ 9p(alb)oy(x) =
= aH(a)'au(v-a@a—z(x)llb)+f’;zz(b)an(aV-ai’;z(x)) +
+ 9y(a |b)3H(V§;z(X)) =
= a141((‘1'\7-5‘-"]—2()0)”17) = 3u(V z(ax)llb),

and 2-5 are easier.

Case 2.2. q =by,b € A. Then
dn(axllby) = 0u(a)dy(xllby)+34(b)dn(axlly)+9y(alb)dy(xily) =
= BH(a)BH(V%z(x)llby)-%-BH(b)BH(Vz(ax)IIy) +

+ aH(alb)aH(v—a?;Z(x)”)’) = 9p(V z(ax)liby),

and 2-5 are easier.

Case 2.3. q =y +z. Then
OH(axII(y +Z)) = GH(a)BH(xII(y +z))+ag(y[]_ax)+6H(z|J_ax) +




and 2-5 are easier.
This finishes case 2.

Case 3. p =x +y.
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+ dglaxly)+oglax|z) =
= 35(@u(V L2y +2)+( LV 2(ax)) +

+ 3 (ILV z(ax)) +85(V z(ax) |y) +8u(Vz(ax)z) =

= 3p(Vz(ax)li(y +2)),

Claim. Z 2 tr{,)ov{,(x)oay(xllq) U tr{,}ov,',(y)oaﬁ(yllq).

PROOF. Suppose 6 € 17 (;)°%y(x)°0u(xllg). We can suppose o 7 e.

Then

o€ tr{,}ovf,(x)oaﬂ(xu_q) U tr(,}ovf,(x)oag(qu_x) U
tr(,}ov,’,(x)oaﬁ(x lq).

1t

[ =3 tr{,}ovg(x)oay(xl]__q),

then

0 € Ir (1} Vo) ((x +Y)Lq) Ctr 13 ¥ dnpllg) C
I (1 Vap)dn(pllg) C Z.
If aetr{,}ov,',(x)oay(q u_X), take a trace

TE trov,’,(x)oaﬁ(q Lx)

with

€(1) = o

If 7 = ¢*«, for some 7/, this r-step came from a b-step in g, i.e. ¢ = bz +w with 7’ etrovj,)cdu(x|lz).

In the other case,
fetrova(x)oay(xllz).

if r=a*’, for some 7 and a € a(x), we have g = az+w with

In either case, we can conclude by using an induction argument that 7 etrovy)°9x((x +y)liz),
whence, in the first case

T = 1*7 € 1*rovi2du((x +y)lz)

tr(t Vi du((x +y)liz)

= trovf,(x)(b-an((x +y)||z)

-
C

trovf,(xfay(bl U__(x '*'}’))
rove (g Lp)
trovtpdn(llg),

SO0 — c{,}('r)etr{,)ovf,(p)an(pﬂq)QZ.
The other case is similar.
Lastly, if 0€tr (;}°v,(x)°05(x | ¢), then
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oetr{,)ovf,(x)oay((x +y) | q)gtr{,}ovf,(p)°ay(pllq)(_22.
Thus tr (yve)°0u(xllg) CZ. Similarly tr (v}, °05(yllg) CZ, and the claim is proved.

Then we prove case 3 by induction on g.

Case 3.1. q = acA. Then
3u((x +p)lla) = du(x|la)+au(yla)+3u(a)@x(x)+dx(y)+
+ Og(xla)+dy(yla) =
= 3(Vz()La)+3u(Vz()La)+3x(@)@u(V2(x)+
+ 35(Vz()+0u(V 2(x)la)+34(V z()|a) =
= 3p(@z(x)+ Vz()lla) = 3u(Vz(x +y)lla),
and 2-5 are easier.

Case 3.2. q =az,acA. Then
0g((x +y)llaz) = dy(xl_az)+du(y|laz)+0y(a)dy((x +y)lz)+
+ dp(xlaz)+oy(ylaz) =
= 0p@z(0)lLaz)+3x(V2(y)|Laz) +35(@)Bu(V z(x +y)liz) +
+ 9(Vz(x)|az)+3p(V z(n)laz) = 3u(V z(x +p)llaz),

and 2-5 are easier.

Case 3.3. q =z +w. Then
(> +P)llz +w)) = Bp(xlL(z +w)+ox(y Il (z +w))+
Ozl (x +y)+agwl(x +y)+3u(x1(z +w)+

(Y 1(z +w)) = g(Vz(x +p)liiz +w)),
and 2-5 are easier.

This finishes the proof of the theorem.

4.22. ExampLE. We will illustrate the use of theorem 4.21 by again considering example 2.10.

Define F = 3 s5\(d)r4(d)r (ack)F (meaning that F is the unique solution of this guarded recursive
deD R
specification), then 2.11 shows that in the context

94(...lISIIR),

F should do the same as E. We use 4.21 to prove this. Define the trace set Z inductively by:
1. foralld €D

€51(d),s1(d)r4(d),s 1 (d)ra(d)ri(ack) € Z;
2. if 6 €Z, then s|(d)r4(d)ri(ack)*o € Z (for all deD).

Claim 1. Z = tr{,)ovf,(E)OGH(EHSIIR).

Proor. Using 2.11, we get




1 (1) Vi du(EISIR) =
tr (3 51(d) t rod) t ri(ackyviyr)du(EISIR) =
deD

= ‘H) (s1(@)*tr 1y (t r4(d) t r\(ack)vygydu(ENISIR)) =

= dUD (s1(d)* (r4(@)* (r1(ack)y*tr ) vy (E IS I R)))).

It is not hard to finish the proof.

Thus 3x(EIISIR) = 95(V z(E)IISIIR), and so we are done if we prove V z(E) = F.

Claim 2. Vz(E) = F.

PROOF. Since Z = | (s5,(d)*(r4(d)*(r1(ack)*Z))), we have, for deD,

deD
9 — * * _Q__.._. d — *
@ 2 T O OCOD TG G@? T ez
and
3 3 3 .
ory(ack) " dry(d) (as,(d) )=z
Then
VZE) = Vz( X s1(d) + 3 ra(d) + ri(ack)E) =
deD deD
= dED Vz(s1(d)E) + dZD Vz(ro(d)E) + Vz(ri(ack)E) =
= D 04— (s, : deD} 1@V - 8 _E)+8+8=
deD s (d)
= 2 51DV @y i@k zy(E) =
deD
= dED 5104 — (r (a) (T4 @)V 1 (ackyoz(E) + 8 =
= dED S1(dra(d)dy — (r(ackyy (r1(ack))V z(E) + 8 =
= 420 s1(d)ra(d)r(ack)V z(E).

Thus Vz(E) satisfies the defining specification of F, so by RSP V,(E) = F.

5. PROCESSES WITH SIDE EFFECT ON A STATE SPACE
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In this section, we introduce processes that can be in different states. In fact, we introduce an opera-
tor A, (the state operator) so that A,(x) is process x in state s. We give some examples, and show that
we can use the state operator to translate computer programs (in some high level language) into the

language of concrete process algebra.

5.1. STATE OPERATOR. We want to define the state operator A, for s&S, the state space. The princi-
pal idea is that executing a step of a process will result in a certain effect on the state, so our main
equation will look like the following:
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A(ax) = a'\o(x),

and here a’ is the action resulting from execution of a in state s, and 5’ is the state resulting from exe-
cution of a in state s.

In fact, when we talk about a state, what we have in mind is the state of a certain object. Therefore,
we will have a set of names M, and we will also index the state operator with a name meM, so A”
symbolizes that the object named by m is in state s.

The action and effect functions will also depend on m. Now we are ready to give the formal
definition. The basic idea for this definition came from BERGSTRA, KLOP & TUCKER [8].

5.2. DEFINITION. Let M and S be two given finite sets, so that sets 4,M,S are pairwise disjoint. Sup-
pose two functions act, eff are given:

act: AXMXS — A,

eff : AXMXS — S. We will write a(m,s) for act(a,m,s) and s(m,a) for eff (a,m,s).

We require the following:

&(m,s) =8 s(m,0) = 5 (form € M, s € §).
Now we extend the signature of concrete process algebra with operators
Al':P—>P (formeM,sebs),

and extend the set of axioms by:

A (@) =a(m,s) 1

}\;n (ax) -~a (m,s )A:"Zm,a) (X ) 2

A'x HP)=ATX)HAT) 13

5.3. Note: The state operator is a generalization of the renaming operator defined in 2.1. For, if
beAdand H C A —{8} are given, define M = {m} and S = {s}, and

b if acH
a(ms) = 14 if aeH,

then AT = by follows.

5.4. DEFINITION. We define the alphabet of an object m € M, a(m), as the set of all actions and states
that can be changed, so
a(m) = {ae€A: there is s€S with a(m,s)5a}U {s€S: there is a4 with s(m,a)s}.

5.5. THEOREM. If there is no communication, and
a(x) N a(m;) = a(y) N a(m,) = &, then
AN (xlly) = AS IS ().

Proor. The phrase ‘there is no communication’ can be specified by the statement

ax)la(y) = @ & {a(m,,s)) : aca(x)}|{a(my,s;) : aca(y)} = @.

The proof consists of a simultaneous induction on x and y to prove a number of statements as in
4.21, and is straightforward, which is why it is omitted here.

5.6. REMARK. In 5.5, we have the case where we can separate the ‘variables’ mj,m;. If either
a(x)N a(my)#23 or a(y)N a(m;)#42, we have so-called shared variables, a situation that is also
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described in GPL (in the absence of communication), see OWICKI & GRIEs [15].

5.7. ExaMPLE 1. Suppose we have a serial switch as depicted in fig. 4.

(For the formulation of this example, we are grateful to Jos Vrancken.)
The switches 4 and B are given by equations

A = ad
B = bB

(action a is the action of flipping switch 4, and action b is the action of flipping switch B).
Define M = {m}, § = {0,1}X{0,1} (state <i,j> is the state when switch A is in position i and
switch B in position j, with i,j € {0,1}). Now we define functions act and eff’

N on(a) if i#j
a(m,<i,j>) = off(a) if i=j

(on(a) means that the lamp is turned on by doing a, off(a) it is turned off by a),
on(b) if iz#j
b(m, <i,j>) = oﬁ((b)) i ,tjj
<i,j>(m,a) = <l—ij>
<i,j>(m,b) = <i,1—j=>,
and functions act and eff are trivial otherwise. We assume there is no communication, so y(a,b) = 8.
Now suppose we start in state <0,1> (so the lamp is off), then we have process P = AZg ;> (4|B).

CLamv: P = (on(a)+on (b)) off (a)+off (b))P.

PrOOF. We use RSP to show
AZ0,1>(41IB) = A2 0>(41IB)
and
AZ0,0>(A411B) = ATy, 1> (411B).
Then

P = A20’1>(A”B) =
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= A2o1>((a +b)41B)) =
= on(a)A%)1>(AIB)+on(b).\ % 0= (AI1B) =

= (on(a)+on(b))AZo0>(411B) =

= (on(a)+on (b)) off (@\Z},0>(411B)+
+aff (BA0,1>(411B)) = |

= (on(a)+on(b))off (a)+aoff (B)AZ0,1>(411B) =
= (on(a)+on(d))off (a)+off (b))P.

5.8. ExampLE II. Random walk.

fig. 5.

Suppose we have given squares as in fig.5, and processes 4 and B each occupying one square. Then
both start a random walk, so

A= (IA +rA)A +hA
B = (lB+rB)B+hB

(possible actions are lefi, right and halt). We implement this using the following state operator: Take
M = {m} (we will omit this m in the sequel) and § = {0,1,2,3,4} X{0,1,2,3,4}. Then:

.o _ |8 ifi=0orj=i—1
(<ij>) = 1, otherwise

o 6 ifi=4orj=i+1
ra(<ij=) = ry otherwise

hy(<i,j>) = hy(i) (4 halts at i),

N _ [<ij> ifi=0orj=i—1
<i,j>) = <i—1,j> otherwise

<i,j> ifi=4orj=i—1
<bj>(r4) = {<i+1,j> otherwise
<i,j>(hy) = <i,j>,
and we have similar definitions for B:
Ip(<i,j>) = 6if j=0 or i=j—1, Ip otherwise
rp(<i,j=>) = 8if j=4 ori=j+1, rz otherwise
hp(<<i,j >) = hg())
<i,j>(p) = <i,j>if j=0ori=j—1, <i,j—1> otherwise
<i,j>(rg) = <i,j>if j=4ori=j+1, <i,j +1> otherwise
<i,j>(hp) = <i,j>.
Then the situation pictured in fig.5 is described by:

£
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A<o,4>(41B).

Using abstract process algebra, we can establish the following claim:

CLAIM: Process A<g 4> (4 ||B) terminates, and will do so in a state <i,j > with i <j. To be more pre-
cise, if we define I = {IA,rA,lB,rB} then

T1°A<0,4>(411B) = T(E ha(G) 2 he(j)+ ZhB(]) 2 ha(@)).
j=i+l i
The main tool used in proving this is Koomen’s Fair Abstractlon Rule (KFAR, see BAETEN, BERGS-
TRA & KLoP [2]). We will not give the proof here, since it is outside the scope of this paper.

5.9. Without proof, we mention two more propositions:

1. IfH N a(m)= @ and if a¢H implies a(m,s)¢H (for all sS), then A"°dy(x) = dg5°AT(x).

2. If a(x)Na(m)Na(my) = @ and if aca(x)Na(m,) implies a(m,,s)¢a(m;) (for all s€S) and
aca(x)Na(m,) implies a(m;,s)¢a(m,) (for all s€S), then A7, oA (x) = A oAy (x).

5.10. DeFINITION. In order to be able to give the following examples, we need to extend the notion of
a state operator a little. What we need is that executing a step in a process can result in several possi-
ble actions, i.e. a(m,s) C 4, not a(m,s) € A. Thus act:AXMXS — Pow(A4). The state following
will depend on the alternative chosen, so eff :4 XA XM XS — §, where s(m,a,b) will matter only
when b € a(m,s). We still have 8(m,s) = {6} and s(m,6,6) = s, and then we can define the
extended state operator Ay by the following equations:

Af@= X b L1
bea(m,s)
A'”(ax)" 2 bAs(mab)(x) L2

bea(m,s)

AT (x +y)=AT(x)+AT(Y) L3

Note that if each a(m,s) is a singleton, we get back the (simple) state operator defined in 5.2.

5.11. ExampLE III: we will describe a small part of a CSP language (see HOARE [13]). We have finite
sets C (channels), X (variables) and D (data). We have atomic actions ¢ ?x (for ceC, x €X; receive)
and c!d (send d). The only non-trivial communications are ¢?d|c!d=cid (d is commumcated along
channel c).

We implement this as follows:

take M =X, S =D, then we define act and eff so that

Helx-Z) = cld-Aj}(Z) (for any process Z, andx € X, d € D, c € C)

HeMx-Z) = 3 ctAN(Z) (any Z, xeX, deD, ceC).
eeD

(thus, in environment A}, variable x has value d).

5.12. ExampLE IV: We can mechanically translate any computer program into process algebra. We
illustrate this by means of the following example, a simple program to double a given number. Sup-
pose we work on data structure Z, = {0,1,..,n —1} with functions s (successor modulo n) and p
(predecessor modulo #n), and constant 0. We have the following program P:

read(x)

y:=90

while x5£0 do y 1= ss(y); x := p(x)

write(y).

&

NS
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We translate this into process algebra as follows: all simple statements will become atomic actions,
and program constructs become process algebra constructs, for instance a while- loop will become a
recursive specification. Thus:

P = read(x)-(y:=0)-Z-write(y),
Z = (x7#0)y(y:=ss())(x:=px))Z +(x =0).

Now we describe the state operator:

M={xy},S=12
1. read(x)(x,d) = {r(e):ecZ,} (deZ,)
d(x, read(x),r(e)) = e (decZ,)
d@y,(y:=0),(y:=0)) =0 (deZ,
write(y)(,d) = (w(d)} (d€Z,)
(x#0)(x, 0) = {8}
A, ¢ :=ssEN:=ss() = s(s(d)) (deZ,)
d(x, (x:=p(0)),(x:=p(x))) = p(d) (deZ,)
(x =0)x,d) = {8} (deZ,—{0}).
The functions act and eff are trivial in all other cases.
In order to see what happens, we will use pre-abstraction as defined in 2.3.
Take I = {y:=0,x5£0,y :=ss(y),x :=p(x),x =0}.

PRI B WN

CLamM. 7oA§eAd(P) = 3 r(e)t2*%w(2e(mod n))
ecZ,
(Note: if the program contains statements of the form x:=y, we have to use an operator ASH}3
instead of AzeAJ.) We will sketch the proof of the claim by taking n =2, so Z,, = {0,1}.
Then

troAFeAS(P) =

= troAf(read(x)-Af((y : =0)Zwrite(y)) =

= 4(r(0y A5 ((y : =0)-Aj(Zwrite(y))) +

+ r()Af((y : =0y Af(Zwrite(y)))) =

= r(0)-1;(6+(x =0) AgoAf(write(y)))+

+ r(Det((x720)y AfeAy((y: = ss(y)(x: = p(x))-Z-write(y))) =
= r(0)t-t-w(0) +

+ r( ety =ss ())x : =p (x))AGeAR(Z write(y))) =
= r(Ouw(0) +

+ r(Deettty(8+(x =0)AfeAf(write(y))) =

= r(0)rtw(0) + r(Detetw(0).

5.13. ExamPLE V: Consider again the queue defined in 3.1. Looked at in a certain way, all it does is
actions read and write, so we might want to say

queue = read”||\write®

where for an atom a, the process a“ is defined by the recursive specification X = aX. We can realise
this view in the following way:: take M = {<(1,2>} (we have input channel 1 and output channel 2)
and S = D" (if we want the state space to be finite, we need to limit the capacity of the queue).

Now we define act and eff*
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read (<1,2>,0) = {ri(d) : deD}

‘0(<1,2>,read,r (d)) = o*d.

write (<1,2>,¢) = {8}
write (<1,2>,06%d) = {s,(d)} (deD)
«(<1,2>,write,8) = ¢
o*d(<1,2>,write,s,(d)) = 6. (deD)

Cramm: Q = ASY*> (read®|lwrite®).

ProOOF. We define, for o D”

R, = AV (read®l\write®).

Then:

1.

2.

R, = ASY?> (read(read® \lwrite®)+ write (read® ||\write®)) =

= Fri@dyA7"?> (read®write®)+8 = 3 ri(d)R,.
deD deD

Roey = ASE* (read(read® |lwrite®)+write (read® |lwrite®)) =

= D rile)AskE (read® |write®) +s,(d)AF 2> (read® ||write®)=
eeD

= D ri(e)Rgrgee +52(d)R,.
eeD

Therefore, the R, satisfy the equations for the Q, in 3.1, so by RSP R, = Q,.
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